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Abstract

This dissertation presents some results on the application of low energy effective
field theory vortex dynamics in condensed matter and materials systems. For the first
half of the presentation we discuss the possibility of non-Abelian gapless excitations
appearing on U(1) vortices in the B phase of superfluid *He. Specifically, we focus
on superfluid 3He-like systems with an enhanced SO(3)y, rotational symmetry allowing
for non-Abelian excitations to exist in the gapless spectrum of vortices. We consider a
variety of vortices in the B-phase with different levels of symmetry breaking in the vortex
core, and show conditions on the phenomenological parameters for certain vortices to
be stable in the bulk. We then proceed to develope the low energy effective field theory
of the various vortex types and consider the quantization of excitations. The process
of quantization leads to interesting surprises due to non-lorentz symmetry that are not
typically encountered in the analogous cases of U(1) x SU(N) gauge models discussed
in high energy theory.

The second half of this dissertation focuses on two types of vortices that appear
in a particular model that is a modification of the well known Abelian-Higgs model.
The specific modification includes a vector spin field in addition to the U(1) Higgs field
and gauge fields of the original model. The particular form of the lagrangian results
in a cholesteric vacuum structure, with interesting consequences for the vortices in the
model. We observe the effects of such a modification on the well known U(1) vortex
appearing in the original model due to the emergent spin field in the vortex core. We
also consider a new type of vortex that is most closely related to a spin vortex. This
vortex appears due to the topology introduced by the new spin field. The low energy

effective field theory is also investigated for this type of vortex.
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Chapter 1

Introduction and Background

1.1 Motivation

This dissertation will be devoted to the topic of low energy dynamics of topological
structures in a range of systems related to condensed matter, materials science, and
high energy physics. Within the high energy physics community, the application of low
energy expansions is an indispensable tool for developing and understanding effective
field theories in the strong coupling limit. A particular example is the case of U(2)y x
U(2)r axial symmetry breaking leading to the emergent pion dynamics propagating
on the QCD background [I} 2]. Although analysis at the fundamental level of quarks
and gluons at the energy of pion condensation is highly non-trivial due to the strong
coupling of QCD, a simple effective field theory of pions can be written down by knowing
the symmetries of the original theory and how they are spontaneously broken in the
vacuum at energies below Aqcp. The only necessary parameter left unspecified is the
pion constant f;, which is determined by the details of the fundamental theory. The
effecitveness of this approach follows from universality, which ensures that the low energy
properties of a physical system are determined by the symmetries of the theory and a
set of parameters describing the interactions of low energy excitations.

In recent years it has been suggested [3] that universality could play a larger role in
the understanding of high energy systems where experimental probes do not exist. In
particular, it has been shown that many outstanding problems in high energy physics

and cosmology can be modeled within the context of condensed matter systems where
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the microscopic physics is understood. Properties such as mass hierarchy, quantum
gravity, and the cosmological constant can all be shown to emerge as effective low energy
phenomena of certain (sometimes hypothetical) condensed matter systems with the
appropriate symmetry structures. Knowing the microscopic behavior of these condensed
matter systems can offer insight on how such phenomena emerge in the context of
high energy physics. In an age where direct experimental data is increasingly difficult
to obtain, this may be a necessary approach to understanding particle physics and
cosmology at greater energies.

This process can also be applied in reverse where the techniques of high energy
physics can be applied to condensed matter systems and lead to interesting results that
may have been overlooked by previous analysis. Most of this dissertation will focus
on this second application, and present new viewpoints on certain condensed matter
systems from the point of view of high energy theory. Along the way, new results about
previously studied systems will be presented that follow from simple applications of high
energy theory techniques.

The systems we consider follow from superfluidity and superconductivity applied
at the Ginzberg-Landau level of fields, which is particularily suited to systems with
spontaneous symmetry breaking below a critical temperature. The first system we will
consider is the case of superfluids with a tensorial order parameter and a particular
group structure supporting U (1) mass vortices in the bulk. The closest physical system
resembling these characteristics is superfluid Helium-3 in the B-phase. In another case,
we will consider an Abelian-Higgs model with a spin field developing a cholesteric vac-
uum structure. Such models are more difficult to justify experimentally, however they
are simple to imagine by considering the hypothetical situation of a type II superconduc-
tor with a liquid crystal vacuum background. In both cases our goal will be to construct
vortex solutions on the bulk and develope the 1 + 1 dimensional low energy effective
field theory of gapless and quasi-gapless excitations localized on the vortex string. This
process will lead to new insights about the behavior of gapless excitations appearing in
condensed matter systems, as well as provide specific examples of universality between
high energy, cosmological, and condensed matter systems.

The remainder of this first chapter will introduce the necessary formalism and back-

ground required to consider the specific systems discussed in the following chapters.
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The remainder of this dissertation will study specific examples where these methods
are applied. Each chapter presents the contents of published papers written by the
author along with several collaborators. Chapters 2 and 3 present and exploration of
non-Abelian vortices appearing in systems closely related to superfluid 3He in the B
phase. We will explore the possibility of non-Abelian gapless excitations appearing in
the vortex core and the conditions required for their exsitence. Chapters 4 and 5 will
introduce a variant of the Abelian-Higgs model with a spin field presenting a cholesteric
structure in the vacuum. We will discuss two types of topological vortices in this model.
The first type is the well known mass vortex, modified due to its back reaction with
the added spin field. The second vortex appears only due to the broken symmetries of
the spin field, and is thus a new type of vortex not previously discussed (at least in this
context) in the literature. In chapter 6 we will discuss general conclusions that can be
drawn from the models presented. Additionally, we will include a discussion of potential

extensions of these studies for future projects.

1.2 Abelian Vortices and effective field theories

We begin with a general discussion of topological vortices. In every context considered
in the following chapters our interest will be related to topological vortices appearing
in a higher dimensional bulk field theory. The vortices appear due to a symmetry
structure admitting a non-trivial mapping of a closed loop v in coordinate space to a
target space S' of a unit circle in the complex plane, which is part of the manifold of
vacuum solutions as shown in Figure 1. We can illustrate this with an example from

the four dimensional model of a complex scalar field with Lagragian:
L= 0.0 = A" —v*)*. (1.1)
This model presents a U(1) symmetry of phase rotations of the field ¢(x)

$x) = d(z)e'*, (1.2)

where « is a constant phase angle representing translations along the internal U(1)
space. We wish to consider static vortex string solutions within this model with axis
oriented along a chosen spatial direction. We are obviously free to choose this direction

to be the z-direction.
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Figure 1.1: A non-trivial mapping of the closed curve v in coordinate space, to the unit
circle of the target space C.

To determine the vortex solution in detail we consider the energy functional of our
static field:

E = /dzx {0:60i¢ + N(pgp — v*)*}, (1.3)
where integration only over the coordinates perpendicular to the z direction are re-
quired, since ¢ is assumed to be independent of z. We determine the static solution by
minimizing this energy functional under variations of ¢(z). For a vortex solution we
want the field ¢(x) to map a spatial loop far from the vortex core to the U(1) target

space given by the phase of ¢. We therefore choose an ansatz
¢(r,) = vf(r)e"?, (1.4)

where n is an integer and ¢ is the polar angle in cylindrical coordinates. Clearly, a finite

energy in the limit far from the vortex core requires

f(r —o00) — 1. (1.5)
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Additionally, in the limit 7 — 0, we must have vanishing f(r) for n # 0 so that ¢(x) is
well defined at the origin:

f(r—0)—0. (1.6)

The integer n is known as the winding number of the maping e¥. In general, any
mapping U(y) from the coordinate space S' 3 ¢ to the target phase space U(1) can be

characterized by the winding number:

i
=—|d *. 1.
n 27T/ eU0,U (1.7)

It can be shown that the winding number is invariant under any continuous deformation
of the maping U(y) and is thus a topological property of the mapping. This implies
that the ansatz representing a vortex of winding n is topologically stable, and
cannot transition to a solution of different winding without overcoming a vary large
energy barrier. In particular, the vortex solution n = 1 is stable and cannot decay to

the vacuum state ¢(z) = v (see Figures 2 and 3).

>} Y n=0
— — P'

— - \
—_ —— > A

P
[ /_>\ \\’—5 r

7 ~
_— e N - —

_ -

—_
G 4

Figure 1.2: A view of the zy plane of a particular field configuration with zero winding
is shown. The complex phases of the field are indicated as two dimensional vectors. A
mapping of a closed curve « to the curve I' in the target space is shown. The mapping
is topologically trivial because I' can be continuously deformed to a point.



—

2 P,

Figure 1.3: Here a non-trivial field configuration with winding n = 1 is shown along
with the mapping from the closed curve v to the unit circle in C. In this case, the curve
I' cannot be continuously deformed to a point indicating a topologically non-trivial
configuration.

To put this discussion in mathematical terms, we are characterizing the target space
by the behavior of closed curves withing the space. An equivalence class of closed curves
that can be continuously deformed into each other can be formulated on this space. For
the U(1) phase space, equivalence classes are labeled by the winding number n € Z.

This is known as the fundamental group of the space U(1) and is denoted:
m(UQ1)) = Z. (1.8)

Returning to the physical system above, the details of the vortex solution at finite
distances from the center now depend on a calculation of the solution from the equations
of motion subject to the boundary conditions and . There is however one more
important detail to consider before proceeding further. If one considers the limit far

from the vortex core we find

0;¢ — invd;p = inveijx—;, as r — 00, (1.9)
T
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where ¢€;; is the two index Levi-Cevita symbol. This would imply a logarithmic diver-
gence of the energy functional at large r, making our solution inconsistent. Two
approaches to this problem often appear in the literature. For the case of systems
where the U(1) phase represents a gauge degree of freedom, we may replace our original

Lagrangian with the Abelian-Higgs model
1

2 2 212
ﬁZ\D;@’ = A(Jg]* —v7) T 4e2

F P, (1.10)

where

D,¢ = (0, —iA,)¢, and F, = 0,A, — 0, A, (1.11)

For high energy systems this is the only modification consistent with Lorentz invariance
allowing for finite energy vortex strings. This is also the case for superconductors where
the order parameter representing Cooper pairs of electrons which are charged under the
gauge U(1).

The other possibility encountered is the case of a system in a finite container. This
would be the case for superfluids where the order parameter has a global U(1) phase.
For this case one would have to consider finite edge effects that essentially follow from
the broken translational symmetry from the container walls. Both cases of a gauged
U(1) and a global U(1) phase will appear in our examples below, and we will consider
the effects that follow for each particular case.

With these cases in mind the vortex solution for winding n can be determined by
solving for the profile f(r) (and A*(x) for the gauged case) using the equations of
motion. The solution

¢o(z1) = vf(r)e™?, (1.12)
represents a vortex centered at the origin in the xy plane with axis pointing along the
z direction. The subscript 0 will be used to denote the (n = 1) vortex solution centered
at the origin. Here x| denotes the coordinates x,y perpendicular to z.

In the problems considered in this dissertation our goal will be to study the low
energy excitations of the vortex string. The topological stability of the vortex allows
us to consider small perturbations of the vortex solution generated from the broken
symmetry transformations. In this particular case, the translations in the xy plane are

broken by the vortex line. We consider a field configuration of the following form:

d(xy,2,t) = go(rL — &1z, 1)), (1.13)
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where £ (z,t) is a translation of the coordinates x; that is dependent on the time t and
the z direction (see Figure 4). For small amplitudes of £, that are slowly dependent
on t and z we may expand to second order in £;. The terms linear in the field
perturbation are always shown to vanish due to the equations of mortion. Variables
such as £, (z,t) that are generated from broken symmetries, are referred to as modulus
fields in the high energy community, and collective coordinates in condensed matter.

Performing the expansion we can write the action:
5 =50+ [ dta {0°610,10100,00} (1.14)

where S is the unperturbed action for the vortex ¢g. The index a = 0,3 represents
the t and z coordinates, while I = 1,2 is used for z; = (z,y). We now perform the
integration over x in resulting in the effective lagrangian in 1+ 1-dimensions for
the fields & :

Le = %aafz%&, (1.15)
where

T _
% = / a2z 0100 0. (1.16)

The constant matrix 77y may be interpreted as the tension in the string. In this partic-
ular case the axial symmetry of the vortex solution ¢o(x ) under rotations about the z
axis implies that T7; o< d77.

We have thus written down an effective field theory in 1 + 1 dimensions for low
energy excitations of a vortex in the Abelian-Higgs model. These general methods will
be applied to the vortices appearing in the models below. These effective field theories
may then be used to make predictions about the behavior vortex excitations and how

they may be studied in experiments.

1.3 Non-Abelian vortices

Part of the motivation for studying the specific models in this dissertation will be to
characterize the low energy dynamics of vortices when the internal symmetry group is
non-Abelian. In the Abelian-Higgs model in the previous section, the internal symmetry

group consisted of only the single U(1) factor for phase rotations. Only the broken
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Figure 1.4: The effect of the z and ¢ dependent translation £(z,t) on the vortex solution
is shown.

translational symmetries in the = and y directions could produce excitations living on
the vortex axis. However, for a model with a non-Abelian internal symmetry group G,
it may be possible to construct vortices that spontaneously break some of the group
factors in G. The broken generators of the non-Abelian subgroups of G will produce
additional moduli in the effective 1 + 1 dimensional field theory, leading to additional
gapless excitations of the vortex string. We follow the discussion given in [2].

We briefly illustrate this process with an example from high energy physics, which
will turn out to be similar to the superfluid systems we consider in the following chapters.

The model is given by:

1 1 *
L= 12 Fw)® = 1o (FL)* + (Dug) (D)
22 A2 a
+ g (0004 —2%)"+ 2 (045 64). o

where 9%72 and )\%72 are constants. The theory describes the fields ¢ that transform

as spinors under the U(1) x SU(2)¢ gauge groups. The subscript C' remindes us that
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SU(2)¢ is the gauge group for fields with a color charge as in QCD. The symbols 7, are
the Pauli matrices. The index A = {1,2} is a flavor index (not the color index for the
spinor representation). In fact it can be shown that this theory has a separate SU(2)p
flavor symmetry in addition to the gauge symmetries. Sometimes the field ¢ is written

as ®, where i is the color index and A is the flavor index. The complete internal
symmetry group for the model (1.17)) is

G=UQ1)xSU2)c x SU22)F. (1.18)
A general transformation of the field ® can be written in matrix notation:
d — UV, (1.19)

where U and V are 2 x 2 unitary matrices from SU(2)c and SU(2)r respectively.

It is easy to show that a particular vacuum for this model is given by the solution:

A — y5i4, (1.20)

vac

This vacuum configuration is invariant to the particular subset of transformations in G
given by:
d — UDUT. (1.21)

In otherwords, the vacuum preserves a color-flavor locked symmetry, which is denoted

as SU(2)c+p. This means that the space of degenerate vacua can be written as:

2 2
G/i = (1) x ST X SURE _ 14y o grr(9). (1.22)
SU2)c+r
Topological vortices exist in this model due to the U(1) factor in degeneracy space

G/H. They are determined from the boundary condition of the field ® far from the

. 10
® — el ( - ) : (1.23)

However, if we were to determine the complete vortex configuration for ¢ and expand

origin given by:

the lagrangian in terms of the collective coordinates from broken symmetry generators,
we would find that no collective coordinates in addition to the translational coordinates
&, appear. This is because this particular vortex solution for ® preserves the locked

SU(2)c4+F symmetry.
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However, there are additional topological vortices that break the SUc,p symmetry
by winding not only in the U(1) part of G/H, but also the SU(2) factor. In the

asymptotic r — oo limit, the field ® assumes the form
1+ 73]

. (1.24)

This vortex maps a closed curve « in coordinate space to a closed loop in the U(1) x

d =vexp [i(p

SU(2) degeneracy space, that is not contractable to a point, and is distinct from the
Abelian vortex previously considered. We now consider a SU(2)c4r transformation
that is dependent on ¢ and z given by:

O(x),z,t) =exp (icﬁ : 7;) D exp (—io‘j : ;) , (1.25)
where the fields @(t, z) are non-Abelian collective coordinates defining the SU(2)c4r
transformations. In fact, the vortex solution is invariant to the U(1) subgroup of
SU(2)cs r generated by rotations about the third direction with w® = wd®3. Thus, the
non-Abelian moduli of the vortex solution live on the coset space

SU@2)c+r/U(1) = 52, (1.26)

where S? denotes the two dimensional sphere. In the 1 + 1 dimensional effective field
theory following from an expansion in the moduli fields wy 2, would have two modes
appearing in addition to the translational modes from the fields &, (z,t). We could
represent the two non-Abelian modes as a unit vector living on S? as shown in Figure
5.

This example shows that in general we may find non-Abelian collective coordinates
on vortices whose solutions break a non-Abelian symmetry of the vacuum manifold. In
this case the vacuum symmetry SU(2)c4p was broken by the vortex solution. A similar

mechanism will apply to the systems considered in the following chapters.

1.4 Microscopic description of superfluids and supercon-
ductors
In the condensed matter systems we discuss below the continuous field variables will

emerge from the collective dynamics of systems with a large number of individual par-

ticles (known as the thermodynamic limit). This continuous approximation to the
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Figure 1.5: A non-Abelian excitation is illustrated as a z and ¢ dependent rotation of a
unit vector. We have represented the vector in the coordinate space for clarity, however
it is emphasized that the vector transforms in the internal space S2.

discrete many body theory appearing at the macroscopic level is known as Ginzburg-
Landau theory. To give some context for the macroscopic Ginzburg-Landau descriptions
of the systems to be discussed we will begin with an introduction to the microscopic
behavior of the relevant systems. In principle, from the point of view of high energy
physics, this step could be considered unnecessary. Our interest for this thesis will be al-
most completely devoted to the emerging macroscopic behavior as a semi-classical field
theory, and all the results will follow from the Ginzburg-Landau free energy. However,
for completeness it is important to discuss the microscopic behavior that must be un-
derstood to justify the Ginzburg-Landau description. Doing so will also illustrate how
the principles of condensed matter physics can be used to gain insight on the behavior
of the vacuum at the Planck scale.

The case of superfluid He will be our most referenced system below, and therefore is

a natural model system for discussing the microscopic physics. We will develope the BCS



13
theory of superfluid *He as discussed in [4, 5] in some detail here. Our starting point is to
consider pair correlations in a system of weakly interacting fermions leading to an order
parameter describing the symmetry breaking behavior below a critical temperature.
Specifically, pairs of >He atoms experience an attractive interaction with a hard repulsive
core much like a Lennard-Jones potential for interactions of neutral atoms and molecules.
The repulsive core for the interaction potential can be attributed to large number of
particles in the fermi sphere. The specific form of the potential between 3He atoms will
not concern us here. We only wish to show that any arbitrary attractive interaction
between 3He atoms will favor the pairing state over the Fermi sea of uncorrelated single
particle states.

We begin by discussing the pairing wave function between two helium-3 atoms as-
suming nothing about the potential interaction between them other than the weak
attractive coupling and the hard repulsive core. The complete pairing wavefunction

may be written as:
Lo l.s . S
B(7i. 72,0, 8) = exp | 3P (73 4 )| 07— n(a ) (1.27)

We have chosen to use relative coordinates where P is the center of mass momentum,
(71 —7y) = 1(F) represents the spatial separation between the atoms, and x(«, ) is the
spin function. For the moment we will consider the function ¥ (7) in as a single
particle wavefunction of the spatial separation 7. Later, we will adapt our discussion to
manybody theory in a mean field approximation.

The Schrodinger equation is applied to the spatial part of the wave function
to determine the eigenstates and energies where we will ignore spin interactions. In
this case, we assume the interaction potential V(r) is a function only of the spatial

separation r = |7} — 73|. In terms of momentum eigenstates:

- 1 ik
0 = g [ R

Vo= | dre TV (r). (1.28)

kE

This gives the Schrodinger equation:

- - - = — = — 3 o S .
(&6er € pn = E) ¥e =~ |, Vi gt (1.29)
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where kp is the fermi momentum. Here we have defined {; as the quasi-particle energy

measured relative to the fermi energy:
2.2
=" (1.30)
and p is the chemical potential, which is equal to the Fermi energy er at zero temper-
ature.

The momentum P is the center of mass momentum of the 3He pair. Thus, the energy
will be minimized for the case P = 0. We will consider small spatial variations of the
center of mass wave function in the later sections when we consider spatially varying
order parameters. For establishing the favorability of pairing states we will set P =0.

For a spherically symmetric potential we may decompose VE—q‘ and 1 into spherical
harmonics

Vi_g=> @+ DVi(k,q)Ri(k- ),
1=0

Zalmllfl )Yim (k). (1.31)

Additionally, we make the reasonable approximation that only single particle momentum
states near the Fermi surface should participate in the pair interaction and therefore we

may assume

Vick. ) :{ Vi (gl &l < e 132)

0 otherwise
where €. << €p, defines a thin shell of states around the Fermi surface. For supercon-
ductors, €. represents the limiting Debye frequency of phonon excitations, determined
from the lattice spacing. For superfluid 3He it is simply a phenomenological parameter
that is measured experimentally.
With these assumptions the Schrodinger equations for the pairing amplitude reduces

to

() =~ P (1.33)

where N (&) is the density of states. We are assuming N () is a slowly varying function

on the scale of €.. Finally, by integrating &, over the thin shell defined by 0 < & < e,

we find: J o
1 ¢ N(0), E—2e
B N(O)/ _F 2 log T (1.34)
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For an attractive interaction in the lth partial wave where V; < 0, we must have E < 0.
Thus, any attractive interaction for any orbital state will lead to a bound pair of single
particle states near the Fermi surface.

We wish to promote this analysis of two particle correlations to many body the-
ory of a large number of interacting fermions. This is accomplished by promoting
the single particle wavefunctions to dynamical field operators constructed from particle
creation (annihiation) operators a;rc o (arq), which create (destroy) fermions with mo-
mentum k and spin projection o = (1,J). They must of course satisfy appropriate

anti-commutation relations to be interpreted as fermi operators:

Lo, LSt 1 _
{aka’ak/ﬁ} = {aEa,aE,ﬁ} =0,
{“Ema,}/ﬁ} = 071003 (1.35)

Using these operators we may write the Hamiltonian of the interacting fermion

system as

k2 ;
H—,uN:Z %—,u a0k
ka

1 T Lo 7 7 7R T T
+§Z > (—ka, k4 @8IV IFd, K+ 8y ol o e gag s (136)
Ek?(f aﬁalﬂl

where the chemical potential u fixes the average particle number to N. The first term
in is the kinetic energy of the individual particles measured relative the the fermi
surface. The second term is the two fermion interaction. This term is written as a
momentum transfer that is interpreted as the annihilation of two fermions in partic-
ular momentum (and spin) states and replacing them with two fermions of different
momentum states. The coefficient (—ka, k + 8|V \k?’o/, —K 4 @3') is the transition
amplitude that can be determined from the single particle analysis above.

The goal is to diagonalize the Hamiltonian and determine the eigenvalues and
eigenvectors. Clearly, this cannot be done analytically due to the interaction term in-
volving four field operators. In the BCS approximation it is instead assumed that at low
temperatures a macroscopic number of fermions will be in a pair correlated state. It is
thus assumed that in the thermodynamic limit the expectation value (a_ E,BQIQa> and it’s

hermitian conjugate will be nonvanishing. We may thus approximate the Hamiltonian
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using a mean field approach where the two fermion annihilation/creation operators are

written as a deviation from the ground state expectation value:

O_f05q = (a_]gﬁa];,a> + (a_lgﬁa];,a — <a_,;ﬂak~,a>> , (1.37)
where for the BCS ground state expectation value is written as
(a_zpa; ) =075 Fz . (1.38)

Expanding the free energy ((1.36) and dropping terms of second order in the deviation

from (|1.37)) we find

H— 'U’N = Zgﬁaazaak&
ko
1 N t
32 (Agaﬁaiﬁa,;a +alal kﬁa) ZAW s (1.39)
kapB kaB

where we have defined the two index gap parameter

Do = > (—ka, KBV Ko/, —K'B') Fiz,50- (1.40)
Kol B!
We will later interpret Ay 5 as the order parameter of the superfluid phase.
To achieve diagonalization we make a canonical transformation of the field operators
to remove the off-diagonal a_jg0g, and the hermitian conjugates. This is done by

writing the canonical quasi-particle field operators:
_ T
D (%g% - U/;a,aa,,;ﬂ) )
B
T LA S .
b. = %: (uEaﬂagﬁ vgaﬂa_kﬂ> , (1.41)

where uz 5 and vg 5 are variational parameters that are chosen to minimize the ground
state free energy. Later it will be shown that ug 8 (vz, B) will represent the amplitude
that the pair state |kaf) is unoccupied (occupied) respectively. Thus, Fermi-Dirac

statistics requires:

U_kaf = UkBas V—kap = —VkBa- (1.42)
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For the operator b,t op (k) to be interpreted as canonical fermi creation (annihilation)

operators we must require:

(s} - {8} -0
{bfgavb;vﬁ} = OppOap- (1.43)

This is achieved if ug_ , and v;_, satisfy the additional constraints
afs kas

UrVge — ViU = 0

wul + vl =1, (1.44)

where uy and v, are the 2 x 2 matrices ugog and viag.

