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Abstract

This paper is mainly concerned with the construction of new off-shell higher spin N’ = 1 supermultiplets
in three spacetime dimensions. We elaborate on the gauge prepotentials and linearised super-Cotton tensors
for higher spin A = 1 superconformal geometry and propose compensating superfields required to formu-
late off-shell massless higher spin supermultiplets. The corresponding gauge-invariant actions are worked
out explicitly using an auxiliary oscillator realisation. We construct, for the first time, off-shell massive
higher spin supermultiplets. The gauge-invariant actions for these supermultiplets are obtained by adding
Chern-Simons like mass terms (that is, higher spin extensions of the linearised action for A" = 1 confor-
mal supergravity) to the actions for the massless supermultiplets. For each of the massive gravitino and
supergravity multiplets, we propose two dually equivalent formulations.
© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

In three spacetime dimensions (3D), the off-shell structure of N'= 1 supergravity was un-
derstood in the late 1970s [1-3] and further elaborated in [4]. Since then, there have appeared a
number of important developments in minimal 3D supergravity, including the A" = 1 topolog-
ically massive supergravity with and without a cosmological term [5,6], various approaches to
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N =1 conformal supergravity [7—12], 3D compactifications of M-theory with minimal local su-
persymmetry (see [13] and references therein), and higher-derivative models for massive N' = 1
supergravity [14—17]. The latter locally supersymmetric theories, which generalise the models
for massive gravity proposed in [18,19], possess remarkable properties such as unitarity in the
presence of curvature squared terms. Since these massive theories are nonlinear in the curvature
tensor, their explicit construction would be extremely difficult to achieve without making use of
the off-shell multiplet calculus for N'= 1 supergravity.

The general massive gravity models of [18,19] and their supersymmetric cousins, including
those proposed in [ 14—17], may possess higher spin generalisations, see e.g. [20]. Surprisingly, to
the best of our knowledge, off-shell massive higher spin N = 1 supermultiplets in three dimen-
sions have never been constructed. The on-shell massive higher spin 3D N = 1 supermultiplets
have been formulated recently, both for the Minkowski and anti-de Sitter (AdS) backgrounds
[21,22], building on the elegant gauge-invariant construction of massive higher spin fields in AdS
[23]. However, since the massive higher spin supermultiplets of [21,22] lack auxiliary fields, it
could be difficult to use this approach to generate consistent cubic and possible higher-order cou-
plings (as it often happens in supersymmetric field theory). The aim of this paper is to construct,
for the first time, off-shell massive higher spin A/ = 1 supermultiplets.

Our paper is a continuation of the recent work [24] in which the off-shell massive higher
spin N = 2 supermultiplets were constructed in three dimensions. The structure of these 3D
N =2 massive supermultiplets is similar to that of the off-shell 4D A" = 1 massless supermul-
tiplets [25,26] (see [27] for a review) in the sense that there are two dually equivalent series of
off-shell formulations. As will be shown below, the 3D A/ = 1 case is more similar to the non-
supersymmetric Fronsdal actions [28,29], for there is essentially a single off-shell formulation
for each massive higher spin supermultiplet (modulo auxiliary superfields). A remarkable fea-
ture of our massive N = 1 supermultiplets is that they are formulated in terms of unconstrained
superfields, unlike their A" = 2 counterparts [24]. This makes the off-shell higher spin A/ = 1
supersymmetric theories more tractable than the ' =2 ones.

This paper is organised as follows. In section 2 we define on-shell massive superfields and
present a manifestly supersymmetric expression for the superhelicity operator. In section 3 we
elaborate on the higher spin superconformal gauge multiplets and the corresponding gauge in-
variant field strengths. Section 4 describes the massless higher spin gauge prepotentials. The
off-shell realisations for massless low spin supermultiplets are given in section 5. In section 6
we present the off-shell massless higher spin supermultiplets, and the massive case is presented
in section 7. Concluding comments and open problems are discussed in section 8. The main
body of the paper is accompanied by two technical appendices. Our 3D notation and conventions
correspond to those introduced in [10,30].

2. Massive (super)fields

In this section we discuss on-shell (super)fields which realise the massive representations of
the 3D Poincaré and ' = 1 super-Poincaré groups. The material in subsection 2.1 is taken almost
verbatim from [24].

2.1. Massive fields

Let P, and J,; = —Jp, be the generators of the 3D Poincaré group. The Pauli-Lubanski
scalar
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1 1
W= Ee”bcPanC = —EP“ﬂJaﬁ @.1)

commutes with the generators P, and J,;. Irreducible unitary representations of the Poincaré
group are labelled by two parameters, mass m > 0 and helicity A, which are associated with the
Casimir operators,

PP, =—-m’1, W=ml. (2.2)
One defines || to be the spin.

In the case of field representations, it holds that

1
W = E301131\40(/3 , 2.3)

where the action of the Lorentz generator with spinor indices, Myg = Mg, on a field ¢y, ..., =
®(yy -y 18 defined by

n
Mopy, -y = Zgyi(w45ﬁ)y1~~)7i..-yn ; 2.4
i=1

where the hatted index of ¢g,,...5;...4, 1S omitted.

For n > 1, a massive field, ¢g,...«, = Pay...ay, = P(er)-xy)» 15 @ T€al symmetric rank-n spinor
field which obeys the differential conditions [31] (see also [32])

aﬂy‘pﬁya]man,z =0 s (2.58.)
8ﬁ(a1¢a2...an)ﬁ = mo"pa]_“an ) o==1. (25b)

In the spinor case, n = 1, eq. (2.52) is absent, and the massive field is defined to obey the Dirac
equation (2.5b). It is easy to see that (2.5a) and (2.5b) imply the mass-shell equation1

(0 —m*)ayap =0, (2.6)

which is the first equation in (2.2). In the spinor case, n = 1, eq. (2.6) follows from the Dirac
equation (2.5b). The second relation in (2.2) also holds, with

A= 2.7)
=50 :
The spin of ¢q () is n/2.
2.2. Massive N' = 1 superfields

Let P, Jup = —Jpa, Qo be the generators of the 3D N = 1 super-Poincaré group. The super-
symmetric extension of the Pauli—Lubanski scalar (2.1) is the following operator [34]

i 1 e i
Z=W= 0% = " Pydpe = 50" Qa 2.8)
which commutes with the supercharges,

[Z, Qu]=0. (2.9)

1 The equations (2.5a) and (2.6) prove to be equivalent to the 3D Fierz—Pauli field equations [33].
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The operator Z is analogous to the 4D N = 1 superhelicity operator introduced in [27]. Irre-
ducible unitary representations of the A" = 1 super-Poincaré group are labelled by two parame-
ters, mass m and superhelicity «, which are associated with the Casimir operators,

PP, = —m*1, Z =mkl . (2.10)

Our definition of the superhelicity agrees with [34]. The massive representation of superhelicity
k is a direct sum of two massive representations of the Poincaré group with helicity values (x —
J—P K + JT). If €« — % is not an integer, the supermultiplet describes anyons. The case 2k € Z
corresponds to the so-called semion supermultiplets, of which the x = % supermultiplet was first
studied in [35].

When dealing with the supermultiplets containing particles of (half-)integer helicity, it appears
more convenient, by analogy with the A" =1 case in four dimensions [27], to define a shifted
superhelicity operator, & = k — +, which takes integer or half-integer values. However, here we
will use the definition introduced in [34].

In the case of superfield representations of the N'= 1 super-Poincaré group, the infinitesimal
super-Poincaré transformation of a tensor superfield is

1 1 1
8§D =i(—b"P, + EA“”JQ,, +€%0,)P =i (Eb"‘f’Pa,g + EA“ﬂJaﬁ + e Qa> o, (2.11)

where the generators of spacetime translations (Pgg), Lorentz transformations (Aqg) and super-
symmetry transformations (Q,) are

Poyg = —104p , dap =" )apOm » (2.12a)

Jup = i0(q0p) — iMag , (2.12b)
. 3

o=y +i0%0,5 , B“Za?' (2.12¢)

Using the explicit expressions for the super-Poincaré generators, the superhelicity operator (2.8)
can be written in a manifestly supersymmetric form

| .
Z =30 Mus — %Dz . (2.13)

_ Forn > 0, amassive superfield 7y () is defined to be a real symmetric rank-n spinor, Ty, ...q, =
Ty, ...a, = T(a;---a,)> Which obeys the differential conditions [17]

DPTgyyey =0 = " Tpy0. 0, , =0, (2.14a)
_%DzTal...an =moTy.a,. O0==%1. (2.14b)
It follows from (2.14a) that
i =BT, (2.15)
5 0.0y (@i lay..an)p » .

and thus T4, is an on-shell superfield,
3 o Ty coyp =M Tyt » o=x=1. (2.16)
Making use of the identity (A.5d), we also deduce directly from (2.14b) that?

2 The equations (2.14a) and (2.17) provide the A/ = 1 supersymmetric extensions of the 3D Fierz—Pauli equations.
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(@ =m?)Tym =0. (2.17)
For the superhelicity of 7Ty (,) we obtain
— 2 (n+5 218)
k=s{ntz)o. .

We define the superspin of T, to be n/2. The massive supermultiplet 75,y contains two ordi-
nary massive fields of the type (2.5), which are

(bal‘..oz,, = Tal...an |0=0 ’ ¢a1.‘.an+1 = in+1 D(al Taz...a,l+1)|9=0 . (219)

Their helicity values are 50 and %U, respectively.

