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PREFACE

In recent years we have gained insights into much wider possibilities for the
dynamical symmetry breaking than ever thought of. In a word, field theories
with a nontrivial ultraviolet fixed point and/or a large anomalous dimension
have become rather serious candidates for the framework of the dynamical
electroweak symmetry breaking.

In December of 1989, on the occasion that Professor Y. Nambu, the very
originator of dynamical symmetry breaking, was visiting Japan, we organized
1989 Workshop on Dynamical Symmetry Breaking at Nagoya University. The
purpose of this workshop was to have intensive discussions on the new devel-
opment of this exciting field, particularly that after our preceding workshop,

. 1988 International Workshop on New Trends in Strong Coupling Gauge Theo-
ries(SCGT 88), Nagoya, August 24-27. More than 60 people gathered at the
workshop. About 30 papers were presented, which are contained in this volume.

The workshop was sponsored by the Particle Theory Group at Nagoya
University and was supported in part by the Grant-in-Aid for Scientific Re-
search from the Ministry of Education, Science and Culture(No.63540221 and
No.62540202). We would like to express our sincere thanks to the Ishida Foun-
dation for financial support and to the High Energy Experiment Groups at
Nagoya University. Special thanks are due to young physicists at Nagoya Uni-
versity for their devoted assistance to make the workshop a success. Finally
but not the least, we would like to thank Mrs. M. Kitajima for her patient help
in preparing the workshop.

April 1990
Editors

T. Muta
K. Yamawaki
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Model Building Based on Bootstrop Symmetry Bresking®
‘foichiro Nembu

University of Chicago

i. Al the Nagoya Workshop last year, | presented my ideas concerning the
nature of the Higgs boson in the standard model [1]. It was motivated by
my long-standing interest in the BCS mechanism as the origin of masses.
In essence it boils down to the proposition that the Higgs boson is &
top-antitop bound state.

This idea has also been advanced by the Nagoya-Kiev group [2], and some
detailed calculations have have been carried out by the Fermilab group [3].
independtly of the motivation that led me to the model, it looks very
- natural now that the experimental searches for the top quark are raising
the top quark mass higher and higher. (I understand the current lower limit
for the top mass from the Fermilab experiment to be in the W-Z mass
range.) This makes the Yukawa coupling of the top quark larger and larger,
and therefore the picture emerges that the Higgs field is largely made up
of {he top-antitop component.

I will briefly recapitulate here my ideas about the BCS mechanism,
which consist of several ingredients. By the BCS mechanism | mean
dynamical generation of the fermion mass due to a short range interaction,
together with the Goldstone {(pi) and Higgs (sigma) bosons as collective
modes. The mass scale is usually small compared to the energy scale at
which the original interaction is considered. Remarkably the masses of
these low energy modes satisfy a simple relation

mH:mfz_‘mG:Q:kO, {1

in the short range, or bubble approximation, limit. Actually thisis a
special case of a more general sum rule

2 2

my +m22:4mf , (2)

which is essentially a completeness relation for the composite
two-fermion operators. In nonrelativistic examples of superconductivity
and >He superfluidity, these relations are known to be satisfied.

*) Revised version, March 1990. Supported in part by National Science
Foundatio:PHY 88-21039.



Once the low energy modes are identified, one can write down an effective

Ginsburg-Landau theory for them. Because of the mass relation (1), the
Higgs seif-coupling A and the Yukavra coupling f are related by A = mg. The

vacuum expectation value v, or the "pion decay constant”, represents the
high energy scale of the original BCS Hamiltonian, and f is by definition
the ratio between the two energy scales.

The simple mass relations suggest a kind of broken sypersymmetry
inherent in the BCS mechanism. In fact the effective GL Hamiltonian can be
factorized as a product of fermionic opeerators as in the real
supersymmetry, provided one ingnores the kinetic terms. | will discuss
relativistic generalizations of this "quasi-supersymmetry” at the end.

There are also two physical concepts that | have proposed to add to the
BCS mechanism. One is tumbling, borrowing from the work of Dimopoulos,
Raby and Susskind [4]. The other is what | would call bootstrap. Tumbling
means that the Higgs boson associated with the chiral symmetry breaking
in turn provides a new attractive interaction that can trigger & second
symmetry breaking at a lower energy than the original, and so on. Indeed
one such example of tumbling is the formation of nuclei and nucleon
pairing in nuclei, due to the existence of the sigma meson which is the
"Higgs™ boson associsted with the chiral symmetry breaking in QCD. One
could say that superconductivity is another example:it is induced by the
phonons which are the Goldstone bosons associated with the breaking of
transiational and rotational invariance in crystals.

Instead of a hierarchical chain of symmetry breakings, one can
contemplate a theoretical possibility of bootsrtap, namely the possibility
that the Higgs boson is the cause of attraction bewteen fermions that is
responsible for its very existence. | proposed the hypothesis that this
applies to the standard model, which implies that the fermions, gauge
bosons, and the Higgs fields that appear in the standard model are
dynamically closed among themselves without a need to refer {o the
possible underlying structure. The condition for bootstrap was expressed
by the requirement that the standard theory be free from quadratic
divergences on the ground that the theory should be insensitive to the
cut-off, which presumbaly represent the energy scale of the underlying
structure. Unfortunaely the formulas | used to predict the Higgs and top
masses were not correct. Later | will discuss a modified version of the
hypothesis.

2. Dyson-5chwinger equation, hard mass, and soft mass

The mass of a fermion can be spontaneouly generated when there is a
sufficiently strong attractive interaction, as is known from various
examples.

in a renormalizable theory, the interaction may be due to a vector or a




scalar boson exchange. There are two types of Feynman diagrams that
contribute to the fermion self-energy viewed as the potential energy due
to fermions in the vacuum, corresponding to the direct (tadpole) and
exchange (usual self-energy) terms which are respectively quadratically
and logarithmicslly divergent in the lowest order. Pursued to all orders,
the Jatter leads to the Dyson-Schwinger equation which may be treated
nonperturbativiey st various levels of approximation.

For the vector intersction, only the exchange term is nonzero. For the
scalar interaction, both terms are present, but the quadratically divergent
direct term (tadpole) is dominant, whereas the exchange term has the
wrong sign to generate @ mass by itseif. (In general the sign siternates
with the degree of divergence.) The latter fact was the basis for the
theory of Sakata and Pais [S], who independently proposed to render the
electron self-energy finite by the cancellstion between electromagnetic
forces and the cohesive force due to a hypothetical scalar field. Their
theory is not relevant here because of the neglect of the tadpole, as well
as the lack of chiral invariance.

Speaking of old theories, Weisskopf [6] was the first to show the
lagarithmic nature of electron’s self-energy, but he also interpreted it as
the result of a cancellation between two quadratically divergent physical
effects. In terms of Feynman diagrams, one corresonds to a loop made up
of on-shell electron and of f-shell photon, and the other made up of
off-shell electron and on-shell photon. Actually these quadratic terms
belong only to the wave function renormaslization, so again this analysis is
not of interest here.

A similar but more instructive way of analyzing the self-energy may be
the following formal manipulation: Set the external electron momentum to
zero (this will not change the divergence properties), and split the two
progpegators in the loop as

1712 = me )k - my 2

= (172 - mg2) - 172 - m, DV (me? - m,2). (3)

when inserted into the Dyson-Schwinger equation, each term yields a
quadratically divergent integrsl like that for a tadpole or a four-fermion
interaction. In fact the two terms loock like the fermion loop and boson
loop contributions to the tadpole, and their signs are correct for such an
interpretaticn provided that my, > My, i. e., a sufficiently short range

interaction.
The abave excercise was to compare the vector interaction with the
scalar and four-fermion interaction cases, and to see how the latter might



be interpreted as effective low energy theories of the farmer.

The Dyson-Schwinger equation for the exchange term gives a running
mass m{p) as o nonperturbative solution, whereas the tadpoie supplies a
bare mass mQ which gets dressed up and becomes a running mass by the
exchange term. The bare mass serves as the boundary condition for m{p) at
large momentum. If mO is absent as in the vector interaction, m{p) goes to
zerg like ~ 1/p2 (up to log faciors) as is well known, so the mass is soft.

Are the masses (current masses) of quarks and leptons soft or hard? This
should be an important question which has a bearing on whether the Higgs
field is elementary, or comes from a gauge theory like technicolor.

One way in which the dressing effect manifests itself is in the mass
ratio between the fermion and the Higgs. In the bubble approximation of
the four-fermion interaction, it was 1:2. In general one has to solve a
Bethe-Salpeter type equstion in the scalar channel, but even in the context
of bubble approximation, one can see the effect of the softness of the
fermion mass in the bubble. It is easy to derive the expression

mH2 = 4<mf2>, (4)

where the right-hand side is an average with respect to a weight
dpd/(p? + mfz)2 ~ dp/p. Clearly my < 2my in general. This is in agreement

with the more elaborate calculations by Yamawaki et al. [7] and by
suvra and So [8). If one adopts the standard behavior

mp) ~ 1/p7,y = 1= (1 -4, , (5)

where A characterizes the coupling strength in the Dyson-Shwinger
equation, one gets

my2/me? = 4(1 -exp(-x))/x,
K= 4/(1+ /(1 -A). (6)

Even in the limit A = 0, this gives myZ/m 2 = 21 - exp(-2)).

3. Models of bootstrap

First consider nonrelativistic cases like supercondcuctivity.
The typical gap equation can be written as



1= (4f%v2/m?) 2sh™ M (A/m). (7

Usually the factor in front of 2sh™ ! is <¥>N, the product of the average
potential <V> and the density of states N of fermions. Here the short range
potential is represented by a propagstor 1/(m? +v2k2) ~ 1/m2 (v =
velocity) and o coupling constant f, whereas N is related to the Higgs
condensate v by N = 4v< in the Ginzburg-Landau translation.

Mow apply the bootstrap concept, and say that the propagator is that of
the sigma (or Higgs) boson, in which case m; = Zmy = 2fv. So the factor in

Eq.7) = 1, and the solution is Amg ~ 172, !\/mo. ~ 1. In other words,
bootstrap is a self-consistent picture that makes m, the only available

scale parameter.
Let us next turn to relativistic dynamics. Assume a U(1) * U(1) set of
massless fermion fields and massive spin 0 fields (bare mass mo) with

‘Yukawa coupling f. As was shown above, the fermion mass is generated by
the tadpole and exchange diagrams. The equation for my from the tadpole

takes the form

mg = mfF, or 1 =F, where
F = (12/mgDIAZ - me? In(A2 /m 201/ (4n?). G)

The exchange disgram dresses my, but this can be interpreted as the
dressing of the vertex 1. The scalar and pseudoscalar masses my 8nd My
must also include their own self-energies:

m;2 = mgZ + 5,(p) Ip?=m;2,

55 = -(12/4n2)A% + (p2/2 - 3m2Nnin?/me2)]
Sy = -(1274n2)A2 + (p2/2 - me2In(A2/m 2] ©)

The condition my = 0 serves to relate mg to A, or to eliminate it between

My and Mg
mo.2 - mﬁ2 = ma2 = Sa(mg) - Sn(o), or

mg2 (1 + (1278 2)In(A2/m(2)) = 2m? (127 aneNin(A2 /g ?)



(10)
This gives the mass ratio m;/my in terms of f and A/mg, which can be

seen (o be ¢ 2. When Mg is substituted in Eq.(9), one gets ths gap sgquation
determining my. Or one may regard it as an equation for the "vacuum
expectation value” v defined by v = m¢/f.

The above model is not satisfactory for two reasons: it has a bare mass,
and it does not have a quartic coupling, which is not "natural”. If the
masses are to be generated dynamically in a renormalizable theory, one
may allow all dimensionless parameters but no bare mass. The mass scale
will then be related only to a scale parameter or a cut-off.

One is thus led back to the conventional Higgs (or Ginzburg-lLandau-
Gell-Mann-Levy) Lagrangian, except that the vacuum expectation value v
must be purely dynamical, i.e., no bare v, only the tadpoles. Equating v

with the tadpoles, one gets the gap equation

1= (1/myA £ ¢ g2 (A% - m2 1A% /m;2)/(16m%) (1)

The sur runs over all fermions and bosons that can couple to the Higgs
boson. One may conveniently define the coupling constants in such a way
that the masses are given by m; = g; v. The numerical coefficeients c; are

then 4 for each Dirac fermion, 3/2 for the Higgs scalar, 1/2 for each

pseudoscalar, and 3 for each gauge bason. Eq.{11) is an equation for v,
given the coupling constants g;.

Assuming the A2 terms to dominate the sum, one first gets the
inequality

Zey g1~2>~ 0,0rZ ¢y m12>~ 0. (a2

The presence of quadratic terms means, however, a fine tuning of A. It
was also argued before that, from the bootstrap point of view, the gap
equation should not sensitively depend on A since the low energy
parameters should be self-consistent among themselves, without a need to
refer to an unknown high energy scale. With this ansatz, £Eq.(12) becomes
an equality

One is then left with

= =(1/my 2 E oy g% my? In(n2/m;23/(16m2), or



oy md e 16m? my2 v2nnin2/42) - o, o4

where a common mass J was inserted in the logarithms for simplicity.
One first observes from £g.(14) that

Zeymido, (15)

Eqs.(13) and (15) constrain the mass values. For fixed A, Egs.(13) and
coupling constants giz in general behave like 1/In{A/p), so all the terms

are of the same order.

The specific application of these conditions to the standard model lead
to the following results.

