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Summary

The first part of this thesis applies the Rieffel induction procedure, recently advocated by Landsman
for the quantization of systems with constraints, to certain linear quantum field thcories. After a
preparatory chapter in which Rieffel induction is used to implement constraints on the Heisenberg
algebra (¢, p.] = —1g,.., Landsman’s proposal is applied to free quantum electrodynamics (QED).
Starting from the Fock representation of the unconstrained field algebra, a new representation of the
field algebra on the Rieffel-induced Hilbert space H,uy is constructed, which carries a trivial action
of the gauge group. This leads to a new type of gauge fixing, lying conceptually between the Coulomb
gauge and the Gupta-Bleuler gauges. The characteristic features of this formulation of free QED are
presented in detail (Hamiltonian, propagator, n-point correlation functions, (semi)-positivity ot the
meltric, implementation of the Poincaré group, action of gauge transformations, etc.). Also, some
steps are undertaken to apply the method to functional representations and for a 3-dimensional vector
potential with Ag = 0.

Subsequently, the Rieffel induction procedure is applied to a simple model showing spontancous
symmetry breaking, viz. the Stiickelberg-Kibble model. Here, a physical state space H,,s is
constructed which carries a massive representation of the Poincar€ group. Its longitudinal one-particle
component arises from a particular Bogoliubov-transformation of the five (unphysical) degrees of
treedom one has started with.

The second, smaller part of this thesis contains two more chapters on spontancous symmetry breaking.
In the first one, formal properties of the cffective potential of a scalar field theory are investigated.
One finds that the effective potential is exactly one-fold differentiable at the valuc of the vacuum
expectation value, and this turns out to be crucial for the validity of the perturbative loop expansion.
In a second chapter, the algebraic characterization of the vacuum expectation value of a scalar field as
an element in the center of the weak closure of certain representations of the field algebra is used in

an attempt to simplify a particular type of gauge-invariant interaction terms.
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Adler, dulde mein kreisen
Neben der sonne und dir.

Ist deine beute auch mir?
Traue mir, niemals entreiflen
Andere unser revier.[3]
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CHAPTER I:
INTRODUCTION

Two strategies offer themscelves for imposing constraints on a quantum field theory (QFT). Either one
starts from quantizing a classical system with constraints imposed, or the unconstrained quantized
theory is taken as starting point. The first part of this Introduction provides a brief survey of ditferent
methods for dealing with constraints in QFTs according to either of these strategies. some problems
arising in QFTs showing spontaneous symmetry breaking (SSB). In the case of scalar QFTs without
gauge fields, we focus on the effective potential, which monitors spontaneous symmetry breakdown.
In the case of gauge QFTs, we draw attention to the fact that SSB is a gauge-dependent concept.

While most technical prerequisites are developed in the subsequent chapters, this Introduction aims

at relating these chapters to each other and to the literature.

1. Theories of Constraints

We give a brief outline of Dirac’s treatment of constraints, following [4] and [S]. After recalling the
Gupta-Bleuler indefinite metric method, and its relation to Dirac’s treatment, we discuss two more
recent proposals for imposing constraints: the T-procedure, advocated by Grundling and Hurst [6, 7, 8],
which takes the quantized theory as starting point, and the Rieftel induction procedure proposcd
by Landsman [9]. Both proposals are formulated in an operator-algebraic sctting which, besides
conceptual clarity, offers the advantage of avoiding certain representation-dependent difficulties (e.g.
the spectral problem in Dirac’s theory of constraints, mentioned below). Throughout our work, this

may be regarded as the main motivation for adopting an algebraic approach whenever applicable.
Dirac’s treatment of constraints

Historically, the first treatment of constraints in quantum theories has been proposed by Dirac [10].

It starts from a classical theory formulated on 7'Q), the tangent space of a manifold ¢/, on which the
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dynamics is specified by a Lagrangian L(q, ¢), with (¢.¢) € T'Q), and the corresponding equations of
motion

=: fil¢,q). (1.L1)

These equations have a solution only if the vector fi(g, ¢) lies in the range of W;; = 5—0—8{77 Generally,

oL , _d(oL\ oL

0¢0¢ Y T dt\og) ~ agog
W may be singular, in which case det W = 0 and solutions exist only for (¢,¢) € (TQ)"V) C TQ,
a certain submanifold of T'Q). Changing by Legendre transformation, p; = —’50-(;—’—”—), to the cotangent

manifold 7@, a set of s primary constraints

¢°(q.p) = 0. (¢.p) € T"Q, (1.1.2)

specifies (1~Q)") C T~(Q, the image of the Legendre transform. These primary constraints ensure
that on (7Q)'", at least the initial value problem is well-defined. Furthermore, to ensure that the
constraints are consistent with the dynamics and with each other, one requires that the Poisson brackets
of ¢° with the Hamiltonian and with themselves have to be constraints. In general, this is not the
case and the obtained Poisson brackets are used as secondary constraints for a further reduction of
the phase space. Finally, iteration shows either that the theory is inconsistent or it Icads to a set of
constraints which are consistent with the dynamics and with each other. Then, the resulting final
constraint manifold C' is a submanifold of (7*Q)™M).

Dirac classified constraints by a compatibility requirement: a constraintis called a first class constraint
if its Poisson bracket with arbitrary constraints is a constraint. Otherwise, it is called a second class
constraint.

First class constraints ¢°(q, p) generate transformations within ' for which C decays into cquivalence

classes under ‘gauge transformations’,
(¢ip) = (¢i + e{qi, 8}, pi + e{pi, 07}) (1.1.3)

According to Dirac’s ideas, second class constraints can be eliminated explicitly. Dirac dealt with
them by replacing Poisson brackets {.,.} with Dirac brackets {...}, ' which have the same algebraic

properties as Poisson brackets but satisfy

{fixs}p =0, (1.1.4)

where {xs} denotes the set of all second class constraints and f is an arbitrary constraint. The

essential point is that one may go to a new set of canonical variables (@Q;, P;), ¢ = 1,..., N so that the

! For a definition and discussion of Dirac brackets, cf. [5, 10].
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S different second class constraints are functions of the: = N — S +1,..., N components only. Then,
the dynamics can be discussed on the 2(.V — 5)-dimensional manifold on which one is left with first
class constraints only. Since second class constraints are not the subject of what follows, we refer to
the literature for a deeper discussion, cf. [5, 10}].

For quantizing classical systems, Dirac postulated his correspondence principle between Poisson
brackets and commutators, {f,¢} — %[f g), associating with each function f(g, p) over phasc space
an operator i given in a representation on some Hilbert space H. The proposal is then to impose the

quantized first class constraints as supplementary conditions on | ) € H,
¢%(q,p)| ¥) =0, (1.1.5)

thereby singling out a subspace Hppys C H.
Remarks:

o if q:)“(q. p) were a second class constraint, condition (1.1.5) would be inconsistent. E.g., &' =g,
#* = p, ¢l ) = pl¥) = 0 but [§,p]] ¥») = ih|¥) # 0. This problem is circumvented by

introducing Dirac brackets.

vy eH
for which (1.1.5) holds. E.g., consider free QED with the gauge transformation A, — A; + Vg,

e If0 does not lie in the point spectrum of éa( q,p), then there are no normalizable vectors

generated by ¢(x) = V;Ei(x). From Maxwell’s equations, we obtain the Gauss law o(r) = 0
whereas the commutation relations [A;, o(y)] = 1AV, ;6(x — y) forbid us to interpret @ = 0 as an
operator equation. One may try to adopt Dirac’s treatment, taking ¢ as supplementary condition
in the sense of (1.1.5), but there is still the difficulty that ¢ has a purely continuous spectrum

(11,122

The Gupta-Bleuler method

One way to circumvent the problem of finding normalizable vectors satisfying condition (1.1.5) is
to introduce an indefinite metric 7 in H, such that [{(¢) | 7 | ¥)| < co. The Gupta-Bleuler method
[13, 14], starts from this idea and gives a procedure of how to regain a physical intcrprctatioh in such

an indefinite metric formalism:

?In fact, in the finite dimensional case, according to v. Neumann’s uniqueness theorem, the Weyl form of A;, ¢ has
essentially only one irreducible representation and in this representation, the operators have a purely continuous spectrum,
i.e., thereis no | ) with (¥, ) < o, satisfying (1.1.5). As pointed out by Narnhofer and Thirring, this problem reminds
one of the improper eigenfunctions of the position operator &, which are something like é-functions but not normalizabte,
[ 6% = o0, [12).
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Given a Hilbert space H with positive definite scalar product (., .), the physical expectation valucs
are computed in terms of an indefinite sesquilinear form (.,.) = (.,n.) with metric operator 7. This
product is positive semidefinite on a proper and maximal subspace H' C H. The physical Hilbert

space H,hys 1 then defined as the quotient
thys = HI/HHs . (1] 6)

where H” contains all elements of H’ with vanishing (., .)-norm.

The non-physical aspect of an indefinite metric in the Gupta-Bleuler formalism has been found
repellent by many physicists. But there is a no-go-theorem of Strocchi [15, 16] saying that only a
vector potential A, which is both non-covariant and non-local can satisfy Maxwell’s equations as
operatorlequations on a Hilbert space. The latter indeed happens in Coulomb gauge QED. In the light
of Strocchi’s theorem, the indefinite metric formalism appears to be if not the unique then at least a
very economical way of obtaining a local and covariant formulation of gauge theories. Also, with the
advent of the Faddeev-Popov path integral method for gauge fixing [17], the Gupta-Bleuler method
has turned out to be very suitable for perturbative calculations, while on the other hand, a rigorous
mathematical frame has been given to it (in the sense of a modified Wightman field theory) by the

work of Strocchi and Wightman for the abelian case of free QED, cf. [18].

The T-procedure

- Strocchi’s theorem indicates that one cannot get rid of an indefinite metric formalism without paying a
certain prize. The T-procedure, advocated by Grundling and Hurst [6, 7, 8], and going back to carlier
proposals by Carey, Gaffney and Hurst [19, 20, 21, 22], does not use an indefinite metric formalism.
Let us look for the mathematical features of this approach.

The T-procedure which we review only for first class constraints, starts from the quantized theory
without recourse to a classical formulation. The theory is assumed to be given in the framework of
algebraic quantum theory, first advocated by Segal and later effectively used in local quantum ficld

theory by Haag and Kastler.® As starting point, Grundling and Hurst use an unconstrained ("*-ficld

3Though we do not aim at reviewing this approach to QFT, the following should be mentioned: the fundamental
mathematical object of a Haag-Kastler quantum field theory is a map @ — A(Q), mapping each bounded open region )
in Minkowski space into a C"-algebra A(O). Isotony of this net of algebras (O, C O3 implies A(O1) C.A(O3)] allows
one to define the C*-algebra of quasilocal observables A as inductive limit, 4 := Up A(O). A satisfics what is known
as Haag-Kastler axioms, a set of physical requirements: isotony, Einstein causality, transformation propertics under thc
Poincaré group, etc.,, cf. [16, 23]. States are defined as normalized positive linear functionals on A.
According to the phllosophy of algebraic QFT, the field algebra should be constructed from the algebra of observables
by investigating the superselection structure of the theory. This program, first advocated by Borchers and by Doplicher,
Haag and Roberts, has been completed for special cases. The T-procedure (as well as the Rieffel induction procedure
discussed below) deviate from a Haag-Kastler sctting in so far, that A is taken to be the field algebra and not the algebra
of observabies.
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algebra, a set U of n unitary operators [/;(\) generated by first class constraints and the set of Dirac
states

Sp = {w € Salw(li(N) = L7 = 1,...n}, (1.1.7)
where S4 denotes the set of all states of the ficld algebra A. Then, the constraint-free algebra of
physical observables R is given by _
R =C/D, (1.1.8)

where, (cf. the footnote for a more precise definition), C denotes the subset of elements in A,
commuting with the constraints and D denotes a two-sided ideal in A built from the constraints.* This
structure will be discussed further in the {ollowing chapters on the Heisenberg CCR algebra and [rec

QED. Here, we mention only what is known about the physical states on A and R.:
1. Sp is notempty iff 1 ¢ F(L).

2. There exists a one-to-one correspondence between the set of Dirac states Sp(C) and the set of all
states on R, S(R). This one-to-one correspondence exists between the subsets of all pure Dirac

states S5 and all pure states on R, S?(R), too.

3. At least for the important case of a CCR algebra with hermitian supplementary conditions (1.1.5)

and corresponding unitaries [/, () := e \ € R, no Dirac state w € Sp is regular [11].

‘One may look for alternatives to the T-procedure on pragmatic or conceptual grounds. We mention

the following two points:

o The input data do not arise from a classical theory via a quantization prescription. Where does
the set of unitaries come from? From an algebraic point of view, this information should be

encoded in the underlying C'*-algebraic net, obviating the need for specification as input data.

o For CCR-algebras, the GNS-representation of r,,(.4) on H,,, corresponding to Dirac states w, is

non-regular on non-physical quantities. This implies, e.g. for free QED, that the vector potential

4To be more precise:
F(L) :=C"(U - 1),

D= [AF (L) N[F(L)A],
C={Ac A|[A HleD;H e D}.
Here, [.X] denotes the linear space for an arbitrary set X C A, closed in the C*-norm and C*(.X) is the (™ -algcbra

generated by X'. Furthermore, Grundling and Hurst have shown that D is an ideal ot C as is required for making sense of

(1.1.8), cf. [6).
5Grundling and Hurst have shown that this condition is equivalent to having only first class constraints in the theory,

ct. [6].




I: Introduction

does not exist as an operator on H,,. This will certainly complicate perturbative calculations in

this setting [12].

Rieffel induction procedure

In contrast to the T-procedure, the Rieffel induction procedure does make contact with an underlying
classical theory. The starting point of this method, recently proposed by Landsman [9], is the
observation that the phase space of many constrained classical systems can be written as a Marsden-
Weinstein quotient [24], combined with the proposal that a Rieffel induction procedurce provides
the appropriate quantum analogue for this classical reduction procedure. Here, we specify the two
most important ingredients of Landsman’s proposal, the Marsden-Weinstein reduction and the Rieflel
induction procedure:

1. Marsden-Weinstein reduction procedure: the starting point is a classical thcory, given by a
symplectic space (M, B) on which a Lie group (v (the gauge group) is acting. Provided certain
technical assumptions are satisfied, one can define a so-called momentmap J : M — g™ by Jx(m) =
(J(m), X), where g™ is the topological dual of the Lie algebra g of . Then, the Marsden-Weinstein

reduced space MY is defined by the Marsden-Weinstein quotient
M° = J710)/G. (1.1.9)

This space is equipped with a reduced symplectic form B. Since Marsden-Weinstein reduction is not
employed actively in our later work, we restrict ourselves here to a footnote ® briefly illustrating the
notions involved for the example of classical electrodynamics.
2. Rieffel induction procedure: this originates from the idea to find a quantum analogue of the
Marsden-Weinstein procedure. Schematically, given a quantization prescription (), which relates the
symplectic space (M, 53) to some field algebra A (e.g., the Weyl CCR algebra over M), (i to some
algebra 3 generated by i (namely the group algebra when (7 is finite dimensional) and (Y, B) to
some (a priori unknown) algebra of observables
(M,B);G 2 4B
Marsden—Weinstein Reductionl lRieﬁel Induction (1.1.10)
(MO, B) 2% A, =7 '

®E.g., for classical electrodynamics, choose the space of solutions of the wave cquation M =
{A, | DA, = 0: Ay € L3(R®) @ ¢}, with symplectic form B(A,C) = Im | ﬁf%%};gflu(p)ﬁ“(p) =: Im(A.C)y
and G = {gy € §'(R*) | Og = 0;dg € M}. (i acts on M as a gauge group via A, — A, + Jug. The moment map may
be computed as J,(A) = [m(dg, A)pr and J~1(0) = {A, € M | §,A* = 0}. Now, the quotient J ~'(0)/ removes the
gauge degencracy of the symplectic form B with respect to the action of (¢ on J ~!(0), i.e., loosely speaking, M contains
the gauge-independent partof 4, ct. [1].
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the question is: which method replaces the Marsden-Weinstein procedure on the quantum side of this
scheme such that the diagram is commutative?
Landsman’s proposal starts from a € -field algebra A, quantizing the unconstrained system, an algebra
of constraints B and a subspace L C H of a Hilbert space H on which the algebra of weak observables
A = B'n A (B’ being the commutant of B) and the constraint algebra B are acting from the left and
from the right, respectively. The aim of the Rieffel induction procedure is to obtain a representation
mX(.A) on a Hilbert space H* by induction from a representation 7, (83) on a Hilbert space H,.” Then,
mX(A) can be identified with the representation-independent observable algebra A,;,;. The esscntial
tool of the Rieffel induction procedure is the rigging map (., .) 5, defined on L x L and taking values
in B3,

(gL xL— B, (1.1.11)

L C 'H not necessarily dense. By definition, this rigging map satisfies the following conditions for all

Y, € L:

b

(N ) = Al ) forall A p e G

2. (o) = (0t p;

3. (b, pB)g = (¥, p)gB forall B € B,

4. (A, o) = (0, A%p),; forall A € A

S. (Asp, Ap) < || Al|*(h, ) foralleh € L, A€ A

It is possible to construct 7X only in case that 7, is L-positive, i.e., forally € L, 7 ((. 1) 3) > 0 as
an operator on ‘H,. Then, one forms the tensor product space L @ H,, endowed with a bilinear [orm
(v o,

(WD v.pw) = (r({g.¥)g)v, W)y, (1.1.12)
where (.,.), is the inner product in Hy. H* is the completion of the quotient of L ... H, by the

subspace Hy C L 3 H, of vectors with vanishing (...)o-norm,

HY = ((L & H)/HN) (1.1.13)

"To phyicists, induction methods are known from Wigner’s classification of all irreducible unitary representations of
the Poincar€ group P, cf. [25, 26]. More generally, the method of induced representations for groups allows to construct
via a general induction procedure a representation of the complete group, once a representation of a subgroup is given.
Similar induction methods have been developed for group algebras and (which is relevant for our work) to (" -algebras
by Rieffel, cf. [27]. Landsman’s proposal specifies the input data in such a way that Rieffel’s method tor the construction
of representations of C"-algebras applies.
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where (.)~ denotes the completion of the pre-Hilbert space. For all y®v € H*, the action of A € A
is given by 7\ (A)Yp@v = (7(A)y)ov.

The difficult part in applying this scheme is to specify a rigging map (1.1.11). To indicate the ideas
employed, we give the following

Example:

Take B = C"*((), the C™-group algebra of a locally compact group G Then, one may try to define a
rigging map (1.1.11)® on L x L as a function on G given by

(¥, 0)5(x) = (U(z)p, ), | (1.1.19)

8To see that (1.1.19) defines a rigging map, one has to check the five properties given below (1.1.11): In the case of a
convolution algebra C,(() of functions on a locally compact group G, one finds

L (A, pp) () = Ap(U(2)p, ¥).
2. Using f*(x) = f(x~") for the unimodular group 7, we find

(. p)ale) = (U (@)p ¥)" = (&, Uz )p) = (U(2)¥, »)
= (. 1) (). (1.1.14)

3. Using the multiplication of ¢clements in a convolution algebra, 4 * B(z) := [ du(y)A(zy~')B(y), we obtain

(¥, 0B) g(x) = (b, 7(B / da(o) (b, 79 ) B(g)p) ()

Il

[ duta)mtz)nts™ o, 0)Blo) = / d(9)(b, #)5(x9™ ) B(g)
= ($r )t (1.1.15)
4. n(A) € n(A) C n(B)" and hence, 7{A) C (). This allows us to write

(AP p)gla) = (U{x)p, AY) = (A" U(z)p, ) = (U(z)Ap. )
(1, A") s (). (1.1.16)

5. Forall states of a GNS-triplet (7, {2, H,,), we may write in the case of a compact group (+:
W((A'(baA‘/’)s):(/ dp(g){Av, A)5(9) 7w (9) 0, ), =/Cdu(g)(ff(y)fi'l!nA’tﬁ)w(ﬂw(g)ﬂwvflw)m
/ dp(g)((7 @ 1) (@) A @ 1) ® Qu, (A® 1)¥ @ Qu)uon, < | A Fw((¢. v))(1.1.17)

where we have used in the last line that fc; du(g){m @, )(g) is a projection operator which is positive and commutes
withall A € A4,

w((¥, ¥) ) :/ dp(g)((m @ mu )(g) ® Qu, ¥ © Q) marn,,
a
=((r O (1) D Qo ¥ O Qu)uen, 20 (1.1.18)

For a non-compact, locally compact group (7, this argument has to be modified, ct. [9], Prop. 3.




1.1. Theories of Constraints

where [/ is a continuous unitary representation of (¢ on H, « € (. Provided certain technical
assumptions hold, ' (1.1.19) satisfies all conditions for a rigging map specified above, if the actions
of A and U commute. If we induce from the trivial representation H, = C, we may write on the

dense subspace L C 'H
(¥opho= [ da(U(a),) | (1.1.20)

Finally, let us compare Landsman’s proposal with the T-procedure and the Gupta-Bleuler method:

e (.,.)o is positive semidefinite on the complete ‘unphysical’ space L & H, (in contrast to the
Gupta-Bleuler method), though the construction of H* is close in spirit to the Gupta-Bleuler

quotient H'/H".

¢ In contrast to the T-procedure, the Rieffel induction procedure makes contact with an underlying

classical theory.

The first part of this thesis (Chapters II - IV) consists in an application of Landsman’s proposal to free

QED.

®For a unimodular group G, for which the right and left Haar measure d s are equal, consider the completionof the vector
space C.(G) of continuous functions f : G — C with compact support, equipped with a x-operation ( f)*(z) = f(x~")
(implied by the unimodularity) and with one of the following two multiplications:

1. (untwisted) (f * g)(2) = [, dp(y)f(zy™ " )g(y)
2. (twisted) (f . 9)(2) = [ du()f(ey™Dg(y)e(ey™'y), wheree : G x G — U(1) is a 2-cocycle.

Vector spaces with this structure define ("™ -algebras. They are called ‘twisted (or untwisted) ("™ -group algebras’ and arc
denoted C" (G, ¢), (or C{ (') respectively.
These group algebras can be endowed cither with a Euclidean topology where the Haar measure du is the Lebesgue
measure "z, or with the discrete topology where the Haar measure dp(x) is the Dirac measure, i.c., every point has
measure 1, all sets are open and all functions continuous.
E.g., the Weyl CCR-algebra over G = R?™ turns our to be isomorphic to the twisted group algebra with discrete topology
and 2-cocycle c((z1, 22), (Y1, ¥2)) = exp 5 (21y2 — 22y1)], cf. [28]. In the present example, (¢ is endowed with the
continuous topology. Only then one finds that (1.1.19) takes values in B.

190ne has to find a dense subspace L C M, such that L is invariant under the right action of B, defined by 77 () =
Jo du(z) f(2)U (2~ 1) and (1.1.20) is finite. If L is not left invariant by the action of B, one may still change the scheme
such that (1.1.20) is defined (cf. the following chapters on free QED).
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I: Introduction

2. Spontaneous Symmetry Breaking

In practice, an order parameter is used to determine whether a symmetry group (& of a field algebra A
is either unitarily implemented or spontaneously broken in a realization of .4 on a Hilbert spacc H."!
In scalar QFTs without gauge fields, the vacuum expectation value of a certain scalar field is a suitable
order parameter, which allows one to decide this question. Its value can be determined by the minimum
of the effective potential of the theory. Here, our discussion focuses entirely on the formal properties
of this effective potential.

In gauge QFTs, however, already the selection of a suitable order parameter is a highly non-trivial
task. As we shall discuss, even the characterization of the Higgs-mechanism via SSB turns out to be

gauge-dependent.

