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Abstract

We build on previous studies of the Higgs and Coulomb branches of SUSY quiver theories having 8
supercharges, including 3d N = 4, and Classical gauge groups. The vacuum moduli spaces of many such
theories can be parameterised by pairs of nilpotent orbits of Classical Lie algebras; they are transverse to
one orbit and intersect the closure of the second. We refer to these transverse spaces as “Slodowy intersec-
tions”. They embrace reduced single instanton moduli spaces, nilpotent orbits, Kraft-Procesi transitions and
Slodowy slices, as well as other types. We show how quiver subtractions, between multi-flavoured unitary or
ortho-symplectic quivers, can be used to find a complete set of Higgs branch constructions for the Slodowy
intersections of any Classical group. We discuss the relationships between the Higgs and Coulomb branches
of these quivers and T theories in the context of 3d mirror symmetry, including problematic aspects of
Coulomb branch constructions from ortho-symplectic quivers. We review Coulomb and Higgs branch con-
structions for a subset of Slodowy intersections from multi-flavoured Dynkin diagram quivers. We tabulate
Hilbert series and Highest Weight Generating functions for Slodowy intersections of Classical algebras up
to rank 4. The results are confirmed by direct calculation of Hilbert series from a localisation formula for
normal Slodowy intersections that is related to the Hall Littlewood polynomials.
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1. Introduction

This paper builds on recent studies of SUSY quiver theories having 8 supercharges and Clas-
sical flavour and gauge groups, including both the Higgs and Coulomb branches of 3d N =4
and the Higgs branches of 4d N = 2 theories. The vacuum moduli spaces of many such theories
are related to the nilpotent orbits of Classical Lie algebras.

In essence, the nilpotent orbits O, of the algebra g of a Lie group G are defined by equiva-
lence classes of nilpotence conditions on representation matrices [1]. Such nilpotence conditions
also describe the manner in which (combinations of) scalar fields in the F-term equations (de-
rived from a superpotential) vanish at the SUSY vacuum, and can be specified (indirectly) by a
quiver gauge theory. A “Slodowy slice” S, = Oj‘ is a space transverse to (or commuting with)
a nilpotent orbit, yet lying within the adjoint orbit of the ambient group G [2]. These transverse
spaces may be restricted to their intersections with the closure of any enclosing nilpotent orbit

Oy, leading to a wide variety of spaces, each parameterised by a pair of nilpotent orbits [3]. We

s |

refer to these spaces, S, , = O, N S, as “Slodowy intersections”.” They embrace, as limiting

! There is no settled terminology: in [4] these are termed “Slodowy varieties”; in [3] and [5] “intersections”; in [6]
“nilpotent Slodowy slices”; in [7] “S3-varieties”. Since the spaces are not generally nilpotent with respect to their sym-
metry group, F C G, and are always intersections (labelled by a pair of orbits), we prefer “Slodowy intersections”.
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cases, nilpotent orbits, Slodowy slices (intersected with the nilcone) and Kraft-Procesi transitions
[8]; other types appear for G Classical of rank 3 upwards.

The connection was made in [9] between (the 3d boundary conditions on) Type II brane
systems [10] in 4d N' =4 CFTs and Slodowy intersections. These 3d boundary conditions cor-
respond to brane configurations that determine the Higgs branch vacuum moduli spaces of these
theories. It was shown how the pole structure of these moduli spaces leads to their description
as Slodowy intersections. This connection was deployed in [5], using S-duality and 3d mirror
symmetry, to relate the Higgs and Coulomb branches of SUSY field theories characterised by
D-brane configurations, with the latter encoded in quiver diagrams. These seminal papers have
precipitated many studies.

More recently, in [11], systematic methods were distilled for identifying SUSY quiver gauge
theories whose Higgs or Coulomb branches correspond to the (closures of) nilpotent orbits of
Classical algebras. In [12], this approach was extended to identify certain dual quiver theories
whose Coulomb or Higgs branches are the Slodowy slices to these orbits.

This paper extends this systematic approach across the whole family of Slodowy intersections.
In the interests of brevity, we draw extensively on [11] and [12], with cross-references to tables
and formulae therein.

The language of quivers provides a rich description of the global, flavour and gauge sym-
metries underlying the quiver constructions for Slodowy intersections. In the case of the Higgs
branch, there is a class of quivers, based on Nakajima (unitary) quiver varieties introduced in
[13]. These were extended to ortho-symplectic types in [8]. There is an overlapping set of unitary
quivers based on Dynkin diagrams [14]. Many of these quivers can be interpreted as intersections
both on their Higgs and Coulomb branches. For G Classical, the Higgs and Coulomb branches
of certain dual quiver pairs can be related using the concept of 3d mirror symmetry [15,16].

Alternative descriptions exist for many Slodowy intersections in terms of TL (G) theories [17].
It is argued herein that an analysis in terms of pairs of nilpotent orbits of G is (i) more complete
for the intersections of BC D groups, by virtue of dealing with special and non-special orbits on
the same footing, and (ii) provides a clearer view of the mechanisms behind 3d mirror symmetry.

We deploy the technology of the Plethystics Program [18], and its subsequent developments,
to characterise Slodowy intersections by Hilbert series (“HS”), both in refined and unrefined
form, and by their transformations to Highest Weight Generating (“HWG”) functions [19]. These
provide a precise way of describing both the representation content and grading of theories (for
example, by R-charges). In particular, refined Hilbert series and HWGs provide a means of test-
ing whether (branches of) different quiver theories represent the same moduli spaces.

In section 2, we summarise key aspects of the theory surrounding the nilpotent orbits and
Slodowy slices of a Classical algebra g. Each Slodowy intersection Sy, is defined by a pair
of nilpotent orbits, where O, contains O,. In cases where neither orbit contains the other, no
intersection exists.

Matrices from (or functions on) an intersection S, , transform in a global symmetry, F(p) C
G, which is some subgroup of the ambient symmetry group. The dimensions of the S, , are at
most those of the nilcone (or maximal nilpotent orbit) of G, and their number increases rapidly
with the rank of G.

Slodowy intersections can be analysed, either in terms of equivalence classes of sub-spaces of
matrix representations, or, by virtue of the Jacobson Morozov Theorem, in terms of the embed-
dings of su(2) into g that define nilpotent orbits, along with the commuting sub-algebras f C g
that define Slodowy slices. In principle, either framework can be used to calculate Hilbert series.
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The latter approach, which we follow, fits naturally with the methods of quiver subtractions and
Higgs or Coulomb branch HS constructions, developed in sections 3 and 4.

Hilbert series for Slodowy intersections can also be constructed by purely group theoretic
methods, using localisation formulae related to the Hall Littlewood polynomials. Several such
formulae appear in the Literature [17,20,21]; their use requires careful attention to notational
and other conventions. Building on the Nilpotent Orbit Normalisation formula [21], we set out a
Slodowy intersection formula (“SI formula”) for calculating the HS of any S, , that intersects a
normal nilpotent orbit O,.

In section 3, we build on [22] and map out the quiver theories for Higgs and Coulomb branch
constructions of A series Slodowy intersections. These multi-flavoured linear unitary quivers
can equally well be described as Nakajima or Dynkin type. We develop the methods of [23] to
give a precise way of relating these quivers by an algebra of quiver subtractions that draws on
the concept of balance [5], and is faithful to both Higgs and Coulomb branch dimensions. This
systematises previous analyses in the Literature of A series intersections, in preparation for the
subsequent BC D series analysis.

We use Higgs branch Weyl integration methods, the Coulomb branch unitary monopole for-
mula and the SI formula to calculate the HS and HWGs of A series quiver theories up to rank 4.
As is known, these obey the rules of 3d mirror symmetry.

In section 4, we map out quiver theories for Higgs branch and certain Coulomb branch con-
structions of BC D series Slodowy intersections. Both multi-flavoured linear ortho-symplectic
and Dynkin quiver types are relevant. We show how the algebra of quiver subtractions extends to
ortho-symplectic quivers, and is faithful to Higgs branch dimensions.

We use Higgs branch Weyl integration methods and the SI formula to calculate the HS and
HWGs of BCD series quiver theories up to rank 4. The results from the Higgs branch and
localisation methods are identical for normal Slodowy intersections. For non-normal Slodowy
intersections S, ,, where O, is a “very even” orbit of Dj,, we show how the union of the
normal components generated by the SI formula matches the non-normal Slodowy intersection
given by Higgs branch methods.

We discuss the Coulomb branches of ortho-symplectic quivers for Slodowy intersections.
These encounter similar problematic issues to those discussed in [12,24]. As a consequence,
the patterns of 3d mirror symmetry do not extend faithfully to 7.7 (G) theories for the Slodowy
intersections of BC D groups.

In section 5, we summarise key findings and identify avenues for further work, for example
by treating Slodowy intersections as building blocks for larger theories.

Appendix A summarises the key notation and conventions used by the Plethystics Program.
Appendix B gives the details of the SI formula and its relationship to Hall Littlewood polyno-
mials. Context permitting, we may refer to the closures of nilpotent orbits simply as “nilpotent
orbits”, or “orbits”, to Slodowy slices as “slices”, and to Slodowy intersections as “intersections”.

2. Slodowy intersections
2.1. Relationship to slodowy slices and nilpotent orbits

Throughout this text we assume a degree of familiarity with the concepts of nilpotent orbit
and Slodowy slice. The reader is referred to [1] for a general grounding, or to [11,12] for a more
specific introduction to our approach. The key properties of nilpotent orbits of Classical algebras
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up to rank 5, including their Characteristics [14], dimensions and the partitions of key irreps, are
tabulated in [11].2

A nilpotent orbit O, of the Lie algebra g of a group G, is an equivalence class of nilpotent
matrices that are conjugate under the action of G. By the Jacobson Morozov theorem, these
nilpotent orbits are in one to one correspondence with equivalence classes of embeddings of
su(2) into g. Each such embedding is described by a homomorphism p, and this can be labelled
either by the partition of a representation of G (often taken as the fundamental or vector), or
by a Characteristic, which uses Dynkin labels to specify the mapping of the roots (and hence
weights) of g onto su(2). An orbit O, has a closure @p, defined as its union with (relevant)
lower dimensioned orbits.

The closure of the maximal nilpotent orbit Oynax. or nilcone A, has the Hilbert series gen-
erated by symmetrising the character of the adjoint representation, modulo Casimir relations,
graded by an R-charge (or su(2) highest weight) fugacity 2

J— r
N =Opar = PE [ xGyoine 2| IPE[ Y ] @.1)
where {d],...,d,} are the degrees of symmetric Casimirs of G. The nilcone has dimension
|IN| = |g| — rank[g]. Other key orbits include the sub-regular, minimal and trivial, the latter
having dimension zero.

Nilpotent orbits can be arranged as a poset, or Hasse diagram, according to the inclusion

relations of their closures:

NE@max D 6sub7reg .. D 6min D) 6lriviul = {0}. (2.2)
Each orbit O, has a transverse space termed a Slodowy slice, S, = OIJ;. This transverse space

intersects with the closures O, of those orbits ranking higher in the Hasse diagram, generating a
set of Slodowy intersections Sy ,, each defined by a pair of orbits of G:

So.p=0,NS,. (2.3)

Necessarily, S\/ riviat =N = Opmax- The intersection with the nilcone S N, p differs from the
slice S, only by the Casimir relations, and so, context permitting, we also refer to Syr , as a
Slodowy slice.

The number of non-trivial intersections rises rapidly with the number n of nilpotent orbits of
G, being bounded by the binomial coefficient ,C, (with saturation if the Hasse diagram of orbits
of G is linear).

2.2. Symmetry groups and dimensions
The dimension of each Slodowy intersection follows from the difference in dimensions of its
defining pair of orbits:
|So.p| = 1061 = 0,|. (2.4)

The dimension of an orbit O,, is related to the partition of the adjoint of G via its Characteristic
q=Iq1,-..,qr], where g; € {0, 1,2}. A Characteristic provides a map between the simple root
and weight fugacities z= {z1,...,z-} and x = {x, ..., x,} of G and those of SU (2), say {z} and
{t}, respectively:

2 In these tables Characteristics are referred to as “root maps”.
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0:lzt, .z = 203 2

2.5)
pidxt, oo, x )= {1, 1)

The charges are related by the Cartan matrix A of G: q =A - (wy, ..., w;). Under the map p, the
adjoint of G decomposes to irreps of SU (2) with multiplicities ay,:

SU(2
P Xadjoinn® = P an(0) 1) 2 . 2:6)
[n]

Conventionally, these decompositions are expressed in condensed partition notation ( o
(n+ 1%, ..., 1”0), replacing SU (2) Dynkin labels by irrep dimensions and (non-zero) mul-
tiplicities by exponents. The dimension of O, is then found by subtracting the number of SU (2)
irreps in the adjoint partition from the dimension of G:

10,1 =1G1 =) an(p). @7

The dimension of an intersection S, , follows via (2.4) and (2.7) from the multiplicities in the
adjoint partitions of the relevant pair of orbits:

|So0| =Y an(p) = _am(o). (2.8)
n m
Whereas nilpotent orbits have a symmetry group G, the intersections S, , have a symme-
try group F(p) C G, where F(p) need not be semi-simple, and may contain Abelian or finite
subgroups. Note that intersections S, , are not generally nilpotent.
Now, refine the branching (2.6), by introducing irreps X[fn] of F(p) with dimensions | X[fn]'
and multiplicities a[,],[m], such that:

F
an =Y _ apn),tmi| X

[m]

G _ SUQ@) o F
Xladjoint] = GB @n],[m] (X[n] ®X[m]>-
[n].[m]

2.9)

Due to the regular nature of the branching G — SU (2) ® F(p), the algebra g contains both su(2)
and § as sub-algebras.3 Hence, apz),(singler) = 1 and ajo},[adjoinr) = 1. Consequently, the identity
of F(p) can often be determined by matching |F| to the coefficient ag, and by applying the
constraint that rank[F] < rank[G]. The structure of F(p) is also provided by quiver theories,
as explained in sections 3 and 4.

It is useful to introduce weight space fugacities y = { Vs ooy Yrank] p]} and to refine (2.5), by
mapping the fugacities of G to (monomials in) fugacities for SU(2) ® F*:

rank[F]
. [
pixi—= iy =1 [T »", (2.10)
j=1

where the w;; are integers. Often, alternative sets of charges w;; are equivalent under conjugation
by the Weyl group of G. All the basic irreps of G (those whose Dynkin labels contain a single
1) project to irreps of SU (2) ® F under a valid fugacity map.

3 f is the commutant, or centraliser, of su(2) inside g [25].
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For example, the homomorphism p with Characteristic [020], which generates the 8 dimen-
sional nilpotent orbit of A3, also induces the following maps:

Az, 22,230 = {1, 2, 1},
o, x2, x3) = {107, 1),
H11,0,00 = 2[1500) € X fapa. = 22,

1,0, 1] = 42]su ) @ 3[0lsu2) & X[éigjm-m] - 34 17).

P
P
) @2.11)
o

Noting the F(p) = A symmetry implied by the multiplicity 3 of the [0]sy(2) singlet in the
adjoint map, the weight map can be refined by introducing the A; fugacity x:

P {x1, x2, x3} = {xt, tz, t/x},
p:[1,0,0]1 = [1lsul1]a, (2.12)
p:[1,0,11 = Rlsu)[2]1a ® 2lsu ) @ [2]4.