Eqs.(13) and (15) read

th = (mH2 +2 mWQ + mz?-)m,
my3 < (my 472+ 2 myy® + my%/a (16)

wiih the known velues my, = 80 Gev, My = 91 Gev, there are two regions
of compatibility,

my < 80 Gey, my ¢ 64 Gev;
my 2 150 Gev, my 2 195 Gev. (17)

The first region seems excluded by experiment. If Egs.(13) and (14) are
used, one can solve for my and my as 8 function of A. The mass values tumn

out 1o be pushed considerablly higher for standard choices of Army = 230
Gev, my = 440 Gev for A = 1017 Gev (Planck); my = 260 Gev, my, = 500 Gev

for A= 1019 Gey (GUTS); and getling even higher as A is further lowered.
The general trend is similar to the results of Bardeen et al. [3].

There remain.questions of principle and questions of numerical
relisbility. These have not been addressed yet. The most serious one may
be that concerning the quadratic divergence condition. For it to make
sense, one must have g prescription for handling higher order terms as
well. (See [9] for computations using dimensional regularization, but the
physical meaning of such a procedure is not clear) If it makes sense at
all, it may perhaps be understood in terms of a dynamical supersymmetry
like quasi-supersymmetry. The quantitative resuits like those given above
of course will change when renormalization correctons are included, but



one must also have a definite prescription for them.

4. Quasi-supersymmetry

I will now briefly dicuss a different topic. Quasi-supersymmetry was
found in non-relativistic BCS mechanisms. Whatever the orign of the
symmeltry, can it be made relativistic? This question has led to the
following results [10].

The static part of the effective Landau-Ginzburg Hamiltonian
satisfying the BCS mass ratios can in general be factorized in terms of
fermionic operators

Q=T1y +iwy",

af =ty t-iw oy,

W =Gl - v2),

H=1{g,0"n (18)

W and y " are n-component fermion fields, ¢ andd™ are n by n complex
matrix Higgs fields acting on the former, Il = /3t and I1* = o™/t are
their canonical cojugates. The underline indicates spatial integral.
The fermionic currents in (extended) supersymmetry, on the other hand,
are made up of the following types of pieces in general.

WHplx) = 3, b(x) 0¥ oM Ypix),
Hlx) = Fap(®) o™ P ok ¥ (%),
QHa(x) = w ek (%), (19)

and similar forms with L and R interchanged. The first and second lines
represent kinetic currents for chiral and gauge multiplets, the third one
represents the potential for the scalar field. The Q's have internal indices
which are suppressed. Anticommutators {Q, Q% generate the Poincare
algebrs, {Q, Q) and {Q*, 0¥} generate central charges.

Comparing Egs.(18) and (19), one can see the correpondence: Y -> Yp,

W' > ; the first term of Eq.(18a) -> Eq.(198), the second term ->

Eq.{19¢c ).
So the relativistic generalization seems easy. However, the Higgs



potential in Eq.{18) is not the Kaehler potentisl in Eq.(19¢), the main
reason the masses do not come out equal. Since one does not have exact
supersymmetry, one has to decide which part of supersymmery relations
to keep and which part to give up. | have proposed to keep one Poincre
algebra (N=1 subalgebra), and give up all others. That means, in addition ta
the energy part of £ {Qi' Qf}, the momentum part of it must come out

right. It turns out that the follwoing conditions must be met:

a. Matching of fermionic and bosonic degrees of freedom, in order that
kinetic energies of the various fields in the Hamiltonian have the same
weight,;

b. Absence of interaclion pieces in the momentum part of the Poincare
agebra. For this, one must have fermion, Higgs, and gauge fields all
present in such a way that the interactions arising from various cross
terms in the anticommutators cancel each other for the mementum
algebra, but not for the energy algebra. The Yukawa and gauge couplings
must then be related, but the relation does not seem to be unique. It is due
to the fact thet the currents in our cases carry gauged quantum numbers,
and there are smbiguilies in the gauge-invariant definition of
anticommutators.

The physical meaning of relativistic quasi-supersymmetry thus
defined is unclear, but some models satisfying the above criteria can be
constructed. They seem to have some resemblance to the hidden symmetry
scheme in chiral dynamics. It should be interesting if Higgs and gauge
fields both are found to play dynamical roles in the BCS mechanism and
lead to quasi-supersymmetry. One would also hope that the
quasi-supersymmetry eliminate the quadratic divergences like in resl
spersymmetry, but this does not seem to be the case in general.

A final comment concerns an observation on quasi-supersymmmetry in
SU(5) grand unification. The degree matching beween fermions and bosons
works out fine if there are three generations of fermions (1 + 5+ [0°%) * 2
* 3 = 96 against the SU(5) gauge fields {24 * 2) and a set of complex
adjoint Higgs fields (24 * 2). The Higgs fields can break SU(S) down to
SU(3)*SU(2)*u(1), but there are no Yukawa couplings, so fermions remain
massless at this energy scale. The Higgs fields of the standard model
presumbaly will arise later as composites.
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FUN WITH LARGE ANOMALOQUS DIMENSION
IN DYNAMICAL SYMMETRY BREAKING*

Koichi Yamawaki

Department of Physics, Nagoya University
Nagoya 464-01, Japan

Abstract

We advocate dynamical symmetry breaking with large anomalous dimension for trig-
gering the electroweak symmetry breaking. Based on the ladder Schwinger-Dyson equa-
tion, we explicitly obtain spontaneous-chiral-symmetry-breaking solution of QED-like the-
ories, QCD-like theories and these gauge theories plus four-fermion interactions ( “gauged
Nambu-Jona-Lasinio models"), and argue the phase structure associated with them. Al-
though all such theories equally yield the sigma model as the low energy effective theory,
the parameters of the effective theory are determined to be different depending on the
high energy behavior of the original theories, i.e., the anomalous dimension plays a cru-
cial role. Implications of the large anomalous dimension for technicolor and “top-mode
standard model” (dynamical electroweak symmetry breaking due to a top quark conden-
sate) are fully discussed. In particular, the top-mode standard model predicts a very large
mass for the top quark, typically of m, ~ 250GeV, without affecting the weak isospin
relation p = m%‘,/mzz cos? By =~ 1, and a Higgs boson as a t composite with a mass
myg = V/2my = 350GeV.

1. Introduction

As it stands now, the standard model is a very successful framework for describing elementary
particles in the low energy region, say, less than 100GeV. However one of the most mysterious
part of the theory, the Origin of Mass, has long been left unexplained. Actually, mass of alf
particles in the standard model is attributed to a single order parameter, the vacuum expectation
value (VEV) of the Higgs doublet. Thus the problem of the origin of mass is simply reduced to
understanding the dynamics of the Higgs sector.

Here we note that formation of the Higgs VEV is a second order phase transition. The
situation thus very much resembles the Ginzburg-Landau (GL)'s macroscopic theory for the su-
perconductivity, the mysterious parts of which were eventually explained by the microscopic theory
of Bardeen-Cooper-Schrieffer (BCS): The GL's phenomenological order parameter was replaced
by the Cooper pair condensate due to the short range attractive forces.

A similar thing has also happened to the hadron physics where the sigma model description
by Gell-Mann and Levy (GML) works very well as far as the low energy (macroscopic) phenomena
are concerned, while the deeper understanding of it was first given by Nambu and Jona-Lasinio
(NJL)I based on the analogy with the BCS dynamics (short range four-fermion attractive inter-
action). Nowadays people believe that essentially the same phenomena as described by the NJL
paper takes place in the microscopic theory for hadrons, QCD, where the VEV of ¢, the GML's

*)  Work supported in part by the Grant-in-Aid for Scientific Research from Ministry of Ed-
ucation, Science and Culture (#62540202) and by the Kato Foundation of Nagoya University.
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order parameter () = fr = 93MeV, has been replaced by the quark-antiquark pair conden-
sate {Gq) = O(f3), an analogue of the Cooper pair condensate, formed by the attractive color
forces. The Nambu-Goldstone (NG) boson, the pion, is now a composite state of the quark and
antiquark. This is actually the prototype of the dynamical symmetry breaking (DSB).

In fact Higgs sector in the standard model is precisely the same as the sigma model except .
that (o) = fr = 93MeV is now replaced by the Higgs VEV= F, = 250GeV, roughly a 2600
times scale-up. One is thus naturally lead to speculatel?] that there should exist a microscopic
theory for the Higgs sector, with the Higgs VEV being replaced by the fermion-antifermion pair
condensate due to yet another strong interaction called Technicolor (TC). It is well known that
the original version of TC was too naive to survive the FCNC (flavor-changing neutral current)
syndromel3l. It was not the end of the story, however. QCD-like theories (simple scale-up's of
QCD) turned out not to be the unique candidate for the underlying theory of the Higgs sector.
In fact, a TC model with a large anocmalous dimension, v, = 1, was proposed to solve the
FCNC problem, based on the ladder Schwinger-Dyson (SD) equation for- “QED-like" theories
(non-asymptotically gauge theories with a nontrivial ultraviolet fixed point or “walking” gauge
theories)[+:5:6.71,

It was further pointed outl®] that “gauged NJL models" (gauge theories plus four-fermion
interactions) in the ladder approximationl®} possess an even larger anomalous dimension, 2 >
Ym > 1, near the critical line?®1. Such a large anomalous dimension, particularly ym, = 2 (in
QCD plus four-fermion interactions), enables one to construct a model of a top quark condensate
(t) # 0 as an underlying theory of the Higgs sector without destroying the weak isospin relation
p = mly /m% cos? i = 1 (“top-mode standard model")12:13],

The top-mode standard model predicted!?l a very large mass of the top quark

my = 250GeV : (1.1)

as a typical value (6p = p — 1 ~ 0.02), and also a spinless £t bound sate (Higgs boson) with a
mass

my =~ 2m;,. (1.2)

Although these values seemed to be absurd at the time when the paperm] was written, recent

experimental situation seems to be getting more and more closer towards the above prediction.
Similar ideas were also developed by Terazawal'®l and Nambul'®], with the same result as (1.2)
and somewhat different values for m,. Several groups!!®:17:18] have further studied consequences
of the top-mode standard model and confirmed the large m;(> 200GeV) similar to that in Ref.12.

In this talk | would like to emphasize that there in fact exist many varieties of microscopic
theories with DSB, i.e., QCD-like theories, QED-like theories, QCD/QED-like theories plus four-
fermion interactions, etc., which yield the same kind of low energy effective (macroscopic) theory,
the sigma model (or the Higgs sector). How can we, then, distinguish among these varieties of
theories by only looking at the low energy phenomena? We shall argue that this is the very place
where the anomalous dimension comes into play.

One might immediately raise an objection that the anomalous dimension is only related to
the high energy behavior of the theory and has little to do with the low energy parameters we
are talking about. However, a crucial point is that important low energy parameters in DS B are
often given in terms of integral of a certain function of the dynamical mass of the fundamental
fermion L(p?), and hence can be affected by the high energy behavior of L(p?),

3
2 p>2lmm _}1 Ym
e (13)



with -, being the anomalous dimension (Eq.(1.3) is a consequence of the operator-product
expansion (OPE) and the renormalization-group equation)’). Typical examples of such are the
“decay constant” of composite NG boson Fy (see (3.16)) and the quark/lepton masses in the
TC models (see (2.15)). Quite recently we have calculated(!] the “sigma model parameters”,
Fr, gy = m/Fy (Yukawa coupling of 7 and o) and m, (mass of ¢), in terms of m = ¥£(0) (or
more precisely m = Y(m?)) in the (QED-like) gauged NJL model in the ladder approximation.
Actuaily these parameters do vary according to the change of v, along the critical line. Thus
we might be able to “measure” the anomalous dimension or discriminate the microscopic DS B
theories through the low energy parameters in the effective theory.

Phenomenological implications of the DSB with a large anomalous dimension will also be
discussed. Special emphasis will be placed on the top-mode standard model in which the above
caleulation(!] implies

my =~ V/2m; = 350GeV (1.4)

instead of the original prediction (1.2), due to the effect of a small (but non-zero) QCD gauge cou-
pling. The prediction (1.1) and (1.4), although crude because of the ladder approximation, could
be tested experimentally in 1990's, which | hope will open the window to deeper understanding
of the Origin of Mass.

2. Dynamical Symmetry Breaking with v, = 1 (QED-like Theories)

In order to demonstrate virtue of the large anomalous dimension, we start with a brief review
of TC with ~, = 11 which simultaneously resolved the problems of FCNC and light technipions
(pseudo NG bosons)*). The dynamical model we are based on is the ladder SD equation of QED,
which takes the form (in Landau gauge and in Euclidean space)

dlg 1 )
(2m)* (p— 9)? ¢* + £¥(¢?)

where the mg and g are the bare mass of the fermion and the gauge coupling constant, re-
spectively. Eq.(2.1) has been extensively studied by many authors. In particular, it was clearly
demonstrated in the cutoff version[20] that there exists a critical point a(= €2 /47)= a.(= 7/3)
above which (@ > a¢) the chiral symmetry is spontaneously broken with £(0) being non-zero
for mg = 0.

This is easily seen by converting (2.1) (after angular integration) into a differential equation
and the infrared (IR) and ultraviolet (UV) boundary conditions (BC's):

T(p?) = mg + 3¢?

