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1. Introduction

In the last decade the ideas of Migdal and Polyakovl)on one
hand and Kadanoffs2) 3)
lization group approach and the Wilson—Fischer’E—expansionuz These two

work on the other hand led to Wilsons-‘ renorma-
steps renewed the interest of many physicists in critical phenomena

and second order phase transitionsS. The origin of the methods which
contributed so much to the understanding of the statistical mechanics

of phase transitions is quantum field theory, which on the other

hand benefited a lot from the applications to phase transitions. Many

of the relevant new ideas in the area of quantum field theory and the
theory of phase transitions developed parallel in the two fields so the
ideas of scaling of operator product expansions etc. The aim of the
present lectures is a discussion of critical behaviour directly in re-
normalized field theory. But first I will briefly discuss some characte-
ristic properties of second order phase transitions and give a heuristic
understanding how the relation between quantum field theory and statisti-
cal mechanics near criticality comes about.

We will then turn to renormalized quantum field theory in L4- & dimensiocns,
calculate critical indices, and introduce a (pre - ) scaling parametri~
zation which will turn out to be most appropriate for a discussion of

the scaling behaviour. We then investigate the structure of corrections

to scaling for the thermodynamical quantities and the correlation
functions.

2) 5)

2. Critical Phenomena

a. The thermodynamic guantities

We first introduce the relevant thermodynamic quantities for the
study of second order phase transitions. For definiteness we start from

a ferromagnetic Lenz-Ising system.
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On a D dimensional lattice Ga in configuration space, with lattice
spacing a, there is associated a discrete classical spin Gz = + 1
to each lattice point M (labeled by integers). The spins interact
with its nearest neighbours (n.n.) only. Parallel spins are attractive
with energy -K, a spin parallel to an external magnetic field H has
energy -H; for antiparallel spins the energy is K and H. Accordingly
the Lenz-Ising Hamiltonian reads

H=-K & onem - B L e 2. 1)

For a finite system with N spins we obtain in the usual way thermodyna-

mical quantities from the partition function
A
%M= Jg expCp 30 S xT (2.2)
For the free energy density

A S

the spin correlation functions
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' (2.4)
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and the energy correlation functions

cEx >= 2, I E e/

con.
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we will always take the thermodynamic limit N->e=,

From the free energy density f we define the thermodynamical quantities

(k = B K; h =/ H):
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M =25 - <ea>=<c.”

magnetization density

E = g’% = <L Ezxy=<Eor

energy density

LV comn
X Y ;;Z <Q7\‘ So” susceptibility (2.5)
= Z [ <epc,> —Gr ><Co>
( = - s Z <Ep E, >*m specific heat.

="o8 T %
T b<Ez £.>- <E¥<ET]

==

Here we have taken into account translation invariance.

b) Second order phase transitions

The 2nd order phase transitions are related to the spin fluctu-
ations in the system. For large distances the spin correlations away
from the critical point show the Ornstein-Zernicke exponential fall
off

- \?l/g
<CxGo¥ = ST i X =~ma (2.6)
iXi>a

This relation defines the correlation length £ (the most important
parameter in the study of 2. order phase transitions).
The phase diagram for a ferromagnetic system is depicted in Fig. 1

M 1

Fig. 1

For H # 0 all T and H = 0, T > TC the thermodynamic functions are
analytic functions of T and H due to finite & , which means that the
physics actually takes place in a finite box of size L R § .
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For H=0,T < Tc the spins are aligned and a spontaneous magne-

tization
<s >=1%1 M(T)

occurs. The state is not longer uniquely defined as a function of T. A
first order phase-transition takes place as H changes sign and the
system jumps from M to -M. As T—> Tc from below the first order tran-
sition disappears. This is the critical point of a second order phase
transition. It is necessarily a point of non analytiecity as M(H,T) = O
for T > Tc and # 0 for T < Tc'

What happens is that for H = 0, T < Tc there is a net magnetization,
in the z direction say, and clusters of spins pointing in the wrong
direction of maximal size £ (with a clustering down to microscopic
scale). To turn the spins it costs energy and therefore macroscopically
the system is in a stable state.

As §—o== (T —> Tc’ T < Tc) criticality is approached; the difference
in magnetization approaches zero and together with it the energy cost
per area of producing a region of wrong phase. This is the region of
large scale weak fluctuations in magnetization. The physics is then no
longer determined by what's happening in a finite box. We are faced
with a system of infinitly many degrees of freedom. With the critical
behaviour there are associated characteristic singularities which are
caused by correlations over infinite distances in space i.e. the funda-
mental reason is the divergence of § at the critical point

~V ’ T"T{

at Heo as - F= O

<

£ oot

The correlation functions then behave as

com .r't.‘.

= 2ds
lX[ (2.8>
IX[— ==

LG Go 7 —

con ct.

<Eg o2 = T2

causing divergent thermodynamic quantities (infinite sums over the
densities). The singularities may be parametrized by power laws as
calculations from the Lenz-Ising model and the mean field theory
(qualitatively correct picture) as well as experiments confirm. The

exponents are the critical indices defined by:
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¢. The Kadanoff picture of critical behaviourz)

What is an appropriate theory of critical phenomena? Kadanoff
had the idea that the critical system can be reduced to the consideration
of the physics contained in a finite box. Kadanoff's block spin picture
can be roughly described as follows: The microscopic theory is described
by cells of size a® As T = T, (i.e. §> a) a coarser division of
the system into cells should give a good approximation to the macrosco-
pic properties of the system. Hence one obtaines a new description of
the system by forming block spins i.e. cells of size LD (a <L=<< % );
within these cells the spins are strongly correlated and behave essen-
tially as one big spin with nearest neighbour interaction.

By forming the big spin

g, = G-
i f;ez: < (2.10)

one actually averages out the non relevant degrees of freedom."Renorma-

lizing" the big spins to + 1 one gets an equivalent description of the
system

H, = fH, = -4 L, Gacn - 4 267

i mEGg
by the Hamiltonian
hL/LéﬂJ(L:-Z,Z;,@:?;: —ZZ@: i me G, (2.11)
with 4 = [L/Q)jé ana A = (L/Q)X‘A (2.12)
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For exactly aligned spins in each cell
y = f{°=:/)*4 and X = Xo =D (2.13)

The crucial point is that the spins are not exactly lined up due to
fluctuations down to microscopic scale and therefore the coefficients

x and y have not the values (2.13), they merely have to be considered as
unknown parameters*. It will be one of the main goals of a theory of
critical phenomena to explain and calculate these indices. In a precise
formulation of the block spin picture the "average" (2.10) has to be
done actually in the partition function. This will be discussed in
detail by Wegner in his lectures. The transformation

#‘7’4'_“> ﬂ/L'/L = 7—[/a HQ (2.14)

is called a renormalization group (RG) transformationB). It has the
semigroup property.

For % 3> L > a we expect the physics described by }fL to be essen-
tially unchanged

/IL'/L = #"/a

At the critical point the physics is expected to be independent of the
cell size such that
(o) (o)

/{Lf[ - - H* L as H=0, T=Tc

(2.15)

i. e. we have a fixed point of the above transformation TL/a'

d. Fixed point properties3>6)

As the system deviates from criticality §'# < the Hamiltonian
may be viewed as consisting of a critical part #H* and a remainder

H= H*‘f' J/’L—/

| = - % Z%Gm-&'ﬂc)/l@@z ~-h TG - H 2;_%14. .
(2.16)

*(Note that the homogeneous Ansatz (2.12) is assumed to make sense only
near criticality.)
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with k - kc proportional to the reduced temperatur t. Hence hi are
the parameters ("fields") which describe the deviation from criticality

and the Oi's are the conjugate operators. For infinitesimal

SH = I 4: &

and the Oi’s choosen (if possible) diagonal under TL/a it follows:

7.0 =)0

2] “

4 —_ (2.17)
SHI, = Ty §#, = ;4‘.(%/ & -Th o

According to whether hi —> Fﬁi is increasing or decreasing the eigen-
operators (and the conjugate fields) are classified:

{c >o relevant
Yo < 0 irrelevant (2.18)
Yo =0 marginal

If the relevant fields are zero we call H = W“m critical.
We have

. (o) >

/L/q #/ —> ; L = o= (2.19)

under suitable behaviour of the marginal fields. As we will see in our
field theoretical treatment the marginal operators alone determine the
fixed point (if any) properties of H

When (2.17) can be realized globally (¥L) by a suitable choice of the

parametrization of non marginal fields we call this a parametrization

in terms of global scaling fields. These fields have been introduced by
Wegner

e. Scalingz)

What follows from this intuitive block spin picture for the thermodynamic
properties in the critical region?

As a cell of size L contains (%)D spins it follows in view of (2.10-12)
that as we increase the cell size from a to L:



D
 — £&,5) =) £i¢,4)
Hence E
~ - - - x
&Y —» <Ty=<e>(t k)=,:§j{: =(%) ,39—,{ = (%) <s>t,t )

(2.20)

J-y D-y
<E> > <E»=<E>th)= 1“( ) %g(%) <E>(¢4h)

Thus we are able to express the functions <G > ,< £ > etec. we are
interested in through functions <& > ,< £ > etc. referring to a
system with a reduced number of degrees of freedom.

with 2 = Hq

D
<& (th)= % <c>(x3t % h)

In order the cell size L to cancel the function on the r.h.s. can only
. . - X,

depend on the invariant product : h1tl ’y hence (set s é[t/=7 or

a X hi1=7)

(2-x) -
<E (b h ) st B8 o hitr™)

(- -
= sopmth TR P e ()

(2.21)

(with %;(0), 1(5(0) finite) where we used in addition the symmetry

properties of the system.

