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It has been recognized that e+e - pair creation during the collision of intense beams in linear colliders will cause
potential background problems for high energy experiments. Detailed knowledge of the angular-momentum
spectrum of these low energy pairs is essential to the design of the interaction region. In this paper, we derive
the analytic formulae for the integrated cross-section of this process and we also modify the computer code
ABEL(Analysis of Beam-beam Effects in Linear colliders) to include the pair creation processes, using the
equivalent photon approximation. Special care has been taken on the non-local nature of the virtual photon
exchanges. The simulation results are then compared with the analytic formulae, and applied to the next
generation colliders such as JLC.
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1 INTRODUCTION

In future linear colliders, low energy e+e- pairs created during the beam crossing could
cause background problems for the detectors. In the next generation of colliders, most
such pairs will be made by incoherent processes, from the interaction of individual
particles (e+, e- or beamstrahlung ,,) in the two beams. This problem was first identified
by Zolotarev et al. 1 At energies where the beamstrahlung parameter T is 2:: 1, the
coherent production of a pair from a beamstrahlung photon interacting with the field of
the oncoming beam becomes dominant, as first noted by Chen.2 The seriousness of this
problem lies in the transverse momenta that the pair particles carry when leaving the
interaction point(IP) with large angles. One source of transverse momentum is from the
kick by the field of the oncoming beam, which results in an outgoing angle f) ex: 1/Vi,
where x is the fractional energy of the particle relative to the initial beam particle energy3.
The second source comes from the inherent scattering angles of these pairs, which may
already be large when they are created. This issue was first studied by Zolotarev et al. l

and recently by Chen et al.4

In this paper we modify the ABEL5 to include the· incoherent pair creation processes
using the equivalent photon approximation. l ,4 By this simulation we can correctly take

* Work supported by Department of Energy contract DE-AC03-76SF00515.

29



30 T. TAueRI et al.

account of both the kick and the inherent angles of the pairs. The geometric reduction
is also implemented in the ABEL. The simulation results are compared with the analytic
calculations using the parameters of JLC as an example of the next generation linear
colliders.

2 THE ANALYTIC FORMULAE

We consider three incoherent pair creation processes, the Breit-Wheeler (BW: 11 ~
e+e-) process, Bethe-Heitler (BH: e±1 -----* e±e+e-) process and Landau-Lifshitz (LL:
e+e- -----* e+e- e+e- ) process. 'In the calculations of these cross-sections the basic
kernel is the same using the equivalent photon approximation. For the BW process both
photons are real beamstrahlung photons; for the BH process one is real and the other
is virtual; for the LL process both photons are virtual. The partial cross-sections with
transverse momentum divided by 1me, Xt > xtO, and outcoming angle, ()° ::; () ::; 1r - ()0,

are calculated by the convolution of two photon energy spectra, na (Yl), nb(Y2), and the
differential cross-section for 11 -----* e+e-, a 'Y'Y (Yl ,Y2, c), as below.

Co 1 1

a-(xt
O

, Co) = g JJJdcdY2dYlna(Yl)nb(Y2)a'Y,yCY"Y2, C),

-Co Y- Yb

(1)

where Yi is the fractional photon energy and c == cos (), and g=1/4 for the BW process
and 1 for both BH and LL processes. The fractional energy x of the outcoming positron(
or electron) to its angle () is expressed by

2YIY2
x==-------

Yl(l - c) +Y2(1 + c)
(2)

As denoted in Eq. (1), the integration regions of two photon energies are

Y2Y+
1 2: Yl 2: Yb == , 1 2: Y2 2: Y- ,

Y2 - Y-
(3)
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2 2 1 =f c '

(4)

(5)and

where X o and xtO are the minimum energy and the minimum transverse energy. These
lower bounds are very important for the calculations because the dominant contribution
comes from them. The virtual and the beamstrahlung photon spectra are given by

2Q 1 1
nv (y) == - - In( - )

