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Abstract. It is believed that very strong magnetic fields may induce many interesting physical
effects in the Quark Gluon Plasma, like the Chiral Magnetic Effect, the Chiral Separation
Effect, a modification of the critical temperature or changes in the collective flow of the
emitted particles. However, in the hydrodynamic numerical simulations of Heavy Ion Collisions
the magnetic fields have been either neglected or considered as external fields which evolve
independently from the dynamics of the fluid. To address this issue, we recently modified
the ECHO-QGP code, including for the first time the effects of electromagnetic fields in a
consistent way, although in the limit of an infinite electrical conductivity of the plasma (ideal
magnetohydrodynamics). In this proceedings paper we illustrate the underlying 3+1 formalisms
of the current version of the code and we present the results of its basic preliminary application
in a simple case. We conclude with a brief discussion of the possible further developments and
future uses of the code, from RHIC to FAIR collision energies.

1. Introduction
Heavy ion collisions represent an excellent method to study strongly interacting matter at high
energy densities [1, 2]. In turn, relativistic hydrodynamics has proved to be a reasonable model
of the expanding Quark Gluon Plasma fireball that it is expected to form at high collision
energies [3, 4]. In order to provide a better explanation of certain experimental observables, in
particular the collective anisotropic flows, viscous effects have been taken into account [5, 6, 7, 8]
and recent developments involve also anisotropic hydrodynamics [9, 10, 11]. However, only in
the last years it has been realized that the magnetic fields generated by the fast moving charges
contained in the colliding nuclei might be strong enough [12, 13, 14] to produce measurable
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effects, like the chiral magnetic effect [15], the chiral magnetic wave [16, 17], the chiral vortical
effect [18], changes in the QGP EoS [19] and modifications of the collective flows [20, 21, 22]. In
the first studies of their influence on the dynamical evolution of the QGP fireball, the magnetic
fields have been modeled as external entities not coupled with the medium [23, 24, 25]. To
overcome this limitation, we modified the ECHO-QGP code [26] to consistently take into account
the interplay between the plasma and the electromagnetic field, although in the approximation
of an infinite electrical conductivity of the medium (ideal relativistic magnetohydrodynamics).
In this proceedings paper we will briefly review the formalism and present some preliminary
results.

2. Essential theory and numerical implementation
2.1. The basic formalism
We consider a system composed by a dominant species determining a main fluid current,
associated to the net-baryon current, and by a secondary species at the origin of the conduction
current [27, 28]. We impose the standard conservation laws for this fluid current Nμ and for the
total (matter and fields) energy-momentum tensor of the plasma Tμν :

dμN
μ = 0, (1)

dμT
μν = 0, (2)

with dμ being the covariant derivative. Then, we consider that the electromagnetic field obeys
Maxwell’s equations:

dμF
μν = −Jν (dμJ

μ = 0), (3)

dμF
�μν = 0, (4)

where Fμν is the Faraday tensor and F �μν = 1
2ε

μνλκFλκ is its dual. We neglect any possible
polarization and magnetization effect of the plasma and we assume to have local thermal
equilibrium. With all these assumptions, we can define a single fluid four-velocity uμ (uμu

μ =
−1) and, in its comoving frame, the electric and magnetic fields as: eμ = Fμνuν , (e

μuμ = 0) and
bμ = F �μνuν , (b

μuμ = 0). In general, the Ohm law which relates the current with the fields has
a tensorial structure, nevertheless in our ideal MHD approximation we assume that the plasma
has an infinite electrical conductivity and, in this special case, it is possible to show that eμ = 0
is implied and that the electromagnetic energy-momentum tensor can be expressed as

Tμν = (e+ p+ b2)uμuν + (p+ 1
2b

2)gμν − bμbν (5)

where e is the energy density, p the thermal pressure, b2 = bμb
μ (all measured in the comoving

frame of the fluid) and gμν is the metric tensor (we use either Minkwoski or Milne coordinates).
Eventually, the system of ideal RMHD equations which we solve is

dμ(nu
μ) = 0, (6)

dμ[(e+ p+ b2)uμuν + (p+ 1
2b

2)gμν − bμbν ] = 0, (7)

dμ(u
μbν − uνbμ) = 0, (8)

plus an equation of state (EoS) to close it, in the unknowns n, e, p, uμ, and bμ.

2.2. The RMHD module in ECHO-QGP
To numerically solve the system of ideal RMHD equations, we need to separate the time and
space components (3+1 split) [29] and rewrite the equations in conservative form [30]. We refer
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to other articles [31, 32, 7, 26] to get more details about the procedure, here we report just the
final form of the equations:

∂0U+ ∂iF
i = S, (9)

where

U= |g| 12

⎛
⎜⎜⎝

γn
Sj ≡ T 0

j

E ≡ −T 0
0

Bj

⎞
⎟⎟⎠ , Fi= |g| 12

⎛
⎜⎜⎝

γnvi

T i
j

Si ≡ −T i
0

viBj −Bivj

⎞
⎟⎟⎠ , S = |g| 12

⎛
⎜⎜⎝

0
1
2T

ik∂jgik
−1

2T
ik∂0gik
0

⎞
⎟⎟⎠ (10)

are respectively the set of conservative variables,the fluxes and the source terms.
The components of Tμν shown in the previous equations are:

Si =(e+ p)γ2vi + εijkE
jBk, (11)

Tij =(e+ p)γ2vivj + (p+ uem)gij − EiEj −BiBj , (12)

E =(e+ p)γ2 − p+ uem, (13)

where we have defined the electromagnetic energy density uem = 1
2(E

2 +B2).