A degree of trial and error may be required to find a valid weight map containing the fugacities

for F(p); this complication is a byproduct of the conjugation deployed by Dynkin [14], when
defining a Characteristic to contain only the integers {0, 1, 2}.

2.3. Hilbert series

The Hilbert series for a Slodowy slice Sy, can be found directly from the adjoint branching

of G in (2.6) or (2.9) [12]. The HS of this transverse space is obtained by (i) replacing the SU (2)
characters by their highest weights, X[ff]](z) — t", (i1) symmetrising the representations of F (o)

under a grading by #2, and (iii) taking a quotient by the Casimirs of G. This leads to the refined
and unrefined HS:

r
Snr, »
iy '@ 0 =PE | D anm xm@"T =) 2
[n],[m] i=1 (2.13)

.
gijg’”(l, )= PE |:Za,,t”+2 — thdf:| )
n i=1

In order to generalise (2.13) to the Hilbert series corresponding to a Slodowy intersection S, ,,

we need to restrict the representation content in g ngr’p by the orbit O,. This is achieved by
applying a quotient

(o
8ps(x,1)
gNs(x.1)

x—>X(y,1)

Sy S
Sd ) =gy’ (¥, 1) (2.14)

Note that the fugacity map (2.10) associated with p is applied after taking the quotient Oy /N,
to avoid divergences. We can motivate (2.14) by considering the limiting cases of nilpotent orbits
and Slodowy slices:
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Os _
Oy _  Sotrivial SN .trivial 8HS [
8us =8Hs =8Hus N |~ 8HS»
8Hs
_ (2.15)
S S gomax S
N, p _ N, p S _ N ,p
8Hs =8Hs N | = 8Hs >
8Hs

where we have used the identities SA” ;riviat =N = Opmax.

The refined Hilbert series ggg required by (2.14) can be found by Higgs or Coulomb branch

methods [11], or, if Oy is normal, from the Nilpotent Orbit Normalisation formula [21]. The
latter choice leads to a localisation formula (“SI formula”) for Slodowy intersections, described

further in Appendix B. This provides a purely group theoretic calculation of gf]‘gp , which has
been used to validate the quiver constructions herein.

Once the refined Hilbert series for an intersection has been calculated, it can be transformed
to a Highest Weight Generating function:

Ss, S,
gwem, 1) = fdMF(y) gy (v .m) gy (v.0). 2.16)
F

where du* (y) is a Haar measure for F, and g 5 (y, m) is a generating function for the characters

0.

of F (see [19]). Alternatively, the HS can be simplified to unrefined form gi $ (1), by setting
{Vi:y; — 1}.

2.4. Kraft Procesi transitions

An intersection S,/ , between a pair of orbits (p’, p) that are adjacent in a Hasse diagram
is often termed a Kraft-Procesi transition [8]. For Classical groups, such transitions are either
minimal nilpotent orbits, or two (complex) dimensional singularities C2/T", where I is a finite
group of ADE type. We follow convention and label the minimal nilpotent orbit of G of rank r
by g, and a finite group singularity of ADE type by G,.

Thus, the set of non-trivial Slodowy intersections for G is bounded by a set of nilpotent orbits,
a set of Slodowy slices, and Kraft-Procesi transitions. These can conveniently be considered as
an upper triangular schema: {S, , : N > o > p > {0}}.

2.5. Barbasch-Vogan map and duality

Importantly, while nilpotent orbits of A, correspond to partitions of n + 1, denoted P(n + 1),
not all partitions P(2n + 1), P(2n) or P(2n) biject to orbits of B,, C,, or D,. Those that do
are termed B, C or D partitions, denoted Pg/c/ p.* Thus, while the Lusztig-Spaltenstein map
(transposition of partitions), being an involutive automorphism, provides a basis for dualities be-
tween A series orbits, the more sophisticated Barbasch-Vogan map [26] is required to formulate
BC D dualities. The Barbasch-Vogan map, dpy (p), of a partition p depends on G, as defined in
Table 1.

Here N — N + (—)1 indicates incrementing (decrementing) a partition; if A = (Aq, ..., Ag) is
a partition, then (M) ynyy1=A1+1,..., ) and (A)y_n—1 = (A1,..., Ar — 1). The notation

4 MmaBorD (resp. C) partition, any even (resp. odd) number appears an even number of times.
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Table 1

Barbasch-Vogan map.

G P Transformation dpy(p)

An peP@m+1) dpy (p)=p” dpy(p) € Pn+1)

By pEPp(n+1) dpy(p)= ((,OT)N N 1) dpy (p) € Pc(2n)
- —/cC

Cn pePc@n) dpy (p) = ((pT)N >N+1) dpy (p) € Pg(2n +1)
- B

D, pePp@n dgy(p)=(pT), dgy (p) € Pp(2n)

(M) B/c/p indicates collapse of A, if necessary, to the largest B, C or D partition, respectively,
that is dominated by A. This can be carried out by moving a box in the Young’s diagram for A,
all as described more fully in [27].

A partition collapse loses information and, consequently, the Barbasch-Vogan map is many to
one for some BC D orbits. Those orbits/partitions for which dgy is an involution, dév =1, are
termed “special”, including all A series orbits.

We can use the Barbasch-Vogan map to define the “Special dual” of a Slodowy inter-
section, by exchanging a pair of special orbits of G and taking dpy duals of their funda-
mental/vector partitions. The Special dual intersection to S, , is thus SY5 , = Sz (0).dpy (0)-
Notably, the Special dual is a form of GNO duality [28] and switches between B and C parti-
tions.

3. A series quivers and Hilbert series
3.1. Quiver types

Quivers for the closures of A series nilpotent orbits 5p, or Slodowy slices Sy, ,, whether
constructed on the Higgs or Coulomb branch, are either single-flavour linear quivers £4,> or
multi-flavour balanced quivers B4 [12]. In both cases, the unitary gauge nodes form an A series
Dynkin diagram. The two types are related by 3d mirror symmetry.

The constructions for Slodowy intersections Sy, , draw upon the more general multi-flavour
A series Dynkin quiver [29], which subsumes both these types. These quivers M 4 (N, N¢) can be

drawn, as in Fig. 1, as a sequence of k unitary gauge nodes, with ranks N = {Ny, ..., N}, with
each gauge node connected to a unitary flavour node, with ranks Ny = {Ny,,..., N}, where
V(i):Ng; >0.

Fig. 1 embraces many different quivers. In order to delineate those associated with Slodowy
intersections it is helpful to deploy the concept of balance [5]. A balance vector B = {By, ..., Bx}

for a quiver of type M 4 (N, N¢) can be defined as:
B=N;—A-N, (3.1)

where A is the Cartan matrix for Ag. Following [5], we work here with quivers that are “good”
and do not have nodes with negative balance, so B > 0 (defined as V(i) : B; > 0). We shall show

5 Quivers L4 (1) consist of a single SU (N) flavour node connected to a linear chain of U (N;) gauge nodes, where
the decrements between nodes, A; = N;_1 — N;, constitute a partition of No, A = {Aq,..., Ak}, where A; > A;41 and

YK i =No.
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SRR

Fig. 1. A Series Multi-flavour Dynkin Quiver. The unitary gauge nodes (blue/round) with fundamental dimension N;
are linked by conjugate pairs of bifundamental fields to adjacent gauge nodes and to unitary flavour nodes (red/square)
with fundamental dimension N, . The N; are typically non-zero and at least one of the N, should be non-zero. (For
interpretation of the colours in the figure(s), the reader is referred to the web version of this article.)

how any good quiver M 4 (N, N¢) can be defined by a pair of partitions (o, p) and denote such a
quiver My (o, p).

We define M4 (p,0) = La(pT), where p is a partition. It follows from piT > ,ol.TJr] that the
quiver M 4 (p, 0) has a balance vector that has no negative components. The partition data fixes
the flavour and gauge nodes of this quiver £ 4 (pT) — M4 (N, Ng). Its Higgs branch is the closure
of an A series nilpotent orbit 5p, while its Coulomb branch is a Slodowy slice S N, pT [12]:

Oy =H[May (p.0)],
Sy, =CIMa (p, 0)].

A complete set of quivers, whose Higgs branches are A series Slodowy intersections, S, , can
be found by carrying out quiver subtractions, as suggested by the dimensional relations (2.4).
Various approaches to A series quiver subtractions have been elaborated [22,23]. The method
described here draws explicitly on the concept of balance, which also serves to organise the
resulting quivers. Thus, we claim:

3.2)

SO',/) =7-l[/\/lA (O-v p)]’ (3'3)

where

Ma (o, p) =My (0,00 © My (p,0), (34

and the operation © of quiver subtraction is as defined below.

Recall, the (complex) dimension of the Higgs branch of a quiver M4 (N, N¢), is found by
summing the dimensions of the conjugate pairs of bifundamental fields, and subtracting the gauge
group dimensions twice (once for the Weyl integration and once for the adjoint relations)®:

[HIMa (N,Np)]| =2N-Ny—N-A-N. (3.5)

Now consider two quivers M 4 (Na, Ng,) and M4 (Np, Ngy, ), with Higgs branches of dimension
|Hal and |Hp|, respectively. We have:

|Ha|=2Na'Nfa-_Na'A'Na
|Hp| =2Np - Npp, —Np - A -Np

If we make the assumption that the two quivers have the same balance, B, = By, then Ng, can
be eliminated using (3.1), and (3.6) yields:

(3.6)

A =|Ha| — |Hpnl =2(Na —Np) - Nta = (Na —Np) - A- (Na — Np) .. (3.7

6 This dimension formula, expressed in [29] in terms of real dimensions, is valid for “good quivers”, since these do not
suffer from “incomplete Higgsing”, (which would otherwise invalidate the HyperKéahler quotient).
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Characteristic | [0] [2]
Partition {12} {2}
Dimension 0] 2

[0] {} |a1=A1 Z
[2] {}
Balance {0}
Dynkin Symmetry Ay

Fig. 2. Quivers for A; Slodowy Intersections. The Higgs branch of this unitary quiver is the nilcone S4[2, a[0]- Rows
(columns) are labelled by Characteristics of O) (Og).

Characteristic | [00] [11] [22]
Partition {3} 2,13 {3}
Dimension 0 4 6

[00] {} |22 g
- N " z_z

[22] £
Balance {1} {0, 0}
Dynkin Symmetry Uy Az

Fig. 3. Quivers for A, Slodowy Intersections. The Higgs branches of these unitary quivers are Slodowy intersections
Ss,p- Rows (columns) are labelled by Characteristics of Op (Og).

Thus, A matches the dimension of a third quiver M 4 (N3 — Np, N¢,), and this suggests a rule for
subtracting two quivers with the same flavours Ng,:

M (Na, Nfa) © Ma(Na — Ny, Npa) = Ma (N, Nip)
where (3.8)
Nip =Nfa — A - (Na — Np).
Redefining the gauge vector, N, = N — Ny, (3.8) transforms to:
M4 (Na, Nga) © My (Np, Npa) = Ma (Na — Np, Ngp)
where (3.9)
Nip = Nfa — A - Np,.

Naturally, the gauge ranks in the vector N, — N must be non-negative for the quiver subtraction
to be valid. Note that nodes of zero gauge rank do not contribute to the dimension formula (3.5).

Now, the quivers M4 (A, 0), where A is a partition of the fundamental of A,, all share the
same flavour node vector Ny = {n 4 1,0, ..., 0}. Consequently, by allowing o and p to range
over the partitions of n + 1, and by using (3.3), (3.4) and (3.9), we can obtain a full set of quiver
candidates My (o, p), that have dimensions consistent with Higgs branch constructions of A,
intersections Sy, .

These sets of quivers for the Sy, of A, up to rank 4 are shown in Figs. 2 through 5. They
are arranged as matrices, with rows and columns labelled by the Characteristics of O, and O,,
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Characteristic | [000] [101] [020] [202] [222]
Partition {1*} ] {2, 17} (2%} (3, 1} {4}
Dimension ] 6 8 10 12

[000] {} |as z Z
[101] {} ay Z
[020] {} Ay Z
[202] {1 A3
[222] {}
Balance {2} {0} {1, 0} {0, 0, 0}
Dynkin Symmetry Uy Ay U; ®A; As

Fig. 4. Quivers for A3 Slodowy Intersections. The Higgs branches of these unitary quivers are Slodowy intersections
So,p- Rows (columns) are labelled by Characteristics of Op (O ).

Characteristic | [0000] | [1001] [0110] [2002] [1111] [2112] [2222]
Partition {18} | {2, 23} | {22, 1} | {3, 1%} | (3,2} (4, 1} (5}
Dimension [¢] 8 12 14 16 18 20

[0000] {(} |as g Z

[0110] () a Z

[2002] {} Ay ;

[1111] e A,

[2112] {} Ag

[2222] 0

Balance [ 33y ] {13 [ 2,00 ] {81 [ (1,0,0 {0, 0,0, 0}
Dynkin Symmetry [ U, U, | U; ®A; | AL ®U; | U; ®A; A4

Fig. 5. Quivers for A4 Slodowy Intersections. The Higgs branches of these unitary quivers are Slodowy intersections

Ss,p- Rows (columns) are labelled by Characteristics of Op (Og ).
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respectively. Fundamental partitions and dimensions of O, are also shown, as well as the balance
vector B, which is constant (by construction) for each column, and the Dynkin diagram symmetry

- see below. Trivial self-intersections, with gip S’” =1, are denoted {}. The Kraft-Procesi transition
for each row is labelled by its minimal singularity, as described in 2.4. Empty entries indicate the
absence of any intersection.” Gauge nodes of zero rank are truncated.

The matrices are all of upper triangular form. Each top row contains quivers £ (o) whose
Higgs branches are closures of nilpotent orbits O, . Each rightmost column contains balanced
quivers B4 (p), with B = 0, whose Higgs branches are Slodowy slices S/, ,. The first non-empty
entries above the diagonal are Kraft-Procesi transitions. More general intersections appear from
Az upwards. Any two quivers S, , and Sy, , in the same row, where o1 > 07, are related by
quiver subtraction to a third quiver Sy, 4, in a row below. All the quivers have non-negative
balance, B > 0.

The intersections S, , in each row transform in the same group F(p) as the slice Sy ,,
although when F(p) is a product group, lower dimensioned intersections (such as Kraft-Procesi
transitions), may transform trivially under some component(s) of F'(p).

While each Slodowy intersection of A, is constructed from a pair of partitions of n 4 1, it
can also be identified as a partition of n’ + 1 through the summation, n’ + 1 = Zle Ny, and
hence constructed from a pair of partitions of n’ + 1.3 If the intersection transforms trivially
under some component of F(p), then n’ < n and the intersection of A, also appears amongst the
intersections of A,y C A,,.

Significantly, for any intersection, the gauge nodes with B; =0 form the Dynkin diagram of
a semi-simple group, while gauge nodes with B; > O contribute Abelian U (1) factors. These
Dynkin diagrams determine the global symmetry F(p) that appears on the Coulomb branch of a
quiver.

Corresponding tables can easily be constructed of the 3d mirror quivers whose Coulomb
branches are A series Slodowy intersections, by using the Special duality map from Table 1,
(o, p) = (pT,0oT). In Figs. 2 through 5, the nilpotent orbits in the top row have been ordered

such that transposition acts as an order reversing involution on the set of fundamental partitions.
(This is always possible for the A series due to the bijection between partitions of n + 1 and orbits
of A,.) Under this convention, Special duality is realised by matrix reflection in the (lower-left
to top-right) diagonal of pairs of partitions that are BV self-dual: (o7, 07) = (o, p).