1r Y Y

(6)
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respectively, where az , Ae and "j are the beam bunch length, the electron Compton
wavelength and a Lorentz factor for the beam, respectively. Beamstrahlung is charac­
terized by a dimensionless and Lorentz invariant parameter, Y, which is locally defined
by Y == "jB /Be, where B is a magnetic field and Be is the critical magnetic field,
Be == m; / e(4.4 GTesla). In our analytic equation we approximate Y by its average value
of Gaussian beams as follows,

y = ~ Nrh (7)
6 aaz(ax + ay)

where Nand re is a beam intensity and the classical electron radius, respectively. Finally
a",,(Yl,Yz, c) is calculated by neglecting the obviously small terms <0("j-2).

1rr; 1 {Yf(1 - c)z +Yi(1 +C)2}
a (Yl Yz c) = -_.---- (8)
"" " "jZYIYZ 1 - c2 [Yl (1 - c) + yz(1 + c)]2

1rrZ 1
rv _e___ (9)
- "jZYIYZ 1 - cZ '

The last approximation of Eq. (9) is only used in analytic calculations since the value
in the parenthesis (Eq. (8)) varies slowly from 1/2 to 1 and it is well factorized outside
the integral (Eq. (1)) , which is estimated to be 0.7 with an accuracy of a few % by
comparing this approximation and the numerical integration with no such approximation.
The resultant integrated cross-sections are expressed below as a function of x tO and ()0,
which are already multiplied by the factor of 0.7 in order to compensate for the last
approximation,

(10)

(11)

(12)
° aZr; 2 Z 1 xtO XtO'O x tOaLL(xt ,(}o) == 0.83-z (0) In - (In -2 In - + 3ln - + 4.44)

"j X t '0 '0 2 2

where '0 == tan((}0/2). However, they do not include the kick of created pairs by the
opposing beam. The above expressions account for only one of the two particles (say
positron) of the pair. To count the electron as well, we must multiply each expression
by 2.

The above formulae are valid for large inherent angle scattering since they have a
collinear singularity which is clearly seen in Eq. (9). The reason for this singularity is
our neglect of the electron mass(me ) in the derivation of the formulae. Remembering
that the typical scattering angle is me/Ee~ where Ee is the energy of e- or e+ of a pair,
the valid angular region will be () > me / Ee. More detailed discussions on how to treat
this singularity in event generation will be found in the subsequent sections.
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3 THE ABEL SIMULATION

T. TAueRI et al.

3.1 Event Generation

In ABEL, the beam bunches are described by ensembles of macro-particles. The number
of macro-particles is typically 103 to 105• The whole process is divided into time slices.
At each time step the bunches are further divided into longitudinal slices. The modifi­
cation of ABEL is that the pairs are created in the collision between the macro-particles
and the beamstrahlung photons in each longitudinal slice. There is no pair creation be­
tween the different slices; that is, the incoherent pair creation processes are "local" in the
longitudinal direction. Then, the created particles(e+ or e-) are tracked in the Coulomb
potential which is produced by the oncoming beam. As the transverse momenta of these
particles are affected by the kick in the tracking, the integrated cross-sections for the
processes in ABEL are given by (xo , Bo ) instead of (xt

O
, Bo ), and there are no integrations

over the beamstrahlung photon energy spectra for the BW and BH processes.

(13)

(14)

(
xo 1 )

Ymin = max "2(1 - co), "12 ' Co = cos Bo (15)

aLL (Xo, ( 0 ) = 0.64 a~~; ctf{(In ~ + 1){(In ~ + ~)( 1~~~ - In To)

+co{l+ln(l-c~)} }} (16)
l-c~ ,

where Yl, Y2 are the beamstrahlung photon epergies. For the virtual photon energy, we
use the distribution of Eq. (5). The energy of the outgoing particle is calculated by
Eq. (2) with Yl,Y2 satisfying the boundary conditions of Eq. (3). In. the above formulae
we assume that the energy of macro-particles is the nominal one although ABEL takes
account of their energy loss by beamstrahlung. This assumption is good enough for our
purpose and conservative from a point of view of background consideration since most
macro-particles lose only a few GeV and the total cross-sections depend on a logarithm
of beam energy (see Eqs. (19)-(21». The transverse momentum is calculated by the
energy and the final scattering angle after the kicks.

