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Abstract

In this work, we study the lepton number violating tau decays via two intermediate on-shell Majorana 
neutrinos Nj into two charged pions and a charged lepton τ± → π±Nj → π±π±�∓. We consider the sce-
nario where the heavy neutrino masses are within 0.5 GeV ≤ MN ≤ 1.5 GeV. We evaluated the possibility 
to measure the modulation of the decay width along the detector length for these processes at tau factories, 
such as Belle II. We study some realistic conditions which could lead to the observation of this phenomenon 
at futures τ factories.
© 2020 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

The first indications of physics beyond the standard model (SM) come from neutrino oscil-
lations (NOs), baryonic asymmetry of the universe (BAU) and dark matter (DM). In the recent 
years NOs experiments have confirmed that active neutrinos (ν) are very light massive particles 
Mν ∼ 1 eV [1,2] and, consequently, that the Standard Model must be extended. One of the most 
popular SM extensions, which explains very small neutrino masses, among other unknowns, is 
the See-Saw Mechanism (SSM) [3,4]. The SSM introduces a new Majorana particle (SM-singlet) 
called heavy neutrinos (HN), which induces a dimension-5 operator [5] and leads to a very light 
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Fig. 1. Heavy neutrino production in tau lepton decay. Left Panel: Feynman diagrams for the LNV process τ+ →
π+π+�− . Right Panel: Feynman diagrams for the LNV process τ− → π−π−�+ .

active Majorana neutrino. Due to the fact that heavy neutrinos are singlet under the SU(2)L
symmetry group, their interaction with gauge bosons (Z, W±) and other leptons (e, μ, τ ) must 
be highly suppressed. Despite this suppression, they can be searched via colliders [6–23], rare 
meson decays [24–33] and tau factories [34–36]. Among the well-known SM extensions based 
on SSM, we can mention the Neutrino-Minimal-Standard-Model, νMSM [37,38], which intro-
duces two almost degenerate HN with masses MN1 ≈ MN2 ∼ 1 GeV, leading to a successful 
BAU and a third HN with mass MN3 ∼ keV to be a natural candidate for DM.

Recently, NOs experiments have shown that the mixing-angle θ13 is non zero [39] and also 
suggest the possibility of CP violation in the light neutrino sector [40]. However, extra sources 
of CP violation are needed in order to explain the BAU via leptogenesis (see [41] for a review). 
In addition, when heavy neutrino masses are below the electroweak scale (MN < 246 GeV), the 
BAU is generated via CP-violating heavy neutrino oscillations (HNOs) during their production 
[42].

In a previous article [34] we have studied the resonant CP-violation and described the effects 
of HNOs on it. The study was carried out in the context of lepton number violating (LNV) tau 
lepton decay (τ± → π±π±μ∓) via two almost degenerate heavy on-shell Majorana neutrinos 
(MNi

∼ 1 GeV), which can oscillate among themselves. The purpose of this letter is to explore 
more realistic experimental conditions in order to observe such HNOs, extending the analysis 
beyond the resonant CP-violating scenario.

The work is arranged as follows: In Sec. 2, we study the production of the heavy neutrinos in 
tau’s decays. In Sec. 3, we present the results of the simulation of the HN production. In Sec. 4, 
we present the results and shows conclusions.

2. Production of the RHN

As established in the previous article [34], we are interested in studying the LNV processes 
which are represented by the Feynman diagrams shown in Fig. 1, and from this point on, we 
will focus on the case of � = μ. The heavy neutrinos N1 and N2 studied in this letter are almost 
degenerate (MN1 ≈ MN2) and the mass difference1 (|�MN | = MN2 − MN1 ≡ Y�N ) is in the 
range 5 �N ≤ |�MN | ≤ 10 �N .

