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Three themes are proposed. The first is new rigorous theorems on
Ising ferromagnets. The second is new theorems on algebraic equation.

The last is its application to antiferromagnetic Ising models.

I. New Rigorous Theorems on Ising Ferromagnets.,
A new representation of spin-spin correlation functions of Ising model

1-4} as extended to cor-

was discovered. Using that, Lee-Yang theoremn
relation functions of Ising ferromagnets.
Definitions 1. Hamiltonian of Ising model:
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where 3 is the interaction matrix (3 J—J ./2, Jlj being the coupling
parameter between the i-th and the j-th splns, and J ] ), /A the
spin variable vecter (pk (pl,Hz,..,pN), Mk being the spln valable at
the k-site, and )Jk—il (»-+) the scalar product, m, the magnetic
constant, hk the external field, and N the total number of spins.

2, Generalized Partition Function:
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where zi is the 'fugacity' of the k-th spin, =z —eﬁm .

3. Spin Function of the n-th order:
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Lemma Any spin functions of Ising model are generated from the general-
ized partition function (directly).

Proof: We introduce the fundamental identities such as,

}Lk=-"l',*i’uk,7',=f_-’l_ .

These can easily be found to hold. Using these, the spin function of the
n-th order can be expressed as follows,
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fn(Zl,Zz,..ZN,B,J;ll,l2,..,ln) = ("L) FN(Zl'ZZ""ZN’G’J) ’
~

where ?k=zk for k Q{il,iz,..,in}, and zk,='izk, for k'e'{il,iz,..in}.
(Q.E.D.)
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Theorem 1 All 'fugacity' zeros of spin functions of Ising ferromagnets
(s=1/2) lie on the unit circle of the complex plane. (Generalized Lee~
Yang theorem)

Procf: By the well known Lee-Yang lemma, we know that if
FN(zl,zz,..,zN,(b,ﬁ)=0 and |2{21, [2,{2 1, .., |z 21 hold, then

‘zﬂ =izz\="=‘zN‘=l for J%0, that is, Jijz 0. As easiiy seen,fi zi=|zi.
Using these, we immediately find that if fn(z,z,..,z,@,J;il,iz,..,in):o
(z=e@mh) and |z|z1, then jz| =1 for 3‘20.(See the previous Lemma) (Q.E.D.)
Theorem 2 Thehspin functions, fn(z,..,z,@,s;il,iz,..,in) and
fn+1£z'“"Z'@'J7i1’i2""in’in+l) , have no common 'fugacity' zeros

for 320, . (Proof: omitted)
Theorem 3 If the interaction matrix, 3, is reducible, then the general-
ized partition function is also reducible as a function of N variables,

;..7and z {Proof: omitted)

Z.,2 .
Céro%lary 1 Th§ *fugacity' zeros of the spin function of the n-th order
of Ising ferromagnets distribute for @ =0 (infinite temperature) as
follows; the zz—zeros degenerate at zz=l {n-fold) or at 22=—l {(N-n) -
fold).
Corcllary 2 The 'fugacity' zeros of the spin function of the n-th order
of Ising ferromagnets (irreducible) distribute for @ =10 {zero tempera-
ture) as follows; if n is even, the zz-zeros are as zi: eLW(Zs+l)/N
{(s=1,2,..,N) and that if n is odd, we obtain z§= eths/N (s=1,2,..,N).
Corollary 3 The ordinary spin-spin correlation functions of Ising model
under the uniform field are written by using the generalized partition
function as, i . i

N L n
FN(Z,..,Z,tz,Z,..,LZ,Z,..,iZ,Z,..,Z,ﬁ,J)

Py Py g = 07

"
FN(z,z,..,z,@,J) .

II. New Theorems on Algebraic Equation,

The algebraic equation was discovered in which the distribution of
roots depends only on the 'shape' of coefficients, but not on the degree
of eguation (Topological invariance of roots about degree). According as
the sign of the parameter of coefficients, the topology of roots belong
to the Lee~Yang type (on Ising ferromagnets) or not.