SSB for scalar theories

In scalar QFTs, the absolute minimum of the effective potential gives the value of the vacuum
expectation value of the scalar field, which is a good order parameter. Hence, the effective potential,
originated in the early sixties in proofs of Goldstone’s theorem [30, 31}, has played a crucial rdle
in the discussion of spontancous symmetry breaking and mechanisms of phase transitions, once a
tractable perturbative evaluation was established with the loop expansion [32, 33, 34]. Morc recently,
the effective potential has been used widely in phenomenological applications, e.g. for the discussion
of phase transitions in the early universe. Without reviewing this very active field of research, we
mention that there, a non-convex form of the effective potential is frequently assumed to have an

energy-density interpretation. Faced by such heuristic applications, the following questions arisc:

¢ It is obvious that the loop expansion of the effective potential is not asymptotic to its non-

perturbative form [35, 36, 37]: for a non-convex classical potential, the loop expansion lcads to

11 et us recast this point in an algebraic language: we say that a group (7 is a global symmetry group of the ficld algebra
A if there exists a group of automorphisms {a,}, . . on A satisfying oy, g, (4) = ay,, (A) forall gr, g2 € (7.4 € A
commuting with space-time translations a,.. An automorphism «, of A is said to be unirarily implemented on a Hilbert
space ‘H, if H carries a representation m(.4) of A and there exists a unitary operator I/{g) onH for all ¢ € (4, such that
m(alA]) = U(g)r(A)~y) forall A € A, g € (I, and U(g1)U(g2) = U(grg2) forall g;, g2 € (7. A symmetry o, of
A is said to be sponraneously broken in a representation m of A, if it is not unitarily implemented in the corresponding
Hilbert space H [29].
Now, choose a translationally invariant (vacuum) state 2 € ‘H and assume that we have (Q, 7(A)Q2) # (Q, 7(er, (1))
for some element A € A, ¢ € (G. There are two possibilities: cither a, is spontaneously broken in m, or there exists a
unitary operator U/(g) but U{g)Q2 = Q, # Q. In the latter case, {2, is a translationally invariant (vacuum) statc, since
a, commutes with a,. We say that the vacuum is degenerare, which implies that the representation m on 'H is reducible,
Consequently, in the irreducible representations of A on Hilbert spaces H, obtained by GNS construction from onc of the
degenerate vacua Qg, arg will be spontaneously broken. In this sense, the vacuum expectation value (@, 7(A— ey (A))82)

[RRY

is an order parameter and (2, 7(A — a4(A4))8) # 0 indicaies spontaneous symmeiry breaking.

10



1.2. Spontaneous Symmetry Breaking

a non-convex expression [or the effective potential, despite a formal convexity argument [38].
Hence, we ask: in how far does one obtain non-perturbative physical information about the

etfective potential from the perturbative loop expansion?

¢ Given that the exact form of the effective potential is convex [37, 39], in which sense has

either the non-convex expression for the etfective potential or the convex one an energy density

interpretation?

o How far is it possible to justify the heuristic interpretation of the perturbatively calculated cffective

potential despite the failure of the loop expansion? And are there other perturbative methods

which lead to a convex expression?

Chapter VI is concerned with these questions. To be as precise as possible, we restrict our arguments
to P(¢):-theories whenever necessary. For this class of scalar field theories, we can use a plethora
of important results which have been established within the program of constructive field theory.
However, it should become clear that our arguments can be expected to hold true in a much more

general setting.

SSB for gauge theories

The aim of this last introductory section is to draw attention to some problems arising in the charac-
terization of the Higgs mechanism, thereby motivating the calculations reported in Chapter VII.

In the conventional formulation of continuum gauge field theories with Faddeev-Popov gauge fixing,
a non-zero vacuum expectation value is assumed [40]. E.g., this assumption is considered to be ncces-
sary for the appearance of massive vector bosons in the electroweak theory. However, as pointed out

by Wightman [41], the following apparently inconsistent results and assumptions exist in litcrature:

¢ In lattice versions of gauge theories which are believed to show spontancous symmetry breaking,
the vacuum expectation value of the scalar field is generically zero [42]. This is nothing but
a simple consequence of the manifest gauge invariance of the measure in the usual lattice

formulation without Faddeev-Popov gauge fixing.

¢ In lattice gauge theories with Faddeev-Popov gauge fixing, it has been shown that the gauge-
invariant two-point function of the scalar field decays exponentially in the radiation gauge [43]
and in all Gupta-Bleuler gauges [44]. This result holds formally in the continuum limit and shows

that there is no SSB in these gauges [43, 44, 45, 46].

11




I: Introduction

¢ Inlattice gauge theories with Faddeev-Popov gauge fixing of the Landau type, the gauge-invariant
two point function of the scalar field approaches a non-zero value in the large distance limit and

one does obtain a non-zero vacuum expectation value [44, 45].

These results show that SSB is a gauge-dependent concept, not indicative for the Higgs mechanism
in general [47].12

As shall be explained at the end of Chapter IIl, our application of the Rieffel induction procedure
to free QED leads to a new gauge, the ‘Landsman gauge’, which is a particular cross-breed of the
Coulomb and Gupta-Bleuler gauges. In the light of the results reviewed in this subsection, it is clearly
of interest to exploit the features of the Landsman gauge for QFTs showing SSB. This is done in
Chapter V, where we apply the Rietlel induction procedure to the Stiickelberg-Kibble model.

Our main motivation for the approach in Chapter VII has been the idea that a gauge-independent
algebraic characterization of the vacuum expectation value should help to clarify the situation described
by Wightman. Though we have not been able to contribute much to the problems mentioned by
Wightman, we report here on our first step, which consisted in emphasizing that the vacuum expectation
value of a scalar field has an interpretation as a central element in the weak closure of a certain class
of representations of the ficld algebra. Motivated by Haag’s treatment of the BCS-model (which we
briefly review) [48], we finally try to exploit this algebraic characterization of the vacuum expectation

value in a formal analysis of a particular type of interaction terms.

121t should be clear that this observation provides excellent motivation for studying methods unrelated to the Faddcev-
Popov path integral formulation of QFT, which implement constraints (and gauge-fixing conditions) in QFTs showing
SSB. Indeed, this has been the starting point of our work on the Rieffel induction procedure described in Chapters {f - V.

12



CHAPTER II:
CONSTRAINTS IN THE HEISENBERG ALGEBRA

As a preparation, in this chapter we apply the Rieffel induction procedure to the Heisenberg algebra

of canonical commutation relations (CCR) of four degrees of freedom,

[Q;tapu] = ~1Gu, 2.1)

g = (1,—1, -1, —1). Therefore, in the first section we specify the necessary input data, cf. (1.1.10),
namely an algebra of observables and an algebra of constraints, as well as representations of these

algebras.

The Heisenberg algebra defines a toy model,! mimicking free QED by taking the electromagnetic
vector potential A, to be frozen at the value ,»'1“ = A,(p), where p denotes a fixed momentum four
vector. Most of the results obtained will survive our discussion of free QED in Chapter 111 with minor

changes, thereby simplifying our presentation considerably.

1. Weyl algebra formulation of the model and its representations

Here, we consider the CCR-algebra A(C*, B) over the vector space C* with symplectic form B(...),

defined by the Weyl form of the canonical commutation relations

W(HW() = W(f+ f’)el—%B(f’fl)], (2.1.1)

B(f, ") = 2Im(f, "), (212
forall f, f' € C*, where Im(.,.)a denotes the imaginary part of

([ = fug™ . (2.1.3)

!This investigation has been motivated by the paper of Carey, Gatfney and Hurst [19] who analyze (2.1) by methods
different from ours.
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II: Constraints in the Heiscnberg Algebra

To see how (2.1) and (2.1.1) are connected, one may formally write W (¢, d) = exp [—i(c.p* + d,.q")]
for f = ¢ + id, which allows one to ‘derive’ (2.1.1) from (2.1) with the help of the Baker-Campbell-

Hausdorff formula. Yet, this connection remains formal since A(C*, B) is a ("*-algebra, given

independently of any representation while the generators ¢,, p, exist in regular representations of

A(CH, B) only, [49].
The algebras of weak observables and constraints
Here, we specify subalgebras of A(R®, B) by their transformation properties under the group £(2).
Then, we briefly motivate this choice.
We start from the Weyl algebra A(K, B) over a linear space K with symplectic form 5. A symplectic

transformation of K is defined by a linear operator Z on K, which leaves B invariant, B(...) =
B(Z.,Z.). Z defines an automorphism « of A(K, B) by

A W([)) = W(Zf). (2.1.4)

In our concrete case, we interpret the [ = ¢ + id as elements (c;, ¢z, ¢3, ¢4, di, dy, dy. dy) in K = R?

and we specify a representation Z of [2(2) on R® by the generators:

- EYy0 o 0 o My 0
E, = ( 0 &, ) E, = < 0 &, ) My = < 0 M, )

00 -1 1 00 0 0 0 1 00
, oo o o0 , oo 11 , ~100 0
Ev=110 0 o Ev=1491 0 o Ms=1 "9 00 0
10 0 0 01 0 0 0 00 0

The automorphisms g, 1,) of A(R® B) are then defined by specifying Z, Z(0,x1,x2) =
exp[IM's + x E'y + 2, F';] in (2.1.4). For later use, we present this operator, using the short-
hand a = (1 — cosf):

cos ¢ sin ¢ —Zlginf — Z2a sinf + Za
. A g 4
. —sind cos 0 —-J—smO—l——La =2 g ]0,__1,(,
Z(a,;lfl,‘lf‘z) - o 8 91 g
Lsind — 2o Ha+2Zsind 1 — 5(a? + 2d) —7(F1+ x3)a
Fsind — 22q —la+—lsm(’7‘ 92(3:1+J:2)a 1+92( + ad)a

To make contact with a simpler expression for Z, given by Weinberg [50], we use the substitution

Ty . Ta
l{ = —sinf — —(1 — cos §)
0 0
. Lo
ly = {1~ cos8)+ 5 oin 8, (2.1.5)
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2.1. Weyl algebra formulation of the model and its represcntations

which leads to?

cos® sinf —ljcost —lysinf [, cos@ + l,sinf
—sinflcos® l;sin® —lycos —I;sinf + lycosd

Z(ev 11312) =

T A ) L1+ 2) ’

l ly S+ 15) L+ 5(3+8)
cos —sind [ —1
sin 0 cos f Iy —1y

-1 _
200,b, 1) = —licosf —lysin@lysinf — lycos01 — %(134—13) %(lf%—[%)
—lycos@ — lysinf lysinf — lycos b :Ql(lf +13) 1+ %(lf + 13)

Following Carey, Gaffney and Hurst [19], we are led to subspaces N, T, S of R¥ the first two of
which allow for the construction of £/(2)-invariant subalgebras of A(R®, B),

N = {/ € R8 [ j = ((1.1, iy, a,a, b], bg, b., [))}

T={feR¥| [f=1(0,0,a,¢,0,0,b,b)},

S = {f € Rg [ f = (a'l’ az, 07 03 bh bZ»Ov 0)} (21.6)
We mention the following properties of these subspaces and their corresponding Weyl algebras:

e T and N are invariant under £(2), whereas N = 5 @ T. S is not invariant under the action of

E(2), i.e., the action of F(2) on N is reducible but indecomposable.

e Hence, A(T, B) and A(N, B) are invariant under the action of £(2), but A(SS, B3) is not. Yet,
A(S, B) is isomorphic to the quotient A(T', B)/A(N, B) with the obvious equivalence relation

understood, [19].

We have specified £(2)-invariant subalgebras of A(C*, B) to obtain a setup, closely related to the
Weyl algebra of the vector potential of free QED. In fact, we shall already encounter the main
features of our later application of the Rieffel induction procedure to free QED in the simpler sctting
of the Heisenberg Wey! algebra. Especially, the role of the stability group £(2) of the massless

representations of the Poincaré group can be studied already in this toy model.

Representations of the Weyl algebra and their equivalence

As a second preparatory step, we introduce two representations of A(C*, B), the Schrédinger rep-

resentation on L*(R*, d*x) and the Fock representation on a symmetrized Fock space over the one-

2From our substitution, it is obvious that Z(0,zy,22) = Z(—0,-x,,—x2)"!, whereas Z(0,l;,l2) #
Z(=0, =l —l3)"".
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II: Constraints in the Heisenberg Algebra

particle Hilbert space C*. Then we introduce the Bargmann transform which defines a unitary map

intertwining both representations. Let us start by specifying these representations:

1. Schrodinger representation 7g on H = L*(R*, d*z), endowed with the scalar product

(bop) = [dep@)ple) @.1.7)

forall ¢, € L*(R*, d*z). The representation ms(A(R®, B)) on L%(R*, d'z) is defined by
ms(W(a, b))p(x) = eriant” e=ibus®y 0 o), (2.1.8)
2. Fermi representation 7z on H = SC* := 69‘;?:07-((“); HO = C?l)c'ﬁs...@s(C?n), where (7,

denotes the symmetrized tensor product. We define the representation 7 on the dense subspace

E C SC* which is the span of the total subset of exponential vectors [51]

N
E:{Z/\iez' l/\iEC\{O},EiEC4;fV<OO}; (2]9)
=1
M I Dz L coroea (2.1.10)
er =l oih —=r 0z —=r Oz DB 1.
V2 V3!
with scalar product ‘
(€%, e¥) = el®V)E, (2.1.11)
where (¢, f)g = ¢,6,.f .. The representation is defined by
re(W(f))e" = e T Npt@Neele=f), (2.1.12)

where f' = <_/f°> . This definition can be extended to all of H.

Remarks:

o The heuristic idea behind the Fermi representation is the so-called ‘Fermi trick’ to interchange the
role of the 0-components of the annihilation and creation operators (thereby replacing —g¢,.,, by
the Euclidean metric d,,,, obtaining a positive definite inner product and a Fock representation).

In the present case, this is done formally by specifying &, &}, via (remark the minus signs):

| o .
qo '= "\/_.5(“0 + ag) ; Po = ﬁ(ao — ag)
L —1
g = —=(a; + a?) ; p; 1= —=(a; — a’) (2.1.13)
! 73 i I 73 s .
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2.1. Weyl algebra formulation of the model and its representations

These definitions for ¢,, p, satisfy (2.1) if
(G, @) = 6, (2.1.14)

The action of these operators on the n-particle Hilbert spaces H(™ is given by (symmetrization

is understood)

a(f)z1 @ @z = V(e Ez @ . @ 2, (2.1.15)
&;(j‘,):l GG =Vl @2 Q.0 z,, (2.1.16)

where ay(f,.) = aofo+éif, a(fo) = ayfo+al fi,[au(f.), @ (9.)] = (g, f)E, and consequently
edﬁ‘(fﬂ)e‘r v e(x’f)Eer’ (2.1.17)
(inl) g — glats) (2.1.18)

Introducing (2.1.13) into the formal expression W (e, d) = el=#cur*+4ua)] we obtain (2.1.12) by
acting with
rr(W(f)) = eln(f)=aa(fu)*] (2.1.19)

on exponential vectors, i.e., the heuristic Fermi trick leads to the Fermi representation.

The Schrédinger representation and the Fermi representation are unitarily equivalent. To sce this,
we introduce the Bargmann transform B with kernel B(z,2), which defines a unitary map[52]

from L?(R*, d*z) into the space of entire analytic functions F in L2(C*, el Ll gt )

B: LX(RY d'z) — F = {F

I entire on G; HFH; = /[ F(z) 12el LIl gt o 0},
~ 1 \ Loy p? ko 4 r-
(Bf)(2) := ;/j(:v)e[zﬂ( penm gt i gy = /B(z,l')f(.r)(ﬂ;z?. (2.1.20)
The inverse of B is given by
(RHMM:/BGJW@H%ZWmfa

Using for F the orthonormal basis {£,(z) = 71;!-.2“ | « € I,}, one can introduce the unitary map
R,

R:F — SC*,
A \ e e
Rl —=z{1 200 ) = e 0,65 (2.1.21)
ol / )
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II: Constraints in the Heisenberg Algebra

.. <
Here, « denotes a multiindex, 1., = {a | o = (a1, @, a3, a4) € N}, ol = alaslagled, {¢)}]
are the standard basis vectors in C*, c‘;’ is the «;-times symmetric tensor product of ¢; and

z; € C. Especially, it follows for the Fock vacuum ¢,(x) = -ln—e[:fl 2273 that (Bi) (=) = 1,
R(B,) = ¢° and

R(eF)= > A L (2.1.22)

2. Rieffel Induction for the Schrodinger representation on H = LR d'r)

As mentioned in the Introduction, one has to specify three inputs to carry out the Rietfel induction
procedure: the right B-module® L which carries a left representation of A and a right representation
of B, the Hilbert space H, which carrics the representation of B one induces from and the rigging
map (.,.); : L x L — B. Here, we specify these inputs for the Schrédinger representation of the

Heisenberg CCR algebra where the calculation is particularly short and simple.

Imposing the constraints

We choose the following input data:

1. as constraint algebra: B = ("*(R?), the group algebra over R* ~ T" with continuous Euclidean

topology. T' is now regarded as additive group and will be understood as a gauge group.
pology g group gauge group

2. as field algebra of weak observables: A = A(N, B) ¢ A(C*. B)
A is contained in the commutant of the abelian algebra C*(T") = A(T., [3) which lics in the

center of A.*

3. Hilbert space H,, with scalar product (.,.),, used to induce from: H, = C, carrying the trivial
representation 7, of B; 7 (f) = [pd*zf(z) for f € B. Wewritem,(f) = £(0), where " denotes
the Fourier transform. Later on, we shall consider Fourier transformations j (xqs) at arbitrary

points x4 := (0,0,a,a,0,0,b,b) € T.

4. Hilbert space H with scalar product (.,.): H = L*(R", d*z), carrying two representations:

3 A right B-module L is a complex vector space L. carrying a linear anti-representation (a ‘right representation’) 7z of
B, i.e., TTR(AB) = W/f(B)?I’R(A).

*In what follows, we shall assume A = A(N, B) = A(T, B)'. This has been claimed as a theorem by Grundling and
Hurst [7] but according to private communication with Grundling, the proof contains a gap. We will assume this thcorem
to be true nevertheless. If the gap turns out to be irrepairable, our approach still carries through with the weak observablc
algebra defined as A(N, B), since inany case A(N, B) C A(T, B)' is sufficient to perform Rieffel induction.
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2.2. Rieffel Induction for the Schrédinger representation on H = L*(R*. d'x)

(a) the lett representation of A, defined by the Schrédinger representation (2.1.8), restricted to
A.

(b) the right representation of B, defined by #~(f) = [pd®zf(a)U(x). Here, [(x) =
ms(W(x)) defines a continuous unitary representation, since g is a regular representation

and hence strongly continuous.”

5. rigging map on L x L, where L is taken to be C.(R*): for all z,s € T, we specify °

(0, 0) (xar) = (U(zab) 2, ¥). (2.2.1)

With the above input, we obtain the following

Result: The ‘physical’ representation 7% is L-positive, 7X((t/,v);) > 0. The corre-
sponding Hilbert space H* is isomorphic to L%(R?, d*>z) and carries a unitary implementation

of the group of automorphisms g, 1,).
Calculation: To establish L-positivity of 7, note that
(Ulzg)p, ) = /cl“:re[ib(“”‘”"”1/)(171,m-z, 23— a, x4 — a)Pp(zy, Te, T3, 4),
and hence

Am((u’*,@!’})B) = /T dadb(U (z)0,0) = /dl’]d(l)g | /dad)(l'l,;zrz,a..a)!z > 0.

For the construction of HX, we calculate (.,.)o on L @ C = L (this allows us to drop v.w € Cin

(1.1.12)).
(¥, 9o = /XR* /T (l‘*;t(ladbe[ib(”’f"l")]zp(:z:l, Ty, T3 — a, T4 — a)P(T1, 29, T3, 1g)
:/da:l(lmg/dmp(;lf‘,;z?g,a,a)/(l;tga,‘o(;rl,mg,wg,w;;). (2.2.2)
Now, we consider the mapping
VL c L3R, d'w) — L3R d2z),

P(xy, ro, 3, 20q) — (Vb)) (@, 22) = /daw(rl,mg,a,a), (2.2.3)

®Here, we use the one-to-one correspondence between the non-degenerate representations 7~ of the group algebra
C*(T') and the continuous unitary representations U of the group T [28).

SThat this expression satisfies the conditions for a rigging map (1.1.11), follows from our remark in the tootnote to
(1.1.19).
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II: Constraints in the Heisenberg Algebra

which satisfies
(Vb Vo) = (1, 9)o. (2.2.4)
From (2.2.2) we find that the null space Hy of (.,.)o is Hy = ker V. Furthermore, | quotients to a
unitary mapping 1’
Vo ((LOH)/Hy) — HY = LR d*z). (2.2.5)
Finally, let us look for a unitary representation I/ of F(2) on H* = L?(R? d*x), which implements

the automorphism g, 1,) on H* via
X (o, a0 W (H)]) = 7X(W(Z(0,1.12) ) = UX(0, 1, L)wX(W ())UX0, 1, ;).
for f € N. In the present case, there naturally exists already a unitary representation (' of [J(2) on
H = L*R*, d*z), defined by
(U (0. 1y, D)) () = (200,10, 1) ) (2.2.6)
forall y» € L*(R*, d*x). Uy is unitary on L*(R*, d*z), since (p, %) = (Unp, Untd) due to the £(2)-
invariance of the measure d*x. U'y(0. 11, l;) implements the automorphism gy, 1) on LR d*2).
This allows us to obtain a representation (/N of £(2) on H" as a quotient of U/ by using the map V:
Ux(ga11,12)("/'1#")(11,332) = (‘/("['H(gslh[2)7f/7)(4751a$2) = /daT/)(e-wMIa(fl'l,.'Ir-z,(l,\,a,))- (2.2.7)

To see that UX is well-defined, one checks that Uyn'Hy C Hy, by calculating in (2.2.3) that
(VUn) 2y, 22) = [ da(y1, Y2, a,a), where y; = 2y cos 0 + 23sin b, yo = —aysind + wy cos .
One sees that [7X is unitary since it follows from (2.2.2) that (v, p)o = (UX, UXp)o.

Remarks:

¢ From the representation theory of £2(2), we know that the generators £’y and E'; of the abelian
subgroup of £(2) have to be represented by zero in all irreducible finite dimensional unitary
representation. Hence, 7" is a non-trivial representation for the generator M'; of [2(2) only, cf.
(2.2.7).

e The ‘vacuum’ state on H = L*(R* d'z) is

. |
o1, 2, T3y 24) = —el T 270, (2.2.8)
T

which is not invariant under the action of Uy. But (Vi )(z,22) = to(rr,22) € HY =
L*(R?, d%z),

1 =2,
Yo(1, v2) = /(la'zbu(x,,;zrg,a,a) = —/._6{71(15“5)]. (2.2.9)
v v i
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2.3. Rieffel Induction for the Fermi Representation on H = SC*

defines an ££(2)-invariant cyclic’ vacuum state.

Comparison with the literature

Finally, let us make contact with the work of Carey, Gaffney and Hurst [19], by considering the most
general form

r(F) = F(&1,6) (2.2.10)

of an irreducible representation to be induced from. This leads to

I(I

1 | |
T (g, p) ) = (27 /(lll(lzzf/dac Flen e gla -Gl sler @) 200 221D

\

Again, we can construct HY, going through the discussion given above with the mapping V%,
1
(V) (a1,20) = [ daeFp(or, 22, (0 - &), (a +6)), 2.2.12)

where V@ € L*(R?, d%z). Here, we remark that in their method to impose the constraint algebra B

of this model on a physical state space, Carey, Gaffney and Hurst obtain the closely related expression
1 : 1 1 iu ,
g(:lfl, o, /\1, /\2) = ——\7_7—‘_- / (/,‘ll.f(;lfl, T, 5(% - /\2), rz-'(u + /\2))6% (2213)
in a very different way: they are looking for a direct integral decomposition of H = L*(R*, d"t),
H = / AN (AN s Hos, v 2.2.14)

in which all the elements of 7s(A(N, B)) are in diagonal form. This decomposition is obtained by
specifying the subspaces of H on which the central elements 7s(A(T, B)) = Z[rs(A(N. B)))® are

represented by a c-number
rs(W(h(a,0))g(zr, 22, A, Ag) = e @M T g n A1, Ag). (2.2.15)

The improper restriction [Ty, v, (A(N, B)) of ms(A(N, B)) to a single improper subspace o, v, is
irreducible and, more importantly, it is a representation of the £(2)-invariant factor algebra for Hop.

The problem with this approach is that the vectors
g(', °, /\1, /\2)6(/\1 e /\11)5(/\2 - )\/2) - H/\/1A12 = L2(R2, d4$) ) (2216)

which have been specified by the restriction Iy, v,,, do not lie in H. This problem is circumvented in
the Rieffel induction procedure by constructing the physical state space HX = L*(R* d*z) in which

V2 lives.

A state v € ‘H is called cyclic if the action of the algebra on ¥ spans a dense subspace of M.
8 Z{m(A)] denotes the center of 7(A), i.c., the set of all elements Z € 7(,A) for which [Z, A} = 0 forall 4 € 7(A).
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II: Constraints in the Heisenberg Algebra

3. Rieffel Induction for the Fermi Representation on H = SC

As a second illustration, Rieffel induction is applied again to the Heisenberg CCR algebra, changing
the input data of our previous discussion only by replacing H = L*(R*,d*x) with H = SC*. Now,
the calculations are more involved and the main difficulties of our subsequent analysis of the Fock

particle representation of free QED are encountered.

Calculation of (., .)o and analysis

In close analogy to (2.2.2), we calculate (., .)o for the elementary vectors €7, ¢? € [ in (2.1.9). Using
Uzae) := mr(W((a +1b)(0,0,1.1)}), and L = [, defined in (2.1.9), we obtain

((—"r,cy)o::/ dadb(U (wap)e™. )
-

- / (/(L(/b{,—(u?'-i-b2 J—rola—ib)+zs{atib)+yg(atib)—Ya(a—eb)+xoby+u4T,
T

- e[—rorg—ﬁoﬁ;;-’f-(l'lyy+-L‘252)], (231)

where the usual summation convention over the index ¢ = 1, 2, 3 is understood.