The vi are the contravariant 3-vector components of the fluid velocity which are related to
the previous 4-vector by uμ = (γ, γvi), where γ = (1 − v2)−1/2 is the Lorentz factor of the
bulk flow and v2 = vkv

k. The electric and magnetic field are now 3-vectors measured in the
laboratory frame which are related to the previous 4-vectors by eμ = (γvkE

k, γEi + γεijkvjBk)
and bμ = (γvkB

k, γBi − γεijkvjEk), where εijk is the Levi-Civita pseudo-tensor of the spatial

three-metric, namely εijk = |g| 12 [ijk], with g = det{gμν} = −det{gij} < 0 and [ijk] the usual
alternating symbol of three-dimensional space with values ±1 or 0. In this 3D + 1 scheme, the
ideal Ohm law eμ = 0 translates to Ei = −εijkvjBk. This means that the components of the
electric field are not independent anymore, but they are derived from the vi and Bi dynamical
variables. From a numerical point of view, it is also necessary to enforce the solenoidal (i.e. “null-

B divergence”) condition ∂i(|g| 12Bi) = 0. This problem can be managed in different ways [30];
for its simplicity, we adopt the “general Lagrange multipliers” (known also as Dedner’s) method
[33, 34].
ECHO-QGP is based on finite difference schemes, we invite to read Refs. [32, 7, 26] for details.
Here we just mention that we use the HLL (Harten-Lax-Van Leer) [35] approximate solver to
solve the Riemann problem and a second or third order Runge Kutta algorithm to perform time
integration.

3. A preliminary application
3.1. Setup
After testing the code [26], we applied it in a quite typical and simple case of heavy ion
collisions. We performed a 2D + 1 simulation of two gold nuclei colliding at

√
sNN = 200GeV

with an impact parameter b = 10fm, adopting geometrical Glauber initial conditions[36]
to determine the spatial energy density distribution at τ = 0.4fm/c. We computed the
spatial distribution of the magnetic field as in Ref. [14], assuming that the nuclei moved in
a medium with constant electrical conductivity σ = 5.8MeV until the system reached the
condition of local thermal equilibrium at τ = 0.4fm/c, when we started the simulation. During
the magnetohydrodynamical evolution we assumed that the medium had infinite electrical
conductivity, consistently with our model, and we used the massless particles EoS p = e/3. We
chose 150MeV/fm3 as freeze-out energy density and we computed the elliptic flow of positive
pions using the Cooper-Frye prescription [37].
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3.2. Results
In Fig. 1, we compare the time evolution of the magnetic field in the center of mass of the system
in the ideal RMHD approach (i.e. fluid with an infinite electrical conductivity, coupled with the
magnetic field) versus the evolution of the magnetic field in a medium with constant electrical
conductivity, decoupled from the dynamics of the fluid. We can notice that the expansion on
the transverse plane makes the magnetic field to decay faster compared to the Bjorken flow case
(line a vs line e), nevertheless the decay is still much slower than in the case of a magnetic field
generated by electric charges moving in the void (line c).
In Fig. 2, we compare the final v2(pT) of pions with and without an initial magnetic field. In
the context of our setup, we don’t observe any significant difference between these two cases.
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Figure 1: Comparison of the time evolution of the
magnitude of the magnetic field (in neutral pion mass
units squared) at the center of the grid in five different
cases: a) ECHO-QGP 2D+1 RMHD evolution b) time
evolution of the magnetic (as in Ref. [14]) in a medium
with uniform and constant electrical conductivity s=5.8
MeV c) same as in case b), but assuming zero electrical
conductivity s=0 MeV (vacuum) d) exponential decay
of magnetic field as modeled in Ref. [25], with tD=1.9 e)
Bjorken flow [38]. The parameters are for the reaction
Au+Au, b=10 fm at

√
sNN=200 GeV.
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Figure 2: v2 of π+ in two cases: a) Without magnetic
field, b) With an initial magnetic field computed
assuming σ = 5.8 MeV. The parameters are for the
reaction Au+Au, b=10 fm at

√
sNN=200 GeV.

4. Conclusions and future perspectives
The present work represents a necessary, but limited step toward a realistic dynamical description
of the Quark Gluon Plasma coupled with electromagnetic fields. Short term plans involve 3D+1
simulations with a lattice QCD + Hadron gas EoS, studying collisions at different energies and
impact parameters, while long term plans will probably focus on resistive RMHD [39, 40, 41]
and magnetic fields of chiral origin [42]. Hadronic interactions and particle decays at the end of
the hydro phase will have to be taken into account, as well. Some effects that might be partially
due to magnetic fields [43], like the splitting between the polarization of Λ and Λ [44], are more
evident at low collision energies, close to the regime of the upcoming FAIR CBM experiment.
Unfortunately, at such low collision energies hydrodynamic simulations can provide a realistic
description of the QGP only for a short and delayed time, especially when focusing on the most
peripheral events, in which magnetic fields are expected to be strongest. Nevertheless, even in
the case of CBM, a consistent treatment of the magnetic fields in the hydro phase will certainly
contribute to provide a more accurate and complete physical model of the QGP evolution in
heavy ion collisions.
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