(2.1)

GIE)' + g =0 (e=A=30) (22)
lim 2¥(z) =0  (IRBQ), (2.3)
(zX(z)Y ) =mg(A)  (UVBC). (2.4)

A useful analytical solution to (2.2) with (2.3) have been obtained(?!] in a linearized approximation
where ¥(z) in the denominator of (2.2) is replaced by a constant mass m; A/(z + L*(z)) —
A/(z + m?). This is a very good approximation particularly for large A(> m) which we are
interested in. Out of two linearly independent solutions to (2.2) in this approximation, we have a
unique solution written in terms of the hypergeometric function F(1/2 — v/, 1/2 + «',2; —z/m?),

*) For detailed discussions see Ref.7.
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with 4 = iy = (1/2)4/1 — A/Ac (A = 3a /4 = 1/4), which satisfies the IRBC (2.3), while
the other solution is not (divergent at z = 0). Thus we havel?!]
1 ;1 ) z

= oz i 2.5

I(e) = gmF(3 =75+ 7,25 =), (25)

where £ is a normalization constant of order O(1) (£(0) = £ém)*). The asymptotic form of (2.5)
is given by

£(@) X m e 5?92% +) (%)H’ +(7 = =) (O<A<A), (26)
7
;zr-m (;}%—)—% (In %-2- +2(In4 — 1)) (A=2x), (27
X z
m (mﬁf)'f {_.C_E_‘.gf;’lzﬂ sin (7|n;§-2—+27(|n4— 1)) (A > A). (2.8)
YRy x

It is evident that (2.4) for mg = 0 is not satisfied by (2.6), behaving as L(p?) ~ p~1HV1-2 2,
nor by (2.7). (These solutions are actually the explicit chiral-symmetry breaking solutions with
mo(A) # 0 (and mg(A) — 0 as A — oo0) )2 Only the oscillating solution for A > ), satisfies
the UVBC (2.4) for mg(A) = 0, to be identified with the spontaneous chiral-symmetry breaking
(SxSB) solution. Eq.(2.4) with mg(A) = 0 now reads (scaling relation)

__nm
m=ANA-4e PPl (n>1), (2.9)

with n = 1 being the ground state solution.
Eq.(2.9) requires a nontrivial dependence of A on the cutoff A if m is required to be kept

finite for A — o0; )
AN -
2‘_(1\..).=I+7r2(!n%) (n:l)

Ac (2.10)

-1 (A/m— o0).
This cutoff dependence of the SxSB solution has been nicely interpreted by Miransky(?!! in the
sense of the continuum limit of lattice gauge theories, leading to a new field-theoretical insight;

the critical point A = A, should be regarded as a nontrivial UV fixed point, defining the continuum
limit of the theory. In fact, from (2.10) we obtain

3/2

_A0MA) 1 MA)
while B(X) = 0 for A < A,. Eq.(2.9) now takes a characteristic form to the nonperturbative
mass generation; m = A - exp (f’\(/\) 3—‘%%) Mass scale m has been acquired through the

4. If this B-function can be identified with that of the continuum

dimensional transmutation!
1 M 3/2 . . .
theory, we may set S(A(u)) = —2—;( 3 — 1) , where A(u) is the renormalized coupling at

the renormalization point ;**).

*) € may be determined by requiring £(m2) = m, which yields £ = F(1/2=+,1/24+; ~1)"}
(= 1.1 for v/ =~ 0). For simplicity we shall set £ = 1 hereafter.

**)  This would contradict a formal proof that B(A(g)) > 0 based on the spectral function
representation?2]. It is actually a highly dynamical problem how B(A(A)) is related to B(A(1)).
We shall come back to this point later.



Still another amazing fact is that the anomalous dimension of the fermion bilinear operator,
Ym(A) = —AZ In my(A), becomes unity at the fixed point (A/m — o) in the strong coupling
regime;[¥]

ym=1 (AN Ao (2.12)

while ¥ = 1 — /T = A/, for A < X.,2% where mg(A) can easily be obtained from (2.4) with
the solution (2.8) and (2,6). Accordingly, the asymptotic form of ¥(z?), “renormalized” 3 /a
Miransky, can be rewritten through (2.10) into the form of (2.7);

2
Hho LB
()~ =l (2.13)

which in fact agrees with the OPE with (2.12) up to logarithm (see (1.3))l424],

Now in the non-asymptotically free TC model, the ladder SD equation remains the same
as (2.2)-(2.4) except that X is replaced by Co(F)X, with Co(F) being the quadratic Casimir
of the technifermion representation F.*) Thus the nontrivial UV fixed point does exists at
A = A = 1/4Cy(F), with the same anomalous dimension v,, = 1. Accordingly, we have the
same asymptotic behavior of the SxS B solution L(p?) as that in the U(1) case (2.13), with m
being the dynamical mass of technifermion.

This is to be compared with the asymptotically free TC in which we havel2%]

3 A/2-1
B (W2 :
) ~ (in m) , (2.14)
with A = 3Cy(F)/nb = 9(N2 -1 1 for Ns-flavored SU(N) TC. Eq.(2.14) is a SxSB
=2 N 33=2N; f '

solution to the “improved” ladder SD equation with the above fixed coupling constant simply
replaced by the running one A(p?) = %ﬂa(pz) = 71% (t =In -7%—) Eq.(2.14) is also

Tm
consistent with OPE, (1.3), where (-rpﬁ) in this case is understood as exp fot Ym(t')dt' =

-1

(In %) for the vanishing anomalous dimension v, = 2X\(p?) — 0 (additional (ln -7%)

comes from the Wilson coefficient).
Z(p?) in (2.13) is then communicated, through ETC (or preonic) gauge interactions having
a scale Ag(>> m), down to the ordinary fermions (quarks/leptons) mass ml]

N z¥(z)
/0- dg ——mt— (2.15)

mf:}(gm ¢+ I2(z)’

where we have taken SU(N) TC for simplicity. Substituting (2.13) into (2.15), we have (up to
N/47? and logarithm) [43:6.7]

m?

As’
which is much enhanced compared with the asymptotically free case (2.14); ms = m3//\25[3].

Now, the most stringent FCNC is the K0-K? invoking s quark mass, from which we have
As > 350TeV. This yields my ~ 102MeV for m =~ 250GeV (a typical value of TC models),
103 times enhancement of the asymptotically free case, in agreement with the realistic value.
Moreover, (2.13) simultaneously raises the mass of problematic light technipions (pseudo NG
bosons). This in fact gave rebirth to TCM

myg = (2.16)

*) U(1) TC model is not excluded, though not quite successful.
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Actually the above TC model is the first explicit dynamical model realizing the fixed point
scenario that Holdom and others hoped for beforel?®l. Also a similar idea of “walking” TCl®
imitates the effect of (2.13) (or vy, = 1) within the terminology of asymptotically free theories.*)
Note that my is indeed a typical example of the low energy parameters which are influenced by

3 Im
the anomalous dimension; (2.15) with (1.3) yields my = 7\’%— (L\n:f») [28]

Although the above result is based on a very crude approximation, ladder approximation, it
is remarkable that recently a similar phase structure to (2.9)-(2.11) has aiso been observed by
Kogut et al. through the Monte Carlo simulation of the non-compact lattice QED.m] Apart
from the application to TC or other model buildings, it is certainly very interesting whether we
can construct a nontrivial continuum field theory (QED, quantum gravity, etc.) at the nontrivial
UV fixed point. This direction | hope will become one of the central activities on field theory in
1990's.

3. Dynamical Symmetry Breaking with a Very Large Anomalous Dimension

So far we have considered four-technifermion interaction due to ETC as merely a perturbative
effect. This may not be true when the four-technifermion interaction becomes strong enough to
trigger the SxSB. We here consider nonperturbative effect of this interaction in the framework
of ladder SD equation for QED plus chiral-invariant four-fermion interaction, Go/2[(%%)? —
(9v54)?], (gauged NJL model) which was first studied by Bardeen et alll. This dynamics,
especially for v, = 2, is also useful in models of dynamical electroweak symmetry breaking other
than TC, as will be seen in the next section.

In this case the ladder SD equation (2.1) is replaced (after angular integration) by

I 1) Yo Iy [1 1
Y(z) =mg+ ﬁ,/o‘ dym -+ /\/0 dym [;9(2 —-y)+ ;H(y —-z)|, (3.1)

where we have defined a dimensionless coupling g = GoA? /472, Eq.(3.1) may be converted into
precisely the same differential equation as (2.2) and the same IRBC (2.3), with only the UVBC
(2.4) being changed into

(£(z))' + {2E(=)

A r=A

It is very important that the four-fermion coupling constant enters only through UVBC (3.2).
Thanks to the additional term there exists a Sx.SB solution even for the non-oscillating solution
(A < A¢), which was first obtained by Ref.10 and 11. Existence of this SxSB solution at
A < A is due to the attractive four-fermion interaction. Substituting dominant three terms in
the asymptotic expansion of Eq.(2.5), (z/m?)¥7'=1/2 and (z/m?)7=32, into the UVBC (3.2)
with mg(A) = 0, we obtain a scaling relation among ), g and A/m**):

= mg(A). (3.2)

G -G AP+ Q)

g — 3/2 . ,Y/ b (33)
1— P+ WQ
=232 4 w2\
P v ety ('A‘?‘) ’ CY

*)  Detailed comparison between TC's of Ref.4 and Ref.6 is given in Ref.24 and Ref.27.
**) This particular form was obtained in Ref.29.



Fig.1.
Critical line in (X, ¢) plane is depicted by the solid line, which separates the spontaneously unbroken phase
(shaded region) and the broken phase of chiral symmetry.
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with @ being the contribution from the (:a/mz)W""3/2 term which becomes of the same order as
the (:z:/mz)’""”l/2 term in the pure NJL limit, A — 0 (¥ — 1/2). Note that Q is crucial to
reproducing the correct NJL limit; at A — 0 (' = 1/2—\ — 1/2) we have P = (m?/A2)1=2 /22
and Q = (m?/A?)/2, which cancel each other in the denominator of (3.3), yielding the well-
known NJL result

g = ——'—-2—-"'-—. (3.6)
1 -/‘:-2— In m
Were it not for the Q term, (3.3) would be divergent at X o~ 2X,m?/AZ,

More explicitly, we write (3.3) into(2%:3031]

e M1+29) 3 - +")? (%*‘7/)2”9}2? (A< ), (37)

O Ta-2rG Y (G-
2
m= A 4e T8 (A=2X), (3.8)
nm+ 2tan~! 2y — tan~! (T——-—-l;——>

m=N-dexp |~ 5 72970 (a> 2, (3.9)
Y

where n = 1 is the ground state solution. It is clear that these scaling relations take a generic
form m = A- G(}, g), with G(}, g) being a certain function of X and g.

Actually, the scaling relation (3.3) or (3.7)-(3.9) is nothing but the generalization of Miran-
sky's scalingl?!) in the pure QED (g = 0), (2.9). Taking A/m — oo limit, we obtain the critical
line1011] (Fig.1):
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g=(1+7')2 (0 < X< A),
2 . (3.10)

This is the line of second-order phase transition separating the spontaneous broken (m/A # 0)
and unbroken (m/A = 0) phases of the chiral symmetry. Then the renormalization in the
spontaneously broken phase is performed 3 /a Miransky now for the two couplings (A, ¢) according
to the above scaling relation. Thus, as in the pure QED we expect existence of a sensible
continuum theory (cutoff A — oo, m =finite) at the nontrivial UV fixed point on the critical line
(3.10).

In order to identify the fixed point, however, we further need to know the renormalization-
group flow, since this time we have two couplings instead of one. This may be obtained through
the scaling law of L(z), an analogue of the scaling law of the correlation function; we require that
X(z, )\, g) = CL(z/K?, N, g') under rescaling z — z/x?, with x and C being constants, which
determines the line, the renormalization-group flow, connecting (A, ¢) and (X', g'). In the case at
hand, our solution (2.5) only depends on XA but not on g at all and hence the flow satisfying the
above scaling law is the fixed-\ line (upward direction); this would suggest that the whole critical
line is the fixed point (may be called a “fixed line"){1%:29]. Once the renormalization-group flow
is so identified, the S-functions are readily obtained from (3. 7) (3.9). B(g) has an UV fixed point
only at A < ), ie.,

o =-2p- G ] - G-r] > GeD

2 (3.11)
0 (9 <(3+27,

while
B =0 (3.12)

for all A. This is a rather different situation from the pure QED case, (2.11), and seems to
suggest that (2.11) may not correspond to a f-function of the continuum QED in accord with
Ref.22.

Now we turn to the anomalous dimension in this model. Substituting the asymptotic form
(2.5) into the UVBC and using the scaling relation (3.7), we obtain(®]

mo(A) ~ Zm ~ (N2 )m2)™" 12 (0 < h <)), (3.13)

which implies *)
m=1+27 =14+ /1-2/A;> 1 (3.14)

This is substituted into the OPE expression (1.3), yielding £(p?) ~ p~1=V1=*2c which agrees
with (2.6), the Sx.SB solution in this casel!®}. Thus we find a large anomalous dimension

*) This is to be compared with the result in the symmetric phasel®®], v, = 1 — 2y =1~
V1= A/Ac < 1. The difference of the sign is due to the lack of the scaling relation (gap
equation) in the symmetric phase. This discontinuity of the anomalous dimension between the
symmetric and the broken phases may be an artifact of the ladder approximation. In fact, in
the renormalizable four-fermion theory in less than four dimensions; renormalization -of the four-
fermion coupling in the symmetric phase fill in the gap of the anomalous dimension[3?.



1<y, <2for A; > A > 0. In particular, we have a very large anomalous dimension v,, ~ 2 at
A2 0. This corresponds to the very slowly damping behavior of £(p?) in (2.6);

-2 ~142
T(p?) = c;(M)m (i) + co(A)m (—:—;;) . (3.15)

m2

with ¢1(A),c9(A) = 1 (A = 0). It is very important to note that thanks to the four-fermion
interaction such a very slowly damping solution (irregular asymptotics) can be the Sx.SB solution
as well as the explicit breaking solution.