Similarly
<s6 >t h) = 2“'))<GG>(3¢ Kl 28t e h)
_uPE e (uxut/’ 4ot )
~ ¥ o (2 WY sk XY ) (2.22)
CEE>(RILE A= Y V<EES (o m, a7t R )

b P X
= 32 g (e R, AR
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The functions Y. and .. are expected to be finite at zero: and
integrable (summable) on R‘D such that at the critical point the be-
haviour (2.8) for the spin and energy correlation can be read off i.e.

X= D-ds . y=D-dg (2.23)

Similarly we get for the thermodynamical quantities:

D- - X
o<=2—D/*j.(/5= :j" -’ J/=Qf4—i);<f=p_x (2.24)

From the comparison of the Ornstein-Zernicke form (2.6) and (2.22)
we have

V= 1y (2.25)

As all critical indices are related to x and y we have the following
scaling relations among them:
! / {
a:d . =X ' V:V
4 ! (2.26)
p(dea) =2p 4y = 2=

To summarize the Kadanoff scaling picture leads to the following results:

(1) Second order phase transitions are described by homogeneous
functions. More refined arguments show that at the critical
point physics is governed by a scale invariant theory
(powerlaws, in exceptional cases also logarithms).

(2) The scaling assumption relates all critical indices to
two independent coefficients determined from the knowledge
of the spin and the energy twopoint functions.

f. Kadanoff Universality2>7)

Our discussion makes plausible, and it is supported by experiments
and from model calculations, that the critical behaviour of systems with

short range forces is independent on the

* (as they refer to a system with a finite number of degrees of free-
dom by the elimination process)
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a) lattice structure and the discretness
b) details of interactions.

Accordingly one expects universality classes of critical theories with
identical critical properties. Within an universality class one can
perform transformations on the physical parameters such that different
systems are described by the same functions. It is well known that e.g.
the ferromagnetic transitions and the liquid-gas transitions have the
same critical indices.
On the other hand it is found that critical behaviour is differentiated
by
a) the dimension of the system;
as Wilson pointed out critical indices seem to depend analy-
tically on D as D < U (This suggested the Wilson-Fisher
£-expansion)
b) Symmetry of the system;
e.g. Lenz~Ising, Heisenberg, Spherical model.
c) ev. other unknown parameters.

This closes our phenomenological discussion of critical phenomena.
What has to be done is to make Kadanoff's ideas quantitative. In
particular one has to explain the scaling and universality properties
and to calculate the critical indices. It was the main benefit from
Wilson's RG approach relating Kadanoff's picture to field theory and
the € -expansion and the 1/n - expansion that one has approximate
solutions for a considerable range of universality classes which also
cover many systems realized in naturez>. In the next section we will

discuss how field theory is related to statistical mechanics.

3. THe Lenz-Ising System and Euclidean Field Theory

a. The Lenz-Ising system

Migdal, Polyakov and in most powerful manner Wilson used the
Kadanoff ideas in order to relate the lattice systems of classical
statistical mechanics to euclidean field theory by disgarding details
(short range fluctuations) such that one stays in the original univer-
sality class, i. e. not changing the critical behaviour. We briefly
discuss Wilsons instructive argumentation to manufacture a field theory

which is in the universality class of the L. I. modelz).
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Let us consider a lattice system of classical spins @4 , with spin

distribution ©C&4 ) . The generating functional for the spin
correlation functions is

é? 43 j== C: Jﬂ?_OICkI g,(G%) c fde ke +J&

(3.1)
-drey + Je
—CJ;/_OIG&. e
m
$"A17)
= < Gam, - o« Gx > (3.2)
§ Ix S Jx =0 ~
with GKG;%MRKQWLE and 36:%—35‘\6}?\
C serves to normalize Z to Z kol = 1. For the ferromagnetic Lenz-
Ising model Kﬁ'ﬁ =< o ; Kﬁ'ﬁ =03 Kea = Kﬁ =
® <o for [ml =
with l’(ﬁt - (3.3)
o otherwise
i.e. in Fourierspace
~ —-J)/ _,_'éhq'{ )
Kegl=(2m) * Z kz e -24& L o g (3.4)
The spin values are fixed to G = + 1 with
. . wy uo(ékﬁ.A‘)
€cx )= S(op-a)= Lm g (3.5)

The approximate Lenz-Ising model we are interested in we obtain for

finite uo(uo > 1); the L.I. system will be recovered as U, —> o=

The bilinear part of #rs] then reads

+

K, - 4 S\Tdaq (’é—”ca>l2C;A(a) (3.6)

with "propagator"
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Go(g) - A -0
“2Up -2k 2 cooq,

The "interaction" part is:

H,o= H-H, = w, Z (3t (3.8)

L

The generating functional (3.1) may then be written in the form

— ~¥;L[e] Y s3]
713y=¢ JTdey &2 g0 e
3L S ] (3.1")
A - T
= e Tz hy

with

the free generating functional.
A formal power expansion in Uy gives rise to a Feynman graph expansion
for the correlation functions (3.2):

) S
PRVE _—
<G, .. Gs »=LE F T ae =
Mo 3 SR % SRR =
! (3.2")
¢ . ~¥, e
XCRA...G;M G‘;;“-‘A. ..G';:j P4
This expression equals by (3.1') and (3.2) to the sum over all total
contractions of pairs of @ 's in &7 .. . et
A "

The Feynman-rules are:

' \ m ™

Contractions: S Crm =G . (m-m) -
° . o——0o

3l

3!.":
N
X

vertices: J &
=

As we will see under the RG-transformation U, transforms in analogy

to (2.12) to small effective couplings and perturbation theory becomes
applicable near criticality. (In renormalized field theory the re-
normalized coupling will turn out to be small whereas the bare
coupling u, = <= as A -> o~ )
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q.
For small momenta p; = 53 we observe that

Goc—é):dz‘%:‘\ -14

prtm?

with  gmi=-2a (u, &'+ D ) (3.9)

is apart from a factor, which is eliminated by rescaling the field
G = %- avh @ an euclidean scalar propagator i.e. in the long
range region

Gi = & (%) (3.92)

behaves as a continuous euclidean scalar field. The energy density (2.4)
in a similar way

A-‘ e/ A 4'/\ 2
E&‘ = % GCi o3 —> £XX)= /2-129,;6&‘)96“(;) - 1, 62(?}}
mon. (3.9p)
behaves as a field.
If one change according to Wilson (3.6) to
= A .
¥y % de/G(p)/(P +m-) (3.10)

lBl<n
one expects not to change the critical behaviour as the small momentum
behaviour (long range) is kept exactly. The rotational invariant cut-off
here represents a substitute for the lattice cut-off a_l. The difficulty
is that the classical functional (3.1) with the replaced 3, is illde-
fined and %‘ (X) has to be replaced by a box field
W) _ - C<PpX o~ o 2 =

P (%) Ll;,le«\e $lp), p=T m

For the correlation functions the "thermodynamic limit" L —®e= may then

be carried out:
- — . (L) @)
< X)L )DCXM)>=L{um <@pix) .. PRy >
S

We prefer however to construct directly an euclidean cut-off field
theory with Jep of the form (3.10) aveiding the difficulty of the

functional formulation.
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b. Euclidean Field Theory8)

An euclidean cut-off theory may be constructed as follows:
Let A(k) and A+(k) be annihilation and creation operators subject

to the commutation relations

L A), Aa1]=LAT4), Ac4) T =0 (3.11)

! @ i

[ach), Afs)] = 804 -4

From the cyclic euclidean free vacuum | §5:>
Ath) | &> =0 (12

we generate the euclidean Fock-space

=4 P4ats1E %] (3.13)

Then the free field
Aocxy=gai [ L J RN e § G
K)=Qm) " ) T 1€ <
leads to the propagator (3.10)

Colx-g)= K[ Aoy Aty | &7, (3.15)

The commuting fields Ao(x) generate from the euclidean vacuum a cut-off
Hilbert-space &;V‘ < Iy . In order to obtain a complete set of ope-

rators one introduces the canonical conjugate field

[IATIEE /c/ 44 {@ A*(ﬁ)~4,c.f (3.16)

/'#.l</\

with [7’_‘;()(), /40(3)]=-A‘C‘1(X’y)/' [7/;('”; E(J)j':o (3.17)

Contrary to the relativistic case (non commuting fields) the euclidean
generators of symmetry transformations cannot be represented in terms of
the now commuting A's e. g. the euclidean Hamiltonian, generating time
translations in I p s
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) —_ Y
jdjx S Lex) Qe Aolx) " (3.18)

NA

- -

In the interacting case, with GG;[AOT an integral over a local polyno-
mial in AO, the euclidean Green functions

3 4]

Sel Ay A0 = SE [ Autn).. Al e ’ | &, (3:19)

are identical with the probabilistic correlation functions (3.2) for
r _ ) &
LA ] = w, ]&’X-‘ Ao tx) (3.20)
There are some peculiar features to euclidean fields: Due to
Y — \
Cldh e A R) VAYmE =< o)t (A + m?) A (x) (3.21)

there exist short range fields as

Yx)= (—a +m* ) A (x) (3.22)
with
f<_‘22/ %, (x) /40(2/)/5_54>E = cg/‘ (X—j) (3.23)
In the relativistic case of course ¥ (x) = o. The set of euclidean

local fields therefore consists of the usual Wick ordered fields
n
v A, (x)
and short range composite fields like

Avcx) ¥, (x) s
This situation of course persists in the interacting case. We believe
that the so called "redundant" operators introduced by Wegner are re=-
lated to the short range fields discussed here.