Before analyzing this expression, we introduce the dense subspace D C H:

Definition of D: D is defined as the set of finite linear combinations of symmeltric

n-particle states 2(V@,0P ... 5,2 with arbitrary finite number of particles n.

Remarks:

e For our calculation, we shall use the fact that symmetric n-particle state in D arc obtained by

differentiation of elementary exponential vectors

1

. d d 5 ral

(1)5 ; (2)5;\ AN (n) — _[ T;\'L‘(;)]
T T e T = e e, () ®
(g)s Hgrerlls n!dT‘1 d'f‘n ]r,..()

(2.3.2)

e So far, we have specified (.,.)o as a positive semi-definite’ quadratic form on H with domain
EUD." One may ask whether (., .)o can be extended to H. This is not the case since it has been
shown by Landsman [1], that (., .)o is not even closable as a quadratic form with domain £ U D

and hence it can certainly not be extended to H.

That (., .)o is positive semidefinite will be shown in the argument following (2.3.15).
10wWith EUD, we do not denote the set theoretic union but the set of all vectors in H which are finite linear combinations
of vectors in £ and D, e.g., €™ + 2@ a3 € LUD.
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2.3. Rieffel Induction for the Fermi Representation on H = SC*

e D is not invariant under the action of any dense subalgebra of A(R®, B), 7r(A(R®, B))D ¢ D,

whereas E is invariant under the action of the dense subalgebra of A(R®, B), containing all finite

linear combinations of Weyl elements. Nevertheless, we are particularly interested in performing
the Rieffel induction procedure on L = D, since this will lead us from (2.3.2) to the ‘physical’
n-particle states. To know under the action of which algebra D is left invariant, we observe
that D is obtained by the action of the generators of II7(A(M, B)) on §) (these generators are
essentially the annihilation and creation operators). The set of all finite sums of polynomials
of these generators defines an unbounded operator algebra under whose action D is stable by

construction.

For a detailed analysis of (., .)o on D, we introduce the following
Combinatorial Notation:
e [, = {1,2,...,n} index set with subsets .2, = {1,2,...,2¢}, Inq = {2¢ +1,....,n}, ic
Ly = Tnpq U Loy,

e P(Iy), the set of permutations of /;

e P;. .4 the sct of different partitions of /,, into index sets py(/n;24) = I g and po( L, y) = [,’f", =

{14, ..., th" 5.} of 2¢ and (n — 2¢) clements, respectively. Consequently, P’ rq o is the set of
n;2¢q"

different partitions of 1%, into index sets p'y, (1}7,,,) and p', ([ff"zq o) 0f 2¢" and (n — 2¢ —2¢’)

elements, respectively.

o SPe = {sP}, the set of all sets of non-ordered pairs s? of p,(In;2q),
sh={(ml,ml) [i=1,.,¢mlm] € p(lnag),m! #ml £ ml #£mi i # 5.0 # '}

With this notation, the positive semi-definite product (., .)o on elementary vectors in D reads:

1 -
(fl?( )®s-~‘§f’)s 2 (n) ,J( \’)gl/(m))()
_ ! d d d d (el a) s s, Vs, T o) 6}3491)]'
Valmtdry dr,ds,  dsp ri=s;=0

_s s (zn ARG

q 9'=0P P10 d

T

q' ' /
g’ _.(mq) ( —(m] ) (
X Z H("‘l)q (To + Yo " )
SP:GSP,’ i=1
¢~
n—12q v ”,q’ Pq Py
(t: -“( (tl . ti = ti )
< It ey ’))&L-aq,m_mr. 233)
peP (114 ) =1 /

m.q’




II: Constraints in the Heisenberg Algebra

Example:

To illustrate this awkward looking formula, we mention as an example:

(20 @,a® gD,y @)y =

(2528 + 2828 (575" +76775")

Remark:

The next step is to determine the null vectors of D with respect to (., .)o and to construct the physical
state space K\ by quotienting. Since we know from the work of Carey, Gaffney and Hurst that the
observable algebra of the model is isomorphic to A(S, B), we expect to find in H* the ‘transversal’
components 1, , of the single particle state z € H(!), only. '! From (2.3.1), however, this is not
obvious, since (.,.)y involves the components z3 and zg, too. That these components finally end up

in the null space H, can be established via (2.3.3) by the following
Result: Arbitrary n-particle states 2(V®;...9,2™ € D can be written in the form
eWe o™ =G + A0+ 7, (2.3.5)

where v7 € D denotes a linear combination of vectors with purely transversal components,
Q is the vacuum, A, is a constant generally depending on the vector 2(D¢,...c0,20 € D

and 7 € Hy.

Example:
Let us illustrate the above result by deriving the decomposition (2.3.5) of a 2-particle state .+ 19,
For this, we calculate the (., . )o-product of @5, 22 — A1 with arbitrary m-particle states. According
10 (2.3.3),

(2W@,2® - A, Qv Vo, 30,

—1 ,
N 75(‘""51 28 + P (0, y V5. 05 ™)0 = A (2, y V@059 ™)

" For one-particle states, the projection onto the transversal components is given by the operator Pr,

X Ty Ty 0
Prx = Pr ‘c“' = | ®2 | =: 7. Furthermore, we define 2, = Py | °2 | = 0
3 0 3 T3

Zo 0 Zo Ty
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2.3. Rieffel Induction for the Fermi Representation on H = SC*

2m/!

1 q P'qr ) P’ql
+ Z ( Z ( g )j ) + ’C ._(P( )))( ( )—y—gp(tz )) + -l?gl)ﬁg“? )))
.’

'P’,m pEP,
It _(n (7 ‘7’) (n? ) .
x Z H o l + Yo " Y3 l ) | 02,m—2q' (2.3.6)
S])’ Z i
form even and zero otherwmc where P, denotes the permutation group of two elements and ¢ =Z-1

Here, choosing
he = (2Wa,z®, Q) = 2 — (a2 + 2Bz, (2.3.7)
V2
all the longitudinal z-components disappear from the (., .)o-product and we find that
(l)@}sl’({z) = Ij’l'ir(l)g‘z)sPTx(z) + /\xQ + ﬁs
i € Hn. This means, that in the sensc of (2.3.5), 2(V®,2(?) can be decomposed into a purcly
transversal part, a multiple of the vacuum vector {2 and a vector in the null space.

Calculation:
Now we derive (2.3.5) for the general case. We denote a symmetrized n-particle state built up of one
particle states 2, ¢ € I, arbitrary index set with w elements, by z0®,...®,2)|, . This allows us to

simplify (2.3.3) by writing

( )O}) BsT (Qq)lpq (I24)° )O

( > H ' é’” ) + " q):v:(sm:l))>;

(‘ZQ) Pesy i=1

) ( L v m -(m‘!') (@) _(m)

(2, ¥V 5.0,y ’)lpq,(12q 0= T Z H RS N
(“)‘q ) S ESP 1=1

(29)1(2¢")!(n = 2¢)!(m — 2¢’)!

(Moo yWa o™= S S \/ —
nim!

q,q9'=0 'Pln (,,P Iy’

X(x U s T 2q)l )O(Qay()@)s-"@sy(zq,)1p'q:(12q/))U

Pall2g)’

x (Prz )®s-..®sPT:r("“2" } y()®3...®sy(m—2q,){plql(lqu,))o

palln,q)’
(2.3.8)

Xén—?q,m—‘lq’v

Now, it is clear that

(PTJ?()C}DS ..... )y Pr ("% y()f?_)s...(f)sy(m))o
172 - 2(] ) ()».‘,x . (2 I)
E:()PZ ml (Q,y igeeiisl i lp’q/(l'qu))()
ql— ,’m»l '

[P e oo dn=2g) () e ~ . {m=2g¢")) :
X(f)’flru((;)s...,;/s[/'l‘l\ l),y g iNsY" K ‘p /(1 ,))(J’(‘?n__zq‘m_zf/r,(2«3.9)
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II: Constraints in the Heisenberg Algebra

~ ) ) 2¢)!(n — 2¢)! - o (a
(M@, 02,y @, 0™ = Z Z \/g——@-—(—-—)—(lf()f&s...(‘_»393‘17(21)]pq(bq), Q)o

{
g=0P. o n.

x(Pral®,..0,Pra™% 400, . .@,y™)o. (2.3.10)

(2.3.5) is now a consequence of the fact, that the vector

) = :L?(l)®s...®s.'l?(n) — Z Z /\pq(ln‘q)PT:L’()Q@s...®3PTCL‘(H—2Q)!pq([”'q) (2.3.11)
(/:()P[u'q
becomes a null vector for the choices
(2g)n=2¢)
A)')q(In,q) = \/—————n—!—————-—(:L‘()Qﬁs...@sJ?( Q)lpq(lzq)’ Q)O (2312)

Remarks:

, 20 e . A . 1 . .
¢ S? contains L—Q%)— different sets of numbered pairs, i.e., 22‘1’, 5; different sets of not ordered pairs.

m?) (m? m¥y (md), . . . ..
H;’:i(;vé ’):cg Dy :c(() ‘):Ly(3 ’)) is an expression with 27 terms, each term containing as many

. . . 20)! yep . -
To’s as x3’s, i.e., (20,029 )0 contains L;q,l different terms. Since all indices arc

Pallag

symmetrized, we may equally well use the symmetrization (_zi}? 2_P(1,,) 0l one term. Putting all

these factors together, we obtain the better looking expression

q
O o2 _ (1) (p(24))
(200,02 ], Qg =~ T 2PV o),

._1)
7'\/(29)! P(By)

where the sum is over all permutations p € P(1y,).
o It follows from the form of (2.3.11) that

l(n — 1)
) =0 . . o , o), =
Dol s gy = ~———;’~—-~(;17*L Dseis ) oy gy L

o All elements of the null space Hy N D are linear combinations of vectors of the form 7y, as can

be seen from their construction.

Conventions:
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2.3. Ricffel Induction for the Fermi Representation on H = SC*

o All Hilbert spaces of the same dimension are isomorphic, but they are not necessarily isomorphic
as carriers of representations. Saying that 7\ can be ‘naturally identified” with SC*, we mean
that the pertinent representations of the observable algebra and of £(2) on these spaces arc

unitarily equivalent.

Now, we are in a position to discuss the physical Hilbert space ‘H*, which carries a constraint-{rce

representation of the algebra A = A(N, B).

Result: The induced ‘physical’ Hilbert space HX can be naturally identified with SC?.

The (., .)o-inner product, used for the construction of H¥, is positive semi-definite.

Calculation:

On E, we define the map V' : £ — SC? by linear extension of
V(e®) = (&%, Q)oel*r. (2.3.14)

To see that this linear extension is well-defined (since the basis of exponential vectors {¢*} is over-
complete, the existence of a linear extension is not guaranteed), we consider the map VD — SC2

defined by (cf. (2.3.11))

ViaWeo,...o — > > Aoyt Pra @, @, Pratn | (2.3.15)

q=0 Pl” «

and extended to D by linearity. The essential point is now that V can be extended to E and coincides

on £ with V. This can be seen by using (2.3.13) and

n!
g, @2 = le(n - {1}m D {1}®s (1) o @sl{[ b

where ¢ = =, + z7. One obtains

L . l {1}, e And

= ———(.z'{l} Y. .':i'}s‘zr{”,Q)UM——————- Do Dgly

Iin>1 l' \/(TI, — Z)

val g, 00 e

= — oW ool e, 0.

l%I M et Do @et L Doty s €
_ I - nl 1} g A1) )
—‘2’;—‘;‘5‘/ <; l'(l——l)!xL ®s ®sx ®s ®s ‘(73
=3 j/ETV (r{‘}mm?«”) , (2.3.16)

T n.
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II: Constraints in the Heisenberg Algebra

Here, the indices {7} should not be mistaken for labels of different vectors '), ). They count the
multiplicity of one and the same vector x in the tensor products.

It follows from our calculation that ¥ can be extended to E U D. With the expression
(e%, )0 = (€%, Q)o(Q, e¥)gel*rvr)
following from (2.3.3) and with the map (2.3.14), we obtain
(VX VY)=(X,Y)o (2.3.17)
for all X,Y € £ UD. From this we conclude that (.,.)o is positive semi-definite on /7 U D.

Furthermore, the (.,.)o-null space Hy is Hy = ker V. This implies that ¥ quotients to a unitary

mapping V' which can be extended to the completion of (D U E)/Hy,
V:((DUE)/Hy) — HX >~ SC?

Result: The ‘generating’ functional wX(f) := (7p(W(f)), Q)o satisfics ™ Prf) =
wX(f) for f € N.
Furthermore, (7p(W (/) Q)o = (Q, (W (=f)))o if and only if f € N.

Calculation:
Using (2.1.12), we may calculate

(r(W () mp(W(9))Q)o = e 3 NeeT 09)E(e7] ¢79),

— 6:§‘I‘(f,f)Ee%l(gvg)Eeyoh‘*'gOgseflgx + /27,

— elgl‘(fl 71 +f272+9l§1 +92!72)ef1£71 + /29,

w e T Jalstfofo=2Fo/3) o FH93T2+00T0~20070) (2.3.18)

where f = (ujf()). Forg =0, f € NV, we obtain from (2.3.18) the ‘generating’ functional

SN ) = ¢ TUITHRT) — S (2.3.19)

and hence wX(f) = wX(Prf). Furthermore, it follows from (2.3.18) that (7x(W(f))Q2. Q) =
(Q, 7p(W (= f))Q)gelofs=loTs, ,

Remarks:

e For a discussion of the reason why (., .)o does not preserve the adjoint, we refer the reader to our

chapter on QED. There it is argued that the preservation of the adjoint for all f € N is sufficient

P T S SN
at lcast for some practicai purposcs.
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2.3. Rieffel Induction for the Fermi Representation on H = SC*

e For[2] = V(Q) and forall f € N, we have
(r (W UNIQL QDY = () (2.3.20)
i.e., w* determines H* by the GNS-construction [53].

e From (2.3.19) it is clear that w™ is invariant under all Lorentz transformations and hence under
the subgroup £(2) of the Lorentz group. This means that there exists a unitary representation
Ux of [£(2), implementing the automorphism o, 1,) (W (f)) = W(Z(0,1,,13)f) on HX. U\ is
defined by

‘ UX(0, b, L) (W ()R] = 7 (W(Z(0, 1, 1) )) (). 2.3.21)

To obtain an explicit expression for {7\, defined in (2.3.21), on elements in D, our strategy is as
follows: We show that in the decomposition of vectors (2.3.22), the prefactors of the form (2.3.12) are
not affected by f — Z(0, !y, l2)f. This allows us to show that (2.3.21) is given explicitly on n-particle
states by the action on one-particle states, UX[Pr f] = [PrZ(0, 1, 1) f] = [e=*M: P f]. Therefore,

we establish the following

Result: For f() € N, all n-particle states

4 ~—C—l—~7rp(W( Z rifONQYL (2.3.22)

dry dr,

can be written in terms of the ‘transversal’ components Pr f() only, with prefactors which

do not change under the substitution f — Z(8, {1, ;) f, cf. (2.3.29).

Example:

To illustrate this result, we give two simple examples:

d 1
-J?:—l—wr (W(- Zr /() N, 0= 1)—PTf( + 7

d d . . 1 » o
o ZI M, = V20, O = (SO, 1) + (fP f)e)0
dr, (hz : 9
= V2P N0, Prf® — S (0, )5 + (£, 1 D)g)
~ (AT + AT Q4 (23.23)
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II: Constraints in the Heisenberg Algcbra

where we have used (2.3.7). Using (cf. (2.1.12)) fo = —Jo, f3 = f3 and fo = [ since [ € N, we

obtain

d d 1 . o S
— —mp(W(~ Z N, o= =5 ((PrfD, Prf®)p + (Prf?. PrfO)p)Q + i
dry dry ' 2

+V2Pr fOg,Prf®, (2.3.24)
which is an expression in purely ‘transversal’ components.

Calculation:

We investigate the n-particle states obtained by differentiation

d(f (lr[,L Z 2 L) Qlf"“ (17 (ltf'ne;— R r'fml-r,zo
=2 2 ( S0, fY g <f"'“?’>.,./“'"?’))E])
9=0P, o \sbesti=1 *
xy/(n = 20)! /00,0, 9|\ . (2.3.25)
Using
T O (0,

AT N T - 1 (. m | ' (i
= —(f1"0, [0 V2Q)o = S(Prf), PrfD) g — S(PrfOMD. Prft). (23.26)

and (2.3.11), this allows us to write

d d

dry " dr,

rr(W (=2 rifO)Al, o =

q 1 1 ‘ )
5 (Z TTi= 5 (Pr O P i) — (P gD, Py fonddy g — (Ut JU) /30 (,1)
= pln,‘l SPESPZ 1 - -
Z Z \/ )(1 (n — )q — )(/ ) (/ /sf lp : [Pq » ) )0[ / [) / n—2y—2q’ )Ip’ql(l,',”,’,,)
=0 If:qqq e
(2.3.27)

In afirst step, we consider those terms in the last equation, which contain no factor ( Py [0, Pp ()

and for which n = 2¢ + 2¢’. Using

VEOU®s 8OO e 1.0 = > H (F e, f0, /30,

s ESP 1—«0
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2.3. Rieffel Induction for the Fermi Representation on H = SC*

we find for these terms

S Y Y S TG0, 0 VA e, fo, o),

g=0 'p]"‘q s';esg sp,ES(p, =0 =0

—-Z Da(q)(fO,...05, f0 Vi), (2.3.28)

Let us consider this expression for fixed ¢. Then, a(¢) may be determined by a simple combinatorial

argument: the number of elements in Py,  is T‘Z,‘)‘(EZ)”' and there are 22! q) different sets of ordered

airs, i.e., (2") 1 different sets of not ordered pairs in Sp Now, a(q) is 1venb counting the numbers
P o p g y g

of sums on the RHS and LHS of the equation given above:

n! 2901 (n—2¢)! 1 ( )n! 1
¢ n =95
(n—2¢)!(2¢)! 20 ¢! 270 (% —g)! on 7]

Hence, a(q) is given as a binomial coefficient

! n
(I.(():———‘;L—;*“—: 2 .
ST EY <1>

This implies that 3, a(¢)(—1)? = 0 and hence, the n = 2¢ + 2¢’ contribution vanishes.

[T

The above argument can be taken over to all other terms with a non-zero number of non-transversal
components. The point is to keep fixed the subset of indices of transversal factors.!?

We conclude that only terms with purely transversal components remain and hence

d d .
. - . pld)
o ™ (W( ;rlf N, o
=ZZ(ZH()””HW%<W s
g=0Pp, 4 \shesSt =1
xy/(n — ‘Zq)?PTf:(){F)s...{.'{DSP[‘/:("—M)lpq(lmq) + 7. (2.3.29)
Remark:

e Putting (2.3.21) and (2.3.29) together, we obtain the explicit form of UX on n-particle states in
HX,
Ux(9, L, 12){PTf(1)®s--~®sPT_f(n)] = {e“ingi‘PTf(1)®8m®se*i9M'3PTf‘(n)]'

12E.g. Consider all terms in (2.3.27) withn = 2¢ + 2¢’ and one factor [%2(Pr f*), Prf))p — 5(PrS 0Py Y e]
Writing this factor for £, [ fixed in front of the sums of (2.3.27), we restrict the sums over the possible pcrmutatlons and
partitions to the subset of (n — 2) indices from which & and { are excluded. The remaining cxpression has the form of
(2.3.28) (formulated for the smaller set of (n — 2) indices) and the argument given above implies that this contribution
vanishes.

Similarly, all terms in (2.3.27) with an arbitrary fixed number of factors [ Pr [0, Prf ) g — L(Pr S, Pr )]
and an arbitrary fixed (n — 2¢ — 2¢’)-particle statc can be treated by restnctmg the above argument to the remaining set
of indicces.
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II: Constraints in the Heisenberg Algebra

o Ifz € T, then np(W(x))F = I+ forall £ € DU FE, 7 € Hy. From this it follows that
#X(A(N, B)) can be identified with A(N/T, B) which we call the algebra of observables, 3

being the non-degenerate symplectic form obtained from B by quotienting [1].

4. T-procedure for the Mini Model

To make the connection between the Rieffel induction procedure and the T'-procedure morc explicit,
we sketch in this section how the observable algebra is obtained in the T'-procedure. To apply the
T-procedure to the Heisenberg CCR algebra with A = A(V, B) and the set of unitary constraints
U= {U;(N)}, Ui(N) = W(Av;), v; € T basis vectors, we start by specifying the ('~-algebras F (L),
D and C:

F(Ly=C"U-1), (2.4.1)

is the C*-algebra generated by (U;(A) — 1), and
D =[AF(L)N[F(L)A = [AF(L)], (2.4.2)
since A commutes with F(L). The ‘weak commutant’ C of D reads
C=D,.={Ac A|[AH e D;H € D} = A, (2.4.3)

since [A1, A2 3 ai(Us(A) — 1)] = [A1, A) i ci(Ui(A) — 1) € D forall Ay, A, € A, ¢; € C. From
this, we obtain (cf. (1.1.8)) the algebra of observables

R = A/AC*U —1)]. (2.4.4)

The essential point is now that due to a general theorem of Grundling (cf. [8], Thm. 5.2), this algebra
is isomorphic to A(N/T, B), where B denotes the non-degenerate symplectic form obtained from B

by quotienting. Hence,
R~ A(N/T, B) ~ A(S, B), (2.4.5)

i.e., R is an F(2)-invariant quotient algebra, isomorphic to A(S, B).
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CHAPTER III:
CONSTRAINTS IN FREE QED

In this chapter, the Rieffel induction procedure is applied to the free electromagnetic field, given by

the canonical commutation relations of the vector potential
[Au(e), Au(y)] = —igu D(z — y), (3.1

where D denotes the commutator function satisfying 0D = 0, with initial conditions D(x,0) = 0,
%D()g t)|,—o = —6(x). In close analogy to our discussion of the Heisenberg CCR-algebra, we start
again by specifying the Weyl algebra and subalgebras of (3.1) and some ol its representations. Then
we construct the Rieffel induced Hilbert space which carries a representation of the observable algebra
and we discuss its properties. As already in the last chapter, the choice of our starting point has been

motivated by the paper of Carey, Gaffney and Hurst [19].

1. Weyl algebra formulation and its representations

In what follows, we consider the Weyl algebra A(M, B) over the vector space M = L*(R?) ) C*

with symplectic form B(., .), defined by the Weyl form of the canonical commutation relations

W($W(¢') = W(e+ ¢')e 2B@%) (3.1.1)
B(¢,¢') = 2Im(¢, ¢")m (3.1.2)
for all ¢, ¢’ € M, where ,
(6,60 = [ =, 100 F )
PO = ] ook, VT O

Remarks:

e Let us comment on the connection between (3.1.1) and (3.1). Smearing the vector potential with

test functions in Schwartz space | € S(R") @ R, A(f) = [ d*vAu(z) [*(z), (3.1) reads

[A(f), Alg)] = 2a(f,9),
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HI: Constraints in free QED

o(f,9) = = [ d'ed'yDiw = y) f*()gu(y)
This allows us to introduce the operators U ( f) = el4(/) which (according to the Baker-Campbell-
Haussdorff formula, efe? = e4+Bezl48] for A, [A, B]] = [B,[A. B]] = 0) satisfy the Weyl
form of the CCR
U(N)ULg) = U(f +g)elirthol.

To obtain a one-to-one correspondence between Weyl operators and test functions, one uses the
map f — o, ¢, = D * f,. Let us define the space My of real solutions of the wave equation
Og¢, =0,

My={¢=Dxf]|feSRY)QR}. (3.1.3)
Then the operators W (@) = U(f), ¢ € M, satisfy (3.1.1) with symplectic form B induced by o
(cf. (3.1.2)):!

B, ¢) = [ Ex(6"(x)8',(x) — #()8,(x)].