As an example, let us consider the following model for a massive scalar multiplet
Ssm[X]= —% / &2z D*X Dy X + mo f PPrx?, o=41. (2.20)

Throughout this paper, the V' = 1 superspace integration measure’ is defined as follows:
/d3'2zL = 1/d3x DzL‘ . 2.21)
4 0=0
The equation of motion for the action (2.20) is
i
_ED X=moX, (2.22)
which shows that the superhelicity of X is k = %a.
3. N =2 — N =1 superspace reduction: superconformal gauge multiplets

In general, off-shell A" = 1 higher spins supermultiplets in three dimensions may be obtained
by applying the N =2 — N = 1 superspace reduction to the N = 2 supermultiplets constructed
in [24]. We denote by D, and D, the spinor covariant derivatives of the N' = 2 Minkowski
superspace M4, They obey the anti-commutation relations

Dy, Dp} = —2idyp , {Dy, Dg} = {Dy, D} =0. 3.1

In order to carry out the N'=2 — N = 1 superspace reduction, it is useful to introduce real
Grassmann coordinates 6}" for M3, where I = 1,2. We define these coordinates by choosing
the corresponding spinor covariant derivatives D/ as in [30]:

1 . _ 1 .
D, = 72(13&—10%), D, =—E<D$+ID§>. (3.2)

From (3.1) we deduce
{DL. D3} =2i8" (v"™)ap O . 1,J=1,2. (3.3)
Given an N = 2 superfield U (x, 65), we define its N' = 1 bar-projection
Ul:'=U(x,00lg,=0 - 34

3 This definition implies that fd3‘2z V= fd3x F, for any scalar superfield V (x, 0) = - - - +i62 F (x).
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It is clear that U| is a superfield on A" = 1 Minkowski superspace M?3??> parametrised by
real Cartesian coordinates z4 = (x¢, %), where 6% := 67. The covariant derivative of N=1

Minkowski superspace Dy := Dé obeys the anti-commutation relation
{Da. Dy} =20 (™ o O - (35)
3.1. Higher spin superconformal gauge multiplets

In accordance with [24], the higher spin A/ = 2 superconformal gauge multiplet is described
in terms of a real unconstrained prepotential

Ha(n) = Hal...(xn = H(al.“an) = Hoz(n) s (3.6)

which is defined modulo gauge transformations of the form

SHa(n) =8a(n) T+ got(n) , (3.7a)

where the complex gauge parameter go(n) = 8a;...ay = &(a...a,) 15 @ longitudinal linear superfield
constrained by

Die 8o ) = O = D% gy =0. (3.7b)

This constraint can always be solved in terms of a complex unconstrained potential Ly,—1) by
the rule

8ay...0p = ]I_D(m Lotzu.an) . (38)
However we will not use this representation in the present paper.
Making use of the representation (3.2), the longitudinal linear constraint (3.7b) takes the form
Dg(ﬂtlgazu-awl) = iDL(OHgvt2~~~01n+1) . (3.9)
This tells us that, upon reduction to A" = 1 superspace, gq(n) is equivalent to two complex un-
constrained N = 1 superfields, which are obtained by Taylor-expanding the N = 2 superfield
8am) (O1) = ga(n) (61, 62) in powers of 65 and which may be chosen as
gal...a,,| s Dzﬂgal...an,lﬂ . (3.10)

Upon reduction to ' = 1 superspace, the gauge prepotential Hy ) is equivalent to four uncon-
strained superfields

i
Hoyanls DieHaycninls D2PHay sl Z<D1>2Hm..u,,|. (3.11)

Here the first and the fourth superfields are real, while the other superfields are real or imaginary
depending on n.

Since the A/ = 1 gauge parameters (3.10) are complex unconstrained, it is in our power to
choose the A/ = 1 supersymmetric gauge conditions

Hyy 0, =0,  D2*PHy, 4, 51=0. (3.12)

In this gauge we stay with the following real unconstrained N = 1 superfields
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H

o]...0Qp+1

=1"" D20, Hay. 1) (3.13a)
1
Hy, o = Z(Dz)zHal.‘.aﬁ : (3.13b)

The residual gauge freedom, which preserves the gauge conditions (3.12), is described by real
unconstrained N = 1 superfield parameters Ca(ny and {y(,—1) defined by

i _
8ay..onl = —2§a1.,.an , Cam) = Can) (3.14a)

on+1
Dgﬂgal.‘.an,lﬂ =—i"

;al‘..an,l s Ea(n—l) = Ea(n—l) . (314b)
This leads to

8Hy, .0y X Dz(dl‘SHaz---anﬂﬂ = Dg(algaz-»unﬂﬂ + Dg(algaz-»-anﬂﬂ
= iDL(OtlgOl2---‘¥n+|)| - iDl(Oél gdzman+1)| = Dyq, Covttg1) » (3.15)

where we have used the longitudinal linear constraint (3.9) and the explicit expression (3.14a)
for the residual gauge transformation. The final result for the gauge transformation of (3.13a) is

8H0(1‘..0l,,+1 =in+1D(Ol1§Ot2...Oln+1) . (3163)

In a similar way we determine the gauge transformation of (3.13b) to be

aHal...an = inD(oz] é‘az...an) . (316]3)

This agrees with (3.16a) if we replace n — n + 1. The superconformal prepotential Hy,) and its
gauge transformation (3.16b) were introduced in [37].

In discussing A/ = 1 superconformal multiplets, we follow the formalism described in [30,
36]. The N = 1 superconformal transformations are generated by conformal Killing supervector
field.

E=£9,+&%D, . (3.17)

By definition, the V' = 1 conformal Killing supervector field obeys the equation [§, Dy] o Dg,
or equivalently

1
[E,Da]=—KaﬁDﬂ—EaDa, (3.18)
which implies
£ = %Dﬁéﬁ“ : (3.192)
D(y%-aﬂ) =0, (3.19b)

of which (3.19b) is the N = 1 superconformal Killing equation. In (3.18) we have introduced
the z-dependent parameters of Lorentz (Kyg) and scale (o) transformations

1
Ka}g = D(aéﬁ) y g = Dai:a = gaaéa . (3.20)
These parameters are related to each other by the relation

DaK/gV = —Sa(ﬁDy)O' s (321)
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which implies
D*¢ =0. (3.22)

A symmetric rank-n spinor superfield @y () = Pg,...q, 15 said to be primary of dimension de
if its superconformal transformation is

86 Deyyoy = E Py +1KP (0, Pety..a)p + A0 Pury - (3.23)

We now require both the gauge field Hy(,) and the gauge parameter {y(,—1) in (3.16b) to be
primary superfields. This is consistent if and only if the dimension of Hy ) is equal to (1 —n/2),
as stated in [37]. Thus the superconformal transformation law of Hy ) is

1
(SEHocl..un = SHal...an + nK'B(a] Haz...c{,z)ﬂ + - En)UHal...an . (3.24)
3.2. Higher spin superconformal field strengths

To start with, it is worth recalling the ' = 2 superconformal gauge-invariant field strength,

We ) = We ), introduced in [24]

[n/2]
1 n J
Way..ap 1= on 2 : {(ZJ)AD 8(011/31 "'80!»1—2Jﬁn_21H0t»1721+1-~Otn)51~~ﬂn721
J=0

n
+<2J + 1>A2|:‘Ja(011'3l s 805n—2J—lﬁniz]ilHC‘n—Z}u-an)ﬁl---/311—2J—1 } ’ (3.25)

where |x] denotes the floor (or the integer part) of a number x, and the operator A is
A= %D"‘Da = %D"‘Da . (3.26)

There are three fundamental properties that Wy, ,) possesses. Firstly, it is invariant under the
gauge transformations (3.7). Secondly, it obeys the Bianchi identity

DPWpey g =0 = DPWgy 4, ,=0. (3.27)

Thirdly, the real symmetric rank-n spinor Wy, is a primary A/ = 2 superfield of dimension
(1 +n/2). As explained in [24], the conditions that W, is primary and obeys the constraints
(3.27) are consistent if and only if the dimension of W, is equal to (1+nr/2). If the prepotential
Hy(ny is chosen to be primary of dimension (—n/2), then its descendant (3.25) proves to be
primary of dimensions (1 + n/2). It is important to emphasise that the most general solution to
the constraints (3.27) is given by (3.25), as discussed in [37].

In the n = 2 case, the field strength Wyg(H) coincides with the linearised version [38,24] of
the N = 2 super-Cotton tensor [39,12]. Thus the field strength (3.25) for n > 2 is the higher-spin
extension of the super-Cotton tensor.

We now turn to reducing the field strength W,y to N' = 1 superspace. In the real basis for
the A/ = 2 spinor covariant derivatives, the Bianchi identities (3.27) read

D"PWgy, =0, I=12. (3.28)

These constraints imply that, upon reduction to N = 1 superspace, W) is equivalent to the
following real N = 1 superfields
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Weran =Wy anl s Wayany <" D2, Wey an il s (3.29)

each of which is divergenceless, in particular

D Wgo, .y, =0. (3.30)

We now compute the bar-projection of (3.25) in the gauge (3.12) and make use of the identities
i 1
a=—{o @2}, A= sl4o- o o). (3.31)

Making use of these identities leads to the A" = 1 field strength®

[n/2]
1 n J
Wo,..a, (H) 1= on 2 : {<2J>D a(t%lﬂ1 R Fa2s Hy, 5)ii.an)BiBuay
J=0

i n 2 o
- E (2] + 1>D Dja(alﬁl te aan72171ﬂn * lHan—ZJ-~-05n),Bl~--/3n—2J—l } . (332)

This real superfield, Wy ;) = Wy (), is a descendant of the real unconstrained prepotential Hy ()
defined modulo the gauge transformations (3.16b). The field strength proves to be gauge invari-
ant,

aHal‘..an = inD(ozl Cag...o{,,) == SWa(n) =0 ) (333)

and obey the Bianchi identity (3.30). Using the superconformal transformation law of Hy ),
eq. (3.24), one may check that the superconformal transformation law of the field strength (3.32)
is

1
86 Way . = EWay. 0 +1KP (0, Wy ayp + (1 + 5 Waar (3.34)

and therefore Wy, is a primary superfield of dimension (1 +n/2).
For n =1 the field strength (3.32) is

2Wy = —d." Hg + %D2Ha =iD’ Dy Hy , (3-35)

as a consequence of the anti-commutation relation (A.4). The final expression for W, in (3.35)
coincides with the gauge-invariant field strength of a vector multiplet [4]. For n = 2 the field
strength W5 given by (3.32) can be seen to coincide with the gravitino field strength [4]. Finally,
for n =3 the field strength Weg, given by (3.32) is the linearised version [17] of the N=1
super-Cotton tensor [11,12]. At the component level, field strength (3.32) for n = 2s contains
(as the #-independent component) the bosonic higher spin Cotton tensors proposed by Pope
and Townsend [40], as shown in [37]. In the n = 25 + 1 case, the fermionic (f-independent)
component of Wy (2s+1) was given in [37]. The fermionic component of W 3), known as the
Cottino tensor, was first introduced in [14].

