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Abstract

Various coordinate systems and the conformal structure of de Sitter and
Schwarzschild-de Sitter spacetime are discussed. A de Sitter space is shown
to have a horizon and no spatial infinity. The spacetime is essentially non-
stationary.

Scalar particles are introduced on a fixed de Sitter background and quan-
tized using the method of covariant quantization. First it is shown that there
exists a two-parameter family of inequivalent vacua. Then it is argued that
the only physically acceptable vacuum is the euclidean vacuum. The Green’s
functions defined with respect to this vacuum are periodic in imaginary time
and are thus thermal Green’s functions. The temperature being the same
for all observers is an intrinsic property of the de Sitter spacetime. The ap-
pearance of this temperature is an example of the generality of the Hawking
radiation experienced by a horizon. A geometric interpretation of the tem-
perature of the black hole and cosmological event horizons appearing in the
Schwarzschild-de Sitter space will be given in terms of the surface gravity
of the horizon, euclidean sections and the removal of conical singularities
that appear in static coordinate systems. An important result in this is that
the black hole horizon temperature is always higher than the temperature
of the cosmological event horizon. Then it is shown that there exist scalar
particles which have no Minkowskian analogue in the sense that their mass
parameter cannot be related to the mass parameter of the Poincaré group.

Finally, the question of the stability of de Sitter space is discussed. A
de Sitter space is stable with respect to any classical perturbation. How-
ever, an instability occurs in the semi-classical regime. In a semi-classical
approximation of the partition function a sum over the finite temperature
gravitational instantons is obtained. One such instanton is S? x S2. This
has an unstable fluctuation which appears as an imaginary contribution to
the partition function of de Sitter space. De Sitter space undergoes ther-
mally induced topological changes in which the entire spacetime decays into
a Schwarzschild-de Sitter spacetime. However, the black hole will evaporate
and de Sitter spacetime is left behind.
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Introduction

Recently, in 1998, a group of astronomers has claimed to have observed
that our universe is currently undergoing accelerate expansion [11] which is
attributed to the existence of a positive cosmological constant. The idea
that nature contains a cosmological constant stems from Newton. Newton
being rather religious believed that the universe must be infinite in extend,
must have existed at all times and must be static. However, gravity attracts
causing such a space to be unstable. He therefore postulated that there
must be some repulsive mechanism leading to a static universe. At that
time and in centuries to follow nothing much was known about the universe
and physicists ignored these ideas. Einstein being quite religious too also
believed that the universe must the static. However his theory of gravity led
a dynamic universe, and he therefore in 1916 reintroduced the cosmological
constant. At that time Einstein lived in Germany and could not because of
World War I send his letters of correspondence to England and the USA.
Still, he was able to send them to the Netherlands which was neutral at
that time. The person to receive these letters was W. de Sitter who would
then send them to whomever they were addressed to. In this way de Sitter
became part of the cosmological debate that was held in those days and
was therefore one of the first the hear of Einstein’s idea to reintroduce the
cosmological constant. In 1917 de Sitter showed that for an empty space
this new constant leads to a universe which undergoes accelerate expansion.

Often the cosmological constant is considered to be related to the vacuum
energy density of some scalar field. Whatever, the origin might be it will in
this thesis be assumed to exist and its effects be discussed.

A de Sitter spacetime describes an empty universe which has a positive
cosmological constant. In the following chapters the theory of scalar parti-
cles and the properties of black holes defined on such a spacetime will be
treated. An outline will be given of some of the main problems that arise in
describing them. Then in the final chapter the question of the stability of
de Sitter spacetime will be discussed.

This thesis was written with the aim to obtain a master degree in theo-
retical physics. I would like to express my gratitude to Mees de Roo who
was not only responsible for selecting this interesting topic, but with whom



I also had many interesting discussions, and I hope that in the near future
this will continue and that it may lead to a valuable contribution to modern
theoretical high energy physics.

Tot slot wil ik graag mijn ouders meer dan hartelijk bedanken voor hun
vertrouwen en sterke geloof in mij, aan wie ik veel meer dan deze studie te
danken heb.

Jelle Hartong

Groningen, July 5, 2004



Chapter 1

Geometry of de Sitter and
Schwarzschild-de Sitter
spacetime

We shall be working in d dimensions and with the signature (— + ---+)
except for the discussion of the Schwarzschild-de Sitter space which will be
in 4 dimensions. The following index notation will be used. Lower case
Latin letters will be used as spacetime indices. Upper case Latin letters will
be used as spacetime indices for embedding spaces. Then, for indices which
refer to spatial dimensions lower case Greek letters will be employed.

1.1 Introducing de Sitter spacetime

Consider the Einstein equation in relativistic units with cosmological con-
stant, A,

Gap + Agap = 8T yp. (1.1)
In the absence of matter one finds the vacuum Einstein equation
Gab + Agab =0. (12)

It is readily seen that for an empty space with positive cosmological constant
the solution is a homogeneous Einstein space of constant positive curvature,
for taking the trace of equation 1.2 we find

2d

=——A
R d—2""

(1.3)
so that the Ricci tensor is proportional to the metric. Since the Einstein
equation is fully governed by the metric and the Ricci scalar the same is
true for the Riemann tensor. Therefore the Weyl tensor must vanish, that



is, our spacetime is conformally flat. This together with the Ricci tensor
being proportional to the metric implies that the spacetime is maximally
symmetric.

Now, we appeal to the following theorem (see [26] for the proof).

theorem 1.1 Given two mazimally symmetric metrics with the same Ricci
tensor R and the same number of eigenvalues of each sign, it is always
possible to find a coordinate transformation that carries one metric into the
other.

To find the eigenvalues of a metric at a particular spacetime point it must
be diagonalized at that point. It can be shown that the number of positive
and negative eigenvalues, that is, the signature, is an invariant of a par-
ticular spacetime. This implies that our maximally symmetric solution of
the vacuum Einstein equation with positive cosmological constant is unique,
and it is called de Sitter spacetime. We shall denote d-dimensional de Sitter
spacetime by dSy, and d-dimensional Minkowski spacetime by M¢.

It is known that a de Sitter spacetime is a special case of an empty
Robertson-Walker (RW) spacetime. Hence, coordinate systems exist in
which the line element is of the Robertson-Walker form

ds® = —dt? + a2(t)( + 722G ), (1.4)

where k = 0, £1 and where d23_, is the line element of a (d—2)-dimensional
unit sphere. In this context a k = 0 empty RW spacetime is called an open
de Sitter space and an empty & = 1 RW space a closed de Sitter space
(in both cases the line element describes the whole of the spacetime). The
Friedmann equations for an empty universe with cosmological constant A
are

a 2 k
@ - Tooa e (1.5
.. !
SRS (1.6)

The Hubble parameter, H, is defined by
a
H(t) = -
=2,

so that using equation 1.5 we have when k£ = 0,

A:Wm.

It is noted that only for a k = 0 RW spacetime Hubble’s law is exact.



The right-hand side of equation 1.5 is always positive for the cases k =
0, —1. For the case where k = 1 it must be that at all times a > a., with
(d—2)(d—-1)
agr == T. (1.7)
This value is often termed the de Sitter radius. Note that a., = 1/H. De
deceleration parameter of a RW space is defined as

Qe

.2
q=—ai/a® = ——"—
(3)?

Clearly, the deceleration parameter is negative for all values of k mean-

ing that a de Sitter space is undergoing continuous accelerative expansion
and/or contraction.

ISHISE

1.2 Embedding of dS; in Mt

From the Einstein equation 1.2 it follows that the Ricci scalar is given by

2d

R=57"3

A, (1.8)

and with equation 1.7 this becomes

d(d—1)

R = PR

(1.9)

where we have set a.. = [. Next, consider the following theorem.

theorem 1.2 Let (M, gy) be a conformally flat C*-manifold' of dimension
<d. Then M is an embedded C*-submanifold of R,

To prove this it has to be shown that there exists a mapping ¢ which maps
M homeomorphically into RT!. (All mappings and curves are assumed to
be of the class CF). As sets, M C R, where M has the topology induced
from R, Let p € M and consider Riemannian normal coordinates at p.
Then it follows immediately that there exists an open neighborhood O of p
and a homeomorphic mapping ¢ : O — R%*1. So all that has to be proven
is that the domain of ¢ can be extended to M. Consider a point ¢ € M and
a differentiable curve v joining p and ¢q. Now, the idea is that, because the
metric can be written as g, = Q21,4 with the conformal factor Q always
positive, we can transport the system of Riemannian normal coordinates at
p into a system of Riemannian normal coordinates at q. The origin of these
coordinate systems is transported along the curve . This is to say, for each

!By a C* manifold we mean that the coordinate patches are mapped into each other,
in their overlap region, by k times continuously differentiable functions.



point on any one of the coordinate axes of the Riemannian normal coordinate
system at g we can find one and only one point on the Riemannian normal
coordinate system at p joined by the curve 4 which can be continuously
deformed into 7. In this way can construct a map v from O to 1[O] around
g which maps the Riemannian normal coordinates at p into the Riemannian
normal coordinates at g. Then the mapping ¢ is through ¥ extendible to
M1

As a corollary we have that dSy; can be embedded in R*!. In 1956
Schrodinger showed that de Sitter space may be visualized as the embedded
hyperboloid

napXAXB =2 (1.10)

in M1 with the metric nap = diag(—1,+1,--- ,+1) where 4, B =0,1,--- ,d.
This will be shown by calculation of the induced metric on the hyperboloid
and the corresponding Ricci scalar. Applying the differential d to equa-
tion 1.10 one finds

Nab(dX*)XP 4 1y X*(dX?) — 2(dX )X = 0,
so that

_ e XdX® | nepX0dX®
X VI = neaXe X1

Substituting this into

dx?

ds® = napdX4dX®?
the induced metric on dS; is obtained as

XoXp

_— 1.11
lQ—UchCXd ( )

Gab = Nab +

This enables us to define intrinsic coordinates x for dS; by saying that % €
dS, if X4, pointing from the origin of M%*! to 2%, satisfies the embedding
equation. Then

ds® = napdXAdXP = gupda®da®.
The inverse metric is

gab — nab _ llQXaXb'

One then finds for the connection coefficients

X XpX©

1
I = 5 (nap X+ W)’

l

9



and finally for the Ricci scalar

d(d —1)

R = P

in agreement with equation 1.9.
Writing equation 1.10 as

(XH2 4+ (X2 =12 + (X9, (1.12)

then /12 + (X9)2 may be seen as the radius of a (d — 1)-dimensional sphere.
In fact the hyperboloid is the surface of revolution of /1% + (X?)2 around
the X© axis in the ambient space M1, see figure 1.1.

X0

X2+

Figure 1.1: Embedding of the hyperboloid in M1, All spatial dimensions
are represented by one line, the X *-axis, a =1---d.

We end this section by noting that the inhomogeneous Lorentz group
of M1 0O(1,d), leaves invariant equation 1.10. From the d-dimensional
point of view, seen from within the hyperboloid, O(1,d) is called the full
disconnected de Sitter group. We shall return to it at the end of this chapter.
de Sitter spacetime has the same number of Killing vectors as d-dimensional
Minkowski spacetime.

10



1.3 Various coordinate systems

In this section we will frequently use the embedding equation to find various
coordinate systems for de Sitter space.

1.3.1 The global coordinate system (7,6;)

Consider equation 1.12. It may be parameterized by setting

X* = lw%cosh(r/l) fora=1,---,d and
X% = [Isinh(r/l)

with —0co < 7 < 00. The w® parameterize an S ! sphere of unit radius. In
spherical coordinates this parametrization becomes

w' = cost
w2 = sin6y cos by
d—1 . "
w = sinf;---sing_scosfy_q
w? = sin 01 ---sing_ssing_1q,
where 0 < 0; < mfori=1,---,d—2and 0 < 04_1 < 27. Then the line

element becomes

d
ds? = —(dX°)? Zan = —dr? +1Pcosh?(7/1) dQ3_,,  (1.13)

where dQ3_| = Z?;% (Hi;ll sin? Gi)dOJQ- is the line element of S?~1. This line
element corresponds to the Robertson-Walker line element 1.4 with k£ = 1
and r = sinf. One Killing vector is manifest, (%)a The coordinate
system therefore has axial symmetry.

The main features of this coordinate system are listed. First of all, apart
from the coordinate singularities at #; = 0,7 for ¢ = 1,2,--- ,d — 2, the
coordinates (7,01, -+ ,04_1) cover the whole of de Sitter spacetime and are
therefore referred to as global coordinates. At fixed 7 the line element 1.13
describes the spacelike hypersurfaces of (d— 1)-dimensional spheres of radius
lcosh(7/l) which is infinitely large at 7 = +00, and of minimum length at
7 = 0. The parameter 7 is often called the world or cosmic time because
observers moving along world lines parameterized by 7 are comoving with
the expansion/contraction.

The points lying on the left hyperboloid in fig. comprise the time evo-
lution of what will be called the north pole of de Sitter space and likewise
the points lying on the right hyperboloid describe the time evolution of the
south pole. If #; denotes the angle between w! and the line joining the north

11



and south poles of S%~! then the north pole is defined to be at #; = 0 and
the south pole at #; = .

From the line element in global coordinates it can concluded that the
topology of de Sitter space is R x S9!, It is noted that using the global
coordinate system one can prove [28] that de Sitter spacetime is geodesically
complete, that is, the affine parameter of any geodesic passing through any
point can be extended to reach arbitrary values.

If one tries to find the Killing vector of time-translational symmetry in
this coordinate system, it will turn out that no change in the spatial coor-
dinates can compensate for the change in the time parameter meaning that
this coordinate system does not possess a Killing vector of time translational
symmetry. Since the global coordinates cover the whole of the space it must
be concluded that a de Sitter space is a non-stationary spacetime.

1.3.2 The static coordinate system (t,r,0;)

Writing the embedding equation 1.10 in terms of two constraints

0 d
~(CP R = 17
X! X! r
(T)2+"‘+( i )? = (7)25

where the first describes a hyperbola of radius /1 — (7)? and the second a
(d — 2)-dimensional sphere of radius r, it may be parameterized by

X° r t
20— 1= (D)2sinh(s
i 1 (l) smh(l)
x4 r t
- = _ —(=)2 Z
7 1 (l) cosh(l)
«
XT = %w“ fora=1,---,d—1,

where 0 < r < [ and —o00 < t < oco. Noting that —X0 4+ X4 < 0 and
X0 4+ X9 <0, it is seen that the coordinates cover only one quarter of the
de Sitter space as shown in figure 1.2.

In this parametrization of the embedded hyperboloid the line element
becomes
dr?

1_7@)2 + ’I“ZdQ?l_z. (1.14)
l

r

ds? = napdX4dXP = —(1 — (5

))at? +

It has two manifest Killing vectors (%)“ and (ﬁ:)“, and therefore has
axial and time-translational symmetries. From the g4 part of the metric

it can be seen that the timelike Killing vector, (%)“, becomes null when

12



X0
X0 = xd

static region 1

X0 — _xd

Figure 1.2: Part of the hyperboloid covered by the static coordinates. The
lines X0 = X% and X° = — X represent the horizons bounding as seen by
an observer on the north, that is, the left hyperboloid.

r = [ and spacelike? when 7 > [. The region of spacetime where the radial
coordinate r becomes equal to [ is called the horizon. The topology of the
horizon is S%~2. The origin and implications of this will be explained in
section 1.4.

This coordinate system is suited for an observer who is fixed at a par-
ticular point in space. Such an observer will be termed static, and it follows
that his view is limit to 0 < r < [, where r is the static observer’s radial
coordinate. Still, the limit » — oo exists. This is in contrast to the spatial
sections of the global coordinates which are compact.

1.3.3 The planar coordinate system (¢,z%)

The planar coordinate system is obtained by foliating de Sitter space with
infinite spatial planes. It corresponds to a Robertson-Walker metric with
k = 0. Thus, it describes the open de Sitter space of section 1.1 The line
element is

ds? = —dt® + a*(t)((dz1)? + - - - (dz?1)?), (1.15)

where a(t) = e solves equations 1.5 and 1.6 with A\? = #j(\d_l), so that
A= :t%. The part of the de Sitter space undergoing expansion has A = %

2We have in fact only constructed static coordinates with r restricted to 0 < r < [.
However they may be analytically extended to cover the whole range of r values, see
equations 1.27 and 1.28.

13



. . _ 1
and the part undergoing contraction has A = —7.

In the literature on cosmology, especially where it involves the infla-
tionary model, one often considers this coordinate system. It is sometimes
referred to as the inflationary coordinate system. In this picture the de
Sitter space comes about through the working of the inflaton field whose
potential effectively plays the role of the cosmological constant. The full de
Sitter space as described by the global coordinate system is not well-suited
because it describes a spatially closed space, whereas the outcome of the in-
flationary period is a flat universe. In this context one distinguishes between
the closed, k£ = 1, and open, k = 0, de Sitter spaces of section 1.1.

In order to find the Killing vector field of time translations we let ¢t —
t + 4t in the above metric. This leads to

ds? — —dt® + a®(t)((dz)? + - - (dz?™1)?)(1 4 2)\d1).

To make the metric invariant under this time translation the spatial coordi-
nates, £, must be dilated

x* — % — Az®ot.
In general a Killing vector £% is an infinitesimal isometry,
% — %+ €§a,

where € is infinitesimal. Setting ¢ = dt we read off that the Killing vector
which generates time translations in the planar coordinate system is

&= (1,—\z%).
The norm is given by
€2 = gyprta® = -1+ a® X272

Hence the horizon is given by a?)\?|Z|?> = 1, and &2 is timelike in the inner
region. Therefore in the expanding part of the de Sitter space the horizon
is located at a distance |Z| = le~*/! away from an observer.

It is noted that this metric was used in the steady-state model of the
universe. This model has been discarded for various reasons one being that
it requires Hubble’s law to be exact which is not confirmed by experiment.
Still, it follows from the analogy that this coordinate patch is geodesically
incomplete in de past. All timelike geodesics emanate from one point in
the infinite past. This point would then correspond to the big bang of the
steady state model.

We now have three relevant coordinate systems at our disposal: the global,

static and planar coordinate systems. The global coordinate system is suit-
able for describing processes comoving with the expansion/contraction of

14



dSy, but lacks a Killing vector field of time translational symmetry, and so
does not display the presence of an event horizon clearly. The static coordi-
nate system is relevant for processes as observed by one particular observer.
Last, the planar coordinate system describes the expanding part of d.S; us-
ing infinite spatial planes and is non-singular at the horizon whereas as the
static coordinate system is.

Next, we will maximally extend the static coordinates, that is, we shall
be looking for Kruskal type coordinates. Further we shall be interested in
the properties of de Sitter space at infinity. To that end we now first consider
the conformal coordinates.

1.3.4 Conformal coordinates (7, 6;)

de Sitter space is conformally flat. To find a coordinate system which man-
ifestly exhibits this structure the line element is written as

ds®> = F2(T/1)(—dT? + 12dQ3_)),

where F' > 0V T with T a timelike coordinate which has a finite range.
Comparison with the line element of the global coordinate system gives

F2(%) = coshQ(g) >1 V7
T, . dT
L = FZ(T)(E)?

Differentiating the first expression with respect to 7" and then eliminating
the % using the second equation one obtains

dln F _LJF 1

dT

The initial value of F' may be set to F'(0) = 1. This first order differential
equation is solved by

F(%) = sec(%) (1.16)

with —7/2 < T < w/2. The line element then takes the form
2 2, T 2 12702
ds* = sec (7)(—dT + 1%dQ5_ 1), (1.17)

so that de Sitter spacetime is conformal to that portion of the Einstein static
universe which is covered by —n/2 < T < 7/2, see figure 1.3. Without the
conformal factor it has the topology of a cylinder of finite height embedded
in M+,

15



T/l=m7/2

Figure 1.3: The infinite cylinder embedded in M9t represents the Einstein
static universe. dSy is conformal to the finite portion shown in the figure
where d — 2 dimensions are suppressed.

1.3.5 Kruskal coordinates (U, V. 6;)

In order to maximally extend the static coordinates and study the conformal
structure of dS; in terms of these, an alternative coordinate system formed
from the Kruskal coordinates will be constructed. This system is more
convenient because it uses null coordinates. In order to introduce them one
first defines the Eddington-Finkelstein coordinates ™ and z~ in the static
region of dSy,

dr
—®”
This equation is solved by

I, 147

+ l
=t+ -1

i 2H1_§

dz® = dt + (1.18)

with —0o < 2% < co. Rewriting the line element of the static coordinate
system one finds

1 + g
ds? = ————~ drrde— + 2 tanh?(— )

_ aoz .. 1.19
COSh2(m+2_l$ ) 2l d—2 ( )

Then in the region with 0 < r < [ the Kruskal coordinates are defined

U = — /! (1.20)
e (1.21)

<
|

16



so that U <0 and V > 0. The line element now takes the form

l2
(—4dUdV + (1 + UV)*dQ7_,). (1.22)

2 _
I =T om

The timelike Killing vector (%)a of the static coordinate system becomes in
Kruskal coordinates
Jg, oUu, o ., OV o U oV
G =aar) ey =T T T
In the next section we will analyze the conformal and therefore causal
structure of the global and static coordinate systems. It is therefore conve-

nient to be able to relate the conformal coordinates to the Kruskal coordi-
nates. Comparing the two metrics two conditions follow,

o, (1.23)

(1+0V)>  sin?6,
(1-UV)? cos?2(T)
A1? 1
————dUdV = ———(dT? —1%d6?).
(1-UV)? cos(%)
These equations are solved by
1.7
U = tan§(7+91—g) (1.24)
1. T
Vo= tan§(7—01+g). (1.25)

These Kruskal coordinates are the maximal analytic extension of the ones
defined by 1.20 and 1.21, and hence describe the whole of de Sitter spacetime.