(3 J— I
(21:;3 [#*(k)¢', (k) — ¢#(k)o' (k)] (3.1.4)

Bls.¢)=~i |

e The Weyl algebra is defined by specifying M and B. B is given above. M is taken to be the
completion of My in the Fermi inner product?
, d°k e i\
(6.5 = | Gy ST + B} oK)
Here, (¢, ¢')» defines an L2-norm || ¢ ||% = (4, ¢) and M, is dense in L?(R®) > C*. Hence,

we obtain as completion of Mo, cf. [54]

M = L*R% @ C", (3.1.5)

o In what follows, it is useful to introduce formal annihilation and creation operators «,,, ay, for the
free electromagnetic field by

dBk —ikz ikr
Aulz) :/m[e au(k) + e* a,(k)]l;, x> and hence

'In what follows, the symbol ¢ is used for three different but closely related mathematical objects: 1. the functions
¢ € M, satistying O¢, = 0; 2. the Cauchy data {¢,(x), ¢,(x)} of the equation of motion for fixed time ¢; and 3. the
Fourier transform

1 d3k , .
1 _ i —ikz " tka
o0 = ('27r)3/ 2ko (67 (ke F ¢k,

*B is the imaginary part of (., ) p. as may be seen from (¢, ¢") . = B(¢, J¢') + iB(¢,¢'). Here, the operator ./ is
defined as J ¢, (k) = —(igo(k), —19j(k)), J= = —1.
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3.1. Weyl algebra formulation and its representations
. *k — i . .
tA(f) = / ———-—3—‘_*—[&“(1()@“(1() - au(k)(pu(k)] = a,(¢") — au(8"), (3.1.6)
(271') 2/\30
where @, (k) = D(k) f.(k) = —ie(ko)6(k*)f.(k). Here, (3.1) leads to
[au(f“)v GV(gU)*] - (gvf)Mv

W(¢") = exp [au(¢") — au(6")7]. (3.1.7)

Notation:

In what follows, we use dk = (—2-7%33‘5213

Subalgebras of A(M, B)

The algebraic automorphisms «,,, implementing Poincaré transformations on A(M, B) are induced

by the symplectic transformations 4, on M,
ana(W(9") = Wivaa(9"))  with  (7aa(9"))(2) = ALe¥ (A7 2 — a)). (3.1.8)
Here, we introduce the subspaces NV and 1" of M which are invariant under ya ,: |
N={d, € M| k¢u(k) =0} ={d. € M|,(z) =0},
T'={¢p e M|¢"k) =ik*g(k)} = {6, € M | $u(z) = §"g(z),Og(x) = 0}.  (3.1.9)

The corresponding subalgebras are denoted by A(N, B) and A(T, B), respectively. Furthermore, we

introduce the subspace S C M,
S={¢, € M| golk) =0=4~k'¢s(k)} = {6, € M | do(z) =0 = Vigi(x)}

with corresponding subalgebra A(S, B).
Remarks:

e Here, N =S @& T, N and T are left invariant by v, , while S is not. Correspondingly, A(N. )

and A(T, B) are invariant under the action of P, whereas A(S, B) is not invariant under o .

e Carey, Gaffney and Hurst [19] whose discussion we follow by singling out subalgebras of
A(M, B), point out that A(S, B) is isomorphic to the Poincaré-invariant ‘algebra of physical

photons’, A(N, B)/A(1', B), though it 1s not isomorphic to it as carrier of the action of 7.
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III: Constraints in free QED

Some Representations of A(M, B)

As a final preparatory step, we introduce the representations of A(M, 1) on the symmetric (Fermi)
Fock space H = S(L*(R®) ¢ C"), and a [unctional representation which may be regarded as the
analogue of the Schrédinger representation in our discussion of the Heisenberg CCR algebra. We
specify:

1. The Fermi representation I is given on H = S(L*(R®) ® C*), the symmetric Fock space

over the one-particle Hilbert space L*(R®) @ C*. We define IIr on the dense subspace £ C

S(L*(R®) ® C*), which is the span of the total subset of exponential vectors

N _ ,
E={3 "X eCyp e H,N < oo}; (3.1.10)

=1
Vo= | by o : TARCRTANES) ! 0 QY Y b 3.1.11)

e¢F = R —= YR = QDYDY L 3.1.
with scalar product
(e¥,e?) = ¥, (3.1.12)
, d®k e

("!«”W)E:/mf;'%(kw (k). (3.1.13)

The representation is defined by”

[1x( W(@))ed — 6?(¢»¢)E+(¢»$)Ee(¢"‘¢§)’ (3.1.14)

1

where 6, = (—%> . The definition (3.1.14) extends to all of H.
2. A representation [T, of A(M, B) on L*(Li(R®*)®rR*, ) defined by
Hp(W () (A) = 7100 e =00 May 4 o),
where 8, (k) = ¢{1)(k) + i¢{?)(k), and the scalar product is given by p(A) = [dA]e~ (Y,

(Vop)rere = /[d“lle"(A’A)‘ﬁb(A)@( )

37To see that this defines a representation, we check that
Hr(W(ONILR(W () = IMBaPoet 0Bl (W (g + o)),

where B
Im[(¢9,Bo)E + (8, vi) ] = Im[(p, 8) p] = B(p, ).
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3.2. Rieffel induction on ' H = S(L*(R*) > C*)

for all v, € L*(L*(R®) © R*, i) [55]. We mention this functional representation for the sake
of completeness only. A calculation of a Rieffel-induced inner product (.,.)o in a functional
representation will be given for QED in the temporal gauge, discussed in the next chapter. For
the specification of subspaces L C L*(L*(R®) ® R* x), on which Rieffel induction can be

performed, we refer to the definition of (4.4.1).

Remark:
In close analogy to our discussion of the Heisenberg CCR algebra, we comment on the connection
between the Fermi trick and the Fermi representation IIr. The idea is to start from canonical

*

commutation relations for the annihilation and creation operators a,, &”,

[a(f),a(g)] = (g, e, (3.1.15)

which allow for a representation of (3.1.7) on 'H as

Hf(ﬂ/(d)“)) = 5[“‘0(‘;0)'“@-(%)'+<1-(¢i)~<30($o)} = e[du(‘j’u)—du(éuy]' (3116)

The action of IIg(A(M, B)) on H = S(L*(R*) © C") is now given by IIg(W(¢*)) and the following
action of the annihilation and creation operators on the n-particle Hilbert space (symmetrization is

understood):
@ (¢ )1 D . Qb = V1, 9)EY2 ® ... @ Y
an(¢") U D QY= Vn+ 10 Q91 @ ... ® Y.

Especially, this leads to

cinl#) ¥ = (Db)E ¥

(M) ()

and hence to (3.1.14). Again, we remark that whereas W (¢) exists independently of the representation
chosen, the vector potential A, and its creation and annihilation operators exist only as operators on

those Hilbert spaces which (like the Fock space H) carry a regular representation of A(M.13).

2. Rieffel induction on H = S(L?*(R*) @ C*)

We are now in a position to specify the input data from which we want to carry out the Ricffel

induction procedure for free QED on H = S(L*(R*) ® C*). Firstly, we present the mathematical
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I1I: Constraints in free QED

setup, secondly we comment on a mathematical difficulty concerning the definition of our path integral.
Then we calculate and analyse the inner product (., .)o, obtaining results similar to those obtained for

the Heisenberg CCR-algebra.

Imposing the constraints

Though our choice of algebras and representations for free QED parallels our discussion of the
Heisenberg algebra, there is one additional problem: the gauge group (¢ = 1" (regarded as additive
group) is not locally compact and hence it is unclear whether one can make sense of the integration
(1.1.20). For the same reason, the group algebra C*(T) is not defined.* On the other hand, our
discussion of the Heisenberg algebra has shown that what is needed is neither C*(T') nor the rigging
map, but a continuous representation of the gauge group 7" and a well-defined inner product (.. .)o.
These observations lead us to a slight modification of the Rieffel induction procedure [1], reflected by

the following input data:®

1. as constraint algebra: we do not define a constraint algebra (as mentioned above, we can not rely
on the existence of B = C"*(T'), which would be a tentative choice). All we need is a continuous

representation of the gauge group T' on the Hilbert space H.

2. as field algebra of weak observables: A = A(N, B) which is the ccommutant in A(AM. B) of
A(M, B) = C(1y), the group algebra over T' with discrete topology.

3. as Hilbert space H, with scalar product (., .)y, used to induce from: H, = C, carrying the trivial

representation m, of T'.
4. as Hilbert space H with scalar product (...): H = S(L*(R®*) @ C*), carrying two representations:

(a) the left representation of A, defined by the Fermi Fock representation 11 ..

“Recently, Grundling has defined a group algebra for groups which are obtained as topological inductive limits of
locally compact subgroups,cf. [56]. We have not tried to exploit this work for our purposes.
®From the definition of the rigging map, (., .)o inherits the properties

(\I” \I’)O Z 01
(A\P,@)O:(\I/,A*Q)o,
(AW, AT)o < || A 1T, ¥)o, (32.1)

forall ¥, ® € L, A € A. These conditions may be required independently of a rigging (which needs not to exist). They
are sufficient for obtaining an ‘induced’ representation 7X(A) on HX, cf. [1]. Though, strictly speaking, we give up
Rieffel induction by starting our discussion rigorously with the specification of the semidirect inner product satistying
(3.2.1), our point is that Riettel induction provides a systematic mechanism [eading to (3.2.1).




3.2. Rieffel inductionon H = S(L*(R?) - C*)

(b) the right representation of 7', defined by U(d,9) = (W (0.g)) which is continuous,
Oug€T.

5. For the specification of (., .)o, we consider the ‘rigging map’ on E' x E: for all d,¢ € T, this
map is specified by
(,9)5(80g) = (U(Bug)0, ). (322)

By a slight abuse of notation, (...); will be called ‘rigging map’, though it does not take values

in a C"*-algebra.

Calculation and analysis of (., .)o

We start with an expression for the rigging map:

Result: On elementary vectors ¢V, ¢¥, the rigging map reads®

([f(a‘Lg)ﬁdr,Gw) — e—i[(kotlzo,§)+(k.¢’,.g)+(§,ko¢o)+(g,k.’?p‘;)]8(1//,99)13’ (3.2.3)
‘Calculation: B '
For ¢(k) = ik*g(k) € T’ we write ¢, = (“j°> = (zfﬁ >

TE(W($")) = ¢~ ilkoao(@) +hiai9)*]  ~ilkoao (@) Hhiai(9)] , T (kuo(K) kg (k) i

Using the action of 1Tx(W (¢)) on ¢*, we obtain (3.2.3).
Remark:

In analogy to (2.3.1), we would like to calculate (., .)o for the elementary vectors ¥, e¥ € [, starting

from

(e¥,e%) = /T (D|(rr(W(8))e?, ¢?),  (32.4)

where [D¢] denotes a (path integral) measure over the group T'. In contrast to (2.3.1) however, T is

not locally compact. The following result specifies in which sense (3.2.4) is well-defined.

SHere g1, g denote the real and imaginary components of g(k) = g1(k) + ig(k) and (f,g) = [ dk f(k)g(k).
Furthermore, we use the formal expression (koyq, ) for the scalar product (koo, ) := f dkyo(kjkogik).
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II: Constraints in free QED

Result: (Landsman,[1})
Consider an isotonic family {7, }, of n-dimensional Hilbert subspaces T, C T,.4; C T,
such that 7" is the algebraic inductive limit of this family. Then
Jn

(0, 0)o = lim | LL0(0,9)0, 0) (3.2.5)

NG Tn me

exists for all ¥, ® € £. On elementary vectors,
(ew’ép)o = e(dw)g/ a'u(g)e—i[(kowo,§)+(lmlu,g)~}-(§.ko¢‘o)+(g,k.'<“5.)]7 (3.2.6)
T
where y is a promeasure.”

Argumentation: (Landsman,[1])

To obtain (3.2.5) for all elements of £, it is sufficient to establish (3.2.5) for elementary vectors, since
the result holds automatically for finite linear combinations of elementary vectors.

The essential point is that the functions koo, kv, ko®y, ki®;, occuring in (3.2.6), span a finite-

dimensional Hilbert space K. Hence,

flg) = e~ (kov0,3)+(kivi,9)+(T ko Py ) +(9,ki%; )]

is a tame function (cf. footnote for definitions) and this implies that the right hand side of
| S 0(0,000.9) = [ du()(Pag)
can be explicitly evaluated, cf. [57]. Since P, — | weakly by construction of the family {7}, one
sees that the limit (3.2.5) exists.
Notation:

In the subsequent discussion, we use the following projection operators on L*(R?) & C*:

(Prvo), (k)= (0’ (6:5 — %)2[5(@) :
0

kik;
(Pt = (0. 52,09
0
(Forl) (k) = (vo(k), 0,0,0),
(Pr) (k)= ((PL + Po)v).(k). (3.2.7)

“The T,, are regarded as real Hilbert spaces. Given 1. projectors P, : T' — T, with PP} = P; fori <
and T, C T a finite-dimensional (Hilbert) space of 7', and 2. arbitrary Borel sets A € T,, with measures j, (A) =
Ja %e“(kggl'gl"(kgg2'52). Then the promeasure p is defined on cylinder sets by u(P7'(A4)) = pa(A). Since the
covariance of p is the unit operator (which is not nuclear), it cannot be extended to a Borel measure on 7T". Yet, ‘tame’
funciions, satistying f{z) = fn(Paw), (fn & Borei functionon T,, ¢ T') can be integrated with respect 1o g, cf. [57].
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3.2. Rieffel induction on H = S(L*(R*) ¢» C*)

Result: On elementary vectors in E, we obtain

(€%, 9)g = e HlbulPom(k)ku (P (0= ku(Fo) w0k (PLR) (O (Produk)PrEdat] (32 8)

Calculation:

Carrying our the Gaussian integrals in

| Dyl rr(W ()", e*)

_/ pgl Dﬁ k)}e%k‘?,gx,yx)~(k§gz,gz)e~i[(ko¢o,§)+(k;¢i,g)+(§,ko%)+(g,kf¢.')]€(w,w)s$ (3.2.9)

we obtain

(e"",e“o)o _ efdkF(k)’

kool k() _ k()i (),
k§ kS

_ kik;

F(k) =[- + [i(k)(6; kz)j(k)]~ (3.2.10)

With the help of ,f—ézb,-(k) = k,(Pry)u(k); kotvo = k,.(Pop).(k), this takes the form of (3.2.8).
Remark: ,

(3.2.8) may be analysed by exploiting the close relation with (2.3.1). Identifying o with A,.(Fye2),.,
a3 with k,(Pry),, (¢1,22,0,0) with (Prv), and y, with the corresponding expressions for ¢, the
~ combinatorial machinery developed in our discussion of the Heisenberg CCR-algebra can be taken
over without alterations. Again, we are interested in the structure of n-particle states which we shall

obtain in our calculations as derivatives of elementary exponential vectors,

1

Vnl

bV, 008,25 ;— e

ri=0"

“dr,
We start with the

Definition of D: D is the set of finite linear combinations of n-particle states

PR Pa,.. @M, i) e L2(R%) o C™

The (., .)o-product on D reads (cf. the previous chapter)
1
7[»(1) é;gs((:)sl/,(ﬂ) (1)‘/.;’:)3-..(;_‘?93 (m)y  —
( 7 w0 vnlm Z Z

!
) qvq‘:o ,pln,qypljnhq'

?n/wka DO (KD P (KOY)

Pesl’, 1
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(R Pow ™0 (K9)) (k2 Py (™) (D))

N +

L

< (30 TT [ a0 Rt (k) 48 i 0

! ! im=1
P esh,
q q

(kD Bop ) () () P (k)

m

n-12g \Pa . P'q/ . ,
<2 I / dk® Prp& ) (k)P TN (K O) [ 6, g0 g (—1)7F7. (3.2.11)
peP(I? ) =1
m,q

Remark:
In analogy to the case of the Heisenberg algebra, D is not left invariant by the action of A(M. B),
[Me(A(M, B))D ¢ D, but remains stable under the action of the unbounded operator algebra gener-
ated by the creation and annihilation operators.
We start our analysis of D by deriving the decomposition properties of vectors into transverse com-

ponents.

Result: Arbitrary n-particle states %(V®,...@,1%™ € D can be decomposed into trans-

verse components up to a vector 7 in the null space, Hy,

DD, @0 =3 3 A (1) (PrY0)@s @s (PP )|+, (32.12)

pq([n,q
q=0 Pln q

/\Pq(ln,q) = \/(2_([)&_;_2-(7/) ¢(2q)lpq(1n,q)) Q)O (3213)

7’l.
Calculation:
The calculation follows step by step the derivation of (2.3.5) via (2.3.11) and (2.3.12). Especially, we
may write again
HU oy (29) 0y = (—1‘)q Poap P paye(2a))
(Vs sy ipq([,zq), Jo= —— Z ( oy ) A Pry) )
(29)! (1)

where each term contains as many (Fy1)’s as (Pr1)’s. The counterpart of (2.3.13) now reads

(PLy) Ve, .6,(Prp) D Prp) D6, Qs Pryp) ™

W —
- M((Pm)“>®s...®s(w)“),Q>O<PT'¢/)><’+”®S...®S<Pw)“”+rz. (3:2.14)

n!

Result: (.,.)o is positive semi-definite. The induced ‘physical’ Hilbert space HY can be
identified naturally with the symmetric Fock space S(L*(R%) @ C*).
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3.2. Rieffel induction on H = S(L*(R?) ¢ C*)

Calculation:
The argument for the positivity of (., .)o parallels the one in our discussion of the Heisenberg algebra.
We define a map V' : £ — S(L*R) 3 C*) by the analogue of (2.3.14) and a corresponding map
V:D — S(LYR)® C?) by

V(Mg 00t™) =3 5 A, (10 Priv0s...o, Prapln=2)

9=0P1, 4

palln.g)’

Again, V can be extended to £UD and we finally obtain that (VO, Vo) = (U, ®)o which implies that
(.,.)o is positive semi-definite on £ U D and that the null space Hy is Hy = ker V. Consequently, 1%

quotients to a mapping ¥ which can be extended to the completion of (£ U D)/ Hx,
V:(EUD)/Hy) — HX =~ S(L}R% ® C?).

Remark:

All infinite-dimensional Hilbert spaces of the same cardinality are isomorphic, but they arc not
isomorphic as carriers of representations of algebras A(M, B), A(N, B), etc. or of the Poincaré
group P. In this sense, the quotient (£ U D)/Hy specifies a particular Hilbert space, carrying a
unitary representation of P as we shall see in what follows.

Firstly, however, we turn to results about the subspace N C M and the subalgebra A(N, B). For
the representation of the Weyl algebra A(N, B) with ) € N, satisfying k*1()(k), we obtain (cf.
(2.3.29)) the

Result: For ) € N, satisfying k*1() (k) = 0,

d d (W ( 27 ol U, _o

dry " dr,

- ST (7 ) (Prot (k). PrpD ()

q_.O'P,nq gpespl 1

+(Pry ™D (), Pryp ™D (k) g)))
x\/(n = 29)! PropV@,... @ Prp "2 4, (3.2.15)

Calculation:
The calculation step by step follows the derivation of (2.3.29). The point is that the cxponential
factor ¢ T %) in I (W (—))Q = e 7 ") cancels the longitudinal components stemming {rom

the derivatives of ¢¥, ¢ = 5,700,
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Result: The ‘generating’ functional
w (") = (rr(W (")), Q)o

takes the form
\.u\((,[)“) et ('%‘(’f’;n(f‘)u)l\fie“‘(;.%¢’0xku‘b“)' \ (321())

Especially, it is Poincaré invariant on all clements ¢ € V.

In the remainder of this section, we discuss in three subsections the transformation properties of H*
under Poincaré transformations, gauge transformations and regular states, and, finally, the Hamiltonian

and its spectrum.

Poincaré transformations on A(N, B)

Leaving A(N, B) invariant, the Poincaré group P acts as an automorphism group on A(N. B), cf.

(3.1.8). On the other hand, we have, in anology with (2.3.20)
SNB) = (PN(W()[Q], [ = ebedu,

for [)] = V() and for all ¢ € N, i.c., wX determines HX by the GNS-construction. The Lorentz

invariance of wX on the ‘algebra of weak observables’ A(N, B) implies the

Result: HX carries a canonical unitary representation UX of P. U™ coincides with the

massless photon representation.

Calculation:
For all elements 7p(W (¢")) € mp(A(N, B)), k,¢* = 0, the generating functional of the induced
representation is Poincaré invariant. Especially, we have a Poincaré-invariant vacuum [Q] € H\, and

there exists a canonical unitary representation UX of P on ‘HX, defined by
UX(A, @)mr(W (1))0 = [rr(ana(W ()0, (3:2.17)

¥ € N which implements the automorphism (3.1.8) of A(V, B).

Since the irreducible unitary representations of the Poincaré group are classified completely by the
eigenvalue of £, P* and the action of the little group [25, 26], we can identify (/N with the massless
photon representation in the following way: calculating the Hamiltonian in (3.2.21), we scc that the
spectrum of the Hamiltonian has no mass gap and hence P* P, = 0 on one-particle states. The action

of the corresponding littie group ££(2) on H* 1s then given in complete analogy with (2.3.29).

44




3.2. Rieffel induction on H = S(L*(R?) :» C)

We can obtain UX explicitly by combining (3.2.17) and (2.3.29). For the one-particle staté, this leads

to

!
UX(A, a)[Pryp] = -(,(f”("\,a)[HF( W(=r¢))U,—0 = [Prya. ()],
dr

where 1» € N. From inspection of (2.3.29), we see that this expression can easily be extended to

arbitrary n-particle states.®
Gauge transformations and regularity of states

In the T'-procedure of Grundling and Hurst [6] as well as in the work of Narnhofer and Thirring [12],

one starts with gauge-invariant ‘Dirac’ states wp over the unconstrained field algebra, for which
wp(W(d,g)) =1 for all dugeT.

As a consequence, one finds that such states must be non-regular, cf. [11].

In contrast to the 7T'-procedure, the Rieffel induction procedure starts with a representation of the
unconstrained field algebra on the Fock space H, i.e., the states considered are regular and the vector
potentials A, exist as operator-valued distributions, IL(W (D x f)) = ¢4, f € S(R") & R*. For
fu = 0,9, we know from (3.2.4) that

(TR(W(Dug))e” e )o = (€7, %o, (3.2.18)
which according to the above is equivalent to the gauge condition
(D, A*(2)T, ®)g = 0 (3.2.19)

forall W, ® € E, and, by extension, for all elements in D U £. On the other hand, we have for all
VeDUE,
Hp(W(0,9))¥ =V + 1, (3.2.20)

i € Hy, which is as good as having Dirac states. Hence, while (-¥, ¥) are not gauge invariant but
regular, the physically relevant states (- W, V'), are gauge-invariant but defined on A(N, B) only.” We

summarize this discussion by the following

8Here, N/T is isomorphic to S, but only N/T carries a representation of P. Hence, S(Pr(L*(R*) w C*)) cannot be
identified naturally with HX.

9Here, the essential point is that for a state w withw(A)
is guaranteed it (.,.)o preserves the adjoint, (7p(A* )7 (A)Y
follows, the latter only holds on A(N, B).

0, We require positivity, w(A".4) > 0, which

( ) )
= (rp(A)¥, 7p(A)¥). As we shall see in what
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III: Constraints in free QED

Result: The vectors ¥ € D U I/ define regular gauge-invariant states (-W.W)y on
A(N, B). Yet, no vector ¥ is gauge-invariant. Gauge transformations map vectors ¥ into

themselves, plus a vector in the null space, cf. (3.2.20).

Remark:
The Dirac states investigated by Grundling and Hurst are regular on the subalgebra A(N, B). In this

sense, Rieffel induction provides a construction of a particular class of Dirac states.
The Hamiltonian on IIs(A(N, B))
We establish a Gupta-Bleuler type expression for the Hamiltonian.

Result: On the Hilbert space H, which carries the Fock representation of Il (A (V. 13)),

the time evolution 7, is implemented by the Hamiltonian

Hy = — / iR (k) g™ alk). (3.2.21)
On the quotient space K}, the corresponding Hamiltonian satisfies the positive spectrum
condition.
Calculation:

The time evolution on A(M, B) is given by the automorphism group 7,
n(W(8,)) = W(e™P3,),

(D¢)u = (“‘Aﬂﬁo» "Aqﬁh “As‘bz, *A<,153)~
The Hamiltonian Hp is a representation-dependent operator, defined up to a constant (since Hg is
irreducible) by
(W (0,))c ™ Hr = TTp(W (YPg,)).
Comparing with the explicit form of the representation

Hp( W(eit‘/l—jqﬁ“)) — 6[5_”‘/550(50)‘"e”mdu(lﬁi)‘-i—e‘”‘/ﬁdl(¢i)-ei"/ﬁd0(g_50)]’

-, la:at]

we obtain (3.2.21), where we have used e'@@"@elz’a=2elgmiaa’e — ([e7a"a—e . Hp has positive

eigenvalues for transversal states. From (3.2.14), we know that arbitrary n-particle states decompose

into tensor products of purely transversal components up to vectors in the null space, and hence
(V. HpW)o 20 (3.2.22)

for all ¥ = ¢V@,...®,4"". This shows that the positive semi-definiteness of (., .)o implies that the

Hamiltonian in the induced representation on HX has positive spectrum.
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3.3. The propagator for free QED on S(L*(R?) &» C*)

3. The propagator for free QED on S(L*(R%) ® C*)

In this section, we undertake the first step in testing the suitability of the Rieffel induction procedure

for perturbation theory: we calculate the Feynman propagator.

Definition: The Feynman propagator Dp(z,y) on S{L*(R3) ® C*) is the sum of two

amplitudes
iDp(z,y)w = (Au(®) A (2)0) (20— y0) + (A (@), Au(1)R) F(yo — 20), (3.3.1)
where 9(zq) = 1 for zo > 0 and 0 otherwise.

