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Abstract
In this work, we investigate the possible dramatic effects of Rashba orDresselhaus spin–orbit coupling
(SOC) on the fermionicHubbardmodel in a two-dimensional square lattice. In the strong coupling
limit, it leads to the rotated antiferromagneticHeisenbergmodel which is a new class of quantum spin
model. For a special equivalent class, we identify a new spin–orbital entangled commensurate ground
(Y-y) state subject to strong quantum fluctuations atT=0.We evaluate the quantum fluctuations by
the spinwave expansion up to order S1 2. In some SOCparameter regimes, the Y-y state supports a
massive relativistic incommensuratemagnon (C-IC)with its two gapminima positions continuously
tuned by the SOCparameters. TheC-ICmagnons dominate all the low temperature thermodynamic
quantities and also lead to the separation of the peak positions between the longitudinal and the
transverse spin structure factors. In theweak coupling limit, anyweak repulsive interaction also leads
to aweak Y-y state. There is only a crossover from theweak to the strong coupling.High temperature
expansions of the specific heats in bothweak and strong coupling are presented. The dramatic roles to
be played by these C-ICmagnons at generic SOCparameters or under various external probes are
hinted at. Experimental applications to both layered noncentrosymmetricmaterials and cold atoms
are discussed.

1. Introduction

It is well known that it is the strong electron correlations [1–6]which lead tomany important phenomena such
as antiferromagnetism, the spin density wave, charge density wave, putative spin liquidswith topological orders,
unconventional superconductivity, etc. Rashba orDresselhaus spin–orbit coupling (SOC) [7] is ubiquitous in
various two-dimensional (2D) or layered insulators, semiconductor systems,metals and superconductors
without inversion symmetry [8–14]. Due to their tunability and controllability, strongly correlated Fermi gases
on optical lattices have been attemptedwith some success to quantum simulate some of these phenomena
[15, 16]. There are very recent notable experimental advances in generating 2DRashba orDresselhaus SOCor
any of their linear combinations for cold atoms in both continuumand optical lattices [17–20]. It therefore
becomes topical and important to investigate the combined effects of strong correlations andRashba SOC in
various lattice systems.

In this paper, we address this outstanding problem. Specifically, we investigate the systemof interacting
fermions at half filling hopping in a 2D square lattice subject to any combinations of Rashba orDresselhaus SOC.
In the strong coupling limit, we reach a novel quantum spinmodel named the rotated antiferromagnetic
Heisenbergmodel (RAFHM)which is a new class of quantum spinmodel. For a special combination of Rashba
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orDresselhaus SOC,we identify a new spin–orbital entangled commensurate ground state called the Y-y state5

subject to quantum fluctuations atT=0.We evaluate the quantumfluctuations by spinwave expansions up to
S1 2 order (which is also called the S1 correction to the linear spinwave expansion (LSWE) in the previous

literature onHeisenbergmodels). It supports amassive relativistic commensuratemagnonC-C0 in one SOC
parameter regime and an incommensuratemagnonC-IC in the other regime (see footnote 6). The two gap
minima positions of theC-ICmagnons are continuously tuned by the SOC strength. At low temperatures, these
magnons dominate all the physical quantities such as the specific heat,magnetization, 0, p( ) and , 0p( )
susceptibilities,Wilson ratio and also various spin correlation functions. AtT=0, the longitudinal spin
structure factor shows a sharp peak at k 0= in the reduced Brillouin zone (RBZ) reflecting the ground state.
However, the transverse spin structure factor displays non-trivial features reflecting themagnon excitations
above the ground state. TheC-C0 leads to a pinned central Lorentzian peak at k 0= in the transverse spin
structure factor.However, the C-IC splits it into two Lorentzian peaks located at its two gapminima, while
changing its structure at k 0= into a saddle point one. In theweak coupling limit, anyweak repulsive
interaction leads to aweak Y-y state which also hosts low energy fermionic excitations. There is a crossover from
weak to strong couplingwhere the fermionic excitation energies increase. The electronic and spinWilson loops
can be determined bymeasuring specific heats in the high temperature expansion in theweak and strong
coupling limit, respectively. TheC-IC encodes short-range incommensurate seeds embedded in an
commensurate ground state atT=0, which justifies its name (see footnote 6). The crucial roles to be played by
these seeds at generic SOCparameters ,a b( ) and under various external probes are outlined in the conclusion
section. Experimental realizations and detections in both layered noncentrosymmetricmaterials and cold atom
systems are discussed.

2. The interacting fermionicmodel, the quantum spinmodel in the strong coupling limit
and exact symmetry analysis

The tight-bindingHamiltonian of spin 1/2 fermions at half filling hopping in a 2D square optical lattice subject
to any combination of Rashba andDresselhaus SOC is:

t c U c U n nh.c.
1

2

1

2
1f

ij
i ij j
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i i å å= - + + - -s

ss
s

á ñ

¢
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where t is the hopping amplitude along the nearest neighbors ijá ñ, the non-Abelian gaugefieldsU eii x
i x= as

+ ˆ ,
U eii y

i y= bs
+ ˆ are put on the two links infigure 1(a)which is the lattice regularization of the linear combination

Figure 1. (a)TheY-y ground state in a square lattice in the original basis. One only needs to introduce twoHolstein–Primakoff (HP)
bosons corresponding to the A B, sublattice structure. (b1)The , 0p( ) sublattice structure of theHamiltonian equation (2) in theU(1)
basis. (b2)The Y ,p p‐( ) Néel state in theU(1) basis. Due to the incompatibility of the two sublattice structures in (b), one needs to
introduce fourHPbosons corresponding to the four sublattice structures A B C D, , , to perform the spinwave expansion to any
order. Due to the four sublattice structures, the RBZ is four times smaller than the full BZ.

5
Herewe still use the same notation used in [25]. In the Y- 0, p( ) called Y-y state, thefirst letter indicates the spin polarization, the second

letter indicates the orbital order. In theC-C0magnons, the first letter indicates that the ground state is commensurate, the second letter
indicates that the excitation is also commensurate with itsminimumat k 0= . In theC-ICmagnons, thefirst letter indicates the ground
state is still commensurate, the second letter indicates the excitation is incommensurate with itsminimumat incommensuratemomenta
k k0, y

0= ( ). By the SOC in equation (2)which, in fact, is a spin onlymodel, wemean the spin–bond coupling in the same sense as in the
Kitaev honeycomb latticemodel, namley, the spin–spin exchange interaction is bond-dependent in the formof the two SO(3) rotation
matrices R x R y, 2 , , 2a b ( ) ( ) in equation (2). For example, the celebrated Kitaevmodel has three bond-dependant spin–spin interactions.
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k kx x y ys s+ of the Rashba andDresselhaus SOC in a continuummomentum space [8, 11]. a b=  stands for
the isotropic Rashba (Dresselhaus) case.U 0> is theHubbard onsite interaction.