1.4 Conformal infinity and causality

Consider a ”physical” spacetime manifold M with the line element ds. The
problem of describing the causal structure of M at infinity is nicely stated
by Penrose in [20]3:

The idea is to construct another "unphysical” manifold M with
a boundary Z and metric ds, such that M is conformal to the
interior of M with d§ = Q2ds, and so that the ”infinity” of M is
represented by the ”finite” hypersurface Z. This last property is
expressed by the condition that £ = 0 on Z; that is to say, the
metric at 7 is stretched by an infinite factor in the passage from
M to M so T gets mapped to infinity.

It can be proven that null geodesics are conformally invariant [25]. Therefore
the local light cone structure of M can be differed from M.

3Penrose denotes the physical manifold by M and the unphysical manifold by M.
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theorem 1.3 Every null geodesic in M originates and terminates on I.

To prove this take an arbitrary null geodesic?, A, in M. Then assume that
for 0 > 0 this null geodesic corresponds to a null geodesic, A, which lies in
the interior of M. Now, due to the simple connectedness of M, we may take
X in M to be past and future inextendible®. Then, since infinity of M is
mapped onto Z (€2 = 0), we must have that A originates and terminates on
Z. n

The time orientability of M is carried over to M, so that the boundary
7 may be decomposed into ZT and Z—, the future and past null infinity, re-
spectively. Then it follows immediately that all null geodesics in M originate
on Z~ and terminate on ZT.

It can be shown that for a spacetime with positive cosmological constant
7 is spacelike. Further it is known that to a spacelike Z~ there corresponds
a particle horizon and to a spacelike ZT there corresponds an event horizon.
This is the origin of the event horizon that we encountered when discussing
the various coordinate systems. That this is so, is readily seen for a de Sitter
space in the conformal coordinate system to be discussed next.

1.4.1 Penrose diagram in conformal coordinates

In section 1.3.4 it was shown that de Sitter space is conformal to a finite
region of the Einstein static universe depicted in figure 1.3. The condition
) = 0 determines the hypersurface Z. In the conformal coordinate system
this gives

T
0= COS(T) =0,

so that the spacelike hypersurfaces 7'/l = —n /2 and T'/l = 7/2, both having
the topology of S¢~1, comprise T~ and ZT, respectively. This confirms the
above mentioned fact that when A > 0, Z is spacelike for the case of a de
Sitter space. Furthermore, null infinity is described by a compact spacelike
manifold. This implies that de Sitter space has no spatial infinity. Any
spacelike geodesic starts and ends on Z so no spatial infinity can be reached
by going along a spacelike geodesic.

We have taken the left and right hyperboloids of figure 1.1 to describe
the time evolution of the north and south poles, respectively. In the Einstein
static universe they have become straight vertical lines from 7'/l = —7/2 to
T/l = 7/2, see figure 1.3. If we cut the cylinder twice along these lines and
unwrap it to form a 2-dimensional spacetime diagram we obtain the Penrose
diagram of d.Sy, figure 1.4. The metric for this diagram is

4For our purposes it suffices to consider only spacetimes that are simply connected. In
such a spacetime there are no null geodesics which run into a singularity.
5This means that A\ has no past and/or future accumulation point not on the curve.
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It (T)l = +7/2)

“r
Observer O o,

northern causal diamond

0,=0 0 =n

Figure 1.4: Penrose diagram in conformal coordinates

ds® = —dT? + 12d6? + 1? sin® 6,dQ3_, (1.26)

The north and south poles are the timelike lines of #; = 0 and 0, = .
A horizontal line T' = const. is a (d — 1)-dimensional sphere of radius .
The interior points are (d — 2)-dimensional spheres of radius [sinf;. The
equation for a null geodesic at the north pole and south pole is given by

ds* = —dT? + 1?d63 = 0.

These are the diagonal lines of figure 1.4. They form the event horizon of an
observer O at one of the poles. This is because the Z~ and I are spacelike.
An observer at the north pole cannot, at any moment in time, see anything
from the south pole due to O’s particle horizon. Further O can never send
any information to the south pole due to O’s future event horizon. The
set of spacetime points within which O is able to communicate, that is, to
which information can be sent and from which information can be received,
is called the northern causal diamond.

It is noted that the poles are no privileged points. This is due to the
spherical symmetry of the spatial part of the global coordinate system. Fur-
ther, it is mentioned that stationary observers at the poles are sufficiently
general, for all timelike geodesics in dSy are related to each other by trans-
formations of the isometry group SO(d, 1). This follows immediately from
the fact that the tangent remains timelike under SO(d, 1) and from the fact
that the Lagrangian, L, for geodesic motion,

2 _ ds®
2’

with )\ some affine parameter, is, due to the presence of ds?, manifestly
invariant under the isometry group.
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1.4.2 Penrose diagram in Kruskal coordinates

The static coordinates (r,t) and the Kruskal null coordinates (U, V) are
related by

r 1+0V

ro_ 2ruYv 1.2

l 1-UV (1.27)
—% = ¥/ (1.28)

Even though the radial coordinate r of the static coordinate system was re-
stricted to r < [, the line element of the static coordinate system has meaning
for all values of . By equations 1.24 and 1.25 the Kruskal coordinates are
maximally extended to cover the whole of dS;. Through equations 1.27 and
1.28 the same is true for the static coordinates.

Relation 1.27 shows that the origin » = 0 of the static coordinate system,
that is, the north and south poles have UV = —1, that the horizon r = [
has UV = 0, and that r = oo corresponds to UV = 1. From the second
relation it follows that the null coordinate line U = 0, which is part of the
horizon, corresponds to past infinity ¢ = —oo and that the null coordinate
line V = 0, which also forms part of the horizon, corresponds to future
infinity ¢t = co. U = 0 is called the past event horizon and V' = 0 the future
event horizon. Setting the conformal factor of the line element in Kruskal
coordinates, % = (17[#)2, equal to zero, the Kruskal designation of Z% is
obtained as UV =1 (r = 00). This leads to the following Penrose diagram.

UV =1 (r=o0)
2 3
\7 //oo
a WY
\\{ 2
/\\\ (\\\
=) 0@/ \://

UV =-1(r

Figure 1.5: Penrose diagram in Kruskal coordinates. The arrows on the
horizons indicate that V increases towards the upper left corner and U
increases towards the upper right corner. The curved arrows in each of the
four (static) coordinate patches indicate the direction in which time increases
or equivalently indicate the flow of positive energy.

Let us consider the Killing vector 1.23. We give it here again for conve-
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nience
0., U e V., 0 .,
(a> - l(é?U) l(é?V)'
Its norm is given by

44UV

(5)2 =gu=—(1— (g)Q) = a—ove

The direction of the vectors (%)a and (a%)a is indicated by the arrows
on the diagonals of figure 1.5, pointing to the upper right and left corner,
respectively. Further in each of the four coordinate patches the direction of
(%)a is indicated. In the northern causal diamond it is future-directed, in
the southern causal diamond it is past-directed and in the past and future
triangles it is spacelike since in these regions we have UV >0, [ <r < oco.

Finally it is noted that at certain points of the diagram the coordinate
designation is ambiguous. This is due to a bad choice of coordinates, in this
case of the static coordinate system in the neighborhood of these points. Of
course, the Kruskal coordinates form an analytic and unambiguous extension
of the static coordinates.

1.4.3 Penrose diagram in planar coordinates

Finally, the Penrose diagram of dS; in planar or flat coordinates is discussed
without deriving its properties. The spacetime diagram is depicted in figure
1.6. The lines of constant r where 2 = 22 + y? + 22 all emanate from the

It t=o00 =00

T = cst

t = cst

N\

7

Figure 1.6: Penrose diagram in planar coordinates. Lines of constant ¢ and
r are shown.

lower left corner of the diagram and end on future null infinity. Hence the
north pole at t = —oo may be considered as the big bang of the open de Sitter
space. If one likes to view this coordinate system from the point of view
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of the steady-state model then the horizon will be Z~ which is null in this
case and the upper right corner would represent spatial infinity. However,
considered as a part of dS; the expanding part, that point belongs to a
spacelike future null infinity. Note again the coordinate ambiguity in the
time parameter at = co. Formally this means that the limit » — oo does
not exist in this coordinate patch.

1.4.4 Cauchy surfaces of dS;

It was shown that every null geodesic starts at Z+ and ends at Z—. From
the Penrose diagram of dS; in conformal coordinates it is clear that on their
way to future null infinity the null geodesics cross once and only once the
horizontal lines of T" = const. These are spacelike slices with the topology
of $%1, so that these surfaces are Cauchy surfaces of M. Hence they are
Cauchy surfaces of M N M with M = dS. This raises the suspicion that the
spacelike hypersurfaces S?~! are in fact the Cauchy surfaces of dSy. This
fact is confirmed by the global coordinate system which foliates dS; with
spacelike S%! surfaces.

1.5 The geodesic distance

In the next chapter we will more elaborately digress on the de Sitter group.
We will need, however, at this stage, some basic facts. As has already been
said the de Sitter group is the inhomogeneous Lorentz group, O(d, 1), of the
ambient space, M1 on which is imposed the constraining condition of
the embedding equation 1.10. The group O(d, 1) contains four disconnected
components, that is to say there are no continuous transformations in O(d, 1)
which can relate elements of these four subsets. This can be understood by
noting that the a generic matrix element, g, of O(d, 1) can have determinant
+1 and that it must have either g%, > 1 or g% < —1. Let SO(d, 1) denote
the part of O(d, 1) which is continuously connected to the identity, that is,
it contains those elements g which have determinant +1 and ¢%; > 1.

Following Allen [2] we consider two elements of O(d,1) denoted by T
and S,

T = diag(—1,1,---,1)
S = diag(l,—-1,1,---,1),

which correspond to time reversal and space reflection, respectively. Next
define

Or={9-T|geSO,1)}.

The subsets Og and Opg are defined similarly. Thus, we have decomposed
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O(d, 1) into the subsets:
SO(d,1) for which detg=1, ¢°% >1
Or for which det g= —1, ¢% < -1
Og for which det g = —1, gOO >1
Org for which det g=1, gOO < —1.
The element, A, defined by
A = diag(—1,---,—1),

which is contained in Or, is called the antipodal transformation. Antipodal
points are always separated by a horizon.

The d-dimensional spacetime point in dSy, =%, is positioned in MH!
at the point X A(a:) which satisfies the embedding equation. For the point,
Z, antipodal to = we have X4(Z) = —X4(z). The geodesic distance, D,
between the spacetime points x and y is defined by

a

Y C 4
D(,y) E/ (napXAXPE)2d)
x
with A the affine parameter of the geodesic joining x and y whose tangent
is X4,
We introduce the function Z(z,y) defined as

1
Z(z,y) = Z—QUABXA(:E)XB(Z/)- (1.29)
In complete analogy with the sphere we write®
D
cos @ = Z(z,y). (1.30)

The function Z and the associated geodesic distance d are both invariant
under O(d, 1). Because of the indefiniteness of the metric, equation 1.30 is
not defined for the whole range of Z values, but only for —1 < Z < 1; as
we shall see below for Z = +£1 the point z is null separated from y and ,
respectively.

Consider the squared distance from X4 (z) to XB(y)

(XA (2) = X (y))* = 21°(1 - 2).

Therefore Z is a de Sitter invariant quantity which measures the separation
between two points in dS;. It changes sign under the antipodal transforma-
tion,

Z(.i’,y) = _Z(‘T7y)‘

50n a sphere we have for the geodesic distance, D, that D = 10, where 6 is the
angle between X“(z) and XZ(y) each of which satisfies dap X2 XP = [2, so that
SapX(x)XB(y) = 1% cos .
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We can therefore write
(X4 2) — XA(9))* = 22(1 + 2).

The function Z provides us with the following information:
Z = 0 if x is halfway between y and ¥

< 1 if = is spacelike separated from y

= 1 if x and y are null separated

> 1 if z and y are timelike separated

> —1 if x is spacelike separated gy

N NNNN

= —1 if z is null separated from g
Z < =1 if z is timelike separated from .
We can without loss of generality place the spacetime point y at the north

pole at the instant 7'/l = —7 /2 in the conformal coordinate system. We then
obtain the following division of the conformal spacetime diagram, figure 1.7.

It ]
Z > -1
(’)/
e
Z>1 N
Z < -1
1
Z <1
Y
-

Figure 1.7: The values of the distance function Z for each of the four parts
of the Penrose diagram of d.Sg.

The function Z is, as is clear from its definition 1.29, invariant under
O(d, 1), that is, it is time reversal invariant. However, when we will discuss
Green functions of scalar fields on dSy it will prove convenient to work with
a quantity which is not time reversal invariant. We define

. 172nap X4 (2) X B(y) +ie if x lies in the future light cone of y
Z =< 17 2apXA(x)XB(y) —ie if 2 lies in the past light cone of y
Z if x and y are spacelike separated,

where € is a positive real infinitesimal. We then define the so-called signed
geodesic distance, D, as

D(z,y) =lcos ! Z(z,y).
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The function cos™! Z is defined on the complex Z plane and is analytic on
the cut plane with branch cuts from Z =1 to oo and from Z = —1 to —oc.
Just above and just below the right-hand branch cut the value of cos™ Z is
i| cos™! Z| and —i| cos~! Z|, respectively. To prove this write cos™' Z = w
with w = wy + wy. Then

Z = cos(wy + iwg) = coswy cosiwy — sin w; sin jwy

= cosw; cosh wy — 7 sin wq sinh ws,
so that with Z = Z + ie we find

Z = coswjycoshws

€ = Fsinw; sinhws.

We require Z > 1 and we know that € > 0. Then if we take wy > 0 we must
have wi T] 0 in order that € | 0. We can write

cos ™t Z =|cos™! Z|e ™",

where ¢ = tan~! w2 with —m < ¢ < m. We see that ¢ — Fr/2, and finally
cos™1 Z — +i|cos™! Z |. Since Z changes sign when crossing the branch cut
it is no longer invariant under Or.

The physical events that take place beyond the horizon are not causally
related to those which take place in the observer’s region. From the confor-
mal diagram fig. it is clear that it takes an infinite amount of time for y’s
future (past) light cone to cross g’s future (past) light cone. Further there
exist no timelike geodesics connecting x and y when Z < —1. Therefore the
causal geodesics of an observer at the north pole cannot at any finite instant
interact with those of an observer at the south pole.

1.6 Schwarzschild-de Sitter spacetime

Consider the static line element of dS,. It is of the form

1
Vi(r)

ds? = =V (r)dt* + dr® +r2dQ3 . (1.31)
The Schwarzschild-de Sitter spacetime (SdS) is a generalization of d.Sy which
corresponds to taking

waM 12

Vi) =1- -

where n > 1 is related to the dimension d through d = n + 2, and where

167G
~ nVol(S")

Wn,

25



with Vol(S™) the volume of a unit n-sphere. In the limit | — oo the function
V (r), sometimes referred to as the gravitational potential”, becomes that of
a Schwarzschild black hole in a space which is asymptotically Minkowskian.
The integer n = d — 2 appears because black holes can only exist in d > 4
spacetimes. The case n = 1 is a special case. It does not describe a black
hole but a point-like particle situated at » = 0 in the static coordinate
system®. When n = 2, V will be

2GM  r?

V<T) =1 r - l_27

(1.32)

and when n = 1 it will be
V(r)=1-8GM —r*/I%,

In fact, one may write for arbitrary dimensions

i
V(ir)y=1- 3T
where M denotes the mass of the object were the space asymptotically
Minkowskian. The number w,, then appears as a dimension dependent re-
definition of the mass parameter.

In chapter 3 we will consider the Schwarzschild-de Sitter spacetime (Sd.S)
in 4 dimensions. Here some general properties of SdS; will be discussed.
Most of these properties depend on the potential V' (r). For SdS, space it can
be shown using an algebraic calculation programme that when 27G2M? /12 <
1, V(r) has two zero points for positive values of r. This will be assumed
to hold throughout. Zeros of the potential are the positions of the horizons
for then the timelike Killing vector % becomes null. A generic potential is
shown in figure 1.8.

The two positive zeros of V(r) will be denoted by r4 and ri . These
are the positions of the black hole and the cosmological event horizons,
respectively. For M > 0 it follows from the form of V(r) that the value of
r4 is larger than that of the Schwarzschild radius in Minkowski space and
that 44 is smaller than the de Sitter radius of a pure dS; space. Further
as M increases they will approach each other until the two horizons touch.
Such a black hole is called a Nariai black hole.

More explicitly, we set

1_2GM_ﬁ
r 12

"This name makes sense in terms of the Newtonian approximation where only goo plays
a role.
8See [19] for a nice account of SdSs.
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Figure 1.8: The potential V (r) when 27G?M? /1> < 1 for positive r values.

or what is the same, consider the zeros of
3 —1Pr 4+ 2GMI* = 0.

As stated for 27G?M?/I?> < 1 there will be two positive zeros. The third is
at, say, r = —r__. Then the above equation should factorize as

(r=r)(r—re)(r+r—) =0

with r__ = r4 + r44 so that there are no terms quadratic in r. Setting
r4 = r4y it follows that the corresponding value of M denoted by My is

!
My = —— .
RAREWCTe

For M > My the two horizons disappear (the zeros become complex) since
then 27G?M?/I?> > 1. The line element will in that case describe a naked
conical singularity. To avoid the occurrence of such an event we must de-
mand 27GQZ\/.I'2/Z2 < 1 so that the parameter M is bounded, 0 < M < My.

1.6.1 Penrose diagram of 5dS; spacetime in static coordi-
nates

The Penrose diagram for the SdSy spacetime can somehow be guessed using
the Penrose diagram of the Schwarzschild spacetime and of the de Sitter
spacetime. The Penrose diagram for the Schwarzschild spacetime contains
four regions. The first region describes the asymptotically flat space outside
the black hole, the second the interior of the black hole, then there is a
third region describing a white hole to which there is an asymptotically flat
spacetime, the fourth region. The time development of these four regions
corresponds to the time development of the Einstein-Rosen bridge. But
now for a black hole in de Sitter space things are a little different. Most
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importantly, due to the north-south symmetry, if there is a black hole at the
north pole there will correspondingly be one at the south pole. Furthermore,
we really must consider the equivalent of an Einstein-Rosen bridge at each
of the poles, so that for example at the north pole a part of the diagram
should describe the time evolution of a contracting dSy; space into a white
hole. Hence we obtain the infinite sequence part of which is shown in figure
1.9.

r=>0 I (1-200)

Figure 1.9: Penrose diagram for Schwarzschild-de Sitter spacetime.

Region I describes the spacetime as seen by a static observer who is in
between the black hole and the cosmological horizon. Region IV describes
the dSy space that existed previous to the white hole, the region right below
II7. It is identical to the region to the right of II¢, the future triangle behind
the cosmological horizon. In fact one can make a periodic identification
following the periodicity of the spacelike singularity at » = 0 and r = 00, so
that this diagram can be wrapped infinitely many times around the cylinder
of the Einstein static universe.

1.6.2 Asymptotically flat coordinates for SdS,

For future reference the line element of the SdS4 space in asymptotically
flat coordinates is given. It reads

d 2 1 2 € t/t 2d 2 M —t/1\4 2t/1 d 2 d 2 d 2
s (1 é\;[et/l) +(—|—2re )re ' (da® + dy” +dz7), (1.33)

where 72 = 22 + 32 + 22 and with G set equal to one. The same symbol ¢

is used to denote both the time parameter of the static coordinate system
and of the flat coordinate system. Since they will never be used at the same
time this should not lead to any confusion.



Chapter 2

Classical and quantum scalar
field theory on a fixed de
Sitter background

2.1 Introduction

In this chapter we discuss quantization of massive and massless scalar fields
defined on a fixed de Sitter background. These are scalar fields with respect
to the de Sitter group SO(d, 1) (see section 2.5 for a definition of mass). By
a fixed de Sitter background we mean that we ignore the energy-momentum
tensor of the scalar field on the right-hand side of the Einstein equation 1.1.
On the other hand we do allow the de Sitter background to couple to the
scalar field, ¢, through a term ¢ R¢? in the Lagrangian, where £ is a coupling
constant. Since the scalar field is otherwise treated as a free field this is the
only possible coupling that has the correct dimension, that is, that £ is
dimensionless (the Ricci scalar has dimension mass?).

We will consider the procedure of covariant quantization even though it
is frustrated due to the absence of a global timelike Killing vector field with
respect to which one defines, in Minkowski space, the positive and negative
frequency modes of a free field. Still, as we shall see in section 2.2, as long
as we can define a suitable scalar product with respect to which we can
decompose the field ¢, covariant quantization works. The particular decom-
position of a quantum field in terms of its modes automatically determines
the ground state or vacuum of that particular field. In Minkowski space the
standard Lorentz invariant mode decomposition defines a Poincaré invariant
vacuum, but one that is not unique. In fact one can never make a unique
choice of vacuum because it is always possible to apply a Bogoliubov trans-
formation that acts on the annihilation operators without mixing them with
the creation operators. These new annihilation operators define equivalent
vacuum states. Such transformations are called non-mixing or trivial.
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Vacua are defined with respect to the inertial observers. In a de Sitter
space the observers are freely falling. Since these observers move along
timelike geodesics which form a set which is invariant under the SO(d, 1)
isometry group (see 1.4.1) these vacua are required to be invariant under
the de Sitter group.