A further serious difference is the following: After renormalization
relativistic composite fields remain in the class of operator=-valued
distribution as A -> . This is not true for euclidean composite
fields as e. g. in D = 4

| Ac 4018 2% ) — = (n—==) (3.21)
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i.e. : Ag(x): can ohly have a meaning as a bilinear form and does not
exist as an operator. For non-overlapping test-functions fl""’fn
composite correlation functions however exist in the limit A — o~ :

§§°/A;A({,)_ o ALNEn) ] Bo>, —>  tinite  (3.25)

in D = 2 dimensions: Ag Al exists for A 2o , for D = 3 only

Ai,: and Ay in D = 4 énly Al exists as an operator in the limit
This situation is a handicap for the Kadanoff-Wilson operator product
expansion. Either one has to consider it as a statement on correlation
functions only or one has to go to the relativistic theory.
The only thing we should learn from the above discussion is that the
L. I. model and the Au—field theory are likely to belong to the same

universality class.

y. Construction of Critical Theories

In the construction of critical theories there are two different
possibilities. The more ambitious one is to study critical behaviour
and deviations from it directly within the global physical theory (e.g.
for certain physical systems the Lenz-Ising model in D = 3 dimensions).
In this case also non universal properties of the system may be calcu-
lated. Recent progress in this approach has been made by Nauenberg and

D)

Nienhuis for the LI system.

The other attempt in the spirit of Kadanoff, is to take care only
of the universal properties i.e. to construct critical theories lying
in a particular universality class where one hopes to find a single
scale invariant (and hence conformal invariant)lo) theory. The most
reasonable approach in constructing critical theories therefore seems
to be the direct construction of conformal invariant theories and to
determine the spectrum of e. g. anomalous dimensions of conformal theo-
ries (classification of critical theories). This actually was the first
attempt in the construction of critical theories by Polyakovl) in his
1)) Mack!?)

and others. This ambitious program unfortunately did not yet succeed

bootstrap approach as developed further by Parisi-Peliti

but we believe that this is the way to construct non trivial critical

theories beyond the present approximation schemes.

It was Wilson who succeeded first in the construction of nontri=-
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vial critical theories by his RG approach. A quantitative realization
of Kadanoff's idea of eliminating irrelevant degrees of freedom (i.e.
the-short range fluctuations) for the Au cut-off theory in functional
form (3.1) led him to a study of the RG transformation

—-A‘CI-& comel. — W) -3L ‘{’(L )_-]
e = J“ dL¢"'] e @ (f(sL}

—
o E<ipr<a L

with o= S /2 . In this procedure all internal lines in Feynman
diagrams are integrated out over the short range part §‘A-</P/'< /]
giving rise to new effective mass and coupling (renormalized) and

new (nonrenormalizable) vertices which however should be irrelevant

in the critical region. The external lines have momenta restricted to
lpl < A 8" . In an approximate form Wilson was able to determine fix-

ed points of the transformation fromcomputer calculations. Under further
approximation using perturbation theory in & = 4-D dimensions analytic
calculations for nontrivial fixed points have been done by Wilson and

%)

According to our philosophy only the universal scaling properties of

Fisher and Wegner and Houghtonu) and others.

models (which differ from the global physical model) can be taken
seriously. These models have to be choosen within one universality class
from the point of view of simplicity and computability. Concerning the
universality class of the L.I. system we presented the arguments which
suggest that Au—field theory models are in the same class and we are
faced simply with the problem of constructing scale invariant Au models.
As the direct conformal construction was not yet successfull the next
step would be to use renormalized perturbation theory. This is what we
will do in the following. We will eliminate the cut-off /1 in the
euclidean Au—model from the beginning and use renormalized field
theorle) for the study of scale invariant theories by looking at the
fixed point properties of the dilatation Ward-identity (Callan-Symanzik
equation).

We will go one step further and consider the relativistic local
Au—theory avolding thereby the peculiarities of euclidean theories
mentioned in the last section. In doing so we refer to the equivalence

8)

time ordered relativistic Green functions in D space-time dimensions

x = (x°, xl,...,xD-l) are analytic in x° and are identical with the

statement of Osterwalder and Schrader ‘. By the spectrum condition the

euclidean Green functions for

xf=x?, X real
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Criteria on the validity of the Landau mean field approximation as con-
firmed by model calculations show that the critical theory is a free
field theory in D 2> 4 dimensions and critical indices are likely to
depend analytically on D below D = 4, This suggested Wilson and Fisheru)
to compute critical theories starting from D = 4 by analytic continuation
in 1 »> & = D-420 (perturbation around free theory: £ -expansion). Low
order & calculations are in remarkable agreement with LI-calculations
and experiments for € = 1 and even for ¢ = 2 (see Tab. 2). In our
approach we will use the £ - expansion for the construction of critical

theories. A direct approach to critical theories in D = 3 and D = 2

14) 14)

was given by Parisi ; see also the investigations of Symanzik and

Schroer29).
To summarize: What we will do in our further discussion within the
framework of renormalized perturbation theory, is to
a) construct a long range scale invariant theory
b) calculate critical indices and prove the relations among
them
¢) formulate field theoretical Kadanoff scale transformations

d) calculate corrections to scaling

5. Renormalized Perturbation Theory and £ ~Expansion

a. Parametrizations of Green Functions

We briefly discuss renormalized quantum field theory as used in
our further considerations. We start from a Lagrangian cut-off A

theory with ( 2£..=-d;)

Lol +S e = 2 (04) - 5 A

R

° ¢
; A (5.1)

£

5]

The correlation functions (time ordered Green functions) are obtained
as a formal power series expansion (Feynman graph expansion) in e

from the Gell-Mann-Low formula16)

4 '-/L/ ol <'j,2‘:\,:)dx —_ (5.2)
ST T AP =<8 AT T Atk € 13,5
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| §.:> denotes the free Fock vacuum; A<02x) is the free scalar field
of mass m_ and Lkt = Loua (A . ® denotes the omission of vacuum
diagrams i.e. the division by <(§,\2LSJ%“‘dx | 80>,
The generating functional for the disconnected Green functions (parti-
tion functional) is
éj(.x‘iot)*JCx)A(:L))dx
Z{Jr=<§lole /§¢9>® (5.3)

The generating functional of the connected Green functions (Gibbs po-
tential, free entalpy functional) is given by G414 = €m Z47§

w) v <o v 87641 =

G O Xo ) = <TZ.T, AlCKe) 2 =(<) c%—iﬁ—j(&/) —céfn_
T=0

The parametrization in terms of the bare parameters 4, and m is not
convenient for the purpose of statistical mechanics. At criticality not
the bare mass m, but the renormalized mass m( § = m_1 correlation length)
defined by the momentum space location of the propagator pole has to
vanish (see (2.6) respectively (2.8)).
Like in particle physics it is therefore much more convenient to use a
parametrization in terms of renormalized %Bantééies. To this end a multi-
plicative renormalization of fields A—> A=X " A and subtractions
(by adding appropriate counterterms to the bare Lagrangian (5.1)) are
performed to the correlation functions in such a way that certain norma-
lization conditions (defining the physical interpretation of the new

parameters) are satisfied.

The re-normalization (re-parametrization) is most conveniently
done for the vertex functions, the Legendre-transforms (with respect to
the source J(x)) of the connected Green functions. The generating

)17)

functional (Helmholz potential, free energy functional reads:

[hud = GoIy-<[ttan Joo dx (5.5)

$6415

with =z - 4L
Kx) S Jx)

The vertex functions

wi 5”/ﬁ{kj
[ - -/ @ (5.6)
(X//,.-, XA/) J[((x,)v--JK(Ky] (JA’D‘O / .

K=o R X”
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are represented by a sum over the proper i.e. the connected one-particle
irreducible (i.e. connected after cutting a single line) amputated
(i.e. no external legs) diagrams and

(e 2t ¢~/
/7 =-46 ] (5.7)

The G(N)’s which are then trees in the/’ (N)'s (no extra loops!) are
given by the inverse Legendre transformation. The renormalization problem
is completly solved by the renormalization of the /7<N)'s. The Fourier

N)

transforms of ! may be written as:

) _ ~ ~ prep
[ Cpron ) = <TAC Acpur. . Alpw) > (5.8)

We now consider the different parametrizations of the correlation
functions. The parametrization standard in particle physics (mass shell
normalization) is defined through the normalization conditions (see

e.g. 18) 19)):
[’(l) = 0
/F‘:m‘
a/_'IL) B L
QPI P"smz— (5.9)

~-ig m’ with spwts popr= $(3de 1)’

l;.p. wl
This parametrization is not suitable to our aim of constructing a

critical theory £ -1 m = O (zero mass theory) as the Green functions
are not continuous at m = O (diverging residue of the propagator pole).

A parametrization with a continuous zero mass limit was given by Gell-

Mann and Low16) 20)
=ty
/7 !P‘L:"I;’ll - 0
) . 9/:_(2) .
/7 = —out or 5 pt =«
Iy 4 (or 55 {f’L’f‘ ) (5.10)
2 (¢) o~
l&p.yﬁ‘ i ~

Here the critical theory is obtained for 3 "1, T = 0 where the/ 's
exist (finite residue of the propagator pole).

There is an other parametrization (soft or pre-scaling parametrization)
21y,

which will be most adequate for our purpose. It is defined by
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A (L)
o 7 ©
J&
_,(L) _— ,D/:fl(t)
/ . = (or Tf’l =< )
Pi-p Pt (5.11)
=9 w0
ey
/_7 _—_——c‘/‘ £
IsP /( 9/
imt= o0
and aﬂu.) .
KA — = <
2m* |pse
/l{ﬂ‘z‘ T

This parametrization will be used in the following. The properties we
will discuss in section 8. We only mention here that the critical theory
again is obtained for = o (however now ™ # 5'-4 ) where the ﬁ‘ 's
exist. Equivalent parametrizations have been discussed in Ref. 22) and 23)
in a different context in Ref. 24). We will see that ?nz = t is a para-
meter proportional to the reduced: temperatur (7-7e)/Tc¢ in the critical
region. t will simply be called temperature in the following. All the
parametrizations mentioned above have a limit A -2 == and we are

dealing hence with a renormalized local quantum field theory.