The relevant expressions for the aforementioned processes were presented in [29,34] as a 
function of the distance between production and detection vertices, called L. Therefore, the L
dependent effective differential decay width is given by

1 The neutrino (Ni ) total decay width is expressed as �Ni , the factor �N stand for �N = (�N1 + �N2)/2 and Y
represent a parameter which allows us to express the mass difference in terms of �N .
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Here, |B�Ni
| are the mixing coefficients (� = μ, τ and i = 1, 2); the angle θLV stands for the 

CP-violating phase; the factors γNβN are the Lorentz factors and the heavy neutrino velocity,2

respectively (see Appendix A for more details). The factors �(τ+ → π+N) and �(N → π+μ−)

are the canonical partial decay widths (without mixing factors), which can be written as
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where GF = 1.166 × 10−5 GeV−2 is the Fermi coupling constant, |Vud | = 0.974 is a CKM 
matrix element and fπ ≈ 130.4 MeV the pion decay constant. The total heavy neutrino decay 
width �Ma(MNi

) is given by

�Ma(MNi
) ≡ �Ni

≈KMa
i

G2
F M5

Ni

96π3 (3)

where KMa
i accounts for the mixings elements and reads as

KMa
i =NMa

ei |BeNi
|2 +NMa

μi |BμNi
|2 +NMa

τ i |BτNi
|2. (4)

Here, NMa
�i are the effective mixing coefficients, which account for all possible decay channels 

of Ni (see Refs. [43,44]) and are presented in Fig. 2. We note that for our mass range of interest 
NMa

�i ∼ 1. In Eq. (4), the first two terms include both charged current and neutral current decays, 
whereas the third term arises purely due to neutral current decays. The neutral current decays 
are calculated in the approximation |B�Ni

|2 	 1. It is important to note that the mixings |B�N1|2
and |B�N2 |2 can be different for the two heavy neutrinos, and consequently, the factors KMa

i (i =
1, 2) might be dissimilar from each other. However, in this letter we will assume that |B�N1|2 =
|B�N2 |2 and thus KMa

1 ≈ KMa
2 (≡ K). In addition, we focus on the scenario in which |BτN |

mixing parameter is much larger than the other mixings (i.e. |BτNi
|2 
 |BμNi

|2 ∼ |BeNi
|2). We 

have chosen this scenario since methods for constraining |BτN | are lacking, so that it is much 
less constrained than |BμN | and |BeN |, particularly in our mass range of interest MN < mτ (see 
Refs. [43,45,46] and references therein). Furthermore, according to Fig. 2 we will assume that 
NMa

τ i ≈ 2.5 and NMa
ei ≈NMa

μi ≈ 7.5. With these assumptions, we infer from Eq. (4) and Figs. 2, 3

2 Ref. [34] considers γNβN of the produced Nj ’s (in the laboratory frame) as fixed parameters γNβN = 2. However, 
the product γNβN is in general not fixed, because τ is moving in the lab frame when it decays into N and π .
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Fig. 2. Effective mixing coefficients NMa
�j

for Majorana neutrinos. Figure taken from [34].

Fig. 3. Heavy neutrino mixing |B�N |2 exclusion regions. Data taken from Ref. [43] and references from [45,46].

that both heavy neutrinos have approximately the same total decay width. Additionally, since the 
τ channel3 dominates �Ma(MNi

), we can write

�Ma(MNi
) ≡ �N(MN) ≈ 2.5|BτN |2 G2

F M5
N

96π3 . (5)

We note that CP violating phase (θLV ) can be extracted by means of the difference between the 
L-dependent effective differential decay width for τ+ and τ−

d

dL
�(τ+) − d

dL
�(τ−) = −1

γN βN
�
(
τ+ → π+N

)
�
(
N → π+μ−)

× 4 |BμN1 ||BτN1 ||BμN2 ||BτN2 | sin
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L

�MN

γNβN

)
sin

(
θLV

)
. (6)

3 According |BτNi
|2 
 |BμNi

|2 ∼ |BeNi
|2 and NMa

�i
∼ 1 the factor K is approximated as K = NMa

ei
|BeNi

|2 +
NMa |BμN |2 +NMa |BτN |2 ≈ NMa |BτN |2.
μi i τ i i τ i i
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Fig. 4. Left panel: Average heavy neutrino γNβN (= | �pN |/MN) factor. Right panel: Average heavy neutrino decay length 
λN (= γNβN/�N). Here we have taken |BτN |2 = 10−3.