The existence of a Hamiltonian in the Minkowski case leads to a pre-
ferred or natural choice of vacuum as the zero energy state. Then Poincaré
invariance requires this state to be unique up to trivial Bogoliubov trans-
formations. In a de Sitter space the requirement of invariance of a vacuum
under the isometry group does not exclude the possibility of inequivalent
vacua. To study the effects of a particular vacuum choice the properties of
the correlation functions in these vacua will be investigated. The two-point
functions fully determine a free field theory. It will be shown that there
exists a one real parameter family of O(d, 1) invariant symmetric two-point
functions, and a two real parameter family of SO(d, 1) invariant symmetric
two-point functions; these functions are expectation values of inequivalent
vacua. The inequivalence results from a mixing of the positive and negative
frequency modes. If one imposes the restriction that all Green’s and corre-
lation functions must locally be of the usual Minkowski type then a vacuum
is picked out which is unique up to trivial Bogoliubov transformations. This
vacuum will be called the Euclidean vacuum, and it will be the goal of this
chapter to argue that this is the right choice of vacuum.

2.2 The orthonormal mode decomposition and Bo-
goliubov transformations
We shall be working in Planck units, G = 1/M§ =h=kp=c=1.

We start with the action of the massive scalar field, ¢, coupled to the
gravitational background through, £ Rp?,

S = [ dovTa(Vo) 4 mPe? + ¢Ro?)

Since the Ricci scalar is a constant we may absorb the coupling constant &

into the mass m defining the effective mass®,

m? =m? + £R.

Then, apart from overall scales the theory has as its only parameter the
dimensionless quantity, ml, which is equal to the ratio of the de Sitter radius
to the Compton wavelength of a particle of mass m.

'The word ?mass” in this section only refers to the parameter in the Lagrangian that
we are from Minkowskian physics used to interpret as the mass of a classical field. In
section 2.5 we will define the mass of a classical ”desitterian” field by considering group
representations of the de Sitter group that somehow have a sensible limit, H — 0, to a
Minkowskian field.
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In the following we will quantize the scalar field on a fixed background.
This is permissable as long as the energy-momentum tensor for the scalar
field does not couple to the gravitational background. In a quantum de-
scription this means that the gravitational quantum fluctuations must be
many orders in magnitude smaller than the quantum fluctuations of the
scalar field. This will be the case when [ > 1, the Compton wavelength of
a particle of mass M), being equal to unity.

If we vary the field ¢ by d¢, which vanishes on spacelike S¢~! hypersur-
faces at future and past infinity, then we find the Klein-Gordon equation of
motion,

(O —m?)¢ =0,

where [ = gabvavb with g, the induced metric 1.11. The case for which
& = 0 is called the minimally coupled case. On various occasions the con-
formally coupled case will be discussed. It has
2 1d-2
4d—-1"
the only value of the effective mass for which the equation of motion is

invariant under a conformal transformation®. It follows that then m = 0

de=1d=2
and & 11"

Now, a scalar product is introduced with respect to which the field ¢
can be orthonormally decomposed. Denoting the scalar product by (-,-) we

define
(b1, 0) = —i / o1 Ddsds,
»

(2.1)

where d3% = d¥n® with n® a future-directed unit vector orthogonal to the
Cauchy surface ¥ which has the invariant volume element d¥ = v/ —hd% 'z,
where, finally, hy is the induced metric on the Cauchy surface. The scalar
product is independent of the choice of the Cauchy surface . Denoting
the integrand of the above integral by f, one shows that Vf, = 0 since
the fields satisfy the Klein-Gordon equation. Integrals like [ fon®d% are
independent of ¥. This scalar product generalizes the one employed on a
Minkowski background to an arbitrary globally hyperbolic spacetime. For a
de Sitter space ¥ = S9!,

We can now introduce a set of mode functions {u,} which satisfy the
Klein-Gordon equation and have the property:

It then follows in addition that
(Ups ) = —Onm
(un’ an) = 0,

2The conformal weight of the scalar field ¢ is 1 — d/2.
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so that we may decompose® the field ¢ as
¢(x) =D (anun(z) + abuy(2)).

Modes u, are said to have positive frequency if they satisfy equation 2.2.
Their complex conjugates have negative frequency. The covariant quantiza-

tion procedure then proceeds by adopting the commutation relations®:
{any a:[n] = dnm
{an’ am] = 0
[af,af,] = 0.

The vacuum state, denoted by |0), associated with the above mode decom-
position is then defined by

an|0) =0 Vn.

The operators a,,, al, are the nth mode annihilation /creation operators with
respect to the vacuum |0). They have no energy interpretation.

Let us consider a second complete set of mode functions {u,}. The field
¢ then decomposes as, say,

O(@) = > (Ui () + al, 5, (),

m

which defines a new vacuum state, say, |0). The two sets of modes {u,} and
{uay} are related to each other by a Bogoliubov transformation:

m

By equating the two mode decompositions of ¢ we find for the creation
and annihilation operators

am = Z(Oﬂnman_‘_ﬁ:ma;rz)

n

am = Z(a;knnan_ﬂ;"ma:rw)'

n

3The index n is a collective index. In the global coordinate system the mode functions
are defined on the spatial S97! sections, so that n collectively refers to the quantum
numbers of the spherical harmonics on S9~!. In the planar coordinate system the modes
are defined on spatial planes, so that n is a continuous index and refers to a plane wave
(d — 1)-momentum.

4These relations are adopted from the usual form of the creation and annihilation
operators on M?. However, in this case there is no Hamiltonian. Still they have meaning
in terms of creation and annihilation of modes with respect to the mode number operator
N, = aILan.
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We define the matrices A = (anm) and B = (Bum). Then it can be
shown [4] that they satisfy AAT—BB! = I and that AB” must be symmetric.
The first property follows from the commutation relation for the creation and
annihilation operators and the second property follows from the property of

the scalar product: (¢1, ¢2) = — (7, ¢5).
Consider the two Fock spaces build on the vacua |0) and |0). Let a,, act
on the vacuum |0),

an|0) = Z(O‘mnamm) + ﬁ%n@l@@) = Zﬁ;n|1m>

m

It follows that the expectation value of the operator N, = ailan for the
number of u,-mode particles in the vacuum state |0) is

<6’Nn‘()> = Z |5mn‘2‘ (2.4)

We conclude that the two Fock spaces are inequivalent as long as 3, # 0.

2.3 The Wightman function and the Euclidean vac-
uum

Consider the Wightman function,

G (x,y) = (Nd(2)(y)|),

where A labels the possible inequivalent vacuum choices; it contains the
parameters of the Bogoliubov transformations. The labelling is explained in
section 2.4. There it is shown that a general Bogoliubov transformation is
described by two parameters « and $. Then |A) means |, 3). In the case
of free fields the Wightman function is the basic building block of any other
correlation or Green’s function, and it can be ascribed physical meaning
for it is an observable being part of the transition amplitude of an Unruh
detector. We will discuss this highly theoretical device in section 2.7. It
contains a symmetric and an antisymmetric part,

G} (2,9) = 5(G)(@1) +iDx(z, ). (25

G(Al) is the Hadamard or symmetric two-point function and ¢D) is the com-
mutator function;

G\V(x,y) = (A{o), o)}
iDx(z,y) = (M[6(@), 6()]A)-
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It follows immediately from its definition that the Wightman function is
an O(d,1) invariant quantity. It therefore only depends on Z. Let f be a
function of Z that satisfies the Klein-Gordon equation,

O —m)f(2) =o.

We have®
d? d
07(2) = 027 + L5 (0,2),
and
07 = (P XA @)X () = 12X aly) - XA ()
a2 = ppalt napAT @) AT y)) =T Xaly) 5 g AT @
o X(y)

= 17*(Xaly) Spa-L (@) +Xa(y)) = —l‘Q(Xd(x)Xa(:v) — Xu(y))-
We evaluate
(02)% = g™(0a2)(8s2Z) = 17*(1 = 2%),
and
VN0, Z) = —17%dZ.

The Klein-Gordon equation becomes the second order ordinary differential
equation:

2
(1— 22)% - deé m22f = 0. (2.6)

1+Z

Changing the variable Z to z = we obtain the hypergeometric differen-

tial equation:

d? d d
(1—z)d—z";+(§—dz)d—£—m2l2f:0. (2.7)

Z

The hypergeometric function® o Fy (h, (d — 1) — h, %; 3£2), where h satisfies

[\]IsH

h(h — (d—1)) + I?m* =0,

provides a solution of the differential equation 2.6 for Z. This solution is real
for Z < 1 as it should since, by microcausality, the commutator function
should vanish for spacelike separated points. A second independent solution
follows by recognizing that equation 2.6 is invariant under Z — —Z. It is

given by oF (h, (d —1) — h, g, %) They are only linearly independent for

5See page 9 for a good many formulae that we use here.
5See appendix A for some basic results on hypergeometric functions.
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m? > 0 since for 7 = 0 the parameter h is equal to zero so that the hyper-
geometric function becomes a constant. Thus, the most general solution of
equation 2.6, and hence of the Klein-Gordon equation, is

af(Z)+bf(—2) (2.8)

with f(Z) o oFi(h,(d — 1) — h,%;5£). This linear combination is the
most general form of the Wightman function, G;\r(az,y), for general A\ and
arbitrary real constants a and b.

Equation 2.8 tells us that in general the Wightman function has two
singularities, one for Z = 1 and one for Z = —1. From section 1.5 we know
that between positive and negative Z values one always finds a horizon, so
that there is no way for an observer to find out about the presence of the
singularity at Z = —1.

One defines the Euclidean vacuum as corresponding to the choice b = 0 in
equation 2.8, that is, to a set of mode functions that give rise to a Wightman
function which is only singular at Z = 1. It is de Sitter invariant because
these modes only depend on Z. It is termed the Euclidean vacuum because
dS,; can be analytically continued to S% by introducing an imaginary time
axis in M9, On S% the Green’s or inverse function of J—m?2 is unique and
has one singularity: when y and = coincide. If we analytically continue this
Green’s function to dS; we obtain the Feynman propagator for d.S; in the
vacuum which has only one singularity, that is, with b = 0. The Euclidean
vacuum will be denoted by A = 0. This corresponds to the parameter value
a = 0 as explained in section 2.4.

The Wightman function in the Euclidean vacuum, G (z,y), is defined
to be

G (2.9) = 1(2) = Cap B, (d 1) — b, 5222, (29)

where Uy, is a normalization constant.
The function f is normalized such that sufficiently locally it has the same
singular behavior as the Wightman function in M? (see equation A.2),

d
F(ﬁ) (i)d—Q.
2(d — 2)7¥/2* D
From equation A.1 it follows that the function f behaves at Z =1 as

rETE -1

T(WT((d—1)—h)’

fr-2)7s

The geodesic distance was defined as D(x,y) = lcos™! Z(x,%). One shows

by Taylor expansion that % around Z = 1 equals to 1 — Z to first order in
Z. Therefore,

4_l2)d_2 F(%)F(% _ 1)
D’ T ((d—1)—h)’

[~
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so that

_ T(W)C((d—1) )
S damg)

The ie-prescription for propagators in the Euclidean vacuum is the same
as in Minkowski space, and follows from regularization of the Wightman
function. In terms of the mode functions wu,(z) the Wightman function is

Gl (z,y) = un(@)u(y) = ().

Let = be timelike separated from y, then Z > 1. However, the hypergeo-
metric function is not analytic for real Z > 1. In order to overcome this
problem we need to consider f away from the branch cut. Note that for
timelike separated x and y

G{(x,y) # G{ y,x) = Gy (x,y).

We must therefore distinguish the two cases: x lies to the future of y and x
lies to the past of y.

It is shown in [4], equation (3.154), that for conformally coupled scalar
fields in conformally flat spacetimes the Feynman propagator can be written
as a product of the massless Minkowski space Feynman propagator with two
conformal factors. Since the ie-prescription is not to depend on the mass it
carries over to dSy. Thus, we find that when x is to the future of y then
the Wightman function G+ is regularized” by f(Z + ie) and when z is to
the past of y then the Wightman function G~ is regularized by f(Z — ie).
Collectively we write

GY = f(Z + ie sign(z,y)).

Put another way, we take the fields in (0|¢(z)¢(y)|0) to be time ordered
breaking explicitly the time reversal invariance and consider the Wightman
function as a function of the signed geodesic distance of section 1.5.

From 2.5 we have for the time ordered commutator and symmetric two-
point function

Do(z,y) = 2Im f(Z + iesign(z,y)) (2.10)
G (x,y) = 2Re f(Z +iesign(z,y)). (2.11)
Then the Feynman propagator is given by

. 1. a .
iGf (2,y) = S[GE (2. ) + i sign(, y) Do(x, )]
It then follows that the Feynman propagator becomes

iGL (x,y) = f(Z + ie). (2.12)

"From what was said below equation A.2 we know that for = to the future of y we must
take D — D + ie. From section 1.5 we know that this means for Z that we must take
7 — 7 + ie.
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2.4 The Mottola-Allen vacua

Any other vacuum state can be obtained from the Euclidean vacuum by
application of a Bogoliubov transformation provided the resulting vacuum
is de Sitter invariant. A vacuum is de Sitter invariant if the symmetric two-
point function in that vacuum is de Sitter invariant. One proves [2] that
this requires the matrices A and B of the Bogoliubov transformation to be
proportional to the identity matrix. Further we have the restriction that
AAY — BBt = I. Thus, A and B can be parameterized by A = I cosh « and
B = IePsinh o, where 0 < o < 00, —7 < 3 < w. The Euclidean vacuum
corresponds to a = 0, hence the designation A = 0. The new mode functions,
Uy, are then related to those corresponding to the Euclidean vacuum, u,,
by

Tin () = cosha u, + € sinh o u?(z).
We will denote the MA vacua by A = («, ).

From the mode decomposition of the symmetric two-point function and
the commutator function we find

GS/)@(:E, y) = cosh 2« G(()l)(Z) + sinh 2« [cos 3 Gél)(—Z) —sin 8 Do(Z,y)],

and

Da,ﬁ(l'?y) = Do(.'L',y)

In the calculation of these two correlation functions use has been made of
the fact that we can choose the basis of mode functions for the Euclidean
vacuum such that [2] u}(z) = u,(Z). The expression above for Gg’)ﬂ(:ﬂ,y),
coming directly from the mode decomposition, is not regularized. This can
be achieved by replacing G(()l) and Dy by their regularized versions, equa-
tions 2.10 and 2.11.

Applying the time reversal operator 1" of the de Sitter group we see that
1 1
G&,,)g(T:v, Ty) = ny,)_g(:r, Y)

because the commutator function Dy changes sign under T. We conclude
that the MA vacua violate CPT invariance if 3 # 0. In this case we have a
two real parameter family of SO(d, 1) invariant symmetric two-point func-
tions. If § = 0 we have a one real parameter family of O(d, 1) invariant
symmetric two-point functions.

From equation 2.4 we see that the total number of @ # 0 modes in the
Euclidean vacuum or any other vacuum is infinite. Gibbons and Hawk-
ing [16] showed that this a necessary condition for any de Sitter invariant
state, since it is required to have an equal number of particles of every
momentum.
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The commutator, advanced and retarded Green’s functions are all only
non-zero within the local light cone as is required by microcausality. One
further shows that they do not depend on the choice of vacuum. Hence, the
classical theory of the field ¢ is the same no matter what quantum vacuum
has been chosen.

In order to see the effect an MA vacuum may have, the difference be-
tween an MA propagator and a Euclidean propagator is discussed for the
special case of a conformally coupled field in 4 dimensions. For simplicity
the parameter [ is set equal to zero. The symmetric two-point function
GS})(@“, y) becomes

GS})(Q:, y) = cosh 204G(()1)(Z) + sinh 2aG(()1)(—Z).

Consequently, the Feynman propagator reads
. 1 a .
iGho(@,y) = 5[Gop(e,y) + i sign(e.y) Doz, )] =

cosh?a iGE (Z) +sinh?a(iGL (2))* + % sinh 2a[iGY (= 2) + (iGY (= 2))*].

Using equation 2.12 the regularized Feynman propagator for a general (o, § =
0) vacuum is

iGg,O (I’, y) =

cosh®a f(Z +ie) +sinh’a f*(Z +i€) + % sinh 2a(f(—Z —ie)+ f*(—Z —ie)).

In general the function f(Z), the Wightman function in the Euclidean
vacuum, is given by equation 2.9. For the special case of a conformally
coupled field in 4 dimensions the parameter h = 2. It is easily shown that
then

1 1

M) =Seri-7

Substituting this in the expression for z'Gg’O(a:, y) we obtain

iGFO(x7 y) =

1 1
o [cosh?q—F—— —|—sinh2a—i +sinh 2«
’ €

1
1—-27—ze 1-Z+ 1+Z]'

(2.13)

1
8m2[?

where 1/(1+ Z) is actually the principal value of 1/(1+ Z), that is, it is the
average of (14 Z +ie)~! and (14 Z —ie)~!. It is recalled that the Euclidean
vacuum corresponds to a = 0.

In section 2.6 it will be discussed what it means to have such a free field
propagator when self-interactions are introduced.
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2.5 Scalar representations of the de Sitter group;
on the concept of mass

Let us consider again the Lagrangian

L= —%\/—_g(g“b(vaqb)(vbcé) + (m? + ER)¢?).

A free "massive” scalar field ¢ on dSy satisfies the Klein-Gordon equation
(O — m?)¢(x) = 0, where m? = m? + ¢R.

Not every classical scalar field on a de Sitter space can be ascribed a
sensible notion of mass. Mass and also the spin of a field are essentially
concepts of a Minkowski space. In group theoretical language: they label
the unitary irreducible representations (UIR) of the Poincaré group. The
mass squared is the eigenvalue of the Casimir operator —FP, P%, where P¢
is the total momentum operator. The spin s enters the eigenvalue of the
Casimir operator —W, W, whose eigenvalues are m2s(s + 1). The vector
W is the Pauli-Lubanski vector. For this group these mass eigenvalues
form a continuous non-negative spectrum. It will turn out that this is not
the case for the eigenvalues of the corresponding Casimir operator of the
de Sitter group, SO(d,1). Further not all of the latter eigenvalues can be
interpreted as a mass.

If our universe really is asymptotically de Sitter then we should be able
to define, at least in our local neighborhood, a notion of mass. From the
induced metric 1.11 it is clear that dSy approaches M in the limit [ — oo or
equivalently as H — 0. A heuristic argument will be presented that will lead
to a definition of mass in terms of the above Minkowskian interpretation.

Assume de Sitter space to be 4-dimensional. There is one particular value
of the parameter m for which we have a priori notion of its physical meaning
and that is the conformally coupled case, m? = 2H?, see equation 2.1. The
equation of motion becomes

(O —2H?)¢$ = 0.

The additional geometric structure enables us to take the limit H — 0 more
or less straightforwardly. Transform to a conformal metric which can be
taken to equal the Minkowski metric since the spacetime is conformally flat,
and simply let H go to zero. It follows immediately that the Minkowskian
mass of this scalar field is zero.

The generators of the lie algebra of SO(d, 1) are, in the index notation
of chapter 1, Jap, where A, B =0,1,---,5, simply because it is the homo-
geneous Lorentz group of M1, They satisfy the algebra

[JaB, JoE] = it(macIBE — NaeJBc + nBEJac — NBcJAE)-
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The Casimir operators of SO(d, 1) are
1
QW = —§JABJAB and

QP = —WwawA,

where W4 = —%GABCEFJBCJEF. We write J4p as
Jap = Lap + SaB,

where Lap = —i(X40p — Xp04a) is the orbital part and Sp the spinorial
part. Let Q(()l) = —%LABLAB. It represents the scalar part of Q(1).

The generators Jap are 5 X 5 matrices and from the 4-dimensional point
of view of the embedded de Sitter space it can be said that it decomposes
into the upper left 4 x 4 antisymmetric matrix J,; and the vector Jy,. In the
limit H — 0 these operators should have a Poincaré group interpretation.
The Casimir operator Qél) for a scalar field decomposes as

1
QY = —LaaL'® — S Ly L

2
To facilitate taking the limit H — 0 we write
Ly L** 1

m2QY = Loy L.

A
Letting | — oo the operator L., becomes the orbital angular momentum
operator of the 4-dimensional Poincaré group, and

L4a
l

These are rather non-trivial limits. The process is called group contraction.
Thus, in order to define the Minkowskian mass of a scalar field we need to
consider the eigenvalues of H 2Q(()1).

The d’Alembertian [ is defined on the tangent space Tjs, and acts on
¢(z) where x € dS4. In the ambient space description of dS4 the tangent
space lies in MP®. In this embedding of Tjg the vectors that span Tyg are
denoted by 4. They can be found by introducing the so-called transverse
projection operator 04 = nNap — H?X 4 Xp. It satisfies O45X4 = 0 =
04 XE. Thus, using the ambient space construction the tangent space to
dSy is spanned by the vectors 94 = 0,508 = 04 — H>X 4 XPB0Op. Hence
X494 = 0. Therefore we have

O¢(x) = 0°H(X).

H QQ[()I) is a differential operator acting on ¢(X). For the Casimir oper-
ator Q(()l) it must be that

— P,.