It should be pointed out that (3.32) is the most general solution of the constraint (3.30), as
was emphasised in [37]. The simplest way to prove this is the observation that the field strength
(3.32) may be recast in the form® [37]

4 It was given without derivation in [37].
5 The numerical coefficient in the right-hand side of (3.36) was not computed in [37].
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(="

2}1

DPID,, ...DP Dy, Hg, g, . (3.36)

Wa(n) =

It is completely symmetric, Wy, . o, = W(q,..ay)» a5 @ consequence of (A.6). If the supercon-
formal prepotential is constrained to be transverse, DF Hgyn—1) = 0, the expression for the
super-Cotton simplifies,

Dﬂ H/Sal-uan—l =0 — Wa(n) = aal B1 . 8anﬁn Hﬁlﬂn . (33721)

This result can be fine-tuned as follows:
Wa2s) = 0° Hy(25) (3.37b)
Was+1) = I:‘Saﬂ(wl Hu, aryi)p = Dsaﬂal Hu,. .onei1 - (3.37¢)

Associated with Wy ,)(H) is the gauge-invariant Chern—Simons action

Scs[H]=1i" / a2z H* O Wy (H) (3.38)

which is also invariant under the superconformal transformations (3.24). The action (3.38) co-
incides for n = 1 with the topological mass term for the Abelian vector multiplet [3]. In the
n =3 case, (3.38) proves to be the linearised action for "= 1 conformal supergravity, as may
be shown using the results in [4,11].

4. N =2 — N =1 superspace reduction: massless gauge multiplets

There are two series of the massless half-integer superspin N' = 2 multiplets [24], which are
dual to each other. Here we describe their A" =2 — N = 1 superspace reduction. Throughout
this section, we fix an integer s > 1.

4.1. Longitudinal formulation

The longitudinal formulation is realised in terms of the following dynamical variables:

1% ={Ha5), Ga25-2), Gazs—2)} “4.1)

where the real superfield Hg25) = Hg,..an,) 15 unconstrained, and the complex superfield
Ga2s—2) = G(ay...a0,_,) is longitudinal linear,

D, Gas...an,1) =0 - 4.2)
The dynamical superfields are defined modulo gauge transformations of the form

3Ha1‘..azx = 8aj...an +ga1‘..a2S , (4.3a)

8Gay..any 2 Dﬁ]ﬁ)yg/gyal,.uZH +isaﬂygﬁ)/0t1~ﬂ2s72 ) (4.3b)

T +1

where the complex gauge parameter g, ...a», = &(a...an,) 1 an arbitrary longitudinal linear super-
field, eq. (3.7b). Clearly, Hy 25 is the higher spin superconformal gauge multiplet with n = 2s
introduced in section 3.1. The superfields G 25—2) and @a(zs—z) should be viewed as compen-
sators. The gauge-invariant action is
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s 6,61 = (—2) [ @ {imeeo pr p2pm
s+%[ s Ty ] = _E Z g y il (25)

1 N 252 N
— %([Dﬂl,Dﬁz]H'Blﬂza( s ))[Dm’ D™ TH,, e (25-2)

s _
+5 (3/31 g, HP1 P2 2))3” " Hyyyaa2s-2)

25 —1 —\a(25—2
LY (e R L P
2s — 1 - 2s+1 -
GG——(G-G+G-G) ¢ . 4.4
252 452 ( + )} (@4)

The N'=2 — N =1 superspace reduction of the superconformal gauge multiplet Hy oy
was carried out in section 3.1. It remains to reduce the compensator G 25—2) to N = 1 super-
space. From the point of view of N = 1 supersymmetry, Gy 25—2) is equivalent to two complex
unconstrained superfields, which we define as follows:

Gal--‘aZS—Z = Ga]-~012s—2| ’ QO{l.-uzs—} = iDZﬁGﬂal-<~a2s—3| . (4.5)

Making use of the gauge transformation (4.3b) gives

. 2 .
5G, = 2 v — = _plepvg (4.62)
@052 = 5 +1 Byaj...ans—2 25+ 1 Byaj..ans—2 > :
2is? s

Dzﬁ&@ﬂal---azs—a = aﬁVDzégﬂVMlmOlzs—s - Dlﬁayagﬂy5a1-<~a2s—3 . (4.6b)

2s +1 2s +1

At this stage one should recall that upon imposing the N' = 1 supersymmetric gauge conditions
(3.12) the residual gauge freedom is described by the gauge parameters (3.14a) and (3.14b).
From (4.6) we read off the gauge transformations of the A = 1 complex superfields (4.5)

2

K i
8Gus—2) = P 3P tpya(as—2) — (—1)S§Dﬂ§,3a<2s—2) , (4.7a)
S
8Qus—3) = —mDﬁay%ﬂy@a@s,a + (=1*s3P7 tgya(2s—3) - (4.7b)

In the A = 1 supersymmetric gauge (3.12), Hg 2s) is described by the two real unconstrained
superfields Hy (25+1) and Hy(25) defined according to (3.13), and their gauge transformation laws
are given by eqgs. (3.16a) and (3.16b), respectively. Now it is useful to split each of G4 (2s—2) and
€24(25—3) into their real and imaginary parts,

Gas-2) = Xa@s—2) +1Yu25-2) » Qy25-3) = Pa25-3) +1We(25-3) - (4.8

Then it follows from the gauge transformations (3.16a), (3.16b) and (4.7) that in fact we are
dealing with two different gauge theories. One of them is formulated in terms of the real uncon-
strained gauge superfields

VSH+1 ={Ho@s+1): Xa25-2), Ya@2s-3)} » 4.9)

[N}

which are defined modulo gauge transformations of the form
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8HD(1...0[25+1 = (_l)siD(Ollé‘otz...Olszr]) ’ (4103)
s2 By 4
SXal-uCQfo = 2s + 1 d ;ﬁydl..‘azsfz ) ( ]Ob)
is Bays
Wy any = mD 37°LBysa.an_3 - (4.10¢)

where the gauge parameter (y () is real unconstrained. The other theory is described by the
gauge superfields

VAIJ = {Ha(2s), Ya(25—2)v q>oc(2s—3)} s (41 1)

with the following gauge freedom

(SHOH...OQS = (_1)SD(011 {O(z...azx) s (4123)

1
8oy an, n = _E(—l)sDﬂfﬁal‘..aZS,z ) (4.12b)
8Py g3 = (= 1’507 Cpyary.ry s - (4.12¢)

with the gauge parameter {y(2,—1) being real unconstrained.
4.2. Transverse formulation

The transverse formulation is realised in terms of the following dynamical variables:

VE ={Ha ), Ta@s—2), Tas—2} (4.13)

where the real superfield Hy 25y = Hq,..a,,) 1S unconstrained, and the complex superfield
Lo0s-2) = T(a...an,_,) 15 transverse linear,

Dﬂrﬂal---azs—3 =0 = Iﬁ)21-‘01(2‘9—2) =0. 4.14)

The dynamical superfields are defined modulo gauge transformations of the form

5Ha1.‘.a25 = 8aj...az +g(¥1.‘.a25 b (4153.)

s _
8T s-2) = ZS—HD'BDyga(ZS—Z)/Sy : (4.15b)

The gauge-invariant action is
- 1y\s 1 -
SLyH.T. 1= (=3) / & {§H“<2”Df’ D DgHy(as)

+ Ha(b) (Dalbazrasmazx - DalDazfa3.~~Dt2J)
2s — 1 2s +1
S

+ r-r+ (r-r+f-f)}. (4.16)

From the point of view of A/ =1 supersymmetry, Ty(25—2) is equivalent to two complex
unconstrained superfields, which we define as follows:

Lopaney =Ty a5l Yoy..an ::iD;(alraz--ﬂQy—l)' . (4.17)

Making use of the gauge transformation (4.15b) gives
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8ra(2s—2) =

By (4.182)

2 1 528y 2+1

iDg(al 81-“12-“0523'71)

18- . _
25+ 1 {layﬂD_ﬂgalmazle + 1D_ﬁay(011gvt2ma2x71)ﬁy

_ i _
+ 08, D2 Zay. cons 1)y — 5(DL)ZDZVg,),]_,_%_,y} . (4.18b)

From here we read off the gauge transformations of the N' = 1 superfields (4.17)

T = 55" oty = (15D (4.19)
8Tas-1) = —m{ayﬂl)ﬁ%m%_w + DP9 o Caz‘--azkl)ﬂ)/}
- _( 1) [3 (@1 as..an-1)B — ngal---otzxfl}' (4.19b)

Now it is useful to split each of I'y(25—2) and Yy (25—1) into their real and imaginary parts,

Co@s—2) = Xa@s—2) +1Ya(25-2) » Yo@s—1) = Pa@s—1) T1We25—1) - (4.20)

Then it follows from the gauge transformations (3.16a), (3.16b) and (4.19) that in fact we are
dealing with two different gauge theories. One of them is formulated in terms of the real uncon-
strained gauge superfields

Vsi% ={Hu@s+1): Xa25-2)» Ya@s—1)} » (4.21)

which are defined modulo gauge transformations of the form

6H0t1...(xzs+1 = (_l)le(Oq §a2---a2x+l) s (4223)
_ s By

80X arsn = ma CBya..ong_s (4.22b)
_ is Y, DB Bgv 4.22

Wo,. ey = m d ﬂD Cay..ans—ty + D9 (@1 8a.a05_1)BY [ > (4.22¢)

where the gauge parameter {y(2s) is real unconstrained. The other theory is described by the
gauge superfields

yi= {Ho25), Ya(2s-2), Pa2s—1)} » (4.23)

with the following gauge freedom

(SHOQ..ADQS = (_1)SD(()[1 CD(2...O(2S) s (4243)
1
8¥y.any = —5(—1)SD"" CBar.ans— » (4.24b)
1 s)aB i 2
8q>al~~-0¢2s—l = _E(_l) {8 (@1 8ar.an 1) — ED é‘alu-ak—l} > (4.24c¢)

with the gauge parameter {,(25—1) being real unconstrained.
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4.3. Off-shell formulations for linearised N' = 2 supergravity

The limiting case s = 1 for the longitudinal and transverse formulations corresponds to lin-
earised /' = 2 supergravity. As discussed in [24], the longitudinal s = 1 model is equivalent to
the linearised action for type I minimal A = 2 supergravity [41]. The transverse s = 1 model is
equivalent to the linearised action for w = —1 non-minimal N = 2 supergravity [41].

