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1 Introduction

The precise measurement of the reactor mixing angle 613 [1-7] encourages the pursuit of
the still missing results on leptonic C'P violation and neutrino mass ordering as well as the
characteristic neutrino nature. Some low-significance hints for a maximally CP-violating
value of the Dirac phase dcp ~ 37/2 have been observed [8]. The global fits to lepton
mixing parameters [9-11] also provide weak evidence for the existence of Dirac type C'P
violation in neutrino oscillation. In the case that neutrinos are Majorana particles, two
more Majorana C'P phases as; and ag; would be present, and they are crucial to the
neutrinoless double beta decay process. However, the present experimental data don’t
impose any constraint on the values of the Majorana phases.

Finite discrete non-abelian flavor symmetries have been widely used to make predic-
tions for lepton flavor mixing. Assuming the original flavor symmetry group is sponta-
neously broken to distinct abelian residual symmetries in the neutrino and charged lepton
sectors at a low energy scale, one can then determine mixing patterns from the residual
symmetries and the structure of discrete flavor symmetry groups. Please see refs. [12-16]
for review on discrete flavor symmetries and the application in model building. For Majo-
rana neutrinos, if the residual symmetries of the charged lepton and neutrino mass matrices
originate from a finite flavor group, the lepton mixing matrix would be fully determined by
residual symmetries up to independent row and column permutations. It turns out that the
possible forms of the PMNS matrix are strongly constrained in this scenario such that the



mixing patterns compatible with the data are of trimaximal form, and the Dirac C P phase
is predicted to be 0 or 7 [17]. The same conclusion is reached for neutrinos being Dirac
particles [18]. We note that the neutrino masses are not constrained in this approach and
consequently the both Majorana phases ao; and ag; are undetermined. Their values can
be fixed by considering a specific model. If the residual flavor symmetries of the neutrino
and charged lepton mass matrices are partially contained in the underlying flavor group,
the PMNS matrix would contains at least two free continuous parameters. As a result, the
predictivity of the model would be lessened to a certain extent.

Besides the extensively discussed residual flavor symmetries, the neutrino and charged
lepton mass matrices also admit residual C'P transformations, and the residual C' P symme-
tries can be generated by performing two residual C'P transformations [19-21]. Analogous
to residual flavor symmetries, the residual C'P transformations can also constraint the lep-
ton flavor mixing in particular the C'P violating phases [19]. The simplest nontrivial C'P
transformation is known as u— 7 reflection which gives rise to maximal atmospheric mixing
and maximal Dirac phase [22-27]. The deviation from maximal atmospheric mixing and
non-maximal Dirac C'P violation can be naturally obtained from the so-called generalized
p — 7 reflection [28].

Recently the flavor symmetry has been extended to combine with the generalized
CP symmetry [29, 30]. This can lead to rather predictive scenario where both mixing
angles and C'P phases are determined by a small number of (frequently only one) input
parameters [29]. In this case, the C'P transformation matrix is generally non-diagonal and
it is also called generalized C'P. The generalized C'P symmetry and the corresponding
constraints on quark mass matrices have been exploited about thirty year ago [31-36].
In this case the interplay between C'P and flavor symmetries has to be carefully treated
in order to make the theory consistent [29, 30, 37]. There have been some models and
model independent analysis of C'P and flavor symmetries, such as Ay [38], Sy [29, 39-43],
A(27) [44, 45], A(48) [46, 47], A5 [48-50], A(96) [51], and the group series A(3n?) [52, 53]
and A(6n?) [52, 54, 55] for general integer n. It is notable that smaller group for instance
Ay [38], Sy [29, 39-43] and Aj [48-50] can already describe the experimentally measured
values of the mixing angles, and the Dirac CP phase is predicted to be conserved or
maximal while the Majorana phases are trivial. On the other hand, all the three C'P
violating phases generally depend on the free real parameter 6 for A(3n?) [52, 53] and
A(6n?) [52, 54, 55] flavor symmetries.

In the present work, we shall thoroughly analyze the lepton mixing patterns which can
be obtained from the breaking of Déi},),?yn, flavor symmetry and generalized C' P. All possible
residual symmetries in the “direct”, “semidirect” and “variant of semidirect” approaches
and their consequences for the prediction of the mixing parameters are studied. We shall
perform a detailed numerical analysis for all the possible mixing patterns. The admissible
values of the mixing parameters for each n and the possible values of the effective mass
|mee| will be explored.

The outline of this paper is as follows. In section 2 we find the class-inverting auto-
morphism of the Déil),fin group and the corresponding physically well-defined generalized
C'P transformations are determined by solving the consistency condition. In section 3 we



review the approach to determining the lepton flavor mixing from residual flavor and C'P
symmetries of the neutrino and the charged lepton sectors. All possible residual symmetries
and the consequences for the prediction of the flavor mixing are studied in the method of
the direct approach in section 4. The PMNS matrix is determined to be of the trimaximal
form, both Dirac phase dcp and the Majorana phase ag3; are conserved, and the values
of aig1 are integer multiple of 27/(3n). We investigate the possible mixing patterns which
can be derived from the semidirect approach and variant of semidirect approach in sec-
tion 5 and section 6. The analytical expressions of the PMNS matrices, mixing angles and
CP invariants are presented, the admissible values of the mixing angles and C'P violation
phases are analyzed numerically in detail, and phenomenological predictions for neutri-
noless double beta decay are studied. For the lowest order Ds()i),sn group with n = 1,2,
we find all the mixing patterns that can describe the experimentally measured values of
the mixing angles, and a x? analysis is performed. Finally we summarize and present our
conclusions in section 7. The group theory of Dsg;),an is presented in appendix A including
the conjugacy classes, the irreducible representations, the character table, the Kronecker

products and the Clebsch-Gordan coefficients.

2 Generalized CP consistent with D&)’M family symmetry

The finite subgroups of SU(3) have been systematically classified by mathematicians [56]
(see refs. [57-59] for recent work). It is well-established that all discrete subgroups of SU(3)
can be divided into five categories: type A, type B, type C, type D, and type E [58, 59]. The
type D group turns out to be particularly significant in flavor symmetry theory [17, 60].
Type D group is isomorphic to (Z,,, X Z,) % S3, and it can be generated by four generators
a, b, c and d subject to the following rules [58]:

ad =0 =(ab)? =" =d" =1, cd = dc,
aca™t = Fd, ada™! = ¢m/ng~ R+,
beb ™t = cd, bdb~t =dt. (2.1)

It is found that the type D group exists only for [58]

k=0, m=n or k=1 m=3n. (2.2)

In the case of kK = 0, m = n, the corresponding group denoted as Dqg% is exactly the
well-known A(6n?) group [61]. For another case of k = 1, m = 3n, the corresponding
type D group denoted as Déil)’n is isomorphic to Z3 x A(6n?) if n is not divisible by 3 [58].

Therefore the representation of Dgzn can be obtained by multiplying the representation

matrices of A(6n2) with 1, e2™/3 and e*™/4 for 3 n. As a consequence, the Dz()jz),n group
for 3 1 n would give rise to the same set of lepton flavor mixing as A(6n?) group no matter
whether the generalized C'P symmetry is considered or not. The A(6n2) as flavor symmetry
group has been comprehensively explored in the literature [52, 54, 60], we shall focus on
the second independent type D infinite series of groups DS()}Z),Sn where n is any positive



n| Gy | GAP-Id Inn(Gy) Out (Gy)

1 D(S?z [162,14] | ((Z3 x Z3) X Z3) X Zs Zs

2 | Dig | 1648,259] | ((Zo x Zo) % Z3) % Zo | Z

3 | DYy | [1458,659] | ((Zo x Zo) % Z3) x Z 71

Table 1. The automorphism groups of the Dﬁ()iz),Sn group with n = 1,2,3, where Inn(Gy) and
Out (Gy) denote inner automorphism group and outer automorphism group of Gy respectively.
Note that each of these three groups has a unique class-inverting outer automorphism.

integer. It is remarkable that Dé}l),?m can generate experimentally viable lepton and quark
mixing simultaneously [18]. In the present work, we shall include the generalized CP
symmetry compatible with Dgt,sn and investigate its predictions for lepton mixing angles

and C'P violating phases. The group theory of Déagn, its irreducible representations and
the Clebsch-Gordan coefficients are presented in appendix A.

It is highly nontrivial to introduce the generalized C'P symmetry in the presence of a
discrete flavor symmetry G . In order to consistently combine the generalized C'P symme-
try with flavor symmetry, the following consistency condition has to be fulfilled [29, 30, 37],

er:(g)XI = Pr(9/)7 gvg/ € va (23)

where pr(g) is the representation matrix of the element g in the irreducible representation r
of Gy, and X, is the generalized C'P transformation. Obviously the C'P transformation X,
maps g into another group element ¢’. Therefore the generalized C' P symmetry corresponds
the automorphism group of Gy. Moreover, it was shown that the physically well-defined
C'P transformations should be given by class-inverting automorphism of Gy [37]. We have
exploited the computer algebra system GAP [62] to calculate the automorphism group of the
first three Ds()i),sn groups with n = 1,2, 3, the results are listed in table 1. Notice that larger

DS()E}L),EIn group for n > 4 is not stored in GAP at present. We see that the automorphism group

of Dg(az),sn is quite complex but each one of Dég, D%?G and D;?g has a unique class-inverting

outer automorphism. Furthermore, we find a generic class-inverting automorphism w of
the D‘((;L)’gn group, and its actions on the generators a, b, ¢, d are as follows

a—a, b—ob, c—sc Tt deSsdTt. (2.4)

It is easy to check that u indeed maps each element into the class of its inverse element for
any value of the parameter n. We denote the physical C'P transformation corresponding
to the automorphism u as X,(u), and its explicit form is determined by the following

consistency equations:

X (u) pi(a) X[ (u) = pr (u(a)) = pe(a),

X (u) pr(0) X[ (u) = pr (u (b)) = pr (D)

X (u) pr(e) X (u) = po (u(e) = pu (1)

X (u) pr(d)X] (u) = pe (u(d)) = pr (A7) (2.5)



In our working basis shown in appendix A, the representation matrices of a and b are real
while the representation matrices of ¢ and d are complex and diagonal for any irreducible
representations of Dé}l) 3,- Therefore the C'P transformation X;(u) is a unit matrix, i.e.

X, (u) = 1. (2.6)

Given this C'P transformation X, (u), the matrix p,(g)Xy(u) = pr(g) is also an admissible
C'P transformation for any g € ‘DE()}l),Sn' It corresponds to performing a conventional C'P
transformation followed by a group transformation p.(g). As a consequence, we conclude
that the generalized C'P transformation compatible with the Dé;)ﬁn family symmetry is of
the same form as the flavor symmetry transformation in our basis, i.e.

Xe=pelg), g€ D, (2.7)

Note that other possible C'P transformations can also be defined if a model contains only
a subset of irreducible representations. Lepton mixing can be derived from the remnant
symmetries in the charged lepton and neutrino mass matrices, while the mechanism of
symmetry breaking is irrelevant. The basic procedure and the resulting master formulae
are given in refs. [19, 20, 38, 39, 54]. In the following, we shall consider all possible remnant
symmetries of the neutrino and charged lepton sectors and discuss the predictions for the
PMNS matrix and the lepton mixing parameters.

3 Framework

In the present work, the family symmetry is taken to be D&)ﬁn, and the generalized CP
symmetry is considered in order to predict the lepton mixing parameters including the C P
violating phases. Without loss of generality, we assume that the three left-handed leptons
transform as a triplet 31 o under Ds()iz),sn' For brevity we shall denote the faithful irreducible
representation 319 as 3. The representation matrices of the generators a, b, ¢ and d in
31,0 are given in eq. (A.37). The light neutrinos are assumed to be Majorana particles.
From the bottom-up perspective, the most general symmetry of a generic charged lepton
mass matrices is U(1) x U(1) x U(1), which has finite subgroups isomorphic to a cyclic
group Z,, for any integer m or a direct product of several cyclic groups [18-20]. On the
other hand, the largest possible symmetry of the neutrino mass matrix is Zy x Z [18—
20, 63]. Moreover the neutrino and charged lepton mass matrices are invariant under
a set of C'P transformations, and both the U(1) x U(1) x U(1) symmetry group of the
charged-lepton mass term and the Zs x Z; symmetry of the neutrino mass term can be
generated by performing two C'P symmetry transformations [19, 20]. Conversely, the lepton
mass matrices are strongly constrained by the postulated remnant symmetry such that the
lepton mixing matrix can be derived from the remnant symmetries in the charged lepton
and neutrino sectors, while the mechanism of dynamically realizing the assumed remnant
symmetries is irrelevant [19, 20]. From the view of the top-down method, the remnant
flavor and C'P symmetries of the neutrino and charged lepton mass matrices may originate
from certain symmetry group implemented at high energy scales. In the present work, both



flavor symmetry DE()}“L),?m and the generalized C'P are imposed, i.e., the parent symmetry

is Ds();)gn X Hop, where Hop denotes the generalized C'P transformations consistent with

Dé?,zn and it is given by eq. (2.7). Déil)ﬁn X Hgp is assumed to be broken down into
G~ ch p and G, X Hfp in the charged lepton and neutrino sectors respectively. The
allowed forms of the neutrino and charged lepton mass matrices are constrained by the
remnant symmetries, and subsequently we can diagonalize them to get the PMNS matrix.

The requirement that a subgroup G; x HlC p is preserved at low energies entails that
the combination m;ml has to fulfill

Pg(gz)m;mms(gl) = m;ml , g € Gy,

X;f3m2rlel3 = (m}ml) , X3 € Hévp, (3.1)

where the charged lepton mass matrix m; is given in the convention [“m;l. The hermitian

combination mlel is diagonalized by the unitary transformation U; with UlezrmlUl =

2

diag(m?2,m?, m2). The three charged leptons have distinct masses me # m,, # m,. From

IJ,?
eq. (3.1), it is straightforward to derive that the remnant symmetry G; HZC p leads to the

following constraints on U

UJTP3(9l)Ul = Pgiag(gz)a g1 € Gy,
U Xi3Up = X138, Xi3 € Hop (3.2)

where both pgiag(gl) and X ldsiag are diagonal phase matrices. As a consequence, we see that

U, also diagonalizes the residual flavor symmetry transformation matrix pg(g;), the residual
CP transformation X;3 is a symmetric matrix, and the following restricted consistency
condition should be satisfied [43],

Xiepp(a) X = pe(g, ), @€ G, Xiw € Hop (3.3)

In the same fashion, the neutrino mass matrix is invariant under the action of the elements
of the residual subgroup G, x Hf p:

pg(gu)mufh(gz/) =my, v € Gy,
XZ3mVXV3 =m) Xl,3 S Hgvp . (3.4)

v

We denote the unitary diagonalization matrix of m, as U, fulfilling UE m,U, =
diag (m1, mg, m3). Then U, would be subject to the following constraints from the postu-
lated residual symmetry [19-21]:

Ul ps(gv)Uy = diag(&1, 1, +£1),
Ul X,3U" = diag(+1,+1,+1), (3.5)

where the “4” signs can be chosen independently. Therefore the residual C'P transforma-
tion X, 3 is a symmetric unitary matrix as well, and the restricted consistency condition
on the neutrino sector takes the form [19-21, 29]:

Xorpp(9)Xon' = pe(90), 9y € Gy, Xor € Hép (3.6)



Obviously X, maps any element g, of the neutrino residual flavor symmetry G, into
itself. Hence the mathematical structure of the remnant subgroup comprising G, and
H{ p is generally a direct product instead of a semidirect product. Given a pair of well-
defined remnant symmetries G; % Hé p and G, x Hf,p for which the consistency equations
in egs. (3.3), (3.6) are fulfilled, the allowed forms of the mass matrices mlel and m, can
be determined from eqs. (3.1), (3.4), and subsequently the prediction for the PMNS matrix
Upnng = UZTUZ, can be obtained by diagonalizing mzrml and m,,.

For two pairs of remnant symmetry subgroups {Gl X Hép, G, % ng} and {G; XHZCI'P’
G!, x H (”;P}, if G;, G, and G, G), are related by a similarity transformation, for example
if they are conjugate,

Gy =hGh™Y,  G,=hG,h7Y,  heD),,. (3.7)
The remnant C'P would also be related by

Hip = pe(W)Hbppl (h),  HEp = pulh)Hb ppl (h) (3.8)

in order to fulfill the consistency conditions in egs. (3.3), (3.6). That is to say the el-
ements of HZC/,P and ng are given by pp(h)Xepl(h) and pp(h) X,cpl (h) respectively,
where X, € H¢p and X € ch p- Notice that all the possible remnant C'P transfor-
mations compatible with the remnant flavor symmetry have been considered in this work.
Hence if G} x Hép and G, x Hfp fix the charged lepton and neutrino mass matrices to

be mlel and m,, then mET

my = p3(h)mjmlpg(h) and m!, = pg(h)ml,p};(h) would be in-
variant under the remnant symmetries G} x H, é pand G}, x H gfp respectively. As a result,
two pairs of remnant symmetries {G; x H.p, G, x Hf.p} and {G] x ng, G, x ng}
would yield the same results for the PMNS matrix Upyns. In this work, we shall per-
form a comprehensive analysis of the mixing patterns which can be derived from the group
Dé}%?m X Hop. It is sufficient to only analyze a few representative remnant symmetries
which give rise to different results for Upying and lepton mixing parameters, as other pos-
sible choices for the remnant symmetry groups are related to the representative ones by

similarity transformation and consequently no new results are obtained.

4 Lepton mixing from direct approach

In the direct approach, the residual flavor symmetry G, is a Klein four subgroup, and
the residual flavor symmetry Gj is a cyclic group Z,, with index m > 3 or a product of
cyclic groups. We assume that the residual flavor symmetry group G; can distinguish the
three generations of charged lepton. In other words, the restricted representation of the
triplet representation 3 on (; should decompose into three inequivalent one-dimensional
representations of Gj. From eq. (3.1) and eq. (3.2), we see that U; not only diagonalizes the
mass matrix mlel but also the residual flavor symmetry transformation matrix psg(g;) with
g1 € G;. As a result, the requirement that UlTp3(gl)Ul = pgiag(gl) is diagonal allows us to
determine U; without knowledge of mzrml. Notice that the remnant C'P invariant condition

in eq. (3.1) is automatically satisfied, the reason is that the residual C'P transformation



X3 has to be compatible with residual flavor symmetry and its allowed form is strongly
constrained by the restricted consistency condition of eq. (3.3).

