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On massive higher spin interactions in Fradkin-Vasiliev approach
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Here we discuss Fradkin-Vasiliev approach for investigation higher spin fields interactions.

Initially this approach was

developed for investigation of massless fields interactions, but using frame-like gauge invariant formalism for massive higher
spin fields it can be straightforwardly applied to any combination of massive and/or massless fields. After brief description
of such approach we consider the simplest possible examples — self-interaction and gravitational interaction for partially

massless spin 2 field.
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1 Fradkin-Vasilev approach for massive fields

First of all, let us briefly recall what frame-like for-
malism for higher spins is [1-3]. Really it is just a nat-
ural and straightforward generalization of well-known
frame-like formalism for gravity

eua,w,u,ab (I)Mal...(J,S_l,bl...bk7 O S k S s — 1

where now instead of frame e,® and Lorentz con-
nection w, one introduces a whole bunch of fields
@”“1“'“5*17"1"'1”“, 0 <k <s—1. It is very important
that all these fields are gauge ones so that each field
has its own gauge transformation:

5¢Ma1...a5_1,b1...bk ~ Dugal...as_l,bl...bk + L.

where dots stand for the terms without derivatives.
Moreover, each one has its own gauge invariant field
strength (which we generally will call curvatures):

Ruyal...as,l,bl...bk ~ D[uq)y]al...as,l,bl.“bk 4.

where again dots stand for the terms without deriva-
tives. Remarkably that the free Lagrangian can be
rewritten in terms of these gauge invariant curvatures

as
Lo=Y RR

very similar to the usual Yang-Mills theories.

Now let us turn to the so-called constructive
approach to investigation of possible interactions.
Schematically it can be described as follows.

e Construct cubic vertex such that its free varia-
tions vanish on-shell:

L1 ~PP0 & 6L ~0
e Find corresponding corrections to gauge transfor-

mations such that now all variations in the linear
approximation vanish off-shell:

01D ~ (I)g & 0oL +01Lyg=0

Note that these two steps are completely general and
common to any constructive approach based on metric-
like, frame-like or any other formalism one uses. But
in a frame-like formalism there are two more steps.

e There exist quadratic deformations for all cur-
vatures such that deformed curvatures transform
covariantly:

AR ~®d = R ~RE

e Moreover, interacting Lagrangian can be written
in terms of these deformed curvatures as

L~Y RR

Such approach is straightforward and do allows one
investigate possible interactions. But its first two (and
the most hard) steps do not take into account the ex-
istence of gauge invariant curvatures though it is clear
that in any gauge invariant theory the most simple and
elegant formulation is the one in terms of gauge invari-
ant objects. Roughly speaking, the Fradkin-Vasiliev
approach [4,5] modifies the order of calculations to take
advantages of these curvatures existence. Schemati-
cally, it can be described as follows.

e Construct deformations for curvatures and corre-
sponding corrections to gauge transformations
AR~ ®® & 6P~ — R ~RE

so that they transform covariantly. In this, there

is still some ambiguity because this guarantees

that the equations are gauge invariant, but not
necessarily Lagrangean.
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e Put them into the Lagrangian and require it to
be gauge invariant

L~ RR & 6L=0
thus fixing all remaining ambiguities.

As we have seen the main ingredients of such ap-
proach are frame-like formalism and gauge invariance.
But gauge invariant frame-like formalism exists for
massive higher spin particles as well [6,7]. Thus such
approach can be used for investigations of interactions
for any combination of massless and/or massless fields.
In the next section as an illustration we consider the
most simple example — self-interaction and gravita-
tional interaction for so-called partially massless spin
2 field.

2 Example: partially massless spin-2

First of all let us remind what is partially massless
spin 2 [8-10]. It is an exotic representation that exists
in de Sitter space only and has four physical degrees of
freedom — helicities (£2, £1). In a frame-like gauge
invariant formalism it can be described by the following
free Lagrangian:

1

1 v ac C rvo a c
5{517}9# Q,° —3 hoe Y Dy fof +

Ly =
1 2 1 nv ab

+Ba” — 5{ abt B DBy, +

+m[{ b} QuabBV + eltaBabeb]

which is invariant under the following gauge transfor-
mations:

6Ofua Duga + Wa + meuaEa 509#1117 = D;Jlab
6B, = Dj&é+mé&, 6B =-2mn"?
For all four fields there exist gauge invariant curva-
tures:
ab ab m a b

-F,uu = D[HQV] - Ee[u[ By] ]

Tw® = Dpfu)® = Quu® +mep* By

B, = D,B*+2mQ,"

By, = DBy = B —mfluu

In this, free Lagrangian can be written in terms of these
curvatures as follows:

1 v a C 24 ac C
Lo ~ 1 { ZLbcoélﬂ}‘FMV PFap® +2{ 1y} Bu"B," +
) T B

Self-interaction. By straightforward calculations
it is not hard to find quadratic deformations for cur-
vatures (note that we have already fixed all ambigui-

ties here taking into account the invariance of the La-
grangian):

1
ab a b a pblc c
AFuw™ = BBy — e, BB, +
cla blc
+0p, 2,
ATw" = 20, f)" = B By
ABMab — QMC[(LBb]C7 ABHV — _B[Mafy]a

In this, corresponding corrections to gauge transforma-
tions look like:

519#(117 — _an[aQ#b]c
§1fua — 72,,7abf“b + 2Qﬂab£b o B#aé-
5lBab — _,'7(:[aBb](:7 6pr, — _Buaga

It is not hard to check that under such corrected gauge
transformations all curvatures transform covariantly:

&ﬁﬂuab _ an[aj—_-ﬂub]c
5771,1/(1 _ 277111777“/17 + 2}'1“/111751) o B[u,y]aé-
653”(117 nc[aBMb]c7 63/“/ — _B[M’V]aga

Gravitational interaction It turns out that in
this case deformations for partially massless curvatures
are minimal, i.e. correspond to standard minimal grav-
itational interaction:

m

AFuw™ = Slhl"By" = e, B, ] -
cla ble
—w, [ Q) ]
AT = —wp™f” = Q" —mhy, "By
ABMab — _wuc[aBb]c
ABu = By hy® +mf hy

where h,® and w,* are usual gravitational frame field

and Lorentz connection. But to find deformation for
Riemann tensor and torsion requires much more work
with the result:

1 1
ARﬂyab _ _ig[uc[agy]b]c o ZB[M[GBV]H +
1 a Rblc c m a b
+ew" BBy — S Bl )" +
2
m a Rblc c m a b
e By = 5 il f”
AT, = Q% f,)" + BB,y +mf, By

Here we again take into account invariance of the com-
plete Lagrangian i.e. the sum of Lagrangian for mass-
less gravitational spin 2 and partially massless spin 2
fields. Similarly to the self-interaction case, form the
formulas given it straightforward to find appropriate
corrections to gauge transformations and check that
all deformed curvatures do transform covariantly.
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Conclusion

Thus Fradkin-Vasiliev approach provides effective
framework for investigation of cubic vertices for mass-
less and massive fields. It also allows investigate pos-
sibilities to go beyond linear approximation, though it

requires more work.
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O B3AUMOJENCTBUUN MACCHUBHBIX BEICIIINX CIIMHOB B IIOJAXO/JE
OPAJKVNHA-BACUJIBEBA

Mel obcyxmaem noaxon Ppagkuna-BacuibBa K HCCI€IOBAHUIO B3aHMOIeICTBUH HoJel ¢ BBICHIUME CIIMHAMU. VI3HAYa IbHO
9TOT HOAX0Z OBLI PA3BUT [JIs UCCIIELOBAHUS B3aUMOgeicTBHi 6e3MaccoBbIx noseil. OmHaKO, HCIOIb3YsI PEIEPHEIH KAJIHOPOBOIHO
MHBApHAHTHBIA (DOpMaIN3M [JIs MACHBHBIX IOJIeH, €ro MOXKHO [PHMEHSTH JJlsl JII0O0H KOMOWHAIMKM MACCUBHBIX H/HJIU
6e3maccoBbIX moseit. Ilocsie KpaTKOTO OMUCAHUS TAKOrO MOAXOAA MBI PACCMTPHUBAEM MPOCTEHIINI BOZMOMKHBIN MIpUMep —
caMOZIefiCTBIE U IPABUTALMOHHOE B3aAUMOAEHCTBUE [JIsI 9aCTUIHO 0E3MacCOBOr0O CIUHA 2.
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