In the strong coupling limitU t 1 , to the order O t U2( ), we obtain the effective spin 1/2 RAFHM:

J S R x S S R y S, 2 , 2 2RH
i

i
a

ab i x
b

i
a

ab i y
b å a b= ++ +[ ( ˆ ) ( ˆ ) ] ( )ˆ ˆ

with the antiferromagnetic exchange interaction J t U4 02= > , a b, 1, 2, 3= are the three components of
the spin operator, the R x, 2a( ˆ ), R y , 2b( ˆ ) are the two SO(3) rotationmatrices around theX andY spin axis by
angle 2a, 2b putting on the two bonds along x̂, ŷ , respectively.

Here, we plan to study the quantumor topological phenomena in theRAFHMat generic ,a b( ). However, it
is a very difficult task, sowe take a ‘divide and conquer’ strategy. First, we identify a solvable line 2,a p b=( )
and explore new and rich quantumphenomena along the line. Then starting from the results achieved from the
solvable line, wewill investigate the quantumphenomena at the generic ,a b( ) including the Rashba or
Dresselhaus SOCpoint a b=  . In this paper, wewill focus on the first task. The second taskwill be outlined in
the conclusion section and presented in detail elsewhere. In the past, this type of ‘divide and conquer’ approach
has been very successful in solvingmany quantum spinmodels. For example, in the single (multi-) channel
Kondomodel, one solves the Thouless (Emery–Kivelson) line [21, 22], then do perturbations away from it. In
the quantum-dimermodel, one solves the Rohksa–Kivelson (RK) point which shows spin liquid physics [23],
then one can study the effects of various perturbations away from it [24]. Recently, this ‘divide and conquer’
strategywas quite successfully applied to study the rotated ferromagnetic Heisenbergmodel (RFHM) along the
solvable line first in [25], then at the generic SOCparameter in [26].

The general approach to investigate an interestingmodel is tofirst present an exact symmetry analysis which
will lead to some non-trivial exact results whichwill put constraints on any specific calculations such as the
systematic spinwave calculations in terms of S1 to be performed in this paper. At a generic ,a b( ), the
fermionicmodel equation (1) has time reversal symmetry  : k k S S, -  - , translational symmetry and
three spin–orbital coupledZ2 symmetries: (1) x symmetry: S S k k S S S S, , ,x x

y y
y y z z  -  -  - .

(2) y symmetry: S S k k S S S S, , ,y y
x x

x x z z  -  -  - . (3) z symmetry: k k S S,x x
x x -  - ,

k ky y - , S Sy y - , S Sz z which is also equivalent to a jointπ rotation of both the spin and the orbital
around the ẑ axis. At the Rashba orDresselhaus point a b=  , the z symmetry is enlarged to the spin–orbital
coupled symmetry C C4 4´ which is a joint 2p rotation of both the spin and the orbital around the ẑ axis.
Along the line 2,a p b=( ), there is also an enlarged spin–orbital coupledU 1 soc( ) symmetry
H , 1 c 0f i

i
i

y
i

x s så - =[ ( ) ]† . Of course, at the twoAbelian points, theU 1 soc( ) symmetry is enlarged to the SU(2)
symmetry in the corresponding rotated basis.

The RAFHMequation (2) inherits all the symmetries of the fermionicmodel equation (1). Along the line
2,a p b=( ), in addition to the spin–orbital coupledU 1 soc( ) symmetry H , 1 c 0f i

i
i

y
i

x s så - =[ ( ) ]† , it also has

an extramirror symmetry: under the local rotation R x R y nS S, ,i i2p p=˜ ( ˆ ) ( ˆ ) , then followed by a time
reversal transformation, 2b p b - . At themiddle point 4b p= , theHamiltonian is invariant under such
amirror transformation.

The gauge invariant fermionicWilson loop around an elementary square is the same as the bosonic case [25]
W 2 4 sin sinf

2 2a b= - which stands for the non-Abelian flux through the square. TheR-matrixWilson loop

WR around a fundamental square is defined asW R R R R WTr 1R x y x y f
1 1 2= = -- -[ ] ( ) which can be used to

characterize the equivalent class and frustrations in theRAFHMequation (2)TheWR=3 (W 3R < ) stands for
the Abelian (non-Abelian)points. The relations between two sets ofWilson loops are in two-to-one relation due
to the coset SU Z SO2 32 =( ) ( ).

At the two ends of the line 0b = and 2b p= , we get the antiferromagneticHeisenbergmodel in the

rotated basis H J S Sij i j= å ˜ · ˜ where R xS S, ii x ip=˜ ( ˆ ) and H J S Sij i j= å ˜̃ · ˜̃ where R x RS S, i y, ii x y ip p=˜̃ ( ˆ ) (ˆ ) ,

respectively. So theHamiltonian has SU(2) symmetry in the rotated basis SU 2˜ ( ) or SU 2˜̃ ( ), respectively.
Transferring back to the original basis, the SU(2) symmetry is generated by S S S, 1 , 1i i

x
i

i
i
y

i
i

i
zx xå å - å -( ) ( ) at

0b = and by S1i
i

i
xyå -( ) , S1i

i
i
yxå -( ) , S1i

i i
i
zx yå - +( ) at 2b p= , respectively. Both contain the conserved

quantity S1i
i

i
yxå -( ) . In fact, asmentioned above [25], the spin–orbital coupledU 1 soc( ) symmetry

H S, 1 0RH i
i

i
yxå - =[ ( ) ] extends along thewhole line 2,a p b=( ) connecting the twoAbelian points. In

section 5, wewill also perform spinwave calculations in the rotated basis SU 2˜ ( ).
As expected, the RAFHMwith J 0> should display dramatically different physics to theRFHMmodel with

J 0< studied in [25]. In the classical limit S  ¥, one can show that the ground state is the Y-y state in
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figure 1(a)which still respects both theU 1 soc( ) symmetry and the symmetry6. Note that the symmetry
will be used to classify the symmetry of theminimumpositions and themagnon gap infigure 2. The Y-y state
also keeps the y and x and z symmetries.

3. TheC-C0 andC-ICmagnons above the Y-y state

Based on the Y-y state infigure 1(a), we introduce theHolstein–Primakoff (HP) bosons a and b for the
sublatticesA andB, respectively. TheHamiltonian equation (2) can bewritten in a systematic S1 expansion in
terms of theHPbosons [27–30]:

JS2 3spin 0 2 4   = + + + ( ) ( )

where NJS20
2 = - is the classical ground state energy. 2 represents linear spinwave theory, 4 represents

the S1 correction to linear spinwave theory [29] and so on. In the rest of the paper, wewill use JS2 to be the
energy unit.