H2QY) ¢(X) = %¢(X)
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which allows an easy Minkowskian interpretation provided we can give mean-
ing to the group contraction procedure. Using the correspondence

H*Qq6(X) = Do (x)
the equation for the conformally coupled scalar field can be written as
QY ~ 2)(X) = 0.

Returning to the general problem of interpreting the parameter m from
a Minkowskian point of view, we note that the mode functions with m #
0 of the operator (0 — 7?2, as shown in section 2.3, may be labelled by
the parameter h determining the hypergeometric function completely. In
4 dimensions it is h = % + %\/9 — 48¢ — 4m2H~2. One customarily writes
h="3+iv,v=/mH=2+12¢ - %,

Dixmier [9] has proven that the UIR’s of the de Sitter group may be

labelled by the pair of parameters (p,q) with 2p € N and ¢ € C, that is,
they label the eigenvalues of Q) and Q2 which are diagonalized to

QW = [—pp+1)— (¢+1)(q — 2)]Id,
Q¥ = [~p(p + 1)g(q — 1)]Id.

Dixmier then continues to show that three series of inequivalent UIR’s
emerge corresponding to particular values of (p,q). They are called the
principal, complementary and discrete series of representations.

The principal series of representations is denoted by U, , with (p,q) =
(p, 3 + iv) where either

p=0,1,2,--- and v >0 or
13

= 5’ 57 DY

The complementary series of representations is denoted by V},, with (p,q) =

(p, % + iv) where either

P and v > 0.

[}
=

p=0 and wweR 0< |y <

N — D] W

p=1,2--- and weR, 0<|v<

The discrete series of representations is denoted by II, g and H;,'fq with either
p=1,2,--- and g=p,p—1,---,1,0 or

13 1

— - 2 .. d o= S -
979 and q=p,p )

p '9

For the principal and complementary series QW becomes
9
QW =[(; +v*) —plp+ D)l
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Therefore, since we want to know how the mass parameter is contained in
m? =H 2(% + v2), the scalar fields which are of interest to us all have p = 0
and so do not belong to the discrete series. For the complementary series
with p > 1 the eigenvalues of Qél) are negative. From the correspondence

H QQél)qb(X ) = O¢(x) it follows that these representations may be qualita-
tively described as exponentially damped.

It follows that for general p and ¢ the eigenvalues of Q) form a spectrum
which contains both positive and negative values with parts being discrete
and parts being continuous. Further there are regions in the range of eigen-
values of QM) for which no pair (p,q) exists. These regions are termed
forbidden. For more details see [13].

For the conformally coupled case the label v equals % so that the eigen-

value of H QQél) in this case is 2. Thus, apparently, if we define the Minkowskian
mass of the field ¢ as the eigenvalue of the expression

H(Qy) - 2)¢

it comes out correctly for the conformally coupled case. Following the no-
tation of Garidi [13], we denote the Minkowskian mass of ¢ by m%. It
reads

my = (i +v*)H2 (2.14)
To which values of v does it apply?
In the limit H — 0 the UIR label ¢ = h — 1 = % + iv behaves as:
q ~ 4. Therefore if we want to be able to take this limit for a UIR of
the de Sitter group, we must use a representation for which ¢ is unbounded.
Thus, heuristically showing that only the principal series contracts towards
UIR’s of the Poincaré group. Note that the conformally coupled case belongs
to the complementary series. This is not a problem. Group contraction is
not needed in this special case. It was already argued that mpy = 0, and
that the formula 2.14 also applies in this case. Denoting the generic UIR of
SO(4,1) by D, the group contraction goes according to the scheme

D, — P(xm),

where P(£m) denotes a UIR of the 4-dimensional Poincaré group, and where
v

We conclude that the scalar fields for which we have a notion of mass,
from a Minkowskian point of view, are the UIR’s of the principal series.
The scalar fields belonging to the complementary series have no Minkowski
equivalent concept of mass except for the case p = 0 and ¢ = 0, that is, for
the conformally coupled case, v = % For this class of scalar fields we have
defined the mass as m% = (3 + v*)H>.
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An example of a pure desitterian scalar field is provided by the minimally
coupled "massless” field whose equation of motion is (¢ = 0. This field
corresponds to (p,q) = (1,0), the lowest term in the discrete series. Such a
field will at any point of d.S; move along the local light cone whereas the field
with my = 0 will partially move along the local light cone and sometimes
be scattered inside the light cone due to its coupling to the background.

Finally it is mentioned that only with respect to the Euclidean vacuum
is it the case that the positive frequency modes contract toward the positive
frequency modes as H — 0, in any point of spacetime, [22].

2.6 Self-interacting scalar fields and the Euclidean
vacuum

In this section it will be argued that a scalar field having self-interactions
can if one uses perturbation theory only be described in the euclidean vac-
uum. In order not to make things unnecessarily complicated we will discuss
¢® interactions of conformally coupled massless scalar fields whose vacua
respect CPT invariance. When there are no interactions the Feynman prop-
agator of such particles is given by equation 2.15. It will be repeated here
for convenience

1
8m2]2

1 1
[cosh2a - tsinh®a———— +sinh2a
1€

c ~F B
ZGCX,O('I’y) - 1_Z_Z€ 1—Z+

1+Z]'
(2.15)

where 1/(1+ Z) is actually the principal value of 1/(1+ Z), that is, it is the
average of (1+Z +ie)~! and (1+Z —ie)~!. The singularities are at Z = +1
just above and below the real Z axis. The euclidean vacuum corresponds to
a = 0 in which case the above propagator reduces to

1 1
8m2l21 — 7 —ie

iG (a,y) = (2.16)
This has as its only singularity a pole at Z = 1 in the limit ¢ — 0. In the
euclidean vacuum the propagator 2.16 is the boundary value in the sense of
€ going to zero of an analytic function. In the o # 0 case the singularity
at Z = 1 becomes "pinched”, and away from the real axis at Z = 1 the
propagator is no longer analytic. Further, in this case two more singularities
at Z = —1 appear.

Consider the one loop correction to the free propagator. The coordinate
space Feynman diagram for ¢3 theory is depicted in figure 2.1. The rules
for finding the transition amplitude are in curved spacetime not essentially
different from the usual rules in My. If A represents the coupling strength
of the self-interactions then the amplitude in the o # 0 vacua (with 8 = 0)
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Figure 2.1: One-loop contribution to the self-energy.

is given by

—ig / Vg(x)da/g(y)dyiGy (21, 2) (G o(w,9))*iGg o (y, 22)-

The only difference with Minkowski space is the appearance of /g in the
integration measure.

In order to be able to compare with the Minkowski case the function Z
will be expressed in the flat coordinates of section 1.3.3. The analogy will
be strongest if we redefine the time parameter ¢ — 7(t) so that the metric
becomes

1
ds? = F(—dn? + di?).

This line element differs from a flat Minkowskian line element by a conformal
factor. Then it can be shown that

(e —n—y)?* — (Z—9)

z 1]y

I

where % = (1, ¥).

Now, we will consider the part of the amplitude of the one-loop diagram
which has a singularity at Z = 1. This is the physically most relevant
singularity. In fact it is not even clear how to interpret the other singularity
at Z = —1. Consider the part of the external legs that are proportional to
(1 — Z —ie)~!, and of the terms comprising the square loop contribution,
(iGi (x,%))?, only the term proportional to (1 — Z — i)' (1 — Z + ie)~!
will be considered. The corresponding term that appears in the amplitude
is proportional to

2
/ dzdy/g(x)g(y) ( ! (21277,) !

21— 2)? —ie ((z — y)® — ie)((x — y)® + i€) (y — €2)? — i€’
(2.17)

The middle term between the external legs contributes to the one-particle
irreducible self-energy, and it has poles at

Ny — Ny = £(|Z — y| £ i€).
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Im (1, — 1y)

Re(na — 1y)

Figure 2.2: The pinched singularities of the one-loop contribution to the
one-particle irreducible self-energy of a conformally invariant massless scalar
field.

Figure 2.2 shows the position of these four poles in the complex (7, —
ny)-plane. The poles denoted by a cross are the usual poles one finds in
Minkowski space. The other two, denoted by a circle result from the term
having an ie prescription with the opposite sign, a plus sign. The combina-
tion of one cross and one circle is called a pinched singularity. In performing
the integrations the contour cannot be deformed and thus runs over the sin-
gularities in the limit of € going to zero. This renders the expression 2.17
ill-defined; it is mathematically not defined.

Thus, apart from the physically unclear singularity of the « # 0 propa-
gators at Z = —1 the one-loop contribution to the propagator cannot even
be made mathematically precise. The only value of « for which this does not
happen is 0, the euclidean vacuum. The euclidean vacuum will be regarded
as the only possible vacuum on which a quantum scalar field theory can be
build.

2.7 Thermal aspects of dS;.

We will calculate the temperature of dSy, that is, the temperature measured
by an arbitrary observer, and discuss some elements of the theory of the
thermodynamics of event horizons.

In this section we will frequently speak of a detector, and each time it
will be assumed to be an Unruh detector. This is a small box containing a
nonrelativistic particle, e.g. an atom, with internal energy levels, coupled
via a monopole interaction with the scalar field.

It is known [4, 23] that an accelerating observer in Minkowski space
equipped with some particle detector measures a finite nonzero temperature.
An acceleration in Minkowski space does not come about naturally, that
is, an external agent who supplies energy to the detector is needed. The
detector’s acceleration will, from the point of view of an inertial observer,
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be accompanied by inertial effects; it emits quanta through its coupling to
the scalar field. Therefore, from the point of view of the detector upward
transitions must have taken place. These come from the absorption of field
quanta. Thus, when a field is in its ground state with respect to an inertial
observer it will be in some excited state with respect to the detector. The
reason for the apparent absorption/emission of particles by the detector is
that the detector "sees” the modes of the field quanta with respect to its
proper time. This results in a ”detector sense” of positive frequency which is
inequivalent to what an inertial observer would define as positive frequency.

However, the vacuum expectation value of the energy-momentum tensor
of the scalar field vanishes in both the inertial and the detector’s frame. We
say that virtual particles are created due to the noninertial motion of the
detector.

Accelerated observers possess an event horizon. It has been demon-
strated in the seventies by Hawking, Gibbons, Bekenstein and others that
there exists an intricate relationship between event horizons and thermody-
namics.

In a de Sitter space the observers are freely falling and all possess an
event horizon. We may thus expect that they too will measure a finite
temperature. Yet, there is an important difference, namely that in this case
there is no external agent who supplies the energy, but it is the spacetime
curvature itself. We will now calculate® this temperature and show how it
can be understood in terms of the horizon.

We shall be working in the global coordinate system. The detector-field
coupling is described by the Hamiltonian

gm(1)¢(z(7)),

where z(7) is the observers world-line parameterized by the world or proper
time 7, and g is the coupling strength which is assumed to be small. The
states of the detector-field configuration form tensor product states. As-
sume the system to be initially in its ground state |0)|E;), where E; is the
detector’s lowest energy level. The final state will be denoted by |B)|Ey).
Then to first order in perturbation theory the transition amplitude is

g [ " dr (B {Blm(r)d(x(r)|0) ).

Let H denote the Hamiltonian of the detector; H|E;) = E;|E;). Then using
the Heisenberg equation for the time evolution of the monopole operator
m(7) and defining my; = (E;|m(0)|E;) we obtain for the transition ampli-
tude

gmg; / dreBr=E)T(5]6(x(r))|0).

—0o0

8The calculation is adopted from [19].
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In order to find the probability, P(E; — Ef), that the detector makes a
transition form F; to Ey not measuring the final state of the scalar field we
must square the above amplitude and sum over all possible final states |3).
We obtain

P(E; — Ey) = g*lmyi|? / drdr' ¢ Er=E) =) G (5(7), (7).

The Wightman function depends only on Z. Assume that the observer is
stationary with respect to the north pole. Then in the global coordinate
system we have

X0 = lsinh%
Xt = lcosh%,
with the X* =0 for a« = 2,--- ,d so that we find for Z:
/

T—T

Z(z(7),x(1")) = cosh

Changing the integration variables from 7 and 7’ to 7 — 7 = ¢ and 7 and
considering the transition probability per unit proper time we obtain

P(E; — Ey) = 92|mfi|2/ dTe_i(Ef_E")TGar(cosh %)

The integrand has singularities in the complex 7 plane at 7 = 27lin for any
integer n since for these values cosh 7 = 1. The Wightman function Gy is
periodic in imaginary time, a property of all thermal correlation and Green’s
functions. Define the contour C' which consists of two horizontal lines at
7 =0 and at 7 = —2xli which close at infinity, and which is traversed such
that it passes under the singularity at 7 = 0 and above the singularity at
7 = —2xli. Integrating the above integrand along C' we find
) —oo—1if3
/ dre”"Er=E)TGF (cosh 1) —i—/ dre” " Er=EDT G (cosh 1) = 0,
—00 co—if3

where 3 = 27l. Performing the change of variable 7/ = —7—i# in the second
integral we obtain

P(E; — Ey) = P(Ef — E;)e P,
Assume that the energy levels of the detector are thermally populated. Then
N; = Ne PE:,

where N is some normalization factor. The total transition rate R from F;
to Ey is equal to

R(E; — Ef) = N;P(E; — Ej).
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Similarly, we have for the total transition rate from E; to E;

R(Ef — E;) = NfP(Ef — E;) = NeiﬁEfP(Ei — Ef)efﬁ(EiiEf)
R(E; — Ey).

This is the principle of detailed balance. Thus, when the levels of the de-
tector are thermally populated at the inverse temperature 3 = 2xl then
there is no change in the probability distribution for the energy levels with
time. Hence, the observer which is stationary at the north pole measures a
temperature 1" equal to

Since all timelike geodesics are related to each other by transformations of
the de Sitter isometry group SO(d, 1), and because the Wightman function
is de Sitter invariant, this temperature will be measured by any observer
moving along a timelike geodesic.

We emphasize that the calculation has been performed in the Fuclidean
vacuum. For the MA vacua the principle of detailed balance is violated [21,
10].

If all observers which are moving relative to each other along timelike
geodesics measure the same temperature, then they do not measure the same
particles for the vacuum expectation value of the energy-momentum tensor
is de Sitter invariant. Hence, the particle concept is essentially observer
dependent.

To see how this temperature comes about in relation to the horizon we
make use of the static coordinate system. According to an observer O situ-
ated at the north pole the timelike Killing vector (%)“, the generator of the
flow of energy, is past-directed in the southern causal diamond, figure 1.5.
Therefore particle states in the southern causal diamond have negative en-
ergy with respect to O. This leads to an apparent energy difference, so that
pair creation near the horizon is possible. In terms of the old-fashioned in-
terpretation of particles described by wave functions the antiparticle is the
charge-conjugate of the particle wave function which has a negative energy
and propagates backward in time. Therefore, the antiparticles propagate
into the region beyond the horizon where (%)“ is spacelike (there are no
timelike geodesics connecting points of the northern and southern causal di-
amonds). This would not be possible classically, but quantummechanically
it is possible. The antiparticle has an intrinsic wavelength of the order of
the Compton wavelength and can thus tunnel through the event horizon.
Equivalently, because of the lack of information O has of what happens be-
yond the event horizon O may say that an antiparticle has scattered from
the region beyond the event horizon into a particle in the northern causal
diamond.
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There are two main differences between Minkowski space at finite tem-
perature and de Sitter space. First, in de Sitter space the heat bath does not
break de Sitter invariance, whereas a heat bath on a Minkowski background
does break Lorentz invariance (not all observers agree on the temperature).
Second, the Euclidean vacuum in which we calculated the temperature is
a pure vacuum state. Therefore, the temperature of de Sitter space is an
inherent quantum property of the spacetime. One only needs to consider
a mixed state description in terms of a thermal density matrix when one
asks about the findings of a static observer. Such an observer is compelled
to integrate over all modes beyond his horizon, [21]. Using the canonical
ensemble, the thermal density matrix, p, will be given by p = Tr e #H,
where H is the local Hamiltonian of the static observer.

The temperature associated with the de Sitter horizon in SI units is

_ Hh
- 21kp’

It is of the order 1073°K. This temperature implies the existence of entropy
in a de Sitter space. It has been shown [16] that the entropy of a cosmological
event horizon like the one in a de Sitter space is given by the Bekenstein-
Hawking entropy formula, in SI units

B kpcdA

~ 4Gh
where A is the area of the event horizon. This entropy comes about from the
totality of particle states that are beyond O’s horizon. It is rather unclear

how one should interpret these microstates. In chapter 3 we will say more
about the thermodynamic properties of the cosmological event horizon.

2.8 Classical stability of scalar field fluctuations
around the ground state of some positive def-
inite potential

Consider the action?
S = [ =g 50" (Vad) (Vu) ~ V(). (218)

where the potential V(¢) is given by V(¢) = 2(m?+£R)¢*+A¢*. This is the
action for a classical massive scalar field which couples to the background
geometry through the term %5 R¢? and which has self-interactions described
by A¢*. The potential V() is positive definite for it is only zero when ¢ = 0
and otherwise positive. From the discussion of section 2.5 we know that we

9The discussion presented here is largely based on the article [1] by Abbott and Deser.
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should be careful interpreting the parameter m as a mass. We avoid this
discussion here by treating it as a part of the potential energy of the field.

In order to consider fluctuations of the field ¢ around the potential min-
imum at ¢ = 0 we must introduce a coordinate system to describe the
background geometry. We expect from the discussions of the thermality of
de Sitter space that these fluctuations are unstable beyond the event hori-
zon where negative energy is associated with the time translation Killing
vector field. We thus need a coordinate system that adequately describes
the spacetime region around the horizon. This rules out, for instance, the
static coordinate system which is singular at the horizon. From the point
of view of mathematical simplicity we choose the planar coordinate system,
whose metric is given by

ds? = —dt? + a®(t)((dz*)? + - - (dx1)?2),

where a(t) = e with A2 = %. In section 1.3.3 the time translation

@2
Killing vector field was obtained. It is

&= (1,—-\z%).
The norm is given by
€ = g€ = —1+ a®X*|7].

Hence the horizon is given by a?A\?|Z|? = 1, and £ is timelike in the inner
region.
The energy-momentum tensor of the field ¢ is defined by

oL
Ty =225 gL,
b 89‘“’ g bc

where

1

L= —§g“b(Va¢)(Vb¢) — V(o).

Then in planar coordinates

e = —~9(Vad) + 500a0" (Vo0 (Vo) + g0aV (9).

Thus, the energy density is given by

Too = %TFQ + %CL*Q(ﬁ@Q + V(o)

and the momentum density by
TOOc = ﬂ—(aad))7
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_ 9oL _
Whereﬂ'—%—gb.

The total classical energy (potential plus dynamical) stored in the field
¢ in the spacelike region 3 is given by the Killing energy (see section 4.2 for
more details)

E:/dd1x\/—ngb§b:/dd1:cad1T0a§“.
% %

This energy expression is not conserved since Ty, does not go to zero on the
boundary of the spacelike hypersurface ¢ = const. One shows that in planar
coordinates (t, x®)

0°E = —a! / A 0N (Taps”),
b))

using
VUV =gTupt?) = 0°(V/—gTupt?) = 0

and the fact that a only depends on the time ¢. The spacelike region ¥
is the infinite spatial plane given by ¢ = cst. Now, 0"E would vanish if it
were true that T, — 0 as |#] — oo. This is, however, not the case and so
O°FE # 0. The integrand is

ad_lTObfb = ad_l(Too — )\.’EaTao) =

(5 o+ a2 (TGP + V(6) — Are0e9).

For a non-trivial field configuration, ¢ # 0, the energy is positive if and only

if
a’n? + (ﬁqb)Q > 220?120,

since a > 0 for all times and V' is positive definite. Introduce the vectors
A=ari and B = ﬁd).

Then we obtain the inequality
A%+ B? > \a|Z|24 - B.

From the triangle inequality we then obtain that the Killing energy of the
field ¢ is positive if and only if the region of integration is restricted to the
spacetime region bounded by

Aa|Z] < 1.

Since the horizon at Aa|Z| = 1 forms a set of measure zero in the integral,
we may conclude that only those fluctuations of ¢ around the potential
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minimum ¢ = 0 which are inside the horizon have positive energy, and are
thus stable. The vacuum state of the classical field ¢ is given by m = V¢ =
¢ = 0 since only in this case is the Killing energy identically zero. Non-
zero field configurations outside the horizon thus have a negative energy
associated with them. This is in agreement with what was said concerning
the Hawking radiation.

We note that the results did not depend on the specific form of the
potential V(¢), but in fact apply to any positive definite potential. The
above result solely derived from the kinematical part of the action.
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Chapter 3

Thermodynamic aspects of
Schwarzschild-de Sitter
spacetime

3.1 Introduction

In this chapter we will continue the thermodynamic discussion of section 2.7.
However, this time we will no longer introduce scalar particles on a space-
time, but we will set up a formalism to extract the temperature and entropy
of a particular horizon from the spacetime properties itself.

Everything is explicitly 4-dimensional.

3.2 Thermal gravitons

de Sitter space is at a temperature of T = 1/2wl. The best statistical
approach toward finite temperature gravity would be a microcanonical de-
scription of all the quantum states that are beyond the horizon. However,
one does not know how to do this there being no quantum theory for grav-
ity. The canonical ensemble description has been shown to be inadequate
when applied to black holes [15]. Still we will find it useful to pursue this
approach, for one thing because the partition function can be written as
a path integral of a classical expression. Besides it will not be applied to
stationary final state black holes, but only to de Sitter spacetime and the
thermally induced nucleation of black holes. The latter phenomenon will be
discussed in the final chapter.