Remark:
IIF is a regular representation of A(N, B). Hence, the generator z'/iu( f*) obtained as the derivative

of Tp(W(Ag*)) at A = 0 exists as an operator on H and A,(f)Q = id,(k), 6, € L*(R®) & C*.
Hence, Au(:n) makes sense as an operator-valued distribution.

In (3.2.11), we are given‘the (.,.)o-product for objects like (/lu(f)ﬂ,/i,,(f’)ﬂ)o = (4,¢"). To
calculate (3.3.1), we are interested in the formal action of A,(z) on Q. Therefore, we choose
formally the ‘test function’ f#(z) = &*6W(z — z), f=(k) = —ie*®e(ko)(k?)e, so that A, (z)Q =
Au(f;‘&u,)ﬂ =1 dl;:(—z'e“',E(Sm,)&:Q. Taking this as a starting point, we obtain the following

Result: The Feynman propagator Dr(z,y),. is of Coulomb-gauge type.

Calculation:

(Au(y)Q, Au(2)Q)00(z0 — yo)
_ / Pk Pk’
(

2m)32kq (wm<——z‘e7k"’vm<——z‘e7k?we<wo = 90) (@ (K)*Q, a4 (K')*R)o. (33.2)

Using (3.2.11), we may write

A ~ AT S d3 — ’ ond
(au(k)*ﬂ" au(k ) Q)O - / W%)?;(QW)BZPO(S(S)(R - p)eut (PT(27T)32p06(3)(k - p)) €y
| kik; |
= (27)%2k66® (k — K')6., (515 - k—lzﬂ) 80 (3.3.3)

Here, the 0-components do not contribute and with <z§,- = ¢,;, we obtain

d®k - kik;
—_ \,n\ - / e ;,“tk(m_y)e(kﬂ'\ - \54” (64"; ht : ,«J 6'7"1*
yv/ j (2#)321(’0? \TU yo/ *r”\ £ k‘ ) v
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III: Constraints in free QED

. d3k —ik(p— ik(r— ]\'?;llﬂ' -
Dr(z,y)um = —2/ (—m[e A “0(zo — yo) + e 8 y)g(yo — @0)]6in (51’1' - _k‘z""> Ojv
dik e~tklz-y) kik;
=/ rp Wi (‘5"' - #) Siv: (3.34)

which is a Coulomb-gauge type propagator.
Remarks:

. _ fu kPt
e For a time-like unit vector n, = (1,0,0,0) and & NIk

kike; -
iy (51']' - “Ez—]"> 60 = —Guu + N — ki k.

This is the form of the Feynman propagator D in the radiation gauge, cf. [58]. In the traditional
setting, 7, is time-like in the frame in which canonical quantization has been carried out, and
the vectors 7,, e together with the two polarization vectors form an orthonormal basis. The
manifest Lorentz covariance of general S-matrix elements is then eventually established by
current conservation. In the present setting, we start from the Poincaré-invariant functional w?

at the very beginning. A Lorentz frame is singled out by the definition of (¢, ¢)g.

e The Feynman propagator Dr is defined as the probability amplitude for the creation of a photon
at space-time point  and its reabsorption into the vacuum at y and at a later time yo > 0. (.,.)o
is antilinear in the second component and hence we write the created states in the first component

and the annihilated states in the second component.

A major difference with respect to the usual setting in perturbation theory is that the (., .)o-product

does not preserve the adjoint.

Result: (.,.)o on D preserves the adjoint for test functions in N only. In general,
(Au(z)e®, Au(y)eo # (¢, Au(z) Au(y)e®)o

Calculation:

For arbitrary test functions, one finds

: . d d . ,
— (QA(g)iA(F)R)o = —(9Q, a;;Enp(e““”g’e““””)Q)OL,:O =T(¢%¢%), (3.3.5)

where ¢4, (k) = —ie(ko)6(k?*)g,(k) and

T(82.8) = (89,610 + (81 89)n +ilm(?. &)
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3.4. n-point-functions for free QED on S(L*(R?) &v C*)

N / d];kogﬁg(k)fi:b':f(k) N k0¢é(k)fi$z§(k)
k§ kg

A vaf b4 0D 4
:(¢9,PT¢f)E+/dic(k ¢*‘(k)f ¢ (k) —-QiIm[k ¢“(k)k21°¢f(k)1>. (3.3.6)
kO kO

On the other hand, one obtains
(A(9)% A()o = (¢°, Pré! )E.

These expressions coincide for ¢¢, ¢/ € N, only.

4. n-point-functions for free QED on S(L%(R®) ® C*)
IF(W(4")) is not unitary with respect to (., .)o on L, as may be seen from

(e (W (¢*)Ie(W ()2, ILe(W (4))2)o
= e—[(v‘),tz;)z;«($,¢)E]e—{(113,<5)E—(d;,zi')za](HF( W (o)), Op(W () (W (). (3.4.1)
Here, we investigate how this non-unitarity manifests itself in the epressions of the n-point functions.

Result: Factorization properties for n-point functions in free QED are derived. Wick’s
theorem is found to have ‘unusual’ consequences since the (., .)o vacuum expectation values

of normal ordered products do not vanish in general.

Calculation:

We start from the expression

(P AR AN = L LA ) o Dy IO agrirm

dry " dr, -
R e DI RP
dry dr,
] 1) p(m _ 7T
S | (3.4.2)

where, with a slight abuse of notation, we write 1 = ¢¢. Using the general formula for (¢¥, ¢¥)y, this

leads to

(=)™ (2, A™). A1)

= "El‘*,..—(i—-(e_%(z.‘ T"f’(')»zérﬂp("))g
dry  drg’
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[k ko3, red{ 00k, (5, ) k)

([) (m) . -
X e szm aptm )»11‘17m6 *2 ){T o
(=

d d e : D o TiTm[= ) )y p— 2 (0™ glD) g —iIm (1) (™)) 5]

ET‘TI'...drn
-1 me r;rm[fdk “o% (ki;; ¢(m)(k)+kg¢(”‘)(:;k ¢(l)(k)
° )[1‘“:0
d d ) T () p(m)
= . —(e” Zpm T 3.4.3
d?‘l d’f'n ( >|Ti=0 ( )
More generally, one may consider 2n-point functions of the form
(AT AGENQ, A™). AD)Q),
=(-1)""" —d ...—————d —(~l-—— d e—;‘(ZaTi’/’(')'Z¢”'“j’(l))EeiZt<yn I (0 ™) pr i
dromsy  drondsy  dsy,
X € 2(2 sipl®), Yo st >)Ee—zZ:> m(p, 1/1(m))Ms¢Sm(e Z,’T.‘tl.z(‘)’e— Z,s.aﬂ('))olr;sjzo
ety D e WO - T s T 00
drimyr  dro,dsy  dsy
- mr Sm('lfl(l),P w(m))
Xe Zl' : T E)|7‘,‘=SJ=O
n
= (=1)*™ Z H Tn,m(lb(mi),?b(m{)), 3.44)
ses(n) i=1
where T}, (™) (™)) = T(xp(m) (™)) formy, ;> mormy, m; < mand Ty (1), 7)) =

(™) Prop(™m)) o otherwise.
Remarks:

e The reason for this unusual factorization property may be seen in the vacuum expectation

value (§2,..0)o, used in the calculation. While Wick’s theorem still holds in our setting, the

vacuum expectation value of normal ordered products is not necessarily zero any more, e.g.,

(Q,a*a*Q)o # 0. This causes the deviation from conventional results.

e For () € N, the situation is much better since Ty (™), (™)) = (™) Prapt™)y e for

arbitrary m;, ;. Hence we obtain on this restricted test function space the typical factorization

property of n-point functions in a non-interacting theory:

(Q, A AR = (A D)) A(pPNQ, AT Ao

AW, AW

sest
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3.4. n-point-functions for free QED on S(L*(R?) ©5 C*)

Consequently, the structure of time-ordered n-point functions, valid for smearing with test func-

tions in /N only, reads

(T AP A= S (O, T Ax™))A(2™))Q),
seS(n) =1
" Dp(at™) 2™, 3.4.6)
ses(n) i=1

where 7 denotes the time-ordering operator.

Consequences for perturbation theory

In this subsection, we make a short remark on the difficulties encountered in setting up a perturbation
theory with the Rieffel induction procedure. To be concrete, let us consider scalar QED, given by the

lagrangian
1 2.4
L== Fuf™ +0,0'0"6 = m*¢'¢ — icA*(0,6'¢ — $'0,9) + e? A5, (3.4.7)

This theory of a radiation field A, interacting with a complex scalar field ¢ is invariant under the

gauge transformations
Au(x) = Au(e) + 9\ (x) : d(z) — Mg x). (3.4.8)
Perturbation theory aims at calculating the time-ordered vacuum expectation values
G(Z1y s Trs Tl s ooy 205 Y oy Yp)
= {Q [ T(x1)--b(2a) 8" (2ns1)... 6 (@20) Aly1)-. Aly)Q),
by a perturbative expansion of
Gy Ty gty ooy L2105 Yty oes Up)

_ (Q l ITC‘bIIV(Zl‘l)"'(p‘;,\/(‘rln)AI/V('I/I) AIN( ,"ifd‘ig;‘Hinc[AI;N(x),([)[N(I),([)}N(Jr)]g2>
(Q | Temt [ Hotmlaly@ i) ol n@) ) *

where H;,,, denotes the interaction hamiltonian.

Here, the free IN-fields A%y, ¢1v and Qﬁ}N satisfy canonical commutation relations and we may
specify the corresponding Weyl algebra A,q.iq-. In practice, the calculation of G(z4, ..., y,) amounts
to a perturbative expansion around ¢ = 0. This implies that in the perturbative setting, Rieffel induction

uses a gauge group, defined by the transformations A,(z) — A,(x) + d A (2), o(r) — o{v), and
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III: Constraints in free QED

obtained from (3.4.8) fore = 0.

From this, it is clear that the Rieffel induction procedure reduces essentially to the one carried out for
free QED. Especially, one will encounter to zeroth order in e the same unusual factorization properties
of n-point functions as for free QED.

Let us now think in terms of Feynman diagrams.

For the external lines of the Feynman diagrams of this theory, we may argue that smearing with test
functions ¢! € N is sufficient to calculate physical amplitudes. The point is that the vector potential

used in the calculation of scattering amplitudes reads

Ap(a) = [ Ak 0l a, () + k), (3.4.9)

(27 )32ky !

where ¢(y) (k) denotes a polarization operator satisfying k,.€(y(k) = 0 and A labels the two transversal
components corresponding to physical photons. Clearly, every smearing of a polynomial in Ay ()
with arbitrary test functions in L?(R®) amounts to a smearing of a polynomial in A,(z) with elements
f such that their convolutions D * f lie in N. For internal lines, however, we do not have a physical
reason why our results should be stable under smearing with a subclass of test-functions only.
These simple considerations should make it clear, that compared with conventional approaches,
imposing constraints via a Rieffel induction procedure will make a perturbative treatment more
complicated. Hence, we have not tried to develop such a perturbation theory.
Remark:
In general, after having imposed constraints on the Weyl algebra of free QED, one still has the
freedom of performing gauge transformations [21]. Here however, the Rietfel induction procedure
employed has led to a gauge fixing, as may be seen from the Coulomb-type expression obtained for
the propagator (3.3.1). This gauge-fixing does not coincide with any of the other gauges known for
free QED [18]: it is a gauge leading to a Coulomb-type propagator, a Gupta-Bleuler type Hamiltonian
and an ‘unusual’ factorization property of n-point functions. In what follows, we shall call this gauge

the Landsman gauge.
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CHAPTER 1V:

RIEFFEL INDUCTION FOR FREE QED ON
S(L*(R3) @ C?)

In applications in which a fixed Lorentz frame is singled out, e.g. thermal field theory, one often takes
as starting point a three-dimensional, real-valued vector potential A = (A;, A2, A3) with canonical

equal time commutation relations
[Ak(x), Ei(¥)]er = 66 (x - y). CRY)

Here, E; denotes the electric field, the conjugate momentum of the vector potential A;. In this chapter,
the Rieffel induction procedure is carried out for the Weyl algebra corresponding to thesc canonical
commutation relations. We bricfly comment on Rieffel induction for functional representations and

on an application to thermal field theory.

1. Weyl algebra and representations

In close analogy to the Wey! algebra formulation of (3.1), we consider the Weyl algebra Ao (M., B.¢)

of equal time commutation relations with M, = L*(R*) @ C3,

Bu(f,g) = 2Im(f, g)s, | 4.1.1)
Pk \
(feg)s = / Wfi(k)éijg_j(k). (4.1.2)

Forall f,g € L*(R?) ¢ C?, the Weyl relations read
W(f)W(g) = e W(f + g), - (413)
Remarks:
e The connection between (4.1) and (4.1.3) can be seen from the formal expression

W (f) = e AU ImEUT) (4.1.4)

bl
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IV: Rieffel induction for free QED on S(L*(R3) @ C ®)

where f = fM 4+ f® ¢ M, f,f.l) € L%(R®), the set of real-valued test functions and
AY) = [ dxa0 s x),
E(f™) = /(l’“"xEZ(x)f,(?)(x).

o Again, it is useful to specify annihilation and creation operators ay, . for the free electromagnetic

field,

3 _ |

Ap(x) = / (;17:;3 [an(k)e™ + ai(k)*e™ ],
3

Ek(x)=i/ (;iﬂ_l;gko[_ak(k)eikx_{_ak(k)*e—ikx]. @.15)

Using f (k) = [ d®xe=** f0)(x) with f¢)(k)* = f0)(~k), we obtain

3 - v
AU +iB() = [ SR ) = 007 + el (700 + k)

=1a(F)+ia(F) = a(=iF) + a(tF)", (4.1.6)

where Fi(k) = fM (k) + i f{”(k) and

[a(£),a(G)] = (G, F)s. (4.1.7)

Constraints

To select a gauge group, we consider the Maxwell equations for Ag = 0,
0oV ;A; =0,

DA, +8iV]-Aj:O. (4.1.8)

These equations determine the wave equation for the transverse components of A and the Gauss law

constraint
V.E; = 0. ' (4.1.9)

This motivates the choice of M}, C M., as a gauge group,

ME = {fi= 11" +if € Mo | [P = Bigr g € LE(RY)). (4.1.10)
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4.1. Weyl algebra and representations

Remark:
o No(MI, B.,) generates gauge transformations consistent with the classical ones A; — A;+ Vg,
Eki - Ei:
W (V)W ()W (V)" = UV Iy ( ) = HA+TOUMHEGD), (4.1.11)

o The corresponding algebra of weak observables A = A (Mo, Bet) N (Aet(MeTt, Ba))is A=
DNea(MY | Bey),

et

MY ={f=1" 4P e Mu |0 fV =0} (4.1.12)

Representations of A.,(MZ, B.,)

We specify two representations of Aey(Mer, Bet):
1. The Fermi Fock representation 113 of Ac(Mer, Ber) on S(L*(R®) @ C3) is given on a dense

subspace L3 C S(L*(R? & C?) which is the span of the total subset of exponential vectors

N
L3 = {Z )\ié'd'(l) ] /\1' € C¢’(1) € H, N < OO}’

=1

eV =1 a —L-'z/v Op P ——1-—?/» QP D h (4.1.13)
o \/2_; -, \/.5!_ L) ", 1 e I T O
with scalar product
(e¥,e%) = ¥, (4.1.14)
The representation is defined by
Ma(W(F))e? = e7 PRt p(v=F) (4.1.15)

and can be extended to all of H.

2. A functional representation [I;> of the algebra of canonical equal time commutation relations

Det(Mey, Be) on L*(LE(R?) ¢ R®, pt), defined by

(T2 (W (dy + iga))0)(A) = e T Ord2lrtilAealry (4 _ gy (4.1.16)
(4,9 = [[DAJe™ ARy A)p(A), @.1.17)

d*k e
(¢1, 60 = [ G ()3 (K) (4.1.18)

Here ¢:(k) = ¢:(—k) which implies (¢1,¢2)r = (¢2,¢1)r and W(A) € LAH(LL(RY)

R?, u),where A;(k) = A;(—k) € L(LE(R°) © K3, p).
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Remarks:
e (4.1.15) is related to the annihilation and creation operators on S(L*(R?®) @ C?) via
(W (F)) = elat) +a(E)] (4.1.19)
where the action of ax, a} reads (symmetrization is understood):
ak(Fi)n @ . @ ¥ = V01, Fsthy @ ... 6 Py
(I )0 9 vy =V + LFE @y & oL 60 oy, (4.1.20)
e In the section on functional representations, we consider a non-dense subspace
Ly = {¢ € L(L*(R®) © R% p) | W(A) = (b, A)r}, (4.1.21)

as well as the closely related set of exponentiated functions (4.4.1). Remark that (¥, A)p #

(A, )R, since 1; takes values in C3.

2. Rieffel induction on H = S(L%(R%) @ C?)

Again, we start by specifying input data which result from a slight modification of the Rieffel induction

procedure (cf. our discussion in the last chapter):

1. constraint algebra: We do not define a constraint algebra (again, we can not rely on the existence
of B = C*(MZX), since M} is not locally compact). It is sufficient to have a continuous

representation of the gauge group M2 on the Hilbert space H.
2. field algebra of weak observables: A = A (MY | Bey)

3. Hilbert space H, with scalar product (., .)y, used to induce from: H, = C, carrying the trivial

representation 7, of M.
4. Hilbert space H with scalar product (., .): H = S(L*(R3) ® C?), carrying two representations:
(a) the left representation of A, defined by the Fermi Fock representation I15.
(b) the right representation of MZ, defined by U(Vyg) = 3(W(Vg)).
5. riggingmap on L3 x L: forall fi = i0kg € MZ, 9,0 € L*(R®) @ C?, the ‘rigging map’ reads

(e¥. ), ( fr) = (TI(W(fi))e? . e?)

5 N J

(4.2.1)
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4.2. Rieffel induction on H = S(L*(R?) ¢ C?)

Calculation of (., .)o

We introduce the following
Notation:

On the one-particle space L2(R3) o C?), polarization operators PT, PL are defined as {ollows:
kik“
(Prp)i(k) = <5z‘j - T{%) Yi(k),

(Prip)i(k) := (%%) b;(k). | (4.2.2)

Result: On elementary vectors in Lg, we obtain

(e%, e®)o :ef(;#ifg[(f’rm).(k)(Prc»).(k)-Q—k‘—;k.(ﬂz/)( Iy (PLb), (= k)= gt ki (PL2) (K)K, (PL), (<))

(4.2.3)
Calculation:
The (., .)o-product reads
(¢ = |, [Pal(TIs(W (idhg))e"’ ¢°)
- / [Dgle 7 (79790 0iV9)s o=(99:0)s o (0)s
Met
_ / [Dgle] @317 9@ =0)9(@)+ig(E) (Vivs )+ 9] o0
WT
_ e[ (z-uv[r—-—-fﬂ'_‘m(v.a«-.(r>+\7.a<r))2}€w,m_ . (4.2.4)

Here, the integration over ML can be defined in the sense of (3.2.5) as the limit of integrations over

a family of finite dimensional locally compact spaces which eventually exhaust M. Substituting the

Fourier transforms, i;(z) = (fzijr‘)‘g e'**h;(k), we obtain

(6%, e9)y = ef AT I =52119, (0 = [ ol stz )by by (- )+, 7, (0, (k]

Remark:

(4.2.3) allows for the same combinatorial treatment as (3.2.8) and (2.3.1). In what follows, indentify

oA \ ! \ (%) { r M
(CIL. (L 3. l)) g With \/—I\ (I’L(p)l Jjy L3 wiln \/—' (n )\—h), \Ll,.bg,o,u) with (! )[< ) and v
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with the corresponding expressions for ;. Again, we start from n-particle states, obtained in our

calculation as derivatives

, 1 d e
w(l)®31¢)(2)® B ¢’(n N \/__dT' dT‘ Z . )!
1 n

Definition of D: D denotes the set of finite linear combinations of n-particle states
N@p,... @M, i) e LX(R%) & C?. |

7y =0

The (., .)o-product on D reads:
|

(WD, @5 ™ oW, 50 )g =
nlm!

2

q!qI=0 pln,qv,Pllmlq/

( ST O Brast™ ) (k) Py ”(—k“’)))

resyh =1
T B —mT) e 1 BT )
x| S IT [ RO B ) (K0 B (k)
st i=1
q q
T -24 .
| II/M Pro’ k“)p“ MDY | Snsgmser (42.5)
E’p( mq)

Remark:
¢ [n the derivation of (4.2.5), we have used that
~onl i) m? i 1) 75 m! iy
[ RS P (6O (kD Py ™ (k)
u> 6 B D Oy L6 B )
+ [ dk P o H(KY)) (k) Py (=K))
; O, (m? i i) 5 my i
:/dwu@fiﬁtkwwx@u%@tk_wny (4.2.6)
In close analogy to our discussion of free QED on S(L*(R%) @ C*), we exploit (4.2.5). Without

repeating the calculations, we give the following

Results:

¢ decomposition of n-particle states into transversal components:

V2,00 =3 37 Ayt (Pr) @, @ (Pryy ™) 4,
q=0 pln,q
2¢)(n — 2¢)!
/\Pq(ln,q) - \/( : <'n' [) (w()®5“'®5¢(2q)gpq(ln,q)’Q)O. (42.7)
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induced physical Hilbert space H* = S(L*(R%) ® C?):

This is obtained from the mapping V' with ker V' as (., .)o-null space

V:S(LAR)® C?) — HX =DU Ls/Hy ~ S(L*R?* @ C?). (4.2.8)

gauge transformations:

The gauge invariance of the (., .)o-product can be checked immediately:
(Ma(W(iV.9))e?, e?)o = (¥, %)o. (4.2.9)
The kernel of 7% on HX is the abelian subalgebra A (M2, B.t), since

(W)Y =V +n.
time evolution automorphism and Hamiltonian:

this will be discussed in the following application of our formalism to the discussion of Planck’s

law by Hertle and Honegger.

3. An application: thermal equilibrium states for free QED

In a first part of this section, we sketch a derivation of Planck’s law, given by Hertle and Honegger.

This derivation has the drawback that the ‘unphysical longitudinal photons are thermalized’ and hence

one has to heuristically adjust the expression for Planck’s energy density by a factor § The aim in the

second part of this section is to show how Rieffel induction allows one to do the same calculation on

the physical Hilbert space H*, where this difficulty does not occur.

Planck’s law: the result of Hertle and Honegger

Hertle and Honegger start from the quasi-local Weyl algebra A, (M., Ber) = UpW(L?%(A)), where

L*(A) denotes the square-integrable complex-valued functions with support in the open subset A C R?,

W(LYA)) = Do(L*(A), Be:). The local time evolution is given by the automorphism group 72,

MW () = W(ePr ),

Dif = (=ODafi,—Dafe, =D f3)
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for fi € L%*(A) in the domain of the Laplacian with Dirichlet boundary conditions —A\ . For an
orthonormal base (e ),en € L?(A) of eigenvectors of /Dy with eigenvalues €, VDyc? = ¢t we
have the energy operator
dU(y/Dyp) = Z dar(eMaed)
n=0
and the local Gibbs equilibrium state for inverse temperature 4 > 0 on W(L?*(A)) is defined by

Te(e=# /PO Iy (A))

wa(A) = Tr(e-Par/Dn)

In this setting, Hertle and Honegger have shown that for very general regions A, the local states wa,
extended to states on A, ( M., B.:), converge in the weak™ sense to a limiting Gibbs state w. To obtain
wa(A), they start from the generating functional wy g (W (f)) = e T2 which implies' ([49], Prop
5.2.28)

wirga(W(f)) = e TN 3tal0]),

o~BVDx

talf,9) = (f, img)s-

Especially, tA(f,g) = wuna(da*(g)a(f)), and the expectation values wrp A (dI'(u(+/Dy))) for some
class of functions u, reads

,A
ZZU n nz nil’

n=01=1
—B\/D

> 3
wrHA(dl (u(y/ Dr)) ZZ /D l*‘__—gj;‘ﬁs: ¢n.i)3

(_‘ﬁ Al\

::ng‘I'(PA'lL(\/—AA)f“—;‘——jTPA), (431)

1 —e?

Remark:

In their work, Hertle and Honegger have taken the Tr inwy to be the trace on S(L*(R®) & C?), thereby
thermalizing the unphysical photons, too. This results in a factor 3 (instead of 2) in (4.3.1) and onc is
forced to adjust the result for the energy-density of the black body radiation by a factor %, stemming
from the restriction to physical photons. Our formalism allows to replace this ad hoc procedure by
calculating the generating functional w" of the representation on the physical Hilbert space H given

in (4.2.8).