By combining a unitary transformation, followed by a Bogoliubov transformation (see appendix A), one can
diagonalize 2 :

2 2 4
k

k k
k

k k k k k k2 å åw w w a a w b b= + - + ++ - - +( ) ( ) ( )† †

where the LSWE spectrum 1k k
2w g= - ( ) and k k k2 cos 2 cos cos sin 2 sink y x y

2 2 2g b b=  + .When

4b p< , k kw w<+ -, when 4b p> , k kw w>+ -, at 4b p= , k kw w=+ -. So kw
+ and kw

- are related by
symmetry. In the following, for notational simplicity, we call the lower branch kw

-, the energy ismeasured in the
unit of JS4 .

Along the line 2, 0 2a p b p= < <( ), the position of theminima of the lower branch kw
- is given in

equation (A.5) and shown infigure 2(a). One can see that when 0 1b b< < and 2 22 1b p b b p= - < < ,
the Y-y ground state supports the C-C0, when 1 2b b b< < , it supports the C-ICmagnons. The low energy
excitation can be obtained from the expansion around theminima k k q0= + as:

v q v q 5q x x y y
2 2 2 2 2w b= D + +- ( ) ( )

where themassΔ at theminima and the two velocities are given in equation (A.7) and shown in figure 2(b).

Figure 2. (a)Theminima position kk 0, y
0= ( ) of the relativisticmagnons in the RBZ. (b)The energy gap (ormass) bD( ) at the

minima in (a)with the twomagnon velocities v vx y . The equality holds at 0, 4, 2b p p= . Near i, 1, 2ib = , vxhas a cusp, while
vy i

1 2b b~ -∣ ∣ . The LSWE ( S1 order) results are the purple line and S1 corrections to LSWE the green line. The S1 corrections
are found to be small (see appendix B).

6
In appendix A of [25], we showed that the exact ground state along 2,a p b=( ) in the RFHM is the Y-x state (see footnote 6). Applying

1 x y- +( ) to the Y-x state leads to the Y-y state which is only the classical ground state of the RAFHMalong the same line.More
straightforwardly, from theRAFHMmodel equation (2) along the line, one can see only the Y-y state canminimize the bond energies along
both x̂ and ŷ bonds. This is also the reasonwhy this line is special, because it is the only linewhich supports a collinear state in the 2D SOC
parameter space [26]. See also the caption offigure 8 for another intuitive explanationwhy the Y-y state is the classical ground state along
the line.

4
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Thus, they are relativistic gapped particles with a gapΔ and two velocities v vx y where the equality holds at

0, 4, 2b p p= near i, 1, 2ib = , vy i
1 2b b~ -∣ ∣ . In sharp contrast, the C-ICmagnons in the RFHM [25]

are non-relativistic gapped particles with a gapΔ and two effectivemasses m my x .

At the twoAbelian points 0, 2b p= , the systemhas SU(2) symmetry in the rotated basis SU 2˜ ( )with
R x i R y iS S, ,i x y ip p= ( ˆ ) ( ˆ ) and SU 2˜̃ ( ) and SU 2˜̃ ( )with R x i R y iS S, ,i x y ip p= ( ˆ ) ( ˆ ) respectively (figure 8), and

equation (4) reduces to the antiferromagnetic spinwave kkw ~ at theminima 0, 0( ) and , 0p( ), respectively.
We also obtain the ground-state energy and themagnetization atT=0 from the LSWE:

E NJS JS

M S
N

2 2 2

1

2

1 1
2 6

k
k k

k k k

GS
2 å

å

w w

w w

= + + -
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+ -

+ -

⎛
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which are drawn infigure 3.

4. Thermodynamic quantities at low temperatures

At low temperatures, one can drop the higher energymode of the kw
+ and evaluate the specific heat and the

staggeredmagnetization of the Y-y state infigure 4 due to the relativisticmagnons:

C T
v v T

e M T M
T

v v
e

2 2
7m

x y

T

x y

T
3 2

p p
~

D
~ --D -D( ) ( ) ( )

whereM is the zero temperature staggeredmagnetization listed in equation (6).
By coupling to the conserved quantity H S1s i

i
i
yx- å -( ) and to the order parameter H S1s i

i
i
yy- å -( ) ,

respectively, one can also evaluate the , 0p( ) and 0, p( ) staggered susceptibilities:

T
v v

T T
v v2

e 0
1

2

1
e 8

x y

T

x y

T
,0 0, 0,c

p
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p
~

D
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Dp p p
-D -D( ) ( ) ( ) ( )( ) ( ) ( )

where T 0 k s0, ,
1

2
k
s

k
s

2

3c = = åp
w

w=
-( )( )

( )
( )

is the zero temperature 0, p( ) staggered susceptibility.
From the specific heatCm(T) in equation (7) and the conserved , 0p( ) staggered susceptibility T,0c p ( )( ) in

equation (8), one can form theWilson ratio:

R
T T

C T

T
9w

m

,0
2c

= =
D

p ⎜ ⎟⎛
⎝

⎞
⎠

( )
( )

( )( )

which only depends on7 the dimensionless quantity ofT bD( ).
The physical quantities in equations (7) and (8) depend explicitly on themagnon’s two velocities v v,x y and

its gapΔ shown infigure 2(b). However, theWilson ratio in equation (9) only depends on the gapΔ. It is easy to
see that the longitudinal spin structure factor always has a very sharp peak M k

2
,0d at the ordering wavevector

Figure 3. (a)The ground-state energy and (b) themagnetization as a function of gauge field parameter 0 2b p< < along the line.
Shown are the classical results in blue color (flat line on top)which are independent ofβ, LSWE ( S1 order) by the purple line and S1
corrections to LSWEby the green line. There are always S1 corrections to the ground state energy in (a). In (b), it vanishes at the two
Abelian points 0,b p= and also at 4b p= . The S1 corrections are found to be small in both quantities. This fact shows that the
LSWE is quite accurate even for the smallest s 1 2= which hosts the largest quantum fluctuations.

7
At ,1 2b b , from vy i

1 2b b~ -∣ ∣ and a simple scaling analysis, one can just set v Ty
1 4~ in all the physical quantities in equations (7) and

(8). TheWilson ratio stays the same.
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0, p( ) (which is at 0, 0( ) in the RBZ) of the Y-y state infigure 1(a)with the spectral weight equal to the square of
themagnetization. Unfortunately, the positions of the gapminima at k0, y

0( ) of theC-ICmagnons infigure 2(a)
cannot be reflected in all these physical quantities. In the following, we show that they can be preciselymapped
out by the peak positions in the transverse structure factors.