Recall, the complex dimension of the Coulomb branch of a unitary quiver is given by twice
the sum of the ranks of the gauge nodes:

k
ICIMA (N.Np1|=2) " N;. (3.10)

i=1
Since, under quiver subtraction (3.9), the ranks of gauge nodes are related by Ny © Np, =
Na — Ny, it follows from (3.10) that the dimensions of the Coulomb branches of the quivers
M (N, Ng) form a self-consistent set. Moreover, (3.2) entails that C[M 4 (pT,0)] = Sn/. 0> SO
it also follows that the Coulomb branch dimensions of the quivers M A(,OT, UT), obtained by

quiver subtraction, match those of the S, , calculated on the Higgs branch.

7 These appear above the diagonal from A5 upwards, due to non-linear Hasse diagrams.
8 The partitions can be found from any given M 4 (N, Ng) with B > 0 by considering two linear quivers £, with
Ny =n"+ 1 and using (3.9).
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Table 2
A1, Ay and A3 Slodowy Intersections. Only HWGs that are complete intersections are shown.
) I [So.p|  F(p) Unrefined HS PL[HWG]
_4
o 22 Ay iy m?
2.4
[00] [11] 4 Ay 1;‘14_#;@ mymot?
4 6
[22] 6 % m1m212 + m1m2t4 +m?t6 +
m%t6 — m?m%tlz
_46
[11] [22] 2 U(l) m 24 (q+1/q)3 15
2 2,4
[000] [101] 6 A3 % mymst?
2\2 2,4
[020] 8 % mym3t? +m3e*
2 2 4 6.8
[202] 10 (s )(H?{:;zl)% H4+) m1m312 + m%t4 + m1m3t4 + m%mzt(’
+ mzm%IG - m%m%m%tlz
1=Ha=%a-1%)
[222] 12 S
4
[to1]  [020] 2 A ®U(1) 1= m2t?
2 3 4, .6
[202] 4 % 2+ m22 4 m(g +1/q)3 —m21°
1-1%0-%)
[222] 6 Y T
_ 4
[020] [202] 2 Ay (117—;2)3 m2e2
6 8
[222] 4 % m262 + 14 + m2t* + m2e0 — m*r12
8
[202] [222] 2 U e 24+ (q+ /gt =18

(1-12)(1-1H?2

3.2. Hilbert series

Hilbert series for A type Slodowy intersections Sy, can be calculated from the quivers
M4 (o, p) using the Higgs branch formula described in [12] (in section 3.2 thereof).

The results, labelled by pairs of Characteristics (o, p), are summarised in Tables 2 and 3.
These set out, for each non-trivial Slodowy intersection, its dimension, its symmetry group
F(p) € A,, its unrefined Hilbert series, and the HWG (expressed as a PL) that decodes its HS
into irreps of F(p) [19]. Refined HS and HWGs lacking finite PLs are not tabulated (due to space

constraints). Trivial self-intersections, gip S”J =1, are omitted.

The HS are consistent both with the dimension formulae given above, and with established
results in the Literature for A series orbits, Slodowy slices and KP transitions. Equivalent results
are obtained on the Coulomb branch, applying the unitary monopole formula, described in [30]
or [12] (in section 3.3 thereof), to the quivers My (p”,o7), or alternatively by using the SI
formula (2.14). As a further non-trivial check, the HS for the different intersections Sy, , within
each slice (fixed by p) obey inclusion relations that match those of the poset of orbits O, in the
parent group Hasse diagram [8].

Several observations can be made about the Hilbert series of A type Slodowy intersections
So,p and their HWGs:



Table 3
A4 Slodowy Intersections. Only HWGs that are complete intersections are shown.

p o [So.p] F(p) Unrefined HS PL[HWG]
2 4 6,8
[0000] [1001] 8 Ay % mymat?
2 4 6 12
[0110] 12 L+12r +53t(1t§§t)1;r"‘pal“‘+t mimgt? +momsr*
(2002] 14 14912 44504 +65:0+.pal...+112 mymgt? + (mym3 +mymg)rt+
(1= =Ta—2)15 (m%mg, +m2mi)t6 — m%m2m3mitlz
(111] 16 1466242204 +37:0+_pal... 4112 >
(1,,4)72(1,12)18 s
2112] 18 1+42+10r4 42006 +..pal...+1 12 3
(1,,4)71 1,,6)71(1,12)20 ’\i
(2222] 20 a=Ha-%a-8) 119 =
(1—12)2% =
2.4
[1001] [0110] 4 Ay®U(1) 13‘274;3 mymot? %
1+146:2493 +15:4 41265+ _pal... 4110 >y
[2002] 6 +it t(1t,[)*+l(1t—;)421:3]>)§ +t 2+ mymat? + (myq +mo/q)t3 — mymat® <
(111] 8 1414362 +603 4914495+ pal..++ g
(==L~ Ta=2)6(1-13)3 N
[2112] 10 Q42044124503 +4r% 4265 410) (1402413 1414 445 440 448) R
. 8(170*]2(146)*1(1712)7(143)6 T
2222 12 a-%a-%)a-119 <
222 (1=2)%(1-1$H6 2
1=t
_4
[0110] [2002] 2 AU (1‘4’2)3 m?1 &
2 3 4, .6 [
[1111] 4 7“5’ 5)25(:&[’3; 2+ m2e2 +m(q + 1/ —m* »
- - [\S)
2 3 4 5,,6,,8 S
2112 6 14124209 42044219 44044 S
2112l A=O) 1 a=r2)3(1hH2a-rh? S
2222 8 _A=)A=r)U=t ) =
(22221 (= 2F A= a—H3 N
4 o
[2002] [1111] 2 A ®@U(1) (1' :’2)3 m2s2 3
2 4 6,,8
[2112] 4 % 2+ m22 4 m(q + 1/q)t* —m28
[2222] 6 [a=$a-19
=24 a—rH?
_.6
[1111] [2112] 2 U(l) (1421)(*3@2 2+ (g +1/q)3 =10
1— 1— 10
[2222] 4 (1_,2)(2_,g))z((l_t,zt))(l_,s)z 2+ @+ 1B+t + (g + 1/ =18 =110
10
[2112] [2222] 2 U(l) 1=t 24 (q+1/g)1° =110

(1-12)(1-15)2

Sl
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P
My (o, p) TUT
Higgs T Coulomb Higgs T Coulomb
So.p \ 3d Mirror Symmetry SpT,oT So.p 3d Mirror Symmetry SpT,aT
Coula{ i /HiggS Coulomb l Higgs
M T oT 7o’
AT, i

Fig. 6. A series 3d mirror symmetry. Under Special duality, the nilpotent orbit partitions p and o are dualised under the
Lusztig-Spaltenstein map, to o7 and o7, and then interchanged SVe,p= Spr T - All the constructions yield refined
Hilbert series.

1. All the unrefined HS are normal and palindromic. If an intersection is a Slodowy slice, (or
one which matches a Slodowy slice of a lower rank algebra), its unrefined HS is also a
complete intersection.

2. F(p) is a product group with unitary and/or special unitary components. It always has a
rank one below the sum of unitary flavours ) *; N, in the Higgs quiver, due to an overall SU
condition on the flavour nodes.

3. The adjoint representation of F(p) (or its relevant subgroup) always appears at counting
order 2. Other representations of F(p) only appear at higher orders.

4. The Slodowy intersections are series of real representations of F(p), so any complex irreps
of F(p) that appear are coupled with their conjugates at each counting order.

5. The same HS may recur for intersections defined by different pairs of partitions, and also
for different ranks of the ambient group A,. The quivers for such intersections match, up
to outer automorphism. Comparison of the quivers obtained by quiver subtraction thus pro-
vides a quick method (without detailed HS calculations) for finding intersections that are
isomorphic.

3.3. Relationship to TY theories

As discussed in [17], A series Slodowy intersections are related to a class of quiver theories
known as T theories:

’H[TUP(SU(N))]=Sarqp:C[T;f(SU(N))]. (3.11)

We therefore have the following correspondence between A series multi-flavour Dynkin quivers
and T theories:

Ma (0. p) ZT? (SUN)). (3.12)

Under our approach, we label the quiver according to the partitions p and o for orbits of the
ambient group G. The phenomenon of 3d mirror symmetry can thus be understood, as in Fig. 6,
as a consequence of the composition of the interchange of a pair of nilpotent orbits with the
Lusztig-Spaltenstein map (i.e. dpy (p) for the A type).
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Group Orthosymplectic Quiver Dynkin Quiver

a 11T
| o

Fig. 7. BC D multi-flavoured quiver types. Ortho-symplectic linear quivers M pc p (N, N¢) have gauge (blue/round) and
flavour (red/square) nodes, with ranks r; > 0 and f; > 0, linked by bi-vector fields. By, C, or D, means SO/0(2r 4+ 1),
USp(2r) or SO/O(2r), and BD indicates a node of one of the two series. Dynkin quivers Dg (N, N¢) have unitary
gauge and flavour nodes, with ranks N; > 0 and N¢, > 0, linked by conjugate pairs of bifundamental fields.

4. BC D series quiver constructions
4.1. Quiver types

Numerous field theories generate subsets of Slodowy intersections S, , of BC D algebras,
(although this is not always recognised). Their constructions include the Higgs and Coulomb
branches of quivers [11,12,17], as well as plethystic formulae related to Hall Littlewood poly-
nomials [24]. The main quiver types fall into one of two categories, as shown in Fig. 7:
ortho-symplectic linear quivers, M pcp (N, N¢), which have alternating orthogonal or symplec-
tic gauge and flavour nodes, and quivers Dg (N, Nf), with unitary gauge nodes arranged as a
Dynkin diagram of G. Significantly, not all approaches provide a complete set of constructions
and there are several subtleties, depending, for example, on whether or not the orbits are normal
or special.

4.1.1. Ortho-symplectic quivers

The ortho-symplectic quivers combine the multi-flavoured aspect of the A series Dynkin quiv-
ers [29], with alternating orthogonal and symplectic gauge nodes [8]. When working with these
quivers, it is again helpful to use the concept of balance. Proceeding as before, we use partition
data p to construct vectors (N, N¢) for the vector irrep dimensions of the gauge and flavour
nodes, and apply (3.1) to calculate a balance vector B. The linear quivers Mpcp(p,0) —
Mpcp (N, Np), whose Higgs branches are BC D nilpotent orbits 5p, each correspond to a (B,
C or D) partition of a vector irrep, and so B> 0 [11].

Remarkably, a full set of quivers whose Higgs branches are BC D group Slodowy intersec-
tions Sy, can be obtained by following the dimensional logic of (2.4), thereby extending the
method of A series quiver subtractions discussed in section 3.1. Thus:
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So,p = HIMpcp (0, p)], 4.1)

where

Mpcp (0, p) = Mpcp (0,0) © Mpcp (p,0), 4.2)

and the operation © of quiver subtraction for the BC D series is as defined below.

For ortho-symplectic quivers, the (complex) dimension of the Higgs branch of M pcp (N, Nf)
is found by summing the dimensions of the bi-vector fields and subtracting the gauge group
dimensions twice.” This leads to the formula:

1
[H[Mpcp (N,Np) ]| =N- Ng+K) — EN -A-N, 4.3)

where K= {Ky, ..., Kx}, K; = +1 for an orthogonal node or —1 for a symplectic node, and k
is the number of gauge nodes. Note again that nodes with N; = 0 do not contribute and can be
dropped from (or added to) a quiver.

Now consider two quivers M pcp (Na, Nga) and Mpcep (Np, Nip), with Higgs branches H,
and Hy, respectively. We have:

1
|Hal =Na - (Nfa+Ka) - ENa “A-N,
1 “4.4)
[Hn| =Np - (N + Kp) — ENb'A'Nb

If we make the assumption that the two quivers have the same balance, B, = By, and a compatible
orthosymplectic node pattern, K; = Ky = K, then Ny, can be eliminated using (3.1), and (4.4)
yields:

A= Hal — |Hbl

1 (4.5)
= (Na = Np) - (Nra + K) = 5 (Na = Np) - A- (Na = Np).

Like the A series, A matches the dimension of a third quiver M pcp(Na — Ny, Ng,), and this
suggests a rule for subtracting two ortho-symplectic quivers with the same flavours Ng, and
compatible node pattern K:

Mpcp (Na, Nia) © Mpep(Na — Np, Nia) = Mpep (Nb, Nip)
where (4.6)
Nip =Na — A - (Na — Np).
Redefining the gauge vector, N, — N — Ny, this transforms to:
Mpcp (Na, Nea) © Mpep (Np, Nia) = Mpcep (Na — Nb, Nipy)
where .7
Nip, =Npa — A - Np.

Naturally, the gauge ranks in the vector N, — Np must be non-negative for the quiver subtraction
to be valid. Significantly, the formulae for quiver subtraction, (3.9) and (4.7), are similar for
unitary and ortho-symplectic quivers.

9 The dimension formula assumes that quivers do not suffer from “incomplete Higgsing”, which would invalidate the
assumed HyperKihler quotient. Quivers from partitions do not have this problem.
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Characteristic| [0] [2] Characteristic| [0] [2]
Partition {13} {3} Partition (1%} {2}
Dimension 0 2 Dimension 0 2
C1 B0
[0] {(} |br = A [0] {} |c1=As
B1
[2] {} [2] {}
Gauge Balance {0, 0} Gauge Balance {0}

Fig. 8. O-USp quivers for By = C; Slodowy Intersections. The Higgs branches are Slodowy intersections Sy, ,. Rows
(columns) are labelled by Characteristics of O, (Og).

Characteristic[[00] [01] [20] 122] Characteristic|[00] [1e] [02] [22]
partition | (1°)| (25,1} | (3,1} {5} Partition |{1%}| {2, 1%} {22} (4}
Dimension ) 4 6 8 Dimension ] 4 6 8

QD PD —3—0—D [o1) D—D—D
[0e] {} |ba [00] {} |ca
B B2 B2 [c2] c2
—3D——D D D—O—D
[e1] {1 A [1e] {} c1
B G G
——CO0—D D—D—D
[20] } As [02] {} As
D1 BO D1
1227 8] [22] {3
Gauge Balance [ 1 [ 2,09 (0,0, 0, 0} Gauge Balance [ @ | (& {0, 0, 0}

Fig. 9. O-USp quivers for B = C, Slodowy Intersections. The Higgs branches are Slodowy intersections Sy, . Rows
(columns) are labelled by Characteristics of O, (Og).

Now, if A is a B, partition, the quivers Mpcp (1, 0), have the same flavour node vector
Ne={2n+1,0,...,0}, and similarly, if A is a C,, or D,, partition, they share N¢ = {2, 0, ..., 0}.
Consequently, by allowing ¢ and p to range over each set of By, C, and D,, partitions in turn,
and by using (4.1), (4.2) and (4.7), we can obtain a full set of quiver candidates M pcp (o, p) for
the Higgs branch constructions of B, C and D series Slodowy intersections S 5.

These Higgs branch quivers for the S, , of B, C and D groups up to rank 4 are shown
in Figs. 8 through 16. These are arranged as matrices, with rows and columns labelled by the
Characteristics of O, and O,, respectively. Vector partitions and dimensions of O, are also
shown, as well as the balance vector B, which by construction is constant down each column.
Trivial self-intersections are denoted {}. The Kraft-Procesi transition for each row is labelled by
its minimal singularity, as described in 2.4. Empty entries indicate the absence of an intersection.
Gauge nodes of dimension zero are truncated.