As shown in the appendix A, the group structure of the Dégﬁn has been studied in
detail. The residual subgroup G; is an abelian subgroup, and it can be generated by
the generators cdt, bc*dt, ac®dt, a®c*dt, abc®dt or a?befdt with s = 0,1,...,9n — 1,t =
0,1,...,3n—1. The diagonalization of pg(g;) determines the unitary transformation U; up
to permutations and phases of the column vectors if p3g(g;) has non-degenerate eigenvalues,
where g; can be taken to be the generator of G;. The explicit form of U; for different G;
and the corresponding remnant C'P transformations compatible with G; are summarized
in table 2. If the eigenvalues of p3(g;) are degenerate so that its diagonalization matrix U,
can not be determined uniquely, we would extend G; from a single cyclic subgroup to a
product of cyclic groups, for example Gy = G1 X G2 where the generators of G; and Go
should be commutable with each other. If G; (or G3) is sufficient to distinguish among
the generations such that its eigenvalues are not degenerate, then another subgroup Go
(or G1) would not impose any new constraint on the lepton mixing. On the other hand,
if the three eigenvalues of the generator of either G; or GGo are completely degenerate, e.g.
G1( or Gg) = {c*™), its three-dimensional representation matrix would be proportional to a
unit matrix. As a result, we shall concentrate on the case that the representation matrices
of both G1 and G5 have two degenerate eigenvalues, therefore either GGy or Gy alone fixes
only a column of U; and the third column can be determined by unitary condition. The
possible extension of remnant flavor symmetry group Gj, the corresponding remnant C'P
transformations and the unitary transformations U; are collected in table 3. We see that
the diagonalization matrix U; can only take five distinct forms Ul(l), Ul(2), Ul(g)7 Ul(4) or
UZ(S) such that the constraints on s and ¢ shown in table 2 are relaxed.

(1)

In the direct approach, the flavor symmetry group Dy, 5, is broken down to a Klein

four subgroup in the neutrino sector. From appendix A, we see that Déil) 3, for even n has

only four Klein four subgroups:

Kicgnm,d:sn/z) _ {1,CQn/2’d3n/2709n/2d3n/2}7
Kidsn/abdm) - {1’ d3n/2, bdm, bdz+3n/2} ,
K£69n/2d3n/27abc3ydy) — {1,CQn/2d3n/2’abc3ydy’abc3y+9n/2dy+3n/2} 7
zECQn/Q’a2b632d2z) - {1,69n/2,CLQngZdQZ,a2bcgz+9n/2d23} ’ (41)

n/27d3n/2) (1)

In,3n>

9
where z,y,2 =0,1,...,3n—1. We note that Kic
and the remaining three K4 subgroups are conjugate:

is a normal subgroup of D

_ d3n/2 bd® _ _ 9n/2d3n/2 be3y Y
(azcy x+25d5)K£ , )(a20y :1:+26d5) 1 _ K(c ,abc?¥dY)

4 )
3n/2 pJx In/2 21 .3z 2z
(ac—z—x+25d6)KZ§d ,bd )(ac—z—x+26d5)—1 — Kic ,a*be3*d?%) , (4'2)
with 6 = 0,1,...,3n — 1. Furthermore, the residual CP symmetry H{p in the neutrino

sector has to be compatible with the remnant K, symmetry, and the following restricted



Gy U, Constraints L
t#0
) 100
(csdt) U’ =(010 s —t # 0 mod(3n) {c7d®}
: 001 s — 2t # 0 mod(3n)
V2 0 0 2t—s+26-+3n7 76
s 2 im(2t—s im(2t—s e 2nTde,
<[)C‘ dt> Ul( ) = % ( 0 — % e% S 7é 07 3”7 6n { bc2§+3n‘rd§}
0 1 1
e~ Lre w267% we™ Hre {b672t+37L7d7t,
<acsdt) U’(S) _ 1 ezm(g:l—zs) wezm(g::zs) 2, Zim(3i=2s) o abes—2443nT gs=2t.
) V3 1 1 1 a2b6t73+3nr}
/ 2«;«(3:;25) wezfﬂgi;zs) Qezm(gfzs) {bc2(t—s)+3n7dt—s,
<(12csdt> Ul(3 ) _ % zm(ﬁﬂ) w2e2y,w<93;7.5) wezm(gsﬂ) o abcft+3m—d7t7
1 1 1 a2b62t—s+3nr}
. emr(zl,n—s) 0 76“((3/'"4)
(abesd") U, ) = 7 0 V2 0 s—=3t#0,3n,6n | {d"57 abcVd}
1 0 1
i N o
{a®bcsdt) Ul(‘)) = % 1 1 0 2s — 3t #0,3n,6n {c7d7t, a%bc7}
0 0 V2

Table 2. The form of U; for different residual subgroup G; generated by a single element g,
and here we denote G; = (g). HLp is the residual CP transformations consistent with G;. The
allowed values of the parameters s, t, v,  and 7 are t,§ =0,1,--- ,;3n—1, s,y =0,1,--- ,9n — 1
and 7 = 0,1,2. The parameter w is the cube root of unit with w = e27/3. Note that because
(ac2“"_3tds_t)2 = a®c*d’ holds, the U; for G; = (a?c*d') can be obtained from that corresponding
to G; = {ac®d®) by the replacement s — 2s — 3t and t — s — t. The constraints on the parameters
s and t is to remove the degeneracy among the eigenvalues.

consistency condition must be fulfilled,

Xowpp (@)X = pe(9), g€ K. (4.3)

Solving this equation, we can straightforwardly find the eligible remnant C'P transforma-
tions for different K4 subgroups. The results are collected in table 4. Then we proceed
to determine the neutrino mass matrix m, invariant under the actions of both remnant
CP and remnant flavor symmetry for each case, i.e., m, is subject to the constraints in
eq. (3.4).

G =K /2 g3n/2) X, — S . . . . .
v =K, , Xur = pr(c?d?): in our working basis, the representation matri-
ces for both a and ¢ are diagonal with
-1 00 10 0
p3(c™H) =1 0 —10 ]|, ps(@/*)=|0-10 (4.4)
0 01 00 —1



g1 Go Constraints on group parameters Form of U] Hép

s —2t =0 (mod 3n)

s'—t =0 (mod 3n)

ord * 2t =0 (mod 3n)

(c°d") (' d") t' =0 (mod 3n) Ul(l) {c7d®}

s—t=0 (mod 3n)
t' =0 (mod 3n)

or

(s> s, tt)

L s’ —2t' =0 (mod 3n)
(c”d")

(b s =0 (mod 3n) e {RtH20+3n7 i
bty | () =2 =) = 3l mod o) ! b2 om0}
s =3lan (mod 6n), s = 3i3n (mod 6n)
(' d’) s —t' =0 (mod 3n)
3t —s=0 (mod 3n) {crd+2,
{abcsdt) (s — &) — (t —t') = 3l1n (mod 6n) Ul(4) abcYd'}
(abc® d'') 3t — s = 3lan (mod 6n)
3t' — s’ = 3l3n (mod 6n)
(' dt) t' =0 (mod 3n)
2s — 3t =0 (mod 3n) {evd™t,
(a®bcsdt) t—t = 3ln (mod 6n) U a2bc}
(a2bes' d") 2s — 3t = 3lan (mod 6n)

2s' — 3t' = 3lgn (mod 6n)

Table 3. The product extension of the remnant flavor symmetry G; = G; x G2, the remnant C P
transformation compatible with G;, and the corresponding unitary transformation U;. We require
the column vectors fixed by G; and G, be different. Consequently we have the parameters /23 = 0,1
and Iy + 1o + 13 = 1,3. The values of parameters s, t, s', ', v, d and 7 are 5,8, v =0,1,--- ,9n— 1,
t,t/,6=0,1,--- ,3n—1and 7=0,1,2.

G, Xy
Kicgn/Z,di”"/?) (1)
Kid%/ 2,bd") pe(C2OT2H3NT gB) 1y (20 +3nT o)
Kicg"/ 2d3n/2 abc¥aY) (329730740 (abed =37 go)
K£c9”/2,a2bc3zd22) pr(c'yd_Qz), Dr (a2bc'7)

Table 4. The K, subgroups of the Déil),z)m group and eligible remnant C'P transformations, where
the superscript of the K, subgroup denotes its generators. The allowed values of the parameters
arey=0,1,....,9n -1, 2,y,2,6 =0,1,...,3n—1,and 7 =0, 1, 2.
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Consequently the residual flavor symmetry enforces the neutrino mass matrix to be diagonal
as well. Taking into account the remnant C' P symmetry further, we find

— L
miie 2T 5y 0 0
9 Y—30
m, = 0 maoge 2™ on 0 , (4.5)
. _2v—36
0 0 77”L3362Z7r In

where m11, mos and mg3 are real parameters. We can read out the neutrino diagonalization

matrix U, as
~—348 ._2v—36

U, = diag (e”f)ln,e” om e " o ) Q. , (4.6)

where @), is a diagonal phase matrix with entry being £1 or 44, and it encodes the C'P
parity of the neutrino states. The light neutrino mass eigenvalues are

my = |mail, mg = |maal, m3 = |mas| . (4.7)

Obviously the light neutrino masses depend on only three real parameters, and the order of
the light neutrino masses can not be fixed by remnant symmetries. Therefore the unitary
transformation U, is determined up to independent row and column permutations in the
present framework, and the neutrino mass spectrum can be either normal ordering (NO)
or inverted ordering (I0).

3n/2 T
G, = Ké(ld bd ), Xy = {pr(025+2m+3""d5), pr(b025+3""'d5)}: in the same fashion
as previous case, we find that the light neutrino mass matrix takes the following form:

_os2x4+2543nT
miie 2im In 0 0
_o;2x—5643nT - 2x4+26+3nT
my = 0 moge 2im on m236”r 9n s (48)
. 2x+425+3nT . 4x+6—3nT
0 Mmas T T o m226227r =

where mi1, moo and meog are real. It is diagonalized by the unitary transformation U, with

. 2x+26+3nT
) V26 on 0 0
. 2x—46+3nT . 2x—56+3nT
Ul/ = ﬁ O 617T In — elﬂ- In 5 (49)
- 4x+65—3nT . 4x+6—3nT
0 eI I P T

where the matrix (), is omitted for simplicity and we will also not explicitly write out this
factor hereafter. The light neutrino masses are

my = |mq1], mo = |maz + (—1)"ma3|, m3 = |maz — (—1)"mas| . (4.10)
9In/2 y3n/2 3
G, :K‘ic d ,abc ydy)’ X, = {pr(cé—2y—3n7d5), pr(abcé_'?mﬂ-ds)}: in this case,
we find that the light neutrino mass matrix takes the form

. 2y—46+3nT _ i 2y+2643nT
m1162“r79n 0 mise i =g
. 2y+426+3nT
my = 0 m2262“7 on 0 , (4.11)
i 2y+26+3nT o dy+84+6nT
mise i on 0 mie 2m o

- 11 -



where my1, mi13 and mgo are real. Consequently the unitary transformation U, is

i —2y+6+6nT
In

1 i 0 eiﬂ_—Qy-gi-FGnT
. 2y+26+3nT
U, = 7 0 V2e T 0 . (4.12)
. 4y+6+6nT . 4y+6+6nT
ezﬂ'iy o 0 ewriy o
The light neutrino masses are
mi = |m11 — (*1)Tm13| N mo = |TTL22| 5 ms3 = |m11 + (—1)Tm13] . (413)
In/2 ,2p.3z 2z . 3
G, = K4c a”be™*d ), Xy = {pr(c7d_2z),pr(a2b07)}: the light neutrino mass
matrix m,, is constrained by the remnant symmetry to be of the form
9L _9ir 32ty
mie 227r9n mise 2im on 0
. 3z+ .62+
m, = m12€_27‘7r 9n7 m11€—227r 9n7 0 ; (414)
. 3z+
0 0 TTL3364”F 9n’y

where m11, m12 and mgs are real. The unitary matrix U, diagonalizing the above neutrino
mass matrix is determined to be

eimg eiwgln 0
U, = = | e on5e 0 . (4.15)
V2 0 0 V25"
The neutrino masses are given by
my = |m1 — mial, may = |m11 + maal, mg = |ms3| . (4.16)

Then we proceed to discuss the possible mixing patterns achievable in direct ap-
proach by combining the different remnant symmetries of the charged lepton sector with
those of the neutrino sector. As shown in section 3, two pairs of subgroups {G;,G,}
and {G}, G} would yield the same results for the PMNS matrix after considering all
the eligible residual C'P transformations, if these two pairs of groups are conjugate. No-
tice the conjugate relations between distinct K4 subgroups in eq. (4.1) and the identities
(be2ed?) (abesd?) (be2d?) ! = a?besd~*, (be2d2) K" (be2eq2e)=1 = KA
and (be2ed2e) KT ) (pe2egrey =1 = j{dH0d)
to only consider eight kinds of remnant symmetries with G; = (c*d'), (bc*d"), (ac®d'),
{abc*d') and G, = K£C9n/2,d3n/2)7 K id?’nm’bdz). In this scenarios, all mixing parameters
including Majorana phases are completely fixed by remnant symmetries.

for any integer ¢, we find it is sufficient

. . s 1t . (CQn/2’d3n/2) . 5 . . .
(i) Gi = (c¢®*dY), G, = K » Xur = {pr(c?d?)}: in this case, the unitary

transformation U; is a unit matrix, as shown in table 2. U, is a diagonal phase matrix
and it is given by eq. (4.6). As a result, the PMNS matrix is also a diagonal matrix up
to row and column permutations, and obviously it doesn’t agree with the present neutrino
oscillation data [9-11].
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. t c9'!1./2 d3'n/2) 5 . .
(ii) G; = (bc*d"), G, = K, ’ , Xur = {pr(c?’d®)}: in this case, the postu-
lated residual subgroups lead to the mixing pattern

V20 0
U =—]10 1 —e% |, 4.17
PMNS 7 oo (4.17)

with ( 5 )
m(y—20+s—2t
= — . 4.1
¥1 3n (4.18)

The lepton mixing angles are 613 = 012 = 0, o3 = 45°, and therefore large corrections to

both 612 and 613 are necessary in order to be compatible with the experimental data.

n /2 g3n/2) 5 . .
(iii) G; = (ac*d"), G, = K, ’ » Xur = {pr(c?d®)}: this residual symmetry
allows us to pin down the lepton mixing matrix as:

ei§01 1 67:502
UpMng = —= | we™®t 1 w?ei2 | | (4.19)
V3 wer 1 welr2

where
(37 — 35 + 2s) 7(3y — 66 + 4s — 6t)

¥1 on ) P2 In ( )

This pattern leads to sin? 019 = sin?fy3 = 1/2, sin® 63 = 1/3 and a maximal Dirac
CP phase |dcp| = 7/2. The solar as well as the reactor mixing angles have to acquire
appropriate corrections in order to be in accordance with the experimental data.

(iV) (;l = (abcsdt> (; = K( ° /2’ ° /2) X = {p (C dé)}' n thiS case we ﬁnd the
9 v 4 9 vr r .
lepton mixing matrix iS

V2 0 0
Upmns = —= | 0 1 €% |, with ¢ = —
V2o 1 e

T(y—d0+s—1)
3n ’

(4.21)

which leads to 012 = 013 = 0, 633 = 45°. Large corrections to #12 and 6,3 are needed to be
compatible with the experimental data.

d3n/2,bdm

(V) Gl — <Csdt>, Gu — Ki ), X, = {pr(c26+2w+3n7d6), pr(bc26+3n7-d6)}:
the unitary transformation U, is fixed by residual subgroup to be eq. (4.9), and the PMNS
matrix takes the form

10 0
Unins = [0 75 — 5| (4.22)
1 1
0% v

which leads to 615 = 613 = 0, f23 = 45°. Again 615 and 63 require large corrections in
order to be in the experimentally preferred ranges.
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(Vi) Gl — <bcsdt>, GV — £d3n/2,bdw)’ Xur — {pr(c26+2m—|—3n7'd6)’pr(bc26+3n7'd5)}:

using these residual symmetries, we can derive the lepton mixing matrix

L X 0 (s — 2t + 2x)
Upmns = |0 —singy cosyp |, with ¢ = e (4.23)
n
0 cospr sinp;

The mixing angles are 619 = 013 = 0, sin? fa3 = cos> 1 which are strongly disfavored by
the experimental data [9-11].

. d3"/2 bd®
(Vll) Gl — <aCSdt>, Gl/ — K;E )’ Xyr — {pr(c26+2w+3n‘rd5), pr(bc26+3n7d6)}:
in this case, the lepton mixing matrix is determined to be of the trimaximal form, i.e., the
second column of the PMNS matrix is (1,1,1)7/v/3 with

1 —/2€%2 cos V1 1 V/2¢e%2 sin 1
Upnmns = 7 V22 sin (5 + 1) 1 V2e%2cos (5 +¢1) |, (4.24)
V/2€%2 sin (% — gol) 1 —v/2¢e2 cos (% — <p1)
where

2s — 3t + 3z o+t+z
Y1 = , Y2 = — .
In 3n

These two parameters 1 and @9 are independent from each other, and they can take the

(4.25)

following discrete values

1 2 18n —1
¢1 (mod 27) =0, ULl e e
1 2 6n — 1
d2m)=0,—7m, —m,... . 4.2
o2 (mod 2m) =0, L, 2 N1 (4.26)

Notice that the PMNS matrix is predicted to be of the same form as eq. (4.24) in the
framework of A(6n'2) x Hep from direct approach [20]. For a given n’, the possible values
of 1 and 9 could be:

1 2 2n/ — 1
A(6n%) x Hop : @1 (mod 2m) = 0, T Ty
3 6 2n' — 3
p2 (mod 2m) = 0, S, —m.., ”n, T o(']3),  (4.27)
1 2 2n' —1
2 (mod 27) =0, Ty ey T (n13).