5. Transverse structure factors in the rotated basis SŨ (2) (also calledU(1)basis)

Performing a local gauge transformation c i ci x
i

i
xs=˜ ( ) on equation (1), one can get rid of the gaugefields on all

the x-links and all the remaining gaugefields on the y-links commute. Similarly, by performing a local rotation
R x nS S,n n1p=˜ ( ˆ ) in equation (2), one can get rid of theR-matrix on the x-links shown infigure 1(b1). Itmakes

theU 1 soc( ) symmetrywith the conserved quantity Q Sc i
y= å ˜ explicit in the rotated basis SU 2˜ ( ) (also calledU

(1) basis), but at the expense of reaching the translational symmetry brokenHamiltonianwith the , 0p( )
sublattice structure infigure 1(b1). The Y-y ground state in the original basis infigure 1(a) becomes the Y ,p p‐( )
Néel state in theU(1) basis infigure 1(b2). Because of the incompatibility of the two sublattice structures in
figure 1(b), one needs to introduce fourHPbosons a b c d, , , corresponding to the four sublattice structures
A B C D, , , shown infigure 1(b2) respectively to perform the spinwave expansion to any order.

Several physical quantities such as themagnitude of themagnetization M TQ ( ), specific heatCm, the gapsΔ
and density of state (DOS) are gauge invariant, so are the same in both bases. The , 0p( ) and 0, p( )
susceptibilities become the uniform and the ,p p( ) staggered susceptibilities respectively in theU(1) basis. The
Wilson ratio is also gauge invariant after using the uniform susceptibility in theU(1) basis. However, the spin–
spin correlation functions are gauge dependent [31]8. As shown in this section, it is the spin–spin correlations in
theU(1) basis which canmap out theC-C0 andC-IC relativisticmagnonsmost efficiently [25]. Due to the
explicitU(1) symmetries in theU(1) basis, the anomalous structure factors S S 0= =++ -- , so one needs only
evaluate the normal structure factors S+-. However, due to the four sublattice structure infigure 1(b2), one
needs to evaluate it at four different orbital orders at Q Q Q Q0, 0 , , 0 , 0, , ,u x y sp p p p= = = =( ) ( ) ( ) ( ).
Due to the exact relations among them in theRBZ:

S S S Sk k Q k Q k Q 10u s s x yQ Qx y
= + = + = ++- +- +- +-( ) ( ) ( ) ( ) ( )

one can combine them into a single structure factor in the EBZ: k k0 , 2x y p< <

S k
1 1 sin 1

11EBZ
s

s
k k

s

k
så
q g

w
=

+ - -+-

=

( ) [ ( ) ]( ) ( )

Figure 4.The classicalfluctuations dominate in the narrow regime around thefinite temperature transition denoted by the two
dashed lines, so it is still in the 2D Ising transition class as that in the RFHM.The quantum fluctuations dominate in the Y-y state below
the dashed line, which is the focus of section 4. TheQC1 andQC2 regimewhere TD  are controlled by the twoAbelian points at

0b = and 2b p= respectively, are dominated by the quantum antiferromagnetic fluctuations in the SU 2˜ ( ) and SU 2˜̃ ( ) basis,
respectively. The high temperature expansion in section 7 holds only in the high temperature regime above the blue dashed line.

8
As stressed in this work, in contrast to condensedmatter systemswhere only gauge invariant quantities can bemeasured, both gauge

invariant andnon-invariant quantities can bemeasured in cold atom systems by experimentally generating various non-Abelian gauges
corresponding to the same set ofWilson loops. See also [25].
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where the denominator is precisely the relativisticmagnons spectrum k
sw listed below equation (4), the

numerator contains
k
sg listed below equation (4) and sin kq is given in the unitary transformation equation (A.2)

in appendix A.
The transverse structure factor equation (11) at several typicalβ is shown infigure 5 and itsfine structure

near 4b p= is shown infigure 6.When 0 1b b< < or 22b b p< < , C-C0 leads to a central peak at

k ,p p= ( ). At the Abelian point 0b = infigure 5(a), S q
q

2~+-( ) where k q,p p= +( ) . Obviously, the

singularity at ,p p( ) is due to the infrared divergence of theGoldstonemode ckw = in equation (11). At a small
β in theC-C0 regime infigure 5(b):

S q
v q v q

1
12

x x y y

C C
2 2 2 2 20

b
~

+ + D
+- ( )

( )
( )‐

where the 2b bD ~( ) is the gap opening due to the smallβ listed in equation (A.7) and shown infigure 2(b).
Infigure 5(c), when 1 2b b b< < , the C-IC starts to split the central peak into two peaks located around its

twominima kk , y
0p p= ( ) shown infigure 2(a), the k ,p p= ( ) becomes a saddle point beingmaximum

along the kx direction,minimumalong the ky direction. Infigure 5(d), at 4b p= , the two peaks are exactly
located at the twominima ,

2
p p  p( ) of theC-IC shown infigure 2(a). Each of the twowell separated

Lorentzian peaks is given by:

S q
q q

3 2

4 1 2
13

x y

C IC
2 2

~
+ +

+- ( )
( )

( )‐
/ /

where 4 1 2b pD = =( ) is the largest gap at 4b p= shown infigure 2(b). As shown infigure 6, the two
Lorentzian peaks aremoving closer when 4b p< or apart when 4b p> . So in theC-IC regime, the structure
factormaps out precisely the dispersions of theC-IC relativisticmagnonswhich are completely due to quantum
fluctuations and intrinsically embedded in the quantumY-y ground state atT=0.

It is constructive to contrast with RFHMwhere the sublattice structure of the transformedHamiltonian
, 0p( ) is compatible with the classical ferromagnetic state in theU(1) basis [25], so one need only introduce two

HPbosons to perform spinwave expansion. So one only needs to form a uniform S ku
+-( ) and a , 0p( ) staggered

Figure 5.Transverse structure factor S k+-( ) atT=0 in theU(1) basis at the extended BZ.When 0b = (Abelian point), 0.05p
(C-C0magnons), there is a central peak at ,p p( ) in a Lorentzian form.When 0.20 , 4b p p= (C-ICmagnons), the central
Lorentzian peak splits into two Lorentzian ones peaked around k, y

0p p ( ) whosefine structures are shown infigure 6. The
longitudinal structure factor always shows a sharp peak at the orderingwavevector ,p p( ) in figure 1(b2).
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transverse structure factor S ks
+-( ) in the RBZ listed in equation 31 in [25]. One can also establish the exact

relation S k S k , 0u s p= ++- +-( ) ( ( )), so one can combine them into a single structure factor in the EBZ. It is a
Gaussian exponentially suppressed by e T-D , peaked at k0, y

0( )with a temperature dependent width

m Tx xs b= ( ) due to the thermal fluctuations at afiniteT. This is because there is no quantumfluctuations at
T=0. The Y-x state is an exact eigenstate. TheC-ICmagnons doNOT exist atT=0, so they need to be
thermally excited, so can only be detected at afiniteT.