The matrices are all of upper triangular form. Each top row contains quivers whose Higgs
branches are closures of nilpotent orbits S5 9. Each rightmost column contains quivers whose
Higgs branches are Slodowy slices Sys,. The Higgs branches of the first non-empty entries
above each diagonal are Kraft-Procesi transitions. Quivers whose Higgs branches are more gen-
eral intersections S, , appear from rank 3 upwards.

The Slodowy intersections S, , in each row transform in the same group F(p) as the
slice Sy p, although lower dimensioned intersections (such as Kraft-Procesi transitions), may
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Characteristic|[00]]|[02]| [20] [22]
Partition |{1*}|{2*}| {27} 3, 1)
Dimension 0] 2 2 4

[00] {} |ailUas
[02] {}
A
[20] 0 !
[22] {}
Gauge Balance | {0} {1, 0}

Fig. 10. O-USp quivers for Dy Slodowy Intersections. The Higgs branches are Slodowy intersections Sy, 5. Rows
(columns) are labelled by Characteristics of Oy (Og ).

Characteristic| [000] [010] [200] [101] [020] [220] [222]
partition | {17} | {24, 2} | (3,1%] {3, 2%} (3%} {5, 1%} ]
Dimension <] 8 10 12 14 18

C1 g BO —GD
[600] (3 |bs
B3 B3
)—CD
[e1e] {} <1
B1EC1

16
O—CED—D—CD
B3
@D—D—D—D C2 B2 C2 2 B1 2 C 1 BO
B1 c1 B1 c1
@D—D @—D—D—D C2 D2 2 C2 B C 1 B0
[200] {1 a;lJay
D2 D2 BO D2 BO
D—D—D C1 g D2 C2 0 B1 o C 1 BO
[101] {} Ay
c1Bs0 c1Bo0
B0 (3 BO,
D1

[020] {} As

[220] {} As

[222] £}
Gauge Balance [ 3 [ @er | 2y [ (1,05 ] {2,0,0,0} {0, 0,0,0,0, 0}

Fig. 11. O-USp quivers for B3 Slodowy Intersections. The Higgs branches are Slodowy intersections Sy . Rows
(columns) are labelled by Characteristics of O (O ).

transform trivially under some component(s) of F (,0).10 Any two quivers Mpcp(o, p) and
Mpcp(o2, p) in the same row, where o > o2, are related by quiver subtraction to a third quiver
Mpcp(o1,02) in a row below. All the quivers have non-negative balance, B > 0.

While each Slodowy intersection of G(Ny) € {B,,, Cy,, Dy} is constructed from a pair of parti-
tions of Ny € {2n + 1, 2n, 2n}, respectively, it can also be constructed from a pair of partitions of
N|), where N, = Zle iNy,, and is thus also related to the ambient group G(N}).'" If an inter-

10 The non-Abelian components of the centralisers F'(p) are isomorphic with those tabulated in [25].
11 The partitions can be found from a given M gcp (N, Ng) with B > 0 by considering two linear quivers with flavour
N and applying (4.7) in reverse.
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Characteristic|[000] [100] [010] [002] [020] [210] [202] [222]
Partition [ {1°) | {2, 1*} [ {2*, 1?} | (2%} 3%} {4, 17} 4,2} (6)
Dimension 0 6 10 12 14 14 16 18
P—D—D D—D—D —C—00——D
[000] {3 |es
c3 c3 c3
D DS D—D—D P—D—D O——)——D
[100] 0 [ |
2 B 2 E3 c2[illso 2
D—D—D P—D—D P—C—00——D
[010] } 51
c1jillp1 c1jllp1 & [O
D—S @D D——D P————D
[002] {1 by by
B1 B1 B1 B1
D————D
[620] { Ay
c1
D——D——D
[210] 0 Ay
c1 B0
D——D—D—D
[202] {} D4
BO BO
[222] {
Gauge Balance [ {4} [ (2} I {0} [ {0, 0} [ {2, 0, 0} [ {0, 1, 0} {0, 0,0, 0, 0}

Fig. 12. O-USp quivers for C3 Slodowy Intersections. The Higgs branches are Slodowy intersections Sy, ,. Rows
(columns) are labelled by Characteristics of O, (Og).

Characteristic| [000] [011] [200] [022] [222]
Partition (1%} ] {25 1} | {3, 1%} {32} {5, 1}
Dimension [¢] 6 8 10 1

[000] {} |ds
[011] {} c1

C1 B0
[200] {} Ay

B1

=) C1 BO,
[022] {1 D3
D1
[222] {
Gauge Balance | {2} | (3, 0} | {0, 0} {1, 0, 0, 0}

Fig. 13. O-USp quivers for D3 Slodowy Intersections. The Higgs branches are Slodowy intersections Sy ,. Rows
(columns) are labelled by Characteristics of O, (Og).



Characteristic| [6600] | (0160 [2606] | [0061] | [1616] 16260 16626] 12260] 16261 (2161 12626 12226 [2222]
Partition {2} [ (2%, 2%} | {3, 1%} | {2% 1} [{3, 2% 1?}| {3, 1’} {3°} {5, 1*} {47, 1} {s, 2%} {5, 3, 1} {7, 12} 9)
Dimension e EP) 1 16 % 2 2 2 %6

@D @ @D @ 03D
0000] 0 |bs
2| 2 = B4 B4 B4
QP D @D —POD
0100 ( a b,
B2 & B & B
® 00 2092 | @07
2000] 4] ds
B & D3 B0} D3 B0
® ® @3 o S 00
6601] 0 |e
|2} 50l 2| c2 B &
=) 60— 30
1010] 0 o
1] & B & B
@D @D D3
0200] 0 (b As
B1 1 B1 D1
D
[0620] 0 A
B1
(2200] 8]
6201] 0
2101
2020) 0
2220
2227] )
Gauge Balance [ G ) 2,2 3,07 1, 0 4,9,0,0) [ 38,0 ] 9,2,06,0) 1,9,1,0 2,6,6,0,6,0 10,6,0,0,86,0,0, 6

Fig. 14. O-USp quivers for B4 Slodowy Intersections. The Higgs branches are Slodowy intersections S, . Rows (columns) are labelled by Characteristics of O (O ).
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Characteristic| (0060] | [1060] | [0166] | (0616] | [0662] [2106] [6206] To116] [2616] [2602] [6202] 12216] 12262]
Partition {2} | {2,121 [ {22, 1} | {2, 27} {2*} {4, 1*} 3% 1} {3, 2} {4, 2,1} {4, 2%} {47} {6, 17} (6, 2}
Dimension o s 26 2 24 2 26 28
® P00 00 609
(0000) 0 e
c4 c4 c4
D 0 0 30 0D >0
(1000) 0 e
c3 6o B D EEREE c3 o c3 &0
B0SC1 B0 P3| 30D
(0100]
c2[llo1 c2 [0t c2[llo1
D B >0 | D D
(e010] by
B1 & c1]ls1 c1|lls1 c1 |1
® o9 @ 0O
(0002 aljay
= b2 b2 D2
@ P—OD
(2100] 0 a
) ez
O
(0200) 0 o &
& c1
® 01
(o110] 0 A
[c1] B &
D P—D
(2010) ) A
= c1jllso
DD (C13D1 28 C1 280
(2002] ¢} A A
D1 D1 B0
(0202] 0
(2210] 8]
(2202] 0 0;
12222] 0
Gauge Balance [G) @ 2) ) ,0,0 2, 0] 1, 1] 21,0 10,2, 0) (8, 6,0) 2,6,0,0,0 19,1,0,0,0 16,9,0,0,0,6,0

Fig. 15. O-USp quivers for C4 Slodowy Intersections. The Higgs branches are Slodowy intersections S, . Rows (columns) are labelled by Characteristics of O (O ).
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Characteristic| [0000] | [0100] | [0002]][0020]| [2000] [1011] [0200] | [0202] [0220] [2200) [2022] [2222]
Partition {18) [ (2% 2%} | (2*) | (2*} | {3, 2°} [{3,2% 1} (3%, 2%} | {4%} (4%} {5, 1*} (5, 3} (7, 1)
Dimension ) 10 12 12 12 16 18 20 20 20

DD D —D——D
[0000] (3 |da
D4 D4 D4
D D ——@—D
[0100] {} ailJay a
[c1 o2 [l c1 p2[jllc1
0002] 0 z 01 @—Z—@
c2
[0020] I8} m C2
@D —D— D1 B0
[2000] s b,
B2 B2 BO
D P—O—D
[1011] 8] €
c1] G B
D—@—D
[0200] 8} AsUAs As
D1
[0202] {1
[0220] {}
[2200] {}
[2022]
[2222] {}
Gauge Balance {4} [)] [ 5,00 T (1,2} [ (2,0} ] {0, 0, 0} | (3,0, 0, 0} | {0, 0, 1, 0} (1,0, 0,0, 0, 0)

Fig. 16. O-USp quivers for D4 Slodowy Intersections. The Higgs branches are Slodowy intersections S, . Rows (columns) are labelled by Characteristics of Op (O ).
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section transforms trivially under some component of F(p), then N/ < Np, and it also appears
amongst the intersections of G(N(’)) C G(Np). Notably, G(N(/)) need not be from the same series
as G(Np). A similar logic applies to sub-diagrams, which can reappear as intersection diagrams
for sub-groups of G(Ny).

While these matrices of ortho-symplectic quivers, whose Higgs branches are Slodowy inter-
sections, have a similar structure to the A series, being upper triangular and related by quiver
subtractions, their Coulomb branches do not simply correspond to the (Special duals of) the
same intersections.

As an example, consider the Dy orbit 5[200()] = S20007,[0000]- The Special dual to this is the 4
dimensional slice S[22221,122007- The quiver whose Higgs branch gives 5[2000] is [D4] — C1 — By.
However, when evaluated on its Coulomb branch, this quiver has a combined gauge group rank
of only 1 and therefore gives a 2 dimensional space (that does not match any Dy intersection).
The quiver requires a gauge node shift to [D4] — C; — D in order to reproduce the (unrefined)
HS of S22221,122007 on its Coulomb branch [12].

Further complications fall into several categories:

1. Asnoted in section 2.5, the Barbasch-Vogan map only generates vector partitions for special
orbits, and, furthermore, acts to interchange B and C partitions.

2. The dimension of a Coulomb branch equals twice the sum of the gauge node ranks, and is not
proportional to B series vector dimensions. Thus, rank reduces when a D vector is broken
into two B vectors, and Coulomb branch ortho-symplectic quiver candidates for Slodowy
intersections are not generally related by quiver subtractions.

3. When ortho-symplectic quivers are evaluated on the Higgs branch, BD gauge nodes are
taken as O type, by averaging over the relevant Z, finite group factors, whereas on the
Coulomb branch, a careful selection needs to made between various SO /O possibilities
[31].

For these reasons, there is no straightforward procedure for finding a complete set of ortho-
symplectic quiver candidates for Coulomb branch constructions of the S, ,. Other complications
include the failure of the ortho-symplectic monopole formula for quivers with zero conformal di-
mension, and its limitation to unrefined HS [30].

Nonetheless, in [12], quiver candidates for Coulomb branch constructions of Slodowy slices
Sp,p» for special orbits only, were tabulated for BC D groups up to rank 4. These are linear
ortho-symplectic quivers, containing pure BC, CD or DC chains of nodes with ordered vec-
tor dimensions, but having the same Higgs branches as the quivers for 5,0 (in the top rows of
Figs. 8 through 16). Their quiver subtractions yield some Coulomb branch quiver candidates for
Slodowy intersections S, , (of pairs of special orbits), and some other candidates can be found
by B D gauge node shifting to Higgs equivalent quivers, using trial and error, and with judicious
choice of O/SO gauge nodes. We do not tabulate these quivers, but comment that their unrefined
Coulomb branch Hilbert series (where calculable) appear consistent with those presented herein.

4.1.2. Dynkin quivers

A set of Coulomb branch constructions, based on ADE affine Dynkin diagrams, has been
known since [15] for Slodowy intersections that are minimal nilpotent orbits. This set was ex-
tended, in [32], to include minimal nilpotent orbits of non-simply laced groups by modifications
to the Coulomb branch unitary monopole formula, and, in [11], to include next to (or near to)
minimal orbits, by using twisted affine Dynkin diagrams.
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Characteristic| [0000] [0100] [0002] [0020] [2000] [1011]
Partition | {1%} {22, 1} {2*} {*} {3, 1°} {3, 2%, 1} Gauge
Dimensions <] 10 12 12 12 16 Balance

[0000] O |da 2] o—{_n o—{n n—o—< n.a. (0, 0,0, 0}
[0100] i) ay g n.a.

[0002] 18

a
[0020] I <
{}

{0}

{0, 0}

[2000] {1 b,

[1011] {0}

Fig. 17. D4 Slodowy Intersections from Dynkin Quiver Coulomb Branches. Coulomb branches yield Slodowy intersec-
tions Sy, p. Rows (columns) are labelled by Characteristics of O, (O ). Only intersections between low dimensioned
orbits are shown.

Coulomb branch constructions are also available for many BC D series intersections that are
KP transitions; these are either minimal orbits (as above) or AD singularities (or their unions).
If the KP transitions are A type singularities, they are sub-regular Slodowy slices for some A,,
and so have Coulomb branch constructions as in section 3.1. Some intersections S, that are
adjacent to KP transitions are next to (or near to) minimal orbits of F(p) and therefore also have
Coulomb branch constructions.

It was observed in [21] that these Coulomb branch constructions for the BC D series are lim-
ited to balanced Dynkin quivers which have Characteristic height [0] = 2, where [#] = N¢ - a,
with a given by Coxeter labels. This largely limits the Dpcp (N, N¢) that are relevant to inter-
sections to the types noted above.

Although we do not repeat tables of these Dynkin quivers here,'” they generate refined Hilbert
series from the Coulomb branch unitary monopole formula [12] (section 3.3) and these are con-
sistent with those presented herein.

In the case of the D series, Dynkin quivers D4 p (N, N¢), provide Higgs branch constructions
for intersections close to the sub-regular Slodowy slice, as well as Coulomb branch construc-
tions (as above) for intersections close to the minimal orbit. As an example, Dynkin quivers for
Coulomb and Higgs branch constructions of the Sy, , of D4 are tabulated in Figs. 17 and 18. The
matrices are restricted to those intersections amenable to this approach.

There are several noteworthy features:

1. The simply laced quivers in Figs. 17 and 18 can be related by quiver subtractions, and the
dimensions of their Higgs branches are given by a generalisation of equation (3.5), in which
A is taken as the D4 Cartan matrix. The method of quiver subtractions is, however, limited
to simply laced quivers, and does not therefore embrace the entire set of Dy intersections.

2. The quivers that appear in the Coulomb branch constructions in Fig. 17 contain Dynkin
diagrams of simple subgroups of F (p). All have Characteristic height [#] = 2. The Coulomb

12 Tables of Dynkin quivers D¢ p for nilpotent orbits up to rank 4 are givenin [11].
13 Some of these quivers were studied in [33], where the Higgs branches of Dp, quivers were shown to correspond to
Slodowy slices of Cj,_1 or D,,_1.
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Characteristic| [0200] |[0202] |[0220] | [2200] [2022] [2222]
Partition (3%, 12} {4*} {4} | {5, 1%} {5, 3} {7, 1}
Dimensions 18 20 20 20 22 24

[0200] 0| A II—O—C
[0202] {} O—i_n
[6220] 0 Ay g 0—<_n
[2200] {1 H—<
[2022] 0 D4 x
[2222] {}

Balance 0) {0, 0, 0} [ {6, 1,0, 0} {0, 0,0, 0}

Fig. 18. D4 Slodowy Intersections from Dynkin Quiver Higgs Branches. Higgs branches yield Slodowy intersections
So,p- Rows (columns) are labelled by Characteristics of O (O ). Only intersections between high dimensioned orbits
are shown.

branches of Dynkin quivers of D, with [0] > 2 do not appear to correspond to Slodowy
intersections.