It is also noted that the large anomalous dimension (v, > 1) would suggest the four-fermion
interaction might be renormalizable, since in ladder approximation dim(4%)? = 2(3 — v) < 4,
ie., (¥9)% might be a relevant operatorl®l. In fact, in the gauged NJL model () # 0) we obtain
finite fermion-antifermion scattering amplitude, with the effective Yukawa coupling gy = m/ Fy
being finite in the A/m — oo limit, in contrast to the pure NJL model where gy = 0 (Fr — o0)
in that limit. In fact, Fy is evaluated through the formulal33l:

zd
1 N Zz(:c) - ———;Zz(x)
F?= = /0 o 2426(12))2 , (3.16)

which is convergent for L in (3.6) as far as A # 0. Calculation of gy through (3.16) along the
whole critical line is given in Fig.21%. gy does depend on the anomalous dimension -y, or the
gauge coupling A.

We also obtain a non-zero mass mq(< oo) for the scalar bound state o ( “massive dilaton")
(9.10,29,30.34]  This is actually a composite Higgs boson in the model for dynamical electroweak
symmetry breaking. The absolute value of m% may be calculated through the Partially Conserved
Dilatation Current (PCDC) relation. The result!] is given in Fig.3 for both the solution of the
linearized SD equation and that of the full nonlinear equation (3.1). The ratio mq/m also varies
according to the anomalous dimension v, or the gauge coupling A. A striking feature of the
result based on the (numerical) solution of the full nonlinear SD equation is that[}%]

me/m = V2 (3.17)

for very small A (but non-zero), in contrast to the pure NJL result, mq/m = 2.

Finally the above discussion can easily be applied to QCD (QCD-like theories) plus four-
fermion interaction by replacing the fixed A by the running one in the ladder SD equation (3.1)
(“improved” ladder SD equation):

A2 A2
g [, _yE() yZ(y) [f\(w) Ay)
I(z) = = | dy——— 8(z —y) + —=0(y — )|, (3.18
where A(z) is parametrized as(2427,3%]
(p* < 1)
A(p?) = o -1 (3.19)

2 ;
T <1+:,£4;ln57> (P > u?)

with A being 24/(33 — 2N¢) and p a free parameter which is chosen so as to trigger the SxSB
already in the pure QCD (u is the chiral symmetry breaking scale of order O(Agcp)). SxSB
solution to (3.18) takes the asymptotic form

)\ ~A72 , )\ 14472
T(p?) = In 2 togme (I 2 , 3.20
=) clm<nm2) 0T (5 (3.20)
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Dependence of m, /m on the gauge coupling A along
the critical line. Linearized analytical result is de-
picted by the bold solid line, Linearized numerical
result is depicted by the dashed line (A2 /m? = 101°)
and by the solid fine (A2/m? = 10°). Full nonlin-
ear numerical result is depicted by the dashed line
(A?/m? = 10'%) and by the solid line (A%fm? =
1020y,

where cq, ¢y ~ 1 as far as we take p = constant (A-independent) or g = 1 + (2/A4 — 1)M(A?) —
(u/ N2/ MA?).B%) Note that g — 1= g,, (A — 00). As in (3.15) the slowly damping solution
(irregular asymptotics) can be a SxSB solution with ,, = 2 — 2X\(A?) — 2 due to the presence
of four-fermion interaction(33%1, This property is an essential ingredient to the top-mode standard

model in the next section.

4. What is Higgs After All?

Having been equipped with the basic machinery of explicit dynamics of D.SB with a large
anomalous dimension -y, =~ 2, we now attack our central problem addressed in the beginning of

this talk,i.e., the Origin of Mass.

Recent experiment has shown that the number of light neutrino species is three, which



strongly suggests that the number of families is also three. This implies that top quark is the last
quark to be found. Also the lower bound of the mass of the top quark is nearly a hundred GeV.
Some indirect measurements suggest even much larger value for m; than a hundred GeV. This
implies only the top quark has a mass close to the weak scale 250GeV: top quark is a special
quark. Thus we may infer a distinguished role of the top quark in the mass generation of al/
particles. In the standard model language the large top quark mass in fact corresponds to large
Yukawa coupling, which is nothing but a reminiscent of Goldberger-Treiman relation in hadron
physics.

A simple picture12:13] to understand the large top quark mass will then be to regard the top
quark mass as the dynamical mass due to a top quark condensate (ft) # 0. This top quark
condensate actually produces composite NG bosons which give rise to the mass of W and Z
bosons, and at the same time to the mass of other quarks and leptons. Thus the top quark
condensate entirely takes the place of elementary Higgs VEV (top-mode standard model}. This
picture predicted!Z] a very large mass of the top quark, m =~ 250GeV, without affecting the
weak isospin relation (6p = 0.02), and also the existence of a spinless #¢ bound state (Higgs
boson) with a mass mpy =~ 2m;. Actually, this prediction came out much earlier than the recent
experiments mentioned above. If this picture is indeed correct, the circle will be closed in the
standard model, with the identification of the two missing ingredients, the top quark and the
Higgs boson.

At first sight the obstacle to this scenario is obvious. We would need a large weak isospin
violation in the condensate (ft) # (bb), to give a realistic mass difference m; 3> my, which would
then lead to a large deviation of the p parameter p = m%v/mzz cos? By # 1 in contradiction
to the present experimental limit 6p < 0(10"2). However, we shall see that this is not the
case for the theory with a.large anomalous dimension <y, =~ 2. Such a theory, QCD plus four-
fermion interaction, was already -described in the previous section. Presence of such additional
four-fermion interactions is very common to unified theories beyond the standard model.

Let us now consider the simplest version of our model which consists of the standard three
families of quarks and leptons with the SU(3)¢c x SU(2) x U(1)y gauge interactions but without
Higgs doublet. Instead of the standard Higgs sector we introduce the SU(3)¢ x SU(2)p x U(1)y-
invariant four-fermion interactions among quarks and leptons, the origin of which is not specified
at this moment (may be due to the ETC, GUT, preon dynamics, gravity, etc.). The general form
of such four-fermion interactions among quarks may be written astt?l

47 o i g gl

T 9 BE U IF VL
0,5 (DU im) H (im Y (T (4.2)
+ o (VT s PH )] + e,

where N (= 3) is the number of color and the sum of color indices is understood, ggz,ﬂﬂ,, ggg,ﬂﬁ,

C4f=

and 9513(3'5,3' are the dimensionless four-fermion couplings, with A, (o, o, 8, ') and (4,4, k,1)
being the ultraviolet cutoff, the family and the weak isospin indices, respectively.

The symmetry structure (besides SU(3)¢) of those four-fermion interactions in (4.1) is
SU(Z)LXSU(Z)RXE[J(l)VXU(l)A, SU(Z)L XSU(Q)RXU(I)V and SU(Z)LXU(I)yXU(l)V X
U(1) 4, respectively. In the absence of the g(2)-term, (4.1) possesses the U(1)4 symmetry which
is explicitly broken only by the anomaly due to the gauge interaction and plays the role of the
Peccei-Quinn symmetryl13), It is straightforward to include the leptons into the form of (4.1).

Out of the terms in (4.1) we are particularly interested in those associated with the third

family quarks ¥ = 6,314 = (¢,b) and ¢(®) = g§§%3 (a = 1,2,3). Here we study the dynamical
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symmetry breaking of the (t,b) quarks in our model on-the basis of the ladder SD equation. In
order to illustrate the essential feature of our dynamics, we first study the ladder SD equation
for the fixed gauge coupling A. It is possible to show that the ladder SD equation possesses the
solution without U (1) breaking ({Zb) = (bt) = 0). Actually in such a case, in the lowest order
of g(2, the ladder SD equations take the same form as (3.1);

e Y )
5=t VTP

yZi(y) _ Lo — 2
+A/ s Z()z{ﬁ( v)+ 9(1/ e

(4.2)

where L;(z) (z = p? and i = t, b) are the dynamical mass functions of ¢ and 4 quarks, respectively
and g; = PO S ¢® and gy = g g3,

In view of the critical line (3.10), there exists a SxSB solution ¥;(p?) having a large anoma-
lous dimension (3.14) and asymptotically behaving as (3.15), when g; > go = (1/2 + 7)%:

SO 1S N S N L

p»m P ms ™My

Our SD equation (4.2) includes the weak isospin-violating four-fermion couplings g: # g5 (¢'®) #
0). It is easily seen that when g; > ger > g3, We have a Sy SB solution with maximal isospin
violation, m; # 0 and my = 0, which indeed yields a standard symmetry breaking pattern
SU(2) x U(l)y — U(1)em to feed the mass of W and Z bosons.” The relevant NG bosons
contents are 1 ~ i#(—1 4 45)b/v/2, 7™ ~ ib(1 + v5)t/v/2 and 70 ~ it

In the actual case where ) is the running QCD coupling (3.20), the SD equation takes the
same form as (3.18);

(oo G [N VR N i) [Me), Ay)
Zz(x)~/-\'2‘ A dym-*-A dym{ 0z —y) + “;‘"‘9(3’“3)} o (4.4)

Eq.(4.4) has a very slowly damping SxSB solution (irregular solution with v, =~ 2), (3.20), at
9= ger = 1 and MA?) = A/2In(A?/4?) (p = const.):

Z(p)~m,(! :7) , A=

ln—;g—

~3j oo

(Ny=6), (4.5)

where we have parametrized £(z) such that L(m?) = m. As in the above fixed-A case, we have
a SxSB solution with maximal isospin violation, m; # 0 and mp =0, for 3; = ger = 1 > gs.
We now come to the central part of this model, determining the top quark mass m; and the
p parameter in terms of the cut off A. In the lowest order in the electroweak coupling, p is given
by p= in/on where F .+ and F,o are the decay constants of the composite NG bosons to be
absorbed into W and Z, respectively. We can compute the decay constants through modification

of (3.16) into the SU(2)-asymmetric case m; # m;.1238] |n the general case m, b F 0, Fe's
take the formi{lZ



,./\2 N /\2
in =/ deli(X;, L) = -—62/ dzz-
G 87 Jo

1+(5)  1+(%})
z+ 1} c+12

y T z
(T +39) - (T + I + (T - 1)

, 4.6
(z+ I +1}) (4.6)
A2

FY = | dzly(E:, L)

¢

T T
N R r2- (=Y ©i- =z
=32 ' Lt = (4.7)
87 Jo (z+1;) (z+13)

Let us consider the extreme case of the maximal isospin violation mentioned above, I :(p?) #
0 and L3(p?) = 0. In this case one would expect a large isospin violation Frx # Fpo. For vy, = 2,
however, with a slowly damping I,(p?), (4.3) or (4.5), the integrals (4.6) and (4.7) are dominated
by the ultraviolet region p? > m?2. This is in sharp contrast to the case of smaller v, < 2 (e.g.,
Ym = 1) where those integrals are dominated by the infrared region. In the “weak-coupling” limit,
A — 0, the difference in the denominators in (4.6) and (4.7) can be ignored, and the contribution
from the terms with derivative ¥/ is suppressed. (An extreme case would be X; = const. (NJL
limit), for which (4.6) and (4.7) are both logarithmically divergent with the same coefficient, thus
giving p = 1 in a trivial sense.) Consequently, one obtains

Pl (4.8)
x

More specifically, (4.6) and (4.7) are rewritten as

(" , [oF m?
Ffi= [ deli(Xi(z),0) = my dzly(o¢(z),0) = —, (4.9)
0 0 gg,i)
2
2 g 2 [T m;
F,(:O = /0‘ d:z:Io(Zt(:c), 0) = My A t d.’EIO(O’g(.’E), 0) = —(O—)-i—, (410)
9y

where 04(z) = Li(z)/my, and the effective Yukawa couplings gg,i) and ggf) are slowly decreasing
functions of A/m; (finite at A/m; — oo) for (4.5), i.e.,

(4.11)
+ 0
g§/ ), g§,)\ as A,
which implies

meN., as A/, (4.12)

since we fixed Fo+ =~ F o ~ 250 GeV. On the other hand’, §p=p—1is given by

7 A |
: wd

L /0 Cdz [Is(04(z),0) ~ Io(r(2), 0], (4.13)
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whose integral is quite insensitive to change of A2/m?. (Eq. (4.13) is identical to the one-loop
contribution of the top quark in the standard model with the QCD effects included). Thus we
have

Sp\. a A, (4.14)
The largest (physically sensible) A would be the Planck scale A = 1019GeV, which yields (12
| my =~ 250GeV, (4.15)
5p = 0.02, (4.16)
gy ~ 1. (4.17)

These values (4.15) (4.16) are little bit larger than the present experimental limit, < 200GeV
at 90 % CL and < 230GeV at 95 % CL. However, Bardeen et a/l'7] have recently commented
that ambiguity of the charm threshold in the analysis of the deep inelastic v scattering might
relax the constraint to m; < 250GeV even at 90% CL.

Now that we have resolved the weak isospin problem, we are in'a position to discuss the full
implication of the simplest version of our model. Our basic assumption here is that only the g; is
large enough (g: =~ gor = 1) to trigger the spontaneous chiral symmetry breaking, while all other

four-fermion couplings in (4.1) are small; g3, 9513',9,@' & ger. Then the solution of the ladder SD
equation mentioned above implies that only the t quark acquires the dynamical mass m;, whereas
the b quark (as well as other quarks) does not, besides a small mass due to the (long- distance)
color forces.