3. Heavy neutrino simulations and results

We have simulated the τ± production via the e+e− → τ+τ− process and its subsequent decay 
to HN (e+e− → τ+τ− → qq̄N ) in order to get a realistic γNβN (≡ | �pN |/MN ) distribution, here 
qq̄ stand for any light quark (q = u, d, s and q̄ = ū, d̄, ̄s). We have carried out the simulation 
using MADGRAPH5_AMC@NLO [47] for τ+ and τ− individually, assuming Belle II kinemat-
ical parameters.4 The τ+ and τ− do not show significant differences in their γNβN distributions, 
which are presented in the left panel of Fig. 4. The Universal FeynRules Output (UFO) [48] files 
were generated by means of FeynRules libraries [49].

It is important to point out that for our mass range of interest most of the heavy neutrinos (N)

tend to decay outside of the detector’s radial acceptance LD ≈ 1000 mm (Fig. 4 right-panel), 
introducing a strong suppression factor. The factor γNβN is model by sampling a distribution ob-
tained from the simulation (explained above) and used to evaluate d�

dL
(MN, Y, θLV , L) as shown 

in Eq. (1). For each value of MN , Y , θLV and L Eq. (1) is sample with 10000 different values of 
γNβN to calculate the expected value of d�

dL
(MN, Y, θLV , L).

4. Discussion of the results and summary

In this work we have studied the modulation d�/dL for the LNV process τ± → π±π±�∓ un-
der Belle II conditions, in a scenario which contains two almost degenerate (on-shell) Majorana 
neutrinos (Nj ). This scenario has been studied in a previous work [34] in which we explored 
the resonant CP-violation in rare tau decays. In that work, we found that when Y = 1 the CP-
violation is maximized and the heavy neutrino oscillation effects are negligible (NO HNO case). 
However, small deviations (Y = 5, 10) from Y = 1 are allowed5 (HNO case) and may be relevant 
for explanations of BAU via leptogenesis [41,42,50,51].

We note that the simulation of the production of on-shell heavy neutrinos, N , gave the same 
distribution of γNβN for both τ+ and τ−, and when it is considered, the modulation d�/dL is 
smeared due to the fact that we have a distribution of small values of γNβN Fig. 4 instead of a 

4 The beam energies for e+ and e− are 4 GeV and 7 GeV, respectively.
5 In section 4 of the Ref. [34] this is calculated and explained in detail.
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Fig. 5. Comparison of d�/dL when we use a fixed value of γN βN , and d�/dL re-evaluated using the random sampling 
of γNβN from the simulation. Red and Blue colors stands for processes considering HNOs and the green one do not 
consider HNOs. Left panel: MN = 1.5 GeV, θLV = π/2, Y = 5. Right panel: MN = 1.5 GeV, θLV = π/2, Y = 10. Here 
we used |BτN |2 = 5 ·10−4 and |BμN |2 = 5 ·10−8. (For interpretation of the colors in the figure(s), the reader is referred 
to the web version of this article.)

Fig. 6. Heavy neutrino oscillation modulation, with γβ changing event-to-event. Left panel: MN = 1.5 GeV, θLV = π/2
and Y = 5, 10. Right panel: MN = 1.5 GeV, θLV = π/4 and Y = 5, 10. Here we used |BτN |2 = 5 · 10−4 and |BμN |2 =
5 · 10−8.

fixed (average) value (cf. Fig. 5). In addition in studying the modulation for fixed and variable 
γNβN (Fig. 5) we can observe deviation of d�/dL when HNOs are considered (blue and red 
lines) and when they are neglected (green lines).

We have studied the modulation d�/dL for τ± decays and for different values of the parame-
ters MN , Y , and the CP violating phase θLV . In addition, we remark that in Figs. 5-8 the number 
of events considered were almost infinite and the vertex resolution considered was 0.03 mm [52]. 
We find the modulation shape strongly dependent on the CP-violation phase θLV , which supports 
the possibility of obtaining the value of θLV from measurements of d�/dL.