3. The positions of the [6] = 2 quivers in Figs. 17 and 18 can be related by Special duality, as
defined in section 2.5. Note that under the dgy map for Dy, all the orbits/partitions, with the
exception of D[1011], are special, with dév =1:

{[00001, [0100], [2000], [0002], .. .}d<—> {[2222], [2022], [2200], [0202], ...},
BV

(4.8)
{10200], [1011]} — {[0200], [0200]} .

dgy
4. The Higgs branch constructions in Fig. 18 also contain two quivers with [#] = 3, including
quivers for 8[2022],[0200] and 8[2222],[0200]7 the latter being the Special dual 3v|1011],[()00()].
Constructions for [0] > 3 are not known.'*
5. There is manifest triality between the quivers for { Or20001: O100021 (’)[0020]} and likewise

between their Special duals {S AL 122001 SA.[0202]> SA.[0220] } This has the consequence that
these constructions yield normal HS.

14 Dynkin quivers with height [#] = 3 also provide comparable Higgs branch constructions for intersections of D5 and
Dg, and we would conjecture this extends to higher rank.
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4.2. Hilbert series

Hilbert series g, S" (x, 1) for BCD type Slodowy intersections Sy, , can be calculated using
the Higgs branch formula, as described in [12] (section 4.2), from M pcp (o, p) quivers, such as
those tabulated in Figs. 8 through 16.

The results for BC D groups of rank up to 4 are summarised in Tables 4 through 21. These are
labelled by pairs of Characteristics (o, p) and set out, for each non-trivial Slodowy intersection,

1ts dimension, its symmetry group F(p), its unreﬁned Hilbert series gfl (1), and the HWG

g HWG (m, t) (expressed as a PL) that decodes g S” (x, t) into irreps of F(p). Refined HS and
HWGs lacking finite PLs are not tabulated (due to space constraints). Non-normal intersections

are highlighted. Trivial self-intersections, with Hilbert series gi g =1, are omitted.

The HS gi"s"] (y, t) are consistent with the dimension formula (4.3), and also with results in
the Literature for a variety of closures of BC D series nilpotent orbits, Slodowy slices and KP
transitions. As a non-trivial check, the HS for the different intersections Sy, within each slice
(fixed by p) obey inclusion relations that match those of the poset of orbits O, in the parent
group Hasse diagram [8]. Several observations can be made about the Hilbert series of BC D
type Slodowy intersections Sy, , and their HWGs:

1. Whenever O, is normal, gf,"s'” () is palindromic, whether or not 5,0 is normal. We refer to
these S5, as “normal” intersections. For normal intersections, identical Hilbert series can
be obtained using the SI formula (2.14).

2. Conversely, whenever O, is non-normal, then gg S” (t) is non-palindromic, and the Kraft-
Procesi transition from O, to the orbit below in the Hasse diagram is always of the form
Agk—1 U Ag_1, for some k [8]. The structure of the HS of these non-normal intersections
can be complicated, as discussed further below.

3. For a Slodowy slice, gf/\sf‘p (t) is always a complete intersection. Naturally, this extends to
the S5, , whose quivers match those of Slodowy slices.

4. By construction, the product group F(p) combines orthogonal and/or symplectic sub-
groups. The adjoint representation of F'(p) (or its relevant subgroup) always appears at
counting order t? in the HS/HWG, while other representations only appear at higher or-

ders. The g S” (y, t) are series of real representations, so any complex irreps are coupled
with their conjugates at each counting order.

5. Several Kraft-Procesi transitions have different quivers, which generate the same gz{';’ (y, ).
For examples, see a comparison of the By = C» quivers in Fig. 9, or the quivers for
{a=b1=c1 = A1, 02 =2, A3).

6. The same gi”s” (y, t) may recur for intersections defined by different pairs of partitions, and
also for different ambient groups G. Often the quivers for such intersections match (modulo
outer automorphisms) but, unlike the M 4 quivers, this is not always the case. The Classi-
cal group isomorphisms, as well as other Higgs branch dualities between ortho-symplectic
quivers, hinder the identification of all isomorphisms between BC D intersections from the
M pcp quivers alone; a full enumeration requires the calculation of HS or HWGs.



Table 4

B1 = Cq and By = C, Slodowy Intersections. By and C» intersections are isomorphic, under reversal of Dynkin labels.

o o [So,p] F(p) Unrefined HS PL[HWG]
_ 4
(0] 2] 2 BI=C) aoy m?t?
2,4
[00] [o1] 4 By i m31?
1t A43e2 414 2,2 .24
[20] 6 e m3e2 +mt
[22] 8 a=rha-r$) m2t2 + mytt + m2 Y+ m2t0 + mim2e8 — m2ma1e
(1—12)10 2 1 1 2 172 12
_4
[01] [20] 2 C| ® By (11_7;2)3 m2i2
[22] 4 % 1112t2+mt3+t4+mt5 _m2t10
_8
[20] [22] 2 D) ® By (T 24 (q+ 1/t — 13
2.4
[00] [10] 4 C S m31?
_ 4 2, .4
[02] 6 e m3e® + m3et
4 8
[22] 8 % m%t2 +mat* + m%t4 + m%t(’ + m%mzt8 - m‘l‘m%tl(’
_4
[10] [02] 2 C) ® By (1‘7—[3)3 m2e2
8
[22] 4 (lftzl);w m212+mt3+t4+mt57m2110
8
[02] [22] 2 D| ® By 1=t 24+ q+1/gnt =13

==
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Table 5
B3 Slodowy Intersections. Some palindromic Hilbert series terms are abbreviated. HWGs that are not complete intersections are not shown. The orbit [101] is non-normal.
P o |So, ] F(p) Unrefined HS PL[HWG]
2 4 6,8
[000] [010] 8 B 1413t TIZEI;Z;%I& +1 m2t2
1) (1410242064 100418
[200] 10 a-rd+ o ) mat® +mirt
4 2 4 6. ,8_¢;10
[101] 12 A=rD(148f '(’_1376;2;2% +17 =6t ) mzt2 +m%t4 + m§t4 -‘rmlm%t6 - m%mgtn
2 2.4 2.4 2.6 2.8
[020] 14 A=rH(A+6r2 42114 4+28:042118 4610 4412) mat™ +mit” +m3t” +mym3t” +myt°+
(1-1H)13 mlmzm%tlo — m%m%m%tm
[220] 16 =tH(1=r®) A +3:24+6r*+3r5+18)
(17[2)18
a=tha—i®Ha—i'?
[222] 13 (1_,2)21
4
[010] [200] 2 B ®C) (11_—15)3 m%12
120451223 2,2, .22, 2 3_ 4,26
[101] 4 on2a—i2y? mgtz—b—mgt 2+mngt 3—mBmcl
020 6 1414312 +613+8t*+617+.. pal...+110 mpt=+met” +mpmet”+
(020] A-n~T(1=2F1-13)3 mymetd —mymZ110
A+ 4203 414 446) (1-18)
[220] 8 (1712)5(1713))4
a=i®Ha—i'
[222] 10 (1—-12)6(1—13)6
2_ 4
[200] [101] 2 D> ® By s m3t? +m3e> — mAm3et
42
[020] 4 s m31% +m3e2
2,2, .22, 4 4
[220] 6 (=18 (14312454 1316 148) mytT +m5t° + 17 +mypmat”+
A=)3(1—H3 mymat® —mim3112
[222] 8 U—Ha—1%)

(1126 (1—tH*

0¢
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Table 5 (continued)

P o [So, | F(p) Unrefined HS PL[HWG]
_ 4
[101] [020] 2 C1 ® By ( 1‘7;2)3 m??
1-¢8 2,2 3, 4 5_ 2,10
[220] 4 2310 metc +mt> +t7 + mt m-t
[222] 6 a-8a—'?)
(1-12)3(1=3)2(1-1H (1-17)2
_.8
[020] [220] 2 D ® By m 24 (q+1/g)* =18
a=8a-112) 2,2 20,4 4,6 _ 8 _,12
[222] 4 AP =15 t“+ (@ +q+1/g+1/g )" +1°—1° —1t
12
[220] [222] 2 D| ® By 1—t 24 (q+1/9)® —112

(1-12)(1-1%)2
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Table 6

By Slodowy Intersections from [0000]. These are closures of nilpotent orbits O, . Some palindromic Hilbert series terms are abbreviated. HWGs that are not complete intersec-
tions are not shown. The orbit [2101] is non-normal.

P o |So, ] F(p) Unrefined HS PL[HWG]
2 4 6 12
[0000] [0100] 12 B, 14241 +I29t(1+_2[%())112+...pa1...+t mot?
1421.24105:*+175:9+...pal... 4112
[2000] 14 T T mat? + mitt
(A=)~ (1=17)
142012 +165¢* +60010+92418 4. pal...+110
[0001] 16 RN o mat? +m3rt
2., 24, 2.4
mat® +myt” +myt"+
141412 4106:* +4541°4+788:3+...pal...+11© 6 23
[1010] 20 ()2 mym3t> +m3t°—
mim3t12
m2t2 +m%t4 + m42‘14+
6, .28
0200 2 14131249114 +335:94737:8+946: 10+ .. pal... 4120 mym3t® +m51°+
[ ] (17f4)_1(17t2)23 2.8 10
m3t +myimoymst ' —
22220
miymsmxst
mams
14101245614 +1941°4-438:8+578: 10+ .. pal... 4120
[0020] 24 o (s
14101245504 +136:94-190¢3+...pal... 1 1©
[2200] 24 (l—t4)71(1—t8)71(1—t2)26
149244514 +1650+44118+8541 10410501 12+ .. .pal.. 124
[0201] 26 (1—1‘4)_1(1—[2)27
1476243004 +98:94259/8 45541104 4847124 71414 15,16 184,20
[2101] 26
(1_[4)73(1_12)29
1460242204 +62194138:3 4227110426412+ pal... 4124
[2020] 28 (= ~2(1—12)30
A—=tH—3)1—'2) (143124614 +10:%+...pal.. +¢12)
[2220] 30 (=3
[2222] 30 a-—Ha-®Ha-11?Ha-1'%

( —t2)36

[43
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Table 7

B, Slodowy Intersections from [0100]. Some palindromic Hilbert series terms are abbreviated. HWGs that are not complete intersections are not shown. The orbit [2101] is

non-normal.
o c IS0 F(p) Unrefined HS PL[HWG]
1— 4
[0100] [2000] 2 By ® Cy ﬁ m212
14602414 2.2
[0001] 4 et m3t
22, ,2.2 3
[1010] 3 (=) (1=24712 =263 414 mate +m5t° +mmjt
(1-1)2(1—-12)7 +m2t* — m2m246
( 1430 + 1162 4+ 3063 +69r* + 12317 420416 m22 + m%ﬂ +mmyt3
+287¢7 +3511% + 3667 +...pal... + 118 4. 2 5
[0200] 10 Ty +t* 4t m3t - mm
—mzm%l‘10
[0020] 12 141450241013 +20r* +3017+52:0 4601 7 46615+ .. pal...+1 10
(1-n=Ta-H~11-2)9(1-13)>
1420471241663 4+30r* +4017 +55:04-60¢ 7 +...pal... 4114
(2200] 12 (1-0)"2(1=-13)="1(1-12)9(1-13)0
1414602+ 963 +24r* 43965 47760 + 110/7
[0201] 1 +17418 4+ 22009 4270010 1 266:11 .. pal... + 1?2
1=~1(1-12)8(1-13)7
14402 +403 4 1104 1605 43400 + 427 47818 + 88¢9
[2101] 14 490010 4+ 7211 4 55012 4 14413 4 314 015 416 _ 17 4,18
A—H=T1=2)(1-13)0
141+ 362 4663 +106* + 1615 +28:° + 3817
[2020] 16 +5268 4+ 66:% + 74110 474111 | pal... 4422
(1=0~TA-H=T1—)T(1-13)7
14204412 4+63 4914 +1209+16:94+18: 7 +...pal.. 4114
[2220] 18 =020 =8) T (1—112)~T(1—12)12(1 —13)10
[2222] 20 A=(1-12)1=1%)

(17t2)13(17t3)10
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Table 8

B, Slodowy Intersections from [2000]-[0001]. Some palindromic Hilbert series terms are abbreviated. HWGs that are not complete intersections are not shown. The orbit [2101]

is non-normal.

0 o |So, | F(p) Unrefined HS PL[HWG]
(A= (1+8:2+1%) 2
[2000] [1010] 6 D3 ® By Tt iy a momst
4\2 2., .4
[0200] 8 % mom31® +mirt
2, .24
momat® +myt 4+
(=t (1441241064 +410418) 3 4 ! 2.6
[0020] 10 A moym3t® +mym5t°+
mlm%t6 - m%m%m%tlz
2.4
mom3t= +1"+
14102404 +85:0+109:3+...pal...+11° 4, 2.4
[2200] 10 TS (e myt* +mirt+
6_ 2,12
mt” —mit
(1=rH2(1 12484 +10448)
[0201] 12 s
( 1482 +37t% + 1270 4 3258 4 5731104
63212 4+ 413114 4 130710 4 7,18 — 5,20
[2101] 12 ey
14412 4+13r* 31194538 +62: 10+ . pal...+120
[2020] 14 AT s
(=3 A=112) (1432 +61* 4910+ .. pal...+11%)
[2220] 16 (A=) 12(1—%)6 5
[2222] 18 A=)t 1—1%

(17t2)15(1714)6

%3
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Table 8 (continued)

o o |So,p] F(p) Unrefined HS PL[HWG]
2, .4
[0001] [1010] 4 C, ® By % m3?
A=tH(1+3:2+% 2,2 2.4
[0200] 6 T mite + mst
4 2 o34 202 4 my 13+ matt+
[0020] 8 (1=t (A =2t441= =217 +17) nmy mi m3
(A=2(1-r)7 m3tt + mymat® — mim3i'0
2.2 4 2.4
[2200] 3 (1-Ha—3) mitT +mat” +mytT+
(1-12)10 m%t(’ —',—m%mzt8 —m‘ltm%t16
1214712863420 — 1669 +36:°—20¢7 +4218 — . pal... 4110
[0201] 10 2D ()
( 1421 + 42 + 603 4 15t% + 2415 + 4010 + 527+
6418 + 489 423110 _ 011 _ 4412 _ 9413 1 414
(2101] 10 (1-02(1-H~T1-12)9(1-13)4
( 1421 + 62 + 1063 4 221% + 3415 4 6216 + 8617 + 13218+
16219 4209110 4 220: 1 4242112 4 pal... 4424
[2020] 12 (lft)_z(17t2)7(1*13)4(1*t4)3
142043124413 46144815+ 100 +..pal... 4112
[2220] 14 (lft)72(17t8)71(171‘12)71(17t2)10(17t3)4(17t4)4
[2222] 16 A=3) (1= 1'%

(1_,2)10(1_,3)4(1_;4)5
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Table 9

By Slodowy Intersections from [1010]-[0200]. Some palindromic Hilbert series terms are abbreviated. HWGs that are not complete intersections are not shown. The orbit [2101]

is non-normal.