We see that Déb)’?m x Hop and A(6(9n)2) x Hop give rise to the same set of mixing
matrices while the achievable mixing patterns from A(6(3n)2) x Hop can also be obtained
from DS()}’L),Sn x Hop since A(6(3n)?) is a subgroup of D!()iz),?)n' From the predicted mixing

matrix in eq. (4.24), we can read out the mixing angles as

1 1+ cos(Z+2
sin2 923 = (6 901)

4.28
2+ cos2pp’ 2 + cos 2 (4.28)

. 2, .
sin? 63 = 3 sin® 01, sin® 015 =
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All possible predictions of sin 63 for each Dé}ign of even n are displayed in figure 1. It

is remarkable that viable reactor mixing angle #1353 can always be achieved for each n.
Moreover, the three mixing angles are closely related as follows

1 1
3sin? 019 cos? 013 =1, sin® 6Oy = 3 + 3 tan0131/2 — tan2 6,3 . (4.29)

Inputting the experimentally preferred 3¢ range 0.0176 < sin® 13 < 0.0295 [9], we obtain
predictions for solar as well as atmospheric mixing angles:

0.339 < sin® 1 < 0.343, 0.378 < sin® o3 < 0.406, or 0.594 < sin?fy3 < 0.622. (4.30)
From the PMNS matrix of eq. (4.24), we can also extract the C'P violating phases
sindocp =sinaz; =0, tanag = —tan2ps, (4.31)

where the contribution of the C'P parity matrix @), is considered. We see that both Dirac
phase dcp and the Majorana phase ag; are trivial, and another Majorana phase aop is

a1 = —2(p2 or 1 =T — 2@2. (4.32)

The admissible values of agy are

2 4 6n — 2

a21:0,3—nﬂ',3—n7r,..., 3n

T, (4.33)

which are plotted in figure 1. Note that here the predictions for the C'P phases are consis-
tent with the general results of ref. [20].

3n/2 T
(Vlll) G, = <aszdt>, G, :Kéid ,bd, ), X, = {pr(c25+2w+3n‘rd6), pr(bc25+3n7'd6)}:
in this case, we find the lepton mixing matrix is the well-known bimaximal pattern

. V2 V2 0
Upmns = = 1 1 V2 ,  with ¢ =
L1 —V/2¢i%1

The bimaximal mixing can be a valid first approximation in a model where corrections of

(s — 2t + 2x)

- (4.34)

order of the Cabibbo angle can naturally arise [43, 64].

5 Lepton mixing from semidirect approach

In the semidirect approach, the original symmetry Dégy% x Heop is broken at low energies
into G % HZC p in the charged lepton sector and to Zs x Hf p in the neutrino sector. The
PMNS matrix turns out to depend on only a single real parameter in this scenario. It is
generally assumed that the residual flavor symmetry G is able to distinguish the three
generations of charged leptons such that the unitary matrix U; can be determined from the
requirement that all the generators of GG; should be simultaneously diagonalized by U;. The
possible candidates for the subgroup Gy, the remnant C'P transformations compatible with
G and the corresponding unitary transformation U; are summarized in table 2 and table 3.
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Figure 1. The possible values of the mixing angle sin f13 and the Majorana phase as; for each

3n/2 1 gz
Dg()iz),?m group with even n < 50 when the remnant symmetries are G; = (ac®d'), G, = K. id bd)

Xop = {pp(c20H22430740) 5 (bc?F377d%)}. The light blue region denotes the 30 bound of sin 63,
which is taken from ref. [9].

Then we turn to the neutrino sector. From the multiplication rules given in eq. (A.1), we
see that the order 2 elements of the Dé}l)’?m group are

bd*,  abc™d¥, a®bc**d¥, x,y,z=0,1,...,3n—1, (5.1)

and additionally
CQn/Q, d3n/2’ C9n/2d3n/2 , (52)

for even n. The residual C'P transformation X,, is a symmetric unitary matrix, and it
should map the element of the neutrino residual flavor symmetry to itself,

Xorpr(90) Xowt = pe(gv), g0 € Gy (5.3)

The eligible residual C'P transformations for different Zs subgroups are collected in table 5.
Furthermore, we notice that all the Z, elements in eq. (5.1) are conjugate:

d%) bd® (Vd®) T = ba¥, b d®) bd® (beVd®) " = bd—
(c7d®) ba® (

(a07d5) bd® (ach‘;)_l = a2bc3¢' 4~ (a2c'7d5) bd® (a2c7d‘5)_1 = abc3*' v’
(abcd®) bd® (abe?d®) T = a2bc3 42 (a2bc7d®) bd® (a2b7d®) ' = abe37'd~"

(5.4)
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G, X,
ngz pr(c26+21+3n7d6)’ pr(bc25+3n7d6)
Zézbc&vdy pr(cd—Qy—3n7'd5)7 pr(abc‘s_?’”d‘s)
75"t pe(c7d22), py(a®be?)
75" pe(c7d), pr(a®be?)
7§ pe(7d0), pe (204577 d0)

chQ"/Qd3”/2 pr(CVdé), pr(abc§+3n7d6)

Table 5. Different types of remnant Z, subgroup G, and viable remnant C'P transformations,
where the superscript of the Zs subgroup denotes its generator. The allowed values of the parameters
arey=0,1,...,9 -1, z,9,2,6 =0,1,...,3n—1,and 7 =0, 1, 2.

where 2/ = x + v — 2§. Similarly the three elements in eq. (5.2) are also conjugate to
each other:
(c'ydé) 9In/2 (Cydé)*l — /2 (bc'ysz) In/2 (bc‘*d‘s)fl — 2B/
(ach‘;) In/2 (ac7d5)_1 _ an/2d3n/27 (QZCydé) In/2 (a2c7d5)_1 _ d3n/27
(abc?d) 2 (abc”d‘s)_l = /2 (abc7d?) /2 (aszVd‘s)_l = /2,
(5.5)

As a result, it is sufficient to consider the representative residual symmetry G, = 254"
Z§9n/2 and G; = <csdt>, <bcsdt>, <acsdt>, <abcsdt> and <a2bcsdt>. Since only a Zs subgroup
instead of a full Klein subgroup is preserved by the neutrino mass matrix, the postulated
remnant flavor symmetries can only fix one column of the PMNS matrix. We list the explicit
forms of the determined columns for different remnant flavor symmetries in table 6. Global
analysis of the neutrino oscillation data gives the 3o ranges on the absolute values of the
elements of the PMNS matrix [9]:

0.789 ~ 0.853 0.501 ~ 0.594 0.133 ~ 0.172
[[Upmns|| = | 0.194 ~ 0.558 0.408 ~ 0.735 0.602 ~ 0.784 | , (5.6)
0.194 ~ 0.558 0.408 ~ 0.735 0.602 ~ 0.784

It is obvious that none entry of the PMNS matrix is vanishing [9-11]. Therefore if one
element of the fixed column is predicted to be zero, it would be excluded by the experimental
data. From table 6 we see that only three independent cases are viable with the residual
flavor symmetries (G,, Gy) = (284", (ac*d)), (Z5™"%, (acsd)) and (Z8%" (abcd')). In the
following, the contribution of all admissible remnant C'P transformations will be included
further. We shall find the neutrino mass matrix invariant under the residual flavor and C'P
symmetries, and then the unitary transformation U, as well as the PMNS matrix Upyng
will be presented for each case.

(1) Gl — <acsdt>, Gu — ngw, Xyr — {pr(c26+2m+3n7d6)’pr(b025+2m+3n7d5+m)}:
the residual symmetry transformation G, x Hf p of the neutrino fields leaves the neutrino
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GV _ ng'r GV _ Z209n/2
0 0
G = (c*dt) % -1 |X 0| X
1 1
0 0
Gy = (be'd) cos (=t2em) | x| L (1 ’
sin (=227 ]
sin (QSfSTt;r?yx 7_[.) 1
G = (ac*d) % cos (% + 725_5’2"'3%%) % (l v
cos (5 — 2=gtese !
1 0
G = <abcsdt> % 1 v % (1 X
V2 1
1 0
G = (a®bcsd?) 1) 0] X
V2 1

Table 6. The column vector of the PMNS matrix determined by the residual flavor symmetries
G, and G). If one (or two) element of the fixed column is vanishing, we would use the notation
“X” to indicate that it is disfavored by the present experimental data, otherwise the notation “v”
is labelled to indicate that agreement with the experimental data could be achieved. Notice that
two pair of subgroups (G, G}) = (Z5%", (abc*dt)) and (Z3%", (a®bc®d*~t)) are conjugate under the
element bc?*d>*.

mass term invariant. Therefore the neutrino mass matrix m, must satisfy

v € Glja
Xy3 S HE‘P

Pg(.qu)mu/%(gl/) = My,
XVT3m,,XV3 =m’

v

(5.7)

In our working basis, it is straightforward to find that the neutrino mass matrix is con-
strained to take the form

_ 4dim(z+49) _im(4x+96) im(2x—46)
e In mi1 e 9n mig e 9In mig
im(4x+06) 2imw(2z—9) 2im(z+46)
my = e In mi2 e 9In mo2 € In ma3 5 (58)
im(2x—46) 2im(x+46) 2im(4x+6)
€ 9 Mi2 € 9% 23 € 9 1M

where mi1, mi2, moo and meg are real. It follows that the neutrino mass matrix m, can
be diagonalized by

Ul,TmVUV = diag (my, mg, m3) , (5.9)
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with the unitary transformation

2im(x+46) 2im(z+9)
V2e 9n  cosf 0 V2e 9% sinf
1 in(20—8) in(20—6) in(2z—0)
U, = NG —e~ on  sinf —e om e o cosf | Qv, (5.10)
_im(4x+6) _im(4x+49) _im(4z+49)
—e on  sinf e on e 9n  cosf
where the angle 0 is
2v/2m2
tan 20 = (5.11)

Moz + Moz —mi1
The factor @), is a diagonal phase matrix with elements equal to +1 and +¢, and it is nec-
essary to make the light neutrino masses positive definite. The neutrino mass eigenvalues
are given by

1 mag + Ma3 — M1
mip = = |Mm11 + Mg + Ma3z — )
2 cos 260
mg = |mag — ma3|,
1 mag + Ma3 — M1
ms = —|m m m . 5.12
3 5 | + ma2 + ma3 + 0520 ( )

We see that the neutrino masses depend on four parameters mq1, mi2, mos and maez, the
experimentally measured mass squared differences could be easily accommodated. The
order of the three neutrino masses m, me and mg can not be pinned down in the present
framework, hence the unitary matrix U, is determined up to permutations of the columns
(the same holds true in the following cases), and the neutrino mass spectrum can be either
normal ordering or inverted ordering. Taking into account the corresponding charged
lepton diagonalization matrix U; listed in table 2 and table 3, we find the PMNS matrix
UpmNg = UZTU,, up to row and column permutations is

s 1 €2 cos ) — /2 cos p18iné V2sin »1 €2 sin § + /2 cos 0 cos »1
UPMNS = 7 —e2 cos ) — /2 sin 0 sin (% — 4,91) V2 cos (% - pl) —e2 5in f + /2 cos 0 sin (% - 4,91) Q,/ s
€2 cos ) + \/isin@sin(% +501) V2 cos (% +p1) €%2sing — \/icosﬁsin(% + 1)

with 2 3t+3 o+1t+
s — T T
pr=—"Fg— T P = ——(—T. (5.13)
In 3n

Both ¢ and 9 are determined by the postulated remnant symmetries, they are indepen-

dent of each other, and their values can be multiple of - and 3 respectively

1 2 18n —1
¢1 (mod 27) =0, o™ T g™
1 2 6n —1
@2 (mod 27) =0, —m, —m, ..., n o (5.14)

3n  3n 3n

We see that one column of the PMNS matrix is determined to be

5 sin 1
3 | cos (/6 — 1) (5.15)
cos (/6 + ¢1)
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in this case. As the neutrino mass ordering isn’t constrained in the present framework, this
column vector can be any of the three column of the PMNS matrix. As a consequence, the
PMNS matrix can take the following three possible forms:

V2sin 1 €2 cos ) — /2 cos (1 sin 0 €2 gin § + /2 cos 6 cos ©1
1 1
UPMNS = % V2 cos (% - 4,01) —Qi‘f’z cosf — v/2sin fsin (% — 4,91) - giV’Q sin @ + v/2 cos f sin (% - 4,01) ,
V2cos (£ + p1) €e*2cosh + V2sinfsin (Z + ©1 €2 ginf — v/2 cos Osin (Z + v1
6 6 6
o 1 €2 cos @ — /2 cos p1sinf V2sin ©1 €2 sin 0 4+ /2 cos 0 cos ©1
UPMNS = % *C?iv? cosf — v/2sin 0 sin (% — gpl) V2 cos (% — cpl) ff?iV’? sin 6 + /2 cos @ sin (% - cpl) ,
€12 cos 0 + /2 sin 0 sin (%—&—4,01) V2 cos (%—&—4,01) €2 in @ — /2 cos B sin (%—}—901)
€2 sin 0 + /2 cos 6 cos ©1 €2 cos @ — /2 cos 1 8in 6 V/2sin ©1
1,3 1
Uz = — | —€e™28in0 + V2cosfsin (Z — 1) —e2cosf —/2sinfsin (Z — 1) V2cos (Z — oy
PMNS \[ 6 ¥ 5§ ¥ 6§ ¥
3 €2 sin § — /2 cos O sin (% + cpl) €2 cos 0 + /2 sin 0 sin (% + cpl) V2 cos (% + 901)

The effect of row permutation is equivalent to redefinitions of the parameters 6, ¢ and s,
and no new possible values of ¢; and @2 beyond those in eq. (5.14) are obtained. These
mixing patterns Ul‘—I’i&[NS’ Uéi\Z/INS and Ulgf/’[NS can also be derived from A(6n'?) x Hop with
different expressions for ¢ and @2 [54],

1 2 2n' — 1
A(6n'%) x Hop : @1 (mod 27) = 0, T, T " T,
n' n n
1 2 2n/ — 1
@2 (mod 27) = 0, T T = (5.16)

Hence all the mixing patterns predicted by Déil)73n x Hop can be obtained from A(6(9n)2) x
Hcp, and further the patterns in A(6(3n)2) x Hop are achievable from Ds()}z),an x Hop. This

fact can be easily understood from the group relation A(6(3n)?) < Dé}z),?m < A(6(9n)?), as
shown in appendix A.

Then we proceed to discuss the phenomenological predictions of each mixing pattern.
For U}‘Iﬁxlms the three lepton mixing angles read as

1
sin? 613 = 3 <1 + cos® 6 cos 21 + V/2sin 26 cos 1 COS cpg) ,

1+ sin? 6 cos 21 — v/2sin 26 cos @1 cos @y

Sin2 912 = s
2 — cos2 0 cos 21 — /2 sin 26 cos 1 cos P2
. 9 11— cos? 0sin (7/6 + 2p1) — V2 sin 26 cos @9 sin (m/6 — 1)
sin” 03 = - , (5.17)
2 — cos2 6 cos 21 — /2sin 26 cos @1 cos Yo
which yield the correlation
3cos? 015 cos? 015 = 2sin? ¢ , (5.18)

In order to accommodate the experimentally favored 3o ranges 0.259 < sin? 6, < 0.359
and 0.0176 < sin? 63 < 0.0295 from the global fit [9], we find the allowed region of the
parameter ¢ is

©1 € [0.4177,0.5837] U [1.4177, 1.5837] . (5.19)
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Obviously ¢1 should be around 7/2 or 37/2. Furthermore, the three C'P rephasing invari-
ants Jop, I; and Iy are predicted to be

|Jop| = |sin 26 sin 3¢ sin o ,
\[
22 2 .
|| = T ‘ sin? 1 sin o (\@cos 6 cos o —s1n29cosg01) ,
|2 = T ’ sin? oy sin @9 (\/isinzecos 2 + sin 26 cos g01> , (5.20)

where Jop is well-known Jarlskog invariant, and I; and Iy are defined for the Majorana
phases with

Jop = Im [(Upmng) ;1 (Upmns)ss (Upning)1s (Upning)s1)

1
= 3 sin 2615 sin 2643 sin 2053 cos O3 sin dcp ,
1. .
Il =Im [(UPMNS)T% (UPMNS)%Q} = Z SlIl2 2912 COS4 (913 sin aa1 ,

1 . .
_[2 = Im [(UPMNS)ﬁ (UPMNS)%g} = Z Sln2 2913 COS2 (912 S1n Ozgl s (5.21)

where o, = ag1 — 20cp, dcp is the Dirac C'P violating phase, ag; and ag; are the
Majorana C'P phases in the standard parameterization of the PMNS matrix [65]. We show
the absolute values of Jop, I1 and I3 in eq. (5.20), the reason is because the sign of the Jop
depends on the ordering of rows and columns and the sign of I; and I could be changed
by the C'P parity matrix @),,. Moreover, if the lepton doublet fields are assigned to the
triplet 39,,—1,0 instead of 31 o, the prediction for Upmns would be complex conjugated such
that the signs of Jop, I1 and I are all inversed. We show the possible predictions for
the mixing parameters sin? 01, sin 613, sin®fa3 as well as |sin dcp|, [sin ao1| and |sin a3y
for each D&)’?m group in figure 2, where all the admissible values of ¢; and s shown
in eq. (5.14) are considered and all the three mixing angles are required to lie in the 3o
allowed regions adapted from [9]. It is notable that the solar mixing angle is predicted
to be within the narrow interval of 0.313 < sin?6;5 < 0.344. The near future medium-
baseline reactor neutrino oscillation experiments, such as JUNO [66] and RENO-50 [67]
are expected to make very precise, sub-percent measurements of the solar mixing angle 01o.
They provide one of the most significant test of this mixing pattern. The allowed values of
the CP violation phases increase with group index n and they are strongly constrained for
smaller n. From figure 2 we can read 0 < [sindcp| < 0.226, 0.847 < |sin a1 | < 0.873 and
0 < [sinaj;| < 0.488 in the case of n = 1. However, almost any values of the C'P phases
can be achieved for sufficient large value of n.

Then we turn to the second mixing pattern UéﬁNS in  which

\/g (sin (1, COS (% — cpl) , COS (% + gol))Tis the second column vector. Its predictions
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Figure 2. The possible values of sin® 614, sinf;3, sin®fas, |sindcpl|, |sinagi| and

sin o, | with
respect to n for the mixing pattern U}Ifiylle in the case I, where the three lepton mixing angles are
required to be within the experimentally preferred 30 ranges. The 1o and 3o regions of the three
neutrino mixing angles are adapted from global fit [9].

for the mixing angles are

1
sin? 013 = 3 (1 + cos? 0 cos 2¢1 + V/2sin 26 cos 1 cos gpg) ,

2sin? oy

Sin 912 = 9
2 — cos2 6 cos 21 — v/2sin 26 cos @1 cos o
sin? 0y — 1 — cos? sin (7/6 + 2p1) — \@S%n 26 cos @y sin (1/6 — ¢1) ' (5.22)
2 — cos2 6 cos 21 — /2 sin 26 cos @1 cos o

We see that the solar and reactor mixing angles are correlated as

3sin’ Oy cos? 013 = 2sin? ;. (5.23)
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Figure 3. The allowed values of sin? 63 and sin 6,5 for the mixing pattern UéﬁNs in case I, where
the first four smallest D‘(()il)’?m group with n = 1,2, 3,4 are considered. The 1o and 30 regions of the
three neutrino mixing angles are adapted from global fit [9].