For finite temperature scalar field theory one shows that the partition
function, Z, in the canonical ensemble defined by the trace of the operator
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e , setting any chemical potential equal to zero, can be written as

Z=Tre Pl =N DepeEle),

periodic
SE is the euclidean action of the field given by

Seid) = [ drdbe /GG (G0° + 5 (V6P + 5m*e? +V(6)

obtained from the real time Lagrangian by replacing the time ¢t with —ir,
that is, by performing a Wick rotation. In real time every path contributes a
phase (9] to the above path integral. The prefactor N is just a normaliza-
tion constant and the integral is taken over those field configurations which
are periodic in the imaginary time 7, ¢(#,0) = ¢(Z, 7). This requirement
follows from the trace operation; only those transitions in which the initial
and final state are the same contribute to the partition function.

The fundamental quantity which relates statistics and thermodynamics
in finite temperature scalar field theory can thus be approached from two
rather different starting points: from the quantum mechanical Hamiltonian
or from Wick rotation of the classical action. It will be assumed that the
same is true for gravity and that the partition function for finite temperature
gravity can be obtained from the euclidean version of the path integral

N / Dgabeis[g}.

What was said above about the advantage of the canonical ensemble in that
its partition function can be written as a classical object does not really avoid
quantum gravity because the action should be such that when appropriately
quantized it gives quantum gravity. We will avoid this issue by considering
only the semi-classical limit. So the action S[g] does not include any gauge-
fixing terms.

The Einstein-Hilbert action only leads to the Einstein equation if both
the normal derivative of the metric and the metric itself vanish on the space-
time boundary at spatial infinity. In the path integral above the integral
is over all metrics! including those with non-vanishing normal derivative at
spatial infinity. The action which leads to the Einstein equation under the
class of variations which vanish at infinity but whose normal derivative is
not constrained is [25]

1 1
S=8Spyg+— K- — KO,
81 Jom 81 Jom

!There is considerable debate about exactly which metrics are integrated over (see [6]
and references therein).
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where Sgpg is the Einstein-Hilbert action and K is the trace of the extrinsic
curvature? of the boundary OM at spatial infinity of the spacetime M. The
natural volume element of OM is assumed. The last term is a constant
with K° the trace of the extrinsic curvature of the spacelike boundary of
Minkowski spacetime, S2. The term has been added so that the total action
gives zero for the Minkowski metric.

Thus, the partition function for thermal gravity reads

Z=N Dgape EL, (3.1)

periodic

where Sg is defined by S = iSg after replacing ¢ with —iT and where
7 is periodic. The euclidean action is (noting that one should replace n®
with —in® when OM is spacelike and that the same factor appears from the

volume element of M when it is timelike)

1

SE[Q] = T 16m r

(R—2A)/gdrd*z — L / (K — K°)\/~d*z, (3.2)
87 Jomr
where the metric g, here is positive definite.
The semi-classical approximation of Z will be treated in the next chapter.
Consider a (euclidean) background spacetime with metric gq, and fluctu-
ations hgp about this background. Assuming that g, satisfies the euclidean
Einstein equation the expansion of the euclidean action Sg[g = g + h] in
hgp will not contain terms of first order in hyp. So that expanding to second
order the action contains two terms:

Selg) = Selg) + S5 [h),
where Sg) [h] is second order in hgp. Variation of this term will lead to the
linearized Einstein equation on the background manifold M with metric gqp.
Hence, up two second order we have for the partition function

“InZ = Spg) - ln/DhabeSg)[h] — FTY,

where F' is the free energy and T the temperature. The term Sg[g] can be
considered as the contribution of the background to the free energy F, and
the second term as the contribution arising from thermal gravitons. Thus,
we have an interesting thermodynamic result: The product F7T~! associated
with a background spacetime or more generally any spacetime whose metric
does not undergo fluctuations is equal to the euclidean action, that is,

1 1
FT™' = Sg[g] = (R—2MA)\/gdrd®z — o | (K- K% /Ad*z.

167 M ™ JoM

It is defined by K = 4% Van® where 74 is the metric induced on and n® the unit
normal to the boundary oM.
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It follows that the free energy of Minkowski spacetime is zero. However, it

will be nonzero for de Sitter spacetime. In that case the manifold that is

integrated over in evaluating the euclidean action is the euclidean manifold

S4. This can be understood by considering the line element of the global

coordinate system, equation 1.13, and replacing the cosmic time parameter

7 by —i7. Since this is a compact manifold without boundary Sg becomes
1

In 4 dimensions the Ricci scalar equals 4A, equation 1.8. Hence,
-1 A =13
FT1=_—_ Vgdrd®z.
8 G4

The integral over S* is just the volume of a 4-dimensional sphere of radius
I = \/% which is %(%)2 So

FT'=UT'-8=-3rA"' = -7/,

where the thermodynamic potential F' = U — T'S has been used with S the
entropy and U the internal energy of a pure de Sitter space. The internal
energy is related to all the mass which has a non-gravitational origin. For a
Schwarzschild-de Sitter space U would be related to the mass parameter M
that appears in equation 1.32. For a pure de Sitter space U = 0. Therefore
it follows that the entropy S is equal to S = w2, If A represents the area of
a closed S? surface which lies inside the cosmological event horizon, so that
A = 47l?, then the entropy of de Sitter space is given by

S = ZA’
which is in agreement with the Bekenstein-Hawking entropy formula.

We will come back to this partition function approach in the next chap-
ter. Since the temperature of a de Sitter space depends only on the param-
eter [ it might be possible to find the temperature from geometry. In fact
what we will find is that the horizon temperature is directly proportional to
the so-called surface gravity of the horizon.

3.3 Surface gravity

In the static coordinate system of SdS4 the horizons are located at r =
ry, r14 (see section 1.6). The generator of time translations % of the
line element of equation 1.31 is timelike for r4 < r < ro4, null at r =
r4, r = ry4 and spacelike otherwise. It defines the Killing vector of time

translations &% through % = £%9,, which is obviously orthogonal to the
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surfaces r = const. In the limit » — r4, r44 the hypersurface orthogonal
Killing vector £* becomes null and orthogonal to the horizons®. A horizon
is thus a null hypersurface. We will replace £* with [* because the theory
presented here also applies to the more general case of stationary black holes
(see the footnote).

A null hypersurface is a degenerate surface in the sense that the normal
vector is also tangent to the surface. Since {* is hypersurface orthogonal it
satisfies the Frobenius orthogonality condition®

1Vl = 0. (3.3)

Further, on the horizon (%, = const = 0 so that the gradient d(l%l,) must
be orthogonal to the horizon. Since the horizon forms a hypersurface, that is,
can only have one normal vector the gradient d,(I%l,) must be proportional
to [*. This must be true at any point on the horizon. One defines a function
k such that

h(1,) = —2Kly,. (3.4)
Since Vyla = Vpl,) this is equivalent to writing
1°Vl, = Klg, (3.5)

so that the vector [ satisfies a non-affinely parameterized geodesic equation.
From equation 3.4 it follows that if K = 0 then the horizon is degenerate in
the sense that the gradient of [¢l, vanishes.

Using the Frobenius orthogonality condition together with VI, = —Vyl,
one finds

[eValy = —21, VLo

Contracting this with V®® the following result is obtained

(V) (Valy) = —=2(VU) (1, Vple) = —2(1, V) (Vyle) = =261Vl = —2K21,.

The value of & is thus given by
2 1 ab
K= —§(V ") (Valp). (3.6)

The vector [* which is orthogonal to the horizon is also tangent to the
horizon and satisfies a geodesic equation. It may thus be said that the orbits

3In the more general case of a stationary black hole the Killing vector of time transla-
tions is not orthogonal to the horizon. But there always exists a vector [* which is null
on and orthogonal to the horizon [5, 25].

4See [8] for a simple account of this mathematical result.
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of 1% generate the horizon. Differentiating 2 along the geodesic of [* it is
found that

1°V k% = —16(VeValy) (V) = —1°Rupeql® VP = 0.

This shows that « is constant along each geodesic generating the horizon. It
can be shown that k is in fact constant over the horizon. This means that
its gradient must be orthogonal to the horizon, that is®, [tV =0.

It will next be shown that x must be strictly positive. Let v be the param-
eter of the geodesic generated by [* which satisfies the equation [Vl = k%,
that is [* = df—: or I°V,v = 1. Let X be an affine parameter. Define
4= %ka with k¢ satisfying k?Vk® = 0. The affine parameter \ and the
Killing parameter v are related through

d d\
2o g)

=K

which can be integrated since « is constant. This gives for xk # 0

_ r(v+c
A = cpenvten),

where ¢; and ¢y are integration constants, and for x = 0 it gives
A =0+ cs3.

For the integration constants the following values will be taken: ¢; =0 = ¢3
and co = 1. For the case k # 0 the affine parameter A can only assume
values on the interval (0, 00) whereas for the degenerate case A can assume
all values the Killing parameter being unrestricted. Then, if the horizon is
degenerate it contains geodesics which can be extended to arbitrary affine
distance not only towards the future but also towards the past. A Horizon
forms the boundary of the observable region of spacetime. When x = 0 any
null geodesic in the horizon has points on 0Z—, whereas all null geodesics
originate on Z~. Thus, a horizon which has x = 0 is not physically attain-
able.

The quantity x can be given a physical interpretation. At any point on
and outside the horizon we have

31V (U4 Vily) = 106 (VP10) (Vble) — 2(1°V1) 1,V ole).

On the horizon the left-hand side vanishes and so does [*l,. However if one
considers the gradient of both of these expressions then it is seen that for
nonzero x only the gradient of the left-hand side vanishes but not of [%l,.

S5For a general proof of this see [5], and for a simpler proof that applies only to static
horizons see [25].

58



Hence by I’Hopital’s rule, the limit as one approaches the horizon of the
expression

3(119vl1) (11, Vi, 19V01%) (1, V ol
1%, 1%l
exists and vanishes. Using equation 3.6 it follows that
ax7bjc
W2 lim|[— (1*v°l )(zbvazc)]‘
1,

The limit here is of course towards the horizon. Away from the horizon the
unit tangent of just any orbit of %, which is timelike outside the horizon, is
19/(—1%1,)/?. The acceleration as experienced by an observer moving along
such an orbit is then given by a® = 1°V,1¢/(—1%1,). Therefore

K2 = lim[(—1%,) " (afac) /%)%
Since « is strictly positive the square root of both sides can be taken giving
ke = lim[(—1%,)"%a],

where a is the magnitude of the acceleration experienced by the geodesic
observer. This acceleration becomes infinite as the observer moves closer to
the horizon. In a static spacetime the product (—l“la)l/ 24 has a nice physical
interpretation (see appendix B) as the acceleration of a test particle moving
along the geodesic as measured by a static observer or put another way
(—191,)Y?a is the force that must be exerted by a static observer to keep
in place unit test mass. Then x is the limiting value of this force at the
horizon. Hence the name surface gravity.

Concluding, we have a quantity «, the surface gravity, which is constant
over the horizon and cannot approach zero. In the case of a static spacetime
it can be interpreted as the force that a static observer must apply to keep
in place unit mass on the horizon.

For a static observer in SdSy the line element is of the form

ds® = —V(r)dt2 + V_l(r)dr2 + r2dQ§.

The surface gravity s will be related to the potential V(). Using formula 3.6
we have

1
K = =5 (Oabh = Top8e)g™ (08" + TGeE°).

The Killing vector of time translations is {* = (1,0,0,0), so that &, =
(=V(r),0,0,0). Substituting this in the above equation for x? the following
result is obtained

1
K = —5(5(1«51) —T¢,60) 9" TY = mTooa V- —Vgadro
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In the static coordinate system the only nonzero connection coefficients are

1
Y, = 5V 19,V
ro— yav
00 — 2 v

Using this x? becomes
1
H2 = Z(arV)2,
so that the surface gravity can be related to the potential V' through
1
R = §|87»V‘,

which of course must be evaluated on the horizon.
2
For a de Sitter space the potential V' is given by V(r) =1 — 77, equa-
tion 1.14. In this case
1| 1
2 I

K =

21
_l_2‘:

The temperature T = 2%1 can thus be written as

K
T=—. (3.7)
27
It will be shown that the same is true for the horizon temperatures at r =
T4y Tt
Finally the surface gravities at »r = r4, r14 of SdS; will be calculated.
For this space the potential of the static coordinate system is given by V' (r) =

— ¥ — %22 Under the assumption that 27G?M?/I?> < 1 this potential

has two zeros at the positive r4, ry; values and one zero at r = —r__,
section 3.10. The potential can thus be written as
1

V(r)= _W(T —r)(r—=re)(r+r_-),

where r__ = r4 + r44, so that the factorization does not lead to terms
quadratic in r. It follows that the surface gravities kg and k¢ of the black
hole horizon and cosmological event horizon, respectively, are given by

1 Tt

KH = Q—ZQ(T++—T+)(2+T) (3.8)
1 T

Ko = Q—F(T++—T+)(2+i)- (3.9)

Thus, kg > k¢ and so a test particle placed at a certain ro < r < ry4
will fall into the black hole. A note of caution: the limit r4 — r1, does
not exist. This will be discussed in the next section where we will find a
geometric interpretation of the proposed temperature formula, equation 3.7.
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3.4 Euclidean sections and conical singularities

In section 3.2 it was argued that one needs the euclidean action 3.2 to obtain
the partition function. The metric g, which appears in 3.2 is a positive
definite euclidean (or Riemannian) metric. Let us consider the static line
element of de Sitter and euclideanize it by replacing ¢ with —éi7. Then this
line element is

ds? = V(r)dr? + V7 (r)dr? 4+ r2dQ3 (3.10)

with V(r) = 1 — 7—22 Formally dS4; may be analytically continued into a
complexified 8-dimensional de Sitter space. One may then consider various
euclidean sections of this complexified spacetime. For example at the end of
section 3.2 it was pointed out that the euclidean section of the complexified
global coordinate system is S*. The euclidean section of the static coordinate
system is (it being understood to be complexified) is the region for which
r < l. This metric has a coordinate singularity at = [. In order to find what
kind singularity this is the line element will be considered in a neighborhood
of r = [. Expanding the potential V to first order around r = [ we have

V(r)=V'(r=10)(r-1). (3.11)
A new radial coordinate p defined by

dr
V(r)

dp =

is introduced. To first order around r = [ it reads
d
r (r
Vi(r=1)

which can be integrated to give

dp: _l)fl/Q

2
P Vi =0
Then the potential 3.11 can be written as

Iy = 2
V=02,

(r—1)Y2, (3.12)

Vir)=V'ir=0)r-1)=

Then the line element of the euclidean section of the static coordinate system
can near r = [ be written as

=1 2
ds® ~ Wfd# + dp* 4 r%(p)d3, (3.13)
where the dependence 7(p) is given through 3.12.
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In finite temperature gravity the imaginary time parameter 7 is periodic
and the period is equal to the inverse temperature 3 = T~! by analogy
with finite temperature field theory. A new imaginary time parameter ¢ is
defined which has period 27. It is defined by 7 = qb%. In terms of this new
parameter the line element 3.13 becomes

V'(r=10)% 5

ds® ~ f(%)%%(f +dp* +1%(p)d3 =
K

(o 220767 +d? + ()%, (3.14)
where £ = $|V/(r = [)| has been used. This line element can be seen to
describe a conical singularity.

In order to see that the above line element describes a conical singularity
let us consider the line element of a cone embedded in R?. Such a cone can
be formed as shown in figure 3.1. The angle § is called the deficit angle. In

0 identify

Figure 3.1: A cone may be formed by identifying the lines drawn to the
center of the circle which has a deficit angle §.

R3 a cone can be parameterized as

T = apcosy

= apsingp
= PV 1_a27

where 0 < o < 1. For @ = 1 a circle of radius p is obtained and for
o = 0 a line. The relation between o and the deficit angle § is given by
a = (2m — 6)/2m. The line element on the cone is given by

ds? = da? + dy? + dz* = o?p?d® + dp°.

Comparing this with equation 3.14 it is seen that the (¢, p) part describes
a conical singularity with o = %% Apparently if the temperature is equal
to k/2m then @« = 1 or § = 0 in which case the singularity disappears.
Thus, removal of the conical singularity of the euclidean section of a static
coordinate patch whose line element is of the form 3.10 is equivalent to
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setting the temperature equal to T' = k/27. Furthermore the surface gravity
is given by x = 1|V’| evaluated on the horizon.

In terms of the static (¢,7) coordinates the line element 3.10 is singular
at the horizon. In Kruskal-type coordinates these singularities would dis-
appear. In section 1.3.5 Kruskal coordinates for de Sitter spacetime were
constructed. The starting point in obtaining them was equation 1.18 which
is repeated here for convenience,

_dr
1—-(7)?

The point is that the Eddington-Finkelstein coordinates (z*,2~) can be
defined similarly for any static line element of the form 3.10 as

doe* = dt +

dr

dot = dt + )
! V(r)

Near some horizon at 7 = rg the Eddington-Finkelstein coordinates can be
found by integrating the above equation. Using V (r) = V'(r = rg)(r —rg)
it is found that

1
:ci:t:I:—ln|r—rH|.
2K

Then the Kruskal coordinates (U, V) near r = ry are defined through

U = —*

Vo= e,
Hence, all Kruskal-type coordinates have the property that
VU= —e

Consider Kruskal-type coordinates at » = r4 and at r = ro4 of SdSy4. The
Kruskal coordinates near r = r; will be denoted by (U1, V1) and the Kruskal
coordinates near r = 4 will be denoted by (Us, V2). Then near the black
hole horizon we have ViU 1 — _e=#mt and near the cosmological event
horizon we have VoUy L'— _e=#rct. Then in the overlap region of the two
coordinate systems the following equality holds

WUyt = (~WUy Yyre/ka,

Thus, in the complexified Schwarzschild-de Sitter spacetime there is a branch
cut in the relation between the two coordinate systems. There is not one
coordinate patch that covers both of the horizons.

Consider again the surface gravities, equations 3.8 and 3.9. The range
of r values in the euclidean section of the static coordinate system is limited
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to ry < r < ry4. Hence, the limit in which the black hole horizon ap-
proaches the cosmological event horizon can only be taken using the above
two Kruskal coordinate patches. Simultaneous removal of both of the conical
singularities in the euclidean section of the static coordinate system would
require the same value of k at the two horizons, that is, it would only be
possible when kg = k¢ # 0, and in this case the two horizons overlap.
The limit corresponds to a black hole approaching the Nariai black hole,
section 1.6. This will be of importance to the description of the process of
black hole nucleation discussed in chapter 4.

3.5 The thermodynamics of black hole and cosmo-
logical event horizons

In this last section the mass of a black hole in SdS, space will be calculated.
Using this it will finally be possible to show that the temperature T is equal
to k/27.

The mass of 4-dimensional Schwarzschild spacetime can be calculated
using equation B.1. Let X denote the spacelike hypersurface between the
integration surface S at infinity and the black hole horizon H, so 0¥ = SUH.
Using the generalized Stokes’ theorem it follows that

1 1 1
sy = o [ Vavedas - f vrddsa,
i Jg a7 Js Ar Jy
Since £% is a Killing vector the first term on the right vanishes because
Vavafb _ Rbaé-a -0

in 3 since the spacetime is vacuum outside the black hole. Hence, the mass
of a Schwarzschild black hole can be calculated through a surface integral
over H,

1

1
M e f}{v & dSap I f;{(v & )f[anb]dS

(see appendix ?7). The integrand can be written as

(VI Eany = (&VE)ny = K€y = K,

where the first equality follows because £ is a Killing vector and the second
equality because the integral is evaluated on the horizon so that expres-
sion 3.5 with [ = £ can be used. The last equality is due to the normaliza-
tion €¥ny = 1. Therefore the mass of the Schwarzschild black hole is given
by

R

K
M=—¢ dS=—A
47rj€{ 4”7
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where A is the area of an S? surface that lies within H.

What about the black hole in SdS4? The spacetime region outside the
black hole will apart form a contribution of the cosmological constant be
vacuum; in 4 dimensions the Ricci tensor outside the black hole is given by
Rap = Aggqp. This follows from equations 1.2 and 1.3. So all the mass that
should be attributed to the black hole resides in the finite region of spacetime
that is bounded by the black hole horizon. In the static coordinate system
of SdSy let 3 be the observable region of a static observer which is bounded
by the black hole and cosmological event horizons. The total mass contained
in X is given by

1 1 1
— / Ryp&ds® = — / Vp V€, dx® = — 7{ VP4 dS,y.
r Js Ar Js am Joun

Therefore, the mass contained in the spacetime region bounded by the hori-
zon C is

1 1 1
- ]f VeEldS,, = — ja{ VeELdS,, + — / Rap€ldxe.
A Jo A g AT Js

The integrals over H and C' can be calculated in the same way as for the
Schwarzschild case giving

K

c 1
Ac =M — | A& dX°, 1
4 ¢ H 47 /E £ (3.15)

where My is the black hole mass

My =" Ay (3.16)
47

and Ay and Ac are the areas of the black hole and cosmological event
horizons, respectively. The total mass enclosed by C' will be denoted by
M¢ = —kcAc(4n)~1, which is equal in magnitude but opposite in sign
to the mass associated with the surface gravity of the cosmological event
horizon. This makes sense since positive mass was assigned to the surface
gravity of a black which attracts matter in a direction opposite to which the
matter is attracted by the cosmological event horizon. The A contribution
to Mg, the second term on the right of equation 3.15 can be seen to be
negative for £,dX% = £n*dY = gpodX = —V(r)dX and V (r) is positive in

3.
Taking the total differential of formula 3.15 assuming that d¢, vanishes,
which can always be made possible by choosing a particular gauge, we have

OMc = 0Mpy.