Also our model is superrenormalizable in D = 4-¢ ( £>0) dimensions we
will keep the normalization conditions as for D = 4 in order to have a
continuous transition £ ® e where the critical theory will turn out
to be mean field (free theory).

b. Composite fields

For the study of energy fluctuations (2.8), (3.9b) we will also
need correlation functions involving composite fields Oi(x)
local monomial in A and derivatives of A. Composite correlation functions

are defined from a corresponding Gell-Mann-Low formula

(o)

—k o, J[n:t 0/)( —_
<T T Ocy,) // Aw) 7 = <¢IT n @(g) {l A((’x/e [$g  (5.12)
J:I
o]
with O, (x)  the monomical G i in terms of free fields.

The generating functional is

co)

- LJ(-Z..: *]{x}ACx)fﬁ (x) Oicxr dx -
Zi3h:1-<&le [ & 7 (5.13)
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The connected correlation functions are generated by G{T 4. Joln 24141?

— — connt Wen (g“'csﬁ’ G )13 'ﬁ.ﬁ
T 64 OIT A > =¢O !
J ‘1 ) k A Xk > CS lt“‘!,)...;‘h‘.(gu)‘f]‘“)_ - cg](’(”)

(5.14)
3-‘\.;:0

x4.-. N
The Legendre transform (5.5) of G iJ, hiﬂ with respect to J generates
the composite vertex functions

k) "SI 4K e

(Key ooy Xy Yoy S =
Y i Shct ). Sty )SUeny. . SUexy) |k.k-=(c5>'15)

34 %

X, xIV

where proper (prop) graphs are connected and one-particle irreducible
with respect to all cuts not separating y-vertices. The Fourier trans-
forms may be written as

— /A/,K) ~ ~ [ ~ p*oe
L e i@ ) = ST A A A Q). G (90 >

(5.16)

~ e
= <TA(p). ,.Z(P//I Q~(a}§(qz)..,@[7«)> "
The composite fields have to be normalized according to the assigned
physical interpretation. Composite fields which have an interpretation
directly in the critical theory must be renormalized such that the limit

A —> o~ as well as M (or M or m)—> o is finite for D £ 4. Correspon-
ding composite fields (normal products) are denoted by

NGy

Note that composite fields need apart from multiplicative renormalization

O.cg)—> /\//‘[ G- Jg)= £ Q"(;’} (5.17)
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also additive renormalizations (depending on K and N)
“ A
VL GIy) .. NECGIY) Acx)... ACxw)  — local distribution(5.18)

Examples will be given in section 6.

For statistical mechanics the euclidean correlation functions are

obtained by analytic continuation in x® to euclidean points:

ST GG TT AR 7 [en i = < QUG ) TTAR) 2, (5.19)

x®veat

For structural investigations and proofs of the existence of various
limits to all orders of perturbation theory one most conveniently uses
the BogoliubvvParasiuk-Hepp-Zimmermann (BPHZ)-renormalization

scheme26> 27). In this approach the correlation functions ((5.2),(5.12))
are defined directly by a finite part prescription to the Feynman
integrands avoiding a cut-off or other regularizations. For technical
details we refer to Ref. 21).

c. €-Expansion

The continuation of a scalar field theory from D integer to non-
integer dimensions is possible only via the continuation of Feynman

integrals.

Let

L2 @)
CS({’)"%'Q ho ) sabtr } (5.20)

= /
1(ij'm/£) j”c/%a{vizou+a1/,,
be a Feynman integrand in momentum space to a connected Feynman-diagram
with < internal lines and n vertices. D denotes the number of space-
time (with metric (+,(D-1)~) dimensions. P; is the external momentum

at vertex J and

+1 for a line ending at vertex j

i}q = -1 for a line originating at vertex j
o otherwise

The Schwinger-parametric representation of (5.20) (which is defined
for D = integer) is obtained with



o1 Y D> «tX (5.21)
dc4) =<z§)9_£c/xe

The four momentum integrals are then all of the Gaussian type

» <ach®2bph) 2 labt
/o/ﬁe F =(r.5) Zéca P (5.22)

and lead to (see e. g. 25))

2
L v D)
Lipy,m,s)=+< (-7 (TR ) x
4 ot (5.23)
< - Zex, ( mg-<0) | AP dej py
X ’/c/tx,...a/ql e /_QW_ — Subty terms

Here L is the number of loops of the graph,
P is a homogeneous polynomial in the &X's of degree L

AL . . . '
d i s MJ /_’p with Nij a homogeneous polynomial in theX 's
of degree L + 1.

The representation (5.23) may now be analytically continued to
complex D. I(pj, my, £) is for m > o a meromorphic function in D with
poles at some negative rational & = 4-D. Hence I(pj, m, &) has a
power expansion in € for € 2 o. In this way the correlation functions

are obtained as double (formal) power series in g and &

For a treatment of field theory in D = 4- £ dimensions not using the

¢-expansion see Parisi and Symanziklu).
Footnote:

For m = o there are infrared poles at some positive rational values of

£ in the region £.>£ s m the perturbation theoretic order of I(pj,o, ).
Due to these IR divergences the Green functions to all orders in g do
not exist at m = o in 4-¢ ( € > o) dimensions in an usual perturbation
theory. Symanzikiu) has given a new expansion exhibiting terms non

analytic in g which is free of the IR singularities.
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6. Critical Theory (Preasymptotic Zero-Mass Theory)

We will first construct the critical theory in order to under-
stand and calculate the behaviour (2.8) field theoretically

comdst.

<AX) A7, = —5 29, (6.1a)

const.

S AVR) ATCe) 7 = EETs (6.1b)

To this end we have to look for a scale invariant (for long distances)
Au—theory. The only candidate for a Lagrangian that can lead to a scale
invariant field theory is (no dimensional parameters!):

" P 2 2
S 4(0A) - ?g;

"
Alf (6.2)

The Lagrangian (6.2) however only makes sense either in a UV-cut-off
(A) theory where /A destroys scale invariance or (as UV-subtractions
at zero momenta cause infrared divergencies) after performing UV-sub-
tractions at some spacelike normalization spot/ﬂ where/L( destroys
scale invariance. Hence in perturbation theory there is no scale in-

variance (nonexistence of a zero theory without scale parameter!).

We consider in the following the preasymptotic zero mass theory normalized
by

(2) @) ) __’(‘f/ 4-p
-0 . [—, = - z . / = —c. 6.
/leeo ! ° ’P’L——/Ml 4/4- / @ /S‘P'-/‘L 9/4 ( 3)

The/ﬁ -dependence is governed by the Gell-Mann-Low renormaligation group
(RG) equation
(v)

5/49% +G(g)q%—/l/2(g)ﬁ/; = O (6.4)

Here /4Qp acts as the dilatation operator in the parameter space and
(6.4) represents the dilatation Ward-identity.

If we assume (6.4) to be true beyond perturbation theory the

vertex functions ﬂ: scale (i. e. are homogeneous functions) provided
5 . . .

Q;(g) = ¢ for some value g = g . Hence scale invariance is found
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in the (by the differential equation) summed up perturbation theory.

Expanding the scale invariant solution in g leads back to the leading
perturbation terms being individually non scale invariant.

When g* is small we can use the perturbation theory to calculate
G(9)and TCZ). In this case scaling is in an approximate sense
computable.

The global solyfion of (6.4) is

/_’ j-ll/dA N w)

, ({x{ot~]l‘/1l3)=ac =

14

0 [iPﬁ‘ji/*/a(at)) (6.5)

g(¢)

with g (X): {n o = j G'('g’) dg' (6.6)
¢

€ Tigy- T(g*)
, Cg)-¢
Q(M,%] = QYPSJS (5-(21) (6.7)
g
with d, = a + KA the dynamical dimension of Aj
D-2

d= =3~ the canonical dimension of A, and Jh =

T(g"*)
the anomalous dimension of A relative to g*
At g =

*
g we have

A

w) D-#dy Ay
A [4‘9‘/’5ji/'/ﬂ#)= o A

o ( 4P5j7/A,ﬁ*)

(6.8)
i.e. the /:

's are homogeneous functions in the momenta,/A as a com-
pletely passive scale can be eliminated.
There is no reason that in nature g = g* » hence we have to study the
case g # é*
If g #

g* we distinguish two cases

1) As ¥ >0 , g(&) has to go to a value (if any) g
where @ (go) = o and @ increasing at g (Fig. 2).

G.‘l

/
~ %

Fig. 2

op¥
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If G '(g ) > o then f7 (%] >, finite and

(v »-md, &2

Hence if there is a zero g of § with GJfﬂo) > O the long range part
of the preasymptotic zero mass theory approaches a scale invariant limit
(long range scaling). g, is called an infrared stable scaling fixed point.

This limit is the one relevant for statistical mechanics (i. e. agrees

with the critical regime of the L. I. System) where scaling is expected
too only in the long range region. The relation is a special case of
(6.9) for N = 2. The Lagrangian (6.2) 7' can be identified as a
eritical one.

2) As ¥ -—>< py (6.6) g (¥) has to approach a value (if any)
g_- With 6(4,) = o and G decreasing at gp (Fig. 3).