6.Weak coupling Y-y state, low energy fermionic excitations andweak to strong crossover

So far, we have focused on the strong coupling expansion atU t where the RAFHMequation (2) holds and
the charge degree of freedoms are frozen. It is also important to start from theweak coupling limitU t where
one needs to also consider charge fluctuations and study how it approaches the strong coupling limit. Using the
identity n n n Si i i i

1

2

2

3
2= -  to explicitly keep the spin SU(2) symmetry of theHubbard interaction in

equation (1), one can introduce amagnetic order parameter Mi to decouple the interaction term:

t c U c
U

M M Sh.c.
3

8
. 14

i j
i ij j

i
i

i
i iM

,

2 å å å= - + + +s
ss

s
á ñ

¢
¢( ) · ( )†

The evolution of the non-interacting Fermi surfaces (FS) along the line 2,a p b=( ) is shown infigure 7(a).
Due to the FS nesting conditions at the half-filling shown infigure 7, anyweak interactionwill open gaps to the
non-interacting FSwhen 2b p¹ . So one can perform awell controlledweak coupling analysis to determine
the spin–orbit orders of the ground state and also the excitation spectra.

From the FS geometry infigure 7(a), there can only be four possible orbital orders
Q Q Q Q0, 0 , , 0 , 0, , ,1 2 3 4p p p p= = = =( ) ( ) ( ) ( ). Substituting the order parameter eM Mi

iQ ri= · where
iQ Q , 1, 2, 3, 4i= = and X Y ZM , ,= ( ) into equation (14) leads to themeanfieldHamiltonian:

H HMF
N

U

M
0

3

8

2

= + ∣ ∣ and

H c c
T M
M T

c
c

1

2
15

k
k k Q

k
a a

a a
k Q

k

k Q
0 å

s
s= +

+ +

⎛
⎝⎜

⎞
⎠⎟( )( ) ( )† †

whereT t k k k4 cos cos sin sin sink y
x

x
y

yb s s b= - - -[ ] is the kinetic part ofH0 encoding the SOC
parameters 2,a p b=( ).

For Q 0,3 p= ( ), diagonalizing the 4×4matrix in equation (15) leads to four fermionic energy levels
,1 2   . It is an insulating statewith P-H symmetry. Due to the lack of spin SU(2) symmetry, theminimization

procedures aremuchmore involved than thosewith the symmetry.We also take the ‘divide and conquer’

Figure 6.Cross section k k,x yp=( ) of the transverse structure factor S k+-( ) of theC-IC near 4b p= in figure 5. At 4b p= ,
there are twowell separated Lorentzian peaks exactly at , 2p p p( ).When 4b p< , the two Lorentzian peaksmove closer to each
other.When 4b p> , theymove apart as dictated by themirror symmetry (not shown for clarity).
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strategy:first fixing the spin orientation and finding the optimalmagnitude and energy in the subspace, then
determining the optimal orientation andmagnitude. The results for the general spin orientation

X Y ZM , ,= ( ) are shown infigure 7(b). The global ground state has Y0, , 0( ) spin orientation; it is nothing but
the Y-y state which respects theU 1 soc( ) symmetry. It also supports two branches of gapped fermionic excitations
listed in equation (D.1). By repeating the calculations for Q ,4 p p= ( ), wefind the lowest spin-orientation is
X ,p p‐( )which breaks theU 1 soc( ) symmetry. By applying theU 1 soc( ) symmetry operator, one can see X ,p p‐( )
is degenerate with Z 0, p‐( )which, of course, has higher energy than theU 1 soc( ) symmetric Y-y state as shown in
figure 7(b).

For Q , 02 p= ( ) or 0, 0( ), it is themagnetic ordering in the P-P channel or hole-hole (H-H) channel, so
breaks P-H symmetry. Both need afiniteU 0c > to reach ametallic state with only partialfillings of all four
fermionic bands i, 1, 2, 3, 4i = . It hasmuch higher energies than those insulating states in the P-H channel.
Sowe conclude that the Y-y state is indeed the global ground state at weak coupling.

As shown infigure 8, due to the SU 2˜ ( ) and SU 2˜̃ ( ) symmetry at the twoAbelian points 0, 2b p=
respectively, the Y-y state is degenerate with the other two states. However, away from them, the FS nesting
conditions infigure 7 at half-filling favors the Y-y state which also supports the low energy fermionic excitations
in equation (D.1). So the specific heat in equation (7)will also receive the contributions from the fermionic part.

Following the procedures in [50], splitting themagnetic fluctuations into one longitudinal and two
transverse components and performingGaussianfluctuations above the Y-y state, we can also identify the C-C0

andC-ICmagnons from the poles of the dynamic transverse spin structure factor S k, w+-( ). Of course, at the
twoAbelian points, the C-C0 reduce to the two gapless Goldstonemodes. They should smoothly crossover to
those in figure 2 achieved by the LSWE in the strong coupling regime shown infigure 7(b). Note that theweak
Y-y state still respects the spin–orbital coupledU 1 soc( ) symmetry H c c, 1 0f i

i
i

y
i

x så - =[ ( ) ]† . However, the
mirror symmetry valid in the strong coupling limit does not hold anymore in theweak coupling limit. So there is
a crossover fromweak to strong couplingwhere all the physical quantities evolve fromhaving asymmetry to
owning symmetrywith respect to 4b p= . The next order terms t U4 3~ in the strong coupling expansion
which include a ring exchange term around a fundamental square and do not have such amirror symmetry.
Theymay be needed to describe the crossover infigure 8. The crossover driven byU 0> is dual to the BCS to
BEC crossover driven byU 0< in SOC coupled Fermi systems discussed in [51].

Figure 7. (a)The FS evolves along the line 2,a p b=( ) at 0, 5, 2 5, 2b p p p= . At 2b p= , there are fourDirac fermions
located at K K K0, 0 , , 0 , ,1 2 3p p p= = =( ) ( ) ( ) and K , 04 p= ( ) labeled as 1, 2, 3, 4 with the topological winding numbers±1.
There are FS nesting away from 2b p= . Purple (green) is particle (hole) surface. (b)The ground-state energy as a function of
magnetic orientation X Y ZM , ,= ( ) at the orbital order Q 0, p= ( ) with the parameterU t0.2 , 6b p= = . The position on the
sphere indicates the spin orientation. Red (purple) colormeans higher (lower) energy. Thefigure shows that theY spin-orientation is
the ground state at the orbital order Q 0, p= ( ). In fact, the Y-y state is the global ground state when considering all the other possible
orbital orderings.
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7.High temperature expansions, electronic and spinWilson loops atweak and strong
coupling

In the classical fluctuation regime shown infigure 4, the Y-y state to the paramagnet transition in the RAFHM is
in the same universality class as that from the Y-x state to the paramagnet transition in theRFHM in [25]which
was shown to be in the 2D Ising universality class [49]. In the high temperature regime infigure 4, from the high
temperature expansions in theT J T Uc ~   limit, one can easily establish the relation between the free
energy of RAFHMand that of the RFHM in [25]:

F J F J . 16H H
RAFHM RFHM= -[ ] [ ] ( )

Of course, the above relation breaks down in the symmetry breaking low temperature phases. Taking equation
18 in [25] and changing J to J- leads to a high temperature expansion of the RAFHM:

C N
J

T

J

T

W J

T

3

8

3

16

6 39

128
17m

R
2 3 4

= + +
-⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎛

⎝
⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
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whereW 2 cos 4 1R b= + is theWilson loop around the fundamental square given in section 2. The discussions
below equation (18) in [25] also apply here.