P o [So. ] F(p) Unrefined HS PL[HWG]
[1010] [0200] 2 C1®D|® B ﬁ m2e2
[0020] 4 % 2 422 oo
8 m§q2+ l/q;t* 74m t
[2200] 4 P i Z,St _+mmz§10+t n
[0201] 6 (1_'4?1(1,:§(+1t,2§)2§?1+fj3_)§5+’6)
aion ‘ A
[2020] 3 1+2t3+3t4+(2]ti:—22)€16(41—3tl;;3t8+2t9+t12
(2220 10 e
[2222] 12 S
[0200] [0020] 2 B, ® Dy (ll:ttz“) . m2e2
[2200] 2 ﬁ 24 g2+ /g — 18
[0201] 4 % t22+m2t2+ )
m=(q +1/q)t
—m*8
) ° Tt
[2220] 8 <1—t?}lj?;iz_“;;zxig)—t‘2>
[2222] 10 a=Ha=i"?a—'%

(=24 1-1H3(1-1%)

9¢
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Table 10

B, Slodowy Intersections from [0020]-[2220]. Some palindromic Hilbert series are abbreviated. HWGs that are not complete intersections are not shown. The orbit [2101] is

non-normal.
0 o [So,p] F(p) Unrefined HS PL[HWG]
4
[0020] [0201] 2 B (11_——;2)3 m21?
1—* 2,2
[2101] 2 T m2t
2 4.6, .8
[2020] 4 % m2e% + 1wt w0 — 812
a-¥a-112
[2220] 6 1-12)3(1-1%)>
A=$Ha=t12Ha—119
[2222] 8 1=12)3(1=H5(1-16)3
1+4r2— 14 2.2 2.2 2,24
[2200] [2101] 2 D) ® By N m3t2 +m31> —mim3t
(1-14? 2,2, 2.2
[2020] 4 1= mit* 4+ mjt
4202414410 Q124214 446) 2,2 2.2 6
[2220] 6 T e m31% +m3e% + mymat® +
m1m2t8 — m%m%t16
(1-112)(1-116)
[2222] 8 A De (107
4
[0201] [2020] 2 C| ® By (1‘:7;2)3 m2e?
L) 2.2, .4 2.6 2.8 _  4.16
[2220] 4 U-230-10)3 mot= +1t" +m°t° +m-t m”t
[2222] 6 A—112)(1—116)

(1-12)3(1-19)2(1-15)3

(continued on next page)
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Table 10 (continued)

0 o |So', p| F(p) Unrefined HS PLHWG]
[2101] [2020] 2 C1 ® By i 11_—[’24)3 m21?
[2220] 4 % m2t2 + 14+ med +me’ —m?e14
[2222] 6 (1_,2)3((11:’,22))((1];’51)62)(1_,7)2
[2020] [2220] 2 By ® By ® By % 24 416 412
[2222] 4 —(]7(15)*3’(1121%;2’(12[8) 34 4200 (8 — 12 416
[2220] [2222] 2 D) ® By 1116 12428 _ 16

(1-12)(1-18)2

8¢
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Table 11

C3 Slodowy Intersections from [000]. The intersections are closures of nilpotent orbits O . Some palindromic Hilbert series terms are abbreviated. HWGs that are not complete

intersections are not shown.

o o |So, | F(p) Unrefined HS PL[HWG]
1= (1142414
[000] [100] 6 C3 Mzij#w m3e2
1=rH+102 4414 +10:048) 2,2 2.4
[010] 10 A mit* +mjt
A=H2A+712 41504 +719448) 2,2 2,4 2,6
[002] 12 (1213 mit= +m5t* +m3t
020] 14 (1=t (1461242114 +35:%+...pal.. +¢12) m%fz +matt + m§t4 +mym3t8 + mgt6+
-1 i mamat® — m2m2m216
1moms3 mymsmst
A=Y (1 +6:24+211*+56:+...pal...+112)
[210] 14 G
A=rH2 4312474 +13:%+ . pal...+112)
[202] 16 Tt
[222] 13 a=thHa-¥a-+12

(1 7[2)2]
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Table 12
C3 Slodowy Intersections from [100]-[202]. Some palindromic Hilbert series terms are abbreviated. HWGs that are not complete intersections are not shown.
P o |So. o] F(p) Unrefined HS PL[HWG]
2., .4
[100] [010] 4 Cr® By l(ﬁ% m3e?
A=rH (1432414 22, 24
[002] 6 —aT m{te +mst
m%t2 + m1t3 + m2t4+
A=y -2r+4r2 203 114 2.4 5
[020] 8 11 2(0-2)7 m5t™ +mymat
m2m3e10
[210] g 14204702 +1203 4271 +4205 +6719472¢ 7+ pal.. 4114
(1-1)=2(1-12)0(1—13)*
1420442 +6:3 4104 + 1419420104227 + . pal... +1 14
(202] 10 (1-0)"2(1-H=T(1-12)9(1-13)*
=¥ (1—11%)
[222] 12 (1—12)10(1—£3)4
1—r4 2.2
[010] [002] 2 C1® Dy T m2t
[020] 4 14202423 424446 2t m22 +
(1-12)2(1-13)2 3 26
m(qg + 1/q)t°> —m~t
120441223414
[210] 4 -2 (1%
1124203 4404 445+ pal.. 4110
(202] 6 1-n~T(1-12)4(1-13)3
[222] 3 1= —11%

A—=12)4(1-13)4(1-1*)2

or
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Table 12 (continued)

o o S50 F(p) Unrefined HS PL[HWG]
4
[002] [020]/[210] 2 B; (11_*—[’2)3 m2r2
[202] 4 12 +4rt 410418 m22 4t bty
A=2)2(1—1h)? 6 _ 812
a=3a—112)
[222] 6 GBS
1-* 2.2
[020] [202] 2 C T m?t
8 12
[222] 4 A=) m?t% + 1% +m?0 +
(1=1)2(1—1°)° 2.8 4,16
m°t® —m’t
4
[210] [202] 2 C1® By i 11;3)3 m2?
1—112 2.2 4 5 7_
[222] 4 e mt + Y+ mt® +me
m-t
12
[202] [222] 2 By ® By 1=t 2% 416412

(1=tH2(1-1%)
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Table 13

C,4 Slodowy Intersections from [0000]. The intersections are closures of nilpotent orbits O . Some palindromic Hilbert series terms are abbreviated. HWGs that are not complete

intersections are not shown. The orbit [0200] is non-normal.

o o |So,p] F(p) Unrefined HS PL[HWG]
27041026, 8
[0000] [1000] 8 Cy R m31?
(A=t (142162420414 +406:0+ .. pal...+112) 2.2 2.4
[0100] 14 1)1 m{t* +mjt
_ 4 2 4 6 8 . 16
[0010] 18 A=) A+17t7 4126t +5327t19+894t +..pal..+1"°) m%t2+m%t4+m216
(1-1) 3
2,2 2.4
[0002] 20 (1=tH2 (14141247914 12231043173+ . pal...+110) mits +myt"+
(1—12)22 m2¢6 +m218
3 4
[2100] 20 A=rH2 (14141241064 +574194722:3+ .. pal...4+110)
-2
1413249114 +419/9 4134618423651 104+ 1841112+ 4761 14 — 5611029, 184,20
[0200] 2 T T(1-12)5
(=2 (14101245614 +194:9+405:3+512¢ 10+ pal.. +120)
[0110] 24 1-2)% ’
(A=tH2(1+102+56r*+230:0+701:3+776¢ 10+ . pal.. +120)
[2010] 24 oy
12002] 2% (1=rH3 147124304 49810+ 199/8 4230 10+ .. pal...+120)
(1—[2)29
(0202] )8 A=H1=18) (1462 +2114+5619+99:8+117¢ 104 _pal...+129)
(]71‘2)30
(2210] 28 A=t A=) 1 +6:2 4211 +56:0+126:8+252¢ 104 pal...+120)
(17t2)30
(2202] 30 1=H2(1=18) 14312+ 714 +130 42218434104 pal...+120)
(1_,2)33
[2222] 3 (1—t4><1—r8><1—r6'2><1—z‘6>

(1-12)3

w
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Table 14

Cy4 Slodowy Intersections from [1000]. Some palindromic Hilbert series terms are abbreviated. HWGs that are not complete intersections are not shown. The orbit [0200] is

non-normal.
p o |Ss,p F(p) Unrefined HS PL[HWG]
[1000] [0100] 6 C3® By % m22
[0010] 10 “—‘4)<1+1?|‘3f24)‘]‘f+1°‘6+’8) m212 4 m3r*
[0002] 12 e ol 32 4 me 4 3
1441 + 2062 + 6013 + 1914 + 4801° 4 10496 + 181017+
( 264118 + 3210¢% +3450¢10 + . pal... + 20 )
[2100] 12 (1-n~41-hH=T1-2)1T(1-13)0
[0200] 14 (1=tH (1204912 =1063 +320% 2415 +72:0 — 44,7 1378 — 169+ 10)
(1-n2(1-12)13
(0110] 16 (17t4)(172t+7t276t3+125t473t51+17t6<“palm+t12)
1-n21-r2)15
1+ 41 + 1612 + 4413 4+ 1171* + 26415 4 57610 + 112417 + 20078+
( 307819 + 4113110 + 4762011 5004112 4 . pal... + 12+
[2010] 16 (1-n~41-tH=11-12)151-13)0
1441 4 1312 + 3263 + 7314 + 14865 +285:0 44927 + 77718+
10882 + 1376110 + 155611 4 1625¢12 + .. . pal... + 124
(20021 8 A-n=41-H)=2(1-2)18(1-13)6
1421 + 662 4+ 1063 + 210% + 3215 4 5610 + 74: 7+
( 99/8 +106:% +117:10 4 . pal... +:20 )
(0202] 20 (1-0)2(1=H=T(1=8)=T(1-12)18(1-3)0
1420+ 72 +1203 +27t% + 4205 47760 + 1127+
18268 +252¢9 4357110 4 302: 11 4 pal... 4122
22101 20 (1=n=2(1=8)="T1-2)17(1-13)6
1421 + 42 + 603 + 106* + 1415 42010 + 2617+
( 3568 44419 + 56110 4 62¢11 4. pal... + 122 )
(2202] 2 (1-0=2(1-H=T(1=8)=1(1-12)20(1-3)6
[2222] 2 a=d)a—r12)a-116)

(1-12)21(1-43)6
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Table 15

Cy4 Slodowy Intersections from [0100]-[0010]. Some palindromic Hilbert series terms are abbreviated. HWGs that are not complete intersections are not shown. The orbit [0200]

is non-normal.

0 o |So, ]| F(p) Unrefined HS PL[HWG]
2. .4
[0100] [0010] 4 Cr ® D; % m31?
4 2.4
[0002] 6 U= 22 4 mdet
1-21492 8134914 275416
[2100] 6 (1-0)2(1-12)3(1-1%)
LT+1+72 + 1163 4314 + 4765 + 810 + 817+
0200 X 7768 +411% 21110 — 311 4412 _ 4413
(02001 (1-n~T1-r2)>(1-13)4
(A=rH2 (1431244371 4405+ pal...+110)
[0110] 10 i Ty
[2010] 10 11471241063 4+3264 45009 + 1020041207 4162841501 +..pal.. 4118
A=0)~1(1=12)>(1-13)>(1-1%)
11442 +703 41504 +2409 +4010+48: 7 +58:8+58:7 +...pal.... 118
[2002] 12 Iy i rrh I
1434612 116342004 43315 +5010+65:7 +7313+74 +..pal...+118
[0202] 14 (1=18)=T(1-n)=3(1-)T(1-13)7
1—t+402 =3 4714426541410+ 4¢7 128¢8 1 pal...+¢10
[2210] 14 1= T (1= (1=12)T (1=13)5 (1—1%)2
(2202] 16 1142024334504 +609 +9:0+ 1107 +15:8 4189 +22: 10+ pal... 4120
A=n~1A=)=1a-H101—13)71—1%)
8 12 16
(2222] 18 U= (1=112)(1-¢16)

(1712)1](1713)8(1714)2

24
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Table 15 (continued)

P o |So, ] F(p) Unrefined HS PL[HWG]
[0010] [0002] 2 CI®B 1t 242
1 1 (17,223 me
1—t 2.2

[2100] 2 i myt

1214512213 2.2 2.2 2 3 4.2 .6
[0200] 4 i)z mypt® +met” +mpmet” —mpmet
[0110] 6 1143124613 +8:*+61+..pal...+110 m%gtz + m2ct2 + m%mct3 +rt4

A=n=Ta=DH¥1-13)3 mymet® —mpymZi10

A=19—1432 4203434 =15 +19)
[2010] 6 (=1 (1—12)3(1=13)(1—14)2

1420 +412+863 4171 +261 +37104-400 7 +42:8 4. pal... 4110
[2002] 8 (1-0)72(1-12)>1-13)4(1-1%)

14124263 +4r* 42054410+ pal...+112
[0202] 10 A=3)=T(1=2)5(1-13)4(1—14)2

143024203 +7r4 615+ 1610+ 14174253+ pal...+11°
[2210] 10 A=13)"T(1=12)3(1-3)41—1%)4

1426342044360 +417 438 +.pal... +11©
[2202] 12 A=8)=T (=10 (133 (1—1%)3

8 12 16

[2222] 14 A=At U=t )

(1-12)0(1-13)6(1—1%)>
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Table 16

Cy4 Slodowy Intersections from [0002]-[0200]. Some palindromic Hilbert series terms are abbreviated

is non-normal.

. HWGs that are not complete intersections are not shown. The orbit [0200]

) o |So.p] F(p) Unrefined HS PL[HWG]
2_.4
[0002] [0200] 2 D, s m3 - m3e® — mimit
4y2
[01101/[2010] 4 G m3e? + mie?
2.2 2.2, 4 2,24
14324114 41015 +..pal... 112 miyt= +m5t° + 17 +mymst7+
[2002] 6 =43
(=3 (1=’ m3m31® — mim3e1?
8 2 6 12
[0202] 8 (1—t )(H»Z(ll:Zl)‘;?»lfitz;;.pal...#»/ )
[2210] 8 A=y +6rt 4%
(a=2)e(—r)
[2202] 10 (1*lx>(l+12+4t442~4fﬁ+l(ilx{Jr“.pa]...Jrrm)
=23 (=rhF
a=5a-12)a—'%
[2222] 12 s
[2100] [2010] 4 C2® By L6t my 22
(1%
[2002] 6 el i mi 2% 4+ mr
a-rHa-r* my 202+ mot* + mp 2% 4+ my 20+
[0202] 8 a0
(1-12) 2 8 4. 2.16
mi1“mot® —my 'mp~t
1421+ 702 + 1203 +27t% + 4265 + 671 + 9247+
12768 + 14269 4167110 4+ 172: 11 4. pal... + 122
[2210] 8 A= 2(=0 (1)
1421 + 412 4+ 663 +106% 4+ 141° + 2060 + 2617+
2200 0 3418 43819 + 44110 14611 4 pal... 4122
[ ] (l I’))“ 16) (17[)72(17t4)7l(17t2)‘)(17t5)4
[2222] 12 G
(A= 0(1-r%)
[0200] [0110] 2 C1®C (1‘_*,‘;3 m2e?
1— 2.2
[2010] 2 iy mit
42
[2002] 4 s ma?t2 +mpt?
2.2 22, 4 4
A=r3)(14362 456 +31043) mat” +mpt” + 17 +mgmpt”+
[0202] 6 Ty 6 2..2.12
1= d- mampt® —mgmpt
_.8 2 44,6 8
(A=r3)(1+22 441447054108 +..pal...+116)
[2202] 8 (A=) (1—1")3 (1-16)2
[2222] 10 A=3)(1=1'2)(1-110)

9
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Table 17
Cy4 Slodowy Intersections from [0110]-[2202]. Some palindromic Hilbert series terms are abbreviated. HWGs that are not complete intersections are not shown.