!Hertle and Honegger start from the Weyl relations W(f)W (g) = e~ 3™ W ( f + g), cf. [S9], whose symplectic

form ditfers by a factor 2 {rom (4.1.3).
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Result: The generating functional w for the representation of A, (MY, B.,) rcads
WX(f) 1= (Ta(W ()0, Q)o = e™#UPrh (43.2)
forall f € MY,

Calculation:
Using (4.2.3) and (4.1.15), we obtain

w¥(f) = (W ()2 Q)
— 6_;—”’])3(6_],9)0
o b ] S R i) £ (K

_ -, 2f<2n) () ST ~2f(‘2‘"‘)‘ Zkifi ()R 1, () + £, (= k)] (4.3.3)

Now, considering the complex conjugate of f;(k) = [ d®ze™"*=| '}1)( ) +if; ) (2)], one finds that

( +f] . )/Cplelkr (1) z

This implies that the last term in (4.3.3) vanishes for f € MY, which leads to (4.3.2).

Consequences:
Since D, is rotation invariant, we may specify an orthonormal base ( )ne}\; € LE(A), 4 2.3 of
eigenvectors of /Dy with eigenvalues ¢, VDyel; = elel PLe .= Gaiel PTe (611+62 Jeh ..

(cf. (4.2.2) for the definition of these projection operators.)
The generating (vacuum) functional obtained by Rieffel induction in the setting of Hertle and Honegger

reads (for the rescaling of the exponent of (4.3.3) by a factor 2, cf. the foonote given above),

Wi (W(, ))-—e fPTf\z

Following the arguments of Hertle and Honegger with this generating functional as starting point, we

are led to
wigA(W() = e TUPria=ptal Prf),
e BVDy
talf f) = (f, T:Z—WD—TPT”“
forall f € M. Hence, we obtain
oo 3
nn /\(rlr(”( V‘ Z Z U(‘/-:D—A) rer-— PT(‘A )'3

0 =1
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e-—/3 FAVN

= QTI'(PAU,(V "‘AA)—'“"‘T;—Z;PA),

I—e
where the sum in the last equation receives no contribution from 2 = 3 in contrast to (4.3.1). The

methods of Hertle and Honegger can be taken over without alterations to discuss the weak™ convergence

of w4 to a limiting Gibbs state. This leads to Planck’s law with correct prefactor,

. 1 oo u(k)r? . 1
E(“’) = /O eg(n ?_ ldﬁ' = Alggo KUJ?{H.A(dF(u(V DA)))#

T2

where u(x) = xx(x), I C [0, 00[ in the case of an expression for the energy density.

4. Rieffel induction for functional representations

Here, we would like to sketch what Rielfel Induction looks like with different input data. We start
from the Hilbert space H = L*(L*(R®) & R® p) which carries a functional left representation of A

and a right representation of MZ.

Rieffel induction on L%(L*(R3) ® R®, p)

We start from the input data A = A, (M., Be:), H = LHL*(R?®) @ R®, u), ML, H, = C and the
p N

exrp

‘rigging map’ (., .)g on L¥P @ L7,

N
L = {3 \e"™ | U9 € L, i € C N < oo}, (4.4.1)
1=}
defined by
(0, T)5(i0hg) = (Ha(W(i0:g)) ¥, 1) L2 (4.42)

U, Y e L2 LR @ R3 ), g € LA(R3). With the rigging map defined on

LPP @ L3P, we obtain the following

w

forall f; =i0;g € ML,

et?

Result:
(¥, eT)o = eF s (0060, = 5510, (1R 8= 7, (K20 () 61, 27,0
) - L o
(4.4.3)
Calculation:

(¥ o= [ [Dgl[DAJe~(AAIRIATR (0 AR (T A
N B 4o J Mg;t it 4
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4.4. Rieffel induction for functional representations

—(AA) R AWV g+ R

H

/ ;— (+iVg+7)?

MZ

il

/ pg o~ H(V9.99) = 59(Viti+9.70) Lo 47)?
_J e

L(Viti+Vi7:)? + Hw+D)?

v; u,(z)V T, (x) Y)Y T ()

1 31: Az (T VW(I)Vw(I) TV! —'—_“‘—2——]_*"
_ fd (11/:( Wi (w)— pyy) —-(—_T_L—-*Qw' ()7, (=4 2444)

which leads to (4.4.3).

Remark:

Longitudinal, 'real~valucd components do not show up in the (.,.)o product as long as we restrict
ourselves to A (MY, Be;). This may be seen from the first line of the calculation given above, since
Y — 1 + 2V A can be absorbed by shiftingg — g — .

The one-particle space

To specify the one-particle space, let us calculate (.,.)o on L, defined in (4.1.21). There, the

(...)o-product reads

(¥, Tho= [ | [Pol(Tlia(W(i01g)) . Ty
-/ M;Ttwgum] SRS Ry (A)T(A)
= [ [Pal[DAeT A E Tt 0Ty (4)TTA)
= /Mg[Dg]{DA]e"MvA)Re—%<9»-Ag>ﬂ[\11(A) + %\D(Vg)][T(A) + %T(Vg)}
= 1 [ dafptame) - LS
= %/%@i(@(% - %) 7;(k). (4.4.5)
Remarks:

e The null space of Ly, is Hy N L, = {V | = Pgu, T € L,}. Accordingly, one can specify a
physical space by HN = L,,/Hy N L, >~ PTLH,. This indicates that our choice of L., has singled

out (part of) the one-particle space.

o In principle, there is no obstruction to complete the Rieffel induction procedure for functional

representations. We haven’t worked out further details.
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CHAPTER V:

SPONTANEOUS SYMMETRY BREAKING AND RI-
EFFEL INDUCTION

In this chapter, we apply the Rieffel induction procedure to a linear QFT showing SSB, viz. the
Stiickelberg-Kibble model. This model has often been used as testing ground for the investigation of
the structures underlying the Higgs mechanism [47]. The motivation for what follows is two-fold.
Firstly, one wants to extend the application of the Rieffel induction procedure to a theory with massive
particles, thereby constructing the Rieffel-induced physical Hilbert space as a carrier space of the
massive representations of the Poincaré group. Secondly, however, we have seen that the Rictfel
induction procedure on the Fermi-Fock Hilbert space leads to a new gauge, the Landsman gauge,
which is a particular cross-breed of the Coulomb and Gupta-Bleuler gauges. As mentioned in the
Introduction, the Higgs mechanism is characterized differently in different gauges and hence, it is
clearly of interest to observe its fcatures in the Landsman gauge. Especially, we find that in the

Landsman gauge, the ‘rearrangement of would-be Goldstone bosons’ can be exhibited in great clarity.

1. The Weyl algebra of the Stiickelberg-Kibble model

The Stiickelberg-Kibble model is an abelian Higgs model with the modulus 7 of the scalar ficld
é(z) = n(z)e?® frozen to unity: n(z) = 1. It is given by the lagrangian

. | |
L= —2Fub" = 5 (Oup+eAy) (0" +ed") + .. (5.1.1)

Remark:

The equations of motion may be written as those of a free, massive, divergenceless vector field
(o+e)j* =0 ;  G*=0, (5.1.2)

where

La

o

~~
1%
Uy

= O + e A
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V: Spontaneous Symmetry Breaking and Rieffel Induction

is a gauge-invariant observable of the theory. In this form, the theory is not suitable for Rictfel
induction since we have got rid of the gauge group already, and this gauge group plays an cssential
role in the construction of the Ricffel induced inner product. To carry out the Rieffel induction
procedure, we have to choose equations of motion for the gauge-dependent fields A, and  which are
consistent with the dynamics given above but allow us to define field algebras with gauge-dependent

elements. This amounts to a particular choice of the constraints.

Equations of Motion and gauge transformations
In what follows, we choose the ’t Hooft constraint!
0, A" = ep. ‘ (5.1.4)
With this constraint, we may start from the following equations of motion, consistent with (5.1.2):
(o+e)ar=0 (O+e)p=0, (5.1.5)
These equations of motion are invariant under the gauge transformations
Ay — Ay + 0. ; © — @ — €A, (5.1.6)

where A has to satisfy
(o+e)a=0. (5.1.7)

The Weyl algebra A ( Mk, Bgx)

Here, we define the Weyl algebras corresponding to the space of classical solutions M of (5.1.5).

We start from the canonical commutation relations of the fields A, and ¢:

[e(2), p(y)] = iD(z — y),

[Au(2), Au(y)] = ~igu e —y), (5.1.8)

where (O + ¢?)A(z) = 0 with initial conditions A(x,0) = 0, ZA(x, t)],o = —6@(x).
The Weyl algebra A, (M, Bsx) is defined by?

My = {($16) | 6, € LARY) 2 C* g € L*(R%); (O +€) g = (O+?) 0 =0},  (5.19)

'We call (5.1.4) the ’t Hooft constraint since it resembles the gauge fixing condition used by t’Hooft in his proof of the

renormalizability of gauge theories showing spontancous symmetry breaking.
“Here, M, is the completion of the space of Cauchy data of the real solutions of the wave equation, ct. (3.1.3).
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5.1. The Weyl algebra of the Stiickelberg-Kibble model

and the symplectic form
Bo(@u, 9: ', ¢") = 2Im( ¢y, )M — 2Im(, 8), (5.1.10)
and the Weyl form of the canonical commutation relations reads
W (b )W (8. 0') = W(dp + 8., 6 + ¢')e ™ Bor(Bmdid’ud) (5.1.11)

Remark:
The formal connection between (5.1.8) and (5.1.11) may be seen by smearing the fields A, ¢ with

test functions f,., f in the corresponding Schwartz spaces, and considering the Weyl operators
W (o, d) = eiAu(f“)*i'i(P(f),
where ¢, = A * f,, o= D« f.
Subalgebras of A . ( Mk, Bii)

We are interested in Poincaré-invariant subalgebras of Agx( Mk, Bsk). The automorphisms v,

implementing P on A ( M, Bsi) are induced by the symplectic transformations ya . on M,

ane(W(dy, ) = Wirruldu, 4)) with  (Yaa(du, 8))(2) = (ALbu, S} (A7 (& — a))).
(5.1.12)

We introduce the following subspaces of My, invariant under 4 .:
Now = {(¢p, 8) | 00 = ed} C My,
Toe = {($:9) | 6 = 096 = —egig € LA(R); (D + €2) g =0} C My (5.1.13)
Representations of A g ( Mk, Bsk)
We define a Fermi Fock representation 1y of A g (M, Bsi) on a dense subset L of the Fock space
H=S(LYR*) @ C*) @ S(LY(RY). (5.1.14)
Here, L is defined by
L=L® L,

N
Li={}y At |l e LARY) 9 Ch N € G N < oo},

N
Lo={>"Xe® |9 € LAR; A € C,N < oo} (5.1.15)
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On elementary vectors in L, the scalar product reads
(ew“ @ 67’0, e»\'u @ eX) — e(‘/’qu/,L)E'}'(wa)
and the action of Il is defined by (cf. (3.1.14) for definition of qgu)

Mp(W(é,, )" @ e’ = e%‘wmnm(wm‘u)ze—“2—‘-<¢,¢)+(»w,¢)e‘wu—¢1‘ @ e¥9, (5.1.16)

Of course, these definitions can be extended to all of H.

2. Rieffel induction for the Stiickelberg-Kibble model
We start by specifying the following input data:

1. as constraint algebra: again, we do not specify a constraint algebra, but a continuous right

representation of the gauge group 7, on H.
2. as field algebra of weak observables: A = Ay ( Nk, Bsk)

3. as Hilbert space M, with scalar product (., .), used to induce from: H, = C, carrying the trivial

representation my, of 1.

4. Hilbert space H with scalar product (...): H = S(L*(R%*) @ C*) & S(L*(R®), carrying two

representations:
(a) the left representation of A, defined by the Fermi Fock representation Il 5.
(b) the right representation of T, defined by U(t) = [Ip(W(t)) for all t € Ty.
5. as ‘rigging map’ on L x L: for all (0,9, —eg) € Ty, the rigging map (.,.)z on L & L reads

(€ @ ¥, e & e¥) 50,9, ~cg) = (Tr(W(Dug. ~eg))e™ © ¥ ¥ h V). (5.2.1)

Calculation of (., .)o

In close analogy to the calculations in the previous chapter, we obtain the following

Result: On elementary vectors in L,

dk (ki —iep)kovo+ (ki X +ieX) koXo)
(e¥ @ e¥, e @ eX)y = ef kg °

Xefd'kz,bg (6;,—%)?&(%1/%“%'&) %m (5.2.2)

2y 7 AR
“Here, kg = VK* + €=,
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Calculation:

The Rieffel inner product reads

(e¥* & e’ e eV = / [Dg)(LLp(W (D9, —eg))e?* @ e¥, ™ eV, (5.2.3)
STk
where the integration over T, can be defined in the sense of (3.2.5). Carrying out the calculation of

(¥ @ e¥, eXn @ eX)o, we obtain (cf. the calculation of (3.2.8))

(ell)p ® ew’eXu ® eX)O

= /[Dg]e FH(kugkug) B o —il(kowo.3)+(kiv,9)+(F ko xo) +(g.kixi)l = (9.9)=e(¥9)+e(g:x) o (Yusxp) EH(¥X)

- /[Dg}e_(kgg,g)e—igx[ko1lio+k¢¢i+k0?o+k.,’x'.-+ie§—ie¢]€igg[kodzo——k;¢g—k0§0+kgf,-+iei(‘+ie1[;]e(d,“‘X”)E.HU',‘X)

P - , . ki k . 2 - . I _
f—}[kowok. Yi+koXo ki X, +ieXki X, —tevkiv,] Wy (&,——;%) xj-;f-fd'x+¢x~fg(‘zeknbex—tezlzk‘x.)
=" e 0 0 0 . (5.2.4)

Decomposing this expression with projection operators,

; keik; , kik, e2kik;
((Sij - *{{—) = (é,‘j - k2]> + kgk;’

we obtain (5.2.2), which completes our calculation.

To extract information about the n-particle states from (5.2.2), we introduce

Definition of D: D is the set of finite linear cominations of n-particle states®

————l i...ieZ."‘/’w ® 623 r”l’ml
V 'I’ll drl drn

where ) € L*(R® @ C* and v € L*(R?).

ri=0?

We are particularly interested in the finite particle space D in which we expect to find besides the
transverse also massive longitudinal components. For this analysis, we introduce the following
Notation:

e Given a (gauge-dependent) one-particle state ¥, ® Q + 0 ® 9, the Bogoliubov-transformed

components 1y, 1y are defined by:

, kzkd)(k) .. /C,’?[)(k)
N k = 0-—]———]——- h 9 )
Yri(k) = cos % + ¢ sin K]
Pyi(k):=—sin 051-/?%/;—(}-{—)- + 2cos %((FZ’ (5.2.5)

4Here, it is notationally simpler to specify n-particle states as n-th derivatives of elementary exponential vectors, than
to write them out explicitly. A one-particle state reads v, & Q' + Q" © 9, a two-particle state is

1 i 3 2 3
= (B0 PO + how® + uPo ) + Qoye,u?),

and explicit expressions forn > 2 are cumbersome. Here, as in what follows, we have denoted the vacuum by $2 = £
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where cos § = =, sinf = Ik'
e Furthermore, we specify the five-component vector )
WO(k) = (Propf(k), w k), v (k). (k) (5.2.6)
and the projection operator P, onto the ‘physical’ components
(Bt (k) = (Prgpld(k), vi)(k),0,0) . (5.2.7)
Also, for notational convenience, we set

PO gt = G T g T (5.2.8)

\/——‘ dr1 dTn

Our next step is to write (5.2.2) for finite particle states in D:

ri=0"

(B xx I D s ) \/— >

qq—OP[an[mq

1 3 .mq . (m? i m; P
x( q/dk el (1) — e ™ (k) (KE 5™ (1))

P . [
5(165(’; 1= 0

1 ) md ; . {mY ; i md ;
= (kD (kD) — e ™ (k) (ks (k)

2
k!
¢ <o 1 . q . q . . =4 .
1 t —-(m,') i - ——(m,) ] tj—\m, i
(5 TT [ b — (ORI O) 4 iex™ (<) (6 (k1))
sp: Sp,’ =1 kO
q q

1 N(mY), i .o m? i i) —(m?), i g4y’
3 (ROX™ (k) 4 e ™ (k) (RS (K9)) 8 g sz (— 1)+

I

(k“)y‘g”‘ Ny |, (5.29)

n—2q '
5 T famangt oo o

peP (1?1 ) =1

m,q

Pq)

The decomposition properties of elements in D are now given in complete analogy to free QED, cf.

(2.3.11) and (2.3.12):

Result: Arbitrary n-particle states ) x . xp{™ € D canbe decomposed into physical

components P, up to a vector in the (., .)o-null space:

~

,(/)il) XX ?Z)En) - Z Z /\Pq(]n.q)(Ppwi))@sn-@s(PP¢’£n-ZQ))|IJc/([rt.q) + —i' (5210)

q:0 Pln 4

2¢)(n — 2q .
(—-i)-—(;;—..-—/l(w(‘ P Q). (5.2.11)

Apyily ) = \/
y
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Calculation:
The analysis of (5.2.9) parallels our analysis of (3.2.11).

Now, we turn to the calculation of the generating functional.

Result: The generating functional w™ is Poincaré-invariant on A g ( Nk, Bsk),

wi(@*,8) 1= (Tlr(W (g, 6))Q, Q)o = exlPudulem3(e0) (5.2.12)

Choosing a Lorentz frame, we may write

wk((bu’ Qﬁ) — e"‘é‘(rﬁp,PT‘Pu)Ee"%’(¢L,¢>L)‘ ‘ (5213>

Calculation:

(IE(W (¢, 6))9, )0 = e—%(qbwbu)se—%(¢,d>)(e—¢} ® e, 0o

_ 1 Dol boi b bt
— o~ Howbuln o~ 3(6.6), 5T Fodo(hidities))

— H bt o H(68) "1 oFolbudtico)) (5.2.14)
which leads to (5.2.12) for (¢, @) € Nyi. Now, (5.2.13) can be obtained by appropriate rearrangement
of the five components in (5.2.12), using ko¢o = kid; — e,

. ) — kik, | — o
e%(‘bun‘f’y)f\vle’“ %‘(t/’,(b) = ¢ - %(“/‘ P T "’u)[ 2‘1’. ";:Zj"‘bj 6%“2’70‘#06‘ %(‘3"@)

ﬁy(k-:f;ﬁ'lea)(k;dh “‘l(’@)
[

) P __1_5,"1’"1 5 1,
=73 D, Tr!m)Ee i 6—;(tl>«i>)

——-ekk

1 wkik, T K
L o HnPronp, T A T e TR bokic )

— 50w Prou)p g~ 2(ko¢+’ko¢)_71(f%51“l%$) (5.2.15)

from which one obtains (5.2.13).

Result: The Hamiltonian corresponding to (5.1.5) satisfies the positive spectrum condi-

tion on HX.

Calculation:

The time evolution on A(M, B) is given by the automorphic group 7,

(W (du, $)) = W (VDT g, VD7 g) (5.2,

(931
N
[N
o
p—

71




V: Spontaneous Symmetry Breaking and Rieffel Induction

where (D), = (=Qdo, — D¢y, —N¢y, —N¢3).° The Hamiltonian H is a representation-dependent

operator, implementing this time evolution in the representation Iz by
eitHIIF( I’V((Z’);L. ¢))€—i11{ — HF( ‘/V(eit\/D+e'2 (pl;u e‘it\/D—Q'-(:'2 ¢))

Comparing this with the explicit form of the representation in terms of annihilation and creation

operators a}, a, for the electromagnetic field and b*, b for the scalar field, we obtain
H=_ / /R T e%ar (k) g™ alk) + / AV T b (k)b(k). (5.2.17)

Now, it is easy to see that

forall U € Hpyys. The point is that arbitrary (normalized) components of the physical one-particle state
space, (6 o= %’;’—)d’j and %’I/Jz‘ cos 8 + 13 sin 0 pick up (the same) positive energy contributions. For
multi-particle states, this holds true due to their decomposition into such components. The elements
of H corresponding to a negative energy have ended up in the null space. Finally, we comment on
the behaviour of elements in HX under Poincaré transformations. From the Lorentz-invariance of w*

(given in (5.2.12)) on the ‘algebra of weak observables” A( Ny, Bk ), we obtain the following

Result: HX carries a canonical unitary representation U of P. (/Y is a massive particle

representation.

Calculation:
In complete analogy to our discussion of free QED, we conclude from the Poincaré invariance of w*
that there exists a Poincaré invariant vacuum [Q] € HX and a representation UX of P on HX, defined
by (cf. (3.2.17))

UX(A, &)lre (W ($1, ) = [rr(W (1.8, )R] (5.2.18)

forall (¢, ¢)) € Nyk.

Again, we may use the spectrum of the Hamiltonian, which shows a mass gap, to argue this time that
we are dealing with a massive representation (m? = e?) of the Poincaré group. More explicitly, we
can see that the three components of the vector Pp'zj:ﬁi) transform as a massive one-particle state under
the action of the little group SO(3). Namely, Pri, transforms as transverse components do, whereas

¥y, defined by (5.2.5), has obviously the transformation properties of a longitudinal component.

>1y corresponds 1o ihe equations of motion (5.1.5).
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CHAPTER VI:
THE EFFECTIVE POTENTIAL

This chapter contains a discussion of formal properties of the zero temperature cffective potential
V of a real scalar P(¢)s quantum field theory with Z,-symmetry. Our main result is that in the
spontaneously broken case the effective potential is only one-fold differentiable at points of pure
quantum corrected ground states [2, 60]. It turns out to be this non-differentiability which justifics
the approximation of the quantum corrected ground states as minima in a naive loop expansion.
Furthermore, we employ a thermodynamic language, based on the notion of Gibbs potentials, to give

an argument for the energy density interpretation of V' in its affine section.

1. The effective potential in P(¢),-theories

In this section, we firstly list some results obtained for P(¢),-theories. Then, we point out a difficulty
in the definition of the effective potential, and its resolution. On the basis of these results, we obtain

a statement about the differentiability of the effective potential.

The model

We consider the theory of one self-interacting Bose field in Euclidean space, described by the La-

grangian
1 N . ,
L= 5(00) + 5m*¢* + P(6), (6.1.1)
where P(¢) is a polynomial in the ficld ¢ and m is the renormalized mass. The generating functional

for the Euclidean Green’s functions is given by
: -1
21) = Jim [ lddlgexe (= [ [£(8(2)) - J()8(x))dz)
— lim [exp <* / (P (¢(z)) - J(w)gﬁ(x)]dat)d,ug, (6.1.2)

100

1

where du@ is a Gaussian measure with a free covariance, converging to C = (—9% + m?)~! in the

infinite volume limit. J(x)o(x) is the usual Schwinger source term, §I denoies a {lulic space-time
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VI: The effective potential

volume, with which we approach finally the infinite-volume limit and Planck’s constant is set to one

in the second expression.

The generating functional of connected Green’s functions W[J] is given by
WlJ] = InZ[J] (6.1.3)
and its Legendre transform is the effective action I'[@,]

[loc(z)]=WI[J] - / J(z2)p.(z)dz;

)

w(x)wu]. (6.1.4)

Definition of the effective potential

Usually, the effective potential ‘:"( g;)c) is defined by setting ¢. in the effective action to be a constant

qf)c and dividing through the total space volume Q:

.| . ~
Jim slaldd, 4, = —V(de). (6.1.5)

It is however crucial to note that V is only well-defined for all field values éc if the functional derivative
of W[J] in (6.1.4) exists for all J. More importantly: we know nothing a priori about the existence of
the limits in (6.1.2) and (6.1.5) and their dependence on boundary conditions.

To obtain an effective potential which is always well-defined, let us start from the density of W'[/] for

constant source term

w(J) = lim f%ln./o exp[-/Q[P(gD'(:r)) — Jé(z)]dz)dus. (6.1.6)

Qo0

In the case of P(¢)-theories, this density can be shown to exist. It is strictly convex! and the limit
is independent of a large number of classical boundary conditions [61, 62]. Following Jona-Lasinio

[63] and Slade [64], we define the effective potential as a Fenchel transform of w(J)
V(ge) := sup[J ¢, — w(J)). (6.1.7)
J

For strictly convex w(.J), this Fenchel transform is well-defined [65].

Remark:

'We call a function f of a real variable x strictly convex, if it is a convex function which has nowhere an atfine scction.
In an atfine section, f is given by a straight line.
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6.1. The effective potential in P(&),-thcories

Recalling that the Legendre transformation of a function w(J) plots the intersection of the tangent
of w with the w-axis against its slope (Figure 1), it is easy to see that for a differentiable w(J) both

definitions of the effective potential are equivalent,
V(ge) = V(8e), (6.1.8)

whereas for non-differentiable w(J), only (6.1.7) is well-defined everywhere.

J 3,;; wid wiJ)
g

Figure 1: Example of a strictly convex w(J) with non-differentiability at / = 0 and geometrical construction of the
Legendre transformation.