4.3.1. Longitudinal formulation: type I minimal N' = 2 supergravity

In the s = 1 case, the constraint (4.2) means that the A" = 2 superfield G is chiral. The specific
feature of s = 1 is that the second N' = 1 superfield in (4.5) does not exist in this case. According
to (4.7), the scalar G = G| transforms as

1 i
8G = ga“ﬁgaﬂ + ED"‘QX ) (4.25)

We introduce the real and imaginary parts of G, G = X +iY. From the point of view of N' =1
supersymmetry, the original A= 2 theory is equivalent to a sum of two models. One of them
realises an off-shell N = 1 supergravity multiplet. It is described by the real gauge fields

V) = {Hupy. X} . (4.26)

with the following gauge transformation law:

. 1
8Hupy = —iDlpy) ., 86X = 58""3 Cap - 4.27)

The second model realises an off-shell A/ = 1 gravitino multiplet. It is described by the real
gauge fields

V| = [Hup, Y}, (4.28)

with the following gauge transformation laws:
1 o
8Hop = —Dwlp) . Y =5D%. (4.29)

4.3.2. Transverse formulation: non-minimal N = 2 supergravity

For s = 1 the transverse linear constraint (4.14) is not defined. However, its corollary
ﬂi)Zra(zX,z) =0 can be used; for s = 1 it defines a complex linear superfield. Then the gauge-
invariant action (4.16) corresponds to the linearised action for w = —1 non-minimal N = 2
supergravity [41]. Upon reduction to A = 1 superspace, this dynamical system describes two
off-shell N' =1 supermultiplets, a supergravity multiplet and a gravitino multiplet. The super-
gravity multiplet is described by the real gauge superfields

Vi)y = {Hupy, X, W) . (4.30)
The gravitino multiplet is described by the real gauge superfields

Vit ={Hup, Y. @} . (4.31)
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4.3.3. Type Il minimal N =2 supergravity
The linearised action for type II minimal A" = 2 supergravity [41] is

1 _ 1 1 _
SUDIH, S] = / &1z {—1—6H‘*ﬁDVD2DyHaﬂ - Z(aaﬁH“ﬁ)z + 7¢ (Pe DgHP)?

1 — 1
+ ;SIDe. Dy I + 587} (432)
where the real compensator S = S is a linear superfield,

D?’S=D*S=0. (4.33)

Such a superfield describes the field strength of an Abelian N = 2 vector multiplet. The action
(4.32) is invariant under the gauge transformations

_ 1= s
SHep = Sap + Zup » 58S = —g(ID)“IDﬁ gap —D"DP gup) . (4.34)

The linear constraint (4.33) is equivalent to two constraints in the real basis for the covariant
derivatives. The constraints are

[0»? - hs=0, (4.352)
DD, S=0. (4.35b)

Thus S is equivalent to the following real A" = 1 superfields
X:=§|, Wy := —iD%,S| , (4.36)

of which the former is unconstrained and the latter is the field strength of an Abelian N' = 1
vector multiplet (see, e.g., [4]),

D*Wy =0. (4.37)

To derive the gauge transformations of X and W,, we should rewrite the gauge transformation
of S, eq. (4.34), as well as its corollary D;(X(SS, in the real basis for the covariant derivatives. We
obtain

i

3
. i .
—iD%,8S = —S(Dﬁaaygﬂy + 08, D" gop +i0,P D27 gg,

) i i
8S = =9 (gup — 8up) + ng“(DZﬁgaﬂ + D gup) (4.38a)

1
- E(DL)ZDzﬂgaﬂ> Fec. (4.38b)

From the point of view of A/ = 1 supersymmetry, the dynamical system under considera-
tion splits into two A" = 1 supersymmetric theories. One of them describes the off-shell N' =1
supergravity multiplet realised in terms of the gauge superfields

V53 = {Hapy. X}, (4.39)

with the gauge transformation of X being identical to that of X in (4.27). The other provides an
off-shell realisation for A" = 1 gravitino multiplet realised in terms of the gauge superfields

Vl(”) _ {Haﬂ, W,) . (4.40)
Their gauge transformation laws are:

8Hup = —D@ipy, Wy =1iDP Dyl . (4.41)
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4.3.4. Type Ill minimal N' =2 supergravity
Type I supergravity [41] is described by the action

SUD[H, T) = / &z {—%H"ﬂ D” DDy Hap — %(%ﬁHaﬂ)z + %([Dm DgIH)?
+ 7 ToopH + 212] (442)
where the real compensator T = T is a linear superfield,
D’T=D’T=0. (4.43)
The action (4.42) is invariant under the gauge transformations
6Hap = 8ap + 8ap » 6T = _%(Da]ﬁ)ﬂgaﬂ + DD gup) (4.44)

compare with (4.34).
The compensator T is equivalent to the following real N = 1 superfields

T:=T|, Zy = —iD%,T| , (4.45)

of which the former is unconstrained and the latter is the field strength of an Abelian A/ =1
vector multiplet,

DYZy =0. (4.46)

Upon reduction to A/ = 1 superspace, the theory describes two off-shell N'= 1 supermultiplets,
a supergravity multiplet and a gravitino multiplet. The supergravity multiplet is realised in terms
of the gauge superfields

1

ng/z) = {Haﬂys Zy} . 4.47)

Their gauge transformations are:
. 1

SHapy ==iDwlpy),  8Za=—73 DPD,D" ¢, . (4.48)
The gravitino multiplet is realised in terms of the gauge superfields

VM = {Hap. T} . (4.49)
with the gauge freedom

dHyg = —Dép) » 8T = D%, . (4.50)
5. Off-shell formulations for massless low spin supermultiplets

Consider an arbitrary A = 2 supersymmetric theory with action
5= / B2 L, (5.1)

where the Lagrangian L(zr—p) is a real scalar A = 2 superfield. The action can be reduced to
component fields by the rule
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1 -
S :/d3x L(N:()) s L(N:()) = EDZDZL(N:Z)‘GI:O s (5.2)

or to N = 1 superspace

S= | &Pz Lov) = — (D22 Loy 5.3
ZLwv=1y » WN=1)"* 4( Y Ln=2)| - (5.3)

Here the Lagrangian L a1y is a real scalar A = 1 superfield.
5.1. Scalar and vector multiplets

As an example, we consider the low-energy model for an Abelian A/ = 2 vector multiplet with
Lagrangian L ar=2) = F(S), where the vector multiplet field strength S is a real linear superfield
constrained as in (4.33). Upon reduction to A" = 1 superspace, the action becomes

S= i/dmz {]—'”(X)W"‘ Wy — ]-"(X)DZX]
- %/dmz}‘”(X)iD"‘XDaX + W"‘Wa} , (5.4)

where the A = 1 components of S, X and W,,, are defined as in (4.36). We recall that the N' = 1
field strength W,, obeys the Bianchi identity (4.37), which is solved according to (3.35). For a
free N = 2 vector multiplet, F(S) = —S?.

The model for a massless A/ = 1 scalar multiplet is

Sem = _% / 22 DYX DX (5.5)

The model for a massless A = 1 vector multiplet is
i 1 1
Sv=-3 / a2 W, = f Rz {—iH O, + 5Hﬂfaa,gD%rﬁ] . (5.6)
Here we have made use of the gauge prepotential H, for the vector multiplet, eq. (3.35). The
models Ssyv and Sym are dual to each other [44]. It is worth reviewing this duality, for we will
meet other examples of dual A/ = 1 supersymmetric field theories. Consider a model for the
vector multiplet W,, coupled to a background superfield A with action

S:—%fdmzAW“Wa, D*W, =0 . (5.7)

This model is equivalent to a first-order model with action
i 312 o 312y

Stirst-order = _5 &z AW Wy + | &7z WD X (5.8)
in which the dynamical variables are an unconstrained real spinor superfield W, and a real scalar
superfield X. Varying X gives D*W, = 0, and hence W, = W,. As a result, the action (5.8)
reduces to (5.7). On the other hand, we can integrate out the auxiliary superfield W, from (5.8)
to result with the dual action

i

S(aual) = =3 / Pz AT DX DX . (5.9)
The inverse duality transformation is obtained by replacing (5.9) with an equivalent first-order
action
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~ i
Sfirst-order = _§/d3|22 Ailyaya + / d3‘2Z Waya s (5.10)

in which ), is an unconstrained imaginary spinor superfield, and W, the field strength of a
vector multiplet.

5.2. Gravitino multiplet

An off-shell formulation for the massless A = 1 gravitino multiplet can be realised in terms
of two real unconstrained gauge superfields, a three-vector Hyg = Hpg, and a scalar X. The
superfield Lagrangian has the form

Lom = —%{H“ﬁDzHaﬁ + DyHP D, HY y — 2D, H*’ Dg X — DﬁXDﬁX] RENEAT)

and proves to be equivalent to the Lagrangian introduced by Siegel [3]. The action associated
with (5.11) is invariant under the gauge transformations

5Haﬁ=Da§/3+Dﬂ§a=2D(a§ﬁ) s §X = D%, (5.12)

where the gauge parameter ¢, is real unconstrained. The superfield X is a compensator, for its
kinetic term in (5.11) has a wrong sign as compared with the scalar multiplet (5.5).

The gravitino multiplet possesses a dual formulation obtained by dualising the scalar com-
pensator in (5.11) into a vector multiplet. The dual Lagrangian is

i
LG =2 [ o D? Hyp + 2D, HP D, HY j +20W DP Hog = WOW | . (5.13)
It is invariant under the gauge transformations
8Hyp = Dalp + Dpla 8Wo =2iDP Dyip . (5.14)
5.3. Supergravity multiplet

An off-shell formulation for the massless N' = 1 supergravity multiplet can be realised in
terms of two real unconstrained gauge superfields, a symmetric rank-3 spinor Hyg, = Hpy)
and a scalar X. The superfield Lagrangian is

Loy = 3 H* OHepy — ¢ H 8y D? Hop = 28ag H* 97 Hy
1 .
+§8aﬂH“’3VDyX+%DVXDyX. (5.15)
The Lagrangian (5.15) is invariant under the gauge transformations [4]

8Hypy = i(Dolpy + Dplay + Dylap) = 31Dy » §X = =0y . (5.16)

The supergravity multiplet possesses a dual formulation obtained by dualising the scalar com-
pensator in (5.15) into a vector multiplet. The dual Lagrangian is

i 1 i
L(dual) = ZHO[’BVDHaﬂy — gHaﬂyaprzHaﬂp - gaaﬂHUﬂyapaHp(fy

+ %aaﬂH“ﬂV W, + %W“ W, . (5.17)
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It is invariant under gauge transformations

. 1
SHopy =1(Dalpy + Dplay + Dylap) . SWa= D" DuD7 g, . (5.18)

At this stage it is worth pausing in order to discuss some of the results obtained. According to
the classification of linearised off-shell actions for 4D N = 1 supergravity [42], there are three
minimal models with 12 + 12 off-shell degrees of freedom. The three-dimensional N = 2 ana-
logues of these models (with 8 + 8 off-shell degrees of freedom) were constructed in [41] and
called the type I, type II and type III minimal supergravity theories. We discussed these models
in sections 4.3.1, 4.3.3 and 4.3.4, respectively. The difference between the 3D A = 2 minimal
supergravity models becomes quite transparent upon their reduction to A" = 1 superspace. Every
N =2 action becomes a sum of two A/ = 1 actions, one of which describes the gravitino multi-
plet and the other corresponds to the supergravity multiplet. Each of the A = 1 actions is realised
in terms of two A/ = 1 superfields, of which one is universally the superconformal gauge field
(Hyp for the gravitino multiplet, Hyg, for the supergravity multiplet), while the other is a com-
pensator. The difference between the three minimal A/ = 2 supergravity models is encoded in
different types of A" = 1 compensators. In the case of type I supergravity, both the N'= 1 super-
gravity and gravitino multiplets are characterised by scalar compensators, devoted X and Y,
respectively, in section 4.3.1. The type II and type III formulations are obtained by dualising one
of the scalar X and Y into an A/ = 1 vector multiplet. In principle, it is possible to dualise both
X and Y into vector multiplets. This would lead to a new linearised action for A = 2 supergrav-
ity involving a double vector multiplet [43] as the corresponding N = 2 compensator. However,
such an action proves to possess N = 2 supersymmetry with an intrinsic central charge, which
is less interesting than the standard A = 2 Poincaré supersymmetry.