The total differential of My is

1 1
oMy = —rkygdAg + —Agdkpg
47 41
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It has been shown [16, 17] that also
1
(5MH = ——AHél{H.
4
Adding the last two expressions one finds that
SMy = koA (3.17)
= —kK . .
H = g RHOAH
Similarly one has
1
OMe = ——kcdAc,
8T
so that the equality dMy = 0 M leads to the important result

kHOAH + kcdAc = 0. (3.18)

We now have enough information to state that the temperature 7" must
be proportional to k. Temperature is formulated in the zeroth law of ther-
modynamics is uniform over a body in thermal equilibrium. The surface
gravity k is constant over the horizon of a stationary black hole. The third
law of thermodynamics states that it is impossible to reach T' = 0 by any
physical process. Similarly, it was shown that x cannot become zero. The
first law of thermodynamics reads

dE =TdS + work terms.

In the case of static black holes we have
1
dMy = —k HdA H-
8

Such black holes do not rotate so changing their mass by dM can only affect
the black hole radius in a fashion described by the above formula. If the
mass increases/decreases the radius increases/derceases. For the case of a
cosmological event horizon the first law differs from the above formula by a
minus sign

1
dM¢o = ——kcdAc.
8
This sign difference can be understood as follows. If the mass inside the
horizon C' increases then the mass beyond C' must decrease, and it is exactly

this that corresponds to a positive dAc. The analogous thermodynamic
formula would then have to be

d(~E) = TdS,
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where —F is the total positive energy of a microcanonical ensemble of states
beyond the cosmological event horizon. Hence, not only the particle states
discussed in section 2.7 have negative energy beyond the horizon with respect
to some observer situated in the interior region of C, but the same must
be true for thermal gravitons. In [1] it is proven that any gravitational
perturbation beyond the horizon carries negative energy. The underlying
fundamental result is equation 3.18 and may be termed the first law of SdS,
thermodynamics.

Now the proportionality between T" and k has been fully established
for black hole and cosmological event horizons the de Sitter space result
T = 1/2xl with k = 1/I may be used to set the constant of proportionality
equal to 1/27. Then the entropy is given by S = A/4. The temperatures of
the two horizons in SdSy are thus given by

RH 1 T4+
Ty = -2 =_—— —ry)(24 = 1
H or I (ro+ —r4)(2+ 7‘+) (3.19)
KC 1 T4
T - X - — 2 _ 3.20

where equations 3.8 and 3.9 have been used. It is seen that Ty > T because

T4+ < T4
There is also an analogue of the second law of thermodynamics which
states that in any physical process A > 0.
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Chapter 4

Stability of de Sitter
spacetime

4.1 Introduction

Processes in which the gravitational interaction is dominant are often un-
stable. Well known examples are: stellar formation out of a cloud of dust
and the possible subsequent collapse into a black hole. The reason for this
is simple: gravity always attracts. In fact one might say that in order to
have a stable gravitational system either non-trivial boundary conditions
are required or the interplay of another force causing some form of balance
is needed. An all too familiar example of the first possibility is our solar
system, and the various stages in a star’s evolution provide examples for the
second possibility. On a more fundamental level one might say that gravity
anti-screens its source, that is, the stress-energy-momentum content of mat-
ter, whereas for example the electromagnetic interaction screens its source:
charge and its state of motion.

In addressing the question of stability it is always extremely useful to
know the energy balance of the process under consideration. However, in the
case of gravity this is in general not possible because general relativity does
not by itself provide us with a notion of gravitational energy neither locally
nor globally. In any attempt to supply the theory with such a notion one
is forced to introduce additional structure, for example certain conditions
are required to hold at infinity or one treats the dynamic part of gravity as
fluctuations with respect to some fixed background geometry.

It is not all too surprising that general relativity does not have a well-
defined notion of energy. Due to the equivalence principle one can always, at
an arbitrary spacetime point, choose a coordinate system in which the con-
nection coefficients vanish. On the other hand gravity interacts with itself.
Thus, since gravity is of a purely geometric nature, these self-interactions do
not depend on any choice of coordinate system and must therefore reside in
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the second and higher order derivatives of the metric. This makes the grav-
itational energy essentially non-local, and disables in general the definition
of a gravitational energy-momentum tensor. Further, because the spacetime
structure comes about as a solution of Einstein’s equation there is a priori
no notion of the global geometric aspects of a particular spacetime. This
makes it impossible to generally define energy globally.

Still, it is not all completely hopeless. On the contrary, for the class
of spacetimes which are asymptotically flat one has been able to define the
total gravitational energy stored in the spacetime and even more, there has
been formulated the celebrated positive energy theorem!:

The total energy of an asymptotically flat spacetime, including
the energy of the matter and also the energy of the field, is
always positive, if the matter contribution is positive, that is, if
the weak energy condition? holds, and zero only for Minkowski
spacetime.

The energy spoken of here is the ADM energy which is thus positive semi-
definite. We will briefly discuss it here for future reference.

A non-stationary space has no notion of gravitational force. All that we
could use is the asymptotic time translation symmetry. In order to define
this one considers the asymptotic symmetry group of an asymptotically flat
space, the Bondi-Metzner-Sachs (BMS) group®. The Arnowitt-Deser-Misner
(ADM) energy gives the total energy available in the space and is defined
at spatial infinity as follows. Let z!,--- , 29! be asymptotically Euclidean
coordinates for a spacelike hypersurface ¥ then E4pys is defined by

1

Eapm = Tor fi(aﬁgaﬁ — Dagpp)dS®, (4.1)

where o, = 1,--- ,d — 1 and S is a closed bounding (d-2)-surface of 3,
that is S = 0¥ at spatial infinity and dS® = n®dA, where n® is the unit
normal to S which has the ”surface” element dA. The expression must be
evaluated in the limit that » — oo with 2 = (2')? + .- + (24712, and the
metric components are evaluated on X.

Returning to the positive energy theorem. For the class of asymptoti-
cally flat spacetimes it is thus justified to say that Minkowski space forms
the ground state of the gravitational interaction in the sense that it is the
unique lowest energy solution of the Einstein equation (without cosmological
constant).

!This was first proven by Schoen and Yau and later by Witten, see [27] and references
therein.

2The weak energy condition states that for any timelike vector u® the quantity Thpu®u®
must be non-negative. If u® is tangent to some timelike geodesic then T,pu®u® represents
the local energy density of matter.

3For definitions and discussions see [3]
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Can we say something similar for spacetimes which have a positive cos-
mological constant or, excluding the possibility of the formation of a future
cosmological singularity, does there exist a positive energy theorem for the
class of spacetimes which are asymptotically de Sitter so that de Sitter space-
time forms the unique lowest energy state? So far such a theorem has not
been found. In fact it cannot even be formulated precisely for it is not clear
what the energy should be. Besides that, how are we to treat the cosmolog-
ical constant in this? Should it be considered part of the energy-momentum
tensor of the matter content? It could for example be the ground state
value of the potential of some scalar field. In that case the above stated
positive energy theorem does not apply because there it is essential that
the energy-momentum tensor of the matter vanishes sufficiently rapidly at
infinity, whether spacelike or null. This is obviously not the case when there
exists a scalar field potential whose ground state value is strictly positive.
Or should it perhaps be considered as a fundamental new constant which
like GG is taken up in the definition of the gravitational energy?

For an asymptotically de Sitter spacetime the Killing vector of time
translational symmetries is spacelike at future null infinity and so far all
known gravitational energy definitions assume that it always be timelike?.

Suppose that de Sitter space really is the ground state of all asymptot-
ically de Sitter spaces. Then that would mean that there exists no gravi-
tational process so that the spacetime geometry changes to a lower energy
state than that of de Sitter spacetime. This would be quite a non-trivial re-
sult, certainly because the geometry of a de Sitter space itself is non-trivial.
Might it be that since a de Sitter space is maximally symmetric any defor-
mation of it can only take place when more energy is put into the system or,
perhaps that any gravitational fluctuation will due to the anti-screening ef-
fect reduce the rate of expansion, which potentially could reduce the energy
of a de Sitter space?®.

In this chapter we will study deformations of de Sitter space and discuss
its stability. We will not find any result that is against a positive energy
theorem for the class of asymptotically de Sitter spacetimes.

The first approach is the one due to Abbott and Deser [1] in which the
metric of an asymptotically de Sitter space will be written as

9ab = Gab + hab>

where g, is the metric of a pure de Sitter space. All gravitational dynamics
is then assumed to reside in hy,. Hence, it will not be possible to say anything

“There is one important exception to this. Recently, Balasubramanian, de Boer and
Minic [24] proposed an energy definition for asymptotically de Sitter spaces based on the
quasi-local energy description of Brown and York that is able to deal with this problem.

5In [24] it is shown that according to the choices of minus signs in their approach the
total energy of a de Sitter spacetime is either the lowest or the highest in the class of
asymptotically de Sitter spacetimes.
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about the total mass of a de Sitter space, but only of deformations thereof.
For these perturbations, however large, an energy will be defined that gives
the total energy contained in some spacelike hypersurface of constant time.

In the Abbott and Deser approach it is not specified what was the source
of the field hyp. This is not necessary if one wishes only to define the total
energy of the field hy, and if it can be proven to always be positive then it
would not at all be relevant. However, it can only be shown that it is posi-
tive for fluctuations inside the event horizon indicating that de Sitter space
is classically stable to whatever happens inside the event horizon. Still one
might be worried that it is unstable with respect to global large wavelength
gravitational perturbations. The reason for this concern comes from the fact
that Minkowski space at finite temperature is unstable precisely under such
perturbations [6]. This is generally termed a Jeans instability. Now, a de
Sitter space is also at finite temperature and therefore also might display this
mode of instability. To prove that de Sitter space does not possess a Jeans
instability we will discuss global perturbations using the approach due to
Lifshitz and Khalatnikov [18, 14]. A perfect fluid is introduced on de Sitter
space with a small density, pressure and velocity field, and the subsequent
changes in the metric, described again by a field hgp, are ‘monitored’ in the
global coordinate system (which is not plagued by the presence of a cosmo-
logical horizon for it has no timelike Killing vector field). It will turn out
that all such perturbations are exponentially damped at late times except
for pure gravitational radiation which approaches a constant value, and so
as will be made clear de Sitter space does not have a Jeans instability and
is classically stable.

Finally, it will be argued to be likely that de Sitter space can withstand
the process of black hole formation. A full proof of this cannot be given yet
because it lies in the regime of semi-classical gravity and somewhat beyond,
but one can come a long way.

4.2 Killing energy and the pseudo energy-momentum
tensor

Consider an arbitrary spacetime manifold which possesses a timelike Killing
vector field £%, and let T,;, denote the total energy-momentum tensor of the
matter content. The vector Tabfl’ is divergenceless, that is, V“(Tabfb) =0,
because VT, = 0 and V(¢ = 0. Multiply this by (—g)'/? it then becomes
an ordinary divergence

V((—g) P Te) = 0°((—9)*Tupe?) =
3 ((—g)"*Top€) + 0*((—g) " *Tupe”) = 0,

where « = 1,--- ,d — 1. Next we integrate this over the spacelike hyper-
surface ¥ which is, in a coordinate system that covers X, determined by
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2% = cst. Assuming that T}, vanishes sufficiently rapidly at spatial infinity
we obtain that the quantity, F, defined by

E() = /E (—g) 2 Tppebd? 2

is conserved. It is called the Killing energy.

It was argued in the introduction that there exists no notion of local
gravitational energy density or put another way no energy-momentum tensor
can be found. Still, one can construct a so-called pseudo energy-momentum
tensor. We will briefly comment on this object because the same object for
the field hgp will turn out to be tensorial, expression 4.4.

The two main features of an energy-momentum tensor are the Bianchi
identity V,7% = 0 and symmetry 7% = T A local quantity can be
constructed which has both of these properties but which is non-tensorial.
It is called the pseudo energy-momentum tensor®, %0,

—167i% = 9,8,, U™, (4.2)

where J*mb — (—g)(g®g™ —gmbg) is the Landau-Lifshitz superpotential[7],
a non-tensorial quantity. It satisfies the continuity equation 9,[(—g)t®] = 0
and it is symmetric. The superpotential has the same structure as the Rie-
mann tensor of a maximally symmetric space and they therefore have the
same index structure. We note that equation 4.2 assumes that the cosmo-

logical constant is zero’.

We now take up the discussion of gravitational fluctuations with respect
to a fixed background geometry. As already mentioned an expression very
similar in form to 4.2 will be found. However, this time it will be generally
covariant.

4.3 Gravitational fluctuations with respect to a
fixed background geometry

In this section we follow the approach due to Abbott and Deser [1]. In their
article they discuss gravitational fluctuations with respect to some fixed
background geometry.

5By pseudo we mean here an object which transforms as a tensor only under a restricted
class of transformations. In this case these are linear transformations.

"The Landau-Lifshitz superpotential can be used to define total energy, momentum
and angular momentum only if the space is asymptotically flat.
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4.3.1 The Killing energy associated with gravitational self-
interactions acting on first order fluctuations

Assume that the Einstein equation reads
1
Rab = 59abR + Agap = 0, (4.3)

and write the decomposition as gup = Gap + hap- We will obtain the linearized
vacuum Einstein equation for a metric perturbation about the exact solution
Jap- This problem is generally approached as follows [25], section 7.5. Let
gap(A) denote a one-parameter family of exact solutions of equation 4.3 such
that g.p depends differentiably on A and equals g, when A = 0. Then the
linearized solution comes about by differentiating the equation 4.3 expressed
in terms of g,5(\) with respect to A and setting A = 0 at the end. The
validity of this approach depends on the accurateness of the decomposition
9ab = Gab + Agp-

Let 2V, denote the derivative operator associated with gap(N), and let
V. denote the derivative operator associated with the background part g,p.
They are related through the connection coefficients, C¢, (\)%,

) = 20O (VaguaN) + Vigaa(N) — Vagun (V).

One then finds for the Ricci tensor associated with ggp,(A)

Rap(A) = Rap — 2V ,Ciy + 2C51,C.

where Rg. is the Ricci tensor associated with the background. We note that
C% (A = 0) = 0. Differentiating the Ricci tensor R,.()\) with respect to A
and setting A = 0 gives,

5Rab = dRab()\)

T s

_%gmﬁa?bhcd - %ng?c?dhab + VeV (hpya.
Differentiating equation 4.3 we obtain

§Rap — %gabéR — %habR + Ahg, =0,
where

OR = G0 Ry — h® Ry

ab
It is noted that dgd>\()\) Ix=o = —ha®.

8The connection coefficients C¢, are defined by (*V, — V,)A® = C?, A%
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The background space satisfies Ry, = %Agab. Substituting this into
the linearized Einstein equation we obtain

1_ _ 2A
5Rab - §gabng5Rcd - mHab = 07
where Hy, = hgp — %gabh with h = h%,. The indices of h,, are raised
and lowered by gup. It is now straightforward to show that the LHS of the

linearized Einstein equation is equal to

2A

_ 1 -
“V/K, ~[VE, Vy|Hye — ——
V! Kaers + 51V Vil Hoe = ——

Hab7

where Kgepp = %(gabee + GveHaf — GabHep — JefHap) is called the super-
potential in analogy with the Landau-Lifshitz superpotential, U,e,r. It has
the symmetry properties

Kaebf = beae = _Keabf = _Kaefb-

Consider again the full Einstein equation 4.3 then if we substitute g, =
GJab + hap and separate the part linear in h,y, from all the terms which are of
second and higher order in hg, we can write

2A

- - 1 - -
aebf | © by ryae
VeV K 4 SV VIH™ —

H® — (_g)fl/QTab? (4'4)
where T is by construction a symmetric second rank tensor density of
weight +1. It represents the effective gravitational self-interaction energy
density for the linearized field.

From the contracted Bianchi identity V,(R® — $Rg*’) = 0 and the fact
that the metric is covariantly constant one finds that to first order in hg
the linearized Einstein equation,

2A

Hab
d—2 ’

1 S 1 - =
(Rab _ §gabR + Agab)L _ vevaaebf + i[vw vb]Hae .

satisfies the identity (we need not expand V, to first order because the
Einstein equation for g,; vanishes identically).

_ 1
Va(R™ = 5g" R+ Ag™) =0,
so that
Vo T% =0.

Let &, be a timelike Killing vector of the background geometry, that is,
it satisfies V(,&,) = 0. Because T is a symmetric tensor density we have
the important continuity equation

Va(T™E) = 0,(T%¢,) = 0.
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From it one constructs the following conserved charge

/ dd*leUbgb’
b))

where 3 is a spacelike hypersurface of the background spacetime manifold. It
is, in a coordinate system that covers 3, determined by z° = cst. Assuming
that hg, vanishes sufficiently rapidly at spatial infinity, the quantity,

B =5 / LT, (4.5)
T
we called the Killing energy, will be conserved. It represents the energy asso-
ciated with the gravitational self-interactions that act on linear fluctuations
with respect to some background geometry.
Let us consider again equation 4.4, specifically the term %[?e, ?b]H ae,
It can be rewritten as

1. - = 17 1 ,, = _
i[ve’vb]Hae = 2 bf[v€7 vf]Hae = §gbf(Refache + Refecha) =
Ls ap A e
— H® + ——H®.
2Rc € + d—2

Next we define X as

1o = 2A 1 -
Xab — §[ve7vb]Hae _ . 2Hab — 5(Rcabefjce _

2A
= fgeb 4.

which is manifestly symmetric in @ and b. Now, contract both sides of
equation 4.4 with &,

(—g) 7P = (VeVpK*g + X8, = Ve[(VpK g — K1V 6] +
[Kaebfvae + Xab]gb.

The second term can be shown to vanish for we can write

o 1 pe &
KV, = S(g"H" +g"HY — g™ HY — g H) R € =
1 - 2A =
— (R HE — = H)Ee = =X,

where we used
V Vel = Rpée

in the first equality and equation 4.6 in the second equality. Thus, we have
that

(=9) 72T, = Ve[(V K )E — KTV 1),
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Let us introduce the antisymmetric tensor F'*¢ defined by
(vaaebf)g Kafbevfgb
Then we can write
TG, = Ve((—9)!/?F*) = 0:((=9) /2 F*),

where the last equality follows from the fact that (—g)/2F® is an anti-
symmetric tensor density of weight +1. In conclusion, we have been able to
express T%€, as an ordinary divergence. Therefore it has become possible to
express the Killing energy, also termed the Abbott and Deser (AD) energy,
equation 4.5, as a flux integral

— _/dd 1 TObg __/dd 1 a((_§)1/2F0b):

87T ( 9)/2F%4s,, (4.7)

where S is the closed boundary of ¥ and where F% is given by
F% = (V K%l — K010 )¢

The indices o and 3 range from 1 to d — 1.

Assume for the moment that A = 0 and that the background metric is the
Minkowski metric 745. In a Cartesian coordinate system of the background
the timelike Killing vector reads & r= 5?. The integrand in the expression

for the Killing energy reduces to 0, K 0807 " where K997 is given by
1 1 1
K980y — — g8y _ 587 00y — (8 BYR0 Y — Z(RPY — §8YR ).
S P = 67T H) = (b7 4 55TR0) = S (157 = 6%7he,)
The integrand becomes
1 1
87K0507 = 5(6%}1‘” — aﬁhaa) = 5(87}167 — 0ghaa)-

Thus, the Killing energy for the interaction energy of the field h,p describing
first order fluctuations with respect to a Minkowski background is

1
B=o 7{ (D13, — Dsha)dSs.

It has the same form as the ADM energy expression for an asymptotically
flat space at spatial infinity, equation 4.1, since we can replace hg, by the
full metric g = Nap + hap in the above integrand.

Formula 4.7 gives the total gravitational energy associated with the fluc-
tuations hg, that is contained at a particular instant in the spacelike hyper-
surface X. If for instance £ is a global timelike Killing vector the expression
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gives the total energy defined with respect to no fluctuations, the ground
state say, on the boundary of a spacelike section of the whole spacetime.
For this to be conserved it must be that Ty; vanishes sufficiently rapidly as
hap approaches the boundary S. For de Sitter space such an interpretation
is not possible, because it lacks a global timelike Killing vector field, that
is, it is not stationary. Hence the applicability of formula 4.7 is limited. In
fact, the surface S must lie inside the event horizon.

4.3.2 The linearized Einstein equation on a maximally sym-

metric background

If we ignore the self-interactions by setting 7,;, = 0 we are left with the
linearized Einstein equation,

_ lce = 2A
VN Kachy + 51V, Vil Hae — - Hap = 0.

Further, one proves that the field h,, to this order possesses the gauge
invariance,

hap — hap — 2?(aAb)'

This invariance can be used to set the gauge condition
7 a 7 a 1 =
VHuy =V (hab - §gabh) =0.

It is straightforward to show that in this gauge the linearized Einstein equa-
tion reduces to

OHy, — 2RC ¢ H,e = 0,

where the box denotes the d’Alembertian of the background geometry, [ =
GV ,Vy. The remaining gauge freedom can be used to set the gauge con-
ditions,

V% =0 and h =0,

called the transverse traceless gauge, in which case the linearized equation
reduces further to

Ohgp — 2R ;,hee = 0. (4.8)
For a maximally symmetric space with cosmological constant A we find

2R B 4N

0= T @D

Yhap = 0. (4.9)
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We note that the equation of motion for hg is conformally invariant. Due
to the conformal invariance the field hy, may be termed Minkowskian mass-
less in the spirit of section 2.5. The field hy, corresponds to the discrete
representation with p = ¢ = 2 of the group SO(d, 1)°.