The relations ([1.41)) can be inverted to give
_ T
aEa - Z <uEa,3bEB + UEa,Bb,EB) . (145)
B

We may now insert (1.45]) into the mean field hamiltonian (1.39)) and choose the param-
eters up, o and vg, 5 to eliminate the off-diagonal terms bzb_; and b}%bT_E. This yeilds
the relation

28pupvy — VkA]TCVk + urAgu, = 0. (1.46)

This equation along with the constraints defined above can be solved for the following

form of the variational parameters that will be of interest to the subsequent discussion:

(1.47)

where we have defined

B, = /& + Tr(A,A])

Dy = /2By (& + Ey) (1.48)

By substituting these forms of u; and v into the mean field Hamiltonian ([1.39)) we

arrive at

1 1 1
H —N:E:fTrAAT — E.b! . 1.4

MF — M 4 [2 ( k k) <2Ek §k+Ek>+ kbkabka] ( 9)
ko
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The ground state for this Hamiltonian is determined finding the eigenvector |¢pcs)

that is annihilated by the operators by:

bra |¥BCS) = 0. (1.50)

It can be shown that this condition is satisfied by the following form of the BCS ground

state:
_ T
vses) =111 “EMJF%:%L%“EQ@_M 10)- (1.51)
E o]

The original variational parameters vi.g and ugng are thus appropriately interpreted
as amplitudes for occupied and empty states.

It remains to determine the gap parameter Ay,g. This is done by applying a self
consistency condition. At zero temperature the ground state expectation value for Fj,g3

can be determined:

Akap
2B,
Using the original definition of the gap parameter ([1.40) in terms of Fj3 we have:

Frap = <a_,55a,9a>Bcs = - (1.52)

Ak/alﬁ/

_ 7 7 W 7 2l
Apap=— > (—ka, kB|V |Fd/, —K'5') T

k,la/ﬁ/

(1.53)

To simplify matters further we consider an interaction that is independent of spin:
(—ka, KBV Ko/, —=K'B') = V_ 300005, (1.54)

This requires the Cooper pairs to form in either the pure spin triplet or spin singlet.

With this assumption we may write the zero temperature self consistency condition:

Ay
Arap=— Y View 2E:ﬁ (1.55)
k/alﬁl

The mean field self consistent method is also applicable to the case of finite temper-

ature. In this case the expectation value

<a7E6ak7a> = 5kk’Fka,37 (1.56)
is interpreted as a thermal average of the operator in the grand canonical ensemble.
The density matrix is written as:

R H Mp—uN
== - - - = 1-
p = exp ( T ), (1.57)
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where the mean field hamiltonian H;p is now approximated using the thermal averages

for Fjap and Ayqp. For finite temperatures the diagonalization procedure leads to:

1 1
Hyp — uN = e Tr(ALAD) — —Tr(AIF,) + B b 1.58
e %‘[ 2@ 1 By VAR T ST+ Eibobra o (158)

where Fj, is defined in terms of a temperature dependent gap paramter Ap,z. We
may now use this diagonalized hamiltonian to write the occupation probability for the

quasi-particle in the state |ka):

(bhobis) = Okt Sap e (1.59)

where we have denoted the occupation probability factor

1
exp (kg—kT) +1

The other operator averages (byobrg) and its complex conjugate are identically zero.

fe = (1.60)

The factor fr may now be used to determine the thermal average value for Fj.s in
(1.56)). Using the definition of the gap parameter in terms of Fj,3 we find the self

consistency condition at finite temperature:

Aprag E,
Apas = — _ tanh 1.61
ko %:Vk Ko, <2kBT (1.61)

This form of the consistency equation can be used to determine the critical temperature
T for specific functional forms of Agyg.

The following discussion proceeds in the same fashion where the gap parameter is
determined either by or .

Returning to the originial discussion, from the single particle wave function analysis
above we assume that the potential Vz_ - is dependent only on the angle between k
and k’. This arises from the requirement that the only momenta \E| relevant for pair
correlations varies on a scale much less than the fermi momentum kp. We further assume
that only a single angular momentum component of Vj_j/ has a significant contribution
to the pair interaction. We may therefore write the potential as

V-

k- = (1.62)

(2L + 1)VLPL<COS Gk) (’ﬁk’, ‘fk/‘ < EC)
0 otherwise.
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With these final assumptions in mind we may assume that the Cooper pairs form in the
orbital state [ = L. Therefore, only the L spherical harmonics need to be included in
the expansion of the gap parameter A 5 which is additionally independent of ]E | to a
reasonable approximation.

For the case of superfluid 3He it is experimentally shown that the hard repulsive
core of the pair interaction requires the leading component of the potential to be the
orbital L = 1 term, with small contributions from [ # L components. To satisfy the
symmetry requirements for identical fermi pairs this forces the order parameter A,z to
be symmetric in its indices. Thus, the dominating contribution to the order parameter
for superfluid *He below the critical temperature is the orbital L = 1 spin S = 1
pairing amplitude. It is standard to expand the gap parameter in terms of a vector é'(l%)

transforming in spin space:
Ak‘aﬂ = Z eu(k)(ouioe)as- (1.63)
I

Additionally, we expand eu(lz:) in terms of the k components in the orbital basis:

eu(k) =" epiki. (1.64)
i
The coefficients e,; are referred to as the order parameter for a non-conventional super-
fluid. It is interpreted as a complex 3 x 3 tensorial order parameter transforming as a
vector in the orbital SO(3) and spin SO(3)g rotation groups.

Once we have the order parameter e,; in hand we would like to consider its dynamics
on a macroscopic level. In particular, we would now like to consider an order parameter
that varies in time and space as a field. Loosly speaking, this large scale variation of
the order parameter follows from the consideration of finite center of mass momentum

P of the Cooper pairs. This will be done in the following section.

1.5 Macroscopic description of superfluids

To discuss superfluids on a macroscopic scale with a spatially varying order parameter
the approach is to consider the Ginzburg-Landau free energy, which can be derived from

the BCS theory. The approach to writing down the Ginzburg-Landau free energy is to
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consider the symmetries required to be satisfied by the microscopic BCS Hamiltonian
and assume that the macroscopic theory retains these symmetries. If we also consider
temperatures just below the critical temperature, then it is only necessary to consider
the first few terms in the potential energy of the Ginzburg-Landau free energy. If
additionally, we consider only slowly varying spatial dependence of the order parameter,
then the kinetic terms appearing in the macroscopic theory can be considered only to
lowest non-trivial order.

These points are made concrete by considering the case of the simplest model of
superconductivity originally introduced by Bardeen, Cooper, and Schaffer. In that case
the order parameter appears as a condensation of Cooper pairs of electrons. The gap

parameter Ay is related to the expectation value of annihilation operators of electrons:

AE = — Z VE—§<C_‘T¢C’7T>' (1.65)
q

Under the U(1) gauge transformation of electron field operators the order parameter
transforms as

A — eBPA. (1.66)

Thus, the non-zero gap parameter below the critical termperature indicates the spon-
taneous breaking of the U(1) gauge symmetry and a macroscopic rigidity of the phase
in the superconductor.

To pass to the G-L theory we consider slow spatial variations of the gap parameter
A(7) representing small momentum boosts of the Cooper pairs. In this sense, we define
the order parameter () proportinal to the spatially varying gap parameter A(7) and
interpret it as a complex boson field at low momentum. We may then write down
a Ginzburg-Landau free energy density near 7' = T, consistent with the U(1) phase

symmetry required by the microscopic theory:

<v - i;:ff> ()

where the parameters a and 8 are dependent on the temperature of the superconduc-

2 2

I a2+ S+ I (1.67)
2m* 2 8’ ’

Far =

tor, and m”* is the effective mass of the Cooper pair, which for weak coupling can be
considered twice the electron mass. The charge e* is the charge of the pairing field

¥ (7) and is twice the electron charge in this case. Since the U(1) phase symmetry for
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a superconductor is a gauge symmetry, we have included the vector potential A in the
free energy as well as the contribution from the microscopic magnetic flux density h(7).
For a spatially homogenous order parameter the minimization of the free energy
gives
o

|2 = 3 = A(T)% (1.68)

In fact, by comparison with the BCS microscopic theory, all parameters of the G-L free
energy can be determined unambiguously.

The same method applies to the Ginzburg-Landau free energy of a superfluid or
superconductor with a tensorial order parameter such as the case with superfluid 3He.
We simply write down the most general free energy expression near the critical tem-
perature with the symmetry group structure imposed by the microcsopic BCS model.
By comparision with the BCS expression for the free energy we may determine the
phenomenalogical parameters appearing in the free energy.

It was determined in the previous section that the order parameter for superfluid *He
was a complex 3 x 3 tensorial order parameter e,;(7) transforming under the symmetry
group

G=U(1) x SO(3)s x SO(3), (1.69)

where the U(1) group represents the phase of the field operator for >He Cooper pairs,
and the subscripts S and L refer to the spin and orbital rotation groups respectively. We
remember of course that in the superfluid 3He case, the U(1) phase is a global symmetry
as opposed to the gauge symmetry appearing in the BCS superconductor. With this
information in mind the most general Ginzburg-Landau free energy at temperatures

near T, can be written as:

FGL:Fgrad+Va

* *
1 + ’)/381‘6#]'6]'6,”,

*
Foraa = 110i€,50i€,; + v20;e,:05€
* *x % * * *x Kk
V = —aeyiey; + Bieg et + Baeepierievi + B3 erep€u;
* * * *
+ Baejeviey e + Bselievievje), i, (1.70)
where again the parameters ~;, o, and 3; are phenomenological parameters dependent

on the temperature and pressure. For the weak coupling case at zero pressure they can
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be derived from the BCS model

—281=P2=03=PB1=—Bs= 71];[0(?73;(;)7
2
=92 =7 = CENO) 35, (L.71)

where N(0) = m*kp/272h? is the density of states for single particle fermion excitations
near the fermi surface.

The Ginzburg-Landau model may also be applied to strong coupling as would be
the case for a fermi liquid. However, expressions for the phenomenological parameters
are considerably more difficult to determine from the microscopic theory and typically
require results from experiments to determine their dependence on temperature and
pressure. In the chapters below we will not concern ourselves with the specific micro-
scopic models leading to the parameter values appearing in the free energy expression.
For our purposes we will simply vary the phenomenological parameters as we see fit to
achieve the macroscopic behavior we wish to study. Whenever it is possible we will give
some experimental or theoretical evidence that certain condensed matter systems exist

with the chosen parameter values.

1.6 Time dependence in superfluid *He Models

In the models of superfluid *He we consider below the specific time dependence will be
crucial for determining the dynamics of the Goldstone excitations we wish to study. In
standard applications to many body systems, the dispersion relations for the Goldstone
excitations are derived from the BCS hamiltonian. By making use of a Bogoliubov
transformation of particle creation and annihilation operators and searching for the
eigenmodes with vanishing frequency w in the limit of vanishing wave vector k. For
the collective excitations appearing on vortices in superfluid *He, we will find it more
convenient to work with a time dependent Ginzburg-Landau model describing the boson
field of Cooper pairs of 3He atoms, rather than the microscopic BCS model of single

particle excitations from the fermi surface.



24
We choose to include time dependence in the Ginzburg-Landau theory by modifying

the model (1.70):

FGL :Ftime+Fgrad+‘/a
Fiime = ie,wiate;,i- (172)

This form of the time dependent term allows us to interpret the order parameter e,; as
the wavefunction for a non-relativistic boson with two spin degrees of freedom trans-
forming as vectors in their respective spaces. By varying with respect to el*“- we
can see that the order parameter obeys a Schrodinger equations whose potential energy
depends on the local boson density functions:

ov

+ ges, (1.73)

i0repi = —11 V2 — (v2 + 73)0i0 e,

The dispersion relations will follow from diagonalization of this equation of motion in

the momentum basis.



Chapter 2

Non-Abelian Vortices in

Condensed Matter Systems

In this chapter, which was originally presented in [6], we will discuss the topic of topo-
logical vortices with non-Abelian gapless and quasi-gapless modes in condensed matter
systems with tensorial order parameter. The model we will consider here is most closely
related to superfluid *He in the B phase. However, in order to make contact with
the concept of non-Abelian gapless modes we will consider a Ginzburg-Landau theory
with certain simplifications to the superfluid *He-B model. As we will see below, these
modifications lead to enhancements of the symmetry structure that allow non-Abelian
subgroups to survive condensation and vortex formation. These are the necessary in-
gredients for non-Abelian collective coordinates to appear. Strictly speaking, these
modifications do not exist in any experimentally observed model in condensed matter.
However, our model illustrates the emergence of non-Abelian modes on mass vortices
and may provide an avenue for their experimental search should similar systems be
constructed. In the next chapter we will extend this analysis to a more experimentally
reasonable version of the model and discuss the specific types of vortices appearing in

superfluid 2He.
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2.1 Introduction

In recent years there has been a growing interest among high energy theorists in con-
densed matter systems with non-Abelian group structure. Such condensed matter sys-
tems share a deep connection with many models of high energy physics due to the uni-
versality of effective field theories describing the low energy dynamics of the underlying
microscopic physics [3, [7]. Because of this universality, studying condensed matter sys-
tems can offer insight on many of the unsolved problems in high energy particle physics
and cosmology, and vice versa.

In particular condensed matter systems such as superfluid helium-3 as well as other
systems with similar symmetry structure have attracted much attention from the high
energy community. The non-Abelian group structure and the tensorial nature of the
order parameter results in a wealth of phenomena that share close similarities with
high energy theories, specifically Yang-Mills theories [3]. The degeneracy of the order
parameter in the B-phase ground state allows for the existence of topologically stable
mass vortices of the Z-type similar to flux tubes presenting string-like solitons in four-
dimensional Yang-Mills theories [8, 9] 10, 1T}, 12, 13]. The Nambu-Goldstone excitations
of these vortices in *He-B can be described by a low energy effective field theory using
the same methods as those used to determine the low energy dynamics of the flux tubes
in Yang-Mills theories [T14]. The Kelvin modes and U(1) axial rotational modes of 3He-
B vortices have been thoroughly investigated both theoretically and experimentally
[15, [16l 17, 18, 19, 20, 21I]; however it has been recently shown that additional non-
Abelian orientational modes may emerge in certain cases [14]. Specifically, the cases
we are referring to are those systems with a Ginzburg-Landau free energy of the form
of superfluid He with small parameters y2 and 3 (see below). This requirement
is imposed to ensure that the non-Abelian modes from SO(3)sy are independent or
nearly independent of the modes associated with coordinate rotations from SO(3)coord-
An analogous case can be discussed in the context of elasticity in two dimensions where
the unphysical case of vanishing bulk modulus leads to an enhanced symmetry under
rotations O(2) — O(2) x O(2). Such an enhanced symmetry plays a role in the equiv-
alence of scale and conformal symmetry in the theory of elasticity [22]. If we were to

consider s, y3 ~ 1 the non-Abelian modes would no longer be quasi-gapless as we will
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show below.

The case of v2,v3 — 0 could be approximately achieved in an ultra-cold fermi gas
with p-wave pairing, but strictly speaking, superfluid *He does not satisfy this condition.
All of our assertions below as well as any mention of Ginzburg-Landau description of
superfluid 3He will refer to the case where 75, v3 are either vanishing or small relative to
~1. In these cases the non-Abelian modes are either gapless or quasi-gapless respectively.

Non-Abelian orientational modes localized on mass vortices also appear in Yang-
Mills theories admitting a U (1) x SU () gauge symmetry [8, 9] 10, 11} 12),13]. Typically
the moduli fields associated with the orientational modes are described by a sigma model
at low energy [2] 23], and it is expected that a similar situation should occur for the non-
Abelian modes of 3He-B [14]. The appearance of these additional modes is of course due
to the tensor type order parameter and the symmetry structure of the Ginzburg-Landau
free energy.

The tensorial nature of the order parameter results from the behavior of the *He
atoms at low temperatures. At the critical temperature, the helium atoms condense to
form pairs similar to Cooper pairing in the BCS description of superconductivity [24].
However, unlike conventional superfluids and superconductors, which are described by a
wave function with a single complex component, the pairing in superfluid 3He occurs in
p-wave L = 1 orbitals due to the short range repulsive core behavior of the interaction
between helium-atoms. Due to Fermi-Dirac statistics the spin degree of freedom is
required to from a symmetric S = 1 pairing, and thus the complete order parameter is
given by a 3 x 3 matrix with complex components [25, 26, 27]. Thus, in the absence
of spin-orbit and magnetic interactions, the superfluid 3He system is described by a

Ginzburg-Landau free energy possessing a symmetry group
G=UQ)p x SO(3)s x SO3)y, (2.1)

where U(1)p is the group of global phase rotations of the order parameter. In the B-
phase ground state the symmetry group G is spontaneously broken down by the order

parameter retaining a spin-orbit locked symmetry
G — HB = SO(3)S+L. (2.2)

This type symmetry breaking also occurs in the theory of color superconductivity ob-

served in quark matter at high density where the color SU(3)c and flavor SU(3)p



28
symmetries are spontaneously broken to a diagonal color-flavor locked SU (3)c4r sym-
metry [2§].

The existence of topologically stable mass vortices in He-B results from the U(1)p
phase degeneracy of the order parameter in the B-phase ground state. This is indeed
the result of a general mechanism of vortex generation by symmetry breaking, which
was outlined for gauge theories in [29]. The gapless excitations of the vortices are
determined by the moduli fields that are generated from symmetry transformations
acting nontrivially on a given vortex solution. The goal of the present chapter is to
explore such vortex excitations using techniques that are standard to high energy theory.
Particularly, we are interested in exploring the non-Abelian gapless and quasi-gapless
modes localized on the vortex axis and their interactions with the well known Kelvin
modes and U(1) axial modes. The general framework for determining the low energy
dynamics of vortices in systems like superfluid *He-B was outlined in [14], and we will
follow the same procedure in our analysis. Here we will consider specific forms of the
order parameter describing vortex solutions, and carry out the calculation of the effective
free energy of the gapless and quasi-gapless modes. In general the order parameter e;
is a complex 3 x 3 matrix function of the coordinates ¥; = (z,y) perpendicular to
the vortex axis, which is convenient to decompose into its trace, symmetric, and anti-

symmetric components

1
S A
€ui = 5 €00 5,ui + € + Cui>

3
ei@' = C€lui} — geaaéma
eﬁi = €] = EW‘I@X’C' (2.3)

As was suggested in [14] we will restrict the order parameter to the trace and anti-

symmetric parts
€ui = ewf(aﬁ)ém- + €mkxk(:fj_). (2.4)

This restriction is imposed to both simplify the analysis, and contain enough complexity
to illustrate the dynamics of the non-Abelian orientational modes of the vortex solution.
However, we hasten to emphasize that this ansatz is an oversimplification from both
experimental [19] 20l 21] and theoretical standpoints [30} [31]. More general forms of the

order parameter will be considered in the next chapter.
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The number of low energy non-Abelian modes will be dependent on the symmetry
of the order parameter . When v, 73 = 0 we will find either two or three additional
non-Abelian modes depending on whether the solution retains a U(1), axial symmetry
or not. In the case of an axially symmetric solution we will show that there are two
moduli living on the degeneracy space given by SO(3)s./U(1) ~ S%.  An axially
asymmetric solution has three moduli on the degeneracy space SO(3)sy /1 =~ S3/Zs.
Here we are referring to an axial transformation from the group SO(2)gyr about the
zZ-axis.

We mention that we are considering the U(1)p phase symmetry of G as a global
symmetry and thus we may find an additional axial mode generated from this group. It
is immediately emphasized that this situation is distinct from a U(1) gauge symmetry
considered in Yang-Mills theories where the additional mode can be removed by a gauge
transformation.

For ~9,v3 # 0 but small, some of these modes will acquire small mass gaps, and
will be considered as quasi-gapless. The number of physical excitations may further
be reduced after quantization due to the nature of gapless modes in the case of non-
relativistic systems where the Goldstone Theorem [32], [33] is more subtle [34, 35, 36].
We will not discuss this issue in detail here. The discussion of quantization will be left
for the next chapter.

We will begin in section II with a review of the Ginzburg-Landau description of the
superfluid 2He B phase and discuss the topological arguments leading to the existence
of stable vortices in the bulk. The specific form of the ansatz will be determined
and the conditions required on the phenomenological parameters of the free energy to
allow the formation of an anti-symmetric component will be calculated in section III. In
section IV, we will discuss the symmetries broken by the vortex solutions and determine
the number and type of emerging moduli fields due to the broken symmetries. In section
V, we will formulate the emerging effective free energy describing the dynamics of the
non-Abelian modes and their interactions with the Kelvin and axial modes. We will
conclude in section VI with a discussion of our results and their relations to similar

phenomena in high energy theory.
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2.2 The Ginzburg-Landau description of superfluid *He-B

In this section we will briefly review the Ginzburg-Landau theory describing the super-
fluid phases of He. We will follow the description as given by [3] and [37, 40] where
more detailed discussions can be found. As discussed above the order parameter e,; is
a complex 3 x 3 matrix that transforms under the vector representations of SO(3)r, and
SOB3)s

€ui — ewSWLije,,j, (2.5)
where e is an element of the global U(1)p phase rotations. We write the most general
free energy possessing the complete symmetry G = U(1)p x SO(3)s x SO(3) [26, 31,
38, B39

FGL:Ftirne“‘Fgrad"i'Vva

*

Fiime = ieuiateuia

* * *
Forad = m0ieyuj0ie,; + 120ieu:05€),; + y30ieu505€,,,
_ oK * * . . * oK . * * . .
V = —aeyiey,; + Blememewew + ﬁgem-eme,/je,,] + B3€i€ri€ui€v;s
* * * *
+ Baejievier e + Bsepievievie,, (2.6)

where the parameters ;, «, and (5; are phenomenological parameters depending on
temperature and pressure that can be determined from BCS-like calculations from the
underlying microscopic theory [27] and may include corrections from strong coupling

considerations [4I]. In the weak coupling limit at zero pressure the BCS calculations

give [26, B1]
o= YO < _ T>
3 T.)’
TN(0)¢(3)

— 2 frd frd frg = — e
P1=P2=p3=pa Bs 120(T)2

2

=7 == TCBNO) s A (2.7)
240(7T)?’ '

where N(0) = m*kr/272h%. However, we quickly point out that in the present chapter
we will adjust the constants at our will depending on the particular features we wish
to illustrate. The time-dependent part Fiime of (2.6]) is typically discussed for non-
equilibrium dynamics where quasi-static approximations are not valid (see for example

[42] and [43]).
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The free energy can be minimized by considering the subgroups of the group G.
Two of these subgroups can be realized physically, which are characterized by the A
phase Hy = U(1) x U(1), and the B phase Hg = SO(3)s+r. In the bulk A phase the

order parameter takes the form

A

A .

(e )ui = EVM(A; +iAY), (2.8)
where V is a unit vector in the direction of the spin, and A’ and A are mutually orthog-
onal unit vectors whose cross product A’ x A" is in the direction of the orbital angular
momentum [25]. In this chapter we will consider only the bulk B phase characterized

by the order parameter
(€0)pi = " A(Ro) (2.9)

where (Rp),; is a generic element of SO(3). The gap parameter A can be found by
inserting (2.9)) into the potential V' in (2.6) and minimizing the expression. The result

is
«

A=—o——\, 2.10
6512 + 20345 (2.10)
where we are employing a shorthand notation
Yabe... = Ya T Vo + Ve + -y
Babc... = ﬁa + Bb + ,Bc + ... (211)

We recognize that the order parameter (2.9)) is invariant under the simultaneous spin

and orbital rotations
SuuLij(RO)Vj = (RO)uiy (212)

when S = ROLROT. Thus we observe the bulk B phase preserves a locked spin-orbit
rotational symmetry Hg = SO(3)g+r [3, 87, 40]. The degeneracy of the ground state
allows us to choose (Ro)ui = pi-

For our purposes we will restrict our analysis to the case that o, vs are small com-
pared to ;. In the case that 5,73 = 0 the free energy is invariant under the
separate orbital SO(3)r, and coordinate SO(3)coord rotations. Thus the complete sym-
metry group G is enhanced by an additional set of rotational generators from SO(3)coord

and we can treat the orbital and spin degrees of freedom as internal symmetries. As
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2,73 are increased to small but non-zero values the symmetry group G is explicitly bro-
ken so that orbital rotations from SO(3); must be performed with the corresponding
coordinate rotations from SO(3)coora- We will show below how this explicit breaking
affects the gapless modes of the vortex solutions below.

To discuss topological vortices in the bulk B phase we consider the degeneracy space

G/Hp =U(1)p x SO(3). (2.13)

The topologically stable solutions are determined by the first fundamental group
7['1(U(1) X SO(?))) =7+ Zs. (2.14)

The Z-sector describes the mass vortices, which are characterized by an integer topo-
logical winding n of the phase e ~ e™®. The Zy-sector describes the spin vortices with
winding v € {0,1}. We will consider the case n =1, v = 0 below.