In order to accommodate the experimental results on 612 and 613, @1 should vary in the
interval:

o1 € [0.210m,0.2597] U [0.7417,0.7907] U [1.2107, 1.2597] U [1.7417,1.7907] . (5.24)

Consequently we have

cos (<p W)
1 — =
6

We see that both (22) and (32) entries of Ué’l\Q/INS are not in agreement with the experimental

)

cos <<p1 + %) ’ € [0.230,0.377) U [0.958,0.991] . (5.25)

data given by eq. (5.6). Hence this mixing pattern is phenomenologically disfavored.

For the third possible arrangement of the rows and columns, the PMNS matrix is
Uéi\?;INS' In this case, the third column of the PMNS matrix doesn’t depend on the con-
tinuous parameter # and it is completely fixed by the remnant flavor symmetry. It is
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straightforward to extract the mixing angles:

2 1+ sin (/6 + 2
Sin2 013 = — Sil’l2 1, Sil’l2 623 — + sin (7'('/ + 901) ,
3 2 + cos 2¢q
sin? Oyp = 1 + sin? 0 cos 21 — /2 sin 260 cos @1 cos o ' (5.26)
2+ cos 2¢1

The experimental data 0.0176 < sin? f15 < 0.0295 at 30 level [9] can be accommodated for
the following values of the parameter q:

o1 € [0.05197,0.06757] U [0.933, 0.9487] U [1.05197, 1.06757] U [1.9337, 1.948x] . (5.27)

As both 613 and 33 depend on a single parameter ¢, we can derive a sum rule be-

2sin% fo3 = 1 & tanfy31/2 — tan? 63 . (5.28)

Given the experimental best fitting value of the reactor mixing angle sin? 13 = 0.0234 [9],

tween them,

we have

sin? 3 ~ 0.391, or sin®fs3 ~ 0.609, (5.29)

which is within the 30 range although it is non-maximal. For a given D&)’:,m group,
the atmospheric and reactor mixing angles can only take a set of discrete values. The
possible values of sin? fa3 and sin 013 for the first four smallest n = 1,2, 3,4 are displayed
in figure 3. We see that the values ¢ = +7/18,£177/18 in the case of n = 2,4 lead
to (013,023) = (8.151°,50.813°) or (8.151°,39.187°) which are compatible with the present
experimental data [9]. The next generation of superbeam neutrino oscillation experiments
would provide a high-precision determination of 3. If no significant deviations from
maximal mixing of 23 will be detected, our present scheme will be excluded. Furthermore,
we find that the C'P invariants are

1
|Jop| = /o |sin 26 sin 31 sin o] ,

)

1
|| = 9 ‘cos 1 8in o (4COS 20 cos 1 cos po — V2 sin 26 cos 2¢1>

2+/2
|| = \9[ ‘sin2 1 sin @9 (\@sin2 6 cos 2 + sin 26 cos g01>‘ . (5.30)

Furthermore, we study the admissible values of mixing angles and C'P phases for each
Déiz),?m group. The numerical results are displayed in figure 4. We easily see that the
atmospheric mixing angle o3 is not maximal and it is around the 3o upper or lower
bound. Similar to the A(6n2) group [54], maximal value of the Majorana phase aj; can
not be achieved in this case and it is found to be in the range of |sinaj;| < 0.910 while
almost any values of dop and g can be possible for large n.

As a concrete example, we shall study the first two smallest DE()L{% group with n =1

and n = 2. From the expression of the PMNS matrix, we know that Ulg’l\l/[NS has the
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Figure 4. The possible values of sin? @y, sinf;3, sin®fy3, |sindop|, |sinas| and [sinaj,| with
respect to n for the mixing pattern UlgﬁNs in the case I, where the three lepton mixing angles are
required to be within the experimentally preferred 30 ranges. The 1o and 3o regions of the three
neutrino mixing angles are adapted from global fit [9].

following symmetry properties:

Upiins (s 91,7 + ¢2) = Uphing (=8, 91, o) diag(1, — 1, 1),

Uphins (0 91,7 = ¢2) = [Ughins (—0: 01, 92)]“diag(1, 1, 1),
UPMNS( s P1, —p2) = [Upi\IANs(ea e1,02)]",

Upiins (0 + 01,92) = Uping (=0, 91, 2)diag(—1,1,-1), (5.31)
where the diagonal matrix can be absorbed into the matrix ,. Similar relations are
satisfied for the PMNS matrix Ul‘if;[NS. Note that the PMNS matrix would become its

complex conjugation if the three generations of leptons are assigned to the triplet 39,1, =
37 - As a result, without loss of generality, we shall focus on the case of 0 < 1 < 7 and
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0 < @3 < 7/2. A conventional x? analysis is performed. Notice that we don’t include
the information of the Dirac C'P phase dcp into the x? function, since the evidence for
a preferred value of dop coming from both present experiments and the global fitting is
rather weak. The numerical results are reported in table 7, where we exclude all patterns
that can not accommodate the experimental data at the best fitting point 6 = 6, for which
the x? function is minimized. Since the global fit results of the mixing angles are slightly
distinct for NO and IO neutrino mass spectrums [9], the x? function has been defined for
NO and IO respectively. The values in the parentheses are the results for the 10 case.
Applying the symmetry transformations in eq. (5.31), we can obtain other values of ¢ and
2 which yield the same best fit values for the mixing angles such that the same x2. is
obtained. For both mixing patterns UPI,’&NS and Uf{’l\ileSv we can check that the formulae
in eqs. (5.17), (5.26) for the mixing angles sin? 12 and sin? f3 are invariant while sin? a3
turns into cos? A3 under the transformation p1 = T— w1, 0 > m—0. As a result, the sum
of the best fitting value 0y for ¢ and ™ — ¢ is approximately equal to 7. It is remarkable
that even the smallest Dé}ign group with n = 1 allows a reasonable fit to the experimental
data, for instance, the mixing patterns with (¢1,¢2) = (47/9,0), (47/9,7/3), (57/9,0)
and (57/9,7/3) can describe the experimentally measured values of the mixing angles, as
can be seen from table 7. In particular, the C'P violating phases are neither conserved nor
maximal in the case of (1, ¢2) = (47/9,7/3) and (57/9,7/3). The PMNS matrix lgi\iNs
for n = 2 as well as (p1,¢2) = (7/2,7/2) give rise to maximal atmospheric mixing and
maximal Dirac phase. On the other hand, the group index n should be equal or greater
than 2 in order to obtain phenomenologically viable mixing pattern of the form UliﬁNS.
Scrutinizing all the admissible cases listed in table 7, we find that the predictions for 613 are
almost the same, nevertheless 012, 023 and dop are predicted to be considerably different.
The JUNO experiment will be capable of reducing the error of sin?#;5 to about 0.1° or
around 0.3% [66]. Future long baseline experiments such as DUNE [68, 69], LBNO [70-73],
T2HK [74] and possibly ESSvSB [75, 76] at the European Spallation Source can make
very precise measurements of the oscillation parameters 619, 23 and dcp. Therefore future
neutrino facilities have the potential to discriminate between the above possible cases, or
to rule them out entirely. Furthermore, we expect that a more ambitious facility such as
the neutrino factory [77-79] could provide a more stringent test of our approach.

Since the Majorana C'P violating phases can be predicted in the present framework, we
now discuss its phenomenological implications in the neutrinoless double beta (0v33) decay.
It is well-known that the Ovf35 decay process is the most sensitive probe for Majorana
neutrinos. Its observation would establish the Majorana nature of neutrinos irrespective
of the underlying mass generation mechanism. The Ov 33 decay rate is proportional to the
square of the effective Majorana mass |mee| which is given by [65]

. ; . - 1
[Mee| = |ma cos? 015 cos? O13 4+ ma sin? 015 cos? H13"*?1 + mg sin® O3€7%51 | . (5.32)

The values of |me.| are dependent on both C'P phases oo and af; = as; — 2d¢p. For the
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Case I
n=1andn=2
w1 | P2 Ovs Xin sin? 613 | sin? 612 | sin? 6a3 |sindcp| | |sinagr| | |sinadb,|
o | 00245 | 3789 | 00243 | 0337 | 0419 | 0 0 0) 0 0)
- (0.0274) | (4.267) | (0.0248) | (0.337) | (0.421)
| [ 00435 | 3928 | 00242 | 0337 | 0417 | 0125 0.857 0.276
UL 31 (0.0480) | (4.438) | (0.0247) | (0.337) | (0.419) | (0.137) | (0.856) | (0.302)
o | 3108 [ 21499 | 00250 | 0336 | 0574 | 0 0 0) 0 0)
. (3.117) | (3.822) | (0.0244) | (0.337) | (0.581)
O ] 3087 [ 22307 | 00255 | 0337 | 0578 | 0.154 0.854 0.338
31 (3.097) | (3.849) | (0.0243) | (0.337) | (0.583) | (0.127) | (0.856) | (0.281)
n=2
_ | 00278 | 3.807 | 00243 | 0337 | 0419 | 0.0462 | 0.869 0.103
| %] (0.0311) | (4.289) | (0.0248) | (0.337) | (0.421) | (0.0510) | (0.870) | (0.114)
® | | 0108 | 5666 | 00237 | 0338 | 0400 | 0362 | 00532 | 0.739
2 | (0.116) | (6.131) | (0.0243) | (0.337) | (0.400) | (0.384) | (0.0572) | (0.774)
_ | 3104 | 21616 | 00258 | 0336 | 0575 | 0.0602 | 0.871 0.134
| %] 3.113) | (3.826) | (0.0244) | (0.337) | (0.581) | (0.0468) | (0.869) | (0.104)
Lt P [, [ 3033 [ 27468 | 00288 | 0337 [ 0600 | 0365 | 00537 | 0.744
PMNS 2] (3.026) | (4.087) | (0.0243) | (0.337) | (0.600) | (0.383) | (0.0569) | (0.772)
| o261 | 26399 | 00222 | 0318 | 0604 | 0.885 0.866 0.866
3| (0.272) | (1.490) | (0.0240) | (0.317) | (0.608) | (0.887) | (0.866) | (0.866)
| | 2877 | 3838 | 00228 | 0318 | 0394 | 0836 0.866 0.866
2% (2.873) | (4.352) | (0.0234) | (0.317) | (0.393) | (0.887) | (0.866) | (0.866)
0269 | 3.946 | 0.0235 | 0.317 0.5
3 1 (1) 0 (0) 0 (0)
(0.272) | (0.380) | (0.0241) | (0.317) | (0.5)
o | 00344 | 27637 0 0) 0 (0) 0 ()
(0.0344) | (4.238)
| 0.0399 | 27.637 0.308 0.0431 | 0.881 | 0.0279
L% ] (0.0399) | (4.238) (0.308) | 0.601 | (0.0431) | (0.881) | (0.0279)
Yol | 00716 | 27.637 (0.601) | 0.134 0.815 | 0.0868
3| (0.0716) | (4.238) (0.134) | (0.815) | (0.0868 )
5| oo |22 0510 00 | 0@ | 00
s (7.820) | 0.0201 | (0.340)
PMNS 3.107 | 5.707 | (0.0201)
0 0 (0) 0 (0) 0 (0)
(3.107) | (6.374)
] 3102 | 5707 0.308 0.0431 | 0881 | 0.0279
e | 5] (3.102) | (6.374) (0.308) | 0.399 | (0.0431) | (0.881) | (0.0279)
w0 ] 300 | 5707 (0.399) | 0.134 0.815 | 0.0868
3| (3.070) | (6.374) (0.134) | (0.815) | (0.0868)
sl oo | 2 0310 00 | 0@ | 00
(9.955) (0.340)

Table 7. Results of the x? analysis for n = 1,2 in the case I. The x? function has a global minimum
X2, at the best fit value 6,7 for 6. We give the values of the mixing angles and C'P violation phases
for & = 0. The values given in parentheses denote the results for the IO neutrino mass spectrum.
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mixing pattern Ué’l\l/[NS, |mee| is of the form

1 4
|Mee| = 3 2my sin? 1 + qima(e'¥? cosf — V2 cos 1 8in 0)2

+qams(e?? sin 0 4+ v/2 cos  cos 1), (5.33)

where g1, g2 = £1 appear due to the undetermined C'P parity of the neutrino states encoded
in the matrix @),,. For another admissible mixing pattern UéﬁNS, |mee| is given by

1 .
|Mee| = 3 2ms sin? 1 + qima(e'¥? cosf — V2 cos 1 sin 9)2

—I—qwm(ew2 sin 6 + v/2 cos 0 cos @1)2 . (5.34)

The achievable values of the effective mass |m..| for both n — oo and n = 2 are plotted in
figure 5. Here we require the three mixing angle be within their 3o allowed values while
the neutrino mass-squared splittings are fixed at their best-fit values from ref. [9]. We see
that the majority of the experimentally allowed 30 region of |m..| can be reproduced in the
limit n — oo. In the case of n = 2, it is remarkable that the effective mass |me.| obtained
from U];I,i\lms is found to be around 0.0155eV, 0.0175eV, 0.0279¢V, 0.0423eV, or 0.0484eV
for IO neutrino mass spectrum. These predictions are beyond the reach of the present 0v 503
experiments such as GERDA [80], EXO-200 [81, 82] and KamLAND-ZEN [83]. However,
the proposed facilities nEXO and KamLAND2-Zen [84] etc aim to increase the sensitivity
to cover the full IO region, such that all of our patterns with this mass spectrum could be
tested. For NO the effective mass |mee| is much smaller than the IO case and it can even
vanish for certain values of the lightest neutrino mass because of a cancellation between
different terms in eq. (5.32). Obviously exploring the NH region experimentally is beyond
the reach of any planned Ovf3S experiment. Even if the signals of Ovf55 decays are not
observed and the neutrino masses spectrum are measured to be NO by upcoming neutrino
oscillation experiments [66, 67], one can still extract useful information on the Majorana
phases ag; and of; by combining the cosmological data on the absolute neutrino mass
scale and the improved measurement of 612, 023 and dop from a number of complementary
neutrino oscillation experiments.

(11) Gl — <aszdt>, Gu — ngm’ X, = {pr(c25+2m+3n‘rd6),pr(bc25+2m+3n7d5+m)}:
this case differs from the previous one in the residual flavor symmetry G;. From table 2

)

and table 3, we know that the charged lepton diagonalization matrix is exactly Uz(4 . Since
the neutrino mass matrix preserves the same remnant symmetry as case I, the neutrino
mass matrix should take the form of eq. (5.8), and it is diagonalized by the unitary trans-
formation U, in eq. (5.10). Using the freedom in exchanging rows and columns, we find

the phenomenologically viable lepton mixing matrix is

L[ sin @ — \/2¢%3 cos 0 1 cos 6 — /23 sin 0
Uﬁ/’[lNS =5 |- sin @ + v/2¢%3 cos 6 1 cosf + v/2e3sinf | Q,, (5.35)
—v/2sin# —V2 V2 cos 6
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Figure 5. The possible values of the effective Majorana mass |me.| as a function of the lightest
neutrino mass in the case I. The left and right panels are for the mixing patterns Uéi\}[NS and Uéf/’ms
respectively. The red (blue) dashed lines indicate the most general allowed regions for IO (NO)
neutrino mass spectrum obtained by varying the mixing parameters over the 3o ranges [9]. The
orange (cyan) areas denote the achievable values of |m.e| in the limit of n — oo assuming I0 (NO)
spectrum. The purple and green regions are the theoretical predictions for the Ds();),?m group with
n = 2. Notice that the purple (green) region overlaps the orange (cyan) one. The present most
stringent upper limits |m..| < 0.120¢V from EXO0-200 [81, 82] and KamLAND-ZEN [83] is shown
by horizontal grey band. The vertical grey exclusion band represents the current bound coming
from the cosmological data of > m; < 0.230eV at 95% confidence level obtained by the Planck
collaboration [85].

or
L[ sin 0 — v/2¢'3 cos 0 1 cosf — /263 sin 0
Uﬁﬁws =3 —v/2sin 6 -2 V2 cosf Qv , (5.36)
—sin @ + V/2€3 cos 0 1 cos 0 + v/2¢"3 sin 6
where 49w 4s
s — x
p3 = TW ) (5.37)
and its possible values are
1 2 6n —1
2m) =0, —m, —m, ... . .
3 (mod 27) = 0, 5773y g, T (5.38)

Notice that A(6n/2) x Hcp can also gives rise to the lepton mixing matrices Ué{vﬁ\ls and
2 .
Upping With [54]

2 on' —1
—m, ...,
n/

1
A(6n'%) x Hop : @3 (mod 2m) = 0, =, . (5.39)

,n/

Therefore the same set of mixing matrices are predicted by D&)’Sn x Hop and A(6(3n)?)

Hep. Tt is easy to check that Uﬁ/ﬁ\ls as well as Uéll\/’[?\ls have the symmetry property

Uéll\/ﬁ\IS(e? Y3 + 7T) = UlFI’II\/ﬁ\IS(_Hv 903)diag(_1a 17 1)7
Upnins (0, 03 + ) = Ubl2ig (<6, 3)diag(—1,1,1). (5.40)
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We see that the second column of the PMNS matrix is (1,1, —+/2)/2 or (1,—+/2,1)/2 in
this case. For the mixing pattern Ulﬁ%s, the three lepton mixing angles are found to be

sin’ 63 = % (3 — c0s 20 — 21/2sin 26 cos cpg) ,
2

5 4 cos 20 + 24/2 sin 26 cos gpg’

3 — cos 20 + 24/2sin 20 cos V3

5 + cos 20 + 2v/2 sin 20 cos V3 ’

sin2 912 =

SiIl2 923 = (5.41)

which fulfill the following sum rules

4sin® 05 cos® 015 = 1,

cos 26013 + 2 cos? 3 & 2 cos @3 \/6 sin? 013 — 8sin? A3 — sin® 3

cos? 013 cos? foz = 1+ 8cos? p3

. (5.42)

Given the 30 range of 613, the solar mixing angle 612 is determined to lie in the region of
0.254 < sin? f15 < 0.258 which is rather close to its 30 lower limit 0.259 [9]. However, this
mixing pattern is a good leading order approximation because accordance with the exper-
imental data could be easily achieved in a concrete model after higher order corrections
contributions are included. We plot the 1o, 20 and 30 contour regions for sin? 0;; with
17 = 12,13, 23 in the @3 —0 plane in figure 6. Obviously the most stringent constraint comes
from the precisely measured reactor mixing angle #13. Moreover, the three C'P rephasing
invariants are given by

I .
[Jep| = 8v2 |sin 26 sin 3] ,

1
I = — ’ sin 20 + 2\/§COS2 QCOSQO sin y
‘ 1‘ 8\/§ ( 3) Y3
|[ ‘ = 71 ’( i 29—2\/§ 20 © ) i () ‘ (5 43)
S1n COS COS S1n . .
2 8\/§ 3 3

The three CP violation phases extracted from these invariants depend on 6 and ¢s.
The predictions for |sin dopl, | sin ag1| and | sin o, | are plotted in figure 7, where the black
areas represent the regions in which all three lepton mixing angles are in the experimentally
preferred 30 ranges. To accommodate the experimental data of mixing angles [9], both
dcp and awg; can not be maximal. The values of |sindop| and |sin ag1| are bounded from
above with |sindcp| < 0.895 and | sin ;| < 0.545.