4.3.3 The AD mass of SdS,

In order to test the applicability and usefulness of the Abbott and Deser ap-
proach to asymptotically de Sitter spaces the specific case of a Schwarzschild-
de Sitter space will be discussed. The space SdS4 can be treated as a defor-
mation of dS4 in the sense that

9585 = Gap + R,

where now g, denotes the metric of dS4. The Killing or Abbott and Deser
(AD) energy of hgp, will be calculated using expression 4.7. The expression
has meaning only when &% is timelike. Hence, the integration surface S
appearing in the AD energy expression must lie inside the event horizon of
dSy. The best suited coordinates will then be asymptotically flat coordinates
because they are analytic at the horizon. This system of coordinates was
discussed in section 1.3.3. It is straightforward to show that in terms of
these coordinates the AD energy expression reads

E(&) = %éfg(velfoﬁfe — K%85,)¢;dS;, (4.10)

where f = e/, & = (1, f?%) and where S = 9% with ¥ an infinite spatial

plane, so that the integration surface is an S? surface. In order to evaluate

this integral we need to find hy, = gfbds — Jab in these asymptotically flat

coordinates. The asymptotically flat metric of SdSy, equation 1.33, was
discussed in section 1.6.2. Introducing the function, ¥, defined by

M
C2rf

the deformation metric h,, can be written as

1+
hag = [2ap((1+U)* —1).

hoo = 1—(

See [13] for a concise presentation of the group theoretical aspects of linear gravity
on a de Sitter space. There conformally invariant fields are termed strictly massless and
their gauge invariance can be used to reduce the number of degrees of freedom to two.
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The integrand of the AD energy can be evaluated in the asymptotically
flat coordinates to be

_ _ 1 2
(V Kfe — k018G \¢; = 5(=0sh77 + Oah®P + Zh9%) 4

[
1
5w (00T 4 fEO0(F2R0T) + (07T 0a R — ) +

1
l_Q(h’OO‘TB _ f2h'67x7')7

where h77 = h®7d4,. The indices of hgy, are raised with g, and h® has the
components

1-v
hOO - 1- 2
(1—|—\If)

hof = f725%0((1 4wyt —1).

It will be assumed that the integration surface S is inside the cosmo-
logical event horizon which is at [f~!, but still at a distance R far away
from the horizon of the black hole whose radius is rgf~! with rg = 2M, the
Schwarzschild radius. In this case ¥ < 1. Then the metric component h%°
can be expanded in a Taylor series around ¥ = 0, so that a series expansion
for F(£) will be obtained. Expanding around ¥ = 0 we find

1-v
RO = 1 (1+—\If)2 =40 — 802 4 1203 — 160? + ... + (=1)"4nu" +
hoP = 50240 + 602 4 403 + Tl

At each order h% and h*? are of the form h% = B and h*® = A§*P, where
A and B are functions of ¢t and r. Then at each order the AD energy is
given by

f3

B(§) = 4

de( Oa A+ Tal7 f280A+ (2f2A+B))) (4.11)

For example the zeroth order contribution to the AD energy, E(©), say, is ob-
tained with B = 4¥ and A = f~24V. Substituting this into expression 4.11
we have

- 1 2M
E(O)(g) = — %Sdsawxa

8
with dS, = nodS and xzon, = r. This gives
- 1 M
EOEG=—""104d = M.
() 4 R? SR2
Proceeding in this way one eventually obtains
-1
BE) = M+aml RT - 5M Rf+3M(f RTO) +
F o ”Hm“g 1
M —5M 4.12
( R ) Z2Rf ZQZ (fR)»3 7 ( )
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where 19 = rg/4. It represents the Killing or AD energy contained in the
region bounded by S of deformations of g, describing a black hole. The
zeroth order term is equal to the mass of a Schwarzschild black hole. The
higher order terms may be considered as corrections to the mass M which
are due to the cosmological expansion of the space. All the higher order
terms are proportional to at least 1/R except for the third term on the
right-hand side of equation 4.12 which is proportional to R. In this system
of coordinates the horizon is at (@)2 = 1. Since R < |Z] it follows that
fR/I?2 < (fR)™!, so that inside the cosmological event horizon the term
5M 73 Rf is smaller than the second term, 3M ! _;TO. However, it also shows
that the limit R — oo does not exist.

The assumption of the black hole radius f~'rg to be much smaller than
R not only enabled the expansion made above, but it also ensures that all of
the gravitational energy associated with the black hole has been accounted
for. This is because if the surface of integration would be close to the black
hole horizon whose value is time dependent a fixed volume element like d.S;
would be inadequate, and integration with respect to it would not account
for all of the gravitational energy.

This section started with the question whether or not the AD formalism
is applicable to SdS, and if so whether or not it is a useful approach. Well,
it is applicable, though in a limited fashion. The expression 4.12 painfully
depends on R. This also makes it doubtful if it can be deemed useful. In
fact all it tells us is that the AD formalism is a physically sensible one for
it is able to produce sensible corrections to the mass M of a Schwarzschild
black hole and these corrections relate to the cosmological expansion of the
spacetime. Still, it is not able to truly give the mass of a black hole in SdSy.
It merely indicates what possible modifications there could be. The above
AD expression can be contrasted with expression 3.16 which does give the
mass of a black hole in SdS; as measured by a static observer.

It can be proven as was already mentioned in the introduction to this chap-
ter that the Killing or AD energy of gravitational fluctuations with respect
to a de Sitter background are always positive inside the cosmological event
horizon and negative outside. Therefore the energy expression 4.7 cannot
be used to establish globally the classical stability of de Sitter spacetime. In
the next section this stability will be established. Fluctuations of the metric
in the global coordinate system of dS4 will be discussed. These fluctuations
will be generated by the presence of a perfect fluid with a small density,
pressure and velocity field. In a way this is in contrast to the Abbott and
Deser approach where the fluctuations were not required to be small. Then
again it is not necessary to treat large fluctuations because if it can be shown
that de Sitter space is globally stable against any small fluctuation they are
allowed to grow arbitrarily large, still de Sitter space would remain stable.
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4.4 Global perturbations of de Sitter space induced
by a perfect fluid

We shall be working in the global coordinate system of dS; in which the
metric is given by

ds® = —d7” + a*(7)d$;,

where a(t) = lcosht/l. The cosmic time parameter 7 is redefined by dr =
adn, so that the line element becomes

ds? = a®(n)(—dn? + yapdz®dz?), (4.13)

where 7,4 is the metric of a unit $3 sphere, and a(n) = Isecn with —7/2 <
n < w/2. The parameter n equals T/l where T is the conformal time of
section 1.3.4. The Ricci tensor components are

Roo = —3a %(ad” — (d')?) (4.14)
Rao = 0 (4.15)
Rop = a 2(2a* + ad” + (d')*)Yap, (4.16)

where the prime denotes differentiation with respect to . The Ricci scalar
is given by

R=6a"3(a+d").

As always the perturbations and the de Sitter background will be denoted
by haep and ggp, respectively, so that the full metric is gqp = Gap + hap- In
discussing these fluctuations in the global (conformal) coordinate system it
is convenient to choose a gauge for hgy;, at the start. This gauge choice will be
to set hgg and hog equal to zero, and it is called the synchronous gauge. The

fluctuations induce a change in the Einstein tensor, §Gq, = GS)) (g+h)—Gap,

where Gg)) (g + h) is the Einstein tensor of the full metric gup + hap up to
first order in hgq, and where Gy is the Einstein tensor of the background de
Sitter space. The components of this tensor are calculated in appendix C,
equations C.1, C.2 and C.3. The result is of this calculation is

500 = SR, — %m _ a_f; _ % _ %(W%hév _Oh) (447)
6G0, = R, = #(%h' — V) (4.18)
§G%; = OR% — %5351% = %[%‘llh%’ + R — 4h% +

53(0h — VIVsh, 4+ 2h — 1" — 200,

Vo VAR 5+ VIVshe, = VVgh — Oh%), (4.19)
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where h is the trace of hy, and where V,, is the covariant derivative of unit
S3. so that V& = 48 ?g. The components are written with one upper and
one lower index because then the equations are somewhat compacter. This
is because the following relation holds

0Gap + Nhgp = gacéGcb-

The fluctuations hg, are assumed to result from the presence of a perfect
fluid with energy-momentum tensor Ty;. The full Einstein equation is

Gap + Agab = 8L yp.

To first order in A, this becomes

Gab + 0Gab + A(Gab + hap) = 87T p,
and because g, satisfies the vacuum Einstein equation this reduces to
6Gap + Ahay = 8m0Tap = GacdG,
so that
0G?, = 8mdT',.
The energy-momentum tensor 67'% has the perfect fluid form
0T = (0p + dp)uup + dpoy,

where dp is the small pressure, dp the small density and u® is the velocity field
of the fluid particles. The real 3-velocity v of the fluid is v® = au®. This
will be assumed to be small. In fact much smaller than the speed of light,
so that u* < 1/a. The timelike 4-vector u® is normalized to u®u, = —1.
Then to first order we can put u® = 1/a. Further, because ép and 6p are
small they are interrelated through

where vs = ,/Z—ﬁ is the speed of sound in units of the speed of light. The

FEinstein equations relating the perturbation hg, to the presence of a perfect
fluid are then

G, = —8rdp (4.20)
1

§GY5 = 87755/)(14-7)?)1% (4.21)

§G% = 8mipvisy. (4.22)

82



Comparing the vacuum Einstein equation 4.21 with equation 4.15, we see
that the velocity field u, makes R, nonzero. The component R, was zero
because the line element of the global coordinate system, expression 4.13,
consists of comoving coordinates, that is, the timelike geodesics of test parti-
cles have % = const. When the perturbations A, in the synchronous gauge
are included the line element changes to

ds® = a®(n)(—=dn® + (Yag + @ *hag(n, F))dz*dz”) (4.23)

preserving the synchronity. However, the coordinates =® are no longer co-
moving coordinates.

The new line element 4.23 shows that the perturbations h,g describe
time dependent changes of the S spacelike sections of dSy. In section A.3 it
is shown that the most general perturbation can be written as, equation A.3,

hag = A1) Pag + 11(1)Qap + 0(1)Sap + v(1n)Hag. (4.24)

The quantities appearing here are defined in section A.3.

It will turn out convenient to consider the off-diagonal components of
equation 4.22 and to take the trace of the same equation and eliminate from
it dp using equation 4.20. This gives

60G%% = 0 fora#p (4.25)
6GY, = —3020GY,. (4.26)

«

Plugging equation 4.24 into equations 4.25 and 4.26 the following set of
differential equations is obtained

1
p” + i (2 + 302) tann + 5(1 +302)(n? —4)(u+A) =0 (4.27)

1
N+ 2X tann — g(n? ~D(p+v)=0 (4.28)
0" + 20" tann =0 (4.29)
V' + 20 tann + (n? — 1)n =0, (4.30)

where a(n) = Isecn has been used together with equations 4.20 and 4.22.
Further, if one substitutes equation 4.24 into equations 4.20 and 4.21 one
obtains

cos’n 1
bp = o (G = A)(u+ N+ tann)Q (4.31)
S SRS S VNR SRR
vadp = i g TN g = D) Ve@ F
%0"(”2 —4)Sa). (4.32)

Not every change described by h,g will correspond to a physical fluc-
tuation. This is because there is some gauge freedom left. It can be
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shown [18, 14] that the remaining gauge freedom after setting hgg = 0 = hoq
is

hag — hag + sin n?avgfo + fovagsinn + Vo 3+ ?gfa, (4.33)

where fy and f, are arbitrary functions defined on S3.

We may consider the perturbations described by the scalar, vector and
tensor spherical harmonics separately. We will start with the perturbations
described by the tensor harmonics. In this case it is only the metric which
changes leaving the density and velocity of the fluid unaffected. The ten-
sor harmonic H,g is transverse and traceless, so it describes gravitational
radiation. The functions fp and f, appearing in the remaining gauge free-
dom cannot be constructed since nor scalars or vectors can be made out of
H,,. The dynamics is described by equation 4.30. In order to solve this
differential equation substitute for v the function e™*7. It then follows from
inspection that the solution is

v(n) = e((n+ D)=V 4 (n — 1)ellmtn),
where c is a constant. The real solution is then
v(n)er (sin(n—1)n+(n—1) cosnsin nn)+ca(cos(n—1)n+(n—1) cosn cos nn)

with ¢; and ¢ constant. The parameter n and the time parameter 7 of the
global coordinate system are related by cosn = m, see the beginning
of this section and section 1.3.4. In the limit 7 — oo, the parameter n
approaches /2. In this limit we have cosn ~ 2¢~7/!. so that asymptotically
in the infinite future

w(t) ~ Ay + Age™ ™/

Therefore the perturbations do not grow in time. Thus, gravitational radi-
ation does not lead to an instability.

The perturbations described by the spherical harmonics have hog =
o(n)Sag, so that @ = 0, and therefore 6p = 0. The function o(n) satisfies
equation 4.29, which is a first order differential equation. It is solved by
o' = acos®n. This integrates to give

o(n) = c3 + ca(2n + sin 27).

With Q = 0 and dp = 0 it must be that ¢’ = 0 as follows from equation 4.32.
Therefore we must have that ¢4 = 0 so that o is constant. However, metric
perturbations like hog = 35,8 = 03(?(15,5 + ?530[) can be transformed
away by a gauge transformation with f, = —c3S,. Thus, the vector har-
monic perturbations are completely irrelevant.

Finally, we consider the perturbations generated by the scalar spherical
harmonics, that is, we set hog = AP,g + uQq3. First, we exhaust the
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remaining gauge freedom. Choose fy = CQ and f, = 2(737:1)?@@. Then
by comparing equation 4.33 with h,g it can be shown that in hog = AP,g+

1Qap the functions A and p can be shifted by
An) = C(n*—1)sinn+C’ (4.34)
1
w(n) = —C(n*—4)sinn — gC'. (4.35)

This can be used to show that for the cases n = 1 and n = 2 no physical
changes in the metric appear. The equations governing the time dependence
of A and p are equations 4.28 and 4.27.

The larger the value of the speed of sound, vs, the larger the pressure,
and the larger the resistance against gravitational collapse. So if there is an
instability it will most likely occur for the case of pressureless dust (vs = 0).
Adding and subtracting equations 4.28 and 4.27 and setting vs = 0 we obtain

(u+N"+2(p+ N tann — (u+ ) = 0.

Subtracting equation 4.28 from equation 4.27 a second differential equation
is found

(n—N)" +2(p— N tann + (§n2 — g)(u + ) = 0.
The first can be solved using the method of reduction of order. Substituting
i+ XA = sinnw leads to a first order differential equation for w’ which can
be integrated. The second differential equation is inhomogeneous. It can be
solved by first finding a solution to (x — A)” +2(p — A) tann = 0 and then
adding a particular solution to it. The solutions one finds are

pln) = sl sin2n+ (g — 3) + coln? — 4)(cosn + (7 3) sinn)
Alm) = —05(% sin2n + (n — g)) + cg(n? — 2)(cosn + (n — g) sinn),

where the gauge freedom equations 4.34 and 4.35 has been used to set
pu(m/2) = 0 = A(w/2). Differentiating these two equations it is also seen
that g/ = XN =y = N =0 at n = /2. Thus, the energy momentum tensor
associated with the field h,g defined as in equation 4.4 vanishes at late time
infinity. Further, also the density dp and dpv, can be shown by evaluating
equations 4.31 and 4.32 for the case at hand to vanish fast as n — 7/2 or
as 7 — oo. Once again the perturbations generated by scalar spherical har-
monics do not lead to any instability. Using cosn ~ 2e~7/! it follows that
the scalar generated gravitational perturbations are exponentially damped.

Hence, all gravitational perturbations are exponentially damped with
the exception of gravitational radiation which approaches a constant value,
so that we conclude that dSy is classically stable.
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4.5 Black hole nucleation and subsequent evapo-
ration in de Sitter space

In this last section an outline will be given of the description of black hole
nucleation!® in a de Sitter space. Because de Sitter space is at finite tem-
perature it might be possible for thermal gravitons to induce a local change
of the spacetime metric that eventually leads to a global topological change.
These are thus thermally induced metric fluctuations or better topological
deformations.

Null infinity of Schwarzschild-de Sitter space is spacelike and has the
topology of S? x S'. Hence, in the complexified SdS; space there must be
a euclidean section which has the topology of S? x S? assuming that the
imaginary time is periodic, that is, S!, since S = S' x S'. In fact in [14] it
is shown that such euclidean sections exist. Therefore the S? x S? euclidean
section of the complexified SdS, satisfies the euclidean Einstein equation.
Further, it has no intrinsic singularities and it has finite action because it is
compact. Such spaces are called gravitational instantons.

Let us consider again the partition function 3.1,

Z=N / Dyape2El].
periodic

This path integral is over a set of metrics which includes instanton metrics
and deviations thereof. In a semi-classical approximation to this integral
one would replace it with a sum over the stationary metrics, that is, those
which satisfy the euclidean Einstein equation. The partition function will
be considered in the neighborhood of the saddle point corresponding to the
S? x S? instanton. Then including fluctuations about the S? x S? metric a
part of the above partition function is

o—Sild] / Dhyye S8,

where 51(32) [h] is the euclidean action of the fluctuations h,;, about the metric

Jab = gSZXS2 of §% x 52 evaluated up to second order. So variation of Sg) [h]
will lead to the linearized Einstein equation on S? x S?. This Gaussian
integral will give the lar%er Qart of the action of the fluctuations hg;, around
the stationary metric gfb xS7

The fluctuations hyp can be decomposed into a transverse traceless part,

a trace part, and a traceless longitudinal part as follows

1., = - 1. & .,
hay = h5 + 19abh" e+ (Va&y + Vika = 50 Vel), (4.36)

9The term nucleation is borrowed from statistical physics where nucleation processes
describe phase transitions. For example, the nucleation of bubbles of water vapor at the
boiling point initiate the phase transition from the liquid to the gaseous phase.

86



where V,, is the covariant derivative of §2x 52, haTl:f is the transverse traceless
part, h¢, = his the trace part and the last term in parenthesis is the traceless
longitudinal part where £ describes the longitudinal excitations of hgp.

The action Sg) [RTT b, €] contains the full gauge freedom of hgy. A
proper way to deal with this in evaluating the action is to add gauge fixing
terms to it. This method is described in'! [12, 6]. Only the result will
be stated here: for the Gaussian fluctuations described by h and &% it can
be proven that their action is positive (semi-)definite, but this need not
be the case for the h:;FbT fluctuations. Therefore if one is only interested
in perturbations which may cause an instability, the part of the partition
function considered above, expression 4.36 can be written as

= (2)
e~ 5rld] / DhlTe e [h*7] (real-valued contributions of stable Gaussian fluctuations).

(4.37)

The action S’(EQ) [ATT] can be found using equation 4.8 which is the linearized
einstein equation on a background spacetime in the transverse traceless
gauge. The corresponding Lagrangian is £ = —miﬂih;{g GadehZ;lT, where
Gaped = —GacGpad — 2Ruebd- Next we will decompose haTbT in terms of the
eigenfunctions of the operator G*“? which will be denoted by ¢, and are
defined by Gabcdqﬁf,fl = M\@l,. The transverse traceless fluctuations can
be decomposed orthonormally in terms of the eigenfunctions of Ggpeq as

hgT =Y, @@, where the inner product of ¢7, and ¢7; is defined as

/ VgdrdPz el ol = 7.

With the help of this orthonormal decomposition of h:{bT the integration
measure Dhng can be replaced by Wdan for each eigenfunction where
i is a parameter of dimension mass. Then the path integral appearing in

expression 4.37 can be written as
TT -SSP RTT) _ H T
/Dhab e 1;[ 7(3271_)1/2 dape Tom 4 .

In [14] it is shown that there exist one fluctuation about S? x S? which
has a negative eigenvalue A\ with respect to the operator Ggpeq. In order
to regularize the integral for this particular A the variable a must be con-
sidered in the complex plane. The integrand can be analytically continued
to the complex a-plane. Then by taking the contour along the imaginary
axis, that is, by replacing a with ¢a the integral is convergent and gives an

Y Actually in [12, 6] one considers the case of zero cosmological constant but the results
generalize to the case of nonzero cosmological constant.
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imaginary contribution to the partition function. Hence, it follows that the
expression 4.37 becomes

ie~5eld] (real-valued contributions of Gaussian fluctuations).

Therefore there is an imaginary contribution to the partition function and
hence to the free energy coming from an unstable fluctuation about the
S? x S? instanton.