G
%w\ &
Fig. 3
When G'(3_,)<o0 then fz(%) = I» finite and

p-mdS W)
X oL Gt g, 9e) (6.10)

_WOV) ) —

Thus 1f there is a zero g_ of @ with G (9w )< ©  the short range
part of the preasymptotic zero mass theory shows scale invariance

(short distance scaling). g.- is an ultraviolet stable fixed point.

This 1limit might be relevant for high energy physics. This scaling

1imit is present only in our renormalized embbeding theory not in the

L. I. model or the cut-off field theory which exhibit smooth ultraviolet
behaviour.
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Note that if &'z o, T' # o at g* then

. 2z,

- (4
t () —> f{-‘s/(c)(}-= [{n 2/ G-/- comsl —> éop (6.11)

for 8" # o i. e. in this case one has logarithmic modifications and

no scaling in the strict sense (see also section 8).

From our consideration we see that the preasymptotic theory contains

all information about the scaling structure of Au—theory whether long
range or short range. The question of computable scaling we will discuss
below.

We turn now to the consideration of composite fields in the
preasymptotic theory, in order to derive (6.1b).
, . L oa) 4 ml At
The energy density by (3.9b) is of the form £(x) ot z (24 Fal)
In the long range region (relevant for statistical mechanics) however
the term of lowest dimension is dominant and hence

2
fr(x) < A
We thus consider the field

£ L AT cx)

The composite vertex-functions are

7(#{1(/ ~ ~ prep
/o (P g ,/.,3/ = z'K<TA/o/ A//oL/. .. A//‘IA’J(7,)...> (6.12)
normalized by (6.3) and
_7(2,4] —7(0'2/
/o ('gl-Ley-P) - /’ . /a ( . ? -7/ = O (6.13>
2 _pt J /7 T .
p= qz-pt

They obey the RG-equation

(V&)

j/u ,Si( +G‘(3)% - /VZ(?MLMCY(Q)E/: =“‘7‘j—‘$(3)cg/o csz (6.1%)

The term CS (g) 1s due to multiplicative renormalization of A2 whereas
the inhomogeneous term occurs from tq; additive renormalization of the
A
"energy fluctuation" < T N L A*Jw) VLAT o) > which is already

present in the free field case.

In Au—theory there are no other dynamically independent composite fields
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with de < D; the It field is connected by the equation of motion to

A and A2. Non renormalizable fields as

42 6
6t VL AT
. . e 21)
can be included in a simllar manner .
From the normalization conditions (6.2) and (6.13) the coefficients in

(6.14) are given by: ”
7(q,8)=« ea
) = 4 ~ 2
9/‘2 P’.:-/-‘.z
(¢)
Cf DT
@—(3.5)=—2c/42i goz +497T
/"‘ s.p.-)*z
gprl,/}
S q8)=~2iut 9/4—02, o t2T (6.15)
2) s
‘/f:—z PEA
w(g,8)= 4 SIS
/’( q-,_____/,}

and may be calculated in perturbation theory (see Appendix A). In per-
turbation theory to n-th order these functions are holomorphic in &
for% > Re € > o (see however Appendix C). In D = U~ ¢ dimensions the

leading terms in the & -expansion are 20)

< =-€3,+(7—?:—,,7. g3* + Ocgg2g?)

4 4 2
Tt Ocegt g°)

|
I

(6.16
=hn§ 4+ 0023,3%) )

o,
I

= @ + 0(€,3)

The fixed point condition & (g%, £) = o can now be solved explicitly
for g* (= power series in € ) in an approximate sense (computable sca-
ling) (Fig. 4).

For € > © there is a long range scaling fixed point (S ' >0 )
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CLI AP
= T (g
$o 3 + ) (6.17)
and a Gaussian (free field) short range fixed point ( e’ <o ) g .= 0
vy
A
N2 E> o r £ =0
cR 2. % 90 %
Fig.4
Hence in D_= 4-€ ( £€>0) dimensions we have a non-trivial critical
scaling theory with anomalous dimensions
g?_
T0§.0- 4y =g +OceY
(6.18)
<z /9 3
$(g5)= fp1 =3 ggr &+ 0%
For calculations to order O(€%) see Ref. 19).
We have actually calculated the critical indices
de =dp = d +ya (6.19)

and (JE =01A7'=2d+XA1

appearing in formula (2.8) and by (2.23) we have calculated the two
independent Kadanoff coefficients.
The short range (high energy) asymptote is a canonical theory.

In = L dimensions there is (in perturbation theory) only a second
order infrared scaling fixed point at g, = ©O- We thus have reproduced
the well known result that in D = 4 dimensions the critical theory

(associated with a ferromagnetic Lenz-Ising system) is a mean field
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theory (mean field critical indices). The £ -expansion appears hence

as a perturbation expansion around a free field theory.

(€7,
As T' = o in view of (6.11) the C: 's scale. However as d #0
(an analogue of (6.11) holds for Iy ) the C;(N’K)'s (K # o) show up

logarithms in the leading term526).

In order to study the singular behaviour (2.9) we have now to consider

the non critical (t,H) # (0,0) theory.

7. Non Critical Theory (Linearly broken massive Au—theory)

a) Scaling EarametrizationZo) - 2h)

We will now perturb the preasymptotic (critical) theory by the
relevant fields (the temperature and the magnetization) in the sense
of Kadanoff-Wegner (2.16) (remember E(x) == Az(x)):

=I5 r = 28o- ENLATw + HAx) (7.1)

in order to study the singular behaviour (2.9). By a translation of
the field A

= H= "M‘ = . K =
A=> A=A . 1 =<A>. <A =0 (1.2)
our Lagrangian takes the form Zf =47; + lﬂbt
Z, - $(Pa) - 5 (- T) A®
.o £
T 4wy s IR -V (7.11)
Z;t “%—"4 - g?r!LA + CA
g Ml -
with C = H - Mt +35) determined by <A = o

As independent parameters we choose

t, M, g and/k .

In the perturbation expansion g M2 is (as a mass term) treated as O (1).
The equation of state reads

= 2
H o= Hlpue, Mg) = M(E+EF) +C (7.3)

All technical details are given in Ref. 21).
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In o.th order we see that the phase diagram is of the correct form
(Fig. 1).

The theory is normalized by (5.11)

a) the preasymptotic normalizations

(2) v/ 4D

. NP S .

/ /—7!?2-,& A /-'s.P‘—/J- ot VAR C Y
tH=0 t, M=o

)
/_', = 0
p=o

tH =0

i. e. at (t,M) = (o,o)/m and g are the parameters of the preasymptotic
theory.

b) The normalizations of the "perturbation" terms

D0 . “

Dt [peo =7 [ =0 (7.5)

these conditions define the "temperature" t and the "magnetization" M

There are three independent (linear) parametric differential equations
(PDE's)

(4]

{/‘ 9% 'fG(g)%—Z(?)(/V+ H?HHS@)M +3[j)£g%f/

P-4
= _ @ d 0 S
pe DG) e S (7.6)

' . > . (7.7
Fe=%Jdx MLAT0x) = 534 [dx Aco

bk - ()
M o R
~ L, = ‘ 3
An=gfizvjdx A/[A’](xu?/‘\f,./ 'z"/dx WL ATy (1-8)
. - ¢ . jd Acx)
2D X
Z£ &uiZM are soft inserfions (in the high energy sense) i.e.2;f1/7

falls off relative to [76”7K) for large nonexceptional euclidean momenta
by powers (up to logarithms) to all orders of perturbation theory. This

k)

implies that the t and M dependence of Green functions drops out for
large nonexceptional momenta. We therefore call this parametrization soft.
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For M = o =0 and (7.7) tells us that t is actually the parameter
conjugate to N['A2J i. e. the temperature. That M is the magnetization
is guaranted by M =< A >. For comparison the PDE's for the parametri-
zations (5.9) and (5.10) are given in Appendix B.

We will see below that the (pre)-scaling equation (7.6) (replacing the
usual RG equation) is nothing but a differential form of Kadanoff
scaling (scaling substitution law). Actually our parametrization is a
global (pre)-scaling parametrization in the sense of Wegner. We observe
that the hard (in the high energy sense) dilatation symmetry breaking
terms are exactly those already present in the preasymptotic theory.

The dilatation-Ward-identity (Callan-Symanzik) (CS) equation) follows
from (7.6) and (7.7,8):
(M K)

{D’rG(g)%%’—CC%)N#L&g)M(]F -

(k) (7.9

IS N S

2 . . . .
where D =)4éi-f2tQR +Nz§% is the dilatation operator in the parameter
space. Our parametrization has the particular property that the two
limits:
(1) large nonexceptional momenta
(ii) preasymptotic (t,M)— (0,0)

%% 15 both 1imits the RG equation (7.6) and the

CS-equation (7.9) coincide.

are identical to

In the soft parametrization t only appears in the propagators not how-
ever in (the symmetric) counterterms; this explains our observations
/1(/1//__

of Iy = C;(ﬁq ( [/a¢ the nonexceptional large momentum asymptote).

The main feature of the pre-scaling parametrization is that the hard
dilatation symmetry breaking is completely controlled by a globally
solvable pre-scaling equation. At the same time it is the appropriate
parametrization (as we will see) for the study of statistical mechanics
aspects of the model.