Once the existence of stable topological mass vortices is established, the specific
form of the order parameter e,; describing the vortex solution must be determined by
minimizing the free energy with the requirement that the solution have a non-trivial
winding n. In principle it is necessary to consider the full form of the order parameter,
however to simplify the analysis we will assume the form of the order parameter given
by [14]

eui = € F(F1)0u + X" (Z1), (2.15)
where Z; = (z,y) is the coordinate vector perpendicular to the vortex axis, and f
and x* are to be determined by minimizing . We will require that f(Z,) be real,

however we will not necessarily consider x*(#,) to be real. The boundary conditions

required by f and x* due to the winding and B phase vacuum are given by

fri—=0)=0, f(rp—>o00)=A
X (ry — o0) = 0. (2.16)
Since x* is not restricted by any winding we do not assume any value for x* as r; — 0.

We will establish in the next section the conditions for which a non-trivial y* field

develops in the vortex core.
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A more complete ansatz, including symmetric components, as well as solutions more
closely related to cases encountered experimentally, will be considered in the next chap-

ter.

2.3 Anti-symmetric tensor structure in the vortex core

Having restricted our ansatz for the order parameter to the form we can determine
the requirements on the f3; coefficients such that a non-trivial vector field y* develops.
We will proceed in similar fashion as discussed in [44] in the context of superconducting
strings. An analogous calculation has been recently considered in [45] for the Abrikosov-

Nielsen-Olesen (ANO) string [46, 47]. We begin with the case that x* = 0 everywhere

(€0)pi = € (r1) 8- (2.17)

Here we are assuming the function f is a real function of r, = |Z;|. We proceed by
considering the stability of the solution ([2.17)) under small perturbations of the x* field.
We will assume for the moment that the small x* field is also a function of 7| only and

consider the case vo,v3 = 0. Thus we are free to set

X = <O7O7X<TJ_))a (218)

due to the independence of orbital and coordinate rotations. We determine the form
of f(rL) by inserting the ansatz into the free energy and minimizing. The
numerical solution of f(r) is shown in Figure 2.1.

After determining f (7)) we now assume a small perturbation (7, ) leaving the form
of f(ry) fixed. Looking at the y dependent part of the free energy we find

.0
Py = /mdm {zx(;; + xLax + O(X4)} ) (2.19)
where Lo is given given by:

Ly = —Q’Yl%% (TL%) +V(ry),
V(ry) =4(362 +284) f2(r1) — 2a. (2.20)
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Figure 2.1: The numerical solution f(z) = f(x)/A is plotted. Here we have defined
T =r)\/a/v. For z < 1 the solution follows the form f(z) ~ 0.583x. In the opposite
limit > 1 the function f(z) — 1 —1/222 + O(z™%).

In this form Ly represents a Schrodinger operator, whose eigenvalues and eigenfunctions
can be determined from
LoXn = wnXn, where x =Y anxn(r). (2.21)
n
A negative eigenvalue wy of Ly would imply the existence of a solution xo(r) such that
F, <0, and thus would represent an instability of the ansatz (2.17)).
Solving numerically (2.21)) we find that wy < 0 if
1_ 36+206
2 7 6012+ 20345

where the lower bound is required to satisfy the boundary condition x(r; — oco) — 0.

< 0.76, (2.22)

A numerical solution for x(r; ) when this condition is satisfied is shown in Figure 2.2.
We immediately point out that this condition is not absolute, and represents
only the case in which a diagonal ansatz is locally unstable. If the condition
is not satisfied the diagonal ansatz may only be a local minimum and a solution with
non-zero x may still persist as the absolute minimization of the free energy . This
is in fact the case both experimentally and theoretically for vortices in superfluid *He-B
where the f; coefficients do not satisfy , however the minimizing vortex solutions
occur with either an A-phase core, or a double core vortex. Both solutions break the

orbital and coordinate axial symmetry.



35

0 2 4 6 8 10 12 14

Figure 2.2: The plot shows the numerical solutions for the ¥(z) = x(x)/A and f(z),
where x =r J_\/m as previously defined. The solutions are generated by a numerical
minimization of the free energy , assuming the ansatz with the boundary
conditions from (2.16). Note that so far we are working in the limit 2,3 — 0.

The existence of a non-zero x(r) field would imply the breaking of the SO(3)s.r,
down to a U(1) rotation, and thus we would expect two non-Abelian moduli from the

degeneracy space
SO(3)s41/U(1) ~ S2. (2.23)

The situation is more interesting if we consider a complex ansatz for the field x*(z ).

In particular we consider the form

1 1
Xa(ri,¢)=| i XO\(/%L)JF i Xi%)em. (2.24)
0 0

This ansatz represents an approximate A phase vortex core that has been restricted
to its trace and antisymmetric components, and is required to satisfy the condition of
U(1) 4 axial symmetry, which we will define below. It is easy to show from the equations
of motion that

c
X0, X2 — — as | — 00, (2.25)
Tl

where ¢ is a constant that must be determined by solving the equations of motion
completely.

Following a similar procedure as above, we find a non-trivial g field develops if
the condition (2.22)) is satisfied, and thus so does the ys field in order to satisfy .
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Figure 2.3 shows a plot of all three non-trivial fields f(r1), xo(r1), and x2(r.), when
the condition ([2.22)) is satisfied.
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Figure 2.3: The numerical solutions for f(z) = f(z)/A, Xo(z) = xo(z)/v2A, and
Y2(z) = x2(x)/v2A are plotted, where again z = 7, \/a/y1. As © — oo we have
Xo(z) = X2(x) — c¢/x, where ¢ is a constant that must be determined by solving
completely the vortex solution.

In the case of (2.24)), the non-Abelian symmetry SO(3)s4 1, is completely broken by

the vortex solution and has the degeneracy space
SO(3)s41/1 =~ S3/Zs. (2.26)

This is, of course, due to the fact that the ansatz (2.24]) is not an eigenvector of a rotation
about any axis. Thus the orbital U(1) symmetry retained by the original ansatz
is now broken by and we in fact have three non-Abelian moduli. However, we
can see that the solution still retains a locked U(1) symmetry under simultaneous

orbital, coordinate, and phase rotations,

X(¢) = ¢ R(6)X(¢ — §) RS (6), (2.27)

where R,(9) is the rotational matrix about the z-axis. Thus, although the orbital
SO(3) s+ symmetry is completely broken, one of the additional modes will be equivalent
to the U(1) 4 axial mode.

We may further increase the complexity of the ansatz by generalizing to the
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following
XO(U) 1 X2(71) o2id
Xde(T1,0) = | iCo(rL) E*‘ —ia(ry) Nk (2.28)
0 0

This ansatz would represent the case of an approximate double core vortex restricted to
anti-symmetric off diagonal components. Again, to satisfy the requirement of cylindrical
symmetry and the equations of motion at large distances from the vortex axis we must
have

C
X0, Xx2; Cos C2 — 7L S TL oo (2.29)

Figures 2.4 and 2.5 show plots of the functions xo(r1), x2(r1), Co(ry), and (a(r1).
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Figure 2.4: The numerical solutions for f(z) = f(z)/A, Xo(z) = xo(z)/v2A, and
X2(z) = x2(z)/v/2A are plotted, where again = = 7| \/a/1.

Generally speaking a double core vortex would have four moduli from the complete

breaking of SO(3)s+r, X U(1)4 since no hidden symmetry is necessarily preserved for

arbitrary functions xo (1), x2(r1), Co(r1), and (a(ry1).

2.4 Low energy excitations and Counting Gapless Moduli

In this section, we will discuss the low energy excitations of vortices in the B phase from
a general point of view. We will determine the moduli fields and their interactions by
considering the broken symmetries of the free energy . In the following section, we
will write out the effective free energy for the gapless and quasi-gapless modes for the
specific cases (2.15)), (2.18]), (2.24)), and considered in the previous section.




38
fx)

0.6
0.4

02/ bW

Figure 2.5: The numerical solutions for (o(z) = Co(x)/v2A, and G(z) = Co(x)/vV2A
are plotted.

Generally the modulus fields of the vortex are determined by the continuous sym-
metries of the vacuum that are broken by the vortex solution. We consider first the
case that v2,73 = 0, and thus we have the addition coordinate rotational SO(3)coord
symmetry. Thus the continuous symmetries of including the coordinate rotations
SO(3)coorda and translations t are given by the group

g= U(l)p X SO(S)S X SO(3)L X 80(3)c00rd X t. (230)

We denote the elements of this group in the following way [48]

ifo 7 T _x *
Up=e"", Tey = eu, Le,; = —eg;,
Sﬁem' = _igﬁaueyiv
7 int _ .
Lj €ui = —1EjikCpk,
T ext .
Lj Cui = _Zeﬂkajlaixkem’
o eui(T) = eui(Z — xp), (2.31)

where Uy € U(1)p. We distinguish the orbital and coordinate rotation generators by
Lewt and Lint respectively.

The moduli fields are determined from the broken generators of G which leave the
order parameter far away from the vortex core invariant. We already know that in the

vacuum far from the vortex core the order parameter takes the form

epi — €PN, as T — o00. (2.32)
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The asymptotic form is invariant under the symmetry group Hp = SO(3)s41, as
well as translations ¢ and coordinate rotations about the x and y axes. The solution is
not invariant under coordinate rotations about the z-axis, however it is invariant under
a simultaneous coordinate rotation about the z-axis and a corresponding phase rotation.
The element of this transformation is given by
Uy =@, 0= fert —f, fert — 9 (2.33)
d¢
We denote the group of the transformations as U(1)4. Solutions invariant under
U(1)4 are known as axially symmetric, although they are strictly speaking not axially
symmetric because of the phase winding e** € U(1)p.

Thus we have three generators wy, . from SO(3)g1r, one generator ¢ from the

ext
:L‘,y

of the degeneracy space SO(3)coord/SO(2),, and two from translations in the xz and

axial symmetry U(1)4, two generators L=t from the remaining coordinate rotations
y directions. We exclude translations in the z direction as we will assume the vortex
solution is independent of z everywhere. In addition, it is a simple matter to show that
coordinate rotations about the x and y axes can be written as z dependent translations
in the zy-plane [14] [49, 50, 51]. We will denote the two generators of translations as
&zy- Thus, we actually have a total of six possible gapless moduli of the vortex solution

associated with spin-orbit rotations, axial rotations from U(1)4, and translations:
We, Wy, Wz, &y &y, and 4. (2.34)

The particular moduli that appear in the effective theory depend on which of these
generators act non-trivially on the vortex solutions (2.18)), (2.24)), and (2.28)). Table 1

includes a summary of the type of moduli, total number of moduli, and the degeneracy

space of the vortex forms (2.17)), (2.18), (2.24)), and (2.28) we considered in the previous

section.
When 72, v3 # 0 the SO(3) 1, xSO(3)coord symmetry is explicitly broken to SO(3) 1+ coord. s
which we will simply write as SO(3). The generator of coordinate rotations is thus

Ly = LiM + L§. (2.35)

Thus the orbital rotations about the z and y axes from SO(3)s4 1, are correlated with

the corresponding coordinate rotations. The SO(3)g4 1, rotations about the x and y axes
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are also correlated with the translations in the zy-plane due to the local equivalence of
the coordinate rotations and translations. Only axial transformations about the z-axis

from U(1) 4 are distinct. We have only three available gapless moduli fields in this case:

£z, &y, and 0. (2.36)

When 9, v3 are small but non-zero we may include all six moduli fields from .
However as we will see below some of the moduli will acquire a small mass gap propor-
tional to y23. In addition, we will find that the moduli w, , will acquire interactions
with &, due to the equivalence of coordinate rotations and translations. We will call

the moduli with a small mass gap, quasi-gapless.

Table 2.1: A summary of degeneracy space and associated moduli for the vortex
solutions when 72,73 = 0 considered in the previous section is shown. The first
column indicates the core type solution. Columns 2-5 indicate the moduli fields
emerging in the various solutions. The degeneracy spaces in the sixth column are
denoted with subscripts indicating the group associated with the degeneracy. Ad-
ditionally, we have defined J = S + L. The last column shows the total number of
emerging moduli. We have also indicated the equivalence of w, and § moduli in the

A-phase core vortex.

Core Type { 1 Wry Wy 0 Degeneracy # moduli
Xx=0 v X X X S? 2
X =x:(r1)2 v v X v 52 x SY x S? 5
A-phase v o voy2 12 | S5 xS A 5
Double core v v v v (53/Z2)J xS xS? |6

2.5 Classical Effective Theory of Vortex Moduli Fields

In the previous section we considered the symmetries of the free energy to deter-
mine the possible moduli fields appearing on the effective theory of vortex excitations in
the B-phase. In this section we will determine the effective field theory for the specific
vortex solutions (2.15)), (2.18]), (2.24]), and considered above. We will begin by
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outlining the general procedure for determining the low energy effective theory of vortex
fluctuations (see [I3] and [2]). For this purpose we will follow the construction outlined

n [14].
In general, the effective field theory can be determined by considering fluctuations

of the vortex solution
eui(Z1) = e,V;;”( 1) +deui(z,y, 2, ). (2.37)

We insert (2.37) into the free energy (2.6) and consider terms of second order in de;.
Integrating by parts in the spatial gradient terms we arrive at the following equation
52FGL = iéem@téezi + 5eﬂiLij7HV5€:j’

Lijyu = =71053000” — ¥230,00:0; + (Oez, De,,, V). (2.38)

€vj

Here we have consolidated the spatial gradient and potential terms to the operator
L;j ;. For our present purposes it will only be necessary to consider §%2Fg1, up to
second order in de,;. Allowing de,; to depend only on | for the moment and varying
(2.38) with respect to de,; we arrive at an eigenvalue equation

Lij(@1)el (71) = EMelY (7)), (2.39)

(n)

where the fluctuations de,; are written in terms of the eigenmodes €

deui(z,y,2,t) ch (t,2)e, " (x,y). (2.40)

Here we have restored the ¢t and z dependences in de,; by assuming the adiabatic
approximation. The gapless modes are determined by the eigenmodes with eigenvalues
E(™ = 0. They are defined by transformations of the vortex solution e;’f{rt that leave the
Ginzburg-Landau free energy invariant. The set of moduli defining these symmetry

transformations are denoted by m® and we may write the gapless fluctuations as

deui(x,y, 2, 1) Zm (t,2) p— Z‘;rt(x,y,m). (2.41)

Inserting (2.41)) into the free energy (2.38) and ignoring all other modes with non-zero

energy E(™ and integrating over z and y we arrive at the effective field theory of ma(t, z)
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describing the string like dynamics of the vortex solution. If the moduli we consider are

strictly gapless we will find the free energy can be written as

Fg = Z'Gab(m)maatmb + Gab(m)azmaazmb,

vort

0e¥ort (T, m) 0eYort (£, ,m)
_ [ g2, om vj
Gab / T Ome omb

(2.42)

where G is a function of the moduli fields m®, and is symmetric in ¢ and b.

For the particular problem under consideration the moduli fields m® are given by
, however some of these moduli may not appear in the effective free energy if their
generators annihilate the vortex solution.

When we switch on 9,3 # 0, the number of gapless moduli appearing in
will be restricted to and the remaining moduli will acquire either a mass gap
proportional to 793 or acquire interactions with the gapless moduli from . We will
expect these interactions to occur for the case of {;, and w,,. Only a combination of
these moduli fields will be strictly gapless. This is simply a reflection of the locking
of coordinate and orbital rotations, and the equivalence of coordinate rotations with z-
dependent translations when s, 3 are non-zero. If we assume o, v3 are small compared
to 1 we may consider the additional moduli as quasi-gapless.

We proceed by first considering the ansatz with x* field given by . We
assume for the moment that 23 = 0 and thus the translational moduli £, and rotational

moduli w, decouple. The moduli appear as the following transformations
eui(T1) = (@1 —€1), €€t
X'(r1) = Rij(@)x’(ry), Rij € SO(3)s4L
X'(r1) — e®xi(ry), % eU(l)a, (2.43)

where E 1, d, and J are functions of z and t. Additionally, it will be particularly conve-

nient to consider the rotational moduli in the form
X' = Rij(@)x’ = S'(t, 2)x(r1), |S]> =1, (2.44)

and consider the real moduli fields S(t,z) instead of @(t,z). We are permitted to
make this switch of variables because the particular vortex solution (2.18) retains an
orbital SO(2) symmetry and thus the solution has only two moduli fields from the
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degeneracy space SO(3)s.1/S0(2), which define the unit vector S¥(¢, z) in the direction
of X¥(ry,z,t).

Performing the general procedure outlined above we may immediately write out the

effective theory of the moduli fields

Feff = Ftrans + FO(3) + FU(1)7
T - -
Ftrans = §az€Laz§J_7

1 - .
Fo(g) = @8,25325, ‘S‘Q = 1,

1
FU(l) == @@5@5, (245)

where we are omitting the time derivatives. We note that strictly speaking the field p
cannot be dynamical, since it’s time derivative term in the free energy could be written

as a total derivative. The couplings T and ¢? are determined from the integration over

—

xX]:

T 2 2
-~ /d29ﬁ371f2 — 1A% log (aR> :
2 ri 71

L
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2012 + Baas’

As expected S and E 1 decouple, and the effective theory takes the form of an O(3)

(2.46)

sigma model in one spatial dimension, plus a translational part that describes the Kelvin
excitations, and a U(1)4 part describing axial rotations. We see that the theory
has a total of five gapless moduli fields.

At this point we switch on a small but non-zero y23. We will assume that o3 is small
enough that we may neglect the corrections to the vortex solutions of f(ry) and x(r),
as well as the constants T and g2. Aside from these uninteresting numerical corrections
(2.46|) remains of the same form, however there are additional terms representing the

breaking of the SO(3) s+ X SO(3)coord Symmetries. They appear as follows
Feﬁ‘ — Feﬁ‘ — AFeffy (2.47)
where AF g represents symmetry breaking terms, which in this case are given by

AFg = M2(S| — §%0.61)% + 25? {(5%0.6)% + (0.5%)2} . (2.48)
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Here € ~ 723/71, and M represents a mass gap parameter given by

N (6
M2 ~ /d2a}L’}/23(aLX)2 — D) 23 (2.49)

(2612 + B3as)

In this form M is known as the “twisted mass” [52] [53].

If we expand the first term in we find that the mass gap M? represents a
negative mass term (if y93 > 0) for S| and implies a minimum energy for 1S 12 =1,
and thus S® — 0. This characterizes the explicit O(3) symmetry breaking in which
the lowest energy state retains a U(1) degeneracy. If 723 < 0 the mass term will be
positive and we will find S| — 0, in which case the O(3) is completely broken with
no degeneracy of the ground state. We also note that the first term of implies a
correlation between the translational moduli E L and the rotational moduli S L If S8 #£0
we find the free energy is minimized for 825 | antiparallel to S . This is of course to be
expected due to the locking of the coordinate and orbital rotations when a3 # 0.

We point out the agreement of the results and with the low energy
effective dynamics of moduli fields emerging on the ANO string (see [23] and [45]).
Note that since we consider a global U(1)p phase symmetry we have the additional
axial modulus 0(z,t) appearing in the effective theory .

We may extend this analysis to the anti-symmetric A-phase ansatz . Here
the translational moduli £ 1 (2) are generated as in the previous example in . The
SO(3)s+r and U(1)4 moduli are generated by

Xa(ri, @) = €xo(ri)S + e Pxa(ri)S e, (2.50)

where § and S are functions of z. Here the unit vector field S has been promoted to a

complex vector

S = (Sg+iS1)/V2, (2.51)
with the following conditions:
Sel =S| =1, and Sg- S =0. (2.52)

At this point we perform the same procedure as the previous example to determine

the form of the effective free energy describing the moduli dynamics. We again write
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F.g as a combination of v; and symmetry breaking o3 terms. For v93 = 0 we have
Feff = Ftrans + FO(3)+U(1)a

T -
Ftrans = E(ang_)27
1

Fom)+ua) = 2—92\825 +i50.6]%, (2.53)
where T is similar to the case in (2.46)). However, ¢g? is now given by
1 2= 2 7 A2 aR?
22~ /d T1Y1X0,2 = EA log ) (2.54)

due to the 1/r; nature of x(r ) as r; — oo.

We have written Fo3)4p(1) in in a form emphasizing the symmetry .
Thus, although the complex nature of S implies a complete breaking of SO(3)gy 1 and
hence three complete non-Abelian moduli, the hidden symmetry reduces the total
number of moduli by one. In this case we have a total of five gapless moduli.

We continue by including the corrections when 93 # 0. Writing
Feﬂ‘ — Feﬁ‘ — AFeﬁr, (2.55)

with
AFg = M5, — S30,6. 12 + 26?\8353 +iS38.6[2. (2.56)

Here € = 23/v1 as previously and M? is given by

M? ~ /deJ_'YZZS(aJ_XOQ)Q — 123A% x C (), (2.57)

where C(f;) is a constant dependent on the (; coefficients. We see again that
shows the correlation between the orbital SO(3)gs4 1, rotations and z-dependent trans-
lations due to the breaking of SO(3)r, x SO(3)coorda — SO(3)r+r = SO(3)r by the
non-zero s, 7y3 in the gradient terms of .

We complete this analysis by considering the moduli fields of the more general double
core vortex ansatz . Again, the translational moduli 5 1(z) are generated by the
transformation in (2.43). We represent the SO(3)g4r and U(1)4 moduli by

1, . ) o
Xde (7L, @) %E(GZJXO(H) + e xa(ry)e”) S

n \%(emgo(u) — e (1 )e2), (2.58)
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where S and 7 are both real unit vectors, which are orthogonal to each other

S-n

0. (2.59)

For ~93 = 0 we write the effective free energy following the same procedure as previously

T 2, 1 g0 1 o ome 1o
Feff — 2 (asz) + 29§ (az(s) + 29)2( (825) + 292 (8ZTL)
+ L (0.6)(5 - 0.7 — it 0.9, (2.60)
9x¢

where the tension 7' is similar in value to the previous examples, and the couplings

9xs 9¢» 9x¢, and gs are given by

1 1 . 2 aR?
5 =5 /dQl'L'YlX(Q)Q - %A2 log () )

295 2 gl
1 1 1
- d2—’ 2 =
27 2 / Z1mGoo 262"
11 / , 1
=5 [ T (xCo2 ~ 55,
29)2(C 2 29>2<
1 1 1

27 = 32 + 27 (2.61)
As long as 1/ gic # 1/gyg¢ there is no hidden symmetry, and we indeed find a total of
six independent moduli from the complete breaking of SO(3)sir x U(1)4 x t by the
double core vortex.

Turning on 723 we would again find correlations between (§ ,7), and é’ 1 as well as
mass terms for S and n3, all proportional to 723. The complete form for AF,g for the

double core vortex is however complex and we omit it here.

2.6 Discussion and Conclusions

In the analysis considered here we have explored the Ginzburg-Landau description of
superfluid *He and similar systems with tensorial order parameter and non-Abelian
group structure. The symmetry structure of such systems allows for the investigation
of non-Abelian gapless and quasi-gapless moduli localized on mass vortices. We have

attempted to illustrate these concepts by applying techniques standard in high energy
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physics to condensed matter systems like superfluid He-B. In particular, we have given a
general procedure for determining effective theory describing the low energy excitations
of vortices in superfluid >He.

Additionally we have applied this procedure to a specific case (as suggested in [14])
and derived the low energy effective theories for the gapless and quasi-gapless exci-
tations of topological vortices appearing in the B-phase of superfluid 3He. This was
accomplished by considering the ansatz for the order parameter given by , with
anti-symmetric components given by and . We have chosen this specific
ansatz because it illustrates the process of determining the non-Abelian moduli fields
without introducing large amounts of calculation. However, it is well known both the-
oretically [30, B1] and experimentally [19] 20, 21] that the minimizing solutions contain
additional terms in the order parameter. Considering more complex vortex solutions
would not change the moduli involved in the low energy theory, however their interac-
tions and coefficients may change depending on the symmetries respected by the vortex

solution.

The low energy effective field theories we have derived given by ([2.38]) and (2.53))
with the respective 723 corrections and , exhibit the form of one-dimensional
O(3) sigma models whose moduli fields interact with translational moduli generating
the well known Kelvin modes [15] [16, [17, 18], 19} 20, 21]. In particular, the model
with , is very similar to the 1 4+ 1-dimensional model describing the low energy

dynamics of ANO strings in Yang-Mills theories [46, 47]. We do however point out
that the present theory has the additional U(1) modulus ¢ appearing due to the global
phase symmetry U(1)p of . In the Yang-Mills theories describing the ANO strings,
the U(1) modulus ¢ can be removed by a corresponding gauge transformation. This is
not possible in the present situation and thus the U(1) modulus § is unavoidable. It
is however emphasized that the modulus § does not propagate since its corresponding
time derivative term in the free energy reduces to a total derivative.