The b quark can only acquire the mass from the f condensate

) N. ¥ 2¥(2) N, (mi\2=m
= - ko Ll S CRRAL Y b "t 4.18
= -1 / b ( A) me, (4.18)

through the perturbative ¢(2) interaction in the same manner as the ETC in (2.15);
472 _ 2-Ym
= —gD T iy = ¢ ) e =~ ¢
my g N2 (tha=~g ( ry me = ¢\Imy, (4.19)

for 4m = 2. This also coincides with the result of the nonperturbative g(2) interaction.[!3]
Similarly, quarks of the first and the second families also acquire mass from the £ condensate

through the perturbative g&‘;),ﬂﬂ, interactions. In fact, mass matrices of the “up” and the “down”
quarks are given by m,,) :_(922,33 + 923(3,33)m, and mygy = 9(03337”" respectively, It is now
evident that our dimensionless four-fermion couplings 92‘2,33 play the role of Yukawa couplings

of the standard model. Obviously the above mass spectrum leads to the realistic Kobayashi-
Maskawa matrix. Also the lepton masses are acquired in the same way as those of the “down”
quarks through the g(?) type couplings mgy = 95102133"“ Due to the large A (could be 101%GeV-
1019GeV) and the small anomalous dimension of 41 other than Zt, our four-fermion interactions
of order O(l//\2) are perfectly free from the FCNC's problem.

Thus the ad hoc Higgs sector of the usual standard model (we may call this “Higgs-mode”
standard model) has been successfully replaced by the new very short range interactions, the
four- fermion interactions, of quarks and leptons themselves, the origin of which is not specified
at this moment. Among them only one quark is assumed to have a sufficiently large coupling to
produce its own mass, the dynamical mass. This we identify with the t quark (9t = gor = 1),
which is then responsible for the mass of W and Z bosons (we may call it a“top-mode” standard
model in contrast to the usual one, the "Higgs-mode” standard model).



A striking feature of our model is a definite prediction!!Z] of a tightly bound spinless 7t state
( Higgs boson ) due to the very short range dynamics of the four-fermion interactions. We
have already argued in section 3 that mass of the Higgs boson (“massive dilaton”) can be much
affected by the small gauge coupling,(3.17),

my =~ V2m; ~ 350GeV, (4.20)

in contrast to the original prediction mg =~ 2m,[!2. This can clearly be distinguished from the
softly bound (non-relativistic) ¢ state due to color forces.

Our discussions here were based on the crude approximation, the ladder SD equation. We
needed a nontrivial UV fixed point in g (see (3.11)) to obtain a natural mass hierarchy m; < A.
It is actually an open question whether or not the fixed point described in the above really exist
beyond the ladder approximation. However, it is important that the main qualitative results do
not depend on the details of such a dynamics but are based on merely the fact that the anomalous
dimension 7, =~ 2.

Of course the values we obtained , (4.15)-(4.17) and (4.20), are also based on the very
crude approximation, ladder approximation, and should not be taken so seriously. More elaborate
calculation may change the concrete values substantially. Recently several authors [16:17] made
further studies of the top quark condensate and confirmed the same tendency as (4.12) and (4.14),
and also the large value for m, through somewhat different computational method. (Method of
Ref.16 is the same as ours but was supplemented by the arguments on some relation to the
coupling reduction)..

Finally, the dynamics with large anomalous dimension can also be applied to TC. The mech-
anism described here would give a simple answer, an alternative to the custodial SU(2), to the
question B7] concerning the weak isospin violation in TC with v, =~ 1. In TC models other
effects of large anomalous dimension, particularly v, =~ 2, are obvious:. Suppression of FCNC's
and enhancement of the pseudo NG bosons masses are much more dramatic than in the v, =1
case (note that the TC of this kind now can be an asymptotically free gauge theory with normal
(or even fast) running coupling constant in contrast to the v,, = 1 case). 121338

5. Conclusion

Under the motivation to understand the Origin of Mass of all particles, we have discussed
various new aspects of DSB. We have seen a variety of theories having different short distance
behavior / anomalous dimension yield the same type of low energy effective theory, the sigma
model. It was explicitly demonstrated that the low energy parameters in the latter theory, my,
Fe, mg, gy, etc., can be different depending on -the difference in the anomalous dimension
of the original theories. We have argued virtue of the large anomalous dimension in DSB,
which is realized at the nontrivial UV fixed point. Phase structure of such fixed-point theories,
i.e., QED-like theories, QED-like/QCD-like theories plus four-fermion interactions (gauged NJL
models) were studied based on the ladder SD equation. Particular emphasis was placed on a
possibility that the four-fermion interactions may become renormalizable due to the presence of
gauge interactions in these theories. '

The applications of these theories to the models of dynamical electroweak symmetry breaking
were discussed in some details, TC with 4,, = 1 and the top-mode standard model with ~,, =~ 2.
Influence of the large anomalous dimension on the low energy parameters was in fact remarkable.
Particularly, the top-mode standard model would be the simplest idea to understand the Origin
of Mass by identifying the two missing ingredients of the Standard Model, the top quark and the
Higgs boson, as the same object.

Although the results discussed: here are totally based on the ladder approximation, a rather
crude approximation, it may be clarified in 1990's whether or not such new types of field theories
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really exist. Also 1990's may become an era when the Origin’of Mass will be eventually revealed
by the experiment, and hopefully by the DS B with large anomalous dimension (LAD). Actually,
DS B with small anomalous dimension (SAD), motivated by the asymptotically free gauge theories
(a paradigm in 1970’s through 1980's), has been really sad to account for the Origin of Mass.
TeV physics in 1990's may become a turning point where the old paradigm will be taken over by .
a new one for younger physicists, LAD DSB.

I would like to thank Y. Kikukawa, S. Shuto and M. Tanabashi for collaboration and help in
preparing the manuscript.
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Abstract

Motivated by the top quark condensation scenario of the electroweak symmetry
breaking (“top-mode standard model"), dynamical chiral symmetry breaking (xSB)
due to strong coupling Yukawa interaction is studied in the framework of Schwinger-
Dyson equations. In quenched approximation, we show. existence of the dynamical xSB
phase({0|c|0) = 0, (0|9%|0) # 0) in strong Yukawa coupling region. Introducing dy-
namical fermion (tadpole) in our framework, we still have.a parameter region where xSB
has its origin in the fermion condensate.

1. Introduction

The origin of electroweak symmetry breaking, which explains the masses of the weak bosons

and fermions, is one of the most xmportant problems in modern particle physics. In the standard
Ty + 17y
o — 1y

expectation value (VEV) (0|¢[0) = v. Here v is an order parameter of the electroweak sym-
metry breaking, through which the weak gauge bosons W, Z% become massive due to Higgs
mechanism. Masses of fermions, though being in principle independent order parameters of the
electroweak symmetry breaking, are also explained by v through Yukawa couplings with Higgs
boson,

) which is tuned to have a non-zero vacuum

nf

—\/-31}.

This scenario is reasonable when all fermions have small masses, m; < v. However if there
exists a heavy fermion, my 2 v, it seems rather awkward to assume that the fermion gets its
large mass from a small VEV of Higgs field. In this case it would be more natural to consider a

mf=

converse, i.e., the origin of v # 0 comes from a large my, the dynamical mass of the fermion.
In fact, in the low energy effective theory of the technicolor models, the mass of technifermion
determines the value of the order parameter v.
More exciting possibility will be the top quark which may have a large mass m; = v in
the recent experimental situation. Actually, two of the authors (M.T. and K.Y.) and Miransky

* Reported by M. Tanabashi :
**  Work supported in part by the Grant-in-Aid for Scientific Research from the Ministry of
Education, Science and Culture (#62540202), and by the Kato Foundation of Nagoya University



proposed some time ago the top quark condensation scenariol1] (“top-mode standard model”).
In this model we no longer need elementary Higgs boson. We instead regard the large top quark
mass as the result of certain short range dynamics of unspecified origin which breaks the chiral
symmetry dynamicaily through the top quark condensate (0|f¢|0) # 0. Because of dynamical
xS B we obtain composite Nambu-Goldstone (NG) bosons, which give rise to masses of the weak
gauge bosons through dynamical Higgs mechanism. We predicted a very large mass of the top
quark m; ~ 250GeV and also a composite Higgs boson H ~ &t with a mass mg =~ 2m;.* Similar
(2] and Nambul3] in somewhat different terminologies and

with different results for the value of m;. Further studies of the top-mode standard model
4,5,6,7]

ideas were also advanced by Terazawa

have recently been done by various groups[
my > 200GeV in this model.

In"our previous paper[l}, we considered the case where the four-fermion interactions are
responsible for triggering the top quark condensation at very high energy scale (= GUT scale), and
in fact our arguments were based on the explicit solution of the gap equation for spontaneous xSB
in the gauged Nambu—Jona-Lasinio model (four-fermion interaction plus gauge interaction).[7]

and confirmed the very large top quark mass

What is the origin of the four-fermion interactions, then? One might immediately think of
exchange of heavy spin 1 bosons with mass my. In fact one finds[910.11] that the behavior
of the xSB solution in this system is similar to that of the NJL model for my ~ A, based
on the ladder SD equation[m] for iS~1(p) = A(—p?) ¥ — B(—p?) (with “gauge parameter” &
Dyu(p) = =i(p? = m) g — (1 = E)pupu(p? — my) )

_ N B(y)

B(z) =@ Jo dyy/CB(%l/)m, (1a)

_ 2 Ny A(y)
Alz) -1‘*‘5(";7';')7/0 dy;’%(%ﬂ)m» (10)

where
_ ey
Ka(z,5) =Kn(z,yimd) | (3+6) + ———a Y| (20)
\/(z +y+md) —4zy

)

ICA(z,y)=2KA(z,y;m%,) &+ (€= Ymy (2b)

with K4 and K being defined in Eq.(6). Including gauge interaction in Eq.(1), we obtain a
solution which is similar to that of the gauged NJL model in view of the top-mode standard
model. (For detailed analysis, see Ref.[11].)

However, in the case of spin 1 boson exchange, we cannot obtain such an effective four-
fermion interaction as A

eij(YLR)(Y1bR),

through which (¢ term in Ref.[1]) the bottom quark acquires its mass from a top quark con-
densation. We then must assume a bottom condensate independently of a top quark condensate

*  Our recent anaiysis[S], including the effect of gauge interaction on the spectrum, implies
myg =~ V2m; ~ 350GeV.

29



30

in order to feed the mass to “down"-like fermions. It would be simple that the masses of fermions
other than the top quark are aiso explained:by the top quark condensate alone. So it does not
seem to be the case that the interaction is mediated by spin 1-bosons.

Here, we wish to discuss another possibility that an attractive force due to a heavy spinless
boson exchange through Yukawa interaction causes the top quark condensation. Even if we write
the same SU(2) x U(1)y symmetric Yukawa interaction as the usual standard model, there will
be in this picture an essential difference that the SU(2) x U(1)y breaking is mainly not due to
the VEV of the spinless boson but to the top quark condensate:caused by the attractive force of
the strong Yukawa coupling.

Then, our task is to investigate the phase structure of the standard  model with very large
Yukawa coupling. In the following sections, we will investigate chiral phase transition of standard
model in the framework of the Schwinger-Dyson (SD) equation and find the phase where xSB
is dynamical.

2. The SD equations

In this section, we derive the SD equation for fermion propagator in the form of integral
equation, which we can solve numerically and analytically. We discuss here SU(2) x SU(2)r
symmetric Yukawa interaction, for simplicity. Extension to other types of Yukawa interaction is
straightforward. The lagrangian is given by

L= ¢¢—% [$o + Pivs 7 - 7] +-;- [(3,;0)2 + (a,ﬂ?ﬂ —1”55 [02 + 7 - A‘f [o + 7?2]2 .
From the equation of motion for ¥, ¢ @y — {/%[wcr + 157y - ] = 0, we obtain the SD equation
for fermion propagator,

i (0| T(2)(0)]0) = i6()(z) + %(OIT(U(Z‘) + 47 - 7(2) 15 )%(2)%(0)[0).
Assuming (0|7|0) = 0, we can rewrite the SD equation in momentum space

- d*k
#=i57p) = 500 10+ 2 [ G (005 = Brelo~ k.2)

+Dr(k)iysTS(p — k) x(p — k,p)} ,

®3)

where D;, Dy and S are full propagators of o, 7 and fermion 1, respectively, and [, and Py are
full vertices of Yo and YyY7.

Under the approximation of boson propagators and vertices

1723 123
D = yTT—— D )
T k2—-m? TR —m2
Fp=—i2L  Fr= =iy,
V2 V2
we obtain the integral equation (SD equation), which reads after Wick rotation
2 o
n ¢t B(y)
B(z)=—=v+ ——/ dyyKp(z, y)———"——, 4
( ) \/5 2 Jo vy B(x y)A2(y)y+Bz(y) ( a)
c vy A®y)
Alz) =1+ — | dy =K s(z, 9}~



: \ B
where C = n?/(4n)2z = —p?, y=~k* and v = Z3 %{0]o|0), = Z3r78. Here an ultraviolet
(UV) cutoff A is introduced. The integral kernels K and K4 are defined as

Kp(z,y) = 3Kp(z,y;m%) — Kp(z,y; m2), (5a)
Ka(z,y) = 3K 4(z,y;m2) + Ka(z,y; m2). (50)

Kpg and K4 are given by

sin g

2 x
K ;m2 s-—-/dG
B(-"’ay ) T Jo z+y_2‘/myc059+m2
2

- , 6a
z4+y+m?+/(z+y+mh) —4zy (6a)

* J/E7 cos G sin® 6
K 4(z, y:mQ)Ei/dB Ty cos on
TJo z4+y—2/7ycosf+ m?