For the generation of collinear pairs, a minimum cut-off angle Bcut has to be introduced
to regulate the singularity which is mentioned in the previous section,i.e. B > Bcut .

The cut-off angle is a function of me/Ee = l/x"( and it depends on the processes of
BW,BH,LL as follows,
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. 1
(J~ut(x) ==/i-,X, i == BW,BH or LL (17)

where, fBW,fBH and fLL are patch factors to be determined by the normalization of their
total cross-sections. In addition to these cut-off angles, the energies of two photons must
fulfil the following threshold condition of an e+e- pair creation which is also ignored in
the zero electron mass approximation.

3.2 Justification of Our Method

1
Y1Y2> 2" ., (18)

The total cross-sections for the three processes are well known and are expressed below.

(19)

(20)

(21)

where L == In 472
, and aBH' aBW are already integrated over the beamstrahlung photon

energy spectrum of Eq. (6). <By comparing values calculated by the above equations and
those of the numerical integration of Eq. (1) over ,-1 < X < 1 with the cut-off angles
and the threshold conditions for the two photon energies, the patch factors are determined
to be,

fBW == 0.5, fBH == 0.92 and fLL == 0.7. (22)

The total cross-sections thus calculated are summarized in Tablel for JLC7 with
Ebeam == 500 GeV, for which A (the cross-section) is 1.11. In order to verify our
method, the energy(x) distributions for BH and LL are also compared with the known
formulae6 and the results are shown in Fig.l (a) and (b). As is clearly seen in these
figures, the agreement between the two is good for the energy region of interest( Ee > 5
MeV).
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(a) BH process

(b) LL process

0.5 1.0 1.5xl0-3

Scaled energy( X=Epair!Ebeam )

FIGURE 1: (a)Scaled energy (x) distributions of one of pair particles created in the BH process for JLC at
Ebeam = 500 GeV. The histogram is given by the known formula and plotted data are given by numerical
integration withiBH = 0.92; (b) same as (a) for LL process, where iLL = 0.7.
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TABLE 1: Totai cross-sections for the three incoherent processes at Ebeam =500 GeV in cm 2 .
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Process

BW
BH
LL

Calculations by
Eqs. (19)-(21)

1.9 X 10-27

2.7 X 10-25

5.6 X J 10-26

Our method
numerical integration of Eq. (1)

1.9 X 10-27

2.8 X 10-25

5.2 X 10-26

3.3 Geometric Reduction

The finite impact parameter of the interactions in these processes comes from the trans­
verse energy(qt) of the virtual photon. The distribution of Yt (:== qt 11me) is6

y 2dy 2

(23)

The integral of the above equation corresponds to the logarithmic term of Eq. (5), and
the range of its integration over Yt is from Y112 to 1/1. For a given equivalent photon
energy y, the dominant contribution to the integration comes from the region of small
transverse momentum Y

t
rv Y11. In ABEL every virtual photon has finite transverse

energy(Yt) according to Eq. (23). To account for this non-local nature of the virtual
photon interaction, we first calculate the probability of pair creation which is proportional
to the local intensities of the two beams (macro-particles or beamstrahlung photons) at
a point. Defining the impact parameter(p) as l/Yt 1me, we get the non-local intensities
of two beams separated by p from each other, where for the LL process p is actually a
sum of two impact parameters. Then the reduction factor can be obtained by the ratio
of "non-local" intensities divided by the "local"ones. If the separation is far beyond the
beam (transverse) size, the pair creations will be suppressed strongly.t

