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On massive higher spin interactions in Fradkin-Vasiliev approach
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Here we discuss Fradkin-Vasiliev approach for investigation higher spin �elds interactions. Initially this approach was
developed for investigation of massless �elds interactions, but using frame-like gauge invariant formalism for massive higher
spin �elds it can be straightforwardly applied to any combination of massive and/or massless �elds. After brief description
of such approach we consider the simplest possible examples � self-interaction and gravitational interaction for partially
massless spin 2 �eld.
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1 Fradkin-Vasilev approach for massive �elds

First of all, let us brie�y recall what frame-like for-
malism for higher spins is [1�3]. Really it is just a nat-
ural and straightforward generalization of well-known
frame-like formalism for gravity

eµ
a, ωµ

ab =⇒ Φµ
a1...as−1,b1...bk , 0 ≤ k ≤ s− 1

where now instead of frame eµ
a and Lorentz con-

nection ωµ
ab one introduces a whole bunch of �elds

Φµ
a1...as−1,b1...bk , 0 ≤ k ≤ s − 1. It is very important

that all these �elds are gauge ones so that each �eld
has its own gauge transformation:

δΦµ
a1...as−1,b1...bk ∼ Dµξ

a1...as−1,b1...bk + . . .

where dots stand for the terms without derivatives.
Moreover, each one has its own gauge invariant �eld
strength (which we generally will call curvatures):

Rµνa1...as−1,b1...bk ∼ D[µΦν]
a1...as−1,b1...bk + . . .

where again dots stand for the terms without deriva-
tives. Remarkably that the free Lagrangian can be
rewritten in terms of these gauge invariant curvatures
as

L0 =
∑
RR

very similar to the usual Yang-Mills theories.
Now let us turn to the so-called constructive

approach to investigation of possible interactions.
Schematically it can be described as follows.

• Construct cubic vertex such that its free varia-
tions vanish on-shell:

L1 ∼ ΦΦΦ ⇔ δ0L1 ≈ 0

• Find corresponding corrections to gauge transfor-
mations such that now all variations in the linear
approximation vanish o�-shell:

δ1Φ ∼ Φξ ⇔ δ0L1 + δ1L0 = 0

Note that these two steps are completely general and
common to any constructive approach based on metric-
like, frame-like or any other formalism one uses. But
in a frame-like formalism there are two more steps.

• There exist quadratic deformations for all cur-
vatures such that deformed curvatures transform
covariantly:

∆R ∼ ΦΦ =⇒ δR̂ ∼ Rξ

• Moreover, interacting Lagrangian can be written
in terms of these deformed curvatures as

L ∼
∑
R̂R̂

Such approach is straightforward and do allows one
investigate possible interactions. But its �rst two (and
the most hard) steps do not take into account the ex-
istence of gauge invariant curvatures though it is clear
that in any gauge invariant theory the most simple and
elegant formulation is the one in terms of gauge invari-
ant objects. Roughly speaking, the Fradkin-Vasiliev
approach [4,5] modi�es the order of calculations to take
advantages of these curvatures existence. Schemati-
cally, it can be described as follows.

• Construct deformations for curvatures and corre-
sponding corrections to gauge transformations

∆R ∼ ΦΦ ⊕ δ1Φ ∼ Φξ =⇒ δR̂ ∼ Rξ

so that they transform covariantly. In this, there
is still some ambiguity because this guarantees
that the equations are gauge invariant, but not
necessarily Lagrangean.
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• Put them into the Lagrangian and require it to
be gauge invariant

L ∼
∑
R̂R̂ ⇔ δL = 0

thus �xing all remaining ambiguities.

As we have seen the main ingredients of such ap-
proach are frame-like formalism and gauge invariance.
But gauge invariant frame-like formalism exists for
massive higher spin particles as well [6, 7]. Thus such
approach can be used for investigations of interactions
for any combination of massless and/or massless �elds.
In the next section as an illustration we consider the
most simple example � self-interaction and gravita-
tional interaction for so-called partially massless spin
2 �eld.

2 Example: partially massless spin-2

First of all let us remind what is partially massless
spin 2 [8�10]. It is an exotic representation that exists
in de Sitter space only and has four physical degrees of
freedom � helicities (±2, ±1). In a frame-like gauge
invariant formalism it can be described by the following
free Lagrangian:

L0 =
1

2
{ µνab }Ωµ

acΩν
bc − 1

2
{ µναabc }Ωµ

abDνfα
c +

+
1

4
Bab

2 − 1

2
{ µνab }B

abDµBν +

+m[{ µνab }Ωµ
abBν + eµaB

abfµ
b]

which is invariant under the following gauge transfor-
mations:

δ0fµ
a = Dµξ

a + ηµ
a +meµ

aξ, δ0Ωµ
ab = Dµη

ab

δ0Bµ = Dµξ +mξµ, δ0B
ab = −2mηab

For all four �elds there exist gauge invariant curva-
tures:

Fµνab = D[µΩν]
ab − m

2
e[µ

[aBν]
b]

Tµνa = D[µfν]
a − Ω[µ,ν]

a +me[µ
aBν]