In theweak couplingU t T  limit, following themethod in [8], we perform the high temperature
expansion in the limitT t directly on the fermionicmodel equation (1) to evaluate its specific heat:

C T N
t

T
W

t

T

4
16 2 18f f

2

2

4

4
= - + + ( ) ( ) ( )

which establishes its connectionwith the electronicWilson loopsWfgiven in section 1.Note that equation (1) is
invariant under t→−t, so there is no odd power of the t/T term in the expansion, in contrast to equation (17)
which has odd power of terms. The term in the t T 4( ) power proportional to the electronicWilson loopWf

comes from the fermion hopping around a closed plaquette in the square lattice. BecauseU t , the interaction
effectsmay be dropped in equation (18), so it is essentially a free fermion hopping in a non-Abelain gauge
potential. And so the crossover driven by the interactionU at the low temperature Y-y state infigure 7 can also be
partially seen by looking at the specific heat crossover from equation (18) to equation (17) in the high
temperature paramagnet state.

8. Experimental realizations and detections

In condensedmatter systems, as said in the introduction, any of the linear superpositions of the Rashba SOC
k kx x y ys s+ andDresselhaus SOC k kx x y ys s- always exist in various noncentrosymmetric 2D or layered
materials. Inmomentum space, such a linear combination k kx x y ya s b s+ can bewritten as the kinetic term in
equation (1) in a periodic array of adsorbed ionswith the SOCparameter ,a b( )where the anisotropy can be

Figure 8.At anyweakU 0> , the Y-y state emerges as the ground state at any non-Abelian point 0 2b p< < . At the Abelian point
0b = , anyU 0> leads to an antiferromagnetic state in the SU 2( )˜ basis, three of which are listed on the 0b = axis. At the Abelian

point 2b p= / with theAbelianflux q p= , it is a semi-metal withN=4Dirac fermions, a finite criticalUc is needed to get to an

antiferromagnetic state in the SU 2( )˜̃ basis, three of which are also listed on the 2b p= axis. One can see that only the Y-y state
appears in both axes. At any point away from the twoAbelian axes, it picks up the Y-y state as the ground state along the line (see also
footnote 7) as indicated by the dashed line. There are both low energy fermionic excitations and C C , C IC0‐ ‐ relativisticmagnon
excitations in theweak coupling. However, there is nomirror symmetry anymore in theweak Y-y state. There is only a crossover from
theweak to the strong coupling at any non-Abelian points.
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adjusted by the strains, the shape of the surface or gate electric fields. The interaction strengthU in equation (1)
ranges fromweak to strong in differentmaterials [13, 14]. So all the phenomena infigure 8 can be observed in
thesematerials.

In cold atom systems, in view of recent experimental advances to realize 2DRashba orDresselhaus SOC
[17, 20], both the original and theU(1) basis can be realized. Both gauge-invariant and non gauge-invariant
quantities can bemeasured [31]. The gauge invariant quantities such as specific heatCm [35, 36], the gapsΔ and
theDOS [37], and theWilson ratio can be detected by the corresponding experimental tools. Themagnetization
M TQ ( ), and the , 0p( ) and 0, p( ) susceptibilities can be detected by the longitudinal atomor light Bragg
spectroscopies [33, 34]. In theU(1) basis infigure 1(b), one needs tomeasure the transverse structure factor at
the four different orderingwavevectors Q Q Q Q0, 0 , , 0 , 0, , ,u x y sp p p p= = = =( ) ( ) ( ) ( ) in equation (10)
by the transverse atomor light Bragg spectroscopies [33, 34] to get thewhole transverse structure equation (11)
in the EBZ. Before reachingT T Jc< ~ , the specific heatmeasurement [35, 36] at high temperatures to
determine thewhole set of fermionic ormagneticWilson loops order by order in t/T equation (18) or J/T
equation (17) could be performed easily. However, so far, the interaction in these cold atom experiments is still
in theweak coupling limit. So theweakY-y state, and both its fermionic andmagnon excitations infigure 8 can
still be observed by various detectionmethods [32–36] in the current available weak coupling limit. Because
there is only a crossover fromweak to strong coupling, the results onmagnons achieved in the strong coupling
limit still hold qualitatively in theweak coupling limit.When the heating issue is completely overcome as the
interaction strength is tuned to the strong coupling limit, the RAFHMequation (2) can be realized and all the
strong coupling results achieved here can be detected quantitatively.

9.Discussions and conclusions

There are previous theoretical works to study strongly correlated spinless bosons inAbelian gaugefields [40–44]
and spinor bosons in non-Abelian gaugefields [25, 45–49]. The topological quantumphase transitions of non-
interacting fermions driven by a Rashba type of SOC are investigated in a honeycomb lattice [31]. Various
itinerant phases and phase transitions of repulsively interacting fermions subject toWeyl type SOC in a 3D
continuumwere studied in [50]. The BCS to BEC crossover of attractively interacting fermions tuned by the
strengths of various forms of SOC in 2D and 3D continuawere explored in [51]. However, so far, there are very
fewworks to study the possible dramatic effects of SOCon strongly correlated electron systems on lattice
systems. In this paper, we investigate the systemof interacting fermions at half filling hopping in a 2D square
lattice subject to any combinations of Rashba andDresselhaus SOCdescribed by equation (1). In the strong
coupling limit, we reach a novel quantum spinmodel, the RAFHM (equation (2)), which is a new class of
quantum spinmodel. Along the anisotropic line 2,a p b=( ), its ground state is a new kind of spin and bond
correlatedmagnetic state called the Y-y state infigure 1(a)which supports a novel excitation calledC-IC
magnons in a large SOCparameter regime 1 2b b b< < infigure 2(a).