We wish to emphasize that our analysis of the effective field theory is purely clas-
sical, and we have made no attempt to discuss quantization. It is expected that after
quantization the number gapless excitations appearing in the effective theory may be
different from the number of moduli fields. This is of course well known for the case

of the Kelvin mode, in which two moduli describing translational excitations, actually
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imply only a single mode after quantization. This is a manifestation of the Goldstone
theorem applied to non-relativistic systems in which the number of modes may be equal
to or less than the number of broken symmetries [34] 35, [36]. We expect that such a
reduction of non-Abelian modes may appear in a similar fashion to the Kelvin modes.

The next chapter will be devoted to this investigation.



Chapter 3

Non-Abelian Vortices in
Superfluid *He-B

In this chapter, which appeared in [54], we extend the results of the previous chapter on
vortices in systems with tensorial order parameters. Specifically, we focus our attention
on systems with a GinzburgLandau free energy with a global U(1)p x SO(3)s x SO(3),
symmetry in the phase, spin and orbital degrees of freedom. We consider axially sym-
metric vortices appearing on the spin-orbit locked SO(3)s4 vacuum. We determine
the conditions required on the Ginzburg-Landau parameters to allow for an axially
symmetric vortex with off diagonal elements in the order parameter to appear. The
collective coordinates of the axial symmetric vortices are determined. These collective
coordinates are then quantized using the time dependent Ginzburg-Landau free energy

to determine the number of gapless modes propagating along the vortex.

3.1 Introduction

In the previous chapter [6], we considered emergent collective coordinates on vortices
in systems with a Ginzburg-Landau free energy with a U(1)p x SO(3)g x SO(3)r, sym-
metry group. Here, U(1)p represents the phase symmetry of the order parameter, and
SO(3)s,1, are the spin and orbital rotation groups. In particular, we considered vor-
tices appearing in the bulk spin-orbit locked SO(3)s+ vacuum, much like the B-phase
of superfluid *He. In that work, we provided a method for determining the type and

49
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number of collective coordinates appearing on mass vortices in the SO(3)gy vacuum.
This was performed under the restriction that the 3 x 3 matrix order parameter e;
contained only its diagonal (d,;) and antisymmetric off-diagonal (e, xx) elements, set-
ting its symmetric-traceless part to zero. This restriction allowed the calculations to
be carried out with relative ease while still providing enough depth to illustrate the
development of non-Abelian collective coordinates. We were also able to illustrate the
interactions of the non-Abelian collective coordinates with the well studied translational
degrees of freedom leading to the familiar Kelvin modes [15], 16} 17, [I8] 19] 20, 211 (5.
The presentation of that work was purely classical and we made no attempt to discuss
time dependence or quantization. Including quantization may alter the number of gap-
less excitations determined from the naive counting of collective coordinates. In this
work, we aim to continue the analysis and discuss vortices that are more closely related
to those studied both experimentally [19] 20, 2], B0, 55], and theoretically [30, B1], in
superfluid *He-B. Specifically, we will discuss vortices respecting an axial O(2) symme-
try, which we will define below. We will also explore the effects of time dependence and
quantization on the gapless excitations of axial symmetric vortices.

Condensed matter systems with tensorial order parameters such as superfluid 3He
have drawn attention from the high-energy physics community [3], [7]. The non-Abelian
group structure inherent to such condensed matter systems suggests interesting parallels
with high energy systems with similar non-Abelian symmetries. One example of this
parallel behavior is the case of low energy excitations of vortices in systems similar to
superfluid 3He-B, which can be compared with the low energy excitations of Abrikosov-
Nielsen-Olesen-like (ANO) flux tubes [46, 47] appearing in Yang-Mills theories [8, 9] 10,
11], 12 13]. Under a particular choice of the Ginzburg-Landau free energy parameters,
the vortices in such condensed matter systems develop internal non-Abelian collective
excitations whose low energy dynamics follow a non-linear O(3) sigma model [I4]. The
same O(3) sigma model emerges for the collective modes of the flux tubes strings in
Yang-Mills theories [2], 23] [45]. This example is illustrating the universality of effective
field theories in condensed matter, high energy, and cosmological systems [3].

The model we consider is described by a Ginzburg-Landau free energy with a con-
tinuous U(1)p x SO(3)g x SO(3), symmetry. This structure appears near a critical

temperature in the BCS theory of orbital P-wave pairing of identical fermions [24]. To
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satisfy the anti-symmetric condition, the fermion pair must be in a spin triplet state.
Thus, the order parameter describing the system is a complex 3 x 3 matrix e,;, where
1 and i describe the spin and orbital degrees of freedom, respectively. This is what
happens, in particular, in superfluid 3He [25], 26, 27]. We hasten to point out that the
models we consider below are inspired by considerations of superfluid 3He. However,
aside from initial inspirations and similarities in terminology, we do not wish to invite
this comparison any further in what follows.

The free energy, from which we start, contains an enhancement of the orbital rota-
tion symmetry whereby the internal and external rotations will be considered separately
(see the example in [56]). By external coordinate rotation, we are referring to a trans-
formation resulting from a rotation of the coordinate system without a corresponding
rotation of the orbital index. In this case, we can consider the orbital index as an

internal degree of freedom. Thus, the continuous symmetry of the model is

G=U)p xSO(3)s x SO3)r,., x SOB)ry X T (3.1)

int

where the enhanced SO(3);, — SO(3)L
T represents the translational symmetry. We refer to the internal part of G as G =
U(l)p X 50(3)3 X SO(?))L

an ultra-cold fermi gas with p-wave pairing. Additionally, this situation is reminiscent

X SO(3) L. is explicitly written. The group

int

... - This type of symmetry can be approximately achieved in
of the theory of elasticity where an unphysical vanishing of the bulk modulus leads to an
enhanced symmetry of rotations O(2) — O(2) x O(2). This leads to the equivalence of
scale and conformal transformations [22]. In this work, it will be necessary to consider
the entire symmetry group including both the internal and external symmetries (see
Figures 3.1 and 3.2).

In the vacuum, a spontaneous breaking of the internal symmetry G to a spin-orbit
locked symmetry
G — H =50(3)s+L (3.2)

occurs, similar to the mechanism of color-flavor locking in color superconductivity [28),

57]. This vacuum has a degeneracy given by
G/H=U(1)p x SO(3)s-r,,,- (3.3)

This type of degeneracy allows for the existence of topologically stable vortices of the Z x
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SO@M),,, A\

Figure 3.1: The result of an internal rotation of the vortex orbital index is shown. The
vortex density function does not change, however, the directors of the vortex are rotated.

Zs type [29]. The specific vortex solutions are determined by minimizing the Ginzburg-
Landau free energy for the required boundary conditions.

To accomplish this task, we consider several forms of the order parameter and min-
imize the free energy under the assumed boundary conditions. Previously, the vortex
order parameters were searched for by initially decomposing the order parameter into

its trace, symmetric, and antisymmetric components [14], 6]

A

1 s
€ui = €00 Opi + €5 + €5

3
eii = €{ui} — gecro(s,ui?

eﬁi = €[] = €m'ka- (3.4)

For the illustrative purposes, in the previous chapter [6], it was sufficient to consider



93

11y S0(3),

ext

Figure 3.2: The result of an external coordinate rotation of the vortex axis is shown.
The directors of the vortex solution are not rotated. A complete SO(3), rotation would
rotate both the density function and the directors.

just the trace and antisymmetric components of the order parameter

epi = e f(F1)0u + epinxn(T1), (3.5)

where | = (z,y) are the coordinates in the plane perpendicular to the vortex axis, and
¢ is the polar angle in this plane. The functions f and y are determined by minimizing
the free energy. This is indeed most simple context allowing for the maximal number of
moduli fields to emerge on the vortex. In the present work we wish to continue that anal-
ysis by extending the order parameter ansatz to include all the necessary components
appearing in an axially symmetric solution. These will include new symmetric-traceless
components. In the absence of these terms the low energy effective theory can be de-
scribed by translations (Kelvin modes) and rotations of the x* fields resulting in an

emergent O(3) sigma model for the unit vector A\’ describing the director of x*. We will
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find that the addition of symmetric-traceless components does not change the number of
collective coordinates appearing on the mass vortex. However, we will observe changes
to the gradient and interaction terms in the free energy.

The other goal of this paper is to characterize the time dependence of the collective
coordinates to determine the quantized modes appearing on the mass vortex. It is well
known that, after quantization, the two translational collective coordinates appearing on
the vortex solution result in a single Kelvin mode. This is the result of the application of
Goldstones theorem [32] B3] to non-relativistic systems where the number of quantized
modes is less than or equal to the number of broken group generators [34) 135, [36].!
Additionally, it is a simple matter to show that the collective coordinates generated
by the broken coordinate rotational symmetry SO(3)r.,. are equivalent to the (z,y)
translations [14], [50] [51], [61]. Figure 3.3 illustrates this equivalence. Thus, the four
collective coordinates generated from coordinate rotations and translations reduce to
only one gapless mode. We will extend this analysis to the quantization of the non-
Abelian collective coordinates appearing from the broken SO(3)s4p,,,-

The organization of our presentation is as follows. We will begin with a discussion
of the Ginzburg-Landau free energy emerging from the symmetry structure (3.1)). The
following section will present a classification of vortices according to the symmetries
they respect. We will determine the general form of the order parameter for an axially
symmetric vortex. In particular, we will determine some specific requirements for the
axially symmetric components to emerge from the trace-only solution. In the following
sections, we will determine the static low-energy theory for the translational and non-
Abelian collective coordinate fields localized on the mass vortex with the modifications
due to the symmetric components of the axially symmetric vortex. Finally, we will
find the precise number and type of quantized gapless modes appearing on the axially
symmetric vortex by considering the Goldstone theorem in non-relativistic systems. We
will discuss the effects of quantization on the classically gapless modes. We will not
discuss quantum corrections coming from loops in the effective potential. For such an

analysis, we turn the reader to the discussion presented in [62].
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Translation External Rotation

< | /e

Figure 3.3: We illustrate the equivalence of a z-dependent translation £;(z) where
I = 1,2, and an (external) rotation of an infinitesimal segment of the vortex. The
translational transformation is of the form ¢(x;) — @(z1€1(2)) where ¢ is a generic
function illustrating the vortex profile, and £;(z) = ayz where ay is a constant. The
rotational transformation is of the form ¢(zy) — ¢(xrerjwyz). If we select a; = erjwy,
then the transformations are equivalent [14, [0, 5T, 61].

3.2 The Ginzburg-Landau description

In this section, we will review the Ginzburg-Landau description of condensed matter
systems following the descriptions outlined in [3], 37, [40]. As we discussed in the intro-
duction, the order parameter is a complex 3 x 3 matrix e,; that transforms as a vector

under both spin and (internal) orbital rotations [25] 26] 27]

epi — VS, Lijey;, (3.6)
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where S, and L;; are spin and orbital rotations respectively. We will consider internal

and external orbital rotations as distinct and thus the continuous symmetry group is

G = U(l)p X 50(3)5 X SO(?))L X SO(3)Lext x T, (3.7)

int
where U(1)p is the group of phase rotations e, and SO(3)s, s, are the groups of spin

and orbital rotations. The internal part of G is

G =U(1)p x SO(3)s x SOB3)y, (3.8)

The most general (time-dependent) Ginzburg-Landau free energy containing this

symmetry is given by [26] 31} 38 [39)

FGL:Ftime‘i‘Fgrad‘}'Va

. *
Flime = le/u'ate

uis
Foraa = ’ylaieujaie;j + ’YQQiemaje;j + ’Ygaieujaje;i,
V = —aeyer,; + Biej e evien + Baerenier ieni + B3eg€epieu)
+ Baepievieyeus + Bseyevievie),;, (3.9)

where ~;, «, and ; are phenomenological parameters whose values can be determined
from the BCS theory [27]. The time-dependent part Fiime of is typically discussed
for non-equilibrium dynamics where quasi-static approximations are not valid (see for
example [42] 43]).

We note the similarity of the free energy with that of superfluid 3He whose
gradient part is given by:

(Fgrad)3He = ylﬁieujaie;j + ’)/Qaiemajezj + ’)/381‘6,”8]‘6;1-. (3.10)

In this case, the non-zero values of v, 3 explicitly break the SO(3)r,,, x SO(3)r.,, down
to the traditional SO(3)r. For superfluid *He the Ginzburg-Landau parameters ~;, f3;,
and « can be calculated in the weak coupling limit at zero pressure from the BCS theory.
Strong coupling corrections for the specific case of superfluid 3He have been determined
in [41].

In the present paper, we will not be concerned with the precise values of all of

the free energy parameters. We will simply require that v23 — 0, and that the j;
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parameters satisfy conditions for a stable SO(3)s4 1 symmetric vacuum to exist. We do
not consider the model to be an appropriate description of superfluid *He, so we do
not claim that the results below are consistent with superfluid *He. Our conclusions will
only be appropriate for systems with the symmetry structure (3.7)). However, whenever
appropriate, we will note analogies between our model and superfluid 3He for illustrative
purposes.

Minimizing the free energy results in several different vacuum structures, one

of which is given by the retention of a spin-orbit locked SO(3)g+r,,, symmetry
G — HB = 50(3)S+Lim- (3.11)

In this case, the bulk order parameter is given by

«

RN (T _
ep)ui = €YA(R)) yi, A= ————,
(e5)u (Fo)s 6512 + 28345

(3.12)

where (Rp),i is a generic rotation matrix and the gap parameter A is determined by
minimization of (3.9)). In superfluid He, this would be recognized as the B phase ground

state. Here and throughout this analysis we will make use of the shorthand notation

Yabe... = Ya + Vo + Ve + -,
Bave... = Ba + By + Be + .. (3.13)

We can see that the order parameter (3.12)) is invariant under simultaneous orbital L;;
and spin Sy, rotations satisfying S = ROLRg.
The vacuum order parameter (3.12]) has a ground state degeneracy given by

G/Hp =U(1)p x SO(3)s—1L,,,- (3.14)

Thus, we are free to select the state with (Ro)u; = 0,; as our ground state. Considering

the first fundamental group of the degeneracy space ((3.14])
m(G/Hp) = m(U(1)) + m(SO(3)) = Z + Zo (3.15)

we see that the B-phase admits topologically stable mass vortices with integer topolog-
ical charge n € Z. Additionally, spin vortices with Zs winding v € (0, 1) also appear in

the vacuum. We will only consider the mass vortices with windings n = +1 and v = 0.
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The precise form of the single vortex (n = 1) order parameter must be determined

by minimization of the free energy (3.9)). For this purpose we will consider solutions of
the form

epi = € F(Z1)0u + pinXxn(TL) + Sui(Z1), (3.16)

where f, xi, and S,; are functions to be determined by minimization and S; = 0.
Here ¢ regers to the azimuthal angle about the vortex axis. To satisfy the asymptotic

boundary condition, we must require
f—=A, xi—0, and S,;; = 0as ¥ | =r — oo. (3.17)

Additionally, f must vanish as r; — 0 to satisfy the winding condition at the origin.

3.3 Symmetry classification of vortices and axially sym-

metric solutions

3.3.1 Symmetry structure of vortices

In this section we will discuss the topic of vortex classification by considering the sym-
metries broken by specific vortex solutions. The results of this section will allow us
to determine vortex solutions by reducing the number of components of the order pa-
rameter to those that satisfy invariance under unbroken symmetries. Additionally, by
simply considering the broken generators we will be able to determine the moduli fields
emerging on the mass vortex, and draw general conclusions about their kinetic terms
and interactions in a low energy effective theory. The presentation of this section will
follow closely the approaches given in [3, [26] 48].

We consider the complete symmetry group G of the free energy , along with the
discrete symmetries

G = G x Gais, (3.18)

where
Gais =T X P. (3.19)

The discrete symmetries 7 and P represent the time reversal and parity transformations.
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The effect of these transformations on the order parameter e,; are given by the following

Ug = e'l? € U(1)p, where leu; = e, fe;i =~
Sﬂem = —liggueui, ¥ e SO3)s

A . + =, 7int

L}ntem‘ = —1€jikCpuk, e L S SO(?))L

7 ext : i- Lext
Lj €ui = —1E4IKT] €ui, € € SO<3)coord7

ka
tﬁ)eﬂi(f) = em(f— 50), t50 et
Tei = € TeT

Pe,i(T) = —e,i(—T), P € P. (3.20)

In the first line of (3.20)),  represents the phase angle. We will employ the shorthand
notations
ﬁzﬁint+ﬁexta jjm Eﬁim—{—g, jEIA/—}—S'. (3.21)

In the SO(3)s+L,,, vacuum state, where we may select for our ground state
eui = VA8, (3.22)
we can see that the preserved continuous symmetries from G are
H=250(3), xSOB)L,, xT. (3.23)
The discrete symmetries are given by the transformations
UyTU_y, and PU,. (3.24)

In the presence of a vortex in the spin-orbit locked phase, the determination of the
continuous symmetries preserved in the asymptotic limit is somewhat more subtle. Far

away from the vortex core the order parameter approaches the form
eui — €A, as T — oo (3.25)

Clearly the asymptotic form retains the spin-orbit locking SO(3) s, symmetry, as well
as invariance under translations Tfo . It is also not difficult to show that coordinate rota-

tions about the x and y axis also leave the order parameter invariant in the asymptotic
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limit. However, it is clear that the order parameter is not invariant under independent
phase and external coordinate rotations about the z-axis. Instead the order param-
eter is invariant under axial O(2)4 transformations, which are generated by a linear

combination of the generators of phase and z-axis external coordinate rotations:
Q=L—1, Us=e%? c0(2)4. (3.26)

A specific example of an axial transformation generated by Q is shown in Figure 3.4.

- e-ia-ii;“ AN
'\\ o N\, > «—+— o ——>

Figure 3.4: The phase vectors of an axial O(2)4 symmetric vortex solution are mapped
onto the perpendicular plane to the vortex axis. The two transformations generated by
ﬁ;nt and I are shown in the upper right and lower left corner respectively. When these
transformations are performed in succession by equal and opposite angle §, they are
known as axial O(2) 4 transformations generated by Q. Axially symmetric solutions are
invariant under O(2)4 transformations, as illustrated in the lower right corner.

Thus, summarizing the continuous symmetries of the SO(3)syr,,, phase with an
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n = 1 vortex in the asymptotic limit
(HB)n:l = 80(3)Jint X 0(2)A x T. (327)

Additionally, in the asymptotic limit, the order parameter is invariant under the discrete
transformations
P = Pei”f, Py = Teimde (3.28)
Note that J, generates rotations of both the internal and external degrees of freedom.
The degeneracy space associated with a particular mass vortex solutions is char-
acterized by the possible symmetry breaking pattern of the continuous group .
Clearly the existence of a vortex core breaks translations in the x and y directions as
well as rotations about any axis in the x — y plane. Additionally, vortices are invariant
under translations in the z direction. Thus, vortices are classified according to their

transformation properties under the group
0(2)A X SO(3)Jint X (ZQ X Zg)plxp3 (329)

whose continuous group elements are generated by Q, Jint, with discrete group elements

given in (3.28).

3.3.2 Vortices in the spherical tensor basis

In searching for vortex solutions that minimize the free energy, we may consider forms
of the order parameter the break some or all of the symmetries in (3.29)). In this light,
it is most convenient to expand the vortex solution in terms of eigenfunctions of Q, S’z,

and Lint,

Cui = Z Zpr,n(T‘))\Z)\fem‘ﬁ,

p,v=11,0 n
SN0 = pAf,
LN = v, (3.30)

where the J, eigenfunctions written in the cartesian (x,y, z) basis as

A = 1/V2(d0 £ i0a), A = 2. (3.31)



62
The most trivial example of a solution is a vortex that is axially O(2)4 symmetric

and invariant under SO(3)

int
Qeui = Aintem' =0. (3.32)

In this case the solution is constrained to n = 1, as well as p +v = 0. Here C;_ =
Coo = C_4 = f(r), and all other C},, vanish. Additionally, the invariance under the
(Zy x Z2)p,xpy requires f(r) to be real. This would represent the trace-only vortex

solution
efi(2,y) = € f (). (3.33)

A more interesting ansatz occurs when we consider solutions that are invariant under
alocked O(2) 44y, symmetry, which is a subgroup of the classification group (3.29)). The
O(2) A+, group is generated by

Q'em =0, where Q' =Q + Jznt =J-1 (3.34)

This results in the constraint n + p + v = 1, and thus we may express the amplitudes
Coun as
Ciie '  Cyg Cy_el?
> Covn = Cor  Cooe® Cp_e?i® (3.35)
" C_,e¢ (C_ge?? C__e%¢
The O(2) o4, vortices are further categorized by their transformations under the (Zg x
Z2) p, x py- This results in five subclasses of axisymmetric vortices. We will consider the

subclass given by
Plpiieui = €ui, (336)

which reduces to the constraint that the C,, amplitudes are real.

To identify the trace, symmetric, and anti-symmetric components of e,; for the
axially symmetric solutions, we rearrange the solution in terms of the irreducible mul-
tiplets in the (J, J,) basis. Following this procedure, we may write the antisymmetric

and symmetric-traceless parts of the order parameter e,; as follows

Cui = ei(bf(T)ém‘ + E,uinj(r? ¢) + Sm‘(T', ¢)7 (3'37)
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where we write the x; and S,; tensors in terms of the spherical tensor components Xy, ,

and Sy, ;:

X(r ) =i (XJ+ + x0e' X + x_1eQi¢X’) (3.38)
and
Cenami® Y + 40 i (\+ y— _ 930 )0
S =267 ONLNG + ST + s0e? (AL - 220,00 )
+ s_1e2i¢)\{_u)\?} + s_ge3i¢A€HAﬁ. (3.39)

The following relations between the (J,.J,) and the (L™, S,) bases are useful and

easy to derive from the Clebsch-Gordon coefficients:

1
f=5(Cho+Coy + o),

1 1 1
Xo = 5(Cr0 = Coy), x1= 5(Cs = Ch), X2 = 5(Co = Co-),

1 1

51 =Ciy, so= §(C+O + Cot), s1= 6(C+_ + C_4 —2Cyy)

1
Sog = 5(0_0 + Co_), s3=C__. (3.40)

In the context of superfluid *He-B the solutions are known as the v-vortices
[48]. Physically, they are characterized by a core with mixed A-phase (C¢) and fer-
romagnetic S-phase (Cps) components. In the following section we will argue that
these components will typically arise spontaneously from the trace only solution .
Thus, the vortex will contain symmetric and anti-symmetric components, resulting in

additional gapless excitations of the vortex core.

3.4 Emergence of off-diagonal components in the vortex

core

In the previous chapter we considered the conditions under which a single antisymmetric
component €, xk(r1) of the vortex order parameter would spontaneously develop in
the core of solution (3.22)). To accomplish that task we employed the methods of [44]
considered for superconducting strings. Initially, the x; field is set to zero and the free

energy (13.9) is minimized numerically by f(r) (see Figure 3.5).
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Figure 3.5: The numerical solution f(z) = f(x)/A is plotted. Here we have defined
T =r)\/a/v. For z < 1 the solution follows the form f(z) ~ 0.583x. In the opposite
limit > 1 the function f(z) — 1 —1/222 + O(z™%).

At this point a small yj(r) field is considered in the free energy (3.9) such that the

quartic terms of xj may be neglected. Since we consider 23 = 0 we are free to set

X(r) = (0,0, x(r)). (3.41)

Thus, the x(r) dependent part of the free energy is

0
E = /T’J_dTJ_ {ZXE;; + xLox + O(X4)} 3 (3.42)

where Lo is given given by:

1 0 0
L2 = —2’}/1E% (Tlm> + V(Tl),

V(1) =4(362 4 264) f*(r1) — 2a. (3.43)

In this context, Ly acts as a Schrodinger operator whose eigenvalues and eigenvectors

are given by solving
Loxyn = wpXn, where x(r) = Zanxn(r). (3.44)
n

It can be shown that a negative eigenvalue wg will exist under the condition

1 3B + 204

< —= —— <(.76. 3.45
2 7 6012+ 20345 ~ (3:45)
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If this condition is satisfied a non-zero x(r) field will emerge spontaneously from the
trace-only solution (|3.22]).

We may take this analysis one step further by considering a more general ansatz for

Xk, which satisfies the O(2) 44 s axial symmetry condition:

Ra(r.9) =1 (xa ()X +x-1(r)e®57). (3.46)
The stability is determined by considering the equations of motion linearized in x4+

v <8ax> = (662 + 482 f(r)* — a)x1 + (6681 — 264 + 2B35) £ ()X 1.

7aa (Tagr ) - 435; L (682 +4B) F(r)? = a)xa + (681 — 284+ 2835) f(r)xa.

(3.47)

Considering the case far from the vortex core, a non-trivial solution to the coupled

equations (3.47) exists for any (; with the asymptotic condition
1 _
x1(r) = x1(r) ~ =+ O ?) (3.49)

Near the vortex core it is clear that xy_1(r — 0) — 0 due to the winding. However, the
field x; is not constrained at the origin by any winding and thus may develop a non-
trivial value in the core. This value must be determined by solving the full equations of
motion. Numerical solutions for y41(r) are shown in Figure 3.6 for a typical set of f3;
values.