ABEL creates the pairs at the position separated by p from the beam position and even
outside the beam size. For analytic calculations, this geometric reduction can be taken
into account by limiting the integration region of Yt (1/ay1rne < Y

t
< 111) in Eq. (23),

where a y is a transverse beam size at a collision point.8

3.4 Effect of the Strong External Fi~ld

Since the e± pairs are created in the external field of the oncoming beam, which is a
magnetic field of 0(103) tesla at a TeV linear collider(JLC), cross-sections involving
~irtual photons, aLL and aSH' are affected and eventually suppressed by the magnetic
field. 11 This effect is well explained by a radiation angle of a virtual photon in a magnetic
field ()H = 1/1(we lw)I/3, which is compared with the angle in free space () = 1/1, where
wand We are the energy of the photon and a critical energy of a synchrotron radiation

t This geometric reduction effect was first observed at Novosibirsk,9 and subsequently developed theoret­
ically by several authors.8,10
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FIGURE 2: Comparison between the analytic calculation and the ABEL.

in the magnetic field, respectively. Requiring an inequality of () > (}H, the transverse
energy of a virtual photon Wt has a lower bound given by

W We 1/3
Wt > W(}H = - ( - )

'Y W
or Y(Y)I/3Yt> - - .

'Y Y
(24)

Thus the external magnetic field increases the minimal transverse energy transfer. This
effect appears as a suppression of the pair creations with large impact parameters similar
to geometric reduction. In ABEL the virtual photon participating in pair creation is
required to fulfil the above condition (Eq. (24)).

4 NUMERICAL COMPARISON

For the numerical comparison between the analytic calculation and the ABEL, we esti­
mate the yields from a 1 TeV linear collider, JLC,7 where'Y = 106 ,ax /ay = 372/3.1
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FIGURE 3: The ABEL simulation results with the various effects of (a)-(d) which are explained in the text.
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nm, (J"z == 112.8 /-lm, < Y> == 0.43 , luminosity L == 8 x 1031/cm2
/ bunch train (20

bunches per train) and 150 Hz RF pulse rate. Figure 2 shows the yields per bunch
crossing calculated by the cross-sections of Eqs. (10),(11) and (12) and their sum as a
function of P~ == 1meXtO at 0 > 0.15 together with the results of the ABEL which are
plotted with error bars. Major detectors for an experiment are required to be located in
this angular region. The yields of the analytic calculations are already multiplied by 2
for e+ and e-. In this figure the effects of the kick, the non-local interaction and the
external field in ABEL are switched off just for comparison. The agreement for all three
processes is very good.

In addition to the large inherent angles of the pair creations, ABEL implements the
kick, the geometric reduction and the external field effect as described in the previous
section. To see these individual effects in detail, we simulated the pairs under the four
kinds of conditions, that is (a) only the kick is taken into account; (b) the kick and the
external field effect are considered; (c) and (d) include all effects, where (a), (b) and
(c) have no angular constraints except for Eq. (17); and (d) requires the minimal angle
00 == 0.1 of the pair creation. The results are shown in Fig.3, where the total yields
summed over the three processes are plotted in the same way as in Fig.2 , together with
the total yield calculated by the analytic fonnulae which is drawn by a solid line. The
geometric reduction rate is 70% at P~ == 5 MeV and it decreases gradually to 40% at
P~> 25 MeV. There is also 40-20% reduction due to the external field effect. However
the latter reduction is mostly included in the fonner one, since these two reductions are
due to essentially the same effect on the transverse energy transfer, and the geometric one
is dominant in the present case of a very small beam spot size. By comparing (c) with
(d) in Fig.3, a huge number of pairs for pta < 20 MeV comes from the pairs created at a
very forward angle (0 << 0.1), a major part of whose transverse momenta are acquired
by the kick. A sharp shoulder seen at about P~ == 20 MeV corresponds to the maximum
kick angle of these pairs at 0 > 0.15. Beyond this shoulder (p~ > 20 MeV), the effect
of the kick is small and the analytic calculation with the geometric reduction8 is a good
approximation of the ABEL result.
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