In Fig. 6 (left panel), when MN = 1.5 GeV and θLV = π/2, we observe that the number of 
expected τ+ decays inside the region 100 ≤ L ≤ 650 mm is larger for Y = 10 than Y = 5; with 
difference in the remaining regions being negligible. On the other hand, when MN = 1.5 GeV 
and θLV = π/4, we observe from Fig. 6 (right panel) that for τ+ decays inside the region 
50 ≤ L ≤ 200 mm the number of expected events is larger for Y = 5 than Y = 10. Conversely, 
inside the region 200 ≤ L ≤ 800 mm, Y = 10 dominates over Y = 5, while for L ≥ 800 mm the 
differences are negligible. For the τ− decays, the situation changes drastically: for MN = 1.5
GeV and θLV = π/2, the number of expected τ− decays inside the region 50 ≤ L ≤ 100 mm 
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Fig. 7. Heavy neutrino oscillation modulation, with γβ changing event-to-event. Left panel: MN = 1.0 GeV, θLV = π/2
and Y = 5, 10. Right panel: MN = 1.0 GeV, θLV = π/4 and Y = 5, 10. Here we used |BτN |2 = 10−3 and |BμN |2 =
10−7.

Fig. 8. Heavy neutrino oscillation modulation, with γβ changing event-to-event. Left panel: MN = 0.5 GeV, θLV = π/2
and Y = 5, 10. Right panel: MN = 0.5 GeV, θLV = π/4 and Y = 5, 10. Here we used |BτN |2 = 10−2 and |BμN |2 =
10−7.

is larger for Y = 10 than Y = 5. Conversely inside 100 ≤ L ≤ 650 mm Y = 5 dominates over 
Y = 10. When MN = 1.5 GeV and θLV = π/4 inside the region 50 ≤ L ≤ 500 mm, Y = 5
dominates over Y = 10, and for 500 ≤ L ≤ 1000 mm, the opposite is true.

In Fig. 7 (left panel) when MN = 1.0 GeV and θLV = π/2, we observed that the number of 
expected τ+ decays in the region 0 ≤ L ≤ 600 mm are larger for Y = 5 than Y = 10. Conversely, 
from 600 ≤ L ≤ 1000 mm, Y = 10 dominates over Y = 5. Furthermore, when MN = 1.0 GeV 
and θLV = π/4, we observed from Fig. 7 (right panel) that the number of expected τ+ decays 
in the entire region 0 ≤ L ≤ 1000 mm is larger for Y = 5 than Y = 10. For the τ− decays, the 
situation is different: for MN = 1.0 GeV and θLV = π/2, the number of expected τ− decays 
inside the region 0 ≤ L ≤ 600 mm is larger for Y = 10 than Y = 5. Conversely, from 600 ≤
L ≤ 1000 mm, Y = 5 dominates over Y = 10. When MN = 1.0 GeV and θLV = π/4, in the 
region 200 ≤ L ≤ 1000 mm Y = 5 dominates over Y = 10. In other regions the differences are 
negligible.

In Fig. 8 (left panel) when MN = 0.5 GeV and θLV = π/2, we observed that the expected 
number of τ+ decays inside the whole region 0 ≤ L ≤ 1000 mm are larger for Y = 5 than 
Y = 10. The same can be observed when MN = 0.5 GeV and θLV = π/4 (Fig. 8, right panel). 
For the τ− decays, the situation is different: for MN = 0.5 GeV and θLV = π/2, the number of 
expected τ− decays inside the whole region 0 ≤ L ≤ 1000 mm is larger for Y = 10 than Y = 5. 
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Fig. 9. The solid line stands for the heavy neutrino oscillation modulation, while the datapoints stand for random-
samplings of the heavy neutrino oscillation modulation convolved with the detector resolution (Reso(L) = 0.03 mm). 
Left panel: MN = 1.5 GeV, θLV = π/2, Y = 5 for 100 simulated events. Right panel: MN = 1.5 GeV, θLV = π/2, 
Y = 5 for 500 simulated events. Here we used |BτN |2 = 5 · 10−4 and |BμN |2 = 5 · 10−8.