Having demonstrated the spontaneous emergence of antisymmetric components 1
and x_1, we continue the analysis by considering symmetric-traceless components as

perturbations on the antisymmetric solution. For this we consider the symmetric ansatz
Spi(r; @) = 31>\{+,u)\?} + 8062i¢>\{+u)\?}. (3.49)

Considering the equations of motion linearized in s; and s_; we arrive at

v1 0 [ Os
715 (r(%l) =2(B5 — ﬁ3)xi’ + (terms o s41),

n9 (.95
r or or

> = 2(B5 — B3)x> | + (terms o< s41). (3.50)
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where, for our purposes, it will only be necessary to consider the first terms on the
right hand side of . It is readily apparent that non-zero x4 (r) fields act as sources
for the symmetric-traceless fields s41(r). Numerical solutions for sii(r) are shown
in Figure 3.7. Thus, all four off diagonal fields x+1 and si; spontaneously develop
from the trace-only solution (3.22). The remaining four elements of the axial solution
(numerically plotted in Figure 3.8) also arise spontaneously from due to their
couplings with the symmetric s4+1 and antisymmetric x4+ solutions. However, these are
typically small, and will have little impact on the low energy effective theory we discuss

in the following sections.

1.0
i J(x)
0.8F-__
0.6+ oL
[ AN Xo(x)
0.4F
02p W T
PR L | L L L . | . . . . | . L Th'\ x
0 5 10 15 20

Figure 3.6: The numerical solutions for f(z) = f(z)/A, Xo(z) = xo(z)/A, and x2(z) =
x2(z)/A are plotted, where again x = | \/a/v1. As z — oo we have xo(x) ~ x2(z) —
¢/xz, where ¢ is a constant that must be determined by solving completely the vortex
solution.

3.5 Broken symmetries and non-Abelian moduli localized

on vortex

Having established the spontaneous emergence of non-trace elements of the n = 1 vortex
order parameter we may proceed to address the effective field theory describing the
gapless excitations of the vortex string. At the classical level this can be accomplished
by determining the broken symmetries of a particular vortex solution. The number of

broken symmetries determines the number of gapless moduli appearing in the low energy
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Figure 3.7: The numerical solutions for f(z) = f(z)/A, o(x) = so(z)/A, and 3y(z) =
s9(z)/v/2A are plotted, where again = r; \/a/71.

theory. For relativistic systems this is precisely the number of quantized Goldstone
modes appearing in the effective theory. However, for non-relativistic systems, the
Goldstone theorem is more subtle and care must be taken to determine how many
gapless modes survive the quantization procedure. In this section we will simply discuss
the collective coordinates determined from symmetry considerations and determine the
classical effective theory. In the following section we will consider quantization.

In section 4 we discussed that at large distances from the vortex core, the order

parameter was required to be invariant under the continuous symmetry group (3.27))
(HB)nzl - SO(B)Jint X SO(3)A+LT¢ X T (351)

The collective coordinates generating gapless modes for a particular vortex solution
are determined from the broken generators of the group . In particular, all vor-
tex lines break the translational symmetries in the xy plane resulting in two Abelian
moduli generating the Kelvin excitations. Additionally, vortex solutions that break the
axial U(1)4 symmetry generate an additional Abelian mode. We may also consider
the coordinate rotations about the x and y axes, which would naively be expected to
generate two additional rotational collective coordinates. However, it is a simple matter
to show that the coordinate rotations about the x and y directions are equivalent to a
z-dependent translation in the x — y plane. Thus, there are a total of three potential

Abelian moduli arising on the vortex string. These are well studied in both condensed
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Figure 3.8: The numerical solutions for 5_;(x) = s_1(z)/A, §1(z) = si1(x)/A, and
similar definitions for the remaining functions are plotted, where again z = r, \/a /7.
These functions necessarily develop in response to the development of non-zero xg 2 and
50,2. They are however typically small for most values of ;.

matter and high energy systems with topological vortex strings.

We are however interested in the additional non-abelian collective coordinates oc-
curring from the breaking of the SO(3),, symmetry in the vortex core. There will
be an additional two or three collective coordinates appearing on the vortex depending
on the symmetry breaking pattern of SO(3),,. If the vortex solution retains a O(2)
symmetry from the breaking of SO(3),, then there will appear two modes w, and wy

living on the degeneracy space
SO(3) sy /U (1) gine = S°. (3.52)

An example of such a vortex solution is given by the case of an order parameter with
a single real valued antisymmetric component \(r) = x(r)Z as discussed in at the
beginning of the previous section.

If the vortex completely breaks SO(3)

o> all three potential moduli w,, wy, and w,

will appear in the effective theory living on the space
SO(3) i /1= S° | Zo. (3.53)

The axial vortices preserving the O(2) 4, sine Symmetry are characterized by a complete
breaking of SO(3),

int*

of the moduli from the broken SO(3),

int

However, due to the preserved O(2) 44 jine symmetry only two

will be independent of the axial modulus §
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from O(2)4. Table 1 summarizes the degeneracy space and associated moduli fields

developing on particular vortex solutions.

Table 3.1: A summary of degeneracy space and associated moduli for the vortex
solutions when 2,73 = 0 considered in the previous section is shown. The first
column indicates the core type solution. Columns 2-5 indicate the moduli fields
emerging in the various solutions. The degeneracy spaces in the sixth column are
denoted with subscripts indicating the group associated with the degeneracy. Ad-
ditionally, we have defined Ji,t = S + Lint. The last column shows the total number
of emerging moduli. We have also indicated the equivalence of w, and J moduli in

the A-phase core vortex.

Core Type E 1 Wey Wy O Degeneracy # moduli
Xx=0, f=f(r) v o x x x |S? 2
Xx=0, f=f(z,y) V X  x x| 8yx5S? 3
X=x:(r1)2 €R3 v v o x v S%im x S4 x S2 5
Preserved O(2) g yme | v vV 1/2 1/2 8% A X S}T;HtJrAz 5
Broken O(2) 44 yint v v v Y (5’3/Z2)Jint xS xS? |6

For the case of axially asymmetric vortices the group O(2)4 x SO(3) s, is completely
broken, and thus all four moduli from the internal space will appear independently in the
classical effective theory. Physical examples include the double core vortex in superfluid
3He-B. We will avoid further discussion of the axially asymmetric solutions of this form
here.

We may this analysis to the case of small but non-zero y23. It is readily seen
from that the associated gradient terms no longer have the separate SO(3)r,,, X
SO(3) L., from the internal and external rotations. Instead the gradient terms preserve
only the complete orbital rotations SO(3)exty pine, Which we will simply refer to as
SO(3), for the moment. Thus due to the equivalence of coordinate rotations about the z
and y axes to translations in the xy-plane we will find that only the translational moduli
&2y and the axial O(2)4 modulus 6 will be independent. The collective coordinates
from the remaining generators will develop a mass gap proportional to v93. In addition

interactions between w, ,, and &; , will appear illustrating the equivalence of coordinate
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rotations and translations.

3.6 Low energy effective field theory of gapless excitations

After demonstrating the existence of vortex solutions that spontaneously break the non-
Abelian symmetry SO(3)sr in the vortex core, we may write down the effective low
energy theory of the gapless excitations arising from the broken symmetries. In this
section we will summarize the general procedure for determining this low energy theory
by considering perturbations of the vortex line. We will find that at least classically,
the combinations of perturbations corresponding to the broken generators will contain
no mass gap. Upon quantization we will observe the number of gapless modes emerging
from the classical collective coordinates. In the following section we will consider the
specific solutions from the previous section and use the procedure discussed here to
determine the quantized low energy theory of the gapless excitations.
We begin by considering fluctuations of the vortex line given by

epi(ZL) = e} (F1) + depi(z, y, 2, 1). (3.54)

Inserting (3.54) into the free energy (3.9) and expanding to second order in de,;, we

obtain upon integrating by parts in the spatial gradients

8*Far = ide,i0i0€; + depiLij o)

vy

Lij,;w = _/7151'15#’/52 — ’)’235w,aiaj + (857”8 .V), (3.55)

€vj

where we have consolidated the spatial gradient and potential terms into the operator
L;j ;. For non-zero 73 3, we will have an additional term v230,,,0;0; appearing in L;; ..,
. Unless we specify otherwise, we will remain in the y2 3 = 0 regime. At this point, we

consider an adiabatic mode expansion for de,;(Z |, z,t)
Seni(TL,2,8) = D ealt,2)el (71), (3.56)
n

where the functions el(g) (1) are eigenfunctions of L;; .

Lij(@)el (@1) = EMelY (7). (3.57)
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In the low energy approximation, we may restrict the expansion (3.56)) to eigenfunctions

el(Z) (Z1), for which E (n) is small compared to the free energy density of the unperturbed

vortex solution.
For the current problem, we are specifically interested in the zero-modes where

E(™ = 0. These modes are generated by the non-trivial symmetry transformations of
l‘iort (Z1) that leave free energy invariant. For each broken generator, we parameterize
the associated transformation of the vortex solution by a collective coordinate m?®, and

vort (

consider the family of equivalent vortex solutions e (Z1,m m®). We define the ground

state solution as elvﬁrt(x 1,0) = el‘;‘l’rt(:z ). The gapless fluctuations are thus generated
by the collective coordinate fields m® varying in space and time. Specifically, for the

adiabatic approximation where m® = m®(z,t), the gapless fluctuations are given by

dei(x,y, 2, 1) Zm (t,2) - l‘;frt(a:,y,m). (3.58)

Inserting (3.58]) into (3.55)), and integrating over &, we arrive at a low energy effective

field theory of gapless excitations localized on the mass vortex. If the fluctuations we

consider are strictly gapless, we will find the free energy can be written as

Fug = iGt, (m)m®0ym® 4 GZ,(m)d,m*d,m?,
Gt,z B d2_' 6€Z?rt(xia ) 8€V0rt*($J_, )
ab (m) - ‘o Omo Omb ’
where G, is a function of the fields m®. We hasten to point out that the functions
Gflf (m) in ) are symbolic in the sense that their particular form depends on how

the indices 7, j, p, and v are paired.

(3.59)

The second term of Fog in describes the energy expense from fluctuations of
the collective coordinates from the broken generators. To study the classical theory, this
is all that is required. The first term is the dynamical term, which must be considered
to determine the number of independent gapless modes emerging from the Goldstone
fields. For Lorentz invariant systems, the corresponding dynamical term (which would
include two time derivatives) would show that the number of quantized gapless modes
is precisely given by the number of broken generators. However, for a non-relativistic
system, the Goldstone theorem is more subtle. The simplest example of a non-relativistic

system includes two collective coordinate fields (such as the translational collective



72
coordinates) m; and mg where Ggp  £4p. In this case, the time dependent part of the

free energy assumes the form
F; = constant x (mymia — mamy). (3.60)

In this case, the collective coordinates are the conjugate momenta of each other. Thus,
they form a single Goldstone mode with quadratic dispersion. Goldstone modes with
quadratic dispersion are referred to as type II modes, as opposed to type I Goldstone
modes that have linear dispersion. Typically, type I modes derive from a single collec-
tive coordinate, whereas type II modes result from conjugate pairing of two collective
coordinates. There are some subtle exceptions to this rule (see [35]), however, we will
not need to consider them here.

On the other hand, if G, o 4, the diagonal terms proportional to mgri, in the
effective free energy are total derivatives at quadratic order, and are non-dynamical. In
such cases where F! oc mg1n,, amore careful consideration of the interactions of m, with
non-zero modes is required. Typically, this results in an effective theory of relativistic
type I Goldstone modes with linear dispersion. These modes are known as Bogoliubov
modes. Both type I and II Goldstone modes appear in the effective theories of the
gapless excitations on mass vortices.

We hasten to point out that the Bogoliubov modes we discuss cannot always be
considered as low energy excitations, since their dispersion relations depend on their
interaction with non-zero (gapped) modes. If the gap parameter associated with the
non-zero mode is high, the propagation velocity of the Bogoliubov mode will be large,
and the excitation will disappear from the spectrum. In what follows below, we will
assume that the non-zero modes have a small enough gap for the associated Bogoliubov
mode to be considered in the low energy spectrum.

In the axially O(2) 4. Jsine Symmetric cases considered in the next section, we will find
that the classical low energy theory predicts the existence of two separate translational
collective coordinates, as well as three collective coordinates from the internal symmetry
breaking SO(3) .z, X O(2)4 — O(2) 44 jine. However, the quantized theory will show only
one type II translational mode, one O(2) Abelian type I mode, and one non-Abelian
type II mode. The reduction of two translational collective coordinates to one quantized

mode is of course well understood from the study of Kelvin excitations of vortices, and



73
follows from the general result (3.60). The O(2) mode will follow from the breaking of
the axial O(2)4 symmetry. The remaining two independent collective coordinates wy
will form a single quantized type II non-Abelian zero mode. For an axially asymmetric

vortex that completely breaks the SO(3),

int

x O(2) 4, an additional zero mode from
O(2) jine would appear.

Before proceeding to a detailed discussion of axially symmetric vortex excitations,
we wish to illustrate this method in detail by applying it to the case of a vortex with
real vector ¥ = x(r)Z and S,; = 0, considered in the previous section. This ansatz is not
axially O(2) 44 s symmetric, so we do not make any initial claims about the number
and type of quantized zero modes in this case. Applying general translations, rotations,

and O(2) 4 transformations the collective coordinates appear in

eui(T1) = eui(@L —€1), €€t
X'(r1) = Rij(@)X’(r1), Rij € SO(3)s+1
Xi(TL) — eiéxi(rl), e ¢ U(1)a, (3.61)

where { 1, W, and J are functions of z and t. Additionally, it will be particularly conve-

nient to consider the rotational moduli in the form
X' = Rij(@)x? = S'(t, 2)x(r1), |S]> =1, (3.62)

and consider the real collective coordinates S(t, z) instead of @(t, z).
Inserting this solution into (3.9) and integrating over x and y we arrive at the

following low energy theory

Feft = Firans + FO(3) + FU(1)>
T T5 - o
Firans = ?leabgaatgb + ;azfj_ : ang_a
1 ~ -
Fos) = @@S 0.8, 1S =1,

Fya) = =—50.80.6, (3.63)

where €4, is the 2 x 2 antisymmetric matrix. The couplings 77 2 and g° are determined
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from the integration over & :

T 2 R?
212 ~ /d2fi'l3’ylf2 — ’ylAQ log (Oé) s
2 ry g

1 ')/2
— ~ | &*7 LIS — 3.64
g? / L7X 2612 + B345 (3:64)

The low energy theory derived here shows the emergence of an O(3) sigma model anal-
ogous to the low energy theory of gapless excitations of ANO strings in Yang-Mills
theories. For comparison see [45]. Classically, the low energy theory contains five col-
lective coordinates from &; ,, S1,2, and 6.

The O(2)4 collective coordinate ¢ appears in with a time derivative term at
quadratic order. This term follows from the fluctuations of the magnitude of the x field
in the vortex core. Considering these fluctuations x(z,y) — x(z,y) + h(z,y,2,t) to

quadratic order in h in the free energy, we arrive at a term linear in h of the form

F > 2x(r)hd. (3.65)

Integrating out the massive field A, and performing the integrations over the perpendic-
ular coordinates (z,y), we arrive at the quadratic time derivative term for § in (3.63)).
We note that the Fp(3) part of contains no time derivative terms, since these
terms only appear as total derivatives (to quadratic order in S). Thus, they do not
contribute to the low energy effective theory. Naively, it might be expected that the
coupling of S to non-zero modes would produce quadratic time derivative terms of the
form Slsj in the effective free energy similar to the case of §. However, a careful anal-
ysis shows that this is not the case. Instead, when we consider fluctuations of the form
Xix(1)Si(z,t) + hi(z,t), the fluctuating non-zero modes h; coupling to S; appear in the
effective theory as

Fy,, O 2ix(r) (Si0hi + hi0pS;) + O(h?), (3.66)

which is a total derivative at linear order in h;. Thus, it cannot contribute to the
dynamical degrees of freedom. This result follows from the requirement of time reversal
symmetry. If we relax the constraint that “be a real vector, then we may consider
complex fluctuations h; € C3. In this case, the time derivative terms of S; will no

longer be total derivatives. Thus, two propagating non-Abelian modes may appear as
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Bogoliubov modes in form

1
Fy, = 52-05 013,

L [
92 202 —2B1+ B

Summarizing the analysis, the quantized effective theory (3.63|) describes the prop-

(3.67)

agation of a translational Kelvin mode with quadratic dispersion and an axial O(2)4
mode 0 with linear dispersion. These appear along with potentially two additional
non-Abelian Bogoliubov modes from . The non-Abelian modes follow from the
tensorial nature of the order parameter.

The results of the previous analysis were determined for a Ginzburg-Landau free
energy with a separate internal and external orbital rotation symmetry SO(3)r, , X
SO(3)L...- It is interesting to observe the effects of a non-zero 2 3 on the low energy
effective field theory, where only the traditional orbital SO(3)r symmetry exists in the
Ginzburg-Landau free energy. We will assume that 93 is small enough that we may
neglect the corrections to the vortex solutions of f(r) and x(r), and the constants T} o
and giQ. Aside from these uninteresting numerical corrections, the individual terms in

(13.64]) remain of the same form. However, there are additional terms representing the

explicit breaking of the SO(3)

int

X SO(3) Ly — SO(3)r symmetries. They appear as
follows:
Fog — Fog — AFeff, (3.68)

where AF g represents symmetry breaking terms. In this case, they are given by
. N2
AP =M (81 = 5%0.81)" + 55 {(5°0.6)° +(6:5%)} . (3.69)

Here & ~ 7y23/71, M represents a mass gap parameter given by

Y23
-
2(2512 + B345)

In this form, M is known as the twisted mass [52, [53].
For the case that M? > 0, the free energy will be minimized at S, =0. Thus, both

M? ~ /dzfng (01x) (3.70)

fields S 2 will no longer be gapless. If M? < 0, \5 1| =1, so the effective theory will
retain one non-Abelian collective coordinate. In both cases, the Kelvin and axial O(2) 4

modes will remain gapless.
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3.7 Gapless modes of axially symmetric vortices

At this point, we may consider the low energy excitations of the O(2) 4, jim axially
symmetric vortices. As mentioned in the previous sections, in the case that 93 = 0
we expect to observe five collective coordinates for the classical theory. Following the
quantization, these collective coordinates will be reduced to one translational and one
axial O(2) 4 zero mode, along with additional non-Abelian zero modes.

We proceed by writing the axial vortex solution in the Q, S., ﬁiznt eigenbasis, and

performing translational, rotational, and O(2)4 transformations

epi = O Con(rL) MNP0 N " O ()M (@)X (@) el mP )¢ elet)d
(214 PV

MN(&) = Rap (@) A7, (3.71)

where (7', ¢') are the new coordinates generated by the translations €1 (z,t), and Ry (&)
is a SO(3) .

int

refer to the -dependent A7 (). Additionally, the O(2)4 modulus § is a function of

rotation given as a function of the moduli &(z,t). Henceforth, A5 will

z and t. Decomposing (3.71)) into the trace, antisymmetric, and symmetric parts and

converting to the (J'*, Ji)-basis, we find

(L, ¢z, t) = fe98,; + XO/\[Z )\[l).]ei‘S + Xlei‘z’/\a; )\;] + Xge%‘ﬁ/\[; )\%e*"‘S
T so1€ TN G R0 4 soNf, A e s1ei? (X, A5 — 2200
+ 526" N e sy OAL A e (3.72)

We neglect s42 and xo in . These components are typically much smaller than
f, x+1 and s41, and contribute only small corrections to the low energy effective the-
ory. Additionally, these contributions will not affect the number of quantized modes
appearing in the theory.

Proceeding with these assumptions, and the requirement that 23 = 0 we may apply

the methods of the previous section to arrive at the following low energy effective theory:

T T, = o= 0wy .= 1 - oy e
Fuf = caplaliby + 0.6 0.6+ =5 AT - 0N + ——5| A~ - (OAT +1XT9;0)]2
2 2 297 295

1 - - 1 - - -
+ 5 |0AT +iXT0.07 — =5 AT - (OAT +iXTO.6) 7, (3.73)
293 295
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where again €4, is the 2 X 2 antisymmetric symbol and 77 2 and 1/ 29%’273 are given by

T 2 R?

=~ / Piin Ly - 1670 (“ )

2 r Y1

1 / 2 2 2 2 2 7% 2 aR?
——~ [ & (X1 +F X2 Fs1+s2) = —A%log | — |,
9%,3 ( 1 1 1 1) o "

1 /dQH ( 2 2 4 g2 2 )_> V%

5 1771 - X= S1— S )
93 TXLT X1 5 ! 489 + 284 + B35
L /d2 Ty (sT+s%) — g . (3.74)
93 - 4P9 + 24 + B35

The interesting features to point out from include the last two lines showing
the O(2) a4y, symmetry respected by the vortices. Thus, as expected there are only
five independent collective coordinates from the broken translational and internal non-
Abelian generators. Additionally, the expected single Kelvin mode emerging from the
dynamical term has appeared just as in the previous examples.

The first term in the second line, which describes the time dependence of the non-
Abelian zero modes, is new. In the limit of small oscillations, we may consider rotations

to the first order in @(z,t), and consider
X (@) = Rij(@)(M)] =~ (Mo)] — wjeijn(No)}- (3.75)
This gives the following result for the time dependent term
XN & Wy — Wyl (3.76)

Thus, we see that only one independent mode emerges from the collective coordinates
after quantization, since the fields w; , are the conjugate momenta of each other. This
mode is a type II Goldstone mode with quadratic dispersion relation. Additionally,
the second term in the second line of also includes a term quadratic in the time
derivative of §. This implies that the O(2)4 Bogoliubov mode appears due to the
coupling of ¢ with the massive oscillations of y+1 and si1, as in the previous section.
After integrating out these oscillations, we arrive at the corresponding term in .
It is clear that this term also preserves the O(2) 44 jin symmetry.

For completeness we consider the additional gradient terms in the free energy

when 793 # 0. For the purposes of illustration we will omit the contributing terms
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from s11(r), since they are notationally complex but do not introduce any additional
interesting effects. As before, we assume that the 93 corrections have negligible effect

on the functions f(r) and x+i(r). Thus we find the following additional terms to
Feg — Feg — AFeg:

AFg SM2IXT = 35081 12+ { M2, (F - 0:6008) (N — 0:600F) € + hc. |

€ .
+ @@)\; + i\ 0,07, (3.77)
where € = y93/v1. We also have
M? ~ /d2fj_’723(aJ_X:I:1)2 — 23A% x C (), (3.78)

where C(3;) is a constant determined by the 3; parameters. be represents a symmetric

mass matrix illustrating the crossing factors between y; and x_i:
Mgy = /d25¢7233aX13b(X—162i¢)~ (3.79)

The emerging mass terms in are again the result of the breaking of SO(3)r, , X
SO(3) ... = SO(3), for non-zero y2 3. Thus, only a certain combination of the internal
rotational collective coordinates Xi and the translational E | coordinates remain mass-
less. Additionally, only the quantized mode associated with this combination will be
strictly gapless. Thus, we have a total of two gapless excitations, since the gapless mode
associated with the axial O(2) 4 symmetry is not broken by these additional terms. The
non-Abelian mode becomes quasi-gapless.

Although, we will not consider the axial O(2) o4 st asymmetric case in detail here
(see [63] for a detailed discussion), we will make a few brief remarks on the number
and type of zero modes of the vortex. The most important change that is observed is
that the collective coordinates w, and § are no longer equivalent. Thus, the single mode
for the axial symmetric case will divide into two type I Goldstone modes with linear
dispersion for the axial asymmetric case. The other collective coordinates remain the
same. Thus, a total of four zero modes exist for the axially asymmetric vortex. Again,
when a small but non-zero 7, 3 exists, the non-Abelian mode from w, , coordinate will
become quasigapless. Table 2 summarizes the number and type of modes emerging for

the various core types.
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Table 3.2: A summary of the type and number of quantized modes appearing on
the vortex when 723 = 0 is shown. For each core type, the particular collective
coordinates appearing on the vortex string are listed. Additionally, whether the
specific collective coordinate results in a type I or II mode after quantization is
indicated. A star (*) indicates that the mode only exists if 723 = 0 and receives a
mass gap if 723 # 0. We have also indicated the equivalence of w, and 6 modes for

the preserved O(2) 4 st core.