4zy
= - (6b)

[m+y+m2+\/(1:+y+m2)2——4xy]

Note that from Eq.(5a) o gives repulsive force while 7 does attractive one.
For the case of Yukawa interaction with a discrete chiral symmetry, Ly, = —-%z]m/)a, the

SD equations are given by Eq.(4) with the integral kernels
K5(z,9) = —Kp(z,y;m?), (7a)
Ka(z,y) = Ka(z,yim}). (76)
For the case of U(1)g x U(1)g symmetric Yukawa interaction, Eyuk = —\1/95[17111)0' + Piys ],
the SD equations are given by Eq.(4) with the integral kernels

K:B(I,y): KB(x,y;mZ.)—-KB(z,y;mg), (80)
KA(xi y) = KA(may;mz‘)'*'KA(xvy;mg)' (86)

In the case of the massless boson exchange, i.e., m? =0, ‘Kp and K4 become Simple;'
Ko(z.,3:0) = 78(z — y) + =8(y = 2),
Ka(e,:0) = 26(s =) + ~6(y - 2).
Then, in this case the integral kernels are the same as that of QED in ladder approximation.

3. Solution within Quenched Approximation

First we consider v = 0 phase. In quenched approximation, v = 0 does not mean {0|1%|0) =
0. In fact, as we will see in the following, there exists a chiral phase transition even in the v =0
phase at strong Yukawa coupling region for SU(2)r x SU(2)r symmetric Yukawa interaction.

In the v = 0 phase, ¢ and « have degenerate masses m, = m, = m. Then the integral
kernels of the SD equation Eq.(4) are written simply as

K:B(Z', y) = 21(3(3:7 N m?), (9(1)

K:A(-'E, y) = 41{,4(3"’ Y, m?). (9b)
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Note that the integral kernels Eq.(9) are the same up to factor as those of the case of the
massive vector boson exchange Eq.(2) in “Feynman gauge”’, £ = 1. Then we obtain the xSB
solution at strong coupling Yukawa region in the same way as the case of the massive vector
boson exchange[lo].

Note that we cannot obtain the xS B solution within this approximation {only ladder, without
tadpole) in the cases of discrete chiral symmetric Yukawa interaction (U(1)f x U(1)g symmetric
Yukawa interaction) because of absence (cancellation) of attractive force. (See Eq.(7a), Eq.(8a).)

Following Ref.[10], we approximate wave function renormalization A = 1 for analytical cal-
culation. This approximation is good if A ~ m > B(0). Here we make a simple approximation

for (6a); . .
6(z — 8y — z).
(z—y)+ T (y— =)

To study a scaling relation near the critical point of chiral phase transition, it is sufficient to study
the linearized integral equation (bifurcation technique)[m]. Then we obtain a simple integral

Be)=cC [ /’dy_B_(y)_ . L“dy&

M2 z +m? y—i—m2

K im?) =
B(z,ym) z+m2

equation;
: (10)

where an infrared (IR) cutoff M ~ B(0) was introduced. Solving Eq.(10), we obtain a scaling
relation[m] :

M? ~4 s _1' m?
Mol = exp [———————-—,___.__40 = (5 — tan 4C — 1)} e (11)

Critical coupling constant C. which separates xSB phase from the symmetric one corresponds
to the solution of Eq.(11) in the limit of M — 0.

Let us next consider v 3# 0 phase. In this phase m, is zero because of the Goldstone theorem.
Then our integral equation is given by the kernels

Kp(z,y) = 3K (2, y;0) — Kp(z,y;m2), (12a)
KA(zyy) = 3KA(x)y; 0) + KA(z’y;m;zr)' (126)

In this phase, we can define a renormalized ¢* coupling A as A = m2/(2v2). In the case of
X = co, Kp(z,y; m2) can be neglected. Then the SD equations are

= Taos3c|? . yBly) g B(y)

B(”)‘\/i *2° [" /quAz(y)y+Bz(y)+L dyA2(y)y+W (B9
S I O LA ) B W ) N

A=) =140\ 2 /odyAQ(y)y + B2(y) +/x dyA?(y)y + B?(y)} ' (136)

These integral equations are the same as those of QED in ladder approximation with gauge
parameter £ = 3. Here, we will discuss the behavior of solution only in the A = oo case.

It is convenient to rewrite £Eq.(13a) and Eq.(13b) into differential equations and boundary
conditions; '

d? d 3C 1

[zm +2o— 7 AT B B(z) =0, (14a)
d? d 3C 1
— jC -, U —— B

[deQ 3+ 201 B0 A(z) =0, (14b)
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zZ;;B(z)Jx=O, (1 + :ci) B(z)J I —}—2_11,

(15)
d
3 —_
’ dIA(x)Ja::O’ ( ) ) A( )J r=A? =1
We define a local order parameter of the chiral phase transition:
- d*p 1 v zB(z)

0 O=-— | ——trS(p) = - | dz—smmioee 16
Oyio) = = [ FEueso) = —57 [ de =2 (16)

—(0]4|0) is a positive definite function of 7. In the case of n = 0, we obtain {0]¢]0) = 0.
In the strong coupling limit 7 — co, B(z) becomes large and dominates the denominator of
Eq.(16) and we obtain —({0[¢)1|0) ~ 1/B(0) in that region. (This behavior is consistent with
the strong coupling expansion which says —(0[1%|0) ~ 1/7.) Then we have a turning-over point
where the function (0[11|0) takes the maximum value*. We in fact investigate the behavior of
this function using a numerical solution of Eq.(14). The result is given at Fig.1a and Fig.1b. The
turning-over point appears when the dynamical mass of fermion M = B(0)/A(0) has its value
M ~ A. Note also (0|40} is nonvanishing at the strong Yukawa coupling region even in the
limit of v/A — 0 (continuum limit).

Note that the behavior of (0|¢%|0) is consistent with the result of lattice MC simulation(13].

We next investigate the “renormalized Yukawa coupling” (13] nr, defined by ngp = V2M/v.
The result is shown in Fig.2. Because of nonvanishing M in the continuum limit (v/A — 0), this
value diverges at the strong Yukawa coupling region.

* Note here that this property of —(0|¢1|0) (existence of a turning-over point and a maximum
value) is universall14] in our framework, i.e., it does not depend on details of the interaction which
breaks the chiral symmetry. In fact, we can explicitly show the existence of a maximum value of
—(0}%|0) also in the cases of strong coupling QED and the NJL mode! in ladder approximation.
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4. Effect of Dynamical Fermion .
Finally, we discuss the effect of dynamical fermion (tadpole) on the above analysis using the
SD equation.

Using the equation of motion of o,

Oo + mga + )\0‘(02 + 7)o + ——T)-Q—Jn/; =0,

N

we obtain the SD equation for VEV of o,’

mb{0lo10) + do(0lo(o? + 7)(0) + TL(0PYl0) = 0. (1)
We wish to discuss xS B due to the effect of 79, hence we disregard the effect of )y here. Then
the value of v is determined by (0]|4|0);

ERCIDY a8)

-3
v=Z; (0[]0} = ~ 5 Zomd
0

Unlike the case of quenched approximation, v = 0 means {0]¢|0) = O in this unquenched
case. From Eq.(4), Eq.(16) and Eq.(18), we obtain the SD equation

_4c N yB(y) ¢ __ By
8= [ w3 et Dy By

where the kernel K g is defined in Eq.(5a) and the SD equation for A4 is the same as Eq.(4b). Here
we must note that m, and my, are not independent quantities of 1. For example, in the strong



coupling phase of n where xS B occurs, we have m, = 0 because of the Goldstone theorem. On
the other hand, in the weak coupling phase of i where chiral symmetry is unbroken, m, and m,
should be degenerate. Such an 7 dependence of mass spectrum of bosons comes from the loop
effect of fermion in the vacuum polarization in the ¢ and = propagators.

Especially in the strong coupling phase, the massless pole of = propagator comes from mixing
with massless bound states of fermions,i.e., composite NG bosons. Then we must solve the SD
equations for ¢ and 7 propagators and Nambu-Bethe-Salpeter equation for the bound state in a
self-consistent manrer. This is very difficult technically, however. We simply disregard the effect
of dynamical fermion on' the propagators of o and w. We only consider the effect of dynamical
fermion on the VEV of . Here we use the integral kernels K, K4 given in Eq.(9).

In such an approximation we obtain the SD equation with the effect of the dynamical fermion,
2 ’ 2
4C f" yB(y) /A n_ B
B(z) = dy +C | dy yKp(z,y;m")———"m—, (20qa)
(=) Zzmd Jo  Aly)y + BY(y) 0 ( )Az(y)y+ B2(y)’ (

A2
. v 2 Aly)

Alz)=1+C dy =K 4(z,y, m*)—s——r—"tee—.

(=) 0 Vs alz,y )Az(y)y+B’2(y)

We calculate this integral equation numerically. Fig.3 is the result of the chiral phase transition
of this system. In this case it is difficult to say whether the xSB is dynamical or not, because

(20b)

we always have non-zero value of v whenever ySB occurs. Hence we next discuss a criterion. of
dynamical xSB.

The NG bosons couple to the axialvector current through its “decay constant” F,
(08, (=)l ()) = iguFrd®eT.
The axialvector current is written as
a - 78 a a
J5, = 1/1—2—7,,75111 + o0un® — 10,0.
We divide the NG boson decay constant into two parts;
-7t b . feab —igz
(O 59| (q)) =iguFx6™e ™,
(008, — 7°0,0|7%(q)) =ig, F26%e 4=,

We call the xSB is dynamical, when the fermionic part of the NG boson decay constant Ffis
sufficiently larger than the bosonic part of the NG boson decay constant F:.

In this case the bosonic part F? is written in terms of the VEV of o, Fb = Z3u. On the
other hand, the fermionic part F{ is written in terms of the mass function of the fermion and its
value is order of M, F;rf ~ M. Then our criterion of dynamical x.SB is

M>Zyw= ——%ﬂg/;—!gl ' (21)
0

(0]4|0) is given by A\
o)~ (37)
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where + is determined from the high energy behavior of the fermion mass function (an analog of
anomalous dimensionm).

ln our numerical calculation we obtain y ~ 1.61 for m? = 107372, Z3m A2, and y ~ 1.97
for m? = A2, Z3m0 A2, Noting Z3 < 1, we find our criterion of dynamical xSB is fulfilled for
small m and sufficiently large UV cutoff A.

5. Conclusions and Discussion

We have investigated the dynamical x.S B due to strong coupling SU(2)1, x SU(2)g symmet-
ric Yukawa interaction in the framework of the SD equations. Within the quenched approximation
we found the phase where xS B occurs while the VEV of elementary scalar field vanishes. In the
approximation where the loop effect of the dynamical fermion affects the value of v, we discussed
the criterion for dynamical xSB. We found the region where our criterion is fulfilled.

We discussed here only SU(2)p x SU(2)r symmetric Yukawa interaction. However, the
Yukawa interaction with large isospin violation is important for the top quark:condensation. More
detailed analysis including the case of isospin violation will appear elsewhere.
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Abstract

The condensation of the color-sextet quarksis considered. We present the dynam-
ical electroweak symmetry breaking model with high-color effect and four-fermion
interactions where the color-sextet quark condensate QQ acts as the Higgs field. The
masses of sextet quarks are predicted to be 210~280 GeV for the lighter sextet quark
of the iso-spin doublet U and D, and 280~330 GeV f{or the heavier partner. In the
simplest model, the sextet quarks belong to 6* of SU(3)¢, and their charges are +2/3
for U, —1/3 for D.
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I. Motivation and Basic Assumptions

As is well known, the standard model (SM) of strong, weak and electromagnetic
interactions is successful with SU(3)cxSU(2)LxU(1)y gauge symmetries. However,
there are some unsatisfactory features in this theory.

One of these features concerns with the representation of SU(3)c. The strong
sector of SM is described by Quantum Chromodynamics (QCD) with an SU(3) gauge
group. Quarks belong to 3 the fundamental representation of SU(3), and gluons to
8 the adjoint representation. Mathematically there are also an infinite number of
higher representations in SU(3): 6, 10, 15, 15',---. It has not been known whether
the particles belonging to such representations exist. If these particles are not in
nature, the reason which forbids such particles should exist. Marciano' suggested
that the high-color effect of quark-anti-quark binding potential may increase in the
energy scale of QCD confinement to a few hundred GeV or a few TeV and proposed
the sextet quark condensation model.

Another unsatisfactory feature is the mass hierarchy problem. In SM, masses of
all fermions and weak gauge bosons are originated from the Higgs field. Because the
Higgs is a scalar field, the perturbative correction to masses is quadratically diver-
gent. One can evade this problem by replacing the Higgs field by some fermion-field
condensate in the dynamical electroweak symmetry breaking just as the technicolor
model” or Marciano’s high-color quark model mentioned above. To produce the
weak boson masses, the vacuum expectation value (¥¥) of these fermion fields ¥
must be about 250 GeV. Then, in general, masses of fermions ¥ may lie in the range
between a few hundred GeV and a few TeV.

Though once the technicolor-like models were nearly abandoned because of the
well-known flavour changing neutral current problem, it has been shown that the
models may be revived if the composite operator ¥¥ has a large anomalous di-
mension v* in these models."” In the technicolor model however, we were forced to
introduce an extra fundamental fermion by hand. In the present paper we would like
to circumvent this unsatisfactry situation by appearing to the color-sextet quarks.

On the other hand, being stimulated by recent experimental consequences that
the top-quark mass may be very heavy as the W boson mass or more, several au-
thors pointed out that the top quark may condense to be a substitute for the Higgs

141, t6]

. [4], . . , . .
particle!" ™ Miransky, Tanabashi and Yamawaki observed that the composite

operator It acquires a large v* by using the Schwinger-Dyson equation in ladder



approximation. This implies that the four-fermion operators such as itft, #1gg and
ttl¢ become relevant and have to be included in the original Lagrangian, where g
means u, d, s, ¢ and b quark and £ the lepton. Their model is attractive because
of the large v* and the economy: less particles and less free parameters than Higgs’
SCenario.