From the normalization condition (7.5) we have

A ’D—ﬁ /_.,u.)
Scay=27Tcqrttg)-509) g ~2¢ 21
: 3{'3 grrog o= Ol EXfa (7.10)
H

=0
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with
.2 /"‘/(‘)
flgr= wp [P
H:O
In D = 4-¢ dimensions
A q N
$<3)=(?F,)1 + O(eg,9%) (= £¢g) to this order) (7.11)

A . ‘
Generally ‘5(1)7& cf(g) , at the fixed point g* (GS{(g*) = o) however

& (g)=4(59
This is shown in Appendix C (see (C.7)).

b) Global solution of the pre-scaling equation

The global solution of (7.6) reads

(MK}
[ Chaepdy g8, 17,3 ) =
t 2-D d,
:D-/VdA“' kch‘L—D) -V K (”kj . dA - -94 .4 * %L
=% s [ Cipesip, @ Pyte m N,g(?lz))
. D¢
where g() and rr are defined in (6.6,7) and
3¢) ()
(A) , cS(Q')’ J(g*)
= P )4
R é ’ & (3" (7.13)
g 31
- n -~ &y
—_— eslq! < L ) v é(ﬁ) 2. (7.14)
. gjdg ©(q)Gs7g") ex| SJO[S e

Apart from the E¢ term (7.12) represents a global substitution law
(analogue of (2.11,12) and (2.17) under momentum dilatations.

[ t.a@) ' t=faapert; 1= fys) 11 ) 9= §Q%) (7 1)

this is a generalization of Kadanoff's scaling.
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. 3 . . "A
Now if there is ascaling fixed point g¥ : G (g") = o and if T, s

and w are continuous (at least one side) then for g = ¢ (where no
hard breaking of dilatation symmetry is present) (7.12) takes a homo-
geneous substitution form (Kadanoff in narrow sense). We have then
strict global Kadanoff scaling as

A

K«
/—-,(/V,K/ — ét‘/ﬂl /“I(M J (7.16)
§->9*
satisfies

ANk

5 haepe s pety Hog®) =
A (7.17)

D-NMd, + K (dya- D) Wn) de-D .
= 3 At A I (ép;j,/q,ac‘t,ac"mlgf)

-4 {(ZJ’AL"S)—,’[&CZ&Z—{/IJ ; 24 # €
X

_ 2
t L 8y, dys @@ .
x

i Zdar =8

/‘ may be eliminated completely by introducing quantities of canonical
dimension zero:

A A
I r - -z =
[7 - —, . Pe- P F-E  F. T
PRI LN P e = 3 (7.18)

From positivity the dynamical dimensions of the fields A and A2 are
larger than d.

We assume (always true in the region where perturbation theory applies
i.e. for small anomalous dimensions) d, and d,p to be smaller than

D. Hence

I

0 O(SO[A;GIA1<D

(7.19)

In view of (2.17,18) we may then classify the fields. In order to have
also an example of an irrelevant field (in the long range region) we
add to the Lagrangian (7.1) a non renormalizable perturbation term

L — S- & MNLATcx)

21)

and assume dAg > D . We than have
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(i) As /WD o
dAL‘D

t'=a t —o

short range irrelevant
! -d
(1= o0

. (lé«ac)"; D=« , marginal
9-U=1QX)- Q=

!
acs 3e) [ D< ¢, irrelevant

dA‘_D\( - short range relevant

(ii) As ¢ — o

t! = o

, long range relevant
H — o

/

(LM)-1) D =% marginal
9 -3 - 9(9.%)-3,= {

G'3o)

3¢ Dey

irrelevant

W' - o long range irrelevant

The marginal variables lying at the boundary of UV and IR-criticality
are those determining the fixed point structure of the theory.

As we will see below for g # g the power laws appearing in (7.17)
are (under certain conditions) at most modified by logarithms and they
do not change the character of the fields.

The critical surfaces and trajectories under momentum dilatations for
a Au—theory with A2 and A6 perturbations, normalized such that we have
a global scaling parametrization

Q 4 V)
R Ap *GCCU%‘ Mgy Sqitf reTuB il =0

are depicted in Fig. 5
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Fig. 5

8. Marginal Corrections to Kadanoff Scaling

*t
=l po [Recrifical
Meo UV criticad

As shown in the last section the homogeneous substitution laws

(7.17) are violated by the non vanishing marginal variable 4

If we assume (ev. beyond perturbation theory)

1. the existence of a fixed point g*

W) . . .
2. &%, S and ¢ have asymptotic expansion in g at g

4 n
A v
,.\):-:o % (¥ 0T * Ry [ o=

neg)

R:/ O(A’WA) ; A — o

It

A
G,c 4 4,

*

*
g~ g .

(8.1)

we may expand the "correction" terms appearing in formula (7.12) in the

region
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Je, | < ol 1 (8.2)
with £, leading term of g (&)~ g*.
Leading corrections:
a) -
G,+0, £,=a A, G {e <0
(<
ho=2 [4- 52Ca-£) +0ca)
(8.3)
o A
o= 4= @i‘(ﬂ"?o) t+ OA); x=¢,d4
(as)
Q = [ (£o=0,A) finite.
In this case scaling holds in the strict sense.
We find this situation for the A’ theory in D = 4 - £ (£>0)
dimensions in the infrared and the ultraviolet region.
b) A
G,=0,6,%0; &, "4*——41?2&&436 . 6, b <o
Sa g 4 Ee o
h=€44- 5a, ol T + 002
25 3 5
£o) T2 2,05 - 2, Gy fo
r\¢=(A) l!/{— 3(5‘22 A'f'o(foga.djj
2 (8.4)
tas . 2
R (e | comst.
()
Hence if Z,,#o; o(; = O there are logarithmic corrections to
scaling
()
if , =o0 the [/ S scale
. (k) .
ir d, =0 the /7 s  scale

This situation happens in D = 4 dimensions for the A’ - theory at the:
Q=o;ﬁ=m<qw;@+o

infrared fixed point g, * O where
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c) A
BT T AT G % T3 ex=e

G, =G

1 2

=O-(634'0~’

G £o Eo
hetoba- Sx e, +Se () t0(A 0T
A2 %,Gy ~ Gy )

e expt B(A-2)- 525 (-%)1(B) 2e7 14+ o

30485~ G)

) o} 8 AUVl 32

G 4 4G
fa =€xplsy ZG;’: U_W}}M”‘/ -7 coust.

This situation holds for the AB-theory in D = 6 dimensions and for a
class of non-abelian gauge theories (with T,=o, & +0,d,#0 ),
Note that the structure of the marginal corrections are completely de-

termined from the universal preasymptotic theory.

9. Thermodynamical guantities

From the field theoretical analogues of the definitions (2.5)
and the Kadanoff relation (7.17) we obtain the singularities of the
thermodynamical quantities (2.9 or 2.21,22). Using the expansion (8.1)
in the region (8.2) we immediately get the corrections to scaling by
expanding the r.h.s. of the Kadanoff relations. The corrections are
given below for £ »o ; they are by (8.3) powers in g-g* and 0e” with
w=a, 30) y

5 M=o w=(R)P®

»-24d
Field susceptibility )(A : With = D- 4 7_A
- A

-1 @) —(2)

—~ ¢ - ol
XA ='/ (0,'/‘:t/0/3/=(/—%‘)f-52/ (0;/_(//(1’310/3*+h>
) e i (9.1)
= <42 () | Cocgmrt () (3-89 G + G4 Cigh) + Oca) |

The numbers £.(9*)are given -
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CG(S*) = 4"/4-2 /q(‘()oi/q//ul/ O 2*)
9/—(1) _4 e
9 (gr=2<p {6/“ 5F - & ”f(O;/«,/(‘,O,ﬁ*‘) (9.2

(z)

x P ACAs 2 * Aok
(3 )= TH 2% (O/'/l‘//‘/olg ) - C,cg*)

For M#0 a similar expansion can be obtained from:

tz) (e)

7,;4=/ (o u,t,17,9)= ( ) -ZPKO/',/a‘f},/«dxri’,ﬂ*v‘fi) (9.3)

where M ot -/ (9.4)
X = 29 (/uz.)

Equation (9.3) has a power expansion in x.

D-2dp2
Energy susceptibility XAL = C (specific heat): with & 'W

(92)

(0,2)
X, = F(o,/uto,g)— (/“) /—’(07/"//“ 5,019 *11)4-4/4 f

A

=,;};5[(/‘L) * B(g")r‘(~ ) (j 9% B.(59)+(3-9% B4 +Oc &) | (5.5)

—- Lb,cq%) +(g-9% 5, g%) + Oca) ﬂ j *to

where

(9e) oV

&Jﬂ*)"{/«t F(o/u/q,o 3*)~< =

(o)

or —~ (0,2 o
B (g - 2%'[56,/‘ 5e ¢+ & feoj pptagt)- 20 L Y
r)/ﬁ/ﬂl/zé’: . 9 ~ <o) 2J4 ree) &G, ‘2, cgl(9.6)
8(51‘} 4/‘4 {’9} v‘—é:—/.; >F + A f(o/,,/,/o,yj {W
254 LoV 0, G, +t2Wo 51

i%(ﬁ”=wz;«v b,(9%) = o 280 40, - &
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The leading terms for t -» o are:

x>0 o Yult) o 77

e 1V
weo Ty le) o n(E) 5.0
X <O : KA'-(t) o< const.

As from (7.19) -=(A-%4) <8, <2 | the critical index o =-v (28 ~€)
actually can take positive and negative values.

In D = 4 we have o = 0 and C behaves logarithmically due to the additive
renormalization term E, ! In D = L4-€ (€>0) dimensions &=V % +Oce?) 70

the power singularity is present.

For M # o one may again expand the expression

(o,2)
Kg= T Cojpe 9)
¢ el (9.8)
=//;J fy /_'(0/4/( F, /xn,gmﬁ) b opE
in A and x .
4
Correlation length ¥ :(“with Vo= T‘W
-2
E =m" = - op (o/'//tlﬁlj} =
50
2v /__,lll
= - (L) 57w (0, p 4y 0, gtih
//,L} /":) iSO PG00 9T A ) (5.9)

=-pH (/u ,4,(5 ")+ 4,, } (§- 5*)/4,/5"}1‘-(3 g"/A (9%) + Ocayy

with (,—'7 - %7/’1)

- - ‘E QP /,\, 2/ ‘(4._4
DN EP AL VAL -V 9«:/* FALGI S o 0,9
9/’“’ rYady o

A (3= ptd 55 = B f A e, popte, 9% Ao (87
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Again for M # o we may expand

-2 l——v(L}

§5 = ~Srmloptll3)
T3

___'(L)

2V

+~ { A -4

- [/L‘z) grm (0 o wi G j g go itk )
op?

in A and X .