The second PMNS matrix Ugﬁ\js can be obtained from Uéi/ﬁ\ls by exchanging the
second and third rows. Therefore Ug/’[QNS and Uéi/ﬁ\ls give rise to the same reactor and
solar mixing angles and the Majorana phases, while the atmospheric mixing angle changes
from a3 to /2 — 623 and the Dirac phase changes from dcp to m 4+ dcp. The achievable

values of the mixing parameters for each D&)ﬁm group are displayed in figure 8.

For the first two smallest Déil),fin group with n = 1,2. The possible values of 3 are

0,5, %’r forn=1and0,g,..., HT” for n = 2. We find that agreement with experimental

— 30 —



0.8} ]

« 0.6} -
=Y ]
0.4} ]

02} )

O.OW---- PR B
0.0 0.5 1.0 1.5 2.0

e3/n

Figure 6. The contour regions of the three mixing angles in the case II. The red, blue and green
areas denote the predictions for sin? 013, sin® 615 and sin® 023 respectively. The allowed 1o, 20 and
30 regions of each mixing angle are represented by different shadings. Here we take the 30 lower
limit of sin®6@;5 to be 0.254 instead of 0.259 given by ref. [9]. The best fit values of the mixing
angles are indicated by dashed lines.

Case 11
n=1landn=2
©3 Opy Xin sin?@13 | sin?6@12 | sin®faz | |sindcp| | |sinaszi| | |sinab;
i 0.433 27.807 0.0246 0.256 0.578
PMNS
0.435 10.086 0.0242 0.256 0.579
o [0:435) | q0086) | ©0202) | 0250) | 0579) |
112 0.436 9.865 0.0238 0.256 0.421
Upnns

(0.434) | (10.455) | (0.0244) | (0.256) | (0.422)

Table 8. Results of the x? analysis for n = 1,2 in the case II. The x? function has a global
minimum X2, at the best fit value 6, for §. We give the values of the mixing angles and C'P
violation phases for 6 = 6,y. The values given in parentheses denote the results for the I0 neutrino
mass spectrum.

data can be achieved for ¢35 = 0 or 7. Due to symmetry relation in eq. (5.40), 3 = 0 and
3 = 7 should give rise to the same predictions for the mixing parameters. Therefore it is
sufficient to focus on 3 = 0, and the best fitting results are listed in table 8. Notice that all
the three C'P phases are predicted to take C'P conserving values {dcp, ao1, 31} C {0, 7}.
The same conclusion can be drawn from figure 8.

As regards the neutrinoless double beta decay, both Uéll\/ﬁ\ls and Uﬁ/ﬁ\ls yield the same
effective Majorana mass:

1 , ,
|Mee| = 1m (sin @ + V/2¢%3 cos 0)% + qrma + gams(cos @ — /2% sin 0)? (5.44)

with ¢1,q2 = £1. We show the predicted values of |me.| in figure 9. Notice that for
IO spectrum |mee| can be either 0.0233eV or 0.0483eV which are accessible to the next
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Figure 7. The contour plots of |sindcp|, |sinagi| and |sinag,| in the ¢3 — 6 plane in the case
II. The black areas represent the regions in which the lepton mixing angles are compatible with
experimental data at 3o level, and it can be read out from figure 6.

generation v/ experiments. In the case of NO spectrum, |m..| strongly depends on the
lightest neutrino mass and C'P parity, and it can be vanishing for certain values of the
lightest neutrino mass.

(iii) G; = <acsdt>, G, = Z§9"/2, X = {pr(c'Vd‘s)}: in this case, n should be even

in order to have a Z, subgroup generated by ¢*/2. The neutrino mass matrix invariant

under the assumed residual symmetry is found to take the form

_i2my _im(2y—39)
miie 9n mig€e 9n 0
_im(2y—39) _i27(y—39)
my = mig€e In maoge In 0 B (545)
2w (27 —39)
0 0 mssze In

where mi1, mi2, m13 and mgo are real. It is diagonalized by the unitary matrix

iy i
eon cos b e sin 6 0
im(y—39) i (y—39)
Uy=|—e 97 sinf e 9  cosf 0 Qv, (5.46)
im(2v—36)
0 0 e~ o9n
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Figure 8. The possible values of sin® 61, sin913 sin? 0o3, |sindcp|, |sin o] and [sin ah,| with
) 7 ) ) 31

respect to n for the mixing pattern UPMNS
angles are required to be within the experimentally preferred 3o ranges. The 1o and 30 regions of
the three neutrino mixing angles are adapted from global fit [9]. Here we take the 3o lower limit of
sin? 015 to be 0.254 instead of 0.259 given by ref. [9].

with the rotation angle 6 satisfying

The light neutrino masses are

mi =

tan 20 =

5 ‘mu + Mmoo —

B ‘mll + mo2 +

= |m33| .

and U MNS in the case II, where the three lepton mixing

2
_ cmi2 (5.47)
Moo — M1
mMo2 — M1l
cos26 |’
mMog — M1
cos26 |’
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Figure 9. The possible values of the effective Majorana mass |me.| as a function of the lightest
neutrino mass in the case II. The red (blue) dashed lines indicate the most general allowed regions for
10 (NO) neutrino mass spectrum obtained by varying the mixing parameters over the 3o ranges [9].
The orange (cyan) areas denote the achievable values of |me.| in the limit of n — oo assuming 10
(NO) spectrum. The purple and green regions are the theoretical predictions for the Déil),?m group
with n = 2. Notice that the purple (green) region overlaps the orange (cyan) one. The present most
stringent upper limits |me.| < 0.120eV from EXO-200 [81, 82] and KamLAND-ZEN ([83] is shown
by horizontal grey band. The vertical grey exclusion band represents the current bound coming
from the cosmological data of Y m; < 0.230eV at 95% confidence level obtained by the Planck

collaboration [85].

As the residual flavor symmetry in the charged lepton sector is G; = <acsdt>, the charged
lepton diagonalization matrix is Ul(g) shown in table 2. Thus the lepton mixing matrix is

determined to be

cos @ — e+ sin @ 1 sin @ + €4 cos @

UL = 1 wcosf —w2esinf 1 wsinf + w?e™ cosf | diag(e'?s,1,¢°5)Q, ,
V3 w?cosh —wetsinf 1 w?sinf 4 we?t cos O
(5.48)
where
cp4:2s_§t_357r, 805:2S+37_357T- (5.49)
n In

Notice that ¢4 and @5 are not completely independent, and they can take the following

discrete values:

2 18n -1
Y4 (mod 271') = 07 97’”7[', ginﬂ', ey 97”7'(' y
2 6n —1
— 27) = 0, —m, —m, ... . .
w4 — 5 (mod 2m) = 0, 33 g T (5.50)
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As shown in ref. [54], the mixing pattern Ué{vIINS can also be produced from A(6n'?) x
Hep with

1 2 2n' — 1
A(6n'?) x Hop : 4 (mod 27) = 0, =7, =, ..., n —,
n' n n
1 2 2n' — 1
w5 (mod 27) = 0, T T = (5.51)

where the values of ¢4 and @5 can be chosen independently. All the mixing patterns of
the form ULllq in the concerned D&)’?m x Hop can be achieved from A(6(9n)2) x Hep.
We easily see that one column of the PMNS matrix is (1, 1,1)?/v/3 which can only be the
second column vector in order to accommodate the experimental data of lepton mixing
angles. The permutations of the PMNS matrix which leave the second column unchanged

don’t lead to physically different results. From eq. (5.48) we can extract the mixing angles

1
sin? 63 = 3 [1 4 sin 260 cos 4] ,
1
Sin2 6)12 = . )
2 — sin 26 cos 4
) 1 —sin20sin (¢4 + 7/6)
2
O3 = . 5.92
St b2 2 — sin 26 cos 4 ( )
Then we can derive the following sum rules among the mixing angles
3sin? 015 cos® B3 = 1, (5.53a)
(1-3 sin? 013) tan @4 + V3 cos? 015 cos2053 = 0. (5.53Db)

The correlation of eq. (5.53a) yields sin?615 ~ 0.341 for the best fit value sin?f;3 =
0.0234 [9]. Inputting the 30 ranges of the atmospheric as well reactor mixing angles in
eq. (5.53b), we find the phase difference 4 should vary in the interval

¢4 € [0,0.1387] U [0.8627, 1.1387] U [1.8627, 271] . (5.54)

As shown in eq. (5.52), all the three mixing angles are expressed in terms of ¢4 and §. The
contour regions for sin? ¢;; in the plane of ¢4 and 6 are displayed in figure 10. One can see
that agreement with experimental data can be achieved for appropriate values of ¢4 and
0. Furthermore, the C'P invariants are given by

1
J = ——|cos 20| ,
’ CP‘ 6\/5‘ ’

1

|| = 9 ‘cos2 0 sin 25 — sin 260 sin(p4 + 2¢5) + sin® 0 sin(2p4 + 205)]
1

|I] = 9 |cos 26 sin 2¢py4| . (5.55)

Thus both dcp and o, only depend on ¢4 and 6 while the Majorana phase ag; is dependent
on all the three parameters ¢4, @5 and 6. The predictions for |sindcp| and |sinaf,| are
shown in the plane 6 versus 4 in figure 11. One can see that all values of the C'P phases are
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Figure 10. The contour regions of the three mixing angles in the case I1I. The red, blue and green
areas denote the predictions for sin”6;3, sin? 615 and sin® 6,3 respectively. The allowed 1o, 20 and
30 regions of each mixing angle are represented by different shadings. The best fit values of the
mixing angles are indicated by dashed lines. Note that both the 1o range and the best fit value of

012 can not be achieved in this case because of the sum rule in eq. (5.53a).

[sindcp| |sinay, |
1-OJ F T T T
0.9 0.9
0.8 0.8
0.7 0.7
- 0.6f K 0.6f
~ ~
S o4l 05 I 0.5
0ol 0.3 02 0.3
0.0k : : , 0.1 0ot ! | | 0.1
00 05 10 15 20 00 05 10 15 20
@4/ @4/

Figure 11. The contour plots of |sindcp| and |sin o] in the case III. The black areas represent
the regions in which the lepton mixing angles are compatible with experimental data at 3o level,
and it can be read out from figure 10.

possible in the regions where the lepton mixing angles are compatible with the experimental
data at 3o level. Moreover, the possible values of the mixing angles and C'P phases for
each Dﬁ()iz)ﬁn group until n = 50 are plotted in figure 12.

Then we proceed to study the phenomenologically viable mixing patterns which can
be derived from the D&)’?’n group with n = 2. Note that the index n has to be even in this
case. We can check that the PMNS matrix given by eq. (5.48) has the following symmetry
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Figure 12. The possible values of sin” 6o, sin 6,3, sin? fa3, |sindcop|, [sinag| and |sin a4, | with

respect to n for the mixing pattern ULif s in the case III, where the three lepton mixing angles are

required to be within the experimentally preferred 30 ranges. The 1o and 3o regions of the three
neutrino mixing angles are adapted from global fit [9].

properties

Ubtins (0,7 + ¢4, 05) = Upiins(—0, 4, p5)diag(1, 1, 1),
Ubhins (0, 04, 7/2 4+ ¢5) = Uptins(6, ¢4, @5)diag(i, 1,4) (5.56)

where the diagonal matrix on the right-handed side can be absorbed into ),,. That is to say,
both U o0, 7+ ¢, ¢5) and UL o(0, 04, m/2 + p5) give rise to the same predictions for
the lepton mixing parameters as Uéﬂ/IINS (0, ¢4, ps5) up to redefinition of the free parameter
0. Hence we can take the fundamental intervals of ¢4 and @5 to be [0,7) and [0,7/2)
respectively. The allowed values of ¢4 are 0, 7/18, ©/9, ..., 177/9, 357 /18. However,
only ¢4 (mod 7) =0, 7/18, 7/9, 87/9 and 177/18 are within the range of eq. (5.54) such
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Figure 13. The possible values of the effective Majorana mass |me.| as a function of the lightest
neutrino mass in the case III. The red (blue) dashed lines indicate the most general allowed regions
for IO (NO) neutrino mass spectrum obtained by varying the mixing parameters over the 3o
ranges [9]. The orange (cyan) areas denote the achievable values of |me.| in the limit of n — oo
assuming 10 (NO) spectrum. The purple and green regions are the theoretical predictions for the
Dy, 5, group with n = 2. Notice that the purple (green) region overlaps the orange (cyan) one.
The present most stringent upper limits |[me.| < 0.120eV from EXO-200 [81, 82] and KamLAND-
ZEN [83] is shown by horizontal grey band. The vertical grey exclusion band represents the current
bound coming from the cosmological data of " m; < 0.230eV at 95% confidence level obtained by
the Planck collaboration [85].

that they can give a good fit to the experimental data. The results of the y? analysis
are summarized in table 9. Notice that the best fitting values of the mixing angles and
|sin dcpl, | sin oy, | are dependent on ¢4 while the best fitting value of |sin a1| depends on
w4 as well as 5. The mixing patterns with the same ¢4 but different @5 are expected to
be distinguished by some rare processes which are sensitive to the Majorana phases such
as the neutrinoless double decay and the radiative emission of neutrino pair in atoms [86].
In this case, the effective Majorana mass |me.| is predicted to be

1 ) . .
|Mee| = 3 ’ml(cos 0 — €“?15in 0)% + qrmae” 25 + gams(sin  + €?* cos 0)?| (5.57)

where q1, g2 = +1. The numerical results are shown in figure 13.

In/2

(iv) G, = <acsdt>, G, =Z§ y Xyr = {pr(azbc’y)}: this case differs from the case
IIT in the residual C'P transformation of the neutrino sector. The group index n has to be
an even integer as well. In the same way, the neutrino mass matrix invariant under the
assumed remnant symmetry is determined to be

— Any 2imy
miie Z(0+ 9n ) mige  9n 0
_ 2imy 0
my, = mige” 9n mie’ 0 ) (5.58)
4imy
0 0 mgse on
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Case 111
n=2
4 ©s5 Ops xfnin sin? 015 | sin? 6o | sin®Oq3 | sin dcp] | sin g | | sin o, |
2.168 | 7.480 | 0.0233 | 0.341 0.5 | sin 25|
00,22 1(1) 0 (0)
(2.166) | (3.987) | (0.0238) | (0.341) | (0.5) (| sin 2¢5))
_ 0.525
18 (0.526)
_ o 2.189 | 15.247 | 0.0233 | 0.341 | 0.548 | 0.899 0.9996 0.833
18 o (2.186) | (4.334) | (0.0238) | (0.341) | (0.548) | (0.902) | (0.9996) | (0.827)
- 0.474
18 (0.474)
_ 0.474
K (0.474)
e | s 0.953 | 4.029 | 0.0232 | 0.341 | 0.452 | 0.899 0.9996 0.834
18 B 1(0.955) | (3.894) | (0.0238) | (0.341) | (0.452) | (0.902) | (0.9996) | (0.827)
ir 0.525
? (0.526)
0.853
us
? (0.852)
_ . 2429 | 28.249 | 0.0234 | 0.341 | 0.600 | 0.400 0.879 0.685
o 181 (2.433) | (4.970) | (0.0238) | (0.341) | (0.600) | (0.422) (0.879) | (0.716)
ir 0.0255
? (0.0272)
0.0253
T
18 (0.0274)
. \ 0.714 | 6.432 | 0.0233 | 0.341 | 0.400 | 0.397 0.878 0.680
? %] (0.708) | (7.023) | (0.0239) | (0.341) | (0.400) | (0.424) | (0.879) | (0.719)
- 0.853
18 (0.852)

Table 9. Results of the x? analysis for n = 2 in the case III. The y? function has a global minimum
XZin at the best fit value 67 for . We give the values of the mixing angles and C'P violation phases
for 6 = 0. The values given in parentheses denote the results for the IO neutrino mass spectrum.
Notice that 6 = 7/2 — 0,y gives rise to the same results for the mixing parameters except |sin 1],
because the PMNS matrix Uplf g fulfills UL o (0, ¢4, ¢5) = [UbkIns (/2 — 0, 04, — 04 — 05)]*.

where mq1, mi2, m33 and 0 are real parameters. The unitary transformation U, which
diagonalizes m,, is of the form

X c(a+50) G+ 5) 0
U, =— g e 0 Q. (5.59)

0 \/ﬁe_ 2;7;7
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The light neutrino masses are given by
my = |mi1 —mia|, m2=|mi1+mil, m3=|mass|. (5.60)
Then we find that the PMNS matrix takes the form

1 V2€"7 sin (g + %) 1 V2e'7 cos (g + g
Uél‘\//INS = ﬁ V217 cos (906 + g + %) 1 —/2e*7sin ((pﬁ + g + %) Q.,, (5.61)
—V/2e"7 cos (6 + % —Z) 1 V2e%sin (pg + g -z
with
Y—S + 3t y +s—t
Y6 = —(- T, QY7 = —F7——T.
In 3n

Notice that the mixing matrix depends on the combination g+ 6/2 so that the value of g

(5.62)

is irrelevant and it can be absorbed into the free parameter 8 by redefinition 8 — 6 — 2.
We remind that this kind of mixing pattern can also be obtained from A(6n'2) x Hop
with [54]

2 2n' — 1
Mooy

. (5.63)

/

1
2 . —
A(Gnl ) X .HCP LQT7 (mod 27'[') = 0, ;ﬂ', ﬁ n

Therefore Dé}%gn x Hep predicts the same set of mixing matrix U xg as A(6(3n)2) x Hop.
Obviously the second column of the PMNS matrix is (1,1,1)7/v/3 as well. The mixing
parameters extracted from eq. (5.61) are:

1
2 —cos(0 + 2pg)

1
sin? 63 = 3 [1 4+ cos(f + 2¢6)], sin? 615 =

1 +sin (6 + 2p6 — 7/6)
2 — cos(0 + 2p)

Sin2 023
sindcp = sinag; =0, |sin a1 | = | sin(2¢7)] . (5.64)
Moreover, we can see that the mixing angles fulfill the following sum rules

3cos? O13sin? 019 = 1, 2sin? fg3 = 1 + tan f131/2 — tan2 63 . (5.65)

The 30 range of the reactor mixing angle 0.0176 < sin®#y3 < 0.0295 [9] can be repro-
duced for
0 + 2p¢ € [0.8657,0.8967| U [1.1047, 1.1357] . (5.66)

Thus the solar and atmospheric mixing angles are determined to be within the intervals
0.339 < sin® 05 < 0.343,

0.378 < sin? fa3 < 0.406, or 0.594 < sin®fa3 < 0.622, (5.67)

which are in accordance with the experimentally measured values. Note that the atmo-
spheric mixing angle 053 deviates from maximal mixing. These predictions can be tested
by JUNO [66] and forthcoming long baseline neutrino oscillation experiments. As regards
the C'P violating phases, both Dirac phase dcp and the Majorana phase a3 are conserved
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Figure 14. The possible values of the effective Majorana mass |me.| as a function of the lightest
neutrino mass in the case IV. The red (blue) dashed lines indicate the most general allowed regions
for IO (NO) neutrino mass spectrum obtained by varying the mixing parameters over the 3o
ranges [9]. The orange (cyan) areas denote the achievable values of |me.| in the limit of n — oo
assuming 10 (NO) spectrum. The purple and green regions are the theoretical predictions for the
Dy, 3, group with n = 2. Notice that the purple (green) region overlaps the orange (cyan) one.
The present most stringent upper limits |m..| < 0.120eV from EX0-200 [81, 82] and KamLAND-
ZEN [83] is shown by horizontal grey band. The vertical grey exclusion band represents the current
bound coming from the cosmological data of > m; < 0.230eV at 95% confidence level obtained by
the Planck collaboration [85].

while another Majorana phase a9 can take the discrete values of 0, %77, %77, e 67;;277.
In this case, the effective Majorana mass |me.| takes a simple form,
1 .
[mee| = 3| 2m sin? (g6 + 0/2) + qumae® 7 + 2gamsz cos? (s + 6/2) | . (5.68)

The predictions on |m..| are plotted in figure 14. For the IO spectrum and n = 2, we find
|mee| can take a few discrete values and these results can be tested in forthcoming Ovj3/

experiments.