5.4. Transverse formulation

The models (5.11) and (5.15) correspond to the longitudinal formulation discussed in sec-
tion 4.3.1. It is of interest to compare them with the models originating within the transverse
formulation sketched in section 4.3.2.

In addition to the dynamical variables H,g and X, the gravitino multiplet now contains an
auxiliary spinor superfield ®,. The Lagrangian has the form

. . |
L = —5H" D*Hop — Do H DyX — 07 DP Hyg
i i 1
—i—ZD“XDD,X—ECD“CDa—Ed)“DO,X. (5.19)
The Lagrangian (5.19) is invariant under the gauge transformations

i
8Hyp = Dolp + Dplo, 8X =Dy, 8Py =up¢ + Euzga ) (5.20)

The superfield &, can be integrated out using its equation of motion

Y — _%DﬂH“ﬂ + %D‘)‘X . (5.21)

Then the Lagrangian (5.19) reduces to (5.11).

Within the transverse formulation, the supergravity multiplet contains not only the dynamical
variables H,g, and X, but also an auxiliary spinor superfield W,. The corresponding Lagrangian
is
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i 1 2 1 .
L= ZH“/’VDHQM - gH“*‘WD dyp Hop” — 5ao,,gztl‘*ﬁy(]\yy + Dy X)

i i
+Zw“\ya+w“0ax- ED"‘XDO,X. (5.22)
The action associate with this Lagrangian is invariant under the gauge transformations
SHaﬁ)/ = i(Ddgﬁy + D,Bgay + D]/{Otﬁ) , (5.23a)
8Wo = i(8PY Dgtay — Dpday cP7) (5.23b)
8X =—10%Fgop . (5.23c)

The auxiliary superfield ¥, can be integrated out using its equation of motion
W =9g, H*PY 1 2iD*X . (5.24)
Then the Lagrangian (5.22) turns into (5.15).

6. Massless higher spin supermultiplets

To derive off-shell formulations for the massless higher spin A/ = 1 supermultiplets, one can
apply the N'=2 — N =1 superspace reduction to the actions (4.4) and (4.16). Here we will
follow a different approach. We make use of the two pieces of input information: (i) the four sets
of dynamical variables V!, V!, V. | and ;" defined by egs. (4.9) (4.11), (4.21) and (4.23),

: :

respectively; and (ii) the correspondiné gauge transformation laws given by eqs. (4.10), (4.12),

(4.22) and (4.24), respectively. To construct gauge-invariant actions, we will make use of the
oscillator realisation for higher spin fields, see [45] for a review.® The oscillator construction is
expected to be useful for deriving interaction vertices for higher spin supermultiplets.

Before we proceed, a comment on the terminology used below is in order. In three dimensions,
the notion of superspin is defined only in the massive case, see section 2.2. When speaking of a
massless higher superspin theory in three dimensions, we will refer to the kinematic structure of
the field variables, their gauge transformation laws and the gauge-invariant action. Given an inte-
ger s > 1, the massless supersymmetric gauge theories described by the dynamical variables VS”
or Vi- will be referred to as massless integer superspin multiplets, for the gauge superfield Hy 2y
carries an even number of spinor indices. When speaking of massless half-integer superspin
multiplets, we mean the massless supersymmetric gauge theories described by the dynamical

variables Vs”+l or V; \» for the gauge superfield Hy 2541y carries an odd number of spinor in-
2 2

dices.
6.1. Auxiliary oscillators

In order to simplify computations for higher spin superfields, let us introduce auxiliary oscil-
lators defined by the commutation relations

[a%, aP =6 . 6.1)
An “n-particle” ket-state |®,,) in this auxiliary Fock space is defined as

6 The oscillator formulation for the off-shell massless higher spin A/ = 1 supermultiplets in four dimensions [25,26]
was presented in [46].



180 S.M. Kuzenko, M. Tsulaia / Nuclear Physics B 914 (2017) 160-200

1
|®n) = — Payay...a, (D) a7 a™F10) (6.2)
n!
with the Fock vacuum defined by a*|0) = 0. Here ®;)(z) is a symmetric rank-n spinor super-
field. The bra-state (®,,| is defined similarly,

1
(P, = E(Om“‘a"‘z 0" Py .0, (2) - (6.3)
We introduce the following operators
y=a"Dy, yT=a""Dy, (6.42)
P=a%,DP, PT=a"T8,D", (6.4b)
Ki=a""" .. a“dy,p, ... 0upa ... .aP (6.4c)

Some properties of these operators are listed in Appendix B.
The action of the operators (6.4a)—(6.4c) on a state of the form (6.2) can be translated as
follows

y|®n) > Dp®Poy i ¥TI®n) > (1 + 1) Doy Pty ) - (6.5)
P|®,) — DPog, @7 g o, PTI®,) — (n+ 1) DPBge, Py i) » (6.5b)
K;|®,) — (=1 = l)'a RCIRRRRATE AN R i (6.5¢)

We also introduce the “number operator” N = a®"a, which acts on |®,,) as

N|®y) =n|Py) . (6.6)
6.2. Integer superspin multiplets

In this and the next subsections, we present massless gauge theories realised in terms of the
dynamical variables VS” and VL ; defined by egs. (4.11) and (4.9), respectively.

A Lagrangian formulation foi a massless multiplet of integer superspin s, with s > 1, con-
tains a gauge superfield | Hps), a compensator |Y2,—7) and an auxiliary superfield |®2,_3). The
superfield Lagrangian, .cﬂ, is

e i
2s— D172

i

(Has|N D?| Hay) 2<st|y+y|Hzx>

i 2 i +2 i 2
- E(st—zly | Hp) + §<H2S|y [Yos_2) + E(st—le |Y25—2)

— (Pa25-3ly1Yas-2) — (Yas—aly T[P25-3) + 2i(Pa3|[P2s-3) - 6.7
The corresponding action proves to be invariant under gauge transformations
8|Has) =y " I625-1) © (6.8a)
3| Y2s—2) =y 1825-1) » (6.8b)
i
81®253) = =¥ 1821 - (6.8¢)

The equation of motion for |®y;_3) expresses this field in terms of |Y25_2),
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i
|Dos—3) = —EJ/Ist—z) . (6.9)

Plugging this expression back into the Lagrangian (6.7) gives

(=1)° i i )
mﬁs E(stlND |Has) — §<H2s|)’ v |Ha) — §<Y2372|)/ | Has)
i +2 i 2
+ 2(H2s|3/ [Y25-2) + 2(st—le [Y25-2)
+ —(st—2|J/+VIY2x—2> . (6.10)

2

The above results can be readily recast in terms of ordinary superfields. We introduce the
gauge superfields Hy (2s), Yo (25—2) and ®g25—3) as follows:

1

|Ha) = @ Hy, . op,a® .. .a®=10) (6.11a)
[Y25-2) = ﬁmm%,za”l* c..a®»=20) (6.11b)
|Do5—3) = ﬁ%,m%_ﬂ“ﬁ ..a®»=37t0) . (6.11c)

The gauge parameters ¢y (s2—1) are introduced similarly,
¢25—1) = ﬁ%lmazﬂa“ﬁ L@t 0) (6.12)

The Lagrangian (6.7) is equivalently written as
(— 1)S£II Hy, o D2H®'%2 4 — DﬁH w1 anyy Dy HY 1025~
1025 ) Bay...ans—
+ (25 — DYy a0, 23/3]/[_[/31/0“ ~Om-2 4 _ (2S )Yy, azkzDZYal---Otz.c—z
+2i(2s — 1)(2s — 2) Dy, ..y, 5 DY >3

—2(25 — 1) (25 — 2) By, gy, s DpYPH1-025-3 (6.13)

while the Lagrangian (6.10) coincides with
(=DLs = 5 Hay.. an, DPHT “2s+2DﬁHﬁa, gy Dy HY 410251

+ 25 — DY, an aﬁyHﬁ)/al 022 4 (2S )Y, DZY“I--“Zf—z

—i(s — 1)(2s — )DPYpa,..ap,_s Dy Y’”"1 GBI (6.14)
The gauge transformation laws (6.8) turn into
0Hy,..an, = 25D Say..vn) » (6.15a)
SY(X[...OQS,Z = _Dﬂé‘ﬁal...ab,Q s (615b)
1 By
8Pq .3 = 53 CByar..ax_3 - (6.15¢)

Upon inspecting (6.14) one may see that the Lagrangian is also well defined for the cases
s =0 and s = 1 which have been excluded from the above consideration. For s = 0 only the first
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term in the right-hand side of (6.14) remains, and the resulting Lagrangian corresponds to the
massless scalar multiplet described by the action (5.5). In the s = 1 case, (6.14) coincides with
the gravitino multiplet Lagrangian (5.11).