Theorem 1 TIf the polynomial is written as,
£ 5,8y = (@22 8222,

where g(N)(z) and h(Nﬂl)(z) are the real polynomials of the N-th and the
N-1-th degree respectively, all zeros of whose polynomials lie on the
unit circle of the complex plane and separated each by each, and
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g(N)(l)-h(N~l)(l)¢O ,then the topology of zeros of f(ZN)(z, &) is as
follows; if OZEZA(gQN)(l)/h(N_l)(l))2 , all z-zeros lie on the unit
circle of the complex plane, that if 8?0, none of zeros lie on the unit
circle ,and that if Sg,—(g(N)(l)/h(N—l)(l))z , two zeros lie on the
positive real axis, and others on the unit circle. (Proof:omitted)

Theorem 2 If the polynomial is written as,
f(ZN)(z,g y = (g(N)(z))2+ S(géN)(z))z ,

where géN)(z)=(za% -N/2)g(N)(z), g(N}(l}#O, and allzeros of the real
polynomial, g N {(z), lie on the unit circle, then the topology of zeros
of f(ZN)(z,S } is as follows; if gz.o,all zeros lie on the unit circle,
and if §< 0, there always exist the zeros, not lying on the unit circle.
{(Proof: omitted)

Example The following equation satisfies the condition of the theorem 1.

£2N (2,1 \;):% a, z%=0, a, .=a_ and a =(1+§)k+1 (0£k¢N)
ESIT S A T Ranek Tk, PO ST 2R

I1I. Application to Antiferromagnetic Ising Models.

Various Ising models are classified through[the type of the interaction
matrix of the system (after appropriate permutations of lattice sites).
We now consider the two cases.

Case 1 The system composed of equivalent ferromagnetic sublattices,

The interaction matrix is, for example, written as,

ad ~ [aY
J ={J , where J
sl

J

~
A (or JB) is the interaction

matrix on the sublattice A (or B) (the

sublattice-Hamiltonian as ka (or ka))
A A R

and JAB {ox JBA) is the one between the

sublattices A and B.

If each sublattice has translational symmetry, the partition function

M

a Iam
A
J

BA "B

of the total system is perturbation-theoretically written as,
A A I
FN(ZI@IJ) = F (ZI@’JA)FN (zr('}‘lJB)
A B
5.1 d
))(Za-ZF

N
- - — - ~ a A
» L3, T (28,30 CaggPyy_(2/0.3p))

NANB ATA ’ B BATA NA
~ [ N
where FN (Z,B,JA)= Tr e GXjA, NA the number of spins on the sublattice
At
A, etc..” ( 1A=(iL£ﬁ"'l)' etc.)
Na

Using the theorem 2 of II, the topology of the z-zeros is characterized
~— A
as follows; it belongs to the Lee-Yang type if (lAJABlB)g‘O’ and

otherwise to the non Lee-Yang one. If the system is composed of three
{or more than three) equivalent sublattices, the 'fugacity' zeros of
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the total partition function may lie on the three {or more than three)
curves.
Case 2 The system composed of ferromagnetic sublattice and weak
impurity spins.

The interaction matrix is written as,

A A A .

J o= JA JAI , where A is the ferromagnetic sublattice and
A n I is the lattice of impurities,
Jia J1

o
Now we only consider the case of J =0. The partition function is

perturbation~-theoretically written as,

= - A

s 22 GFy  dzg
1+{1 T

A A
Fylz:6:9) = FNgz‘a’JA}ZI+@( Al Ve N @ ® (Fz)

A AL

where ZI=(z+1/z)NI (N, being the total number of impurities).
From the above form of the partition function, we can easily find
that the topology of 'fugacity' zeros belongs to the Lee-Yang type

whether (lAJAIlI)a 0 or not (within a certain approximation).

The detail will be published later.
The author thanks Professor $. Ono for helpful advices.
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