6 Lepton mixing from a variant of semidirect approach

In contrast with semidirect approach discussed in section 5, we shall assume that the
original symmetry Dé}l)ﬁn

and the residual symmetry of the neutrino mass matrix is K4 x H¢p, where Ky is a

Klein subgroup of DS()iL),fin' Since each order 2 element of the Déggn group is conjugate

to either bd* or ¢”/2, as shown in eq. (5.4) and eq. (5.5), it is sufficient to discuss the
n In/2 33n/2 3n/2 pJx
9n /2 and G, = Kic ,d )’ K(d ,bd®)

4 9
In this variant of the semidirect approach, the

X Hop is broken down to Zs x C'P in the charged lepton sector,

representative remnant symmetry Gy = Z5%", Z§

ZECQn/Qdi}n/Q’abCBydy) and Kicgn/Q’achfidez)
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Gl _ ngz/ Gl _ Z209n/2
0\7 0\ T
n/2 g3n/
G, = K<) L[ X 0 X
1 1
T
0 o\ T
3n/2 T /
G, = K@) cos (%w) X % (1) X
—isin (‘”;f > 1
~va\ T 0\ 7
. (an/2d3n/27abc3ydy) 1 1
Gy, =K, 5 1 v VA X
1 1
~va\ " N7
n/ z 2z
G, = K" e d) o1 v 0 X
1 0

Table 10. The column vector of the PMNS matrix determined by the residual flavor symmetries G,
and Gy, where z,2',y,2=0,1,...,3n— 1. If one (or two) element of the fixed column is vanishing,
we would use the notation “X” to indicate that it is disfavored by the present experimental data,

otherwise the notation “v” is labelled to indicate that agreement with the experimental data
£On/2 g3n/2 abCSydy) bd"”/
' ,Z3% ) and

with z = 2’ + y are conjugate to each other under the action of the
element bd””/, they lead to the same results for the PMNS matrix after all the admissible residual
CP transformations are considered.

could be achieved. Because two pair of subgroups (G,,G;) = (K,
(c9"/2,a2bc32d22) de/
(K4 ’ ZQ )

PMNS matrix turns out to depend on only one real continuous parameter besides the
discrete parameters specifying the remnant symmetries, and one row of the PMNS matrix
would be completely fixed by the assumed remnant symmetries. The fixed row vectors
for different representative residual flavor symmetries are listed in table 10. We find that
essentially only one type of residual symmetry with (G,,G;) = (K icgnﬂ’a%cszdk), é’dm/) is
phenomenologically viable in this scenario.

(V) Gl — {1, bdw}, Xlr — {pr(c2w+26+3n7d5), pr(bc2w+26+3n7dm+é)}, Gu —
Kicgn/z’azbc:;zdzz) and X, = {p:(c7d™??), pr(a®bc?)}: here we would like to re-
call that the residual C'P transformations are determined by the restricted consistency
conditions in egs. (3.3), (3.6). The parameter n should be even in order to have a residual
Klein subgroup. The phenomenological constraints of the residual flavor symmetry G, =

icgnm’a%cazdh) as well as the residual C'P transformation X,» = {pr(c7d™%), pr(a®bc”)}
have been studied in section 4. The light neutrino mass matrix m, and its diagonalization

matrix U, are found to be given by eq. (4.14) and eq. (4.15) respectively. Then we proceed
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to the charged lepton sector. The invariance of the charged lepton mass matrix under
the residual symmetry G; = {1,bd®} and Xj, = {pp(c2*F2F37 G0 p (h?eH+20+3n7 ge+d) 1
implies that the hermitian matrix m;rml has to fulfill the invariant condition of eq. (3.1), i.e.

pg (bdx)m;rmlpg (bd*) = mjml,

1/ 2x4+28+3nT 36\, 1 2x+20+3nT 36\ __ t *
ps(c d’)m,myp3(c d°) = (mjmu)", (6.1)
which lead to
~ ~ ird o~ im2eto
mi1 mjpg€ " 3n  Myge" 3n
~ s ~ ~ 2
mim = | fpe "o Moo moge' s | (6.2)
~ _ o246 i 2T ~
mige” " 3n maze En Mmoo

where my;, myo, Moo and mog are real, and they have dimension of squared mass. It can
be diagonalized by the unitary matrix

. 0 —/2sinf V2 cos 6
P P
U = 7 —eTan e "3ncosf e Ensinf |, (6.3)
i 2z i 2z48
1 e " 3n cosf e " 3n sinf

with the angle 6 satisfying
2v/2 1o

tan26 = < . (6.4)
mpp — M2z — M23
The squared charged lepton masses are determined to be of the form
2 _ ~ ~
mp = Moz — Mo3g,
1 myp — Mgy — M
9 ~ ~ ~ 11 22 23
=—|m m mog —
mi, =5 [ 11 + Mo + Mo3 cos 20 ] )
1~ ~ - my; — Mgy — M
2 11 22 23
.=z |m m m 6.5
Miy = 5 [ 11 + M2z +mo3 + o320 ] (6.5)

2
1

symmetry, therefore the matrix Uj in eq. (6.3) is determined up to permutations and phases

Notice that the order of the masses m m%g and m%g can not be pinned down by remnant
of its column vectors. The lepton flavor mixing originates from the mismatch between the
unitary transformations U; in eq. (6.3) and U, in eq. (4.15), and the PMNS matrix can
take the form

1 sinf + /2e8 cosf  sinf — /28 cosf /2" sin 6
Upiing = 3 1 1 — V2 | (6.6)
cos @ —\/2e8sinf  cosB + /28 sinf /219 cos O

or
1 sin @ + v/2e'8 cos ) sinf — /2e8 cosf  /2e%9 sin 6
UIYﬁNS =3 cosf — v/2e8sinf  cosf + V/2e8sinfh  /2e¥ cosf | , (6.7)
1 1 — /269
where 22+ 6 2 4
z T —4z—7
— = -— . 6.8
©8 T T (6.8)
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Obviously the values of both g and g are integer multiple of -, i.e.

1 2 6n —1

d2r) =0 e
©8, P9 (mo 77) ’ 37’L7T, Snﬂ-a 3n

. (6.9)

The mixing patterns UF‘{f\}{NS and UgﬁNS are related through the exchange of the second and
third rows in the PMNS mixing matrix. Other permutations of rows and columns don’t
lead to new patterns consistent with experimental data. Note that Ull/i\/l[NS and UF‘,/{\?[NS can
also be generated from A(6n/2) x Hop with [54]

1 2 2n' — 1
A(6n%) x Hop - s (mod 27) =0, T T T T
3 6 2n’ — 3
s + g (mod 27) =0, T T nn/ x (n]3), (6.10)
1 2 2n' — 1
<,Dg+<,09(mod27r):0,ﬁ7r,ﬁ7r,..., T (n'13).

Therefore all the possible mixing patterns in D{giz,)ﬁn X Heop can be obtained from

A(6(9n)%) x Hop in this case. Furthermore, We can extract the following results for
the mixing angles,

1 1 2 sin 26
Sin2 913 =— Sin2 9, Sin2 (912 =— — \/>81n o8 s
2 2 3+ cos 20
. 2 Vi1 ) 1+ cos 26 V.2
Sln2 023 :m for UPMNS’ Sln2 023 :m for UPMNS . (611)
The 30 range of sin? 63 can be reproduced for
0 € [0.0607,0.0787] U [0.9227,0.9407] . (6.12)

We can check that the mixing angles fulfill the following sum rules,
cos 2015 = £2tan f131/1 — tan? 013 cos vy, (6.13a)
2c080138in? a3 =1, or 2cos? Oy3sin? fag = cos 2603, (6.13b)

where the “4” and “—” signs are valid for 0 < § < 7/2 and 7/2 < 6 < 7 respectively. In
order to accommodate the experimental data on solar and reactor mixing angles, the first
sum rule of eq. (6.13a) implies that the parameter pg should vary in the interval

s € [0,0.1937] U [0.8077, 1.1937] U [1.807, 2] . (6.14)
From the correlation of eq. (6.13b), we can derive
0.509 < sin? o3 < 0.515, or 0.485 < sin?fa3 < 0.491. (6.15)

The contour plots for sin? 0;; is shown in figure 15. Since both reactor mixing angle 63
and the atmospheric mixing angle #23 only depend on the parameter 6, the corresponding
contour regions are horizontal bands. There exist three small regions in which all the three
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s/

Figure 15. The contour regions of the three mixing angles in the case V. The red, blue and green
areas denote the predictions for sin’#i3, sin? 6015 and sin® 63 respectively. The allowed 1o, 20
and 3o regions of each mixing angle are represented by different shadings. The best fit values of
the mixing angles are indicated by dashed lines. In this case the atmospheric mixing angle fo3 is
predicted to be in the interval of eq. (6.15) such that neither the 1o range nor its best fit value can
be achieved.

mixing angles are within the experimentally preferred 3o ranges. Furthermore, we find the
following expressions for the C'P invariants,

1 1
J = —— [sin 20 sin , Ii| = —= |(1 + 3 cos 20) sin 20 sin ,
or| = s lsinsingsl . 10l = s | )sin205in
. 20
|| = S V25in 20'sin(29 — @g) + 2 cos® Osin 2(pg — g) + sin? fsin 209 , (6.16)

from which we know that both dcp and «s; are only dependent on € and g, while the
value of af; depends on three parameters 6, pg and ¢9. We display the predictions for
|sindcp| and |sinaw;| in the pg — @ plane in figure 16. One can see that both dcp and
91 can not be maximal if the three mixing angles are required to be consistent with
the experimental data. In analogy to previous cases, we numerically study the possible
values of the mixing parameters for each Dé}ign group. We can read from figure 17 that
a bit larger 15 (still in the 30 range) is favored with 0.328 < sin?#f15 < 0.359, and the
atmospheric mixing angle sin? 63 is predicted to be around 0.487 and 0.513. These results
can be testable at forthcoming neutrino oscillation facilities. The same conclusions on C'P
phases are reached as those from figure 16. We find the upper bounds of |sindcp| and
|sin ag;| are [sindop| < 0.594 and [sin ag1| < 0.399 respectively. On the other hand, any
value of the Majorana phase asg; is possible for large value of n.
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Figure 16. The contour plots of |sindcp| and |sinao;| in the case V. The black areas represent
the regions in which the lepton mixing angles are compatible with experimental data at 3o level,
and it can be read out from figure 15.

Now we discuss the lepton mixing patterns which can be obtained from the ng}z),3n
group with n = 2. Note that the smallest D&)’?m group for n = 1 doesn’t com-

prise the required Klein subgroup. The PMNS matrices U}‘)/f\}[NS and U}Yl’\?[NS fulfill the
following relations

UgMNS (07 ps +m, 909) = diag(_17 L, 1)U1§’/MNS(_97 ©8, 909)7 (6'173‘)
Upnins (0, 98,09 + 7/2) = Upnins (6, s, po)diag(1, 1, 4), (6.17b)
UlyMNS(ea ™ — ¥8, 909} = diag(_lv L, 1)[Ul§’/MNS(_07 #8, _909)]* ) (6'17C)

where Ukyng refers to Ugf\}INS and Ul‘D/I’\iNS' The diagonal matrices on the left and right-
hand sides can be absorbed by the charged lepton fields and @, respectively. Therefore the
shifts of g into g+ and ¢g into g +7/2 don’t lead to physically new results. For n = 2
the values of pg and g can be 0, 7/6, 7/3, ..., 117/6. Considering the constraint on the
parameter g given by eq. (6.14), we find only ¢g (mod 7) = 0, /6 and 57/6 can describe
the data on lepton mixing. The results of our x? analysis are displayed in table 11. Since
the mixing angles sin® 0;; and the C'P invariants Jop and I; are expressed in terms of 6 and
s, and the parameter g only enters into the expression of I, the relation in eq. (6.17¢)
implies that pg and m — g give rise to the same best fitting values of mixing parameters
except |sinaj|. This is exactly the reason why the numerical results for ¢g = 7/6 and
g = 51 /6 are only different in the values of |sin o, |. Finally we plot the predictions for
the effective mass |me.| with respect to the lightest neutrino mass in figure 18. One can see
that the values of |me.| are rather close to the lower or upper boundary of the 30 region
for 10.

7 Conclusions

The type D finite subgroup of SU(3) has two independent series: D%?,)l =~ A(6n?) and
DE()}’L),Sn & (Zgy X Z3n) x S3. The A(6n?) flavor symmetry with or without C'P symmetry
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Figure 17. The possible values of sin” 6o, sin 6,3, sin? A3, |sindcp|, [sinag| and |sin a4, | with
respect to n for the mixing pattern UF‘,/I’\}NS and Ulyf\iNS in the case V, where the three lepton mixing
angles are required to be within the experimentally preferred 3o ranges. The 1o and 30 regions
of the three neutrino mixing angles are adapted from global fit [9]. Note that the group index n
should be even in this case.

and its predictions for the lepton flavor mixing have been discussed in the literature. In the
present work, we have performed a comprehensive analysis of the mixing patterns which
can be derived from another type D group series DS()iL),Sn and the generalized C'P. The phe-
nomenological consequence of the “direct” approach, “semidirect” approach and “variant
of semidirect” approach are studied in a model independent way. The three approaches

differ in the residual symmetries preserved by the neutrino and charged lepton sectors.
(1)

9In,3n

has been investigated. Using the method of

induced representations, we find all the irreducible representations of Dégm group and its

character table for arbitrary n. We have derived the Kronecker products and constructed

The mathematical structure of D,
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Case V
n=2
s | po O s XZin sin? 613 | sin? @12 | sin®foz | |sindop| | |sin aoi] | sin a3 |
0
0.224 | 9.890 | 0.0248 | 0.343 | 0.513 0 ©)
0]z 0 (0) 0 (0) | 0.866 (0.866)
(0.227) | (4.409) | (0.0253) | (0.341) | (0.513)
T 0.866 (0.866)
0 0.786 (0.785)
va 0.227 | 16.405 | 0.0253 | 0.362 | 0.513 | 0.520 0.326
Upins | 6 | & 0.142 (0.144)
(0.229) | (10.772) | (0.0258) | (0.361) | (0.513) | (0.521) | (0.329) 0.929)
T 0.928 (0.929
3
0 0.786 (0.785)
; 2,915 | 16.405 | 0.0253 | 0.362 | 0.513 | 0.520 0.326
|z 0.928 (0.929)
(2.913) | (10.772) | (0.0258) | (0.361) | (0.513) | (0.521) | (0.329)
3 0.142 (0.144)
0 0 (0)
0.225 | 6.938 | 0.0250 | 0.342 | 0.487
0= 0 (0) 0 (0) | 0.866 (0.866)
(0.227) | (4.288) | (0.0253) | (0.341) | (0.487)
T 0.866 (0.866)
0 0.786(0.785)
v 0.228 | 13.389 | 0.0255 | 0.362 | 0.487 | 0.520 0.328
Ubitns | 2| = 0.143 (0.144)
(0.229) | (10.649) | (0.0258) | (0.361) | (0.487) | (0.521) | (0.330) 0.929)
™ 0.929 (0.929
3
0 0.786 (0.785)
: 2.914 | 13.389 | 0.0255 | 0.362 | 0.487 | 0.520 0.328
Z |z 0.929 (0.929)
(2.913) | (10.649) | (0.0258) | (0.361) | (0.487) | (0.521) | (0.330)
3 0.143 (0.144)

Table 11. Results of the x? analysis for n = 2 in the case V. The x? function has a global minimum
XZin at the best fit value 6,7 for . We give the values of the mixing angles and C'P violation phases
for 6 = 0. The values given in parentheses denote the results for the IO neutrino mass spectrum.
Because of the symmetry relations in eq. (6.17), only the results for 0 < g < 7 and 0 < pg < 7/2
are shown here.

the Clebsch-Gordan coefficients. These details would be necessary and particularly useful

(1)

for model builders aiming at construction of flavor models based on the group Dy, 5,
Furthermore, we have identified the class-inverting automorphisms of the Dg(;i),sn group,
and show that the corresponding C'P transformations are of the same form as the flavor
symmetry transformations in our working basis.