P o |So. | F(p) Unrefined HS PL[HWG]
4
[0110] [2002] 2 C1 ® By T 1’;’2)3 m2¢2
8
[0202]/[2210] 4 sl m*2 4+ mt3 + 1+ me> —m?10
A=) A=t+3+5—17+43)
(2202] 6 (1-1)(1-12)3(1—13)(1—1%)2
A=$ =119
[2222] 8 1=12)3(1=13)2(1=1%)(1=15)2(1—16)3
4
[2010] [2002] 2 C1 ® By ® By (11_——;2)3 m2i?
8
[0202] 4 m m2t2+mt3+t4+mt5—m2t10
(1152
(2210] 4 (1=12)3(1-13)2(1-1%)
142042024203 +414 +619+7194-8:7 +9:8 4. pal... 4116
[2202] 6 (l72)72(17t2)4(17l3)2(l*t5)2
(=112 (1-116)
[2222] 8 1-123(1-13)2(1-1%H2(1-15)2(1-16)
.8
[2002] [0202] 2 D| ® By m 24+ G2+ 1/gH -8
.8
[2210] 2 i e el 2+ (q+1/qn* —18
1-1243r4 1648
[2202] 4 I ..
[2222] 6 a=')(1-116) P+ (gP g+ 1+1/g+1/gM0+
(=) (1=r%H)3(1-16)2 (q+1/q)t0 =112 — 116
_ .8
[0202] [2202] 2 Dy W 2+ (g2 +1/gH1* =18
[2222] 4 A=r2)(1-11%) 2+ (@ + /g0 + 104+
(1—t2)(1—t4)2(l—tﬁ)(l—tg)z (qZ + l/qZ)tS _ t12 _ tl6
4
[2210] [2202] 2 C) ® By i 1‘;3)3 m2¢2
6
[2222] 4 (1_;21)3% m?2 4 14+ mt? +me® —m?e18
6
[2202] [2222] 2 By ® By S E L 4104810

a-rHa-%a-r%)
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Table 18
D5 and D3 Slodowy Intersections. HWGs that are not complete intersections are not shown. The orbits [02] and [20] are non-normal.
P o |So.p | F(p) Unrefined HS PL[HWG]
24
[00] [021/[20] 2 Dy S m3t? +m3e> — mAm3et
N
[22] 4 (" mie? +m3e>
_ 4
[021/[20] [22] 2 Ay (ll_lfz)3 m2¢?
1412 (1482 41*
[000] [011] 6 D5 % mymat?
2,2 2, .4
[200] 8 % mym31® +mirt
2 2 4 6.8
[022] 10 (47 )(H?f:;)% H40417) mym3t® +m3r* + mymsr* +
mlm%t6 + mlm%t6 - m%m%m%tlz
(1= A=%(1—3) i
[222] 12 Lo
_4
[011] [200] 2 A1 ® Dy (117[’2)3 m2?
2 3 4,.6
[022] 4 e i 2+ m2 +m(qg + 1/g)t> —m?6
(1=1%)(1-1%)
[222] 6 02 0_57
1— 2,2
[200] [022] 2 Ay T m-t
6y(1_(8
[222] 4 % m262 + 14 + m2e* 4+ m260 — m*12
8
[022] [222] 2 Dy 1=t 2+ (g + /gt —18

(1=12)(1-1%)2

8
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Table 19
D, Slodowy Intersections from [0000]-[0100]. Some palindromic Hilbert series terms are abbreviated. HWGs that are not complete intersections are not shown. The orbits
[0002], [0020], [0202] and [0220] are non-normal.

0 o IS0 F(p) Unrefined HS PL[HWG]
4 2 4 6,,8
[0000] [0100] 10 Dy A=tMHA+17t +2481t1 +17t%+1°) m2t2
(1—=1%)
_4 2 4 6 8_ 10_,12
[00021/[0020] 12 i (i R mar® +mirt + miet — mim3e
4\2 2 4 6., .8
[2000] 12 () (1+1(4111t+2;316£ 1415448 mot? +m3rt
1011 16 14120247764 +29610 +47618 +..pal... 4110 mot? +m3t +m3e* + m3t+
(1ot 12,16 6_ .2 2 212
(1=1%) mym3mgat® — mymzmyt
2, 024 24, 24
mot= +mit" +m3tT +myt T+
_4 2 45t 6 8, o 16 1 3 4
0200] 18 (1=tH (14912 +45¢ :;1_0[9;)1;15% +...pal...+116) mim3mar 4 m38+
m1m2m3m4110 - m%m%m%m%tzo
( 14762 4284 4 8416 4 17318 42381104
133112 4 28¢14 — 14,16 — 5,18 _ ;20
[02021/[0220] 20 i S e
A=t (1=8)(1+6:2+2114+28:0+ . pal...+112)
[[22001] 20 (1—12)22
A=tH3(1+3r2 4814 +16:9+28:8+ .. pal...+110)
[2022] 22 N
(1=rhHa-8)2(1-112
[2222] 24 ERETI v m—
2_4
[0100] [0002]/[0020] 2 Dy ®Cy N m3t? + m3e> —mim3e
1—* 2.2
[2000] 2 153 met . .
[1011] 6 1-21+612—213 444 m2t2+mlt2+m 2+
(1-2(1—12)% mmlmzt3 —m?Zm m%t6
(0200] 3 (143624483436 +10) (14204312 4413 461 +.. pal...+8) m?t? + m%t2 + m2t2 + mmymyr3+
(A=0=2(1=2)0(1-13)* t*+mmymyt> —m2m3Im3110
( 1442 4363 + 1064 + 1265 + 230 + 2247 +35¢8+
20r% +24110 4 911 4 10012 — 314 — 15 — /17
[0202]/[0220] 10 A2y
1414302 +613+8t4+6r5+...pal...+110
[[22001) 10 (1==11=8)~1(1-r2)7(1-13)>
1—t+12 4203 +6:+..pal... 4112
[2022] 12 A= 2(1=n1=-10)8(1-13)3
8y2 12
[2222] 14 A=) (=t 2)

(1-12)9(1-13)8
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Table 20
D, Slodowy Intersections from [0002]/[0020]-[2000]. Some palindromic Hilbert series terms are abbreviated. HWGs that are not complete intersections are not shown. The
orbits [0002], [0020], [0202] and [0220] are non-normal.

0 o |S, o] F(p) Unrefined HS PL[HWG]
2,4
[0002]/[0020] [1011] 4 Ca % m3i?
1-H (4302414 2.2 2.4
[0200] 6 Ui m312 +m3t
( 1+ 662 +221% 4+ 5200 + 8118 + 72104
30412 4 f14 _4p16 418
[02021/[0220] 8 T .
[2200] 8 a=—rha—r mit® + mor* +m3e +mieo+
(11210 m%mztg - m‘l‘m%t16
14362484+ 16104228+ . pal... 4110
[2022] 10 (1=12)7(1—1%)3
=212
[2222] 12 D053
2.4
[2000] [1011] 4 By ® By 1;“16_#“;{ m3t?
1=tH(A+32 44
[0200] 6 % my2t2 +m) 24
A= A+2 4604 +10—18)
[02021/[0220] 8 (1129
[2200] X 1462160442116+ pal.. 112 m3e? + 1+ mytt o+ mIt 4
A=)~ T(1=)3(1-1%)3 myt® —m2e12
14324814 4161042268+ pal...4+10
[2022] 10 (1-12)7(1-1%)3
[2222] 12 a=821-11%)

(1—t2)10(1—t4)5
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Table 21

D, Slodowy Intersections from [1011]-[2022]. Some palindromic Hilbert series terms are abbreviated. HWGs that are not complete intersections are not shown. The orbits

[0002], [0020], [0202] and [0220] are non-normal.

0 o [So, ] F(p) Unrefined HS PL[HWG]
4
[1011] [0200] 2 C1 ® By (1‘:7;2); m2e2
A= A=14243 4+ —1%)
[0202]/[0220] 4 TR
8
[2200] 4 e m?t2 +mt3 + 14 + me> —m?10
1—t+24+2t%+ . pal..+18
[2022] 6 (1=1)(1=12)2(1—13)3
a=%2a-112)
(2222] 8 (1-12)3(1-13)4(1-1%H2(1-1°)2
1412431410
[0200] [0202]/[0220] 2 D| ® D iy
_.8
[2200] 2 m 2+ (g2 +1/g2)* — 18
1ar® 18
[2022] 4 %
(2222] 6 (1=5H21—112) 212 + (g1 + 1/q1)(q3 + 1/q3)t*+
(1=12)2(1-rH0(1-19) (@3 +1/gPr* +16 — 208 —112
4
[0202]/[0220] [2022] 2 Ci (1‘:—[’2)3 m2r2
8 12
[2222] 4 7((1:’2))3((1116))3 m22 4 1% 4 m20 4 ;28 — 410
4
[2200] [2022] 2 B ® By ( 1‘;’2)3 m21?
8 12
[2222] 4 oG e m20% 4+ 1%+ m?0 4 m?8 — 410
[2022] [2222] 2 By ® By 112 2% 416 — 412

[ )

6£6¢11 (0202) 256 g 158y d 4v2]onN / $yoavy "y Kuvuvpy °y

IS



52 A. Hanany, R. Kalveks / Nuclear Physics B 952 (2020) 114939

4.3. Non-normal intersections

The situation surrounding the non-normal intersections requires further comment. These fall
into one of two categories:

1. Some non-normal S, , (calculated on the Higgs branch) are unions of normal components.
Examples include: o € {D[02], D[20], D[0020], D[0002], D[0202], D[0220]}. These arise
whenever ¢ is one of a spinor pair of orbits associated with a “very even” partition of D,yep,-
The following relations are obeyed by the intersections involved, and their HS and HWGs:

SD[ZO] [0o] = SD[OZ][OO] = 87)?2’01[] [00] + S%{Eggl][OO] - SD[OO] [00]°

Spi00201,p = Sprooozl,p = Sp00201. T Sbi00021.p — SDI0100], p° 4.9)
50[0220],,0 = 50[0202],,0 = 52’)0[6’;20], P + 52’)0[63102],p - SD[OZOO],p'

In such cases, Hilbert series for the normal components S;’;f’ _’.’50]’ o and Sg‘{’_’éz]’ , can be

found from the SI formula (2.14), or, where available, the Coulomb branch of a Dynkin
quiver. Alternatively, the D4 intersections are related by triality, so the normal components
Sy%™ can also be found from normal S, , by substitutions between the vector and two
spinors:

Sbiooo21, o nong Spr20001,p nons Spi00201, 0

norm norm

(4.10)
D[0202],p nlzm SD[ZZOO],/J Vllzn3 50[0220],p-

Care has to be taken over the interchange under triality of Dynkin labels within Characteris-
tics and CSA coordinates, etc.

2. The remaining non-normal intersections have normal covers that are generated by the SI
formula (2.14). A normal cover ng’; " has the same dimension as S, ,, and a palindromic
Hilbert series, but contains representations (at counting degrees) that fall outside the nilcone
N of the ambient group G. The cases up to rank 4 comprise B[010], B[2010] and C[0200].

4.4. Relationship to TY theories

The analysis of 3d mirror symmetry between BC D Slodowy intersections and the rela-
tionship with T theories is not straightforward. This results from the many complications
surrounding the Coulomb branches of ortho-symplectic quivers: (i) the Barbasch-Vogan map
is only involutive for special orbits and exchanges B and C ambient groups, (ii) Coulomb branch
HS are palindromic and so do not match non-normal Slodowy intersections, (iii) quiver subtrac-
tions alone are insufficient to construct quivers with the desired Coulomb branch HS dimensions,
requiring augmentation by ad-hoc shifts between B and D nodes, (iv) a careful choice of O vs
SO gauge groups is required and (v) “bad” quivers with zero conformal dimension are often
encountered. As a consequence, only a subset of Slodowy intersections have Coulomb branch
constructions. Furthermore, the results are limited to unrefined HS.

Most of these complications were encountered in the analysis of Slodowy slices [12],
where it was nonetheless shown how a set of ortho-symplectic quivers, derived from the
Mpcep (dpy(0),0) tabulated herein, but with shifted BD nodes taken as SO type, yield
Coulomb branch constructions of a subset of the slices Sy .
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P
Mpcp (@ p) Ty ()
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Higgs Coulomb Higgs Coulomb
©) | (BD/0/50) (0) | (0/50)
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So.p - 3d Mirror‘Symmetry Sy 0 So.p 3d Mirror‘ Symmetry S,X P
X
“Coulomb ‘ Higgs Coulomb | Higgs
(BD/0/SO) (0) (0/S0) 0)
. v . Yy
dpy (o)
Mpcp (dpy (p),dpy (o)) 7,8V

Fig. 19. BC D series 3d mirror symmetry. Under Special duality, the nilpotent orbit partitions p and o of special orbits
are dualised to dpy (p) and dpy (o) and then interchanged SV p = Sdgy (p).dgy (o). The ortho-symplectic Higgs
branch constructions yield refined Hilbert series. Ortho-symplectic Coulomb branch constructions, where available, yield
unrefined Hilbert series. BD/O /SO indicates shifting between B and D nodes and selecting O vs SO, as discussed in
the text.

Generalising from the A series, the phenomenon of (limited) 3d mirror symmetry for the
BC D series can be understood, as in Fig. 19, as a composition of the interchange of a pair of
nilpotent orbits with the Barbasch-Vogan map dpy (p).

Notably, Special duality, as defined in section 2.5 using dpy, respects the accidental Lie
algebra isomorphisms (e.g. By = C; and A3 = D3), by assigning consistent Hilbert series to
intersections defined by isomorphic pairs of Characteristics. Our account of the constructions for
So,p and their Special duals (Y o thus sheds light on the underlying mechanism behind 3d mirror
symmetry.

Furthermore, the approach based on the Higgs branches of Mpcp (o, p) quivers provides a
complete set of constructions for BC D Slodowy intersections, whereas the constructions avail-
able from T/ theories are limited (by the BV map) to intersections between special orbits.

5. Discussion and conclusions

Classical slodowy intersections This study has outlined how unitary and ortho-symplectic
multi-flavoured quivers provide constructions for the complete set of Slodowy intersections Sy,
of any Classical algebra. The resulting sets of quivers can be arranged as upper triangular ma-
trices, bounded by the closures of nilpotent orbits, Slodowy slices and Kraft-Procesi transitions
(modulo gaps due to the structure of Hasse diagrams of nilpotent orbits).

The key to these systematic constructions is provided by the Higgs branches of quivers of
type My (o, p) or Mpcp(o, p). For the A series, the resulting M 4 (N, Ng) are the same as
Dynkin quivers D4 (N, N¢), and faithful Coulomb branch constructions for the Sy, are also
available via the Barbasch-Vogan map and 3d mirror symmetry. For the BC D series, however,
faithful Coulomb branch constructions are limited to those based on Dgcp (N, N¢) of Character-
istic height 2. The intersections obtained on the Coulomb branches of ortho-symplectic quivers
are limited to the unrefined Hilbert series of a subset of S, , of BC D algebras, as discussed in
section 4. Some D series Slodowy intersections can also be constructed as Higgs branches of
Dp (N, N¢) quivers.