Bµab = DµB
ab + 2mΩµ

ab

Bµν = D[µBν] −Bµν −mf[µ,ν]

In this, free Lagrangian can be written in terms of these
curvatures as follows:

L0 ∼ 1

4

{
µναβ
abcd

}
FµνabFαβcd + 2 { µνab }Bµ

acBνbc +

+m { µναabc } Tµν
aBαbc

Self-interaction. By straightforward calculations
it is not hard to �nd quadratic deformations for cur-
vatures (note that we have already �xed all ambigui-

ties here taking into account the invariance of the La-
grangian):

∆Fµνab =
1

4
[B[µ

[aBν]
b] − e[µ

[aBb]cBν]
c] +

+Ω[µ
c[aΩν]

b]c

∆Tµνa = 2Ω[µ
abfν]

b −B[µ
aBν]

∆Bµab = Ωµ
c[aBb]c, ∆Bµν = −B[µ

afν]
a

In this, corresponding corrections to gauge transforma-
tions look like:

δ1Ωµ
ab = −2ηc[aΩµ

b]c

δ1fµ
a = −2ηabfµ

b + 2Ωµ
abξb −Bµaξ

δ1B
ab = −ηc[aBb]c, δ1Bµ = −Bµaξa

It is not hard to check that under such corrected gauge
transformations all curvatures transform covariantly:

δF̂µνab = 2ηc[aFµνb]c

δT̂µνa = 2ηabTµνb + 2Fµνabξb − B[µ,ν]
aξ

δB̂µab = ηc[aBµb]c, δB̂µν = −B[µ,ν]
aξa

Gravitational interaction It turns out that in
this case deformations for partially massless curvatures
are minimal, i.e. correspond to standard minimal grav-
itational interaction:

∆Fµνab =
m

2
[h[µ

[aBν]
b] − e[µ

[aBb]chν]
c]−

−ω[µ
c[aΩν]

b]c

∆Tµνa = −ω[µ
abfν]

b − Ω[µ
abhν]

b −mh[µ
aBν]

∆Bµab = −ωµc[aBb]c

∆Bµν = B[µ
ahν]

a +mf[µ
ahν]

a

where hµ
a and ωµ

a are usual gravitational frame �eld
and Lorentz connection. But to �nd deformation for
Riemann tensor and torsion requires much more work
with the result:

∆Rµν
ab = −1

2
Ω[µ

c[aΩν]
b]c − 1

4
B[µ

[aBν]
b] +

+
1

4
e[µ

[aBb]cBν]
c − m

2
B[µ

[afν]
b] +

+
m

2
e[µ

[aBb]cfν]
c − m2

2
f[µ

[afν]
b]

∆Tµν
a = −Ω[µ

abfν]
b +B[µ

aBν] +mf[µ
aBν]

Here we again take into account invariance of the com-
plete Lagrangian i.e. the sum of Lagrangian for mass-
less gravitational spin 2 and partially massless spin 2
�elds. Similarly to the self-interaction case, form the
formulas given it straightforward to �nd appropriate
corrections to gauge transformations and check that
all deformed curvatures do transform covariantly.
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Conclusion

Thus Fradkin-Vasiliev approach provides e�ective
framework for investigation of cubic vertices for mass-
less and massive �elds. It also allows investigate pos-
sibilities to go beyond linear approximation, though it

requires more work.
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Þ. Ì. Çèíîâüåâ

Î ÂÇÀÈÌÎÄÅÉÑÒÂÈÈ ÌÀÑÑÈÂÍÛÕ ÂÛÑØÈÕ ÑÏÈÍÎÂ Â ÏÎÄÕÎÄÅ
ÔÐÀÄÊÈÍÀ-ÂÀÑÈËÜÅÂÀ

Ìû îáñóæäàåì ïîäõîä Ôðàäêèíà-Âàñèëüâà ê èññëåäîâàíèþ âçàèìîäåéñòâèé ïîëåé ñ âûñøèìè ñïèíàìè. Èçíà÷àëüíî
ýòîò ïîäõîä áûë ðàçâèò äëÿ èññëåäîâàíèÿ âçàèìîäåéñòâèé áåçìàññîâûõ ïîëåé. Îäíàêî, èñïîëüçóÿ ðåïåðíûé êàëèáðîâî÷íî
èíâàðèàíòíûé ôîðìàëèçì äëÿ ìàñèâíûõ ïîëåé, åãî ìîæíî ïðèìåíÿòü äëÿ ëþáîé êîìáèíàöèè ìàññèâíûõ è/èëè
áåçìàññîâûõ ïîëåé. Ïîñëå êðàòêîãî îïèñàíèÿ òàêîãî ïîäõîäà ìû ðàññìòðèâàåì ïðîñòåéøèé âîçìîæíûé ïðèìåð �
ñàìîäåéñòâèå è ãðàâèòàöèîííîå âçàèìîäåéñòâèå äëÿ ÷àñòè÷íî áåçìàññîâîãî ñïèíà 2.

Êëþ÷åâûå ñëîâà: âûñøèå ñïèíû, êàëèáðîâî÷íàÿ èíâàðèàíòíîñòü, âçàèìîäåéñòâèÿ.
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