In the “direct” approach, the original symmetry Dé}z)ﬁn x Hop is broken down to
K4 x Hfp in the neutrino sector and to G; x HZCP in the charged lepton sector, where
(G; is an abelian subgroup which allows to distinguish the three generations of leptons.
In this scenario, all the lepton mixing parameters including the Majorana C'P phases are
completely fixed by the residual symmetries. We have considered all the possible residual
subgroups Ky, G; and the residual C'P transformations that can be consistently combined.
We find that the lepton mixing matrices compatible with the data are of the trimaximal
form. Both Dirac phase dcp and the Majorana phase a3 are predicted to be conserved,
and the values of the Majorana phase as; are 0, 3n7r, 3%L7r, e 62;2

In contrast with the “direct” approach, the residual symmetry preserved by the neu-

.

trino mass matrix is Z x H¢p in the “semidirect” approach. Since the remmnant flavor
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Figure 18. The possible values of the effective Majorana mass |me.| as a function of the lightest
neutrino mass in the case V. The red (blue) dashed lines indicate the most general allowed regions for
IO (NO) neutrino mass spectrum obtained by varying the mixing parameters over the 3o ranges [9)].

The orange (cyan) areas denote the achievable values of |me| in the limit of n — oo assuming I0

(NO) spectrum. The purple and green regions are the theoretical predictions for the Déagm group

with n = 2. Notice that the purple (green) region overlaps the orange (cyan) one. The present most
stringent upper limits |m..| < 0.120eV from EX0-200 [81, 82] and KamLAND-ZEN [83] is shown
by horizontal grey band. The vertical grey exclusion band represents the current bound coming
from the cosmological data of Y m; < 0.230eV at 95% confidence level obtained by the Planck
collaboration [85].

symmetry of the neutrino sector is Zy instead of Ky, it would fix only one column of the
PMNS matrix. Taking into account the remnant C'P transformations further, all the lepton
mixing angles as well as the C'P violating phases would be predicted in terms of a contin-
uous free parameter 6 besides the parameters characterizing the residual symmetries. We
find that only four types of mixing patterns named as cases I, II, IIT and IV can accom-
modate the experimental data on lepton mixing angles for certain values of the continuous
parameter 6 and the discrete parameter ; determined by the postulated residual sym-
metries. For cases III and IV, the residual Zs subgroup is chosen to be generated by the

9/2 quch that the group index n has to be even. We have performed a detailed

element ¢
analytical and numerical analysis. It is remarkable that either the solar mixing angle 615
or the atmospheric mixing angle 53 is bounded within certain intervals for arbitrary n. As
a consequence, these predictions can be testable by the next generation of reactor neutrino
experiments and long baseline experiments. The admissible values of the mixing angles and

C'P phases for each Ds()}m),zm group until n = 50 have been studied. Interestingly enough,

the first two smallest Dé}l)ﬁn groups with n = 1,2 already allow a good fit to the data on
lepton mixing angles, and the C'P violating phases can be conserved, maximal or some
other irregular values. Moreover, the phenomenological predictions for the neutrinoless
double beta decay are exploited.

— 49 —



In the so-called “variant of semidirect” approach, the remnant symmetries of the
neutrino and the charged lepton mass matrices are assumed to be K4y x Hfp and
Zo X HZCP respectively. We find only one type of mixing pattern named as case V is
phenomenologically viable in this scenario. One row of the PMNS matrix is determined
to be (1/2,1/2, —€¥?/4/2). The solar mixing angle is predicted to lie in the interval
0.328 < sin®#ip < 0.359, and the atmospheric mixing angle is in the range of 0.510 <
sin? @3 < 0.515 or 0.485 < sin® fa3 < 0.490. Moreover, both Dirac phase and the Majo-
rana phase ag; are bounded from above [sin dcp| < 0.594 and [sin ag1| < 0.399 respectively.

Dé}ign is a subgroup of A(6(9n)%) group, and it has a subgroup isomorphic to
A(6(3n)?). However, both A(6(9n)?) and A(6(3n)?) don’t admit a class-inverting au-
tomorphism [52, 54]. The generalized CP symmetry can be consistently defined in the
context of A(6(9n)?) or A(6(3n)?) flavor symmetry only if the fields transforming as the
two dimensional representations 29, 23 or 24 are absent in a model [54]. The absence of
these doublet representations has been assumed in [54]. As a consequence, all the mixing
patterns found in this work could be obtained from the A(6(9n)?) group with CP. Similarly
the mixing matrices predicted in A(6(3n)?) x Hop can be achieved from Dé}l)73n X Hop. In
the limit of large n, the predictions for mixing patterns and CP phases of the three groups
A(6(3n)?), Dé}%?m, A(6(9n)?) with CP would be quite close to each other.

In our framework, the obtained results for lepton flavor mixing only depend on the
structure of flavor symmetry group and the postulated residual symmetries, and they are
independent of the breaking mechanism that how the required vacuum alignment needed
to achieve the remnant symmetries is dynamically realized. It would be interesting to
construct concrete models in which the breaking of the symmetry group to the residual
symmetries are spontaneous due to the non-vanishing vacuum expectation values of some
flavon fields.
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A Group theory of DY, =~ (Zon X Zsn) ¥ S3

In,3n

The group Déh)ﬁn for a generic integer n is a non-Abelian finite subgroup of SU(3) of
type D [58]. Its order is 162n2. It is isomorphic to the semidirect product of the Ss3, the
smallest non-Abelian finite group, with (Zy, X Z3,), i.e. D‘Sl),Sn = (Zgyp X Zsp) x S3. The
Déil)73n group can be defined in terms of four generators a, b, ¢ and d fulfilling the following

relations [18, 58]:

=0 =(@)?="=d"=1, cd=dec,

aca”' =cd, ada”'=cPd7?, beb'=cd, bdb'=d'. (A1)

One can see that a and b generate S3, and ¢ and d generate the Zg,, and Zs,, subgroups

respectively. Any group element g € Dég’?’n can be written as a product of powers of the
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generators a, b, ¢c and d,
g=abPd, (A.2)

with a =0,1,2, 6=0,1,v=0,1,...,9 — 1 and § = 0,1,...,3n — 1. From the multipli-
cation rules in eq. (A.1), the following useful relations can be obtained,

ca=ac 2d!, da = ac’d, ba = a’b, ca® = a’ed,

da® = a®c3d72, ba? = ab, cb = bed, db=bd'. (A.3)

Utilizing egs. (A.2), (A.3), we find that the elements of Dé}%gn group belong to the following
conjugacy classes:

1:1¢, = {1},

2: ICY) ={},

v = 3n,6n,

On—3:3CF) = [, PdP, AP},

p # 0,3n,6n, (A.4)
2771(71 g 1) +6 . 665070) — {dea7 cp—30’dp—20" C3U—2pda—p7 cpdp—a, 030—2pd20—p7 cp—30‘d—0’} 7
3: 18n2057) = {ac™ 3%V, a?TT3EATTEY| 2y = 0,1,...,3n — 1},
r=0,1,2

In : 9nC§p) = {bcpdx,a2bcp_3xd”_2x,abcp_gmd_ﬂx =0,1,...,3n— 1} )
p=01,...,9n — 1,

where the quantity on the left of the colon denotes the number of classes and the quantity
on the right of the colon refers to the number of elements contained in the classes. The

)

parameters p and ¢ in the conjugacy class GCY)’U can take the values p =0,1,...,9n — 1,

oc=0,1,...,3n — 1, and the following possibilities are excluded,

p — 20 =0 mod(3n), p—o =0 mod(3n), oc=0. (A.5)
A (1) 27n(n—1)+6 _
s a result, the Dg, 5, group totally has 1 +2+ (9n —3) + =—F5—— +3+9n = (3n +
1)(3n + 8)/2 different conjugacy classes. Furthermore, we can check that the center of the
1 . 1
Dén)73n group is Z(Dén),{%n) = {1, 3, 06”}.
In the end, we recall that the well studied A(6n’?) can be generated by four generators
a', b, ¢ and d' obeying the relations [54]:
al3 — b/2 — (alb/)Q — (C/)n’ _ (dl)n’ =1, dd = dIC/,

alclalfl — clfldlflj a/d/alfl — C/, blclb/fl — d/fl’ b/d/blfl — 0/71 . (A6)
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One can straightforwardly check that the multiplication rules of Dé}zgn in eq. (A.1) are

fulfilled by @ = a/, b =V, ¢ = ¢*PdP, d = ¢3Pd' =38 for n’ = 9n where 3 is an arbi-

trary nonzero integer. This implies that D§23n is a subgroup of the A(6(9n)?) group, i.e.

Ds(aiz)sn < A(6(9n)?). In the same fashion, we can show the relations in eq. (A.6) are fulfilled
by a =a, V' =b, =cd, d = c3'd=? for n’ = 3n and v # 0. Hence A(6(3n)?) is a

subgroup of Dé}zgn. Consequently we summarize A(6(3n)?) < Dég?m < A(6(6n)2).

A.1 Irreducible representations of DS(J]TZL),3TL group

Now we proceed to construct all the irreducible representations of the Déz)’% group. Firstly

we concentrate on the one-dimensional representations in which all generators are repre-
sented by pure numbers and they are commutable with each other. From eq. (A.1), we
see that

a=d=1, =1, =1, (A7)

Hence Déggn group has six singlet representations given by

1070 :a:b:c:dzl,

lpp ta=b=d=1, c=w,

1 . = :d: _= 2

0,2 a ) c w, (A8)
li0 ta=c=d=1, =-1,

111 ta=d=1, = -1, c=w,

11’2:a:d:1, b:—l, C:OJ2,

= e27r2'/3

for any integer n, where w . These one-dimensional representations differ in the

values of the generators b and ¢, and they can be neatly written as
1;,j: a=d=1, b=(-1)", c=w’, with i=0,1, j=0,1,2. (A.9)

As far as we know, the representations of the Dég,:,m group has not been worked out

in the literature. It is a nontrivial task. In the following, we shall use the method of
induced representations to build the remaining irreducible representations. The induced
representation can be commonly found in the literature. In the following, we first briefly
review the basic idea of the induced representation. Let G be a finite group and H any
subgroup of G with index n. The index of H in G is the number of cosets of H in G, i.e.
n = |G|/|H| where |G| and |H| denote the order of G and H respectively. We denote 1,
T2, ..., T, as a full set of representatives in G of the cosets in G/H, i.e.

GH=x1(z1=1)H & x2H & -+ & z,H. (A.10)

Furthermore, let ¢ be a d-dimensional irreducible representation of H with ¢ : H — GL(V),
where V' is the representation space of dimension d and GL(V') is the group of non-singular
linear maps on V. Supposing {ej,...,eq} is a basis of the vector space V', the action of
any element h € H on the basis vector e; is

h: e; Q(h)jiej. (All)

~52 -



The induced representation can be thought of as acting on the following space:
n
W=V, (A.12)
i=1

where each x;V is an isomorphic copy of the vector space V. The basis vector of the space
W can be taken to be

rre; =ep;, with k=1,2,...,n, i=1,2,...,d. (A.13)

According to the definition of coset, any g € G will then send each z; to a unique x,,h
with h € H such that gz = x,,,h where k,m = 1,2,...,n. In the induced representation,
an element g € G acts on the vector space W as follows

g: eki — ger; = gripe; = vmhe; = o(h)jixme; = o(h)jiem.j . (A.14)

Thus we see that G acts linearly on W, and its action is thus represented by a (dn x dn)
matrix. Notice that the induced representation is not necessarily irreducible.

We now apply this method to the group Déi),gn = @, and take the subgroup to be
H = Zg,, X Z3y,. The index of H in G isn = 6. Since H is an abelian subgroup, its irreducible
representations ¢ can only be one-dimensional. ey is the basis for the representation space

of ‘H, the generators ¢ and d act on e as follows

cep = nlel, dey = 17_3kel , (A.15)
where 1 = e%, the values of the parameters [ and k are [ = 0,1,...,9n — 1 and k =
0,1,...,3n — 1. The six representative elements of the coset G/H can be chosen to be

r1=1, xp=da? x3=a, x4=0b, x5=ab, x5=a’b. (A.16)

As a consequence, we can obtain the basis of the vector space W on which the induced
representation is defined,

_ _ 2 _
€1 =1T1€61 = €1, €2 = T2€1 = a €, €3 = T3€1 = aey,

e4 = x4eq1 = beq, es = x5e1 = abeq, eg = Tl = a2661 . (A.17)

According to eq. (A.14), the actions of the generators a, b, ¢ and d on the above six basis
vectors can be straightforwardly derived by utilizing the useful identities in eq. (A.3):

ae; = €3, aey = €1, aes = €g,
ae4 = €s, aes = €g, aeg = €4,
b61 = €4, b€2 = €5, b€3 = €6,
1)64 = €1, b65 = €9, b€6 = €3,
— ol — -3k — 2043k (A‘18)
cer =1eq, cex =1 €2, ce3 =1 €3,
ceq = nl_3ke4, ces = 77_21+3k65, ceg = nleg,
deq = ,’7—3l<;617 dey = 77—3l+6k62’ des = 3l—3k63’
dey = 773k64a des = 773l—6k:e5’ deg = ,,7—3l+3k:66 .
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Then we can read out the representation matrices as follows

ap 0 0 13 c1 0 di 0
6 N = b = = d =
(A.19)

where 13 refers to a 3 x 3 unit matrix, and the different submatrices are given by

010 001
ar=1001], as=|100],
100 010
nl 0 0 77l73k 0 0
¢ = 0 nl73k 0 , co = 0 n72l+3k 0 ,
0 0 n—21+3k 0 0 nl
30 0 n* 0 0
di=| 0 536 0 : dy=di'=1 0 =% ¢ . (A.20)
0 0 33k 0 0 g8k

The above different representations labelled by (I, k) may be equivalent. If we perform the
similarity transformations generated by

s=(mY), r=(%"), s=1r=(s7)=1, (A-21)
0 a t0

001
t=|o10], (A.22)
100

where

the representations matrices for a and b are kept intact while the diagonal elements of both ¢
and d are interchanged. As a result, the same representation is labeled in six different ways

l -3k —20 + 3k l —20 + 3k [ -3k
() O) (2) () (Bt) () s

The six pairs above can be compactly written into the form

v (;) , (A24)

P S
MP = L =3 Lo , with p=0,1,2, s=0,1. (A.25)
1 -2 1 -1

Now we proceed to study whether the six-dimensional representations constructed by the

where

induced representation method are irreducible or not by the famous Mackey theorem in
math [87-91]. If any one of them is reducible, we further decompose it into the direct sum

of the irreducible representations of Dg(ai),gn group.
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s 0°(H) = o(H) Reducible conditions
b o(b~eb) = o(c), o(b~tdb) = o(d) 3k =0 (mod 9n)
ab o((ab)~te(ab)) = o(c), o((ab)~1d(ab)) = o(d) 3l — 3k = 0 mod(9n)
a®b | o((a*b)"te(a®h)) = o(c), o((a®b)~td(a?b)) = o(d) 3l — 6k = 0 mod(9n)
a(a?) o(a=tca) = o(c), o(atda) = o(d) 3k =0, 3l =0 mod(9n)
Table 12.  The reducible conditions for the six-dimensional representations 6 ). The one-

dimensional representation o of H is given by eq. (A.15), i.e. o(c) = n' and o(d) = n~3*. The values
of parameters [ and k are [ =0,1,--- ,9n—1and k=0,1,--- ,3n — 1.

Theorem (Mackey’s Irreducibility Criterion). Let H C G and ¢ be a representation of H.
For s € G, we define

Ho=HNsHs !, 0*(h) = o(s'hs) (A.26)

for h € Hs such that o° is a representation of Hs. Then the induced representation Ind;,g{(g)
1s 1rreducible if and only if

(1) o is irreducible.
(2) Foralls € G\'H, ¢0° and Resy;®(0) are disjoint.

Here Ind%(,g) denotes a representation of G and it is induced from a representation o on a
subgroup H. Resy;*(0) is the restriction of the representation o on H to Hs. The notation
G\ H denotes the group elements in G but not in H. Two representations o and ¢ of a
group are said to be disjoint if and only if they contain no equivalent subrepresentations,
equivalently if and only if their characters are orthogonal.

From this theorem, it is easy to further obtain a useful corollary.

Corollary. Suppose H is a normal subgroup of G, then we have Hs = H and Reszs (0) = o.
In order that Ind%(g) be irreducible, it is necessary and sufficient that o is irreducible and
not isomorphic to any of its conjugate p® for s ¢ H.

This implies that the representation Ind%(g) would be reducible if there is a s €

G\ H leading to o*(H) = o(H) for normal subgroup H. The corollary can be exploited
(1)

to determine whether the six-dimensional representations 6 ;) of the D91L,3n group in
eq. (A.19) are reducible or not. The subgroup H = Zy, x Zs, is a normal subgroup of

(1)
D9n,3n7

specified by eq. (A.15). From the above corollary of the Mackey theorem, we know that

and it is abelian such that its irreducible representation p is one-dimensional and

the six-dimensional representation 6y is reducible if and only if ¢°(H) and o(H) are
(

equivalent representations for an element s € D9}7,)73n \ H. In order to obtain the conditions
in which the six-dimensional representations 6; ;) is reducible, we only need to consider
the value of s is b, ab, a®b, a and a® respectively. The results are collected in table 12.
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Six-dimensional representations. Six-dimensional representations of the Dé;)’:.m group
have been constructed by the method of induced representation, as shown in eq. (A.19)
and eq. (A.20). From table 12, we find that the induced representation 6; 1) in eq. (A.19)
would be reducible when any of the following conditions are met

on : k=0, 1=0,1,...,9n—1,
-3 : 3l—3k=0mod(9n), k#0 , (A.27)
In—3 : 3l—6k=0mod9n), k#0

where the quantity on the left of the colon is the number of (I, k) values of the properties
on the right of the colon. Excluding these values for [ and k, there should be 9n x 3n —9n —
(In—3)—(9n—3) = 27n(n—1)+6 different pairs of (I, k). Furthermore, taking into account
the over counting issue shown in eq. (A.23), we essentially have w six-dimensional
irreducible representations, and the representation matrices of the generators are given in

eq. (A.19).