Non-differentiability of the effective potential

In what follows, we consider (6.1.1) with an even polynomial P(¢(2)) which allows for spontaneous
symmetry breaking. Introducing left and right derivatives i—; and % respectively, we obtain from
convexity

-d—iw(O) = -£w(0). (6.1.9)
dJ dJ

However, in the case of a scalar field theory with spontaneous symmetry breaking, the left and right
derivatives of w(J) are nothing but the degenerate vacuum expectation values [61]
d*

Z[—jw(()) = . (6.1.10)

Glimm, Jaffe and Spencer have shown that for ¢; quantum field theories, there exists a phase transition
in the sense that ¢4 # 0 [66]. Hence, for J = 0, w(J) is not differentiable, whereas it is differentiable
for all non-zero values of J. As can be seen from Figure 2, the effective potential, given by (6.1.7),
therefore has a linear section between the two quantum corrected ground states ¢+, and is strictly

convex elsewhere. This is sufficient to obtain the following

Result: Let V(¢,) = sup,[Jé. — w(J)] where %w(O) = ¢4 and w(J) is strictly
convex, differentiable for J # 0 and non-differentiable for / = 0. Then V(QSC) is exactly

one-fold differentiable for qgc = ¢4.
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Argument:
To discuss the differentiability of V at ¢, it is sufficient to calculate its right derivatives. All left
derivatives are zero, since for ¢_ < qABC < ¢4, Vis affine (the affinity of V can easily be seen from the

geometrical constuction, described in the text, cf. Figures 1 and 2) . Hence for ¢; > 0 we consider the

difference
V(dy + 1) = V(gy + €2) =sup [J (o4 + €1) = w(J)] = sup [J (¢4 + €2) — w(J)]

= J;((f’+ + 61) - w(Jl) - J2(¢+ + €2) + w(Jp)

] d+? 2 9 3
= gml(J(O)(.]l - J2) -+ O(Jl- )
| [ d+? i .. |
= ;)—(-(—ﬁ?w(())> (61 —_ 62)(61 -+ 62) -+ O(J{g), (6111)
where we have defined J; by
d**w(0) 2
6= ~—=—Ji + O(JF);
d+
ij( D)= by + 6 (6.1.12)

and used a Taylor expansion for w(.J;)
d*w(0) 1dt*w(0)
o it it

Due to the strict convexity of w(.J), the inverse of its second right derivative is strictly positive and

w(J;) = w(0) +

we obtain from (6.1.11)

AtV (gr +€)  [dtw(0)) ’
dd?c - ( dJ? €+ 0(6 )3

d**V(dy + ¢) d**w(0) - )
de? B ( dJ? ) +0(e) >0 (6.1.13)

for small enough ¢. The same line of rcasoning goes through for ¢_. This completes our argument.

Remark:

We conclude that in the spontaneously broken case, the effective potential V' is a convex function
with a linear section between ¢_ and ¢.. It is infinitely often differentiable for q@c # ¢4 and exactly
one-fold differentiable at ¢, = ¢4

2. Perturbative evaluation of the effective potential

In the first section, we have established the non-perturbative form of V. Now, we turn to the question,

how far perturbative calculations allow us to approximate this form. After recalling the loop expansion
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vi§.)

.

Figure 2: The effective potential V(.) (straight line) and V(¢.) (dotted line) as defined in the text. Remark that V' is
only defined for non-minimal values of V.

of V, we point out that it is exactly the one-fold differentiability of V' established in the last section,
which allows us to determine ¢, and ¢_ as minima of V. We close with a short remark on the Wilson

recursion formula which provides a different approximation scheme of V'.
The loop expansion

The usual perturbative approach to the evaluation of the effective potential is the loop expansion
[32, 33, 34]. Interpreting the effective action in (6.1.4) as a generating functional of the one-particle
irreducible Green’s functions, one makes different expansions of I'[$.] either in powers of ¢. or in

powers of momentum
1
[[é] = Z = / dzy..dz,I™(z1, ..., 20)dc(z1)... 0c(20)
:/dx[_m) + %(amc)?Z(ch) + ... 6.2.1)

Then one can easily see that the n-th derivative of —V is the sum of all 1PI Feynman graphs with n

vanishing external momenta

A 1~ N

where I denotes the Fourier transform of . The loop expansion is a tractable resummation of
(6.2.2): first summing all 1PI tree diagrams, then the diagrams with one loop, etc., one approximates
~V. As can be seen from the generating functional Z[J] in (6.1.2), each vertex in these diagrams
yields a factor % while each propagator, being the inverse of the differential operator in the quadratic
part of the Lagrangian, yields a factor 1. Hence the loop expansion is formally an expansion in powers
of h, '

V(doh) = S valdoh" (6.2.3)

nz=0
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VI: The effective potential

For Euclidean scalar P(¢), quantum field theories, Slade has shown [64] that the serics {Hn(c_;)‘“, h)}
with

Vi e, ) =" 5" va( o) (6.2.4)

'n,:O

is asymptotic? to V(qﬂ, h) in (6.1.7) for all values of QBC, satisfying | QASC | > ¢4,

lim, Vin($e, ) ~ V(Be, B) = suplJ e = w(J)].

m-—r00

Here, vn(qAﬁc) denotes the negative sum of all renormalized 1PI n-loop diagrams with lines correspond-
ing to free covariance of mass (P”(qA’bc)) %, and the formal dependence of V" on & is denoted cexplicitly.
For field'values | ¢. |< ¢4, the series {V,.(¢.,/)} is not asymptotic to V/, cf. [64]. This lcads us
to the question whether we do obtain any information about ¢4, defined in (6.1.10), from the loop

expansion.

Information about ¢, from the loop expansion

We define the maximum of all £ local minima qASm,i of Vin, (1 = 1,2,..., k):

~

G = max;(Pm,i), (6.2.5)

where )
Dnldns) o, (6.2.6)

de.

Furthermore, we introduce the Taylor expansion of the first derivative of 1, around o,,,

A"V, (G, B
dqgg_n+l)

dVi( <15u h)
dé,

With this notation, we formulate the following

asd l ~ ~ T
=2 = (de — b)) (6.2.7)
n=0

Result: If the Taylor expansion (6.2.7) converges for | b — bs | < | bm — b4 | and
EVnldeh) 0 for ¢, > min(ém, ¢4 ), then

de¢?
i G ~ Gy 6.2.
1im by ~ s (6.2.8)
We call a power series Zﬁ;oanz" asymptotic to a function f(z), f(z) ~ Zf,\ genz", it
hm, Loy f(2) — ) n=08n2" | = U holds for all integer N.
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6.2. Perturbative evaluation of the effective potential

Argument:
Since the Taylor expansion of d——ﬂ-ﬁfﬂ converges for | ¢ — ¢4 | < | dm — ¢4 |, we can write
AV ($4.8)  dVi(dm,h)  dVin($es b ;
D) _ DVnldn,h) | TVnlde k) 5 (6.2.9)
do. do. de?

where the Taylor remainder term on the r.hs. is taken for some ¢., satisfying | ¢4 — ¢, | >

| ¢+ — ¢. |. Now, since the loop expansion is asymptotic at ¢, we write

dV(ps,h)  dVi($s4, 1)

lim < = (. 6.2.10
m hm i 23, l ( )
Substituting the Taylor expansion (6.2.9) into (6.2.10), we obtain
.1 V(. h) 2
fimy g gz 1 9+ ~9n =0, (6.2.11)
Since i—%);— # 0, cf. (6.2.3), and since the second derivative of V,, is positive according to our
assumption, we conclude from (6.2.10) that
lim -——} bp — ém | = 0. (6.2.12)

—0 B™
Conclusion:

o The naive loop expansion contains all asymptotic information about the form of the etfective
potential: the loop expansion is asymptotic to V' in its strictly convex regions and it approaches

asymptotically the extremals of the affine section of V.

Remarks:

e A result analogous to (6.2.8) holds for the m — oc-limit of the minimum of all local minima of
Vi, being asymptotic to ¢_-. We conclude that the largest (smallest) minima of the m-th order

loop expansion are asymptotic to ¢, (¢-) respectively.

e The assumptions leading to the result (6.2.8) are well justified: the second derivative of 17, is

asymptotic to a positive number at ¢, since it follows from (6.1.13) that

L PVnly)  [dP ()
Jim 12 ~ NE > 0. (6.2.13)

This is a direct consequence of the non-differentiability of V. The assumption about the positivity
of the second derivative of V,,, is clearly consistent both with (6.2.13) and with the strict convexity

of V outside its atfine region.
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The Wilson Recursion Formula

We have seen that while the loop expansion of V' leads to a non-convex expression, it approximates
asymptotically ¢4, thereby providing all necessary information for the determination of the correct
convex form of V. In this subsection, for the sake of completeness, we draw attention to the Wilson
recursion formula which provides an approximation scheme leading to a convex expression for V.

The effective potential V' (4.) is a function of the zero momentum mode ¢, of the field ¢ and may
be obtained by integrating out the high momentum modes iteratively. According to arguments due to
Wilson [67, 39], this amounts to fixing a momentum cut-off A and following the subsequent iteration

scheme:

Uo(¢) = Va(4),

AN (U(9)
Ut+1(¢) = (g) In [}*‘(*(-/Ll((‘(ﬂ)"],
. AN 42 AN 4
s =" ewl-(5) v (5) 300 +6)+ Uil-y+ oy,

oo 2
V(ge) = Uso(9e)- (6.2.14)

¢
&

We restrict our discussion to the following [68]

Remarks:

¢ This Wilson recursion fomula is closely related to the usual loop expansion. Indeed, if one
expands the (-th iterated potential {/;(y + ¢) up to second order in y, ignoring higher order terms,

one obtains an expression for U4, which does not depend on f. Then, the crude approximation

d2Ud) _ d?Uso()

17 = gt leads to

2kf + U o(9)

R+ TP (0)

cmw=%m+2wéﬂ

=0

which is exactly the formula obtained by an one-loop calculation.

e The iteration scheme (6.2.14) allows to calculate recursion formulae for the higher order deriva-
tives of U;(#). From the behaviour of these derivatives one can argue that in the { — co-limit,

the potentials {/;(¢) approach a convex expression, as expected from general arguments.

o Numerical iterations of (6.2.14) indicate too that U;(¢) converges to a convex expression for

[ — 0.
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3. Energy-density interpretation of the effective potential

In this section, we present an argument to the effect that the convex form of the effective potential V'
has an energy density interpretation. Following heuristic arguments [31, 33, 34], one usually assumcs

that

. Tr (p H.
V(b = lim Ja r(pQ a(9))

kl

where Hq is the Hamiltonian in the finite region® § and p. is a projection operator of unit trace,
denoting the state for which
N Tr{p.

Edm T

In the case of P(¢),-theories, equation (6.3.1) has been obtained for values of . which do not
minimize V [69]. Here, we show that the energy density interpretation of V' holds for its linear

section, too. We start with the following assumption, underlying a theory of phase transitions:*

Assumption: There is a finite set (()y,...,Q,) of extensive quantities such that, if
the corresponding densities (i, ..., ¢,,) of these quantities are constrained to take valucs,
say (qi1,-.-»¢n), then the entropy density functional 3(p) is maximized by precisely one

translationally invariant state p.

Our argument is based on the following thermodynamic setting:

We introduce the finite-volume Helmbholtz free energy functional £ ,» of an arbitrary state p

Fa(p) = Tr (pHa() - T5alp)) | (63.3)
with the entropy
S(p) = —kplnp, | (6.3.4)
and the infinite-volume density A
(o) = Jim 222, ©33)

In the zero temperature case, fis nothing but the energy density functional. The field ¢ in (6.3.3) is a

linear functional of the state p

_ i JaTr(pd)
$(p) = Jlim =~ (6.3.6)

3Here, (6.3.1) is time-independent and hence we may choose for § either a space or a space-time region.

4Sewell [70] states this assumption for extensive conserved quantities (; in the case of a lattice system with a finitc
number of degrees of freedom per lattice site. In our case, the family of conserved quantities which commute with the
Hamiltonian is not sufficient to specify the state of the system completely. Hence we choose a more general {ormulation.
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VI: The effective potential

We interpret ¢ as a density functional in the sense of the fundamental assumption and constrain it to
take a value ¢.. For lattice systems with a finite number of degrees of freedom per lattice sitc [70],

this leads to the constrained Helmholtz free energy density

fo(8e,T) = inf, { f(p) | #(p) = ¢c} (6.3.7)

and the Gibbs potential
g(J.T) = inf,{f(p) = J(p)}, (63.8)

where the intensive variable J is the conjugate of ¢. Following Sewell [70] we assume that the
expressions for fc(gi)c, T') and ¢g(J. T') hold for infinite continuous systems.

Notation: We denote by {5(.J)}; an arbitrary one-parameter family of equilibrium states p(J) which
minimize f(p) — J$(p). Remark that fo(é., T') is convex in ¢ and g(J, T') is concave in J [70].

Result: Assume that sup,[g(J, T)] = ¢(0,T) , | $(5(0)) | < | L2991 | | ¢(5(J)) | >
| f—l%(j-’ﬂ | for J # 0 and ¢(p(.J)) continuous for J # 0.
Then
fo(@e, T) = supy[J b + g(J, T)] (6.3.9)
for %0—1—) < 6. < 'l—'(il(j”T), and 6. minimizes fe.
- Argument:

The variable T is omitted.

dEg(0 dg(J
dJ dJ

1. It follows from the concavity of g(J)
for all J # 0. The assumptions sup;[g(J)] = ¢(0) and g%ol < ¢ < d;jf]-@l then ensure that
the slope of ¢g(.J) is steeper than the slope of the straight line J¢. for all J (cf. Figure 3). The
supremum on the r.h.s. of (6.3.9) is hence obtained for J = 0. Denoting by {4(./)}, an arbitrary

one-parameter family of states which minimize f(p) — Jo(p), we write

sup,[Jé. + g(J)] = [Jde + inf, {f(p) = J$(p)}] =0
=[Je +  (3() = T (B()))]s=0
=inf, f(p)
= f(p(0)). (6.3.10)
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g+
i)

Figure 3: Example of a concave Gibbs energy density g(J) with non-differentiability at J = 0. As is easily scen, the
supremum of [¢J + ¢(J)] (dotted line) is obtained for J = 0, if | =5~ 4% 9(0) | > de.

2. Since ¢(p(J)) is continuous for J > 0, there is a one-parameter family {p+(J)},, such that

#(p4(J)) is continuous for J > 0. Denoting ¢+ = —di"’d(j)’T), we conclude ¢(p4+(0)) = o4.

Using i), we observe that the r.h.s. of (6.3.9) is constant for ¢ < ¢, < ¢4. This allows us to

write

F(p4(0)) = sup, [T e + 9(J)]
=[Jé1 + f(5+(J) = J$(p+(I))] =0
= infs, () {f(5+()) | $(5+(])) = ¢+
= fo(@4). (6.3.11)

3. The same argument as in 2. holds for negative J: there is a one-parameter family of states

{p-(J)},, such that ¢(p_(J)) is continuous for J < 0 and hence

é(p-(0)) = ¢-
F(p-(0)) = folg-). (6.3.12)
4. From 1., 2. and 3., we conclude that
inf, f(p) = fe(bs) = fel¢-). (63.13)

Since f. attains its absolute minimum at ¢, and ¢_, it follows from its convexity that f. has an
affine section between ¢ and ¢_. Asseenin i), the r.h.s. of (6.3.9)is constant for¢. < ¢, < ¢y

Hence
[l de) = sup,[J e + g(J)). (6.3.14)
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Remarks:

e The connection between thermodynamics and the field theoretic formulation of (6.1.1) is the
following: for T' = 0, it follows from the strict convexity of w(J) in (6.1.6) together with
(6.1.10) that

SL}p[~'lU(J)] = —w(0). | (6.3.15)

w(J) can be written in terms of a finite volume partition function Zq(.J) [69]

o) = i onl) = i, 10 2

(6.3.16)

Hence w(J) is the (negative) expected energy density in the presence of an external field, i.e. the
(negative) Gibbs potential. Since the vacuum expectation value of ¢ in presence of a positive
external source J is greater than ¢ [66] and since —w(J) satisfies (6.1.9), the result given above

applies. Hence the effective potential

~

Vige) = SL}p[JqASC —w(J)] (6.3.17)
has an energy density interpretation for all ¢. which minimize V.

¢ Our results can be embedded in a much wider context. Every non-differentiable Gibbs potential
g(J) of the type considered will lead to a Fenchel transform f. for which analogs of our results
exist. The non-differentiability of f. will then justify the assumption that every infinitely often
differentiable function which is asymptotic to f. in its strictly convex regions, asymptotically
approaches the extremals of the affine section of f. with its minima. In particular, this is true for
every polynomial ansatz for f. in its strictly convex regions. This gives an ihteresting justification
for the heuristic Landau-Ginzburg approach to phase transitions.
More precisely, in heuristic applications, the non-convex expression obtained from the loop
expansion is often interpreted as a free energy density. This may be understood as a Landau-type
argument: choosing a polynomial ansatz (6.2.2) for V,one speaks of the ‘roll-down of the vacuum
expectation value’ in a non-convex potential. Though it is difficult to give a mathematically
precise meaning to this picture®, the success of the Landau-Ginzburg ansatz in the description of

phase transitions in solid state physics may illustrate the heuristic value of this approach.

“in fact, our result contradicts one of the main features of this picture, the non-convexity.
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Non-relativistic example of a non-differentiable energy density

As an illustration of our remarks on the energy density of systems showing spontaneous symmetry
breaking, we mention the non-relativistic spin-boson model, defined by the Hamiltonian
F F
H=¢co, @I+ ICE)ana;an+03®Z/\n(an-f-a;) (6.3.18)
n=1 n=l
on the Hilbert space H = C? ¢ S(L*(N)).® Here, o, and o3 denote Pauli matrices, and the coupling
constants w, and A, are required to satisfy A 1= 37, L\‘Zﬁ‘ < oo (which guarantees that H is hounded
from below) and 302, | A, I’ < oo [71, 72]. H may be thought to model the interaction of a 2-level
molecule with a radiation field, described by creation and annihilation operators a;;, a, for the discrete
modes n = 1,..., F, where [ is eventually taken to infinity. ¢ denotes the splitting between the two
energy levels of the molecule. As in the case of (6.1.1), the model shows a ‘chiral’ Z,-symmetry .J,”
implemented by
P=0,0® ﬁ (=1)n, (6.3.19)
n=1

This model has been used to discuss the chirality of molecules [71]. The simplest method to get
information about the energy density of this model is to make an ansatz for the eigenvectors of H in
terms of product states 3 = (Z) ® ¢, ¢ € S(L¥N)), | ¥ | = 1,  in the domain of H. Using a

variational principle [71], one obtains the minimal energy states

1. for|e| <2A8

1 €2\ 2 1 , e \* 0
—A e \? :
@ (C73£=1I/V(i n (1 — ~—-> ) | 0)) (6.3.20)

2. for| e | > 2A:

() e

with corresponding energies

Lo for|e| <20 B = (s | H | 9ps) = —(1+ 22

SHere, S(L*(N)) denotes the symmetric Fock space over the one-particle space L?(I).

“J(o1) =013 J(03) 1= —03; J(an) := —an; J(a}) = —a,

F . .
a -fta 9 7oy
8We use the Wey! operators W(f) = (D anzr nfnSian Fe L*(N)
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2. forje| 220 E= | H|w)=—]¢€].
One easily obtains a suitable order parameter:
L for|e| <2A:mes = (i | 03 | ¥a) = £1(4A% — €2)
2. for|e|>22A:me= (Y| o3| ¥) =0
Remarks:
e For| e | < 2A, the ground state is not an eigenvector of P, i.e., the symmetry ¢ is broken.

e Writing £(6) as a function of § = ¢ — 2A, one finds that E is exactly one-fold differentiable at

the point of phase transition, € = 2A.

e For|e| < 2A, ¢, A fixed, the energy as a function of the order parameter is a constant in the
interval m € [m,—, m. 4],

E(m) = (1 + %)A, (6.3.21)

since mixed states v¥4 + (1 — v)¥—, v € [0,1] exist for arbitrary order parameter n in the
interval [m, _, m.]. Hence, £ has an affine section with endpoints corresponding to the pure

states ¢4, p_.°

e We do not have an expression for the lowest lying energy states . with m. > .4, but
from the results given above it follows that E(m) < E(m.) and that to some order in m, a

non-differentiability in £/(m) at m = m, 4+ (or m, ) has to be expected.

We regard this model as a nice example for a non-differentiable energy density which indicates a
non-trivial phase structure at zero temperature. To shorten our illustration, however, we have based
our remarks on the results of Pfeiffer [71]. This remains unsatisfactory since product states are not
the most general eigenstates of //. For a more satisfactory though technically much more involved
treatment of (6.3.18), we refer to Spohn’s work [73] where ground states have been constructed as
zero-temperature limits of KMS-states. An energy density £(m) based on Spohn’s result can be

found in [72]. Our remarks apply in this case, too.

These pure states lie in different superselection sectors if one regards all operators which act non-trivially on a finite
umber of modes of the photon field as local observables. Le., chirality is a superselection rule of this model. In fact, this

b 4 L o e wa»,dci

n
g b oo & IR 7Y him oo bl o Lo TY 3 g S em oo o AN
has been the main motivation for Pleifer [71] to investigate this mo

86



CHAPTER VII:
THE VACUUM EXPECTATION VALUE

In the first part of this chapter, we show that the vacuum expectation value of a scalar field can be
understood. as the expectation value of an element in the center of the weak closure of a class of
representations of the field algebra.! The possibility of extending this argument to gauge field theories
is discussed shortly.

In the second part of this chapter, we try to exploit this algebraic information about the vacuum
expectation value in an unconventional attempt of model building. Our discussion tries to parallel
Haag’s treatment of the Bardeen-Cooper-Schrieffer model [48] in the case of a gauge ficld theory. We

caution the reader that this last part is speculative.

1. The vacuum expectation value for scalar field theories

In this section, we show that in a certain class of representations, the vacuum expectation valuc
corresponds to an element of the center of the field algebra .A. The methods we employ are essentially
algebraic. We start from the smeared Wightman fields ¢(f). We then imagine that a procedure exists®
by which we can pass from the unbounded operators ¢( f) to bounded ones which for simplicity we
denote by the same symbol. This step is necessary for in what follows we will use some mathcmatical
techniques which are rigorously valid for bounded operators only. For all functions f with compact
support in the space-time region O, we consider the ¢( f) to be elements of a local algebra A(O) and
the algebra A is then defined as in the footnote above (1.1.7).

Our result concerns the quantity

3(f) )= lim I_O—l/ d*zo(4(f)), (7.1.1)

!In what follows, we shall speak of the ‘center of the field algebra’ instead of ‘the center of the weak closure of a class

of representations of the field algebra’, as long as no confusion can arise.
2For a discussion about the problems in passing from Wightman fields to Haag-Kastler nets of bounded operators, cf.
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VII: The Vacuum Expectation Value

where ¢, denotes the space-time translation automorphism and |O] is the volume of the finite space-

time region O. This object will be constructed from

dv() = [ sas(6(£)) (7.1.2)

where «; is the space translation automorphism and V' is a finite space volume. To see that the integral
(7.1.2) is well-defined, we mention that the operator norm || az(¢(f)) || is independent of & and that

this norm is subadditive. Hence the integrand can be bounded from above and (7.1.2) is well-defined.

We start with the following

Result:®> Assume the cluster decomposition property in its weakest form
1
‘ (Q, Bleﬂ> — (Q,BIQ><Q,B2Q> | S C";’i, (713)

where B,, B, are bounded local operators, localized in space-time regions Oy, O,, T denotes
the spacelike distance between O; and O,, and {2 denotes the vacuum.

Given an irreducible representation (H, 7) of A and a vacuum state 2 € H.

1. o(f) = lmy oo dv (f) exists.?

2. o(f) is a c-number.

3.
¢(f) = o(f). (7.1.4)

Argument:
The set 7(.4)S) is dense in H. We choose arbitrary vectors ¥4 = w(A)§), Y = n(B)Q, where A, B

€ A are observables with bounded localization in space-time. Then we obtain

(a, pvibp) = %;/ E&(ha, m(az(o(f)))¥8)
=& [ PR (A6, 7 BYD)

+$ / L2, m(A)m(B)m(as(#())Q)- (7.1.5)

3Though we have no doubt that both this statement and our argument is known to a group of mathematical physicists.
we present it in detail since we did not find it in the literature.
“Here, w — lim denotes the limit in the weak topology defined by the {.