Core Type 51 Wey Wy O # modes (123 =0) | # modes
(72,3 #0)
Xx=0,f=f(r) I x x x 1 1
Xx=0, f=f(z,y) I x x 1 2 2
X=x:(r1)2 €R3 I x x I 2 2
Y=x:(r1)2eC? I r x I 4 2
Preserved O(2) g4 yine | II II* 1/2 1/2 3 2
Broken O(2) 4 yint Im m 1 1 4 3

3.8 Conclusions

In this work, we have extended the analysis of the previous chapter to include a de-
scription of gapless excitations of axially symmetric vortices. This was demonstrated
for systems with a Ginzburg-Landau free energy with symmetry G = U(1)p x SO(3)g X
SO3)L

vacuum. We have shown that the classical low energy theory includes the translational

o XSO0 (3) L., that is spontaneously broken to the spin-orbit locked SO(3)s+r.,,
collective coordinates presenting the well studied Kelvin excitations (see [15] 16, 17, I8,
191 20} 21), 55]). In addition, the theory contains three additional collective coordinates
from the breaking of the non-Abelian O(2)4 x SO(3),, to the locked orbital-phase
O(2) 44 sine group. These results have been developed using standard techniques of high
energy physics to determine the classical low energy theory.

Additionally, we have introduced the time dependent part of the Ginzburg-Landau
free energy to facilitate the discussion of quantization of the gapless excitations. In par-

ticular, we have discussed the number of gapless excitations emerging from the classical
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collective coordinates, determined from the broken symmetry generators. In the present
context, the procedure of determining the gapless Goldstone modes is somewhat subtle
due to the non-Lorentz invariance of the action [34, 36, 21]. Specifically, we have shown
that out of the five collective coordinates emerging from the broken symmetry, only
three appear as independent Goldstone modes after quantization. Two of these are the
type II Kelvin mode and the type I axial O(2)4 mode, which have been well studied
both experimentally and theoretically [15], (16, 17, [I8], 19, 20| 21]. The additional mode
is the type II internal non-Abelian mode resulting from the breaking of SO(3), , by
the vortex line.

Additionally, upon introduction of small but non-zero ~93 terms in the free energy
the translational and rotational SO(3) s

int

collective coordinates develop additional
interactions. This is due to the explicit breaking of the separate internal and external
rotations SO(3)r,., X SO(3)L.,, to the rotational SO(3)r. Since the external rotations

of the vortex line about the x and y axes are equivalent to local translations, we see

int

that the translational collective coordinates couple to the SO(3),, coordinates with
coeflicients proportional to 723 in the free energy. In addition, the new terms imply that
only a particular combination of the translational and non-Abelian collective coordinates
remain strictly gapless. The other two non-Abelian collective coordinates are considered
quasi-gapless. This results in the usual Kelvin and O(2) 4 gapless modes, along with a
single type II quasi-gapless non-Abelian mode after quantization.

We point out that although we have extended our analysis from the previous chapter
[6] to include the effects of quantization on our classically gapless modes, we have
neglected to include the effects of higher order loop corrections to the effective potential.
In the context of condensed matter systems, such as superfluid 3He, these corrections
will have little effect on the conclusions of the present work. However, for an application
of these corrections to the case of non-abelian strings, see the analysis presented in [62].

We wish to conclude by pointing out the similarities between the present discussion
of the excitations of mass vortices in condensed matter systems to the excitations of
ANO-like strings [46], 47] in four-dimensional Yang-Mills theories. The low energy the-
ory describing the gapless excitations of axially symmetric vortices is analogous to the
emergent 1 + 1-dimensional O(3) sigma model of non- Abelian modes of ANO strings

in Yang-Mills theories [45]. However, in the present case, the U(1)p phase symmetry
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is considered as a global symmetry, in contrast to the case of Yang-Mills ANO strings
where the phase symmetry is a U(1) gauge symmetry. Thus, in our case, the phase
symmetry presents a collective coordinate on the low energy theory, which would not
be the case for ANO-like strings in Yang-Mills theories. This collective coordinate &

leads to the O(2)4 Bogoliubov mode with linear dispersion.



Chapter 4

U(1) Vortices in Cholesterics

In this chapter, which was presented originally in [64], we discuss flux tubes in systems
with U(1) gauge, and spin-orbit locked SO(3)g+r symmetry. The spin-orbit locking
is achieved explicitly in the Lagrangian by introducing a parity violating twist term
which causes the spontaneous breaking of SO(3)g4+r, — SO(2). Additionally, this term
causes a spontaneous breaking of the translational symmetry along a particular direc-
tion. Thus, the system appears with a cholesteric vacuum under certain conditions
of the parameter space. With this term, the system admits U(1) topologically stable
vortices with additional structure in the vortex cores. This added structure leads to
additional moduli appearing in the low energy dynamics. We determine these solutions

and their low energy theory.

4.1 Introduction

Both, superconductivity of the second kind, with the Abrikosov flux tubes inherent to
it, and cholesteric crystals (also known as chiral nematic crystals) are among the most
venerable physical discoveries which acquired multiple practical applications. Recent
studies of the so-called non-Abelian flux tubes (which originally emerged in supersym-
metric field theories, see e.g. [65] for a review) led us to consider models which can have
both phenomena simultaneously. The ground state in such models presents a supercon-
ductor with a cholesteric structure. Topological defects of the flux tube type that are

supported in these models carry (non-Abelian) moduli, i.e. gapless (or quasigapless)

82
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excitations of rotational type. A related dynamical pattern that arises in condensed
matter physics was discussed in [60].

The specific model we consider is characterized with the symmetry group
G = U(1)gauge X SO(3)s4+1 x T, (4.1)

where SO(3)g4r is the spin-orbit locked symmetry group of rotations, and T is the
translational group in three spatial dimensions. The spin-orbit locking is achieved with
an explicit parity violating term added to the Lagrangian, that preserves only the locked
subgroup SO(3)s+r C SO(3)s x SO(3)r. An additional feature of this term is the
spontaneous breaking of the spatial translational symmetry along a particular direction
when certain conditions of the parameters are met. We choose this direction as our z
axis:

T — T, x T, (4.2)

Additionally, this term causes the spontaneous breaking of SO(3)syr. However, a
particular combination of the z translations and the SO(2) rotations about the z axis
will be preserved by the vacuum.

The spontaneous breaking of the U(1) gauge or global symmetry leading to the
Abrikosov-Nielsen-Olsen flux-tubes in the vacuum is well reviewed [46], 47]. Our goal in
this chapter is to discuss the response of the additional fields appearing in the model
when the added parity violating term is included. As this additional term does not
involve either the Higgs or the gauge vector field, the U(1) charged vortices will remain
topologically stable in this model. They will however acquire additional structure due
to the breaking of translational symmetry in the vacuum.

When the parity violating term is small we may discuss the perturbative effect on
the low energy dynamics of the vortex. It is well known that the dynamics of vortices
in the U(1) model without the parity violating term reduce to a 1 4+ 1 dimensional
model of excitations propagating along the vortex axis. These propagating modes follow
from the translational symmetry breaking (Kelvin excitations), and other broken non-
Abelian rotational symmetries which typically follow the dynamics of a sigma model
(see [23| 45, [67]). In the case of a broken SO(3) rotational symmetry, the additional
excitation form an C'P(1) model on the vortex. We will see that the additional parity

violating term will lift some of the C'P(1) degrees of freedom.
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We will begin by discussing the model in general and introducing the parity violating
twist term. The following section will be devoted to exploring the vacuum structure
of the model and determining the conditions on the parameter space required for each
vacuum to be the minimum. Section 5 will discuss the vortices and discuss the details of
the numerical procedure used to obtain solutions. Section 6 will develop the low energy

dynamics of the vortices. We will discuss the results and conclude in section 7.

4.2 The system

The simplest model supporting flux tubes of the Abrikosov type, with non-Abelian
excitantions localized on the tube was suggested in [68] based on an extension of [44]

and further studied in [23], 45] [67]. Its Lagrangian has the form

L=Lo+ Ly
1 v

Lo=— 5 Fuwl"™ + 1Duo* = A(|¢* — v*)?

Ly = OxiOxi — 0ix;0ix; — v | (—1* + 161P)xixi + Blxixa)* |, (4.3)

where the subscript i runs over ¢ = 1,2,3. The field y; can be viewed as spin field. The

covariant derivative is defined in a standard way
D, =0,—1iA,. (4.4)

Under an appropriate choice of parameters the charged field ¢ is condensed in the ground
state,
‘¢|vac =v. (4.5)

Moreover, if p < v, the field x is not excited in the vacuum

(Xi)yae = 0. (4.6)

The model obviously supports the Abrikosov flux tube. Inside the tube, the “spin” field
Xi is excited giving rise to gapless (or quasigapless) excitations of non-Abelian type,

localized on the flux tube.
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Now we would like to make the next step and introduce a twist term L. which

violates parity through mixing of the “spin term” with angular momentum,
L=Lo+Ly+Le,  Lo=—neijuxiOiXk (4.7)

where 7 is a deformation parameter. The spatial kinetic terms of x; including the twist
L., is recognized as the FrankOseen free energy density of an isotropic chiral nematic
liquid crystal [69]. Note that the twist term is linear in derivatives. If 7 is large enough,
a vacuum expectation value of y; develops with a cholesteric structure. It should also
be pointed out that this type of behavior has been studied in the context of superfluid
3He B phase where the so called w vortices exhibit a cholesteric spiral in the core. When
a collection of such vortices are coherently orientated in a rotating cryostat the spiral
structure appears in the bulk superfluid [70]. The vortices we consider below will be
closely related to the w vortices in superfluid *He-B.

L. also breaks the orbital rotational part of the Lorentz symmetry implying a spin-

orbit locked symmetry of the full Lagrangian,
SO(3)r x SO(3)s = SO(3)s+1L- (4.8)
The energy density derived from the Lagrangian (4.7)) is

1 5
FiFY7 + D> + A(|¢]* — v*) + 9ix;0:x;

E _
4e2
+ nEgrxaOixe + v [(—12 + 1817 xixi + B(xixi)?] - (4.9)

Our first task is to study the vacuum (ground state) of the dynamical system described

by @ or @9).

4.3 Generalities

Assuming that all couplings of the model at hand are small in what follows we will solve
static classical equations of motion (i.e. we will limit ourselves to the quasiclassical
approximation). The Lagrangian contains a number of constants: e, A, § and ~
(dimensioneless couplings) and dimensionful parameters v, ;& and 1. The mass of the

elementary excitations of the charged field ¢ is

mé = 4)?. (4.10)
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In the next sections we will rescale all quantities to appear below to make them dimen-

sionless, for instance, distance in the direction of the flux tube axis
zZ=myz,
distance in the perpendicular direction
p=ms\a?+y?,

and so on. Other dimensionless parameters are

v(e—1) v? e?

’ cC=— a:57

b=
4)\e w2’

i =n/mg.

The field x; being represented in Cartesian coordinates takes the form

xi= 75 %@y 2). %l@y2), %))

(4.11)

(4.12)

(4.13)

(4.14)

The static classical equations of motion are derived by extremization of energy (4.9)),

in a general coordinate system they read

oV
Vi (vV=99"Vxk) — nexjiVixi — e 0,

D (99v=gD;o) + V=g (2X (|9]> — v*) + 79" xix;) ¢ =0,

0 (V=99"g" Fu.) — ie*v/=g (6" D' — 9D'6") = 0.

where oV
Ty = VI (1 416 + 2897 x00)

and
Vix; = 0ixj — Tijxx

is the standard curved space covariant derivative.

(4.15)
(4.16)

(4.17)

(4.18)

(4.19)
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4.4 Ground state

Inspection of £, in the Lagrangian — in particular, the fact that it is of the
first order in derivative — prompts us that, generally speaking, in the ground state
translational invariance will be spontaneously broken. One can always assume that this
breaking is aligned in the z direction. Then minimization of energy argument suggests
that the spin field x; is oriented in the x,y plane and rotates as we move in the z

direction. In other words, a cholesteric structure appears in the ground state
_ _ K -
Xi = Xoé€i(2), Xi = —5EXo €(2)

€(z) = {coskz, sin kz, 0} , (4.20)

where k is a wave vector (more exactly, the wave vector is E, but with our choice of
the reference frame it has only the z component, k— {0, 0, k}). Since the coupling

between the fields ¢ and x occurs only through x;x; = X2 we can also put
¢=¢o, Ai=0, (4.21)
where ¢q is a constant. Then equations of motion - imply
Xo (=K + 0k — y((=1* + ¢5) + 26x3)) = 0,
g0 (2M(é5 — v*) +7x5) = 0. (4.22)
First we minimize over the wavevector k£ and obtain
k=mn/2 (4.23)

demonstrating that the translational symmetry is unbroken only if nn = 0.

For consistency with later sections of the chapter we use here the dimensionless field

definitions
~ 1
Evac = TQEvac
md)v
_ V2B
0= —Xo
I
¢
= —. 4.24
= (4.24)

Generally speaking the system of equations (4.22]) has three independent solutions,
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1 - gy~ s 1
(@) =—"—— &) = (- ),
Blc—1) B(c—1)
- — 1)2(p — 4b)°
G 4.2
vac 5(6—1)—[)6 ( 5)
(1)
()" =1, ()" =0, El.=0, (4.26)
(III)
=2
()" =0, ()M =14 (-1,
- 16bc(c — 1) — ((c — 1)n* + 8b)?
EIIT = : 4.27
vae 64bc(c — 1) (427)
In this chapter we always assume
c>1, b>0, >0 and a>0. )
1, b>0, >0 d 0 4.28

It will be necessary to determine which vacuum is the minimum for the given pa-

rameters in (4.28). For the moment we will make the additional assumption that
Blc—1) > be. (4.29)

Vacuum I represents the case where both the translational and U(1) gauge symmetries

are broken by the non-zero vacuum expectation values of yg and ¢q. It is easy to show
from (4.25)) that this vacuum exists and is a minimum if in addition to (4.29)),

9 b
4b < n* < 48 (1 - B(c—l)) ) (4.30)

Vacuum II as given in implies the breaking of the U(1) gauge symmetry, while
preserving the translational symmetry in the vacuum. When n? < ngﬁtl = 4b vacuum
11 is the energy minimizing solution. As 1? crosses over nfritl there is a second
order phase transition from vacuum II to vacuum I.

We can also see that there is a second critical point

ngritg =4p <1 - ﬁ(cb—1)> ) (4.31)
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where there is another phase transition from vacuum I to vacuum III as n? crosses over
nfﬁm. As ¢ = 0 in vacuum III the U(1) gauge symmetry is preserved. Thus, vortices
with U(1) topological charge do not exist in vacuum III. We will briefly discuss this case
further in the sections below, however our main focus for the chapter will be on vortices
in vacua I or II. Figure 4.1 illustrates the vacuum energy as a function of 7.

We may also consider the condition
be > B(c—1). (4.32)

We can see from (4.25]) that the vacuum energy of I is greater than the vacuum energy
of IT in all cases, and is thus never a minimizing solution. In this case we can see from

(4.26]) that the minimizing vacuum is II when

Vie=1)beS =5 (4.33)

2 2
n <ncrit3: (C*].)

Additionally, when the critical point ngﬁtg exists, there is a first order transition from

vacuum II to vacuum III at that critical point. If however,
(c—1)eB < b, (4.34)

then nfrit3 is non-existent, and vacuum III is the only true vacuum for all n2. The
vacuum energy for the case be > f(c — 1) is shown in Figure 4.2.

Corresponding to the breaking of translational invariance in the vacuum I there
exists a Goldstone mode related to spatially dependent phase shifts of the cholesteric
structure. In general, the cholesteric phase breaks all four of the generators of the
global translational and rotational generators p, and J while still preserving the linear
combination kJ.p, . Thus, we expect a Goldstone mode associated to the broken

translational symmetry in the z direction. Namely if
€z) = €z, y,2) = { cos (kz + u(z,y,2)), sin(kz +u(z,y,2)), O}, (4.35)
is inserted into (3) in which & = 7/2 one finds that
E = By + ’%fz(vi@?, (4.36)

where i = (z,y, z). Of course the translation (33) is equivalent to a rotation of ¢; about
the z axis by an angle ¥ = k¢ , showing the preserved kJ,p, symmetry of the cholesteric

vacuuil.
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Figure 4.1: b =1, ¢ = 1.25, f = 8. Vacuum energy dependence on 7 for 5(c — 1) > bc,
the solid line corresponds to vacuum II, the dashed line to vacuum I and the dotted line
to vacuum III.

Since there are three broken generators by the cholesteric vacuum.J;, J,, and p, +
kJ.it would be naively expected that three Goldstone modes would appear in the low
energy theory instead of one. However, it can be shown that the orientational moduli
from J, and J, are lifted from the spectrum for energies much lower than the pitch 7/2
of the vacuum [71]. Essentially, the additional orientational moduli from .J,, acquire
mass gaps due to their mutual interaction and interactions with p, + kJ, [72]. This
effect will also appear on the low energy theory of vortices, which we will describe in

Section 6 below.

4.5 Vortex Solutions

In this section we will discuss vortices in the three vacua discussed in the previous
section. The model admits two types of vortices of which we will discuss only one
type in detail. In vacua I and II, the accumulation of the field x in the vortex core
can be considered as a response to the effective potential emerging from the topological

vortex in ¢. In these cases, the field y does not carry a topological charge of its own.
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Figure 4.2: b =1, ¢ = 1.25, f = 4. Vacuum energy dependence on 7 for 5(c — 1) < bc,
the solid line corresponds to vacuum II and the dotted line to vacuum III.

Figure 4.3: Geometric set-up of the problem. The vortex axis, in the z direction, is
parallel to the wave-vector k£ which is normal to the cholesteric planes.
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These vortices mimic the structure of w vortices appearing in superfluid 3He-B [70].
These vortices will be the focus of our attention.

In contrast, we may also consider a winding of the SO(3)sy1 global symmetry by
giving y; a 0 dependence at large distances from the vortex axis. This type of vortex is
typically called a spin vortex and arises in models of superfluid He [73]. Although, the
SO(3) charged vortices in this model present an interesting avenue, we will not discuss

them further here.

4.5.1 U(1) topological vortices

In the search of the vortex solution we will switch to polar coordinates. Note that
finding a vortex in the cholesteric vacuum is a nontrivial numerical problem. We will
limit ourselves to the simplest case: the vortex axis parallel to the z axis (or, which is
the same, coinciding with /2) The geometry of our problem is illustrated in Figure 4.3.

We will solve the full three dimensional numerical problem for the functions

0o . -
Xi = 7%%7 ¢ =vp(p,0,2), Ai =mpA;. (4.37)

In the equations to follow, we will omit the tilde above A, x, 2z, and n to avoid cluttering

the notation. We will also work in polar coordinates,
X(r,0,2) = X" 0, + X009 + x70., A(r, 0, 2) = A"D, + A%8y + A%0.. (4.38)

Note that ¢ (and correspondingly ¢) is a complex function. Additionally, we work



in the Coulomb gauge V - A = 0. Then the equations of motion for y; reduce to
18 ) 0 62 0 1 82 o .0 ga r
p \ POp { PX +po; \ X )+ bX — X Tt —0dox
P P P
+1(0px" = 0:X") — (V)px” =0,

1 T T 1 T T
;3/) (pOpX") + O2X" + 2 (&?x o 2p69x9)

8 z
+n (p(‘?zxe — GpX ) - (VX" =0,

1 1 X"
;(% (pDpX*) + O2X* + ﬁﬁgxz -1 <p<9px9 +2x% - p)

- (VX)XZ =0.

The equations for the gauge field A reduce to

;ap (pap (pA9>> +poRA° 4 /1) <33A9 A% 4 iagAr)
- % (J9 + 2A9|¢|2) —0,

1 1
0 (00, A7) + DA + . <8§AT — AT 2p09A9)
a r 2
- S (7 2aTl) =0,
1 z 2 pz 1 2 fz a z z 2
;6p (pO,A%) + 97 A% + ?8914 -3 (J* +24%|¢]?) = 0.
The equation for the scalar field ¢ reduces to

1 1
05 (p0p) + 5 0hp + 050 — 21 (470, + A% + A%0.)

— A%p — (Vp)p =0,
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(4.39)

(4.40)

(4.41)
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where

b 2 2 Xg 2
VX: _1—'—0‘90’ +XT+?+XZ ’

c—1
_ 1 2 b 2
J'=i(p* 0 — p0i"). (4.42)

In the polar coordinates, when S(c — 1) > 4bc and Neyit, < 1 < Nerity, the vacuum

solution describes a cholesteric vacuum and takes the form

X" = xocos(kz —0), x’= % sin(kz —0), x,=0, (4.43)

where we are assuming k£ and z are in dimensionless units. Note that this corresponds to
a vacuum which, in terms of Cartesian vectors X, xy and X, has no kz — 6 dependence.
In order to find finite energy solutions in this parameter range we therefore seek solutions

to these equations with the following boundary conditions in p:
X (p,6,2) £ 0,
X" (p, 0, z) 22 o cos(kz — 0),
Xo(p,6,2)/p L= xosin(kz — ) /p,
(0,6,2) =0, @(p,0,2) L= poe?,
A%p,0,2)/p =5 0,
AT(0,0,2) =0, A"(p,0,2) =50,
A?*(00,0,2) =0. (4.44)

Additionally, there are boundary conditions on x", x’, A" and A?, at p — 0 that
are required for the solution to be analytic at the origin. The boundary condition on
@(p — o0) ensures the U(1) winding of the solution. We also demand periodicity in
the angular 6 direction and continuity in the z direction. Solutions for the field y with
a=1,b=1,¢c=1.25 =8, and n = 2.2 are shown for z = 0 in Figures 4.4 and 4.5

where the cholesteric structure is clearly visible. A plot of the density |¥| is shown in
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Figure 4.6. Figure 4.7 shows a plot of |¢| and A as functions of p at z = 6§ = 0 indicating
the vortex structure at the origin of the xy plane. For these values of the parameters
Nerit, = 2 and 7Nerit, = 4. In Figures 4.8-4.11 we show similar plots for the same choice

of parameters a, b, ¢, and 8 but with n = 0.5. Thus, these vortices sit in vacuum II.

(c) x" atkz = 7 /3.

Figure 4.4: The graphs in (a), (b) and (c) show the x" profiles as contour plots at
kz = 0, /6, and m/3 respectively for n = 2.2. The three plots indicate that the x"
profile twists with pitch 1/2. This is also true of the other components x? and x?.

4.5.2 Numerical Technique

The differential system (4.39)- (4.41) for the dynamical vortex is a coupled set of eight
differential equations that must be solved in three dimensions with the boundary condi-

tions (4.44]). In order to achieve an accurate numerical solution in a reasonable amount
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Figure 4.5: Shown in this figure is a contour plot of x? at kz = 0, for n = 2.2. The plot
indicates a dipole in the x* profile.

of computing time and memory, we make use of the pseudo-spectral method on a col-
located grid [74]. We expand the solution in # and z coordinates in Fourier modes
to exploit the periodicity expected in both coordinates. For the radial coordinate we
first compactify the coordinate so that the boundary condition at infinite radius can be
implemented. For this we transform the radial coordinate r to the coordinate x by

Lz

where L is a constant we select by choice. Typically we select L = 2 or 3 to achieve

r =

(4.45)

the best distribution of grid points. The radial solution is then expanded in Chebyshev
polynomials T,,(x) over a Radau collocation grid in 2. We implement our boundary
condition at x — 1, which corresponds to the large radius 7 — oo. It is worth mentioning
that the functions 7,,(x(r)) are known as the rational Chebyshev functions.

Having written the solutions in terms of the expansion modes, we transform the

differential equations into a coupled system of algebraic equations, which must be solved
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0.60

Figure 4.6: Shown in this figure is a contour plot of xy = /X" + p2x?2 + x*2 at kz = 0,
for n = 2.2. The plot indicates the near cylindrical symmetry of the field x. This implies
a minimal back reaction on ¢ and A due to the twisting of x*.

to determine the coefficients of the expansion modes. To solve the large system, we
use a Newton’s method to achieve a solution iteratively until convergence is observed.
An added bonus of this method is that the stability properties of the approximate
solution are shared with the linear stability of the exact solution for a large enough set of
expansion modes [75]. Thus, if our method shows convergence to a stable approximation,

we can be sure of the linear stability of our solution to small perturbations.

4.6 Low energy theory of vortex moduli

It is well known that in the absence of a cholesteric structure, when n = 0, the system
with energy density describes non-abelian strings. The low energy theory on
their world-sheet is a C'P(1) model for two orientational moduli (plus the standard
translational moduli of the vortex centre). When 7 # 0, once one aligns the vortex

axis with the cholesteric wave-vector, the O(3) rotational freedom of x; is broken to



98
1.0F

0.6

0.2

~~
~~
~
~
~
~~
~
S

> 4 6 8 10 12 12 ¥

Figure 4.7: |¢(p)| (solid) and Ag(p) (dashed) are shown at z = 6 = 0 for n = 2.2. The
non-analytic behavior of |¢| at p — 0 indicates the U(1) topological charge of the vortex
solution. The functions A" (p) and A*(p) are negligible in comparison to A%(p), and are
thus not shown.

the subgroup of rotations in the plane orthogonal to k. Correspondingly some of the
orientational moduli have to be lifted.