Most of the intersections S, are normal, and have palindromic (unrefined) Hilbert series.
Whether or not an intersection S, , is normal is set by the normality of Oy, and its global
symmetry follows from F(p) C G.
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The refined Hilbert series of intersections S, , with O, normal, can also be constructed di-
rectly using the SI formula (2.14). When 60 is non-normal, the SI formula yields either a normal
component (if o is a very even partition of Deye,), or a normal cover, of Sy, ,. This behaviour
is similar to the BC D Coulomb branch constructions (where these are available). In [17] it was
proposed that a localisation formula based on Hall-Littlewood polynomials be used as a proxy
for the Coulomb branches of ortho-symplectic quivers, and this approach is supported by the
findings herein.

Quiver subtractions This study has used rules for quiver subtractions. These are essentially the
same for both unitary and ortho-symplectic multi-flavoured linear quivers, both of which can be
defined by pairs of partitions, M (o, p) = M (N, Nf), and can be summarised as:

M(o, p) = M(o, p') © M(p, p'), (5.1)

or, applying Special duality and relabelling partitions:

M(o, p) =M@, p) © Mo, 0). (5.2)

Equations (5.1) and (5.2), together with the procedures described herein, permit us, subject to
certain conditions, to subtract two good quivers, that have either their first partition or their
second partition in common, to obtain a quiver for a third intersection, with the partitions (o, p)
tracking balance and flavour symmetries, respectively (on the Higgs branch). Quiver subtraction,
as described, requires that all the quivers involved are good and that each pair of partitions obeys
an inclusion relation. This study indicates these rules are consistent for Slodowy intersections
calculated on the Higgs or Coulomb branches of M4 quivers, or on the Higgs branches of
Mpcp quivers.

Completeness 'We have seen in sections 3.1 and 4.1.1 how an ambient group G (N,)) of minimal
dimension can be identified for any M (o, p) quiver from the weighted sum over flavours N} =

Z;‘:l iNy.. This implies that the Higgs branch of any good unitary or ortho-symplectic quiver
with B > 0 can be understood as a Slodowy intersection between a pair of Classical nilpotent
orbits of such G(Ny).

Degeneracy The number of distinct algebraic varieties is somewhat less than the number of
(non-empty and non-trivial) Slodowy intersections Sy, , due to a combination of factors. Firstly,
there are many recurrences of the quivers M (N, N¢) across different groups, as exemplified in
the quiver matrices. These recurrences extend beyond Kraft Procesi transitions, to orbits and
slices, indicating that all the intersections of a group G reappear in certain groups of higher
dimension. Secondly, due to the accidental Classical group isomorphisms, there are several cases
where different quivers M (N, N¢) generate isomorphic refined Hilbert series. The identification
of such degeneracies (by a comparison of refined HS and HWGs) exposes connections between
superficially different gauge theories.

Further work While the M (o, p) which have linear gauge nodes, only constitute a subset of
quiver theories, other quivers, such as those with gauge node branches, for example, can be con-
structed as their combinations. Thus, Slodowy intersections provide a rich intermediate set of
building blocks, whose Higgs and/or Coulomb branch quivers can be glued to construct a wide
range of theories. Such approaches have been taken in [20,34,35], together with a series of papers
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on class § theories from [36] through [37]. In these studies, the building blocks have typically
been (charged) Slodowy slices, glued using a combination of Coulomb and Higgs branch meth-
ods, to yield field theories with Classical or Exceptional symmetries. It may be interesting to
examine and/or extend these approaches, from the perspective of the family of Slodowy inter-
sections.

Notwithstanding the computational challenges in dealing with high dimensioned algebras, it
would be interesting to explore the related matter of quiver theories whose Coulomb or Higgs
branches are Slodowy intersections of Exceptional algebras. Coulomb branch constructions with
Characteristic height 2 are known for (near to) minimal nilpotent orbits and it can be expected
that, similar to the D series, Higgs branch constructions based on Dg quivers will provide con-
structions for sub-regular slices and nearby intersections. Moreover, even when the ambient
group G is Exceptional, F'(p) is not generally so, and this should make several intersections
of Exceptional groups accessible to constructions from Classical quivers.

It would also be interesting to extend the work in [12,27,31] to give a more systematic account
of Coulomb branch constructions based on ortho-symplectic quivers for the unrefined Hilbert
series of BC D Slodowy intersections, for example, by providing definitive algorithms for BD
node shifting and the selection of O /SO gauge nodes.
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Appendix A. Notation and terminology

1. We freely use the terminology and concepts of the Plethystics Program, including the
Plethystic Exponential (“PE”) and its inverse, the Plethystic Logarithm (“PL”). For our pur-
poses:

b
(1— A;t)

1
.:l&
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refScnn]
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Table 22
Types of Generating Function.
Generating Function Notation Definition
o0
Refined HS (Weight coordinates) gg s(x, 1) > an(x)1"
n=0
o0
Refined HS (Simple root coordinates) gg sz, > a,@)t"
no:o() 0
Unrefined HS ggs 3 S oapt" =Y ap (i
=0 n=0
G ~ G
HWG for Refined HS gawe @, 1) [% bn(t)m" = [%‘i b (1) Xpn)
Character gf (X, m) > X[?l] (x)m"
[n]
e
l_[ (1 - B J) e

~

~
h
=~ |T

-4y | =t =

1

where A; and B; are monomials in weight or root coordinates or fugacities. The reader is
referred to [38] for further detail.

We refer to symmetries either by Lie algebras g, or by Lie groups G. While such references
are relatively interchangeable for U Sp groups, with C series Lie algebras, it can be important
to distinguish between O and SO forms of orthogonal groups, which share the same B or D
series Lie algebra, but whose representations have different characters. We highlight those
areas where this distinction is important in the text.

. We denote the characters of irreducible representations (“irreps”) of a group G either by

X[g] (x), or by [irrep]g, using Dynkin labels [n] = [ny, ..., n;]g, where r is the rank of G.
We often represent singlets by the character 1.
We typically label unimodular Cartan subalgebra (“CSA”) coordinates for weights within

characters by x = (x1 ...x,) and simple root coordinates by z = (z; .. .z;). The Cartan ma-
. . . Ai' A—li,

trix A;; relates the simple root and CSA coordinates, z; = ]_[xj Tand x; =] Z; 7. We use

J J

the CSA coordinate g for U (1) symmetries.

. We label highest weight (Dynkin label) fugacities within HWGs by m = [my, ..., m,], de-

ploying additional letter subscripts to distinguish groups, if necessary.

. We label field (or R-charge) counting variables with z. Under the conventions in this paper,

the fugacity ¢ corresponds to an R-charge of 1/2 and 12 corresponds to an R-charge of 1.

. We may refer to series, such as 1 + f 4+ f2 + ..., by their generating functions 1/ (1 — f).

Different types of generating function are indicated in Table 22; amongst these, the refined
HS and HWGs faithfully encode the group theoretic information about a moduli space.[19]

. We classify an unrefined Hilbert series g ¢(t) = P(t)/Q(¢) as: (a)“freely generated”, if

P(#) =1 and Q(¢) is of the canonical form Q(t) =[] (1 — 19" for some integers ny and dy,
k

or (b) a “complete intersection”, if both P(¢) and Q(#) can be put into canonical form, such
that g, ¢(7) is manifestly a quotient of geometric series, or (¢) “(anti-)palindromic”, if P(z)
is (anti-)palindromic. Palindromicity follows from the duality for a normal HS: g, ¢(f) =

t~18msl g o (1/1). [39].



A. Hanany, R. Kalveks / Nuclear Physics B 952 (2020) 114939 57

9. We denote the Higgs and Coulomb branches of a quiver M as H[M] and C[M], respec-
tively.

Appendix B. Slodowy intersection formula

The Slodowy intersection formula (B.1) is a localisation formula that yields the Hilbert se-
ries of an intersection S, ,. It is related to the Hall Littlewood polynomials. As stated below, it
incorporates weight space charges parameterised by Dynkin labels [n] of G, which permit the
(Coulomb branch) gluing of intersections. 15

s S 0) g6a,[n] (x,1)
o,p,[n N, p Y,
gy My =gys T T ®.1
gHS(X’ t)
x—>X(y,1)

The key ingredients of (B.1) are:

1. the refined HS for the nilcone N (x, t) of G,
2. the refined HS for the charged nilpotent orbit closure O, n] (X, ) of G,
3. the fugacity map p : x — x(y, t), from the CSA fugacities x of G, to the CSA fugacities y of
F(p) and the fugacity ¢ of su(2).
For a normal intersection, g, ™ (x, 1) can be obtained from the charged version of the Nilpotent
Orbit Normalisation formula [21]:

—~ norm 1 ]

o,[n] — . [n]
gus™ =) we X[ 1— z(x)%? ﬂg+1—z(x)_ﬂ ' ®-2)
G

weWg ae@é(o)

The summation is carried out over the Weyl group W of G, whose elements w act on the CSA

fugacities, x — w - X. The subset d~>JGr(a) contains those roots of G that have a Characteristic

height [«] > 2, where [¢] = « - q(0), with (o) being the Characteristic of the nilpotent orbit o.
The charged formula (B.1) generates some notable limiting cases or series:

1. In the limit {o — triv., p — triv.}, (B.1) reduces to the Weyl Character formula:

Sriv. riv.,[n O riv.,[n O riv.,[n
rs Ny ) = g ) = g™ (%, 0) = X (0. (B.3)

2. In the limit {c — N, p — triv.}, (B.1) reduces to the modified Hall Littlewood formula:

S triv.,[n 6 n
g My, 1) = g M (x. 1) =mHLG (x,1). (B.4)
The m H L functions obey the orthogonality,
%d,uf,fHL(x, 1) mH LGy (x*, ) mH L (X, 1) = 8, m) NG (1), (B.5)
G

where d Mg g1 (X, 1) is the Haar measure for the m H L, and the N[(I;l] are normalisation factors:

15 1n (2.14) the charges [n] are set to [0], since the quivers in this paper are assumed to be free of background fluxes. A
comparable formula, using somewhat different concepts and notation, appears in [17].
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NG, (1) =PE |:rank[G] 2 - thdf““])] ) (B.6)

i=1
In (B.6) the d; ([n]) are the degrees of the symmetric Casimirs of the subgroup(s) of G iden-
tified by the Dynkin diagram formed by the zeros of [n]; non-zero Dynkin labels contribute
U(1) Casimirs with d; = 1.
3. In the limit {& — N, p — triv., [n] — [0]}, (B.1) reduces to the nilcone N of G:

S riv.,
gy "y, 1) =mHLG (%, 1) = ghfs(x,1). (B.7)
4. In the limit {oc — p, [n] — [0]}, (B.1) evaluates to a trivial self-intersection:

@PYIO]
X, !
ey S5 G0

Sp,p,[ol
8 y.0)=g =1 (B.8)
HS HS 2 Qfs x.1)

x—x(y,t)

As discussed in [11,21], any (charged) nilpotent orbit of G can be expanded as a finite sum
over the basis functions provided by the m H L of G:

Oo.(m
gus™ (X 1) = amym(t) mHLG, (x.1). (B.9)
[n]

Inserting (B.4) and (B.9) into (B.1), it follows that this decomposition extends to any (charged)
Slodowy intersection. Indeed, S, [m] (¥, ¢) can be expanded as a sum of charged Slodowy slices:

So.p.[m SN .p.In
gHSp[ ](y’ 1) = Za[m],[n](t)gngp[ ](y, 1), (B.10)
[n]

where the polynomial coefficients apm),(nj(¢) are inherited from (B.9). Decompositions such as
(B.10) provide a further set of relationships that can be used to cross-check the Hilbert series for
Slodowy intersections.

Example: Sa021, 411017 Consider the A3 interse_ction SA[202], A[101]- \Xe start by evaluating the
expressions (B.7) and (B.2), for the nilcone ' =0 Ar2221 and the orbit O 412021, respectively, and
take their quotient:

gNo=PE [[1,0, l]Atz—t4—t6—t8],

gus™ = PE[11,0. 1142 (PE [~ =10 = 1°] = PE -2 = *] 11,0, 11a°),

goaeN _ pp [tS _ tlo] — PE [—21‘2 +10+ rS] [1,0, 11475

(B.11)

We now identify the CSA fugacity map for the SU(2) embedding induced by the orbit with
Characteristic p = A[101]:

P ixn, x2, x3) — (g%, yt, 1/q", (B.12)

where the CSA fugacities for SU(2), A1 and U(1) are ¢, y and g, respectively. As can readily be
verified, this maps A3 characters to SU(2) ® A1 Q@ U(1):
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p:11,0,014 — ¢'*[1sy + ¢~/ [114,

(B.13)
p:[1,0,1]a = 2lsu + [Hsvllla(g + 1/9) + [0lsu ([2]a + D).

Thus, the A3 adjoint decomposes to the SU (2) partition (3, 24 1%), consistent with the tables in
[11]. Applying the map (B.12) to the nilcone N, using (2.13), we find the slice:

S = PE[(204+ D2 + atg + /o) — 1~ ], (B.14)

We also apply the map (B.12) to the quotient 6A[202] IN:

O apon /N
2ys x=>x004) _ pp [tf) 48— th]
(B.15)
(1 + 212 421 4+ 16 + 213 +2t10+t12—>
- [Halg + /)@ +17) = [2141°
Combining (B.14) and (B.15) gives the refined Hilbert series for Sap202,4[101]:
S
g (v, g,0) = PE[ 12142 = 2 + 11 + 1/9)r°]
<1+2t2+2t4+t6+2t8+2t‘°+z‘2—) (B.16)
M@+ Y@ +17) = [21a1° )7
which simplifies to the unrefined form consistent with Table 2:
gL 1 = PE 27 420 x (14202 426 426 446). (B.17)

Alternatively, we can find the refined Hilbert series for Sa[202], 41101}, using (B.10) and the
tables in [11]. Table 4 of [11] shows that:

[9)
gH§[202] =mHL0,0, —mHL[1,01], l‘6, (B.13)

and so, applying (B.10), we obtain:

SAr202],A1101] A, A[101],[0,0,0 N LA[101].[1,0,1

S S
8Hs ¥, 1) =gys ]A(ys 1) —8ys ]A(ys 1) 1°. (B.19)

The first RHS slice in (B.19) was calculated in (B.14). We use (B.1) to find the second (charged)
slice as:

S
gy "M ) =PE 12148 + 114" — 1]

x (24 1/ =1 =1 4[4 + /@) + 1/ +21)
(B.20)

Combining (B.19), (B.14) and (B.20) recovers (B.16).

The HS can be simplified by transforming to an HWG with respect to the A fugacities, using
(2.16). Inserting necessary terms from the Haar measure for A; and an A character generating
function, and carrying out the contour integration, we have:
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Sap021. 41101 Al A Sap021.41101
Sawe " ](m,q,t)=fdu e (v m) gy M (v, g, 1),
Ay

d}’( 2 1 Sap021,A[101
=9 — 1_}’)78 oAl ]()’7‘],1‘),
7§y L—m/y °H3

Al (B.21)

1 —m2®
(1 =) A =m2) (1 —mqe3)(1 —m/qt3)’
=PE [12 +m?t? +m(g + l/q)t3 —m2t6] ,

as shown in Table 2.
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