'
Lo oo all 1emn it cvand $m armbon nwo +h »aomo s + 4~ tho cronls ton
Ul O in.bv, aii uuum uovu xu «.um unaytw iy niuuo ﬂrnu A\/Jtl\l\a UL Yevan aup

.- seminorms. As long as it is not stated

e
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7.1. The vacuum expectation value for scalar field theories

Our aim is to give estimates for the two terms in (7.1.5). In the first term of (7.1.5), the commutator is
only non-zero, if az(¢(f)) lies in the causal shadow of B.*> This is only the case for a finite volume

V; and hence we write

1 .
| = [ Q. m (A (as($(). m (B >|qu p =i Gi(V), (7.1.6)

where él is a finite real constant. To reformulate the second term in (7.1.5), we use the cluster
decomposition property (7.1.3) in the form: [(Q,7(A1)7(az(A2))) —(Q, 7(A1)Q){Q, 7(A2)Q)]
< czﬁ% for Ay, A, € A and ¢, a finite constant. This allows us to write
L[ da@,x (A7) (B)n(as(9(£))
= [ @a(@n(Ar(BIQ, m(as(6()IV) + Col) (.17
Here C2(V) is a correction term which we may estimate using the cluster decomposition property and

a set of increasing concentric spheres with radii R for the volumes V,

R N 1
[ Co(V) | < CS'ég + ¢4 33/1 drr ;;dr, (7.1.8)

where c3 and ¢4 are finite constants. The first term comes from integrating in (7.1.7) over

| | < 1, the second term from | £ | > 1. Using the space translation invariance of the vacuum,

T[T (s ((£)))Q) = (Q, w(&(f))§Y), we obtain from (7.1.5)-(7.1.8)
(ba, ovios) = (L r(AT)n(B)YY(Qm(6(S))Q) + C1(V) + Co(V). (7.1.9)
Since the first term in (7.1.9) has no volume dependence, it follows that
‘}Lrgo Ci(V)=20 ; Vh_{roxo Co(V) =0,
Jim (ar dv (N)B) = (Pa, ¥B) {2 7 ($(/))), (7.1.10)

for all ¥ 4,98 of a dense subset of H. Hence, q;(f) exists as a weak limit of q~5v(f) and &(f) =
(Q, ¢(f)Q) - I, ie., d(f) is a c-number in all irreducible representations. Also, from (7.1.10) and the

time translation invariance of the vacuum, it follows that

(ha, $(f)5) = 1m (7/’Aa¢T(f)7/)B> = (44, 9(f)¥B), (7.1.11)

where we have used <737~(f) = Q}T—j‘flvdtat(gi(f)) for finite T'.

5The causal shadow of an element B of the local field algebra A is the unification of the forward and backward cones
of those points in space-time in which B is localized.
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VII: The Vacuum Expectation Value

In irreducible representations (H. ), é(f) is a complex-valued constant. For a more

general class of representations, it is an element in the center of the bicommutant of 7(.A)

as can be seen from the following

Result: Assume the cluster decomposition property in its weakest form (7.1.3).

Given a direct integral representation® (H, ) of A with a vacuum state (3 € H.
1. ¢(f) exists as a weak limit.

2. ¢(f) € Z(x(A)"), the center of the bicommutant of 7(.4).7

Argument:
For direct integral representations (cf. (7.1.13)), the counterpart of (7.1.5) reads

(0, v (1bm) = [ dp(NHA), ma (A (BYSIN) (6(A), ma(9(£))()
+ [ duNEO),BNCV) + Cao(V) (7.1.14)

Using this expression, the argument following (7.1.9) goes through with obvious modifications. We

obtain (1.4, (f)s) = (wa, $(/)s) and
#0) = [ du)@), mA(@ BN, (7.1.15)

where 7, is the identity on the subspace H,. (7.1.15) lies in the commutant of all decomposable

operators. Hence it lies in the center of the bicommutant of 7(.4) by the von Neumann bicommutant

theorem [53].

®We consider direct integral representations (7, =) of the algebra .4 with
H= [ duaym,
™ :/Adp(/\)ﬂ,\, (7.1.12)
obtained from the cyclic translationally invariant state
o= [ au

Here, the integrals over A are dircct integrals (i.c. generalizations of direct sums), A is a compact measure space with
Borel measure g, 1(A) is a vacuum vector of the irreducible space 1 for my(A) and the scalar product on is defined as

(a, 7(D)pp) = / ) GA(), TA(D)s (). (7.1.13)

"The bicommutant of 7(A) is the set of all elements of B(%) which commute with the commutant 7(A)" of 7(.A).

90



7.2. Using central elements to simplify interaction tcrms

Gauge-invariant order parameters

In this section, we briefly discuss the question whether a similar algebraic characterization can be
obtained for order parameters in a gauge field theory. The problem is that the vacuum expectation
value ¢(f) in (7.1.1) does not reveal the phase structure of the theory if ¢(x) is coupled to a gauge
field. In this case, /) is gauge-dependent, and a different, gauge-invariant order parameter has to be
used. In general, such order parameters are (volume averages over) non-local objects (e.g. two point
functions [44, 45]), made gauge-invariant by gauge strings.

Here, we draw attention to an order parameter introduced by Palma [74] in his analysis of a ST/(2)-
Higgs model on a 4-dimensional Euclidean lattice A. This order parameter may be written as the

|A] — co (infinite volume) limit ¢ of a block spin variable

&(z) = a* 2_;\ Cla,z)o(2) ; C(z,z) = Z plw)l (w), (7.1.16)

2€ wiz—I
where U (w) is the parallel transporter (gauge string) along the pathw from z to some arbitrarily chosen

block center z and p(w) is a properly normalized weight for each path w.
Our motivation for mentioning (7.1.16) is two-fold: Firstly, Palma calculates ® perturbatively to O(¢?)
in the gauge coupling [74]. This calculation shows that to arbitrary order in g, for each additional
summation )_,c4 over lattice fields (defined on a single point of the lattice), there comes exactly
one damping factor l/l\_l Assuming that this structure persists in the corresponding continuum QFT,
arguments similar to those employed in the case of a scalar QFT may be applied to show that @ lies
in the center of the field algebra. The second reason for mentioning the order parameter @ is that in
the analysis of non-local interaction terms given in the next section, certain objects involving gauge
strings are found to lie in the center of the field algebra. Since that analysis does not deal properly
with certain technical difficulties, it is reassuring that similar mathematical feaiures arise in other

approaches too.

2. Using central elements to simplify interaction terms
In this section, we firstly recall Haag’s discussion of the BCS-model [48]. This uses the fact that certain

polynomials in the fields lie in the center of the field algebra in order to simplify a certain interaction

term. Then, we try to parallel his approach for gauge field theories by choosing an unconventional
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VII: The Vacuum Expectation Valuc

Haag’s discussion of the BCS-model

Haag’s investigation concerns the Hamiltonian®[48] K = Ko + K. This is the infinite volume limit

of the Hamiltonians Ko(V') and K;(V), defined for finite volume V:

Ko(V E:(/Vd“ﬁ ~—¢ — pla(z),

a=1,2
Ki(V)= v/'q{»r(;zr)zj:;(;v + 2)o(z, 2 )by (2" + 2y (2 Pad®y Pzds. (7.2.1)

Here, 14, ¥2° denote annihilation and creation operators for electron states with spin up (o = 1) or

down (a = 2), satisfying time zero anticommutation relations,

[al), ba()], =0 5 [al@), ¥5()], = 8as6® (e —y). (7.22)

p is the three-dimensional momentum operator in the presence of a magnetic field and the chemical
potential u is a free parameter of the theory. The function v(z, z), which characterizes the attractive

interaction, is assumed to satisfy [ | v(z,z") |d®*zd®z" < co. The remark of Haag on which we focus

in what follows is that

A(z) = lim -—//v (2, 2"Vba(2" + 2" )1 (2)d2'd>2’ (7.2.3)

Voo V
lies in the center of the field algebra and is a c-number in all irreducible representations. This allows

us to simplify /&;(V') by working out the commutators of K; with ¢( f) and ¥*(f):
Jim (K (V). i) = = [ A3 + 2)ds (7.2.4)
Similarly, the commutators of K; with 1, ¢ and 1] are always linear in % or %»*. Hence, in all
representations, /{; can be replaced by the ‘dynamically equivalent’ expression
K'y = [IAEW@05( +2) + D7 (2)ale + )i (2l dadz, (7.2.5)

which leads to the same commutators with arbitrary fields and hence to the same time evolution. The

Fourier transform of this expression reads

JIaEWI=p)03(p) + 57 (R)bap)bs (=)D, (7.2.6)

<1
K =

L
(27)°

8Here, we do not discuss the question whether this is a realistic model of superconductivity. Clearly, the interaction
term (7.2.1) shows a global U (1) gauge invariance while the local gauge invariance is broken explicitly. We shalf be
interested in the mathematical properties of this model only.

9The Fermi fields
:/wuyum%

smeared with square integrable test functions f, are bounded operators. Hence, in contrast to (7.1.1), no additional
assumption is needed.
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7.2. Using central elements to simplify interaction terms

Remarks:

e (7.2.1) is invariant under the global gauge transformations

(/) — 6ia¢,
P — TP, | (7.2.7)

But in all irreducible representations, this gauge automorphism is not implemented, as may be
seen by taking in (7.2.6) A(p), &(p)” to be constants. The gauge symmetry is broken by the

specification of an irreducible representation.

o Despite the breaking of the global gauge symmetry, no Goldstone bosons arise. The reason is

that for non-local interactions as (7.2.1), Goldstone’s theorem does not apply [47].

Experimenting with non-local interaction terms

In the last sections, we have observed that

1. vacuum expectation values correspond to elements in the center of the field algebra in scalar field

theories as well as in gauge field theories.

2. elements in the center of the field algebra can arise in a particular way of simplifying (non-local)
globally gauge-invariant interaction terms. This may be symptomatic of spontaneous symmetry

breaking.

This has motivated us to seek locally gauge-invariant expressions which allow for a similar treatment.
Here, we present an unconventional, locally gauge-invariant ‘interaction term’, built up from the ficlds
of the Glashow-Salam-Weinberg (GSW) standard model. A formal application of Haag’s analysis
reveals spontaneous symmetry breaking and leads to a ‘dynamically equivalent’ interaction term which
resembles the mass terms of the GSW-model. Because of the tentative character of these results, we

hasten to remark that our discussion has serious deficiencies:

1. the interaction term is non-local and will be difficult to reconcile with the locality requirements

of a relativistic theory. Also, it is non-renormalizable.

2. from the mathematical viewpoint, our calculation does not survive the smearing of the fields with

test functions.

3. the chosen interaction term has no obvious physical motivation.
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VII: The Vacuum Expectation Value

Despite these obvious drawbacks, we consider our attempt interesting enough for a short presentation
on the next few pages.
We consider the interaction term H; of a Hamiltonian H = Hg + H;, where Hy denotes the massless

part of the Hamiltonian of the Glashow-Weinberg standard model, Hy = [ d*rH,,

1w I . o
Ho= 1 G, G 4 < Fu 4 Tui, Dyl + TrivuDen

y

+q1,17,. D gL + Triv,Diur + dpiv, Didp. (7.2.8)

We restrict ourselves to one lepton family only with up and down quarks v and d, electrons ¢ and
electron neutrinos v. The subscripts L and R denote the left- and right-handed parts. The left-handed
doublets?;, = < Zz ), qr, = (32 ) transform under SU(2) xU(1), which is reflected in their covariant
derivative D, = 0, + igAj, %a“ + ig”—;—B#. The Pauli matrices o generate SU(2) transformations,
g and ¢’ are the gauge couplings and Y is the hypercharge. The U(1)-field B, corresponds to the
field tensor £, while the A% correspond to the field tensors Gf,. The covariant derivative for the
right-handed singlets, transforming under U(1), is given by Dg, = 9, + ig’%B,L. For notational
convencience, we introduce the gauge ficld combinations

1 "Y

5 ; 7B (7.2.9)

VR) which transforms under /(1) only,

Furthermore, we introduce the right-handed doublet (g = ( .
R

. - ULy . . .
the fermion bilinears ¢ = < ELeR ) , and the gauge-invariant string
L€R

ligf . Cula(s) &)

S(z,x + R) = ¢(x)Pe et é(z + R). (7.2.10)

Here, R is a 3-dimensional vector, £ denotes the path-ordering operator and the exponent is intcgrated
along the straight line from z to z + R, excluding the endpoints. H; is now given as the isotropic
N — co-limit H; = limy—H;(N) of the finite volume average over string fields 5 in N different
directions €y,

Hi(N) = —cjivg:l /V[S(x, z+ Réy) + St(z, z + Réy)|dPe. (7.2.11)

Here, c is a coupling constant, the strings .S are of a fixed finite length £ and the unit vectors

sin 0 cos @y
ék(gk’(fok) - sin Hk singpk
cos 8

are parametrized by pairs of spherical coordinates (0x, ¢x). The infinite volume limit of /{;(N) plays

no important role in what follows.
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7.2. Using central elements to simplify interaction tcrms

The analysis

In this subsection, we want to show that a formal application of Haag’s analysis leads to a ‘dynamically
equivalent’ local Hamiltonian for (7.2.11). The analysis of the interaction term ; is carried out in the

temporal gauge, and we use the following equal time commutation and anticommutation relations:
lei(2), & (y)], = 10660 (z — 9), (7.2.12)

where o denotes a Dirac matrix, 7, 7 = L, R and all other anti-commutators between two Fermi-fields

vanish and
[4a( ), Ab( )= "'i‘sabg;w(gw)(f - ) ) [Bu(z), BU(Q’)} = "“iguvé(s)(l' —y). (7.2.13)

where ¢, = (1, —1, =1, —=1). All other commutators with at least one gauge field vanish. We rely on

the formal Taylor expansion of a path-ordered product in orders of g:

dz"(s
Pewlisf  cueten e
81 Sp—1 dz* 1 dz" Sn
S Z(ig)n/0(l31/0 dsg.../o ds,C,(2(s1)) dij )...C,,(z(sn)) d('n. ), (7.2.14)

n=0

where the path I'; z1re, 2(8) € [z 21ne, has been parametrized by s € [0, 1]. For simplicity, we
discuss /I with the additional constraint v = 0, i.e. we consider strings with fermion bilinears
¢ =FErer (?)

Our analysis proceeds by working out the commutators of H; and then replacing //; by a Hamiltonian
H/' which is dynamically equivalent in the sense that it leads to the same commutators. We start by
investigating the commutator of H;(V) with an arbitrary fermion field e.(y) say, defined at the point

yevV,

[ (N)»GL( )}

1 X LG (2)dz) [0 R )
- N Z’)’OeR Pé{ ny,y+nék0 {z)dz#] (1)§R(y + Rép)ep(y + Réy)
k=1
1 N Cufz)dz# 0 ~ ~ |
C Z Yoer(y)( qu‘R =] <1> erly ~ Rég)er(y — Réy).  (7.2.15)
k"‘l

Consider now an arbitrary field /'(y’), defined at a pointy’ € V, 3’ # y. We obtain

lim “H[(l\/},cL\y ,F 3,)} = 0, (72]6)

N—oo
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y+&,R

Y- ézR

y+&R

Figure 4: Depiction of the V strings contributing to the commutator [H;(N), e (y)]. Only the k-th string denoted by a
dashed line, contributes to the double commutator [[H(N), B, (y)], F(¥/)].

since the two points y, y’ determine a direction in V' and only strings passing through both points can
contribute to the double commutator (7.2.16). Their contribution, however, is multiplied by 3 and
vanishes in the N — oo-limit. This implies that the double commutator behaves like a commutator

of F(y’) with voer(y). Hence, in all irreducible representations

lim [H(N),er(y)] = cevoer(y), (7.2.17)

N o

where ¢, is a c-number. Similarly, we work out the commutators of H;(/N) with €.(y), ¢r(y) and

€r(y). Inthe N — oco-limit, the same commutators can be obtained from

.= [ Eyleenly)enly) + cierlyles(y)). (7.2.18)

This calculation can be understood in a simple pictorial way (cf. Figure 4 where we denote the sum
of the strings S;(z, z + Ré;) +5] (¢, + Ré)) by a straight line between the points = and & + Réy).
A similar analysis is possible for the commutators and double commutators of H (V) with the gauge
fields. Details of this calculation are given in Appendix A. Here, we mention just that a similar
pictorial representation of the calculation exists (cf. Figure 5). One concludes that in all irreducible

representations, the Hamiltonian

N
Hm'w):—%; [ s rgramoncwear (V) a219

leads to identical commutators for all gauge fields in the isotropic V — co-limit. Here, the ¢,,(2) are
c-numbers corresponding to the elements of the center of the field algebra. Obviously, f{j; and Hj

denote local interaction terms.
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o /
rd
‘ / Sinng zortributing
7 .. o gsommutator
/! —
Oy Py //
© ]
Vd
7
.
v
/
/

Figure 5: Some of the strings contributing to [H;(N),B,]. Only strings on the dashed linc contributc to
([Hi(N), Bu], F(y')].

Remark:!°

e The interaction terms Hj, and A}, may be seen to formally resemble to O(g*) the mass terms

of the GSW-standard model. Namely, as shown in Appendix B Hj; = limy_.cc Hj(N) can be

written as
Hi = —i(—l)" con(R) 8 /d3 (0,1)(C3y) + C2(y) + CH(y))" (0) (7.2.20)
IG = L 9 Com o + 1 Yy, 1\Y 2\Y 3\Y 1) 2.

A Lorentz-invariant formulation which reduces to (7.2.20) in the temporal gauge C'y(x) = 0, can

be obtained by substituting
Ciy) + CHy) + Cily) — =Culy)C*(y). (7.2.21)

With this substitution, let us examine expression (7.2.20) to O(g*). We start from

0.10Cw)C"w) (| ) & + 0l (7.2.22)

. ]2
Hig'(R) = —g2cy( R)— /
D 1’4

Using (7.2.9), the integrand of this expression can be written in the following form:

~g* a(R) (0, )C)C* () ()
= —d’a(R)[AL(y) A% (y) + AL(y) A (y) + Ad(y)A%(y)

12

—%Y(Aiw)B“(y) + Bu(y)A%(y)) + %;Y?Buww%y)]. (7.2.23)

19The tentative calculations presented in this subsection may lead to some speculation about a mechanism of mass
generation without additional scalar fields. We restrict ourselves to the following remark: due to Gauss’ law, operators
creating charged fields cannot have local support. In fact, they are expected to have string-like structures or to be localized
in spacelike cones [23]. In a heuristic sense, a string (7.2.10), applied to the vacuum, creates a charged particle together
with its antiparticle at spacelike separation R, both connected by a flux line. If one wants to stick to a formulationin terms
of local fields but incorporate the intrinsic non-locality of Gaussian charges nonetheless, one may have the heuristic idea
to make an energetically favourable field configuration out of string-like fields by adding (7.2.11) to the Hamiltonian H.
Roughly speaking, this should imply that the local fermion and gauge boson fields evolve dynamically ina potential which
glues them together. At an early stage of this work, the appearance of ‘mass terms’ in such a formal attempt has lcd us
to speculations whether the Higgs field in the GSW-standard model may be seen as a purely technical tool, compensating
tor the non-locality of the charges in this theory and not being associated with a physical particle.
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For Y = 1, the hypercharge of the composite ¢, this expression denotes nothing but the gauge
boson mass terms in the electroweak theory. Defining

1 1

Wi = %(A; —iA?) . Wo = W(Ai +iA2),
Z, = A% cos Oy — B, sin by, ; A= A3sinOw + B, cos Oy, (7.2.24)

with the Weinberg angle O, tan 0y = Q— , we obtain the physical fields with mass terms:

1672 . . 1672
5’” g°c2(R) ; M7 = il

M2, = c2(R)(g* + ) L ME=0. (7.2.25)

Similarly, (7.2.18) resembles a fermion mass term mﬁ = 2¢.. Here, the central elements c., ¢;( i)
formally play the r6le which in the GSW-standard model is played by the vacuum expectation

value of the Higgs field.

¢ Ifone wants to stretch the formal analogy , one may even obtain ‘quark mass terms’ by introducing
an interaction term (7.2.11) with bilinears ¢’ = <ZZLdR )
LOR

Appendix A: Commutators and double commutators of H,(/N) with gauge fields

We start with an investigation of the commutator [H;(N), B,(y)]. For notational convenience, we

introduce f;(é;) and 5'1»(")(:1;, x + Réy), defined by
Hi(N) = Z Hy(é
Si(z,z + Rég) = Zn(z’g)"sf (z,z + Réy). (7.2.26)

In a first step, we compute [H;(V, &), B,(y)] up to O(g?) for a special spatial direction ¢, = (1,0,0)
say. Specifying é;, we are able to simplify the directed path-ordered exponential:

el R Ry Rni
/(131-5'(3;,1- + Réy) :/d% Z(ig)”/ de/ dRQ.../ dR,
4] ¢} 0

n=0

Xa( )C (Z'+R181) Cl(lf'{- R 61)61¢(.17+H61)

__/([‘ (ig)" Sz, z + Ré;), ' (7.2.27)

n=0

where the subscript ¢ on S,»(") has been omitted for notational convenience. Using(7.2.9) and the

commutation relations (7.2.12), (7.2.13), this allows us to calculate

/. n

. )
/d’.ﬁ{n(o (¢, + Rér), B{y)] =0, {7.
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7.2. Using central elements to simplify interaction terms

/d% (ig)[SV(z, 2 + Réy), B, (y)]
ly_
= (ig /d3 / de~—@2 (2)[Bi(z, 2 + Rié1)ér, Bo(y)|da(z + REL)
= q/d3 / de—-—clélu (! 4+ Réy — y)6(z? — y*)6(2® = y°) @y () dalx + Réy)

= gL [ [dRG — Rty + (R = R)e) (7.2:29)
and

(i9)" [ z[SP(z, 2 + Réy), Bu(y)]
R R, _ .
= (ig)? / d%/ de/ dRy3,(2)[C1(z + R161)61C1(z + Raér)ér, Bu(y)]da( + Réy)
0 0

gty , (R Ry o . .y a \
=9 ““—“f’l/ de/ dRy{0y(y — R2é1)Ci(y + (R — Rp)ér)érga(y + (R — Ra)éy)
g 2 0 0
+$2(y — Rié1)Ci(y + (R2 — Ry)ér)éida(y + (R — Ri)éy)}. (7.2.30)

The commutator [H;(N), B, (y)] is given to O(g?) as the sum of the terms (7.2.28), (7.2.29), (7.2.30)
and the contributions corresponding to the second term in (7.2.11), summed over the NV different

spatial directions é,. Similarly to (7.2.16), we obtain for y’ # y

lim [[Hi(N), B.(y)), F(y)] = 0. (7.2.31)

NS
The reason is that the points ¥ and y' specify one direction é,,, inspace. Hence, the double commutator
(7.2.31) has to vanish since it receives contributions from H;(é,,s) only, but includes a damping factor
%. This holds true to all orders. Here, in all irreducible representations, [H;(N). [3’,,(;1/)] can be
written for any order O(¢™) as a function of fields at the point y times a c-number. Similar results can
be obtained for the commutator of H;(N) with AZ('!/)« We conclude that in the N — oc-limit of all

irreducible representations, the Hamiltonian
! 1 ¥ 3 X nn 211" 0
H[G (N) = _NZ /Vd yznzlz g cn( 0 1)[0( ) k] <1) (7.2.32)
k=1
is dynamically equivalent to H;(/V) with respect to the gauge fields. The c¢,(R) are.c-numbers

corresponding to elements of the center of the field algebra.

Appendix B: The isotropic N — oo-limit

Here, we calculate the N — oo-limitof ], ( V) where the countably many directions é; are chosen so

[ !/ . re 4
Hi, = limy_ooHie{N) becomes an isotropi sion. Considering the C';/(y) as coefficients
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VII: The Vacuum Expectation Value

of the unit vectors &} in (7.2.32), we calculate H}; by substituting in (7.2.32) the sum over the .V

directions by an integral over the 2-sphere:

1 N T 2w
5 > — /0 /0 27 sin Odfdep. (7.2.33)
k=1

Parametrizing the unit vectors é; by spherical coordinates, we obtain

N T T '
—N-kz: [Ci(y)el]” — /0/0 C™(y)2r sin 0d0dcp, (7.2.34)

which we substitute in (7.2.32). Using the formulae

7 [ am o, (2m—Dlix
/0 sin™zdz —/o cos“Mxdx = %(Qm)!! 5
3 2m-+1 P 7 2m+1 _ (zm)”
/0 sin rdr = /o cos zdzr = ~—————————<2m I (7.2.35)
a lengthy but straightforward calculation shows that
TP Adng v (2n)! 2 2k 2r 2s
/0 C(y)2msin bdbdp = Z e S R I W)
(k,
/s N (2(k+r+l)).. - <r> o @E+ ) =D 7

(Z<z)( Vawarrn+on) \ &) O gm0 0230

=0

whereas the odd powers of f’(y) vanish. Here, 3", ) goes over triples (&, 7, s) such thatn = k+r+s.

To simplify this expression, one proves by induction that

(7 (26 +0) DI (2611 :
Z‘%(l)(_l’ 2+ QR+ (2r = D2,

s\, o k4D (2k)!!

,g;<1>( 2 Ck+H+ DI 2k +s)+ )0 F(2s — I, (7.2.37)

Inserting (7.2.37), one obtains

82

m 1 (CZ( )+ C3y) + C2(y))". (7.2.38)

// C*™(y)2r sin 0dfdp = ———

Hence, the isotropic N — oo-limit H} of Hi(N) is (7.2.20).
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