We pursue an alternative possibility that the color-sextet quark condensate to
trigger the electroweak symmetry breaking. We start with the following assumptions

to examine this possibility:
e The color-sextet quarks Q belonging to 6 (or 6*) in SU(3)¢ exist.
¢ The bound states QQ condensate.

We choose Q as an weak iso-doublet (U, D) for the second assumption. Q should be
heavy as the weak boson masses to induce them. This may explain why the sextet

quarks have not been found by experiments yet.

II. Dynamical Electroweak Symmetry Breaking
by Sextet Quark Condensation

We start with the Lagrangian including a Nambu-Jona-Lasinio type four-
fermion interaction term to and study the mechanism of the dynamical electroweak

symmetry breaking by the sextet quarks,
L= £QCD + LElectro- Weak(without Higgs terms) + Ly ,
LN N P —
Ly =3G" [([@Q) - @1Q)] - (1)

One gets the sell energy or the dynamical mass Z(p) of Q by solving the Schwinger-

Dyson equation in the quenched planner approximation,

2 ™
Sp) ~ m” gif_/Ad%._.‘:'LL
(P) =m + A2 mé q (]2"}'2((])2
A? 5
0] [A(a) s MR s s
-+ d = | == 02 = )+ == 0(p* - ¢*)| , 2
méQq2+E(q)2 o (¢* - 7%) o (r* - ¢%) (2)
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where

G N.NA>
472 ’

3 o
Alg) = 27—‘: a, (g) .

gat =

Here N, and V; are the numbers of colors and flavours, respectively, A the ultraviolet
cut-off, a3 the QCD running coupling, and by the superscription {0) we mean the
bare quantity. As shown in ref. [4], a non-trivial solution for Z(p) is obtained in the
symmetry-broken phase and the anomalous dimension of the composite operator QQ
can be 2, if g4 and A(q) approach along a certain path to the critical point ggy = 1
and A{g) = 0 in the continum limit ¢ — co. Therefore the four-fermion terms like
(¥)(QQ) where ¢ is any fermion field become relevant and it is justified that we
have introduced the four-fermion terms into the original Lagrangian. According to
thé condensation of QQ, the vacuum expectation value (QQ) is non-vanishing, and

the four-fermion terms play the role of the mass terms as

Gaqey (QQ) P

where gyy) is a coupling corresponding to the four-fermion term QQup. Note that
QQ behaves just like the Higgs field at low energy owing to the decrease of its scale

dimension by v*.

ITI. Masses of Sextet Quarks

12}

We will now evaluate the masses of Q. As in the Technicolor-like models™, the

W-boson mass my is induced by the condensation of the mass-generating fermions,

ga(mw)’ Fos® (3)

2
my~ =

e ]

where gy(mw) is the weak coupling constant and Fy+ the ‘pion’ decay constant of

QQ. To estimate F,+, we use the following formula derived in ref. [4].



N, N z dz 1 :
F,iz—-»‘—/ [S’-’ £2) — (2 + £2Y
872 Jmg (2 + Ef)(z + E3) (57 +52) 4( i+ E2)
oo oo (L 1+ ()
+§(Sl —22){ z+ I} 453 ’ )

where z = p?, ' = d/dz, mq, = Ti(mq,), and by the subscript 1 and 2 we mean the
heavier and lighter color-sextet quark in an iso-doublet, respectively.
At the energy scale p > mq,, the behavior of T; of with 7 = 1,2 is computed by
solving eq. (72)"
Zip) = m (5)

a(p) ]A/Q

a3(mQ;)

The quantity 4 is 60 for present sextet quark model, while 8/7 for the top conden-
sation model.
By neglecting all fermion masses, the asymptotic form of a(p) at the energy scale
above mq, is
as(p) ™! & é};ln ?‘a% , (6)
where Mg is a scale parameter. Note that this expression for ar3(p) is applicable only
for p > mq, and is different from the ordinary «3(p) in low energy scale.
We would like to evaluate Afq in terms of the low energy QCD parameter Af, (for
four light quarks). For this purpose, we take into account the quark mass effects so

that we employ the beta function for massive quarks given by Georgi and Polizer, e

3 10 1 -
Pa(gs, Z) = 1967 ( -z -————) ; (7)

5m?
trxplcts 1 + 3 sextets 1+

where g;2 = 47 a3. This equation leads another expression for as(p) applicable to

the energy scale p > m,,

1 2+ 5m;?
aS(P)_l o S (25 In ._p__ — In Lt...’l}..—.

67 My & Mg +5m
P+ 5m,? ‘
- e | S
> '__g M2+ 5171;3) ()

For p > mq,, eq. (??) should reproduce eq. (77) and we have the relation

InMqg=25InM; -2 Z Inm; — 10 Z Inmgq, = 12In5. {9)

t=b,t 112

There have been reported many experimental estimations for Af,. Since our
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Fig. 1 The behavior of QCD running coupling aa(p). The solid line corresponds to the present
sextet model, while the dashed line represents the case without-sextet quarks. Here mq,,

mq, and mq are taken to be 300 GeV, 250 GeV and 150 GeV, respectively.

argument is based on the leading order approximation in 3, we adopt as M, the
average value of the scale parameter determined by using the leading order QCD

predictions[.’l Qur value taken here is
My = (330 £ 33%) MeV D (10)

The behavior of a;(p) is shown in fig. 1. Note that a3 walks very slowly in the
energy region above mgq,.

Now let us go back to eq. (3),

7’)’lw2 = gg(mw)g F,,;f;(m(_h,771(2:,171‘;4\1'.;,1\.)'2 . (11)

M [ e

D Its five-light-quark version is My = ( 240 £ 173 ) MeV with my = 4.9 GeV.



The recent experimental values for the input parameters are

{10}

mw = (80.0 + 0.6) GeV |

g2(mw) : a(mw) = g"’-(;ﬂz = 0.0344 £ 0.0007 " (12)

&
7

and M, given in eq. (10). We take A to be 10> GeV for calculation, but it makes no
significant change, even if it is 10!2 GeV or 10*® GeV. Remaining unknown masses
are mq,, mq, and my to which eq. (11) imposes a constraint.

There is another experimental restriction coming from the p parameter,

F .2
P Foz’ (13)
with
NN [EEHEEY SR+l
Fr?= = d L4t St b 14
" g [ 2+ 57 T (@ +53P 9
:300 1 1 T H ] T 1] 1 T I ¥ T L4 b l H ki 1 ]
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Fig. 2 The allowed region of three masses mq,, mq, and m,. Here mq, is represented by the

iso-mass lines in the plane of mq, and my.
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Its experimental value is

iy

p = 0.998 £ 0.0086 . (15)

Three quark masses must be chosen to reproduce this value.

The contour map of mgq, is shown in fig. 2. The weak dependence of mq, on m,
comes through eq. (?7). The upper bound of the graph corresponds to mq, > mq,,
the right one to mq, > m, (assumed), the lower one to the p parameter and the left
boundary to the recent pp collider experiment at Fermi ,Lab.m’:

The allowed ranges of the masses are
mq, © 280 ~ 330 GeV ,

mq, : 210 ~ 280 GeV

my @ TT ~ 330 GeV . (16)

The uncertainties caused by the errors of input datain eqs. (?7?) and (??) are about

10 GeV for each of boundaries except for the lower limit of the top quark mass.
These predictions are consistent with the lower limit of the sexiet quark mass

given by the recent experiment: mq > 84 GeV (95% C.L.) for the long lifetime
{13]

case.

IV. Quantum Number Assignments for Sextet
Quarks '

Now we discuss quantum number assignments for Q briefly. For this purpose,

we need a new assumption in addition to the ones given before:

o The sextet quarks can decay into the ordinary quarks and/or leptons via
SU(3)cxSU(2)LxU(1)y invariant interactions.

This requirement may protect our scenario {rom the cosmological constraints. Al-
though there are numerous sets of quantum numbers and decay modes of Q satisfying

the present assumptions, we choose the simplest solution among many possibilities:

o The sextet quarks belong to 6 and the anti-sextet-quarks belong to 6.



o The sextet quarks are an SU(2);, doublet.

o The charges of the sextet quarks are +2/3 for U and ~1/3 for D, respectively,
just as the ordinary quarks.

o The decay modes of the sextet quarks are
Q —q+q+q o Q —q+q+7. (1)

The baryon number and the total lepton number of Q are 1/3 and 0 for the
former mode, respectively, —2/3 and —1 for the latter mode, respectively, if
they are conserved. The heavier sextet quark Q; decays into the lighter one
through the weak interaction, too. (If the mass splitting permits, real \V* will

be produced.)

.o It is needed two additional iso-doublet leptons for the chiral anomaly cancella-
tion. The additional leptons are sequential, i.e.' the same quantum numbers as
the ordinary leptons except for the lepton numbers associated with the gener-
ation. (These additional neutrinos must have masses heavier than 45 GeV to

be consistent with the Z-decay experiments!'")

Any additonal quarks will violate the QCD asymptotic freedom.
Possible bound states are QQ, Qqg, etc. for bosons and QQQ, Qqq .etc. for
fermions where g represents gluon. Note that the charges of these bound states are

integral.

V. Conclusion

The consequences of the dynamical electroweak symmetry breaking by the color-
sextet-quark condensate with the four-fermion interactions is presented. Due to the
large anomalous dimension of the composite operator, the four-fermion operators
like QQyy become relevant and the condensate QQ play the role of the Higgs field.
The masses of two color-sextet iso-doublet quarks are 280~330 Gev and 210~280
GeV. The simplest quantum number assignments is that the sextet quarks belong to
6* of SU(3)¢ and have charge +2/3 and —1/3 for the iso-spin up and down particle,

respectively.

45



46

In this talk, we have given just a sketch of our work. For the details, please, see

rel. [0].
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ABSTRACT

In applying the concept of the reduction of coupling constants
to the standard theory for the strong and electro-weak
interactions, we have made assumptions, which can be motivated
in the asymptotic behavior of the theory. Those assumptions
are clarified in detail, for I believe that these may be

where one could find a relation to the dynamical breaking

of the electro-weak gauge symmetry.



I Introduction

In formulating realistic quantum:field theories, renormal-
izability has played undoubtedly an important role. In particular,
the structure of the independent parameters in a given theory
is essentially fixed by renormalizability.

The concept of the reduction of coupling constants (RCC)l
is to reduce the number of the independent parameters of
a theory without imposing symmetries, and hence it generalizes
the usual notion of renormalizability. During the last years,
the theoretical nature of the RCC has been intensively
investigatedl~9. But the physical principle, which the RCC
is based on, has always been lacking. And so the RCC has
been often seen as something outside of phenomenology. The
contact to phenomenology slowly began as the lower bound
of the top quark mass became higher withytimelo. The recent
theoretical observationll, moreover, might suggest that the
RCC when applied5'8 to the standard theory for the strong
and electro-weak interactions is related to the dynamical
breaking of the electro-weak gauge symmetry by the top
condensationl2.13 »

It is the purpose of my talk to come closé to an answer
to the question of whether there is any relation between
RCC and dynamical symmetry breaking (DSB). I would like
to start, in sect.II, by reviewing briefly the concept of
the RCC. In applying this concept to the standard theory,
we have made assumptionsS'8 which can be motivated in the
asymptotic behavior of the theory. So I shall first discuss
the asymptotic behavior of the standard theory in sect.III.
Then, in sect.IV, I would like to clarify our assumptions,
for I believe it is this set of the assumptions that will
be crucial to find the relation between RCC and DSB if any.

It is also worth mentioning that the compositeness conditions
of Ref.1l4 - in the certain limit of parameters15 - are exactly

satisfied in the solution of the non-trivial reduction.
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II What is the reduction of coupling constants?

Let me begin by considering a renormalizable massless
theory with n coupling constants, gj (i =1,.s.,n). The g; s
are renormalized at a renormalization:scale /*, and so depend
on /& in general. A remarkable feature of renormalizability
is that, once g; s are known ‘at some fk , we can determine
gi s at any different renormalization scale. This change

of g; s with respect to M ( which defines the renormalization

group flow) can be studied via non-~linear first-order differential

equations,
-
= B () | (1)
A
(°(l)"‘) G(Y\) ! d{: 3; /‘4'7t- ]

L e

Here @& {are the Callan-Symanzik @ -functions, and can

where

Y c*]sw

be calculated in perturbation theory. We assume, therefore,
that all the partial derivatives of F. 5§ exist near the
- => 4
origin X =0 .
The differential equation: (dfe) (1) is:eqguivalent to

dt = X

where ZZJ stands for

_dEQ_:dd'l.....:&e("
5, ~ B N 2

Note that Eq.(2) is nothing but the characteristic system
of the partial dfe,

> -
§-V¢ = 0 (3)
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The solutions of (3) define n-dimensional surfaces - there

are (n-1) independent surfaces in general - which do not

ascend in the direction of the "velocity" E? . That is,

a renormalization group(RG) trajectory corresponds to a contour
line on the surface,defined by a ¢ , and so the altitude

on the surface along the trajectory remains constant:

de .
dt, ©

(n-1) dimensional surfaces defined by ¢L = C; may be calléd

the RG invariant surfaces. They are analogous to the constrained

surfaces in the phase space of a constrained Hamiltonian

system. As in that case, it is possible to elimin&te (n=-

1) couplings by using the (n-1) RG invariant’"constraints"; qi .
Suppose we have eliminated the (n-l) couplings in favor |

of da . ( The subscript 3 has no deep meaning here. ) That

is, of; $(i=3) are now functions of dB: . It could happen

that these functions can be written as power series expansions

v - ® ..
o = 2 C-nLQ{ab‘

=1

y; v {5)

for sufficienﬁiy small dg . Then we séy, the system can

be reduced and the reduced system is renormalizablel 17,

In practice, of course, one is restricted to work at a finite
order in perturbation theory, and so it is not possible in
general to f£ind the'exact functions. But the coefficients,

Cni s, can be calculated at any desired order; It is remarkable
that the uniqueness ofycni;s can be investigated at the one-
loop level? (see Ref.4 for a more exhauéiive analysis of

the problem ), except for some special cases3.