4/
b) Equation of state: % = (ﬁ% ) da

The equation of state (7.3)

Ho= M m Cpe t1,9)

satisfies the scaling equation 21)

{/4% ¢@@@3-2(/4N%)+§ﬁ%}u=o

D -da
S

and hence with Y=

J—f A 1
Hipé, H,y/-—&}/ t /’//',/‘m ///rz' 1 9%t )

On the critical isotherme y=o:

J
Hipo M,9)- (/%} g a,/"r;’, 3 ¢k )

V(d

»-d g

(9.11)

(9.12)

(9.13)

(9.14)

=1 G Z) e, W*/*(”) [9-9 G +(3-9% C. 19%) + Oca®) §

Here the numbers <.(4*) are given by
d-D )
Colgt)=po  Hipop5 9% )

A ad-0 — DH
Colg¥)=p S 4H +/”97?4 FCp o 1% g )

c, (3)/4 /gg (/u, 2, y*)—cfa*}

(9.15)
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On the other hand on the coexistence curve H=021):

2
5/A,§)4+6%-Lf7’971“<g}t(/“,”:f{)=0 (9.16)
With /4 = Efig__ the equation of state takes the form:
- A]_
Y
+ _ (= A4 o -
(fil79) 94) bt T gk ) (9.17)
2 M /3 v A
= K (/74) //00(3*) +C§,7,)p/g»g*j a,(g*%) +(3-G*)a,(9%) + Oca*) §
with
Q0g¥)= p L p, gl g% )

d 2F
VoY }(/',/4{3*)

t ¢+

IR
NI

a, cg*) =/4'2{
(9.18)

-2 ot o« "’
a, (§%)= p " 2g Cp p59%) - 3, (9%)
We have now determined all the critical indices from (2.9) and we may
check the scaling relations (2.26) to be satisfied exactly. For
at the fixed point (6.17) the corrections to scaling for the thermo-
dynamical quantities are completely governed by the exponent.

=G, =Ggh) = +0cEY (9.19)

These corrections are due to non vanishing marginal variable A = 3’3*
In the "relevant" variables x and y of the equations (9.3, 8, 11, 13)
the thermodynamical quantities are analytic (to any order of pertur-
bation theory). For the correlation functions in contrast non vanishing

relevant fields give rise to corrections of non analytic type.

10. Correlation Functions

At the critical point the long range parts of the correlation

functions scale according to (7.12) and (8.3)
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_ (k) DM+ U (da-D)  _(mu)
(Hdepd; pt, 11 ,9) = & Y15 C4pch; p0,0,9%) (10.1)

+ correction terms proportional toc (g-g”) and

(3-9%)%7F - 1+ (o i p°E,
In particular with 3(,7'/*1 -pt- B
A-Y
(e) % 2
P/(ong—(/“) /—7(/4/00/ f/ /7-=?J’A (10.2)

/‘_7

and
9.2)

[7( ,O/L,a,o,gl (/) /—//4/«00,3/ 6/‘4<)f9*/0< [( )

Ry

(10.3)

For (t,M) # (0,0) relevant corrections to scaling occur. In the region

]—;{z/ lf, /\_/z<< /41 (10.4)

we have
- ehiK)

/ (1p:} /udc‘z‘c}cﬂg}—

PD- Ve 4/'\’(4,4“-9

y -, dgz-D o
=3¢ | 1e2e.%rcaelnd-u& ) g £ 8 + &6 113, ]

Oisy

(W K)

IR RN (1pet, f, o, 9B 17, %)

Now we further may calculate the corrections for

£, fi<e B (<< p?) (10.6)

using the inhomogeneous PDE's (7.7) and (7.8) for the vertex functions
on the r.h.s. of (10.5) together with short distance expansions (SDE),
for the r.h.s. of these PDE's.

For simplicity we only consider the leading relevant corrections for
vanishing marginal field & = o i.e. of
—~ (M ]
[ pegipot, 17,97

Integration of the PDE's (7.7) and (7.8) leads to:
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~1 (k) 7

—~ (K u)
/ (//o‘.j/‘/‘/t/ /‘7/21’= r (5/0‘.1;/10/0/5j

(A/A’I

¢
Jat'ae 1 (ip:d; po ¢ o,9) (10.7)

24
G LY
JE By T Clpesy p0,709)

(mw)

+j]a/t’a//74é4,,/ Cipct; p by 17, 9) 3 N oeven.
As Al fpcs i M £, 0,9)=0 for N odd and
D rr”’:“l
1 ( {p;j;/t«,o,o,gl finite (10.7) holds for

N odd also with ("%’ replaced by Dyl M4/
The small t, M behaviour may be obtained (using homogeneity and the fact

that the vertex functions depend on A4 only logarithmically) from the
large momentum expansion (SDE):

N even:
"~ (mu) (/’/ﬁl Y
Ag I Cipct; p 6097 = # (4p;004; ppi0 9) 4 /’//, 5/77/,/( “10.8)
A - (Bl (2, &) wn)
Aﬁ/ C4pd //',f 3] = ¢ ({ﬂ,qaj//‘r/v,o/jjﬁﬁ/_[f/[/q 7.9) ¢ R
(10.9)
N odd:
(W4, &
ok f’({,a./oj/v/:,og/AfAHCs(/q /77},‘/24 (;((Aooj o)

Aedin ¢ qp: i ot Mig)= [

(At3) A a go)
Ftpoagol; pptog) Aedy [y 6 11904 Ry, (=0

(Wi, k) 10.11
. £ Capeos, pupieg) By G(/ut M,9)+Ks. (el )
A”AN/ (1pcs; pott9)= { i)

Cép, 0008 frpi 03}&,7 F(/‘5N3)+/‘34,(M o)



159

The remainders R(_I\,]’K) drop out to each order of perturbation theory by

powers up to logarithms. The coefficient functions #7 (Wt &)

are represented by graphs which get one particle irreducible with
respect to cuts not separating the K-vertices after connecting the
N-external legs to a point. The singular parts on the r.h.s. of

(10.8 - 11) obey the scaling equations:
2 0 ] = _
f %»2/“ ‘6,’522_ Zim e MZq )+ St B) 10w < Qma (10.12)

with an a polynomial in t and M of degree S =4-2n-m>» o, the coeffi-
cients depending on g, and

A < R
- 0] ==
5/‘92/ 'cG%gac(*mrhm,%)d/”’*f%’jcﬂm om (10.13)

where Pm is a polynomial of degree S = 3-2n-m » 0,

n

Here we used the notation

(i (b 1 g )= A 47 /"”}'/’u,é,/‘f,g/
and
<) A M (#)
Cpon(fb, M,3]= Ay 4y G Cpt (1,9)

The inhomogeneous terms are due to the additive renormalizations of

(l) .
/;:M and C,, m . In particular:

Qoz’/“.z"’*’oz(j) ; Gai= gl Q= e, 09) (1

&qo :/124940(3} o wd &30-—‘/4?()4,(9) 7

are determined from:

_ — - - 10.14)
t=/,'~ =0 ; /”If/u'-— o ; /qal ¢= fe) (

- Y t=pc
as f=o h=o Nfo

€, = 1'/-(2(/19/« f&th)/;zla,!;; ,, =4‘(/49/, «6E3,.) C,c:,.t

- P H=o0
. Qyo = AH ifﬂgﬁ "Jfgf)/‘:’otrﬁt
With the solutions of (10.12) at g = g* : Mio

02
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—ol y .
[ (p t,0,9% )= (}’—‘i/ Ll fopiongh) 44, fag, cqn) va Lk ) -]

- /3—(’/-41—4 ) -y /3;,':4/—4
Lo (p o84 = Gl T o pd g% +i poen (0ol d L1 ) - 553/]
(10.15)

VAN s . - -
Boptio )= (o) [ opptag? # ¢ @ v [(E) T

d-2 , Jo2
Ko tpo 9 (/“[!"’/ boo (0 f 88+ 0 p¥ E 0y g% vl p-2p) [(/ﬁa/ - (/%/]

we obtain from (10.5 - 15) the leading corrections to C(MK) and
On Q(N)in the region 5
[t], M < pP<<p
With P; = POy, P > O, (ni[ = 1 n; euclidean, nonexceptional using
the notation (7.18) we have:
For N even:
FMK) -
[ pack; b, M 9] = (10,16)

E/_,/ )/“":D " (17;/,_4 )ﬂ (g*) .(/7,-0/
3 S-(K N-41) ( [ 4{5 }" P % 2 g /
o S HESKWIIL L ( P i L
(75m)° 2, (9 - (V0 ) 0, 15%)  tenes
with
- (K« =, (AL, k)
/40(?’/ = /: ( 5/4’&'/;/',0,0/3*} ; ,4,{7*‘/:: # ({/4,2.‘10’0 //’/‘/‘al gx)
D, (3%)= (I-a)-’f/ﬁf/;(/v,/‘,&g*ﬁﬁ/g*//; D r9%)= ¢ 5, (9% V "
- : -4
Dy 99= (=T B4 0 p? 474 20,099 Dy 5%1= 5 ot 91V
For N odd:

n ﬁ(///ﬂ"’iﬁ;/«,f,ﬁfﬁ) = _ _
(27;7,)rf;/5fj—(7}54/,)[:1(3*‘]; (17=0)

oy oo

/3 52
,7/;)%) 53(3*/—(”/25 B,) Ee(9%), ((<07

N [_3/34 L8-btw/I[ B, 09%)- B (%)
with

=l =lM+3)
80/5*/:9[1 /:' (;/”l¢'{7;/"/0/0/7*)/' 3/3,‘/—‘f—,(f//ﬂ;,a,a,aj,'/(//f ”/9*)
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with

E cg%)= ¢ latppt o9 +Ecgt) 8, E (3% =<y g% Vg0~
(10.19)

_ -@re) — ' -1
E_z (51‘),__&1/55/1( d(go(/’,‘?,/‘}’ﬂ*/"zflr(ff”f/ quj#/=§%a(5*} V(j/—l/@}

Higher correction terms may be calculated by taking into account further
terms in the SDE's (10.8 - 11) and by applying SDE to the non leading
terms in (10.5).