Since the Lagrangian (6.14) defines an off-shell massless supermultiplet for every integer s =
0,1,2,..., we may introduce a generating formulation for the massless multiplets of arbitrary
superspin. It is described by the Lagrangian

L= %<H|<—1)N/2(D2 — Nyt y)H)

+§<Y|< DY2y2NT IH)—%<H|N_IJ/+2(—1)N/2|Y)
%<Y|( DD+ yTy)(V +2)7 1Y)
1
- Z::O TR (6.16)

in which the dynamical variables are given by

(o8]
1
|H>:Z(2s)' o, @8 a®F0) (6.17a)
.
Z(2s)vgofl w0, a7 a®>T)0) (6.17b)

The action associated with (6.16) is invariant under gauge transformations of the form

SIHy=yTIg),  S8IY)=yl¢), (6.18)

where the gauge parameter is
|

0= 3 gy B @ aH0) (6.19)
s=0 ’

6.3. Half-integer superspin multiplets

A Lagrangian formulation for a massless multiplet of half-integer superspin (s + %), with
s > 1, contains a gauge superfield |Hs41), a compensator |X»s_») and an auxiliary superfield
|Wos_3). The superfield Lagrangian, £E+1 , 18
2

(-1’ i .
Gy Eory = 3 H2r PND K1 D? =y P2y 2 )

+ i<H ) x Lix 3\ H
7 2s+1ly 2s—2)+2( 2s—2|y” | Hog+1)

+1(X25-2|(N 4 2)D?| X25-2) + (W2,_3]y | X25-2)
+ (Xog2 |y T1Was_3) — i(Was_3]|Wos—3) . (6.20)

The corresponding action proves to be invariant under the gauge transformations
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8|Hagr1) =iy ™| 0as) (6.21a)
i
81X25-2) = Eyzlfm : (6.21b)
1
8|Wyy_3) = §V3|§2s) : (6.21¢)
The field |W5,_3) can be integrated out using its equation of motion
|Wos—3) = —iy[X25-2) . (6.22)
Then the Lagrangian (6.20) turns into
D = Mt pNO+ KDY — 2 LH H)x
oy Cs T é_l< 25+12NO+1K1D” — y 77y |Hast1) + 5( 25411y 71 X25-2)
i .
+ E(X2x72|y3|H2s+l) —i(Xo5 2|y Ty = (N +2)D?| X2 2) . (6.23)
Introducing the expansions
1
|H25+1> = mHal-uC\QH—Iam-‘_ .. .a012s+1+|0> , (624&)
1
| X25—2) = mxm.‘.azj,zaaﬁ ..a®2t)0) (6.24b)
1
[Woy—3) = m‘l’a|...az,,_3aal+ (V) (6.24c¢)
for the fields, and
1
[£2s) = m{a,,_ahaaﬁ ...a*>7)0) (6.25)

for the gauge parameters, one gets from (6.20) the Lagrangian in terms of the three fields

s pl i oy 1 2 s
(=1L, ) = 3 Haran o OH 0 = 2 Hay o g0y D HY ™12

- %saﬁy Hpyar.n, B3 HOM01 021

—25(2s = DXy a0, s aﬁyDaHﬂV&)‘lmaZs—z

+1(25)% (25 — 1) Xay .y, D> X122

—i25Q2s — 1)(2s — 2) Wy, . arp, , WX 33

+45(2s — 1)(25s —2)Wq,..an,3 Dﬁxﬂ(xl..‘azs,3 6.26)

from (6.23) the Lagrangian in terms of two fields
s i Q.05 1 B p2pgvrai..os
(=D £s+% = EHaLnOtstDH - ZHﬂtlnﬂzsﬁa yD*H

i
B EsaﬂyHﬁmmazH Oy, HOMe1 021
—25(2s = DXy a0, s aﬁyD‘SHﬂVtSal-.-azﬁz
+i(25)%(2s — D Xgy s D2 x-022
+ 4is (25 — 1)(25 — 2)DP X gy g,y Dy XV 012573 6.27)
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From (6.21) we read off the gauge transformations

5H0‘1~-“2s+1 = ](2S + l)D(m{az...azHl) ) (6283.)
1
8 X angy = _Eaﬁygﬁyal-»-azx—z ) (6.28b)
Loy Db
84’&1...0{2573 = 58 D {/3}/5(11...0125,3 . (628C)

It can be seen that the Lagrangian (6.27) is well defined for the cases s = 0 and s = 1 excluded
from the above consideration. For s = 0 it coincides (modulo an overall factor of) with the La-
grangian for the vector multiplet, eq. (5.6). For s = 1 it coincides (modulo an overall factor) with
the Lagrangian for the supergravity multiplet, eq. (5.15).

Generating formulation

L= i(H|(—1)(N_1)/2(2ND LiK D — y TN H)
i _ _ i _ _
+ 5 (HIEDNTPVENTY 0 4 (X (DN VEN T )
+iX|DY 2Ty — (N +2)D*)(N +3)71X)
> 1
=y —— L. .1, (6.29)
| 7Ts+s
—2s+ DI
where
> 1
|H)=)  ————Huy oy, @' "...a*>"17|0) (6.30a)
= (2s+1)!
1
X) =3 gy a2 H10) (6.30b)
=0 S).
Gauge transformation
. i
SIH) =iy™Ie), 81Xy =2y%¢), (6.31)
where the gauge parameter is
21
1)=> mgxl,,,azjao‘ﬁ ...a*T|0) . (6.32)
s=0 :

6.4. Transverse formulation

In this subsection, we briefly describe massless gauge theories realised in terms of the dynam-
ical variables V;- and VSJ;L , defined by eqgs. (4.23) and (4.21), respectively.
2

6.4.1. Integer superspins

A Lagrangian formulation for a massless multiplet of integer superspin s, with s > 1, con-
tains a gauge superfield | Hag), a compensator |Y>;_») and an auxiliary superfield |®o5_1). The
Lagrangian for this supermultiplet, ESL, is
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(=1)° i . .
mﬁi = o (HayIN D% Hay) = i(Yas2ly? | Hag) +i(Has y ¥ Y2e-2)
i
+ (Hps|ly T|®os—1) + (o1 |y || Has) + E(st—zl(N +2)D?| Y2 2)
— 2i(Pos—1]|P2—1) — (Yas—aly|@os—1) + (Pos—1ly T|¥as_2) . (6.33)

The corresponding action is invariant under gauge transformations

8| Hag) =y T ¢25-1) (6.34a)
8| Yos—2) = ¥182s-1) » (6.34b)
8| 1) = (K1 + %Dz)ms_l) . (6.34¢)

The auxiliary superfield |®,;_1) cane be integrated out using its equation of motion

|Bos_1) = —%(V|st> +yHYaa)) . (6.35)

Then the Lagrangian (6.33) reduces to (6.10).
The fields and the gauge parameters can be expanded in terms of the oscillators, in complete
analogy with our analysis in subsection 6.2. Then the gauge transformation laws (6.34) turn into

SH()(]...OQS = ZSD(Otl Colz...otzs) s (6363)

SYWIA--(XZS—Z = _Dﬁé‘ﬁouu.c{zs_z 5 (636]3)
i

8Pu; a1 = =250  wylar a1+ 5 D7 Car e (6.36¢)

and the Lagrangian (6.33) becomes

, i
(=D)L= EHQ,,_QZS D?H®12% 4225 — 1) Yy, . an,_,0py HPV 102522

+ 2By, ay, DpHPU 051 L is (25 — 1) Yy, gy, DPY*10272
— 21Dy, gy, DU D25 — 1)V gy, Dp PP 22 (6.37)

6.4.2. Half-integer superspins
A Lagrangian formulation for a massless multiplet of half-integer superspin (s + %), with
s > 1, contains a gauge superfield |Hys+1), a compensator |X»s—2) and an auxiliary superfield
|Wos—1). The Lagrangian, 'C:-l’ is
L)

(—1)° i .
Gyt Coet = 3 (Har12ND iK1 D st} + (Haealy 1 W2s1)

— (Was_11y 2| Has1) + (Hos1 |y P Xo5-2) + (Xos2ly? | H)
+1(Xa5_ 2| D? Xag_2) + 4i(Wa_1||Way_1) — 2(Was 1|y Xa5_2)
+ 2(Xos—2|y [Was—1) - (6.38)

The corresponding action is invariant under gauge transformations
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8| Hagt1) =iy 100 (6.392)
i

8| X25-2) = §V2|§2s> , (6.39b)

8| Wos—1) = EV Yo+ EP [&os) - (6.39¢)

The auxiliary superfield |W»;_1) can be integrated out using it equation of motion

i i
|Was_1) = —Zy2|st> =57 1X2s2) (6.40)

which turns the Lagrangian (6.38) into (6.23).
The above results can be rewritten in terms of ordinary superfields (compare with subsec-
tion 6.3). The gauge transformation laws (6.39) are equivalent to

8Ha,..ar 1y = (28 + DiD(a; Car.an1) » (6.41a)
1 By
(SXa]A..(xzs_z = _58 {ﬂya]...(xzs_z 5 (641b)
i i
Wy any_y = 5(25 - l)aﬂyD(QICQZ‘“azxfl)ﬂy + EaﬂyDﬂéﬂValmazxfl . (6.41c)
The Lagrangian (6.38) is equivalent to
s _ i or...005 11 1 B p2pgvror..oan
(=D E.H—% - EHa].__astDH o Z m...azsﬂa yD H .

— 4isWy, o, dpy HPYO1-02-1

— 4525 — D) Xq,. .ap,_, dpy Ds HPY 21022

+2i5(25 — 1) Xgry.cn,_p D2 X122 4 8is Wy, gy W21

+85(25 — 1) Xa..ap,_, Dp WP 22, (6.42)

7. Massive higher spin supermultiplets

Before presenting the Lagrangians for massive supermultiplets and analysing the correspond-
ing equations of motion, it is useful to reformulate some of the results given in subsection 3.2 in
terms of the auxiliary oscillators used in the previous section.

7.1. Higher spin super-Cotton tensor

One can check that the higher spin super-Cotton tensor (3.32) can be written in the form

[n/2] [n/2]
W) =(=D"| Y a0/ Ky 2p+iY_ bp0PD* Ky ap1 | |Hy) . (7.1)
p=0 p=0

The expression (7.1) is invariant under gauge transformations
8|Hn>=7+|An71> (7.2)
provided the constant coefficients a, and b, satisfy the equations

ap,(n—2p)—2b,=0, apy1 —2bp(n—2p—1)=0. (7.3)
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These recurrence relations are solved by

a,= <2';> Qplay. b= %(217'1 1)(21) + Dlag . (7.4)
In order to match the overall coefficient in (3.32), ag has to be
1
a= o (7.5)
One may check that the gauge-invariant field strength (7.1) satisfies the Bianchi identity
YIWa)=0. (7.6)

7.2. Superfield Lagrangian

Now let us turn to describing our off-shell massive higher spin N = 1 supermultiplets. The
Lagrangian for a massive superspin-5 multiplet is defined by

in

n 1 i
£ = Lapa+ 5 nd(CHyl W) + (Wal | H)) . 1.7)

massive (n— 1)

where the massless Lagrangian L, /; is given either by the equation (6.10) for n = 2s, or by
(6.23) for n = 2s + 1. (We recall that the oscillator realisation for the super-Cotton tensor |W,,)
is described in subsection 7.1.) Thus the massive Lagrangian is obtained from the massless one
by adding the Chern—Simons like term.