Three-dimensional representations. Once the conditions 3k = 0, 31—3k = 0 mod(9n)
or 3l — 6k = 0 mod(9n) are fulfilled, the six-dimensional induced representation 6; ) could
be decomposed into the direct sum of three and two-dimensional representations. Firstly
we concentrate on the case of 3k = 0 or equivalently & = 0 . From eq. (A.18) we see
that the eigenvalues of ¢ on the three pairs of basis vectors (e1,e4), (e2,e6) and (es,es)
are 0!, n' and n~% respectively, and the eigenvalues of d on the three pairs vectors (eq, ey),
(e2,e6) and (e3,e5) are 1, n73! and 73 respectively. Hence we recombine the six vectors
€1,...,6€6 into

el = xzie1 +yieq, €y = mzoes +yses, €5 = T3€3 + Yses - (A.28)

In the case of 3k = 0 and [ # 0, 3n, 6n, the three vectors €], e, and e can be distinguished
from each other by the actions of ¢ and d, and they must be closed under the action of a
and b. Considering the effect of a, we find

acl =eh, aeh=¢€}, aesy=¢e,, (A.29)
which yield
TI=Ty=T3=T, Y= =y=y. (A.30)

Furthermore, closeness under the action of b implies
be) = +el, beh, = tel, bey = teb. (A.31)

In the case of bej = €], i.e. z = y, the normalized basis vectors of a three-dimensional
subspace can be chosen to be

1 1 1
el = $<el +e4), €h= ﬁ(eg +eg) = a’e], ef = ﬁ@g +e5) = ae . (A.32)
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In the case of bej = —¢, i.e. ¥ = —y, we define the three normalized orthogonal vectors as

1 1 1
e = ﬁ(el —e4), €5= ﬁ(eg —eg) = aQeﬁl, eq = ﬁ(eg —e5) = aely. (A.33)

It is easy to check that €/, ef and e span another three-dimensional subspace. The basis
transformation matrix from e; to €} is denoted by €, i.e.

6
6; = Z €ijZ’ s (A.34)
j=1

where the similarity transformation ) reads

100
1
w T 010

In the new basis, the representation matrices of the generators are of the following form

a =0"1g0 = as, o 0 Y= 0150 — b3l,o 0
0 as, ’ 0 b3, ’

(A.36)
d=aleq= @0 U &= taq = Bo O
0 C3l,1 0 d3171
where
010 100 o 0 1 0 0
ag,o,= 001 ], b3y,=]001], cgo=1|0n 0 |, ds, 0n3 0 |,
100 010 00n2 0 0 n¥
asg;; = a3, b3l,1 = = b3l,0’ €3,1 = €3> d3l,1 = d3z,o .
(A.37)

This means that the six-dimensional representation 6(;) breaks up into two three-
dimensional irreducible representations 3;¢ and 3;; which differ in the overall sign of
b. Notice that the values of [ = 0, 3n, 6n should be excluded, since both triplet represen-
tations 3;9 and 3;; then could be decomposed into one-dimensional and two-dimensional
representation.

Next we proceed to consider the case of 3] — 3k = 0 mod(9n) and [ # 0,3n,6n. We
can construct the eigenstates of the generators ¢ and d as follows

6/1 = r1€1 + Y165, 6/2 = T9e2 + Y264, eg = xr3e3 + Y3€6 - (A.38)

Note that €}, e, and ef are mapped into each other under the actions of a and b, taking into
account the normalization condition further, we have z1 = 2o = 23 = y; = y2 = y3 = 1/V/2
such that

1 1 1
el = %(61 +e5), €y= 5(62 +e4) =a’e], = ﬁ(es + e6) = ael (A.39)
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1 1 1
ey = ﬁ(el —e5), €5=—(e3—e4) = GQGZ, ep = ﬁ(eg —eg) = aely. (A.40)

>

It is straightforward to check the following equations are fulfilled

/A | I ! P /=2l 1 ro_ L
bey = €, bey = ef, bes = ez, cep = 1€y, Cey =1 ~ €y, C€3=1T]€3,
/ —31 1/ / 30/ / ! / / / / / /
dey =n e}, dey =n"ey, des=es, be, = —es, bes = — ey, beg = — eg,
ro_ P =201 ro_ L 1o, =3l /o, 3l r_
Cey = 1 €y, ces =1 “es, ceg=1e€g deyg =1 "€y, deg=n"e5,  deg=egq.
(A.41)

As a result, the induced representation 6; ;mod(3n)) for I # 0, 3n, 6n can be split into two
three-dimensional representations. The unitary transformation from the e; basis to the €]
basis is

6
6; = Z jSej s (A.42)
j=1
with

010
1
Q:ﬁ<l3 ﬂ3>, w=1100]. (A.43)
w —w
001

Performing the similarity transformation €2, the representation matrices in the new basis
are given by

o =qtaq = 2 0 p=alpo= (5o O
0 CL3L3 ’ 0 b3l,3 ’

(A.44)
d=0le= [ B ! 7= tga=| B2 O
0 631‘3 ’ 0 d3l,3 ’
where
010 010 n 0 0 30 0
ag, = | 001 |, bg,= 11001, ecg,=|0n20 |, dg,= 0o o,
100 001 0 0 7 0 01
ag; 3 = a3z o, b31,3 = = b3l,27 €33 = €39, d31,3 = d3z,2 :
(A.45)

Therefore 6(; j mod(3n)) for [ # 0, 3n, 6n is the direct sum of three-dimensional irreducible
representations 3; 2 and 3; 3.

Finally we consider the case of 3] — 6k = 0 mod(9n) with k # 0 and [ # 0,3n,6n. In
the same fashion as previous cases, we first recombine the basis vectors into

/ / /
€1 = x1€1 + Yieg, €9 = Toeo + Yoe5, €3 = T3ez+ Yyseq, (A.46)
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which are eigenstates of both ¢ and d and fulfill

ce| = 7’]_2l/6,1, cel = nl/eg, cely = nl/eg, de| = 773l/6,1, dey = €, dely = 77_3l/eg, (A.47)
for any values of z; and y; (1 = 1,2,3), where I’ =1 — 3k = 3n — k,6n — k,9n — k with
k=0,1,...,3n—1 such that the value of I’ can be 0,1, ...,9n — 1. Taking into account the
actions of the remaining two generators a and b, we find two three-dimensional subspaces
would be generated. The basis of the first subspace can be chosen to be

/ 1 / 1 2/ / /
e1 = ——=(e1+ep), €5=—=(ea+es5)=a"€], e3=—=(e3+es)=uae], (A.48)

1
V2 V2 V2

The basis vectors of the second three-dimensional subspace are

1 1 1
e) = \ﬁ(el —eg), e5= ﬁ(eg —e5) = azeg, e = —=(e3 — e4) = aely, (A.49)

N

We can read out the unitary basis transformation

001
1 (13 13
O=— , =010 {. A.50

ﬂ(w—w) “ ( )

The representation matrices for the generators a, b, ¢ and d transform as

o =0 taq = | “ra ! p— oty = (P O
0 (I3l,’5 ’ 0 b31/75

(A.51)
_ C3 0 _ d3 0
d=0"1eQ) = VoA , d =010 = VA ,
0 631/,5 0 d3l’,5
where
010 001 72 0 0 7?0 0
ag,, = (001 |, b3, , = 010, c3,,= 0 n" 0 |, dg,,=| 010 [,
100 100 0 0 0 053
a3l’,5 = a3l/74a b3l/75 = - b3l/147 C3l/’5 = C3l/74a d3l/75 = d31174 .
(A.52)

Note that both triplet representations 3y 4 and 3y 5 would be reducible for I’ = 0, 3n, 6n.

So far we have obtained six three-dimensional irreducible representations 3; o, 3;.1, 3;,2,
313, 314, 315. However, only two of them are inequivalent because they are related with
each other by similarity transformations as follows:

as,, = Ulag, U, b3, =Ulbg U, cs,=Ulcs U, ds,=Ulds,,U,
as,, = Ulas, U, b3, =Ulbs, U, «cs,=Ulcs U, ds,=Ulds, U,
a3, , = Uasg, U', b3, =Ubs, UV, cs,=Ucs, U', ds, =Uds U,
a3, ; = Uas, ,U', bs,, =Ubs U', ¢, =Ucs U, ds, =Uds U,

(A.53)
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where the unitary transformation U is

001
U=1]1100]. (A.54)
010
Hence we conclude that the D(gqll),gn group totally has 2(9n — 3) inequivalent three-
dimensional irreducible representations which can be chosen to be 3;9 and 3;; with
1 #0,3n,6n.

Two-dimensional representations. In the following, we shall show that both triplet
representations 3; ¢ and 3;; for [ = 0, 3n,6n would be reduced into the direct sum of one-
dimensional representation and two-dimensional representation. Firstly we concentrate on
3, 0. In this case, the three basis vectors €], €, and ef in eq. (A.32) can not be distinguished
by the actions of ¢ and d, the eigenstates of the generator a are

el = %(6/1 +ey+eh), ey = \}g(ell +weh +w?ey), e = \}g(e’l + w?eh +wef), (A.55)
with ae] = e, aelj = welj and aef = w?e4. Under the action of the generator b, e/ is
mapped into itself and ef and €4 are interchanged. Therefore the representation space of
3,0 is split into one-dimensional subspace proportional to €] and two-dimensional invariant
subspaces spanned by €} and e4. However, the representation matrix for b is off-diagonal in
the two-dimensional representation. In the present work, we would like to work in a basis
where the representation matrix of b is diagonal in the doublet representation such that all
the relevant Clebsch-Gordan coefficients are real, as shown in appendix A.2. Consequently
we choose the basis vectors as follows

1
el =ef = %(6/1 + ey + e3),
o Ty "o 1 2/ / /
ey = —=(ey +€3) = —=(2¢] — ey —€3),

V2 V6

—1
e = \%(eg —ef) = E(elz —e5). (A.56)

Then we can read out the unitary basis transformation matrix as
V2 2 0

S=—1v2 -1 =3 |, (A.57)
Vilvz -1 va

n

with ;" = Z?zl e}Sji. In this set of new basis, the representation matrices for the gener-

ators a, b, c and d are

=8y S=(1 V), westgs=(1"],
’ 0 CL20 ’ 0 b20 (A58)

"= 8_103“)5 = ’I’]l]]_g, d" = S_1d3lYOS = ]]_3,
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with

(ﬁ ﬁ) b(o 0) (.50

Note that n* = 1,w,w? for [ = 0, 3n, 6n respectively.
Now we turn to another set of reducible triplet representations 3; 1 with [ = 0, 3n, 6n.
In the same way as previous case, the new basis vectors are taken to be

1 7
" ! / ! ! / /
eg = —=(egtes+eg), e5=

V3

where €}, e; and eg are specified by eq. (A.33). The unitary transformation for this basis

? / /

5(65 —€g), €= %(2621 — €5 —¢), (A.60)

change is

. V2 0 2
S=—1|v2 i3 —i]. (A.61)
VG V2 —iV3 —i

The corresponding representation matrices are given by

1 —1
a”zS‘lagllS: 0 , b//:S_lb3HS: 0 ,
’ 0 az, | 0 b2 (A.62)

"= 5_103“5‘ = nl]lg, d" = S_1d3l’13 =13,

where ag, and by, are shown in eq. (A.59). Hence by performing similarity transforma-
tion on the reducible triplet representations 3; and 3;; for [ = 0,3n,6n, we can obtain
three inequivalent two-dimensional irreducible representations and six one-dimensional rep-
resentations given in eq. (A.8). The three two-dimensional representations differ in the
representation matrix of c:

a—l_l_\/3 b—lo o, =do, =1
2()—2 \/g 1 ) 20 — 0 —1 ) 20 — W29 — 12,

az, = az,, b2, = b2, c2, = wly, da, = 1,

az, = a2, b22 = b207 C2, = w2112, d22 = ]lg, (A.63)

which can also be sententiously written as

1(-1 -3 1 0 :
= bo, = =w'ls, do, =15, 1=0,1,2. A.64
2<¢§ —1>’ ) <o —1)’021 Wz day =1z =012 (A6

There are no more irreducible representations as we see that the number of irreducible
representations is already equal to the number of conjugacy classes:

27n(n — 1 27n(n — 1
7n(n6 )+6 7n(n6 )6 5 on. (A65)

Furthermore, we find that the sum of the squares of the dimensions of the irreducible

2090 —3)+3+6=1+2+(9n—3)+

representations is really equal to the order of the group, i.e.

2m(n—1)+6

c x 62 4+2(9n —3) x 32+ 3 x 22 46 x 12 = 162n>. (A.66)
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1¢; | 1c) 3¢ 6c\~7) 18n2¢{” | 9ncl?)
loo | 1 1 1 1 1 1
101 1 1 wP wP w’ wP
1o2 1 1 w2 w2 w?T w2P
110 | 1 1 1 1 1 ~1
111 1 1 wP wP w’ —wr
112 1 1 w2 w2 w2 —w?
20 | 2 2 2 2 ~1
2; | 2 2 2wP 2wP —wT 0
25 2 2 22 22 — 0
(b 0)NTE (l) (p.0) 18 (l)
30 | 3 | 3™ | X,m ° > ° 0 7'
l (p0) 012 (! (po) 012 (! l
i | 3 | 3| X,m ’ dop7 ’ 0 -’
5 (p0) 112 (7; k) (p) 17 (7; k)
6ar | 6 | 607 | >, 2opsl ( 0 0

Table 13. The character table of the Ds();),gn group. The different conjugacy classes are presented
in eq. (A.4). The notation M? is explained in eq. (A.67).

We can derive the Ds(ag,:’,n character table by taking traces over the relevant representation
matrices. The results are displayed in table 13, where M? refers to

P s

~ 1 1 1 0

MP = , with p=20,1,2, s=0,1. (A.67)
-3 -2 -3 -1

With the character table, it is easy to calculate the Kronecker products of two irre-

ducible representations of the Ds()il),sn group as follows:

Lij@lyg =15 1ij®©2¢=2g, 1ij®31p=313n5f Lij @60k = 6043k,
2, ®2 =10y B 11y 2 2503 =315300 D 31asmjs

25 @6k = 63+3njk) D O0+3n4k) 31: @30y =31, f D6y

31 @6 Ky = 6041 k) D OUt1—3k v —2k) D 612143k k1)

6(16) @61y = 6010 krkr) D O3k k—2k/+1) D B2 13k ktk—1)

D6 (141 3k k—k) D 62013k Kok —1r) DO k—k11) (A.68)

where we have defined f =i+ p (mod 2) and g = j + ¢ (mod 3).
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A.2 Clebsch-Gordan coefficients of the Df()il),3n group

In the following, we shall decompose the product of two irreducible representations into a

sum of irreducible representations of Dég a,- Under the actions of the generators a, b and

¢, different Ds(a;)gn vector multiplets transform as follows:

l
e51 (05)] Oy nan
1—3k
6% a3 as n &5
) o3 a a5} b (a7} c 773]“_2’&3
6k = ) = ’ = -3k ,
Qg Qg aq n 71
as Qy (03 2o
l
(&7} Qs as UNeT]
l
o1 a2 o1 naq
. a b c 1
310 : ay | = | az |, = | as |, — n o ;
—21
asg o1 05)] n Tas
o1 (e5)] —Qq 77l041
. a b c 1
31 as | = | ag |, = | —as |, = na |,
—21

asg o1 a2)

R ) L] (v ERE () B S
v () 2(n) ()
()t (). o). ee(n). wem

where the action of the generator d is not considered because it can be expressed in terms

DO |
I=

2

N

of a, b and ¢, as shown in eq. (A.1). Starting from these transformations rules, we can
build a set of terms which define a space of an irreducible representation. Henceforth all
Clebsch-Gordan (CG) coefficients would be reported in the form of o ® 8. We shall use
«; to denote the elements of the first representation and 3; stands for the elements of the
second representation of the tensor product. Moreover, we shall denote f =i+ p (mod 2)
and g = j + ¢ (mod 3) for simplicity of notation.

e 1;;®1y, =1f,4

1pg~ap. (A.70)
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® 1;;®31p = 3iysnjf

afy
Bi13nj,r ~ | aB2

a3
©1,; 60k = 6341305k

afy

af

6 ' afs
(I4+3nj,k) ~ (—1)i05/84
(—1)aps
(1) e

© 2,02 =1ogD1l15D2

1oy ~ a1f1 + asf, 114 ~ a1f2 — azfh, 2y~ <

181 — azf
—a1 52 — agf

2, ®3; = 3“_3”]”1‘ D 3l+3nj,m7 where m =i+ 1 (I’IlOd 2)

2011
Bi43ni ~ | —(a1 +v3aw)B2 |, 3it3njm ~
(—a1 + V3a2) B3

® 2,60k = 6(143njk) D 631430k

2a1 31
—(a1 + V3az) B2
(—a1 4+ v3a2) B3
2001 34 ’
(—a1 + V3az)Bs
—(o1 +V3a2)Bs

6(143njk) ~

® 31i®@3rp =34,y 6041

a1
Qv ~ | a2B2 |, 6qpray ~
aszf3
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6(113njk) ~

20031
(vV3a1 — az)Ba
— (V3o + a2)Bs3

2093
(V3a1 — a2) B2
—(\/5011 + a2) 3
—2a34
(V3ai1 + a2)Bs
—(V3a1 — a2)Bs

a1 32

a3

azf1
(—=1)"Poy B3
(—=1)"Pasfs
(—1)Pasf

) |

(A.72)

(A.73)

(A.74)

(A.75)

(A.76)

(A.77)



® 31i @6y k) =601 k) D60y —sk 2k D 62131 k1)

a1y

azf3s

6 N a3l
(41 k') (—1)ia By
(—1)'aspBs
(—1)'a2ps

a133

agfy

6 a3
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We would like to point out that certain three-dimensional and six-dimensional repre-

sentations in the above tensor product decompositions may be reducible, and accord-

ingly it should be reduced into smaller irreducible representations of the Dg(a}z),:«‘m group.

The reducible conditions and corresponding reduction formulae are summarized in

table 14.
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[ (mod 9n) = 3nA, A=0,1,2
31 =1, D 2)
Ly ~m+7+3
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2, ~ YT Y2 T3 for i=0
310 ~ | e \/§’Y2 - \/373
73
372 — V3
2, ~ \[72 \f% Cfor i=1
21— 72— 73
3k =0 (mod 9n) 3l — 3k =0 (mod 9n) 3l — 6k =0 (mod 9n)
1 #0 (mod 3n) 1 #0 (mod 3n) I,k # 0 (mod 3n)
61.k) = 310D 311 61k = 310D 311 61,k) = 31-3k,0 P 31-3k,1
" Y1+ Y4 Y3+ Y2+ 5
o 310~ |12+ 30~ | M+ 31-3k0 ~ [ 13+
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6w~ | 20+ 2 + 3 = 2%+ %
) 2)\ ~ s
s V3 (12— 73— 75+ Y6)
5
V3 (2 — 73+ 75 — 76)
Y6 2/\ ~
2 =72 =3 =27+ 5+ %

Table 14. The reducible conditions for 3;, 3;1 and 6(; ), and the decomposition of reducible
three-dimensional and six-dimensional representations into smaller irreducible representations of
DE();),ZSn' Notice that the expression for the doublet vector 2, is not unique in the decomposition of
63,000 = Lox D11\ D2\ D 2.
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