To determine the low energy theory at the classical level, we rely on the symmetries
of the system following the procedure in [14]. In particular, the moduli appearing on the
vortex are determined by the continuous global symmetries of the vacuum, which are

broken by the vortex core. The continuous global symmetry group of the Lagrangian
(4.3) with the parity breaking term (4.7)) is given by

Gglobal = SO(3)J X T, (4.46)

where T is the three dimensional translation group, and J refers to the sum of generators
S+ L.

The vacua appearing in the model preserve part or all of the symmetry group G.
For vacuum I in the appearance of a non-zero x¢ implies the symmetry breaking
of translations in the direction of the wave vector k = k2. Thus only the subgroup
T, x Ty of the translational group 7' remains invariant in this vacuum. Additionally,
since Yo rotates in the xy-plane as one translates in the z direction, rotations about the

= direction are broken. The wave vector k breaks the remainder of the SO(3); group.
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(a) x",atkz = 0. (b) x"atkz = /6.

-0.36

-0.72

(c) x"atkz =m /3.

Figure 4.8: The graphs in (a), (b) and (c) show the x" profiles as contour plots at
kz = 0, /6, and m/3 respectively for n = 2.2. The three plots indicate that the x"
profile twists with pitch n/2. This is also true of the other components x? and x*.

However, a glance at (4.20) shows that translations in the z direction are equivalent
to rotations about z in vacuum I. Thus, although vacuum I separately breaks T, and
SO(2),, a subgroup, which we will denote SO(2);, C SO(2);, x T is preserved. Thus

the complete symmetry of vacuum [ is given by
Hy =T,y x SO(2) .. (4.47)

Vacuum /I on the other hand does not break the translational or rotational sym-

metries since yg = 0 in this case. Thus,

HII = Gglobal- (4'48)
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Figure 4.9: Shown in this figure is a contour plot of x* at kz = 0, for n = 2.2. The plot
indicates a dipole in the x* profile.

The continuos global symmetries preserved by vacuum [I1 are exactly the same as
those of I. Vacuum [II1 is only distinguished from I because 111 does not break the
U(1) gauge symmetry.

Hrr = Hy. (4.49)

The presence of vortices in these vacua further break the symmetry of the system.
The generators of the vacuum subgroups H; which are broken by the vortex solution
produce the moduli fields in the low energy theory. With this in mind we may write
down a low energy theory by varying the vortex solutions through their degeneracy

space. For the translations in the x and y directions this can be achieved by replacing
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Figure 4.10: Shown in this figure is a contour plot of x = \/x"2 + p2x%2 + x*2 at kz = 0,
for n = 2.2. The plot indicates the near cylindrical symmetry of the field y. This implies
a minimal back reaction on ¢ and A due to the twisting of x’.

in the Lagrangian

Xi(E) = xa(@ — €(t, 2)),
o(E) = (T — £(t, 2)),

—

Ai(Z) = Ai(T - £(t, 2)), (4.50)

and expanding to second order in E (t,z). After integrating over x and y one achieves
an effective Lagrangian in the modulus fields E (t,z). If n = 0 one may also expand the
vortex solution in the orientational modulus § (t, z) where the field y; is replaced in the
Lagrangian

Xi = Rij(t, 2)x; = Si(t, 2)x(Z1), (4.51)

where #| = (x,y) are the coordinates perpendicular to the vortex axis. R;; is the

spin rotation matrix in SO(3)s. We also define x? = |Y|?>. Thus, g(t, z) satisfies the
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Figure 4.11: |¢(p)| (solid) and Ay(p) (dashed) are shown at z = 8 = 0 for n = 0.5.
Again, the functions A”(p) and A?(p) are negligible in comparison to A%(p).

constraint |§ |2 = 1. Thus, when 7 = 0 the effective theory is given by
1 T
577:0 = dtdz 27'928045’28&37‘ + 58045()8055[) (452)

where g and T are calculated from the integration over x and y [?]. Here a = (¢, 2),
and b = (z,y). The component &, does not appear in the low energy theory since the
vortex solution in this case is independent of z.

We now switch on 77 # 0 and observe the effects on the vortex moduli in the various
vacua. For this we focus our attention on the y; kinetic terms in the Lagrangian. For

convenience in determining the moduli fields we write
xi = x(t, &)Si(t,T), where |S]? = 1. (4.53)
This definition allows for a convenient form of the kinetic terms in the Lagrangian,
Liin = O"XOux + x> (0"8:0,Si — €650 Sk - (4.54)

Let us first consider the vortices in vacuum /. Obviously, the translational moduli
&2,y(t, 2) are still existent. However, since the solutions no longer preserve z translational

symmetry, the additional translations &, (¢, z) along the z-direction along the vortex axis
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may appear. However, the vacuum far from the vortex axis is characterized by a non-

zero X; — xo0€i(2z). Thus, the kinetic term for &,(¢, z) in the action is given by:

Se. = % / dtdz(9,€.)? (4.55)

where the tension T is given by
T, — / d*7) X2, (4.56)

which is obviously divergent. This is expected since the vacuum I only preserves a
translational symmetry in the z direction if it is accompanied by a corresponding rota-
tion in SO(2)s,. However, for the parameters considered in the previous sections the
vortex solutions also satisfy the SO(2); symmetry to a very good approximation and
thus cannot produce a dynamical modulus from this group. For larger back reactions
(due to large n > nit, for example) on the ¢ and A; fields this approximation will no
longer hold, and an SO(2);; modulus will appear in the low energy dynamics. This
SO(2)7, modulus can be shown to emerge on the ¢ field due to the back reaction from
the last term proportional to x? in Vj, in (40). For large 7, x; will have a dipole term
with a # — kz dependence, and thus x? will have higher multipoles (at least quadrupole)
appearing in a Fourier expansion in § = 6 — kz. This will break the SO(2);, symmetry,
and lead to an additional modulus appearing on the ¢ vortex solution. We will not
consider this case in further detail here.

The more interesting case occurs in vacuum Il where the entire global symmetry
group Ggiobal is preserved in the vacuum, and only the U(1) gauge symmetry is broken.
We will assume for this case that 0 < 7 << neit,. With this constraint we may assume

a vortex solution of the form
Xi = x(p)ei(2), (4.57)
where the modulus x(p) has near axial symmetry. We now apply the translational

transformations (4.50) and the SO(3); transformations,

€ — Rij((ﬂ(t, Z))ﬁj = Si(t, Z). (4.58)
Expanding (4.54) to second order in £(t, z) and integrating over z and y we find
T - 1 =, -
Lkin - §(aa§L)2 + @ [(aaS)Q + (aaS)Q(azgz)Q + ngabsaazsb

120,€, ((@5)2 - gsabsaazsb)} : (4.59)
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where o = (¢, z), and (a,b) are indices in (z,y). The constant g is calculated from the

integration over x and y,

1 2 = 2
77 = / P27 x(p)>. (4.60)

We emphasize for clarity that S in (57) has both the non-perturbative dynamical struc-
ture ¢;(z) from (18) in addition to the small perturbations on the ground state.

We first note that the second line of can be expanded to first order in & with
the result

20.6. ((0:8) — Tew$a0:5)) = —n0-£:0:0: + O(). (4.61)
Combining this with the O(£2) and O(w?) in the first line of (4.59)) we find
1 n 2 1 N2
Ekm D) 2792 [az (552 +Wz>} = @ (azwz) ) (462)

which simply enforces the SO(2);, symmetry of the vortex. Thus, only one of the two
moduli coming from the broken z translations and the SO(2);, rotations survives as a
low energy dynamical field.

The last observation we wish to discuss is the remaining two rotational moduli w,
from the degeneracy space SO(3);/S0O(2);.. Expanding the second line of to

second order in w,, we arrive at
0.540.50 = (8w + kwy) sinkz — (9w, — kw,) coskz)? + O(w?). (4.63)
To obtain this formula we expand S; to first order in w using

coskz — w,sinkz

—

S =@l (1 + i - E) €= sinkz + w, coskz . (4.64)

wgsinkz — wy cos kz

Taking the derivative of this expression and squaring gives us the formula (61).

We observe for d,w, > nw, that
(0.54)% = (0,wy)?. (4.65)

Thus, for high energy excitations in w,, the modulus w, survives as a massless degree

of freedom.
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On the other hand if 9,w, < nw, we have

2
(0.5,)% ~ UZ (w2 + wz) + (kinetic terms in wy). (4.66)
As expected, at low energies the two moduli from SO(3);/SO(2) ;. are lifted due to the
emerging mass terms in wy ;.

The interpretation of the high energy result is that at high momenta, the
twisting structure of the vortex is decoupled from the excitations, and the original
sigma model for n — 0 reappears approximately. However, low energy excitations see
an average over many cycles of the vortex twisting leading to a lifting of the moduli
W,y (see [71]). We point out that the high energy result (63) cannot be disregarded on
the grounds of classical low energy dynamics. Indeed, it is quite possible for the energy
of the excitation to be larger than 7 while still being low energy relative to the width

of the vortex.

4.7 Discussion and Conclusions

We have observed some of the effects of a parity violating twist term in the Lagrangian
, which is linear in the derivative. The most important of these observation is the
introduction of new cholesteric vacuum field configurations which break translational
and rotational symmetry. In addition, we have discussed vortex solutions with the gauge
U(1) topological charge in the two vacua (I and IT) where such vortices are allowed
classically.

We have deduced the essentials of the classical low energy excitations of such vor-
tices. This was achieved by appealing to symmetry arguments when the twist term can
be treated as a perturbation of the original Lagrangian . In particular, we have
observed the emergence of a new translational modulus w), appearing in . In addi-
tion, we have observed the lifting of the non-Abelian moduli w, , of the original (1+1)
dimensional O(3) sigma model. For the case of vortices in vacuum I this occurs for low
energy excitations of w,, which develop a mass proportional to 7. On the other hand,
excitations with momenta much larger than 7 probe the vortex line at small enough
distances where the twist effect decouples.

This chapter has focused on the dynamical effects on vortices with a U (1) topological
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charge after introducing a parity violating twist term in the lagrangian . Such
vortices mimic the structure of w-vortices in superfluid 3He-B [70]. However, several
topics of this system remain unanswered and could provide avenues of future research.
Specifically, although we have mentioned the existence of vortices with a non-Abelian
global SO(3) s+, charge, we have not discussed their solutions in detail. These solutions
are the so called disclinations. They are similar to the vortices in a biaxial nemetic liquid
crystal where the non-zero value of 7 and o leads to a degeneracy space SO(3) with
non-trivial fundamental group. The details of these vortices in cholesteric liquid crystals
have been worked out (see [69, [70] or [37] for example), however their properties in the
present context, with the additional U(1) gauge symmetry, are yet to be discussed
(although see [76, [77]).

Our discussion of the low energy excitations has been confined to a classical discus-
sion. We have not considered the quantization of the zero modes, which is a non-trivial
topic when the system is not Lorentz invariant [35] [78] and spacetime symmetries are
broken [50, 51, 61, [79].



Chapter 5
Spin Vortices in Cholesterics

The chapter was originally discussed in [80]. We continue the study of U(1) vortices
with cholesteric vacuum structure. A new class of solutions is found which represent
global vortices of the internal spin field. These spin vortices are characterized by a non-
vanishing angular dependence at spatial infinity, or winding. We show that despite the
topological Zs behavior of SO(3) windings, the topological charge of the spin vortices
is of the Z type in the cholesteric. We find these solutions numerically and discuss the

properties derived from their low energy effective field theory in 1 + 1 dimensions

5.1 Introduction

This chapter presents a continuation of the previous chapter [64] which investigates
the low energy theory of U(1) vortices in systems with cholesteric vacuum structures.
This work was inspired by considerations from supersymmetric solitons (see [66] for
a review) as well as supconductivity [66] and superfluidity [70]. The kind of vortex
solutions found in [64] are similar to the w vortices appearing in superfluid *He-B [70].
Indeed these w vortices, and those found in [64], develop a cholesteric spiral structure
in the core. If a collection of such vortices are coherently orientated in a rotating
cryostat the spiral structure appears in the bulk superfluid [70]. The main task of this
chapter is to report on a different class of solutions also present in this model. These
solutions are characterized by the internal spin field carrying a topological charge of its

own. Typically vortices with topological windings originating from an internal SO(3)

107



108
spin group are referred to as spin vortices. However, for reasons discussed below, the
solutions we obtain are distinct from the typical spin vortex observed in say superfluid
3He [73] [76), [77]. Our plan is to find these solutions numerically and investigate their
low energy excitations.

The model, as originally introduced in [64], has a symmetry structure given by
G =U(1)gauge X SO(3)y x T (5.1)

where the U(1)gauge group represents gauge rotations of a complex Higgs field, and
SO(3)s+r = SO(3) s represents the spin orbit locked rotational symmetry. The group
T represents the three translational symmetries of the model. The spin orbit locked
SO(3) ; appears from the larger group SO(3)g xSO(3)r, due to an additional term in the
Largrangian coupling the spin index to the spatial gradiant. This term is parity violating
and leads to spontaneous breaking of translational symmetry. The additional term thus
gives rise to a cholesteric spiral structure in the vacuum under certain conditions of the
parameters in the model [64].

The spontaneous breaking of the U(1)gauge group allows for the appearence the
Abrikosov-Nielsen-Olsen [46, [47] flux tube familiar to models of type II superconductors
[66] and Yang-Mills theories [66]. With no other winding of the subgroups of G these
vortices represent the mass vortices that were studied in [64]. A typical spin vortex on

the other hand arises from the non-trival topology of the SO(3); group:
m1(SO(3) ) = Zo. (5.2)

The spin vortices can appear regardless of the cholesteric behavior of the vacuum and
only require the existence of a broken SO(3) symmetry. However, the vortices we
consider in this chapter are distinct from the typical spin vortex in that they are only
allowed due to the broken translational symmetry of the vacuum. In particular, the
vacuum of our model preserves a U(1) ;. global subgroup of G' which is generated by a
linear combination of the translational and rotational generators about an axis oriented

along the cholesteric wave vector k:

G — U(1)y, x Ty, where U(1); C U(1),. x Ts. (5.3)

z

T, are the translational groups along the direction perpendicular to k. Here the

subgroup U(1): is denoted with its generator J, which is a linear combination of the
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rotational J, and translational p, generators:

QEL—%,kaﬂ (5.4)

As we will discuss below this equivalence of rotations and translations in the vacuum
leads to a global U(1) degeneracy space of vacua in addition to the U(1)gauge “degener-
acy” appearing from the Higgs phase. Vortices may appear with either gauge or global
U(1) topological windings or both:

(U (D) gange x U(1)) = Z + Z. (5.5)

We must mention that the classification of topological defects in cholesteric media
has additional subtleties due to the broken translational symmetry in the vacua [81]. For
systems with broken translational symmetry the local behavior of the order parameter
cannot be completely specified by its value at a single point. Typically, additional
information on the derivatives of the order parameter are necessary for a complete
specification of the local structure. As a result, the defects corresponding to physical
field configurations must satisfy certain conditions requiring the compatibility of the
nonlocal behavior of order parameter with the restrictions on the derivatives of the
order parameter following from broken translational symmetry [8I]. We will discuss
these restrictions for our particular model in Section 3. Additionally, for crystalline
structures the defects built from the spatial variations of the order parameter will include
additional energy contributions from the distortions of the crystal lattice [81]. For the
vortices considered in this chapter these subtleties are avoided because the wave vector
k corresponding to the crystal layer spacing is constant along the z-direction far from
the vortex core. Thus, no additional stresses appear due to crystal lattice distortions.

In this chapter we will focus our attention on the vortices with both types of charges.
We hasten to point out that the vortices in this model are global. Thus, for cholesteric
vacua (vacuum [ as it is defined below) these vortices will have a logarithmically di-
vergent energy functional and thus require an infrared cutoff. This is not a problem
for systems in a finite volume such as superfluid *He. However, as a consequence of
this finite volume, the Kelvin modes appearing on the vortex will acquire a mass gap
proportional to the inverse cutoff length R. These effects were considered recently in
[55], and we will apply similar arguements when we discuss the gapless excitations in

section 5 below.
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We will begin in sections 2 and 3 with a detailed review of the model and the
vacuum structure following the procedure discussed in [64]. We will explore briefly the
Goldstones appearing in the bulk cholesteric vacuum. We will discuss their relation
to the spin vortices appearing in the cholesteric bulk. In section 4 we will present the
equations of motion for the spin vortices and present their numerical solutions for a
representative set of parameters. In section 5 we will discuss the low energy theory of
the moduli appearing on the vortices. We will present an analysis of the Kelvin modes
for vortices in a particular vacuum, and provide additional topological discussions of
the orientational moduli. For the case of a cholesteric vacuum we will discuss the finite
volume effects on the mass terms for Kelvin modes. We will provide concluding remarks

in section 6.

5.2 The system

The starting point is the system used in [64]. This model is an extension of the model
originally suggested in [68], inspired by Witten’s superconducting string model [44], and
further studied in [23] [45] 67]. Its Lagrangian has the form

L=Ly+ EX + L.,

1

Lo=——
0 4e2

FMVFuV + |Du¢|2 - )‘(|¢’2 - U2)27
Ly = 0ixiOixi — 0ix;0ix; — 7 | (=1 + 1°)xixi + B(xixi)?| »

Le = —neijrXiOiXk (5.6)
where the subscript ¢ runs over ¢ = 1,2,3. The field y; can be viewed as a spin field.
The covariant derivative is defined in a standard way

D, =0, —1iA,. (5.7)

The last term in (5.6|) is the parity violating twist term with a single derivative. This
term is responsible for the cholesteric behavior of the vacuum as we will show below.
Let us consider the system with 1 = 0 first. Then, under an appropriate choice of

parameters the charged field ¢ condenses in the ground state,

|¢|vac =1, (58)
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and, if p < v, the field x is not excited in the vacuum

(X’i)vac =0. (59)

The system has full translational invariance T' and orbital rotational symmetry SO(3)r,
as well as an internal rotational SO(3)g symmetry of the y; spin field. As is well known,
the model supports the Abrikosov flux tube [46, 47]. Inside the tube, where the Higgs
field vanishes, the spin field x; is excited giving rise to gapless (or quasigapless) exci-
tations of non-Abelian type, localized on the vortex. The full solution is known as a

non-Abelian string.

Including L., explicitly breaks the orbital rotational part of the Lorentz symmetry
implying a spin-orbit locked symmetry of the full Lagrangian,

SO(3)1, x SO(3)s — SO(3)s.1, = SO(3) . (5.10)

The energy density derived from the Lagrangian (/5.6|) is

1 5
B = FgF" + IDid|* + A(|]* — v*)* + Dix;0ix;
+ neikxi0ixe + v [(—1* + |91 xixi + Bxixa)?] - (5.11)

Note that the kinetic terms of y; including the linear in derivatives n term can be
recognized as the Frank-Oseen free energy density of an isotropic chiral nematic liquid
crystal [69].
For later convenience we rescale all couplings in the model to make them dimension-
less. Hence, we take
Z=mgez, (5.12)

to denote the distance in the longitudinal direction aligned with the string axis. We

will also set the dimensionless radial distance

p=mg\z2+y2, (5.13)

where the mass of the elementary excitations of the charged field ¢ is

mi = 4 02 (5.14)
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Additional dimensionless parameters are given as

(e —1) v? e
b:T)\C’ C:E’ a:ﬁ’ ’r]:’r}/m¢ (515)

We limit ourselves to the semi-classical approximation and assume all couplings in the

model are small.

The field y; being represented in Cartesian coordinates takes the form

Xi = % {Xr(xﬂ% z)v )Zy(x,y,z), Xz(xa% Z)} . (5'16)

The static classical equations of motion are derived by extremization of energy (5.11)),

in a general coordinate system they read
ov

Vi (V=99"Vixx) — nerjiVixi — v 0,

D; (" V=gD;o) + V=g (2X (|¢]* = v*) + 797 xix;) ¢ =0,

() s (5o e o
where 5
V ..
T = V9 (5 +191%) + 2897 xix5) (5.18)
and
Vixj = 9ixj — Thixx (5.19)

is the standard curved space covariant derivative with I' the Christoffel symbol.

5.3 Ground state

In this section we give a summary of the results obtained in [64] concerning the ground
state structure of the model. As shown there this model has a rich ground state structure
depending on the value of n and the relation between the parameters. Given the presence
of the first derivative term one expects that in the ground state translational invariance

will be spontaneously broken. If one assumes that this breaking is aligned in the z
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direction, then a cholesteric structure appears in the ground state with the x field

rotating in the (x,y) plane

V2B

Xi = Xo€i(z), TXiZ)ZOGi(Z),
€(z) = {coskz, sin kz, 0} , (5.20)

where k is the z component of the wave vector k. X0 is the constant amplitude of the
X field in the vacuum to be determined below in (5.22)). Then, in the ground state we

may take
¢=¢o, Ai=0, (5.21)

where ¢q is a constant. The equations of motion imply
Xo (=K% + 0k — (=1 + &) +26x5)) =0,
do (2A(9F — %) +71x§) = 0. (5.22)
Minimizing over the wavevector k one obtains
k=mn/2. (5.23)

Therefore, only when 1 = 0 we recover translational invariance (however see (5.30)). As

per [64] we always assume
c>1, b>0, >0 and a >0, (5.24)

and we use here the same dimensionless field definitions

- m
Evac = %Evac
v
X0 = LXO
V2P
¢ = vo. (5.25)

There are two parameter ranges which characterize the vacuum structure. We will
report here the main results and refer the reader to [64] for calculational details. For

both cases the lowest energy vacuum solution is dictated by the value of 7. This is
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important in order to understand the role of the spin-vortex solutions and their winding

at spatial infinity. Consider first the case where

Blc—1) > be. (5.26)
Then when
b

4b < 7? < 48 (1 — 5(0—1)> , (5.27)

the vacuum solution of is
b 2
Blc—1 48 ~
(@) = " (@) = (e~ D
B(c—1) Blc—1)
~ —1)2(72 — 4p)2

vac Blc—1)—be
In this vacuum both ¢y # 0 and xo # 0 and therefore both local U(1) gauge and
z—translational symmetries are broken. This vacuum allows for the existence of local
ANO vortices. If instead
i < Mg, = 4b (5.29)

then the vacuum solution is

(e)"' =1, ()" =0, E/l =0, (5.30)

vac

Note that, since ()ZO)H = 0, this vacuum preserves translational invariance. Finally,

when

Ry = 48 (1 - 5(05_1)> , (5.31)

the vacuum solution is given by

~2

(o) =0, (@) =1+ (-1,

BT _ 16bc(c — 1) — ((¢ — 1)7* + 8b)*
vae 64bc(c —1)B ‘

In this vacuum translational invariance is broken but local U(1) gauge invariance is

(5.32)

preserved, hence this vacuum does not support ANO vortices. The energy of the ground

states as functions of 1 are shown in Figure 5.1.
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In the opposite case where
Blc—1) < be, (5.33)

the minimizing vacuum is given by (5.30) when

—1)bcB —b
R (531

When 7 crosses the critical value ﬁgrit3, there is a first order transition from vacuum
to vacuum . This pattern of ground states is depicted in Figure 5.2.

For this chapter we will focus our attention primarily on the vacuum I and vacuum
IT cases where the gauge U(1)gauge group is broken by a non-zero ¢ field. For vacuum
IT none of the global symmetries SO(3) s or T are broken in the ground state. For ANO
vortices in this case, cholesteric behavior of the y; field will only appear in the vortex
core. On the other hand vacuum I has an interesting symmetry structure appearing

from a linear combination of the rotational J, and translational p, generators:
Jo=J, - (5.35)

From ((5.20)) for non-zero yo it is clear that J. annihilates the vacuum, and thus the
vacuum [ ground state retains a U(1);, symmetry in addition to the subgroup Ty, of
translations perpendicular to k = ki We may thus write the symmetry group of the

vacuum [

H; = U(l)‘]é X sz. (536)

The equivalence of translations and rotations about the z axis on the vacuum state
implies an additional structure on the degeneracy space of vacua in vacuum /. Consider

the coset space

G/H; = U(1)gauge X S7, x U(1) g1/ Zs, (5.37)
where
I =T, + % (5.38)

is a generator of the U(1);» group orthogonal to J.. Here S?h is the two sphere of
directions for the wave vector k. The group U(1) Jv generates non-trivial rotations of
the vacuum about the wave vector k. Physically the group U(1);r represents degen-

eracy associated with rotations of ¥ about k. Alternatively, due to the equivalence of
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Figure 5.1: b =1, ¢ = 1.25, f = 8. Vacuum energy dependence on 7 for 5(c — 1) > bc,
the solid line corresponds to vacuum I, the dashed line to vacuum I and the dotted
line to vacuum I11.

translations and rotations, and the periodicity of the z translations of the vacuum, the
U(1) 7 may be viewed as a compactification of 7.