On the other hand, when MN = 0.5 GeV and θLV = π/4, we observed from Fig. 8 (right panel), 
that the difference between Y = 5 and Y = 10 is negligible for τ− decays in the full range of 
0 ≤ L ≤ 1000 mm.

In Fig. 9, we present results for a finite number of detected events including the statistical 
uncertainties, when MN = 1.5 GeV; Y = 5 and θLV = π/2. In the left panel, we present results 
for 100 simulated events and in the right panel, for 500 simulated events. Furthermore, the con-
sidered vertex-position resolution was 0.03 mm [52]. We notice for the case of 100 simulated 
events, the two distributions are quite similar. Which may preclude distinguishing them in exper-
iment. However, in the case of 500 simulated events, we have enough statistical significance to 
separate the τ+ and τ− modulation, in the range 50 ≤ L ≤ 500 mm.

In summary, in this work we have considered the heavy neutrino oscillations of τ± decays in a 
scenario which contains two heavy, almost-degenerate neutrinos (Nj ), with masses in the range 
0.5 GeV ≤ MN ≤ 1.5 GeV. We have explored the feasibility to measure CP-violating HNOs 
processes in such a scenario where the modulation of d�/dL for the process τ± → π±N →
π±π±μ∓ at Belle II can be resolved inside the detector. We have established some realistic 
conditions for |BτN |2, |BμN |2 and Y(≡ �MN/�N) where the aforementioned effect can be 
observed.
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Appendix A

In Ref. [34] we have considered the parameters βN (HN velocity) and γN (HN Lorentz factor) 
of the produced heavy neutrinos N in the laboratory frame (�) as fixed values (βNγN = 2). 
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Fig. 10. Schematic particles 3-momentum representation in the τ -rest frame (�′). The direction β̂τ of the velocity of τ
in the lab frame defines the ẑ′-axis and θN stand for the angle between β̂τ and HN momentum p̂′

N
.

However, the factor βNγN is in general not fixed, due to the τ lepton is moving in the lab frame 
when it decays into N ’s and π ’s. The factor βNγN can be written as follows

βNγN =
√

(EN(p̂′
N)/MN)2 − 1, (7)

where the energy of the HN in the lab frame, EN , depends on its direction p̂′
N in the τ -rest frame 

(�′) (see Fig. 10). The HN energy EN can be written in terms of the angle θN and momentum 
p̂′

N as follows

EN = γτ (E
′
N + cos θNβτ | �p′

N |), (8)

where the corresponding quantities in the τ -rest frame (�′) are fixed

E′
N = M2

τ + M2
N − M2

π

2Mτ

, | �p′
N | = 1

2
Mτλ

1/2

(
1,

M2
π

M2
τ

,
M2

N

M2
τ

)
, (9)

βτ is the velocity of τ in the lab frame, and λ is given by

λ(a, b, c) = a2 + b2 + c2 − 2ab − 2ac − 2cb . (10)

Therefore, the Eq. (1) can be written as

d

dL
�

(osc)
eff (τ+ → π+π+μ−;L)

≈
∫ d
p̂′

N[
(EN(p̂′

N
)/MN)2 − 1

]1/2

d�
(
τ+ → π+N

)
d
p̂′

N

�
(
N → π+μ−)

×
( 2∑

i=1

|BμNi
|2|BτNi

|2 + 2|BμN1 ||BτN1 ||BμN2 ||BτN2 | cos
(

2π
L

Losc(p̂
′
N

)
+ θLV

))
, (11)

where now the oscillation length Losc, appearing in the last term, also depends on the direction 
p̂′

N

Losc(p̂
′
N) = 2πβNγN

MN

= 2π

M2
N

| �pN(p̂′
N)| = 2π

MN

[
(EN(p̂′

N)/MN)2 − 1
]1/2

. (12)

It is important to remarks that in a real experiment the produced τ leptons can have a wide 
range of momenta, these momenta can be well described by a distribution, which was simulated 
and obtained in the present work.
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