The action generated by (7.7) is gauge invariant since both terms in the action are separately
gauge invariant. Indeed the term proportional to X is invariant under the transformations (7.2)
due to the gauge invariance of |W,,) and the Bianchi identities (7.6). The gauge invariance of the
first term was established in section 6. Note also that the mass term contains only the physical
gauge superfield | H,) and does not depend on the compensator.

In the integer superspin case, n = 2s, the gauge-invariant equations of motion derived from
(7.7) are

|Eog) +25A|Wos) =0, (7.8a)
[Q25-2) =0, (7.8b)

where we have introduced the following gauge-invariant field strengths:
i i
|Exs) = S(ND? =y )| Hoy) + 5y Yo 2) (7.92)

L) LT Rt
1Q25—2) = =5y | Has) + (D" +y7y)|¥25-2) - (7.9b)

These field strengths are gauge invariant, since they are proportional to the equations of motion
for the massless model L. The field strengths | Eos) and |Q25—2) obey the Bianchi identity

YIEx) =vT1Q2-2), (7.10)

which expresses the gauge invariance of the massless action. Therefore the field strength | Eog)
is transverse provided the equation of motion (7.8b) holds, that is

|Q252)=0 = y|Ex)=0. (7.11)
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We point out that (7.8b) is the equation of motion for the compensator |Yo5_2).
One can consider the half-integer superspin case in a similar way. The corresponding equa-
tions of motion are

|Exst1) + (= 1D)*(2s + DA|Wos41) =0, (7.12a)
|R2s—2) =0, (7.12b)
where we have introduced the gauge-invariant field strengths:
1 ) 1
|E2s41) = Z(ZND +iK D> — y P2y )| Hogp1) + 57/+3|X25—2> ; (7.13a)
i .
|Ras—2) = =5 ¥ [ Hasst) = i((N + D% =y +y) X0s2) . (7.13b)

The Bianchi identity relating the field strengths (7.13a) and (7.13b) reads

i+
V|E2s+1>=—§)/ |R2s—2) - (7.14)

Therefore the field strength | Eog41) satisfies the equation (7.11) provided |Ros—2) = 0.

Now we are in a position to analyse equations of motions for massive supermultiplets. We
start with gravitino and supergravity multiplets and then generalise the analysis for an arbitrary
superspin.

7.3. Massive gravitino multiplet

For massive gravitino multiplet one has the following expressions for the fields strength | E2)
and |Qo):

Lop2_s 142
|E2)=§(D —1K1)|H2)+§J/ [Yo) , (7.152)
i, .
Qo) = 5V |H2) + ED [Yo) . (7.15b)
Taking the linear combination
. i 2 +2
IW2) := 7 (D7 E2) =y 71 Qo)) (7.16)
and using the expressions (B.13) and (B.14) one obtains
1
W2) = 2 (Ka +20+iK1 DY) Ha) (7.17)

which is the same as the superconformal field strength (7.1) for n = 2.

Let us analyse the equations of motion. As mentioned above, the equation of motion (7.8b)
for the compensator is |Qg) = 0. Furthermore, the equation of motion for the field strength | E»)
is

i
|Eo) + EAD2|E2> =0 (7.18)

and, due to the Bianchi identity (7.10), the field strength satisfies y | E2) = 0. The equation (7.18)
in turn implies
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2 2 |
(O—m)|Ey) =0, me=7 - (7.19)
It is important to notice that since the Chern—Simons like mass term in (7.7) does not contain
compensator superfields one can immediately recover two dually invariant formulations for the
gravitino multiplet, alike those in the subsection 5.2. Explicitly the field strength has the form

1
Waa, = —ZDﬁ' D, DP2 Dy, Hg, 5, (7.20)
and, therefore, the Lagrangian for the massive gravitino multiplet has the form
_ ey oBp Y o g
Lowm=—{H"" D*Hop + Dy H*" Dy HY g — 2Dy H*P Dy X — DPX DX (7.21)
—AHP W,

while the dual Lagrangian is
Lg;;[al) _ —%{H“ﬂDzHaﬂ 4+ 2D H* D, H” g + 2iW* DA Hyp — W* Wa} (7.22)
— AHP Wep .
7.4. Massive supergravity multiplet

One can perform a similar procedure for the supergravity multiplet. The corresponding field
strengths are

1 . 1
|E3) = 2 (60 +iK D* — y "2y Hz) + 5y+3|Xo> : (7.23a)

i .
|Ro) = =5’ H3) = 21D Xo) . (7.23b)
Taking a linear combination
L.
|W3) = 5(—IDZIE3) +y|Ro)) . (7.24)
one obtains
1 3i
|W3)=—ﬂ(K3+6K1D+§K2D2+3iDD2)|H3), (7.25)

which is the field strength (7.1) for n = 3. The equation of motion for the compensator is
|Ro) = 0, whereas the equation of motion with respect to | H3) is

i
|E3) + 5AD?|E3) =0 (7.26)
which in turn implies
2 2 1
(O—m)|E3) =0, m (7.27)

Similar to the case of the gravitino multiplet, one can present two dual formulations for the
massive supergravity multiplet. Since the linearised super-Cotton tensor is independent of the
compensator,
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i
Weiaras = gD'Bl Dy, D'BZDOQDﬂ} Doy Hg, g5 » (7.28)

one can write the Lagrangian for the massive supergravity multiplet
Lsom= ZHaﬂy OHapy — §Haﬂy dyp DzHaﬂp - Zaaﬂ HYPr yro Hpoy

| .
+ S0up HY D, X + %DV XDy X +inHY Wy, | (7.29)
as well as its dual form

i 1 i
Léﬁgl\a’ll) - ZHaﬁyDH“ﬁy B §Haﬂyapr2Haﬂp - §8aﬁH°“3”8p"Hpay

i i
+ %305/3 HEPY Wy + W Wo + i Wey (7.30)
7.5. Arbitrary superspin

In order to analyse the case of an arbitrary integer superspin, let us consider the gauge-
invariant action for n = 2s

massive ~

S e = / 2| £, (Haz, Yorze-2) + (D AH“® Woa ()} (7.31)

where the Lagrangian L; is given by (6.14). Let us analyse the equations of motion. The gauge
invariance (6.15) allows us to choose a gauge Yy (2;,—2) = 0 in which the equation of motion
for Yy (25—2) amounts to abr Hgyq25—2) = 0, and the residual gauge freedom is constrained by
D# LBa(s2—2) = 0. On the mass shell, the residual gauge freedom can be used to impose a stronger
condition on the gauge prepotential,

DP Hgya5-1)=0. (7.32)
In this gauge the super-Cotton tensor becomes
Waas) = O° Hu2s) » (7.33)

in accordance with (3.37). Under the same gauge condition, the equation of motion for Hy )
reduces to

i

EDzHaQs) + AWu0s) =0. (7.34)
Combining the equations (7.33) and (7.34) gives

D<D2S—l _ )\_2>Ha(2s) — 0 . (735)

If we choose the solution OHy(25) = 0, the super-Cotton tensor vanishes, Wy (25) = 0, in accor-
dance with (7.33). Then the equations of motion reduce to the massless ones, which means the
gauge field can be completely gauged away. Thus the nontrivial solutions obey the equations

(mzs—l - ,\—2) Ho2y) =0, (7.36)

which implies’

7 Compare with a similar analysis in the N =2 case [24].
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1

(D - m2) Hy25) =0, m
The equations (7.33) and (7.34) also imply that W (2y) is an on-shell massive superfield in the
sense of (2.14),
A

, 7.38
W (7.38)

(%D2 + mo)WaQS) =0, o=(-1)

and hence the superhelicity of Wy (24 is k = (s + %) o.

It is instructive to repeat the above analysis by making use of the oscillator realisation. The
relation between the field strength (7.1) and | Eo;) is

s—1
(Was) = | Y cp0PKasap1 | | Eas) . (7.39)
p=0

where the coefficients ¢, are related to the coefficients b, givenin (7.4) as ¢, = %b p- After gaug-
ing away the compensator |Y2;_2), imposing the corresponding equation of motion |Q25_2) =0
and the condition (7.32) on the gauge potential

y|Hy) =0, (7.40)
one obtains
|Way) = O°| Hg) (7.41)

and

2
(D - W) |Has) =0, (7.42)

with the latter being the same equation as (7.36). The equation (7.42) implies that the field
strength | E») satisfies the same Klein—Gordon equation

2

The analysis of the equations for the half-integer superspin case simplifies due to an obser-
vation that there is a transformation that connects the systems of field equations for integer and
half-integer superspins. Again we are considering a partially gauge fixed system when the com-
pensators | X»s_2) and |Y2,_7) are gauged away. Then one can check that the transformation

|Hos41) =& P Hay) (7.44)

where £ is some Grassmann even constant parameter, transforms the solutions of the equations
(7.8) into solutions of the system (7.12) in the limit of zero mass (i.e., when A — 0). Moreover,
defining the operators E»41 and Eog as

E2s+] |H23+1> = |E2s+l>, E25|H2s> = |E2s> , (7.45)

one has the following chain of equations:

1 i
Engi1|Hogy1) = EEag 11 PT Has) = —~EPTy P 2y2 | Hog) = ——E PPy 2|00, 0)
4 2 (7.46)
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Using the Bianchi identity (7.10) one finally gets

i
Esq1|Hogt1) = |Ezgq1) = —§$P+V+V|E2s> . (7.47)

After establishing this connection between field strengths for integer and half-integer superspins
one can multiply the equation (7.43) with the operator Py "y, to obtain the result that the field
strength | Eo,4 1) satisfies the Klein—Gordon equation

2
<D - W) |[E2s+1) =0, (7.48)

as was the case of integer superspins. From the equations (7.43) and (7.48), one can see that
the fields with integer and half-integer superspins have the same mass, as a result of the original
N =2 supersymmetry. Let us note however, that as soon as one considers A" = 1 supersymmetry
the parameter A does not have to be the same for integer and half-integer superspins. Moreover
for the case of free fields, which is our concern in the present paper, the parameter A can be
different from each separate value of a superspin, either it is integer or half-integer.