Naively the topology of S? x U(1)/Zsy supports only a Zs winding. However, it was
shown by [71] that for low energy excitations the generators J, and J, acquire a mass
gap through an effective Higgs mechanism. For the vacuum state this implies that only
a single Goldstone mode associated with phase rotations of the vacuum appear, instead
of the naively expected three Goldstones from the three broken generators. Effectively

we may write

G/H[ — U(l)gauge X U(l)]g. (5.39)

The effective U(1) ;v degeneracy of vacuum I implies an additional topological charge
associated with the integer winding of a closed contour about the vortex axis. We will

explore numerical solutions with this winding in the next section.
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Figure 5.2: b =1, ¢ = 1.25, f = 4. Vacuum energy dependence on 7 for 5(c — 1) < bc,
the solid line corresponds to vacuum I and the dotted line to vacuum I11.

5.4 Winding solutions

In [64] the full set of eight coupled second order three dimensional equations was solved
with a pseudo-spectral numerical procedure (see [74] for a review of this method). The
solution found, in which the spin field x asymptotes to the vacuum at spatial infinity,
describes a local U(1) Abrikosov vortex with a cholesteric spiral inside its core. These
vortices resemble the w vortices appearing in superfluid *He-B [70].

The degeneracy space U(1);» allows for another class of solutions similar to the
“spin-mass-vortices” (see [76), [77]) with a global U(1);» winding, characterized by a
dependence of the x; field on the polar angle 6 at infinity. The 6 dependence of y; at
infinity is equivalent to translations of the vacuum state in the k direction. The com-
pactified translational group allows for the topological integer winding about a closed
spatial contour.

As a consequence of the global nature of these vortices the profile functions at large p
are IR divergent and require a regularization. Nonetheless, these solutions are important
in the context of superfluid *He [73]. We are interested in solutions with spontaneous

breaking of gauge symmetry, hence we only consider vacua I and II below.
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The geometry of our system is shown in Figure 5.3. In order to find the U(1)r

winding solutions we switch to axially symmetric coordinates and use the ansatz

Xi = \/%ur(p,z>,>ze<p,z>,xz<p,z>>, (5.40)
Ar = Az:0> Aﬁzl_f(p)7

o = vgp(p)ew. (5.41)

Then extremization of the energy density gives the following equations,

1 (o~ Xo =
200 00p:) + 9 =1 (9% + 22 ) = (e 4 - s =

1 . . X . b
;ap (papXG) + 33)(0 - % - 77(3er - asz) -

1 (6802 + XQ - 1))29 = Oa

Xr

1 o .
;5,) (POpxr) + 02X — 2t 710:X0 — (cp® + X2 = D)xr =0,

c—1

1 2, Loz 1 b »| ,_
pap(p3p¢)+8zso 5 (¢ 1)+p2f +25(C_1)x ¢ =0,

1
8§f—;8pf+8§f—a902f:0. (5.42)

We wish to solve the equations (5.42)) with the following boundary conditions

¢(0) =0, ¢(00) = ¢o,
f(0) =1, f(o0) =0,
X.(0,2) =0, Xz(00,2) =0,

S

z),

5&9(07 Z) =0, )29(007 Z) = Xo sin (gz) 5 (543)

xr(0,2) =0, xr(c0,2) = xocos (

where xo and ¢ are the same as the previous section and we demand continuity in the

z direction. In terms of the cartesian vector this boundary condition takes the form

Xi = Xo0{ cos(kz + 0), sin(kz +6), 0} (5.44)
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Figure 5.3: Geometric set-up of the problem. The vortex axis, in the z direction, is
parallel to the wave-vector k£ which is normal to the cholesteric planes.

which is not to be confused with the U(1) vortex solution of [64]. In fact, it is only
because of this subtle difference between asymptotic conditions that the full set of
three dimensional equations (5.17)) becomes two dimensional. This greatly simplifies

the numerical procedure.

5.4.1 Outline of numerical procedure

The reduction of the spatial dependence of the coupled system from three to
two coordinates greatly simplifies the numerical analysis by reducing the computing
power needed. However, for precise numerical results, two dimensional finite difference
methods are still impractical when efficiency and precision are the goals. To achieve
these goals we chose instead to use a pseudospectral method on a collocated grid. In
this section we will give a brief outline of our procedure. A detailed and very readable
description of these methods can be found in [74].

For the z dependence of the functions defined above, we choose to expand in Fourier

modes and evaluate the functions at the discrete points z,, = 2mm/kM, where M is
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the total number of Fourier modes used in the decomposition. To decompose the r
dependence in the functions above, we first compactify the radial direction using the
transformation:
Lx
r= T x € 10,1]. (5.45)
The parameter L determines the distribution of grid points. For this procedure we
selected L = 2 to achieve the desired density of grid points near the origin. The
radial dependence of the functions is then expanded in rational Chebyshev polynomials
T, (z(r)) on a collocated Radau grid:
m(2p—1)

l'p = Slnm, n

e [1,N], (5.46)

where N is the total number of Chebyshev polynomials used in the decomposition. The
Radau grid allows for boundary conditions to be imposed at spatial infinity with no
conditions required at the origin. For functions required to vanish at the origin we
expand in odd Chebyshevs.

The pseudospectral decomposition allows the equations to be written as a set
of algebraic equations to be solved for the coefficients in the expansion. For the five
functions to be solved for above, this amounts to solving a coupled system of 5 x N x M
polynomial equations. To approximate a solution the system is linearized and solved

recursively. Each iteration of the procedure is repeated until convergence is achieved.

5.4.2 Vacuum I

Let us first consider solutions in which xg # 0. In this case the vacuum of the system is
vacuum I, given by . Clearly in this case the solutions with boundary conditions
don’t approach the vacuum at infinity and are logarithmically divergent in the
IR. These solutions require an IR regularization. We restrict our solutions to a finite
radial distance L. The winding of these spin-vortices ensures their topological stability.
It should be pointed out that near the vortex core a non-zero value of y, appears due
to the variation of xy in the radial direction.

For parameter values a = 1, b =1, ¢ = 1.25, § = 8, and n = 2.5 we obtain the

solutions shown in Figures 5.4-5.6.
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Figure 5.4: The graph shows the solutions for ¢(r) (solid) and Ay(r) (dashed) at z = 0,
for n = 2.5. These solutions have negligable z dependence.

5.4.3 Vacuum II

When yg = 0 the vacuum has the structure of vacuum II . In this case, the
asymptotics of the solutions have no cholesteric structure and thus we expect
finite energy solutions. However, the winding nature of these solutions is lost. These
solutions lack the topological stability of the previous case in vacuum I. They are in-
stead metastable solutions whose topological stability is only supported to finite radial
distance from the core. Presumably, these solutions will decay to the zero winding
state through quantum tunneling via bubble nucleation. We leave an investigation
of the tunneling rate to another project. Figures 5.7-5.9 illustrate these solutions for
a=1,b=1 ¢=125 =8, and n=2.2.

5.5 Low energy theory of vortex moduli

To complete the analysis of the spin vortices in vacuums I and I, we discuss the
low energy dynamics of their excitations localized on the vortex core. In [64] the low
energy expansion was done at least for small n for both the translational (Kelvin) and
orientational moduli appearing in vacuum I and II. Here we will do an analogous

treatment for the case of vacuum I spin vortices only. The moduli appearing in vacuum
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(a) The field ¥, at kz = 0. (b) The field ¥, at kz = 7/4.
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(d) The field ¥, at kz = 37 /4.

(c) The field ¥, at kz = /2.
Figure 5.5: The graphs show the radial dependence of x, (solid), xy (dashed), and x.

(dotted) at various values of kz.
II are difficult to analyze due to the coupling of all translational and orientational

modes, and give little additional physical information. We will content ourselves with

a brief topological analysis of the vacuum 11 case, leaving the details for future work.
It is best to consider topological arguments at first to provide a guide in the search

for the gapless excitations appearing on the vortex core. We begin with vacuum I where

the non-zero value of the spin field y; breaks the translation symmetry in the z direction.

The global symmetry group of the lagrangian (5.6|) is given by
(5.47)

Gglobal = SO(B)J x T

where T' represents the three dimensional translational symmetry. In vacuum I the
(5.48)

ground state is invariant to the symmetry group
Hy =U(1) 5 x Tyy C Gglobal-
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However, in the asymptotic limit » — oo the vortex posseses complete axial symmetry

Hp=U(1),

z

X Ty (5.49)

Gapless excitations of the vortex must appear from generators of H} that are broken in
the core. All other modes appearing from the generators of Ggioha would have infinite
tension in the kinetic terms. They would not be normalizable.

In the previous section we found vortex solutions by assuming rotational symmetry
about the z-axis. Thus, since the vortex solutions automatically break the translations

in the x and y directions, our vortex solutions obey the symmetry group
HY vortex = U(1).1..- (5.50)
Thus, the degernacy space of the vortex solutions in vacuum [ follow from
H}/H},vortex = (U(1),, x Txy)/U(l)Jz = Tyy. (5.51)

We should thus find two moduli fields &, , (¢, 2) associated with the broken translational
symmetries by the vortex axis. These moduli will however acquire a mass gap m ~ 1/R
due to the IR cutoff imposed at large distances R from the vortex core. The details will
be shown below.

For the case of vacuum 11 the cholesteric structure does not appear in the vacuum

and thus the full symmetry group of vacuum I is given by:
Hir = Gglobal = SO(3)y xT. (5.52)

As in the case of vacuum [ the vortex preserves the subgroup SO(2);, thus the degen-

eracy space is:
Hir/Hifvortex = (SO(3); x T)/U(1),, = 57, x T. (5.53)

In this case the cholesteric structure only appears in the vortex core and thus an ad-
ditional longitudinal translational mode appears on the vortex. The expansion of the
low energy Lagrangian in terms of the gapless modes introduces additional interactions
between the translational and orientational modes. We have omitted this topic for sake

of clarity and space.
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We proceed with the analysis by expanding the lagrangian by the small adiabatic

translations &, (%, 2) of the vortex solution

X(Z) = X(Z —&(t, 2)). (5.54)

—

Here £(t, z) only oscillates along the directions x and y perpendicular to the vortex axis.

Proceding with the expansion of (5.11)) we arrive at the low energy theory
62E = Sabazgaasz + Aeabgaanga (555)

where a and b are indices for the z and y directions. The symbol €4, = —¢p, is the two

dimensional antisymmetric symbol. The parameters Sy, and A are given by
Sab = /dQl'J_aaXiaina

1
A= e / 0 (20200300 + NnmDaXn Do) - (5.56)

Here m and n run over the x and y indices. We point out that S and A are in general
functions of the z coordinate, owing to the dependence of the spin field x* on z.

The expansion in considered only the kinetic terms in &,(t,z). We hasten to
point out that this expansion is only valid up to the infrared regularization of our vortex
solution far from the core. However, due to the global nature of the spin vortex, the hard
cutoff of the vortex solution in the infrared leads to a non-local boundary contribution to
the low energy theory. The infrared cutoff explicitly breaks the translational symmetry
in the x and y directions and thus our low energy theory should include mass terms

proportional to the inverse cutoff m ~ 1/R:

52L"IR = Sabéaéb - Sabazgaang - AEbeaasz - m2£afa~ (5'57)

The details of the calculation of m? are given in the appendix. For a cylindrical boundary

find that

X2
m? = —ﬂ'R—g, (5.58)

and hence the mass term is negative implying an instability of the vortex solution.

We should point out however, that this value for m? is dependent on the shape of the
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boundary. For non-rotationally symmetric boundaries, the mass term will in fact be
tensorial:

m? o md, (5:59)
We consider only the rotationally symmetric boundary.

For relativistic lagrangians this instability means the vortex wants to escape the
finite volume. For non-relativistic cases, the negative mass implies a threshold for the
dispersion relations where the Kelvin modes change their direction of propagation [55].

For the equation the more appropriate context to consider is the relativistic
case - although this is not strictly a relativistic system because the third term in
is not Lorentz invariant. There are two important limits in this system characterised
by the wavelength of the modes A compared to that of the cholesteric structure k.
In the limit in which A > 1/k the asymptotic values of the x’ field dominates the
integral appearing in , the z dependence of Sy, disappears and we have that A = 0
identically. The long wavelength modes effectively ignore the “high” k structure of the
vortex. As A ~ 1/k the wavelengths become comparable and we may no longer ignore
the z dependence of Sg. Clearly, A # 0 in this limit. This region becomes difficult to
tackle analytically and we won’t consider it further. We may however approximate an
intermediate region in which A\ > 1/k where the z dependence of S, and A is small but
A # 0. Then, varying and using the isotropicity of the matrix S (S, = Sy, and

Szy = Syz) we obtain the equation
S(IC < (lzl - éa) + AGacf{; - m25ac€a =0. (560)

Taking the ansatz
§a = Clei(kz+Wt)‘5~aa (5.61)

where éa is a constant vector, we may reduce this to
M, =0, (5.62)
with
Mgy, = (Sap(w? — k) + Aieapk — m*Sp) , (5.63)
for the vector components of §~a. Finding the corresponding modes is therefore equivalent

to finding the zero eigenvalues of the matrix M,;,. The eigenvalues are

W2 = (W~ kS, — m2 & \J (AR + (k2 — ) Sy, (5.64)
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setting these to zero gives four solutions for w,

K2 (S, = S3,) = m2Syy [ (AkSy, ) + 53, (m — (AR)2) o

2
1 2 _ Q2
Syf Syy

w

R (S, = S3,) = m2Syy — [(AkSy,)? + 83, (m — (AR)?) .

2
2 2 _ Q2
Syw Syy

W

In order to describe stable non-dissipating modes the solutions for w must be real.

These relations thus give inequalities required for the particular w mode to be stable.

The (un-normalized) eigenvectors are

(- (ii\/(Ak)Q iy (g w2)syz)2> (5.67)

Ak —i(k? — w?) Sy,
which define the diagonal basis as

Ak — (k? — w?)Sys

e Ev6) 6o

fdiag =

The limit A > 1/k corresponds to
5. R
Sab — X5 log —dap, and A — 0. (5.69)
7o

where rg represents the coherence length of the vortex core. In this limit the system is

Lorentz invariant and we find the dispersion relation:

1
=4+VEk2 - A2 where A2= ———— . :
w , where R log R/ro (5.70)

Here 2w /A = X, is the critical wavelength of stability. Modes with wavelengths longer
than A. have purely imaginary w and are thus tachyonic. For the specific case k£ = 0
the mode represents a complete transverse translation of the vortex solution. Thus the
vortex tends to escape from the finite volume. On the other hand wavelengths shorter
than A, are real and thus represent stable solutions for the vortex [55].

In the proximicity of the long wavelength limit, where we may still consider equation

(5.60) as a good approximation for the low energy modes, higher order terms in the Sy
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and A calculation need to be included. Even though we don’t perform this computation
explicitly we note the main important feature of having a non-zero A: it introduces
terms in the dispersion relation of the form w o vk, which is characteristic of surface
waves in deep water. Finally, leaving the long-wavelength limit entirely equation
can no longer be trusted and one is forced to resort to numerics. We leave this treatment

to a future publication.

5.6 Conclusions

The goal of this chapter was to consider an extension of the analysis presented in [64]
where mass vortices with a U (1)gauge charge were considered in systems with cholesteric
vacuum structure. Such vortices play a role in many contexts including supersymmetric
solitons [66], type II superconductors [66], and superfluid *He [70]. In the current
chapter, we extended the analysis to include a different type of vortex, which supported
a global topological U(1);» charge in addition to the U(1)gauge charge. Spin vortices
of a similar description were first observed in superfluid *He [76] [77]. However, for
the cholesteric vacuum state we have discussed above, the equivalence of rotations and
translations along the z direction in the vacuum leads to a reduction of the degeneracy
space SO(3); — U(1) jv.

Due to the cholesteric behavior of the vacuum I solution, the U(1);» vortices are
stable to deformation [71]. The low energy effective field theory of these vortices thus
gives rise to a 141 dimensional field theory of translational excitations. A similar result
is true in vacuum I, however the solutions here are free to tunnel to solutions with no
U(1) v charge since the asymptotic form of the vacuum has no cholesteric structure.
We have left a calculation of the tunneling process to future work.

We have focused our attention on the classical description of the 1 4+ 1 dimensional
effective field theory of gapless excitations. Specifically, we’ve calculated the low energy
Lagrangan for Kelvin modes of vortices in vacuum [ in the long-wavelength limit. For
a relativistic dispersion relation a classical analysis is all that is necessary to count
Goldstone modes appearing on the vortex. However, for the non-relativistic despersion
relation, the quantization of modes becomes more complicated. Some general results

for non-Lorentz invariant systems are discussed in [35], [78], and to systems with broken
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spacetime symmetries in [50, B1, 61, [79], however we have omitted a detailed analysis
here. We have however explored the effects of a finite volume on the gapless excitations
appearing on the vortex as was first pointed out in [55]. In particular, the global behavior
of the vortex solution in vacuum [ lifts the translational degeneracy, and mass gaps are
generated for the Kelvin excitations.

For vacuum I additional orientational modes appear on the vortex, however the
details of these modes have added complications and we have left their analysis to future

projects.

5.6.1 Appendix

In this appendix we wish to show the details of the calculation of the boundary terms
leading to the mass term appearing for the translational moduli in . We will first
show that the linear term in &; vanishes, confirming that no instabilities appear on the
vortex. Following this calculation we will expand to second order in &; and determine
the mass term for the particular vortex configuration.

We begin with a calculation of the linear term for the expansion parameter &, which
we may take to be constant. The ¢t and z dependence is accounted for in the kinetic
terms shown in . To first order in d0x; = —&,0a X

OE = 20;(0x;0ix;) + neije(0xi0jxk + Xi0j0xk) + 5Xig>‘;
= 20 (59@'&-9@ - ggiijj(st)

10V
+20X; <_82Xi + neijr0i Xk + 26)@)
= —2£,0; (aanain + g€ijk5anXk) : (5.71)

where the second line in the second equality vanished by the equations of motion for
X;. 1o obtain the contribution of the linear term to the low energy theory, we integrate

over the perpendicular directions x and y:
oF — —2¢, / d*z ) 0; (%Xj@in + g6ijk3anXk>
= —2§a/d9 R (8,1)@8,‘)(]' + g&‘@'jkaaxj'xk> , (5.72)

where we have used Greens theorem, and 7 is the unit vector in the radial direction.
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At this point we may substitute the asymptotic form of y;. Ignoring the z depen-

dence

Xi — XO% and J;x; — <6;j — x;?) (5.73)
Inserting this into the equation above we find that the linear term identically vanishes
as required.

We now proceed to calculate the second order contribution to the energy density

5 1 0%V
0°FE = 0;0xi0j0Xi + ngijrdXiOj0Xk + 5 7—F=—0Xi0X;

2 Oxi0x;
= 05 (6x:0;0x:) + 0xi | —0%0x: + neijr0;6 +3827V5 :
= 0j (0Xi0j0Xi) + OXi X T IEGROIOXE T 5 By )
(5.74)
Inserting dx; = —&.0aX:
FE = £a&0i (0ax;0i05x;)
10V
+€a§b8aXiab <_82Xi + né‘ijkank’ - 26)@')
= &a&p0; (Oax;0i0bx;) , (5.75)

where we have used the equation of motion in the last line.

We may now integrate over the perpendicular coordinates and use Green’s theorem:

§’E — fagb/d2$1_ai (OaX;0i0bX;) = fafb/dHR 7i0a X 0iOpX j (5.76)
Finally, we insert the asymptotic form of y; in (5.73)) and find
62FE = ——20¢,¢,. (5.77)

This particular value of m? was determined from our particular choice of boundary
contour. Depending on the boundary conditions, this term may be modified and may
even be tensorial depending on the symmetries of the contour choice. However, by

dimensional analysis we are guaranteed to have

mMep ~ — 7o - (578)
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Figure 5.6: Shown are the vector fields ¥ at various values of the coordinate z €
[0,37/4k] for n = 2.5. We note that as the vortex core is approached a non-zero
value of y, appears. This is expected from the equations of motion when yy has an
r-dependence near the core.
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for n = 2.2. These solutions have negligable z dependence.

Figure 5.7: The graph shows the solutions for ¢(r) (solid) and Agy(r) (dashed) at z = 0,

1.0 1.0
05 05}/
5 10 15 20 25 30~ 5 10 15 20 25 30~
-05 05}/
-1.0 -1.0 /
(a) The field ¥, at kz = 0. (b) The field ¥, at kz = 7 /4.
1.0 1.0
0.5 ,", 0.5 ,",-‘\\\
10 15 20 25 30 ¥ 5 70 15 20 25 30 ¥
-05} ¥
1of
(d) The field ¥, at kz = 3x /4.

-0.5

-1.0
(c) The field X, at kz = 7/2.
Figure 5.8: The graphs show the radial dependence of x, (solid), xg (dashed), and x.

(dotted) at various values of kz.
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(c) The field X, at kz = 7/2. (d) The field X, at kz = 37 /4.

Figure 5.9: Shown are the vector fields ¥ at various values of the coordinate z €
[0,37/4k] for the critical point n = 2. We note that as the vortex core is approached a
non-zero value of x, appears. This is expected from the equations of motion when g
has an r-dependence near the core.



Chapter 6

Conclusion and Discussion

The goal of this dissertation has been to illustrate the process of exploring the low energy
dynamics of 1 + 1 dimensional models. In the cases considered in this work, the 1 + 1
dimensional models emerged from a 3+ 1 dimensional bulk theory that was inspired by a
particular model appearing in condensed matter physics, or examples constructed from
superconductivity, superfluidity, or materials sciences. This method of understanding
the low energy excitations of a bulk theory is not new from the perspective of high energy
theory. Vortices are ubiquitous in models such as U(1) x SU(N) gauge theories in four
dimensions, where they are presented as flux tube strings [8, 9, 10, 11}, 12} 13]. It is well
known that the dynamics of these flux tubes contain non-Abelian gapless excitations in
addition to the well known Kelvin excitations due to the broken translational symmetry
of the vortex axis. More recently it was also shown how a low energy analysics of
supersymmetric 1 4+ 1 dimensional models with connected SU(N) or O(N) symmetries
at large N can explain the non-breaking of supersymmetry in those models where the
Witten index vanishes [82], 83]. However, these techniques have not appeared within
the condensed matter or materials science community to the best of our knowledge. It
is thus interesting to see whether new predictions about well known condensed matter
systems can be made by applying methods of high energy theory.

We have made an effort to show how similar dynamics may appear in systems similar
to the vortices emerging in the B phase of superfluid *He. In this case, we have shown
that non-Abelian excitations of 1 4+ 1 dimensional vortices may only appear due to the

enhanced rotational symmetries SO(3)r.., X SO3)r,, X SO(3)s, where the internal

int
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(spin) degrees of freedom are independent of the external symmetries that rotate the
vortex profile non-locally. In the specific case of superfluid 3He-B this enhancement
is not observed at any point in the phase diagram to our knowledge, and thus non-
Abelian gapless excitations of the vortex string are not observed. At this point, it is
not clear how this enhanced symmetry could be experimentally enforced within the
context of superfluid >He-B, however other systems have been shown to produce similar
enhancements of rotational symmetries such as ultra cold fermi gases, or theories of
elasticity under certain conditions involving conformal and scale symmetries [22].

If such a system with the correct enhancement of rotational symmetries could be
constructed experimentally, it will be interesting to determine how non-Abelian exci-
tations could be detected in the laboratory. We have made no attempt to make an
experimentally testable prediction from our results, however our findings suggest ap-
proaches for future investigations. In particular, the quantization of the non-Abelian
vortex excitations presents a specific form for the dispersion relations and number of
independent gapless modes that should be localized on the vortex axis. This signiture of
excitation number and dispersion is required from the analysis of collective coordinates
when there is no Lorentz symmetry [34], 35, B6]. It is conceivable that the dispersion
relation could be investigated from X-ray scattering experiments. On the other hand,
finite temperature investigations of specific heat of vortex lattices should reveal the
number of gapless degrees of freedom localized on the vortices in addition to the trans-
lational degrees of freedom, and excitations of the bulk. A finite temperature analysis
of such systems is left for future research projects.

We have also discussed the behaviour of two types of vortices appearing in the
hypothetical models with cholesteric vacua in chapters 4 and 5. These discussions lead
to interesting results about the behavior of vortices due to the cholesteric behavior of
their cores. However, on our way to determining the low energy effective theory of the
vortex excitations, we have left a thorough investigation of the stability of the vortices
in the cholesteric vacuum. In particular, it remains an open question on the conditions
that a stable vortex exists in the vacuum with axis oriented along the wave vector k of
the cholesteric vacuum. A purely analytical answer to this question has proven to be
difficult to achieve, and a numerical analysis is only useful for determining local stability

of the vortex core. At present it is unclear what configuration of the vortex is the most
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stable, and future work could be devoted to this topic.

Our discussion of numerical techniques for the case of vortices in the Abelian-Higgs
model has also lead to an investigation of vortex lattices in similar models. It has become
apparent that the power of the numerical methods used in this dissertation could be
used to understand how vortex lattices are formed, and the discrete symmetries they
contain. A current analysis of these topics is currently underway by the author and

collaborators.
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