TheC-ICmagnons in the RAFHMstand for the short-ranged IC seeds embedded in a commensurate long-
range ordered Y-y state. Their parameters such as theminimumpositions k0, y

0( ), gap and velocities v v,x y can be
preciselymeasured by the peak positions, width and Lorentzian shape of the transverse structure factor atT=0,
respectively. In this sense, they resemble quite closely an elementary particle resonance in scattering cross
sections in particle physics. It remains interesting to see how these seeds respond under various external probes.
To transfer the short-ranged IC order to a long-ranged one, one needs to apply an external probe to drag it out
and then drive its condensation.Wewill study how thesemagnons respond under afinite , 0p( ) longitudinal
field hywhich couples to the conserved quantity and still keeps the spin–orbital coupledU(1) symmetry or two
different , 0p( ) transverse fields hx and hzwhich breaks it explicitly.

Itmay be necessary to point out the RAFHMequation (2) is explicit for spin S 1 2= . However, the RFHM
in [25, 26, 48, 49] is for any spin S N 2= . As argued in [48], the critical temperatureT J S2c ~ , so increasing
the spin is a very effective way to raise the critical temperature. It is known that if putting S 3 2= fermions on a
latticewithout SOC, the resulting spinmodel in the strong coupling limit at half filling [52]has a higher
symmetry such as SO(5) instead of SU(2), and it has even larger quantumfluctuations due to the enlarged
symmetry. It remains important to achieve any spin-S RAFHM.

Asmentioned in the introduction, starting fromthe results achieved in this paper along the solvable line
2,a p b=( ), wewill investigate the quantumor topological phenomena at a generic equivalent class ,a b( )

including the isotropicRashba orDresselhauss lines a b=  at both theweak and strong coupling limit. Recently,
the same ‘divide and conquer’ approachhas been employed tomapout the very rich andnovel phenomenaof
RFHMin the generic SOCparameter ,a b( ) in [26]. As shown in thispaper, theRAFHMdisplays quite different
phenomena than those in theRFHM [25] along the solvable line 2,a p b=( ). Sowe expect that the global phase
diagramofRAFHMequation (2)mayalso showquite different phenomena than those ofRFHMin [26]. Expansion
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to the t U3 2 orderwhich includes ring exchange terms around a square plaquettemay also benecessary to study the
possible phases andphase transitions from theweak to strong coupling limit. The SOCcouldprovide a new
mechanism to lead to spin liquidphaseswith topological orders even in abipartite lattice. Possible topological spin
liquid phases in ahoneycomb latticewith three SOCparameters , ,a b g( ) need to be explored.
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Appendix

In this appendix,we provide some technical details on the results achieved in themain text. (1)The symmetry and
symmetry breaking analysis of the fermionic and theRAFHM, followedbya specific linear spinwave expansion
(LSWE) at S1 order. (2)The S1 correction to the LSWEresults. (3)The structure of the quantumY-y ground state
which encodes theC-ICmagnons. (4)The fermionic excitations in theY-y state atweak couplingU t .

AppendixA. The linear spinwave expansion

Herewe present the specific spinwave calculations which can be contrastedwith the exact statementsmade in
section 2. After introducing twoHPbosons a b, corresponding to the two sublattices A B, infigure 1(a), we
obtain theHamiltonian at the LSWE S1 order:
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is identical to that used in theRFHM [25] to cast

theHamiltonian equation (A.1) into a simple form:
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below equation (4).
Thenwe perform the Bogoliubov transformations:
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where 2 arcsinh , 2 arcsinhk k k k k kf l w f l w= - = -- - - + + +( ) ( ) to transform theHamiltonian equation (A.3) to
the diagonal form equation (4):
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notational simplicity, we assume kw

- is always the lower branch. Theminima of the excitation spectrum
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where k k 2 , 4 2y y
0 0b p b p b p= - < <( ) ( ) which is shown infigure 2(a). Note that the 1b and 2b coincide

with those in RFHM [25].
Expanding around theminima leads to the relativistic form equation (5)where themass and the two

velocities are given by:

v v1 1 cos 2 4, cos 2, cos cos 2 cos 2 1 2, 0 ,

A.6
x y

2 2 2 2 2 2 2
1b b b b b b bD = - + = = + - < <( ) ( )
( )

/

v v3 csc 2 4, 1 4 sin 2 , sin 2 sin 2 1 4 sin 2 , 4

A.7
x y

2 2 2 2 2 4 2 4
1b b b b b b b pD = - = = + - < <( ) ( ) ( ) ( )

( )

which are shown infigure 2(b). It is easy to check that as 0b  , v v2 0, 1 2 , 1 2x ybD ~    . So
the dispersion v qqw  ∣ ∣ is as it should be.Note that theQC regime infigure 4 is defined as Tb  .

The dispersion relations of bothC-C0 andC-IC take the relativistic formwith themassΔ and two velocities
vx and vy. The anisotropy between the two velocities at 4b p¹ is irrelevant under the renormalization group
(RG), so the relativistic invariance is restored under the RG. In sharp contrast, all themagnons in the RFHM [25]
are non-relativistic gapped particles with a gapΔ and two effectivemasses m my x . Note that it is the
Bogoliubov transformation equation (A.4)which leads to quantum fluctuations atT=0 andmakes the
RAFHMdramatically different from the RFHM [25].

Appendix B. 1/S corrections to the linear spinwave results

Normal-ordering 4 in the quasi-particle ,a b basis in equation (4) (namelywith respect to the quantum
ground state Wñ∣ in the next section) results in the three terms:

B.14 4
0

4
2

4
4   = + + ( )( ) ( ) ( )

where 4
0( ) is a constant term, 4

2( ) is quadratic and 4
4( ) is quartic in terms of ,a b . Following [29], it is easy to

see that 4
0( ) and 4

2( ) contribute to the ground state energy and energy spectrum at the order of S1 corrections
to the LSWE respectively.While 4

4( ) onlymake contributions at a higher order than S1 2, so can be dropped at
the order of S1 .

The 4
0( ) leads to the S1 corrections (in unit JS2 ) to the ground state energy listed in equation (6):

N

S
I I I

8
B.2c s4

0
0
2 2 2 = - + +[ ] ( )( )
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The numerical result of equation (B.2) for S 1 2= was drawn infigure 3(a). There is always a S1 correction to
the ground state energy shown infigure 3(a), but this is found to be small.

The 4
2( ) can bewritten as in the normal ordered form:

S
I I I A A A C B B B D

I k A A C A C A C C B B D B D B D D

I k I k A B D A C B C D

1

4
2 cos 2 sin 2 h.c.

2 cos h.c.

2 cos sin h.c.