In view of (9.14) and (9.17) we easily obtain the relevant corrections

on the coexistence curve from (10.16).

11. Conclusions

Within our field theoretical framework we are able to give a precise
meaning to many of Kadanoff's considerations and we have a model matching

6).

Wegner's phenomenological scheme

OQur discussion shows that the soft parametrization is most transparent
for the discussion of scaling behaviour. We want to point out that using
the soft renormalization techniquegl) all perturbation calculations can
be performed in a usual sense (no loopwise-summation) and that all per-
turbation theoretical statements have been proved to all orders using
PDE's.

What we have shown is that the Au—model exhibits:

1. Long range scaling for

2 - . .
f N <« P;Z <§</}4Z euclidean nonexceptional
t

2. There are two independent critical indices and the scaling relations
among the critical indices are exactly valid (calculable in 4- €
dim. ogg<<4 ).

3. In D = 4-€ (£ >0 dimensions strict homogeneous Kadanoff substitution

laws (Kadanoff scaling) are valid in the long range asymptote.

4, There is a global (pre-)scaling parametrization in the sense of
Wegner.

5. The scaling structure (singular behaviour) and the structure of
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corrections are universal in the sense that they are intrinsic to
the preasymptotic theory (i.e. known from6 (g), € (g) and S (g) ).
Whereas thermodynamical quantities besides the "marginal" correc-
tions are analytic in the relevant variables, the correlation
functions exhibit non analytic "relevant" corrections.

In Tab. 1 we have listed the values for the critical exponents obtained
3

from the € -expansion to order 22 and £” in comparison to the experimen-
tal values, the mean field values (MFA) and results from Lenz-Ising model
calculations for D=3. To order 22 the agreement is stricking for D=3

and even for D=2 the results have the right orders of magnitude. There

is of course (at present) no explanation why starting from an asympto-
tic expansion for small ¢ by setting € = 1 (or 2) one gets reasonable
answers.

Concerning the structural investigations our results immediatly gene-

ralize to n-component scalar models:
A

G = (Puy P

L - 4(e3)- §¢% £ (¢ He,

The functions & ,C , S and © now depend on n and so do the correspon-

ding critical indiceslg). For n > 1 the Goldstone phenomenon takes
place in the spontaneous 1limit otherwise there is no principal structu-

ral change.

For similar investigations of other models we refer to the review ar-
ticles Ref. 33).



163

Appendix A: Graphical Representation of Green Functions

a) Zero mass

()

30 f 4
A0 A

For a evaluation of the integrals see e.g. Ref. 20).

+ .

crossed terms +.

(24)

b) (t, M) # (0,0)

)

[ - +

+

O
o
N L O O)—

(4)
/_' = >< + + + V-«- crossed terms 4.,

In D=4 to lowest order we have for M = o:

2)

e -t (c/,,ﬁ?(f&/;—thd(ga)j

) x(A-2) (5t B + ¢ + cmssed Lerms + 0(751}

4
. A-Z i}_
/—' = 1 /-g“(‘fﬂ} 2 ld“’(ﬂ? Al ‘f/_;/u
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Equation of state to lowest order:

H=< Z —@ +r¢t+28) = e se —0 «...

prop
9ﬁ2 _-Zg_[ _U_l 2 Hl y 2
/\15{/' 3!"((4//)1 '&fszl-fé“/_‘_l_gz&,'/\s/‘(
4
- (t+9 gz)/%/fl?—g}/-l- gglfoe/o( Lnad-x1] + 0(9%) %

Appendix B: Structure of PDE's for the Parametrizations (5.9)
and (5.10)

In the symmetric (M = o) mass shell normalized theory (m = phy-
sical mass) there is one PDE, the standard CS-equation (Dilatation
Ward-identity)2?’

4/»1 ga;n 4/5(319'% d’(g)/Vf/

-I(A// — —
- Dy 7 (B.1)

i.e. the physical mass breaks dilatation symmetry necessarily in a hard
way as /3 ¥ o for generic g and the 1arge momentum (nonexceptional)
asymptote fﬂ(ﬂd differs from f' by a complicated wave-function -
and coupling=-constant -~ renormalization. Also the éi(”/are vertex-
functions of a zero mass theory (mass in propagators dropped out)

the f’fﬁq 's still depend on m (through the m-dependent counter terms).

The /"(ﬁv are solutions to the homgeneous CS-equation.

’r(/VI

{ m 9%1 /4(315% FINV g G (B.2)

Note that the functions/a (g) and}/(g) are expressed in terms of massive
vertex functions and are hence holomorphic in & for Re€ 2o . The
widely used/1-normalization of Gell-Mann and Low with mass shell norma-

lization of the propagator pole (m physical mass) has similar proper-

ties, however with Green-functions continuous at m = 016) The PDE's
are (see e. g. 22))
OW
+ G - V4 /_' .
1/49/4 (9, X }@7 Ty HING -0 (B.3)

(RG-equation)
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[ Gt p Byt fro, 215 00 BINSCY G Fem e
(CS=-equation)

In this parametrization the RG-equation is not globally integrable for

m # o. There are two regimes:
A ~
(i) Large nonexceptional momenta: Ah " drops, however:
~ A

CS fas - RG /54 # o still m dependence!

ra
e
(ii) zero mass: 4 [ drops and &,&, {3 and ) simplify such
[nd ~
that ¢S = RG 1)
N ~

Again /;s and /, are related by complicated wave
function and coupling constant renormalization.

Appendix C: Universality Properties of s .

7
/"1

-
Two zero mass Au—theories /o and o with length scales/ﬁ and

~
/M can differ at M ﬁ/: only by a finite wave-function-and coupling
constant renormalization:

Ml U

T2
/; (p;/u, Vig 1) = Zcg) [, f/o,-/u,71 (c.1)

e
as [ and fL obey the PDE's

5/4%‘ +@(3)%_’E(g)/l/} C(p;/«,g}=o
and (c.2)

b B R ~gI M //":(p;/u,l// =0

we have

V
Plvl = &eg) a’;;—ﬁj

(c.3)
pvl = gt % 6‘(3)% I Z2(9)

As in perturbation theory V(g) = g P(g) and Z(g) = 1 + g Q(g) with P
and Q polynomials in g we see that

ﬂ(V"]=o <=> G(g*)=0 , - Vigr)

g v = Tegh) ey
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d ds o
and 07[;= 07—3— ; jgl'—'olgl( } ; etc.

i.e. fixed points and their nature as well as anomalous dimensions are
universal.

A
Note that the composite field N L A2 J in (7.7) normalized by

~ A ~ proe
L< T M [ Aadr Acpay Acp) > IP”’ = A

)J
A -
and the field N L A°J in (6.12) normalized by

4 A 2 ~ A prep
2 < T V[ A%dco) Acp) Ap.) pep-2 = 7
.P2=_ LA
NS
are similarly related by
A A
N I[AT = Zca) NLA']
i.e
(IV/I (N 4]
I (Pooy prg) = 2203 ) [ (PeyPrwi?) (c.5)
w_ "W'f/
As ot r (p,, , Pw,0) we have from (7.6) for non-exceptional
momenta q # o as t —> o:
2 2 - AN AR 2
5/*@ + &Sy T N+ &N pria) =0 (c.6)

whereas

(M, A)

f/«%w‘@%—Z “8 G0 Cpy o puig)= O

Hence it follows

cffgirgccguc;"(gJ%ZM—iz(g) (C.T)

A
and  Scq*)= S(g*) at any fixed point g
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~

We_see that if o above is identified with the vertex/‘functions

Fas in (B.2) the functions A (g) and #(g) as well as S (g) are
expressed in terms of massive vertex functions. They are hence holo-
morphic in the dimension € = D-4 for Re€ » o. On the other hand the
functions V(g) and Z(g) may show up infrared singularities (see
Symanzik1 ) and so do the massless functions € (g), G (g) and<5(g).
From (C.4) and (C.7) however we see that these infrared sigularities
do not give troubles at the fixed points.

Table 1. 32)

Critical Exponents

D=3 (i.e. € = 1)

Exp. Exp MFA L. - I. 52 53

o small 0 0.125 +.015 0.077 0.196

B 0.3:0.4 1/2 0.312 +.003 0.340 0.304

Y 1.2+1.4 1 1.250 +.003 1.244 1.195
(1.250 HTE)

S - 3 5.15 + .02 4,463 -

v 0.6:0.7 | 1/2 0.642 +.003 0.627 -

n small 0 0.056+.01 0.037 0.029
(0.0L41 HTE)

D=2 (i.e. & = 2)

o 8 Y S v n
L.I. 1n 0.125 1.75 15.0 1 0.25

€ -0.025 0.191 1.642 6.852 0.840 0.235
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