A de Sitter space thus has an instability. Its partition function has an
imaginary part due to an unstable fluctuation around the S x S? instanton.
If this is continued to Minkowskian metric it is seen that this is a thermal
process in which the entire de Sitter space decays into a Schwarzschild-de
Sitter space. The semi-classical analysis requires the black hole horizon to
fall on top of the cosmological event horizon, because only in that case the
two horizon temperatures are equal. It is believed that quantum fluctuations
will bring the black hole horizon inside the cosmological event horizon. Then
the black hole is at a higher temperature than the surrounding space, see
equations 3.19 and 3.20. Therefore the black hole on average emits more
particles than it absorbs and starts to evaporate. In this way the black
hole mass reduces leading to a reduction of the horizon radius which in turn
leads to an increase of the black hole horizon temperature (a black hole
has negative specific heat). In the end the black hole will have evaporated
completely and a pure de Sitter space is left behind. Thus, even though de
Sitter has an instability, it does survive. It evaporates much faster than the
time required for another nucleation to take place.
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Conclusions

The introduction of a positive cosmological constant in the Einstein equation
has some rather strong effects on the global spacetime properties. Null
infinity will be spacelike leading to the presence of a cosmological event
horizon, and if it forms a compact hypersurface then there will be no spatial
infinity. In describing physical processes in a de Sitter space observers are
introduced. For observers comoving with the expansion the radial coordinate
has only a finite range of values. For static observers horizons appear, and for
an observer who experiences no spatial curvature, the space is geodesically
singular (incomplete) in the infinite past and his future light cone is bounded
by a horizon which moves along with the observer.

These observers all have in common that they measure the same tem-
perature. This temperature is thus generally covariant and derives from
the geometric properties of the spacetime itself. In fact it is directly propor-
tional to the surface gravity of the cosmological event horizon. This intrinsic
thermality of de Sitter space first became apparent from the properties of
the Green’s functions of scalar particles which are all periodic in imaginary
time. The quantum state of these particles, which was argued to be the
euclidean vacuum, is a pure quantum state. This is another confirmation of
the fact that the temperature really is an intrinsic property of the space.

The scalar particles that were introduced on the spacetime divide roughly
into two classes: those whose mass parameter has a Minkowskian interpre-
tation in the sense that these fields approach irreps of the Poincaré group in
the limit in which de Sitter space approaches Minkowski space, and those
which have no Minkowskian interpretation. The physical status of these
latter particles has not been brought to light yet.

In quantizing these scalar fields using the covariant procedure different
inequivalent vacuum choices can be made. Then if self- interactions are
introduced the euclidean vacuum remains as the only possible choice. This
vacuum leads to Green’s functions which can be analytically continued to
the euclidean de Sitter space, S%, and back. This explains why the Green’s
functions defined with respect to a pure vacuum are thermal.

The thermal properties of de Sitter space are also cause for concern.
It might be that just as is the case for hot flat space that it is unstable
and decays. In order to study the stability of de Sitter a perfect fluid was
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introduced which generates fluctuations in the de Sitter space metric. No
instability was found. However, analysis of the partition function shows that
the whole de Sitter space can and therefore will decay into a Schwarzschild-
de Sitter space. Still, this space does not live long and due to the rapid
black hole evaporation a pure de Sitter space is found again.

So far no instability has been found that goes against the existence of a
positive energy theorem for de Sitter space. An attempt to define a notion
of gravitational energy has been made by Abbott and Deser. But, however,
physically sensible it is not sufficiently general to apply to the whole space; it
can only be used in that region where the Killing vector of time translations
is in fact timelike. But at null infinity this Killing vector is spacelike which
makes it difficult to define an energy expression that gives the total energy
of the whole spacetime.

Putting everything together it must be concluded that if it is really true
that our universe is presently undergoing large scale expansion driven by a
cosmological constant or that such a phase has occurred in the past then
there is still a lot of work to do.
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Appendix A

Special functions

A.1 The hypergeometric function

Consider the hypergeometric differential equation in the complex z plane,

d>v dv
z(z — 1)W +(c—(a+b+ 1)Z))E —ab¥ =0,
which has regular-singular points at z = 0,1,00. Comparing with 2.7 we
read off

a+b+1=d, ab=01*m>

c=—,
2
Both a and b satisfy

h(h — (d—1)) + I*m? = 0.

The hypergeometric function o F} (a, b, ¢; z) defined through the series expan-
sion

2F1(CL, bv G Z) =

I'(c) i Fa+n)(b+n) 2"
I'(a)T'(b) vt I(c+mn) n!
with ¢ # 0,—1,—2,--- provides a solution for ¥ which is regular at z = 0,
real for real values of z, and defined on |z| < 1.

If we solve for h we find

1
h=5((d=1)+ V(d—1)2 —4i2m2).
We put @ = h and b = (d — 1) — h. One proves that for Re(¢) > Re(b) > 0

and Re(c —a —b) <0,

lim (1—2)%¢5F(a,b,c;2) = Lla+b—ol(e)

Jm, T(a)T () (A-1)
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The parameter b has the value 3((d — 1) — v/(d — 1)2 — 41%m?) so that for
m? > 0 the function 3 Fy(a,b,c;z) behaves near z = 1 as (1 — 2)' =42, We
conclude that the hypergeometric function 2Fy(h, (d — 1) — h,%;2) has a
singularity at z = 1, which becomes a simple pole in d = 4 dimensions.
Now, we consider the analytic continuation of 9 F(a,b,c; z) to |z| > 1.

One proves that
1
2F1(a7b70;2) = ClZ_a 2F1(a’a_c+]_’a_b+ 1?_)+
z
1
2z " 9 Fi(bb—c+1,b—a+1; ).

The precise value of ¢; and co is irrelevant for our purposes. It follows
immediately that unless a and b are integers o F} (a, b, ¢; z) has a branch cut

from 1 to co. In the conformally coupled case, m? = %—22) and h = %,

so that b = d—gg which means that for even dimensions 2F}(a, b, ¢; z) has no
branch point at z = 1.

A.2 Singular behavior of the Wightman function
in M
The Wightman function in M? is given by
GH(ey) = Q@I = s [ AR + m?)o(k)ee ) =
(27r)d 1

1 N o— k0 (20 —y0)+ik-(F—7) ‘
(2m)d-1 2k0 Ro=wp

where wp = V k2 + m2. Introduce spherical coordinates

Ak = k2 dkdQyq,

where we define k = Vk2 and r = \/(Z — 7)2. We orient the axes such
that k& - (Z — §) = krcosfy_3 where 6;_3 is the angle for which dQ2y;_1 =
dQy_osin®30,_3df,_3. Using

1
orz(d=2)
/ =
()

and

g 1
/ db,_s Sind—S 6d73eikzr costy_3 _ / dt(l _ t2)(n—4)/2eikzrt _
0 —1

/2 2
(2, k),
F(u+%)(kr) (kr)
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d=3

5, we obtain

where t = cos84_3 and J, is the vth Bessel function with v =

+ _ T 1 1 Oodk' d—1)/2 —ik9¢0
G (x’y)_\/;Wr_”/o @k:( )2¢ J, (kr),

where t0 = 20 — 0. If d = odd so that v is an integer we use the formula

Tulkr) = (1) (=3 )" Jolhkr).

When d = even we write v =1+ 1/2 with [ = (n — 4)/2 integer and work
with spherical Bessel functions

Bajalhr) = o) 2k 25kr) = |2 2 Lt ),

where jo(kr) = % Since we do not expect any dependence of the final re-

sult on the even or oddness of the dimension we will continue the calculation
for d = even. We obtain for the Wightman function

1 1d dk ;0.0
+ = =% N(d-2)/2 Sl —ikO¢
G"(z,y) = (27r)d/2( rdr) /0 10¢ cos kr.

Define the function, f(t°,r),
©dk .00
JiGRD) 5/ — e cos kr,
=[5

The mass shell condition (k)% — k? = m? with k° > 0 can be expressed by
putting k% = mcoshy and k = msinh ¢ with 0 < ¢ < co. Next, define
A= (t9)2 — 72, so that we may set

t9 = £y/|\ cosh g

T o= \/Wsinh ©0-
We distinguish four different cases:
1. >0, A > 0 with t° = v/ A cosh ¢y and r = v/ Asinh ¢
2. t9 >0, A <0 with t* = \/—_)\sinhgog and r = \/—_/\coshgoo
3. t9 <0, A >0 with t = —v/Xcosh g and 7 = v/Asinh ¢q
4. t9 <0, A < 0 with ¢ = —\/—_)\sinhgoo and r = \/—_)\coshcpo.

One then shows, using
/ d¢ezm Acosh¢ _ %H(()l) (m\/X)’
0
where H(gl) is the zeroth order Hankel function of the first kind, that
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Lf(t0,r) = ZHP (mvX)
2. f(t°r) = Ko(mv=X)

3. £(10,7) = ZH (my/X)
4. f(t%,r) = Ko(mv/=)),

where HéQ) is the zeroth order Hankel function of the second kind, and
Ko(mvV—\) = %Hél)(mi\/X).

We work out the first case explicitly. Introduce w = m+v/A. Then
1d 5 d

o —om?—,
rdr dw?
so that

T 1 B d - )
G+(x7y> = EW(Zmz)(d 2)/2(W)(d 2)/2H0( )(w).

Finally, employing the formula,

i)(d—2)/2Hé2)(w) _ (_1)(d—2)/2(1)(d 2)/2,~(@=2/2 @) (1),

( dw2 2 5
we obtain for the case with t° > 0 and A > 0:

i(—1)Y?1 2m
G*ay) = S R ()

Performing similar calculations for the other three cases we find in the end

+ _
G (ﬂfay)—m

e(t")s =2 (N) -

2(—1)4/? o2m
amr
(—1)d/2779 2m | (4-2)/2 ) 4 i sien(t0 5y

(dr)a2 ()\)(\/__)\) (N%(m A) + i sign(t )J%(m N),

where sign(t’) = 0(t°) — 6(—t°). The delta function appears because the
function f(#°,r) has a finite discontinuity at A = 0. More precisely,

) I22K aa (myV/ =)+

lim — li 1) =—.
(Al%i Ag(lgl_)f( ,T) 5
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GT has four different singularities: a discontinuity, delta function and
logarithmic singularities, and poles of various orders. The strongest singular
behavior is exhibited by the highest pole

_l(i)(dﬂ)/?(u)!
T m\/X 2
which is contained in the Neumann function, Na_z (m+v/A). Then if we ap-
2

proach the light cone from the inside G behaves like

S1(-19) T(E) 1

+ ~ -
¢ md/2 2(d—2)()\

(d=2)/2,

The geodesic distance, D, is related to A by D? = —\, so that we have the
short-distance behavior of the Wightman function in d-dimensional Minkowski
spacetime:

()2, (A:2)

The regulating ie-prescription can be found from t° — t° — je. Then, to
the same order in ¢, D — D + ¢, for t° > 0 and A > 0, that is, for = to the
future of y, where € is proportional to €. Similarly, D — D — i€ for = to the
past of y.

A.3 Scalar, vector and tensor spherical harmonics
on S°

The perturbations h,g describing changes of S3 can be decomposed into
irreducible representations (irreps) of the group of motion of S3. These
are continuous single-valued representations of the rotation group. There
exists a standard method of obtaining them®. Consider the Laplace equation
V2U = 0. The Laplacian is invariant under the rotation group. Let ¥ be
a homogeneous polynomial satisfying the Laplace equation, then due to
the rotational invariance of V2 and since rotations carry one homogeneous
polynomial into another, the space of homogeneous polynomials of, say,
degree n — 1 forms a representation space for the rotation group. Let z%,
a = 1,2,3,4, be cartesian coordinates for R*. A scalar spherical harmonic
of degree n — 1, Q™. on S3 can be defined by

T,nle(n) — AE:Z():“,LU(ZCCI)ZIIC e

n . . . . . .
where Agbi--- is a certain (in cartesian coordinates) constant euclidean tensor

of rank n — 1 which is symmetric with respect to all its indices, and which

!This section is heavily based on [18], appendix J.
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gives zero when contracted over any pair of indices. The latter property
ensures that r"1Q(" satisfies the Laplace equation. Thus

n 82 62 n a C
(7“ 1Q ):(W+"'+a(x4)2)A() P c—

abc:-

In spherical coordinates the Laplacian acting on a any function f can be
written as

39f

2 2
Vf— Vf+ 38T(a>7

where V,, is the covariant derivative of unit S3. Then it follows from the
definition of Q™ that it satisfies

V2QM = —(n? —1)Q™.

Therefore the Q™ are the scalar eigenfunctions of the Laplacian operator
on S3.

The vector spherical harmonics can be defined as follows. Let Bgp cq...
be a constant tensor of rank n (n = 2,3,---), antisymmetric in a and b,
symmetric with respect to all other indices and satisfying the following two
conditions: it gives zero when contracted over any pair of indices, and sec-
ondly, it gives zero when contracted with the Levi-Civita symbol €**¢, where
e is an arbitrary index not being a or b. Then the vector spherical harmonics,

S,(ln), are defined as
r"Sq = Bab’cd...xbmcxd e

From now on the label n on S, will be dropped. In R?* they form a vector
perpendicular to the radius vector z® since Bgp cq... is antisymmetric in a
and b. The components of S, are homogeneous polynomials of degree n — 1
lying on S? and satisfying the Laplace equation

V2(r"S,) =

The second condition in the definition of Bgp q... ensures that the dual of
Bap ca... does not exist, which if it would exist could be used, since the
dual map is an isomorphism, to reduce the rank of tensor B. Transforming
to spherical coordinates the vector S, = gxiZSa is obtained. Since S, is
proportional to 7!, S, does not depend on r and is thus a vector on S3.
It really is a 3-component vector for S, = lpag, = 0. It is
straightforward to show that in spherical coordinates the Laplacian acting
on any vector defined on S3 is

2 1 2
V2fa—_v2fa 8 f;a +_%——2fa
or r




It then follows that the vector spherical harmonics satisfy the eigenvalue
equation

V28, = —(n? — 2)8,.
If we let 0% act on (r"S,) we obtain

, Or

0x,
so that 9%S, = 0. This is the differential analogue of S®z, = 0. In spherical
coordinates this becomes

V&S, = 0.

0(r"S,) = nr"” S, +r"9%S, = nr" 224 S, + r"9°S, = 0,

The vector spherical harmonics are divergenceless.

A straightforward generalization of the definition of the vector spherical
harmonics leads to a definition of the tensor spherical harmonics of second
rank. These tensors will be denoted by H,p. In order for these not to reduce
to either scalar or vector spherical harmonics we must demand that H?, =
0 = Hypz%? and Hyz® = 0. Let Cac,pd,ef-. be a constant tensor of rank
n+1 (n = 3,4,---) which is antisymmetric in (a,c) and (b, d), symmetric
with respect to the interchange of (a, ¢) and (b, d) (so that Hy, = Hy,), gives
zero when contracted over any pair of indices and gives zero when one takes
a cyclic sum over the pair (a, ) with any other index or the pair (b, d) with
any other index. Then the tensor spherical harmonics are defined by

n—1 c..d, e
" Hyp = Cocpdef.. 22T ol

Then in spherical coordinates H, = %%H ,? does not depend on r. It

can be shown that they satisfy the eigenvalue equation
ViH,? = —(n* - 3)H,’.

Finally, it can be proven that ?BHaﬁ =0.
Using the scalar harmonics the following second rank tensors may be
constructed
1
Qaﬁ = gégQ
1

paﬁ = 5 1VQV6Q + Qaﬁ7
which are defined so that Q% = @ and P,* = 0. Using the vector harmonics
the tensor Saﬁ defined by

SP =V, + VaSP

may be constructed. From it no scalar can be constructed because S,* = 0.
In terms of these the most general perturbation h,g of 53 is

hag = A1) Pag + (1) Qap + 0(n)Sap + v(1n) Hap- (A.3)
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Appendix B

Gravitational energy of
stationary spacetimes

An asymptotically flat space represents an ideally isolated gravitational sys-
tem. A coordinate dependent designation of an asymptotically flat space can
be made as follows: a space is called asymptotically flat if there exists any
coordinate system with spatial coordinates, (z!,--- ,mdil), such that the
metric reads gop = Ny + 0(2) as r — oo, where r? = (z1)2 + -+ 4 (2471)2,
along either spatial or null directions.

Let us consider a static asymptotically flat space, that is, an asymptot-
ically flat space which possesses a hypersurface orthogonal timelike Killing
vector field £%. It is assumed that V = (—fafa)l/ 2 approaches unity at spa-
tial infinity. In such a spacetime there exists a notion of a rest frame, namely
an orbit of £*. Let «(7) be such an orbit, where 7 is the proper time. Then
in the tangent space to the curve v the tangent vector £% is defined through
Z—Z = £%0,. The unit tangent to this curve is £%/V. Hence, the acceleration
of a test particle moving along v with respect to the proper time is given by

b a
Cg, o1

b a
v V—vabf'

The equality follows from the fact that V' is constant along -, that is,

°VyV = 0. Now, the proper time parameter 7 satisfies £V, = 1 or
equivalently 8% = ¢V,. So, transforming to coordinate time ¢, say, using

0 0 0
a7 = V95— = V@»

which holds because £ is hypersurface orthogonal, it follows that the accel-
eration in coordinate time is

1 b a
Vﬁvbf-
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Consider the spacelike hypersurface, 3, to which £ is orthogonal. Let S C
¥ be a closed (d-2)-surface whose unit normal n’ lies in ¥ and satisfies
n*¢, = 1. Then the following quantity

ga
F = b> v,&,dS,
%anVEbS

represents the total force exerted by a distant observer to keep in place a
uniform distribution over S of unit mass test particles. Introduce

Nab — V—ln[bga}

the normal bivector to S; V,&, is antisymmetric in a and b. Then F' becomes
F= ?4 Ve dS
S

where dSy, = NgpdS = ﬁen...rd_zabdm” A -+ Adz"i-2. One proves [25]
that this integral is independent of the choice of closed (d — 2)-surface.
Therefore if we divide by Vol(S9~2), the volume of a unit d — 2-sphere, we
obtain the mass, M, contained in the spacetime region bounded by S. If
the integration surface S is at infinity then it gives the total mass of an
asymptotically flat static spacetime. The independence of the integral on
the choice of S depends only on the fact that £ is a global timelike Killing

vector field. So the expression

1

- - a¢b
M = Vol (S92 ﬁv E°dSyp (B.1)

is well-formed for any stationary spacetime. The expression is due to Komar.

It is noted that when the surface S forms the boundary of a spacelike hy-
persurface ¥ such that the union XU S is a compact manifold with boundary
then the total mass M can be written as

1 1
Mo L [ pneetas— — [ (CpPRyctat
Vol(57-2) /ERab” S TR /E (—9)"/*Ropstd’ 'z,

where n® is the unit future pointing normal to ¥ at spatial infinity and d:
the volume element on X.
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Appendix C

Einstein equation for
fluctuations on dS; in the
synchronous gauge

In this appendix the change in the Einstein tensor will be calculated due to
the fluctuations hgp. This change is given by

5Gap = GU(g+ ) — Gap,

where sz? (g + h) is the Einstein tensor of the full metric g, = Gap + hap
calculated to first order in hg, and where G, is the Einstein tensor of the
background de Sitter space.

The connection coefficients I'¢; associated with g, up to first order in
hap are

_ 1 1
a = Loy + §§Cd(8ahbd + Ophad — Oahap) — §h6d(aa§bd + ObGad — OdJab)-

In the synchronous gauge, hogp = 0 = hqo, the following components of I'¢,
can be differentiated

1
Tap = Tlg+ 59" (Oahss + Ophas — Oshap) —

1
§h75(5a§55 + 089as — 05Ga)

7, = f’;ﬁ%m;
Ijy = 0

Fgﬁ = f‘gﬁ—kéa”h;ﬁ
i, = 0

F80 = fgo'

100



The inequivalent components of the Riemann tensor are R° 306 RO o and
R%,5. To first order in hyp they are given by
— 1 7 3a (a/)2
0 0 )
R 806 = R 808 + ECL hﬁé — §$h65 + a—4hﬁ5
— 1 = ’ — ’ a’ = =
Rﬂﬁaa = RO,BUS + ﬁ(vahw — Vshg,) + ;(Vahﬂa — Vohgs)

— 1 a’ ’ 1 (I/ ’ 1 a’ ’ 1 CL/ I
Raﬁo‘é = Raﬁa(g + Qg(gghﬁ(g — 555?h60 + 55’}/,65ha0. - 55’7[@0— a(; +

597 [VoVghsr = VsVhar = VaVrhss +VsVirhss + Vo, Vilhs],

where V,, is the covariant derivative of unit S3, so that V& = 8 Vs and
R gos = 0. Then the change in the Ricci tensor dRjy has the components

_ _ 1 /
5R00 — gﬂ(SROﬂO(S o hﬂéROﬁO& - ROO — 2712(}// + %h/)
1 = - /
0 _ =Bép0 _ ! d
5RU = g Rﬁod—ﬁ(vo—h —V(;ho)
5Ra0 — gﬁ(sRaﬁms _ hﬁ(sRaBa& + gOORaOUO - }204(7 _
a’ ’ 1 " 2 a’h’
—h* —h® — —=h® 0
a? U+2a2 7 a? Cr+2a3‘7+
1 wvaR witi VAW, « wiAw [e%
55 IVo Vo, + VIVGhe, = VOVeh — A%,

where h = h% is the trace of hg,. From this it follows that the change in
the Ricci scalar is

3a’h’ 2
asd a?

1 1
SR =06R% +6R", = ﬁh” + h+ = (VIVah®, = Oh).

Then finally the change in the Einstein tensor becomes

1 h  adh 1 - =
0 _ 0 _ 4
1 = /
6G° = SR’ = Tﬂ(vgh’ —V,h7) (C.2)
1 1 2(1, ’ "
o' — a T sx — _— [27 po a l_ARpY
G, IR, 2506}% 2a2[ah0+h‘7 he, +
o 2 AN
53 (Oh = VIVsh® 4+ 2h — 1" — =2 h )+
V, VoY, + VIVhe — VOV, h — Ok, (C.3)
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