B.4

c s k k k k k k k k

x k k k k k k k k k k k k k k k k

c y s y k k k k k k k k

4
2

0

0

 å b b= - + + + + + +

+ + + + + + + + +

+ - + + + +

- -

- - - - - - - -

- - - -

[ ( )( )

( )
( )( )]

( )

( ) † † † † † †

† † † † † † † †

† † † †

where A B C D, , , are the annihilation operators in terms of ,a b :

A

B

C

D
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cos 2 cosh sin 2 cosh

sin 2 sinh cos 2 sinh ,

cos 2 sinh sin 2 sinh .

k k k k k k k
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Following [29], it is straightforward to evaluate the S1 correction the spectrum equation (4) obtained at the
LSWE,which, in turn, changes the gap and leads to the shifts of ,1 2b b , theminimumpositions k0, y

0( ) of the
C-IC relativisticmagnons as shown infigure 2.We also evaluate its contribution to themagnetization shown in
figure 3(b). They are all at 4b p= , in a suitably chosen rotated basis, wefind 4

2( ) can bewritten as
C k k k k k k k4

2 w a a w b b= ¢å +- +( )( ) † † which just contributes amultiple factorC′ to the LSWE spectrum in
equation (4), so it does not change themagnetization infigure 3(b) at the order of S1 . There is no S1 correction
to themagnetization at the twoAbelian points 0, 2b p= , consistent with the results achieved for the
antiferromagneticHeisenbergmodel [29]. Of course, it does not shift theminima positions k0, 2y

0 p= ( ) in
figure 2(a) as dictated by themirror symmetry. It does lead to amultiple factor to the gap at the order of S1
shown infigure 2(b). There are S1 corrections at any otherβ shown infigure 3(b), but found to be small even at
S 1 2= .We expect that themagnetizationwill receive S1 2 corrections at 0,b p= as calculated in [29] and
also at 4b p= .

Note that ,1 2b b( ) infigure 2(a) takes the same values as those in the RFHMat the order S1 . This is because,
as shown in the last section, the twomodels share the same unitary transformation equation (A.2). However, the
main difference is that the RAFHMalso involves a Bogoliubov transformation equation (A.4)which induces
quantumfluctuations atT=0. In sharp contrast, the Y-x ground state is exact for the RFHM [25], there are no
quantum corrections to any orders in S1 atT=0. So in the RFHM, 1b is exact, andwill not receive any
quantum corrections fromhigher order expansions in S1 .While, in the RAFHM, 1b is not exact, and does
receive quantum corrections fromhigher order expansions in S1 . The contributions at the S1 order are
shown infigure 2(a) and found to be very small.

Note that themirror symmetry dictates that (1) theminima positions infigure 2(a) are exactly symmetric
about 4b p= ; (2) theminimumposition at 4b p= is exactly pinned at k0, 2y

0 p=( )/ ; and (3) the relation
22 1b p b= - is exact. All these three exact statements should receive no corrections to any orders in S1 .

Indeed, we find they receive no correction at the S1 order.

AppendixC.Quantum corrections to the classical state and theU(1)SOC symmetry of the
quantumground state to the order 1/S

C.1.Quantum corrections to the classical Y-y state
TheY-x state is the exact ground state of the RHFM [25], so there are no quantum fluctuations.However, the Y-y
state infigure 1(a) is only classical, valid only at S = ¥. Any finite S causes quantum corrections to the classical
ground state. The quantum corrections toHalperin’s 1, 1, 1( ) state in the bilayer or trilayer quantumHall state
due to the neutral gapless Goldstonemodewere investigated in [38, 39]. In fact, the 1, 1, 1( ) state is a
ferromagnetic state which is exact only when distance between the two layers vanishes. At anyfinite distance, it
suffers quantum fluctuations and should receive quantum corrections. Similar quantum corrections to the
classical Bose–Einstein condensation (BEC) a 0áYñ = ¹ in superfluid helium can also be evaluated.

Using the fact that Wñ∣ is the vacuumof the quasi-particle operators: 0k ka bWñ = Wñ =∣ ∣ , wefind the
quantumfluctuations corrected ground state at the order S1 :

C.1
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which establishes the connection between the quantumground state Wñ∣ and the classical ground state Y yñ∣ ‐ .
Obviously, Y yñ∣ ‐ is the vacuumof the original boson operators a and b, while Wñ∣ is that of the quasi-particle
operators ka and kb which contain all the information of the quantumfluctuation generated C-C0 andC-IC
magnons.

C.2. TheU(1)SOC symmetry of the quantumground state
In the classical limit, we know Q Y y 0c ñ =∣ ‐ where Q S1c i

i
i
yx= å -( ) is the conserved quantity along the line.

Herewe show that in the strong coupling limit, the quantumfluctuations corrected ground state Wñ∣ also
satisfies Q 0c Wñ =∣ at the order S1 .

For notational convenience, we apply a global rotation S S S S S S, , , ,i
x

i
y

i
z

i
x

i
z

i
y -( ) ( ˜ ˜ ˜ ) to rotate S y to Si

z˜ ,
then the conserved quantity takes the form:

Q S S a a b b1 1 C.2c
i

i
i
y

i

i
i
z

k
k k Q k k Q

x x
x xå å å= - = - = - -+ +( ) ( ) ˜ ( ) ( )† †

where Q , 0x p= ( ) is the orbital structure of conserved quantityQc.
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Combining equation (A.2) and equation (A.4) leads to:

a a b u v u v

b b a u v u v
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sin 2 cos 2 sin 2 cos 2 . C.3
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Using 0k ka bWñ = Wñ =∣ ∣ and the bosonic commutation relations of ,k ka b simplifies it to:
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From equation (A.2), one can see 0k k Qx
q q+ =+ , so the above equation is simplified to:
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From equation (A.4), one can see k Q kx
l l= -+
  and k Q kx

w w=+
 , which leads to Q 0c Wñ =∣ at the order of

S1 . Of course, it should hold exactly, so to any order of S1 .
Although the classical Y-y state contains no information on theC-C0, C-IC relativisticmagnons, the

quantumground state Wñ∣ does contain it and can be detected by the transverse structure factor equation (11)
precisely.

AppendixD. The fermionic excitations in the Y-y state atweak couplingU≪ t

The two branches of gapped fermionic excitations in the Y-y state at weak coupling are:

t k k k
M

t
k k k

t k k k
M

t
k k k

2 sin cos cos sin sin
16

2 cos cos sin sin sin

2 sin cos cos sin sin
16

2 cos cos sin sin sin

D.1

x y y y x y

x y y y x y

1
2 2 2 2 2

2

2
2 2 2 2 2

2
2 2 2 2 2

2

2
2 2 2 2 2





b b b b

b b b b

= + + + - +

= + + + + +

( )

( )

( )

where M e U3 4 0~ r b- [ ( )]where 0r b( ) is theDOS at the FS infigure 7(a)with the asymptotic behavior
ln 10r b b~( ) when 0b  and 00r b ( ) when 2b p -.
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