8. Discussion

In this paper we constructed the off-shell higher spin N' = 1 supermultiplets in three di-
mensions, both in the massless and massive cases. Our massive actions are actually defined for

arbitrary non-zero superspin. They are labelled by a positive integer, n =1, 2, ..., and have the
form
(n/2) _ d3\2 £ X n ap...0p 8
Smassive = Z n/2(Hoz(n)s (x(ZLn/ZJ—Z)) +i"AH Wal...(xn (H)i . 8.1)

Here the compensator Xy (21,/2/—2) is not present in the case n = 1, which corresponds to the
topologically massive vector multiplet. In section 6, the compensator Xy(2|4/2]—2) Was denoted
Yy 25—2) forevenn = 2s, and Xy (2541 for odd n = 2s 4-1. The cases n =2 and n = 3 correspond
to the topologically massive gravitino and supergravity multiplets, respectively. The action (8.1)
is gauge invariant. It may be shown that the massless actions

(n/2) 312
Smssless = / &Pz L2 (Han)» Xa2in/21-2) (8.2)

do not describe any propagating degrees of freedom for n > 1. Nontrivial dynamics in the mas-
sive case is due to the presence of the Chern—Simons like term (8.1).

In section 5, we constructed two dual formulations for the massless gravitino multiplet and
for the linearised supergravity multiplet. Deforming the dual massless actions by Chern—Simons
like mass terms according to (8.1), we end up with two dual formulations for the corresponding
massive multiplets. At the nonlinear level, only one off-shell formulation for A = 1 supergravity
has been constructed so far, and its conformal compensator is a scalar superfield, see [10] for a
review. The fact that we now have two different off-shell actions for linearised supergravity is
intriguing, and it may imply the existence of a new off-shell supergravity formulation.

Our massive supermultiplets can be coupled to external sources /() using an action func-
tional of the form

S el Hatys Xain/21-2)] +i”/d3'2z HO 0 T (8.3)
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In order for such an action to be invariant under the gauge transformations (6.15a) and (6.15b)
for n = 2s or under the gauge transformations (6.28a) and (6.28b) for n = 2s + 1, the source
must be conserved, that is

D? Tgay.an , =0. (8.4)

Such a superfield contains two ordinary conserved currents [47], which can be chosen as

Joroan @) = Tar |, > ot @) =1 D Ta )| - (8.5)

It follows from (8.4) that

aﬁyjﬁ)/al...a,,_z =0, aﬂyjﬂym...oc,,_] =0. (86)

In 3D N =1 superconformal field theory, Jupy describes the supercurrent multiplet, [, is
present if the theory possesses a flavour symmetry, and J,s emerges if the theory possesses
an extended supersymmetry, see [36] for more details.

In the N' = 2 supersymmetric case, the massive higher spin supermultiplets constructed in
[24] are gauge theories with linearly dependent generators, following the terminology of the
Batalin—Vilkovisky quantisation [48] (see [49] for a pedagogical review). The Lagrangian quan-
tisation of such gauge theories is nontrivial.® The remarkable feature of our 3D A/ = 1 massive
higher spin supermultiplets is that they are irreducible gauge theories that can be quantised using
the standard Faddeev—Popov procedure.

Our construction of the massive higher spin supermultiplets may be viewed as a generalisation
of the topologically massive vector multiplet model [3]

i i
Stavm = —> / &R wew, — 5o f &2z HOW, (8.7)
where o = £1. The equation of motion in this theory is
i
—§D2Wa =moW, . (8.8)

In conjunction with the Bianchi identity D* W, = 0, this amounts to (2.14) with n = 1. Similar to
(8.7), our higher spin gauge theories describe irreducible massive supermultiplets that propagate
a single superhelicity state. For low spin fields, however, there is a more traditional way to gen-
erate off-shell massive supermultiplets that are parity-invariant and, therefore, do not describe a
single superhelicity. They are extensions of the massive vector multiplet model

SMvMm = _% / &%z (W*W, — m*H* H,) , (8.9)

in which the mass term involves the naked prepotential H, squared such that the action is not
gauge invariant. The equation of motion for this action is

i
0=—§DﬁDaWa+m2Ha=8aﬁW/g +m*H, (8.10)

which implies
8 This is similar to the off-shell 4D A" = I massless higher spin supermultiplets [25,26], which are also reducible gauge

theories. For the off-shell /' = 1 massless higher spin supermultiplets in AdSy4 [50], the Lagrangian quantisation was
carried out in [51].
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D“H, =0, (O—-m*H, =0. (8.11)

Due to the identity

(D—m2)=<%D2+m)<%D2—m>, (8.12)
it follows that the theory propagates two irreducible on-shell multiplets with superhelicity val-
ues k = +3/4, compare with (2.18). In the case of 4D AN = 1 Poincaré supersymmetry, there
have appeared various off-shell realisations for the massive gravitino and supergravity multi-
plets [52-57] that, conceptually, are similar to (8.9). Analogous massive models without gauge
invariance may be constructed in the 3D A/ = 1 case as well. An interesting point is that our off-
shell massless 3D AN = 1 higher spin supermultiplets appear to be suitable to lift the component
on-shell massive gauge-invariant construction of [21] to superspace.

A topic of our particular interest is an application of our results to the systems of interacting
higher spin fields on AdS backgrounds first developed in [58—61], which have received much
interest in the last years. In relation to higher spin gauge theories our results can be a step towards
a few further developments which we hope do address in future work. We conclude by listing
possible future lines of work:

e The massive higher spin supermultiplets constructed in this paper can be extended to 3D
N =1 AdS superspace’ AdS3? (defined, e.g., in [62]). It would be interesting to quantise
the gauge-invariant massive higher spin theories in AdS3? and to compute the corresponding
partition functions.

e It would be interesting to construct a BRST formulation for these systems both on flat and
AdS3 backgrounds. We would like to mention that in this respect, in terms of their structure,
the field equations for the integer and half-integer 3D N = 1 higher spin supermultiplets are
very similar to so-called triplet formulations for massless [63—69] and massive [70-72] re-
ducible higher spin fields, usually formulated in terms of the BRST formalism (see also
[76-78] for a recent work on BRST-FV approach for massive and massless higher spin
fields). Indeed, in both cases the Lagrangian system of equations contains a physical field
and two auxiliary fields. One of these fields is eliminated via its own equation of motion,
whereas the other one can be gauged away in a complete analogy with the higher super-
spin systems constructed in the present paper. On the other hand, since in the present paper
we deal with irreducible higher spin supermultiplets, it would be also interesting to find a
connection with the BRST formulation [73-75] for irreducible higher spin models as well.

e It would be of particular interest to consider cubic and possibly higher order Lagrangians on
AdS3 in the “metric-like” approach following the lines of [79] (see also [80-88] for cubic
interactions of higher spin fields on AdS background). One can investigate also a possibility
of constructing cubic and higher order Lagrangians for analogous systems with 3D N =2
supersymmetry which in principle can be more restrictive on the level of interactions com-
paring to N = 1 supersymmetry considered here.

e Vasiliev’s higher spin gauge theory [58,59] was extended to superspace [89,90], although no
analysis appeared as to whether this approach reproduces the off-shell higher spin supermul-
tiplets in AdS4 [50] at the linearised level. Studying such issues in the 3D case seems to be
less involved than in four dimensions.

9 To appear soon.
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e There has been much interest to higher spin (super)conformal field theories in three dimen-
sions [24,37,40,91-95]. We hope our results will be useful for formulating interacting higher
spin superconformal theories.

e Higher spin gauge fields possess interesting patterns of duality, both in the bosonic (see
[96,97] and references therein) and supersymmetric cases [37]. It would be interesting to
continue studying the duality aspects of higher spin gauge fields.
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Appendix A. Some useful identities

Our 3D notation and conventions correspond to those introduced in [30,10]. In particular, the
spinor indices are raised and lowered using the SL(2, R) invariant tensors

0 —1 0 1
8""3:<1 0 ) MZ(—l 0)’ ey =5 (A1)

using the standard rule:

0% = P05, Oy = £apb” . (A2)
The spinor covariant derivative of "= 1 Minkowski superspace is
a m a
— By — 4 ipB
D, = 297 +i(y™)ap 07 0m = 297 +i67 0 , (A.3)
and obeys the anti-commutation relation
{Do, Dg} =2i0qp . (A4)
As aresult of (A.4) we have the identities
1
Do Dp = iup + 5 €ap D?, (A.5a)
DP DyDg =0, (A.5b)
D?’Dy = —DyD* =2id,s DP (A.5¢)
D*D?* = —40, (A.5d)

where D? = DDy, and O = 999, = —%8“’3 dp. An important corollary of (A.5b) is
[DoDg, D, Ds]=0. (A.6)

As compared with the supersymmetry in four dimensions, the spinor covariant derivative
possesses unusual conjugation properties. Specifically, given an arbitrary superfield F and

F := (F)* its complex conjugate, the following relation holds
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(De F)* = —(=1)F Dy F,

where € (F) denotes the Grassmann parity of F.
The supersymmetry generator is

9 8 L
Ou = 9a+(y )ap 0 8m—187+9 0Ba -

0
It anti-commutes with the spinor covariant derivative
{Qu, Dg}=0

Appendix B. Some useful identities for the operators

The operators introduced in the subsection 6.1 obey some useful relations

{y,y*)=2ik; — D*, vty =ik, +%ND2,
Ptk =—iyT?P+y*tNo, K\P=-iPty?—NyO,
Ky =—iyty?—=NP, y K =—iyP?y + PN,
[Ky, Pl=10y, (K1, PT1=y"O,
PD?=2i0y , D*P =2iny ,
PTD?=2iy*to, D*Pt =2iy*o,

ly.y 1= -2iP", [y% yT1=2iP,

yD? = -2iP , D%y =2iP ,
yTD?=2iP* | D2yt =2ipt,

[N,y F1=y7, [N, PT]=P",
[N,yl=—v, [N, Pl=—
[N,O]=[N,D?*]=,0 [N,K;]=0

One has also the identity
y Tyt =—K + N(N - O,
as well as “reduction” rules for the operators K1, K> and K;

KiKi=Kip +IKi1(N=-(-1)0O,

K2K; =Ko+ 2K (N = DO +1( — DK—»(N — (I = 1))(N — (I — 2))0?

where Ko =1.
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