Thus the conce?t of RCC is to exhaustively find (perturbatively)
renormalizable theories for a given'set,of quantum fields.
Intéresﬁingly, the reduction solutions include even solutions
to which one can not assign any symmetry. Can one give any
physicél interérétation to these solutibns? We do not know
the answer vet.
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lLet me, however, ignore this question and wonder how to
apply the concept of the RCC to the standard theory®:8. one
immediately realizes that this can not be done so simply.

For 1) the theory involves couplings with opposite asymptotic
behaviors, e.g. the SU(3). and the U(l)Y couplings, and

2), even if the problem 1) is solved, one expects contradictions
with phenomenology because then all the Yukawa couplings,

for instance, would be related.

To overcome thése problems, we have proposed the partial
reduction with perturbationss'a. In order to carry cut this
program, we have made assumptions that can be motivated in
the asymtotic behavior of the standard theory. This will
be explained in the next section, and the notion of the partial
reduction with perturbations will become clear in sect. IV.

III Asymptotic behavior of the standard theory

Here I am interested particularly in the asymptotic behavior
of the couplings o 18, and 1 consider the dfe (1) for
large t. For a given initial value, one obtains in principle
an unique trajectory. There may be initial values which belong
to the trajectories that, as t goes to infinity, approach

asymptotically the origin of the n-dimensional space of couplings.

This set of the initial values is called the stable manifoldl?.
Since trajectories lie on RG invariant surfaces, we can talk
about stable surfaces. It is then clear that the system can

be asymptotically free (aF) 20 only if the stable manifold

is not trivial. Therefore, if asymptotic freedom is a physical
requirement, the physical trajectories have to lie on some
stable ( or so to say asymptotically free ) surface. This

is very similar to the case of constrained Hamiltonian systems
where the physical trajectories lie on the constrained surfaces.
Thus the requirement of asymptotic freedom may imply reduction
of coupling constantsl/2, '
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Now I come to the question of how to find stable manifold.
It is certainly possible to do this in perturbation theory
at least near the origin. There is aﬁ useful theorem by Liapunov,
which can be used to study the stability of the solutions
of ordinary dfes at a fixed point. Let me briefly explain
the idea by considering a dfe of the form,

> >
%—é=§(?), : (6)

- > >
with some regularity properties for § . We assume that &(8) = Q,
so the origin is a fixed point of (6). We are interested

in the solutions near the origin. Therefore, we may expand

(6) around )? = 0 :
X - 7, __a{'l.(g’)x\ P
=2 = - . (7)
dt e 9% d

The stability of the solutions can be exabtly investigated

by studying the: eigenvalues of the nxn matrix
25 () (8)
®x<) '

That is, the non-~linear problem can be suitably linearized

as far as the stability problem is concerned. ( This fact

is related to that the uniqueness of (5) can be investigated

at the one-loop level.)

However, in our case the problem can not be simply linearized
because the p -functions are at least quadratic in the
couplings. Fortunately, there is a way out. We look for a
coupling which is obviously asymptotically free at the one-
loop level~ this coupling is denoted by u% - and assume
that, to all orders,

o3>0 063 t > | (9)

Then we look for the stable manifold under this assumption.
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If this 1s possible, the assumption is.certainly self-consistent.
How to do this job in practice? Let me make a change of

[

variables?l:

=g (x3) 10)

{ As mentioned previously, the d3 is the coupling which
is obviously asymtotically free at the one-loop order. )
The dfe (2) become, in theé new set of variables,

hv3

del; ‘ ' |
0(3@;; =-g;_+ ?;,/§3 . (11)

Then we look for solutions which satisfy

o(t\:;""?‘; as oy =0 '('05();(“3. (12)

If there is no solution which satisfies (12) for the choice
of the variables (10}, we ‘try to choose -another one which
is asymptotically free at the one-loop level and denote it
by da , and so forth. So, the d? is the one which approaches
the origin most slowly. '
This problem can be linearized, with the price that we
have introduced singularities at the origin in (11), due
to (10). It is now clear how to find the stable manifold
in perturbation theory:

1) We solve the algebraic equations

W s W _
-0+ B /B | _ =0 oA
=,

The solutions of (13) - the fixed points .of (11) - correspond
to the origin of the original n~dimensional space.

2) We then analyse the stability of the solutions near the
fixed points by looking at the eigenvalues of

W
3 [ &
Me; = -3 + <o : A (14)
g J add ( ?3()) at o =

5y %3)
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O .
Here @f ¢ are the - P ~functions of the one-loop order.
<

With those primary discussions, let me come to the standard
theoryzz. The theory involves a lot of couplings: We have
three gauge couplings R qk (i=1,2,3), corresponding to
the SU(3)oxSU(2)xU(1l)y gauge symmetry, three Yukawa couplings
for the leptons, dL (1= e , #. , T ), and six Yukawa
couplings for the quarks, dq_ (g=u,d,c,s,b,t). We have also
the Higgs coupling, dA 23 It can be shown that points for ;%0
and/or dl S %0 can not belong to the stable manifold.

At this stage, there are two options:

1) We stop here because the physical point does not lie on

a stable surface, and hence perturbative analysis on the
asymptotic behavior of the theory may not be meaningful.

2) It is reasonable to study the stable manifold whilst ¢ §
and d‘ may be regarded as some perturbation. ;

The choice 2) is the first assumption which we have made
in applying the RCC to the gtandard‘theory. So, in the following,
we consider the system with o= dy S = o, and look for the
stable manifold by using the method explained previously.

There are many solutj_ons24 of the algebraic equations (13)
for thét system. It can be shown that there isi',however,

no solution for which all the eigenvalues of the stability
matrix (14) are non-negative. This indicates the existence

of some not-asymptotically free manifold near the origin,
and the asymptotic freedom requirement to that 'system implies
reduction ( as mentioned at-the beginning of this section).
We are, of COurée, interested to see how the stable surfaces
look like, particularly near the (semi)physical point, which
is supposed to be close to the origin, and can be perturbatively
reached. Since, for that point, O(Jc » 0(% (%#t) must be
satisfied - this is an experimental constraint -, we make

an approximation by setting (¥$(3#“t) equal to zero. Thus

we have arrived at a four dimensional problem; we must study
the asymptotic behavior of dz, oy , ol and ¢, , while
all the other couplings are set equal to zero.
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The corrections due to non-vanishing d% (3%t) can be
consistently taken into account, showing that the approximation
. is rather goods.

As the " dB ", we. choose the QCD coupling, dé , and
find for the system the stable manifold, which, once it is
found, 1is clearly independent of this:particular choice for
the " 0(3 " We have~20'21'25:

W o_ o *
.

) |
‘;nlﬁz - ‘§—<¥z !

H

W

2 ' q
4T B, Toly =~ lbded, - T %oz | (15)

A 2
4T (3;) = 60(,\l 200y ~ 24 ey
+ %dzl - q O(XO(z

And there are three solutions of (13)24:
@ P =f=0,=0,
(v)  ©,

(@

with the eigenvalues of the stability matrix' (14),

0, R¢=2/9, P, = (689 - 25)/18 = a, (16)

fl

42/19, €t= 227/171, sz 1.18...= d,

(-1, 1/7 , -1 ) for (a),

(-1, -1/7 , =(25 + 18a)/21 ) for (b), (17)
and
(1, -227/266 , ~-{(6d/7 + 286/399) ) for (c).
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The signs of the eigenvalues (17) indicate that there is

only one AF trajectory which satisfiies (b) of (16) at the
originzs, and that, in the case (a) {(c)), we have two dimensional
stable surfaces on which all the trajectories satisfy (a)

((c)) at the origin. '

IV Assumptions and conclusion
1. The first assumption

As mentioned, the non-vanishing o B and q’Q K does
not correspond to'a point on a stable (AF) surface. Nevertheless,
we have looked for the stable manifold ( by setting d; = ¢
= 0 ). How can a point on the stable manifold be related
to a point in another regime? Remember there are in general
(n-1) independent RG invariant surfaces defined by ¢% S -
It may happen that a RG invariant surface contains asymptotically
free, as well as not asymptoticallyyfree surfaces. That is,
two points, one on an AF surface and the other on a not AF
surface, may lie on the same RG invariant surface. One can,
therefore, reach the one point from the other one by solving
the partial dfe (4).

2. The second assumption

This assumption is related to the first one. So far we
have treated o, , differently from ) . We did this
because it was not necessary to set o, =0 to find the
stable manifold. However, this is somewhat unnatural, though
technically pcssible. It is certainly more reasonable if
the SU(2)xU(1l)y gauge interactions are treated on the same
footing. Our second assumption is, thus, that we regard dﬁ also
as perturbaticn. Then there are exactly two solutions of
(13) - (a) and (b) of (16) =~ for which o, can be treated

as perturbation.
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The assumptions, {1) and (2), give the unique extension
of the stable surface?’. More precisely, the AF surface of
the undisturbed system (near the origin)is defined by

44 ’
-] d 2 ~
¢t=°l‘(?‘dt) = C ( 20), (18)
t :
¢} ~ 7 o2
q>k, = (dy) (Jx‘ %c(’: + ZEQ'tO(/\ )= 0 for dy >0, (192)
oYy
& = (X ~ PR A l2a ~ 32/3 2 A
= (5220 T (el 2 0 +44/3 CRLD
e > %Qf‘ A :;.?; (19b)
T q : y
where a = (I€§§ - 25)/18 and A.= 12a + 50/3. "..." denotes

terms like & oy in (19a) and (a-&;)" (&-dy)in (19b).
And the 3xtended surface is defined by

7 ( g = g wee) = C(20) 20

-~ oy -
~ NN ',\,N :
P - (O(t)y(ot\"% ¢ ;%&:"(t N ) = 0 for &0, (21)

N :
or for ot 2/9, we have

VV A i\~
Q = (( ~dy) - R - v ) =C(20) (219

~ N \
%, - ( &%wm A SN
lzo ~ 32/3 2 ,
12 &+ 44/3 (F\”dby) (21a)

{ ~ g~ 20 -3%/3 N pe
a ——— —«-' “ar
* (20 +5’73(q O +F0d o+ 2a +12+ &/3 (¥ 45 ))"' X

3. The reduction>8

{ (0“-" o'(;)

The physical point is supposed to lie on the not AF surface
which is defined in (20) and (21), which we call the trivial

reduction. If C = 0, we call the non-trivial reduction.



Since all the couplings, except for u% and O(A ’
are experimentally known ( with some uncertainties ), the
trivial reduction requires = ¢, to be a function of oy
while, for the non-trivial reduction, ofg and - ofy are
fixed.

It can be, furthermore, shown that the surface defined
by the non-trivial reduction is a boundary of the surface
of the trivial reduction; the solution of the non-trivial
reduction gives the upper bound for the trivial reduction.
Beyond the non-trivial surface is presumably something we
do not know in perturbation theory.

Since the masses 'in the standard theory’ are generated

by the Higgs mechanism, reduction of couplings implies certain

mass relations. For the non-trivial ‘reduction, for dinstance,

we obtain5:8,28
my = 100 GeV and m, ~ 68 GeV,

2
where we have used: «3 = 0.123, Sin Oy = 0.228,
oy, = 1/128, and My = 81 GeV.

The trivial and non- trivial reductions are technically
different: In the trivial reduction all the Yukawa couplings
for the quarks are equally treated, and the zeroth order
system contains only QCD interactions. The fact that the
contributions of 0(9;- (q¥t) to o, are negligibly small is

an experimental consequence.

As for the non-trivial reduction, the role of dt is
singled out, and the zeroth order system involves ds along
with & and da . If we thus remember the lowest order
approximation of the DSB by the top condensationl? and our
assumption for the non-trivial reduction, we recognize that
the both schemes share certain similarities. So, in order
to establish the relation between the RCC and the DSB, it

is certainly necessary to observe that the asymptotic behavior

of the standard theory is influenced by the top condensation

or vice versa.
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oy, = %%}where A 1s the Higgs coupling constant.
We disregard the negative solution.

E. Ma and S. Pakvasa, Phys Rev. D22 (1979) 2899,
M.E. Machacek and M.T. Vaughun, Phys. Lett. 103B (1981)327

This point is wultraviolet-unstable (according to Liapunov”s
stability), and so infrared-stable in the lowest approximation.
{ See for instace; B. Pendleton and G.G. Ross, Phys.Lett.

98B° (1981) 291, and W. Marciano, Phys. Rev. D41(1990)219.)
However, there is a crucial difference in'treatimg this

point. This ultravioclet-unstable point exists to all

. orders in perturbation theory,i.e. the existence of the

trajectory that asymptotically approaches (b)
is mathematically ensured, while this point as an infrared
fixed point may be an artifact of the'lowest order

approximation, and may vanish as such in higher orders.

This is known as the Cauchy initial value problem.

The' case at hand correspond to the characteristic
initial data, and so the extension'may not be unique
in general. However, It can be shown, via a regularity
transformation of the ordinary differential equations
(11), that there is a one to one correspondence
between a trajectory on the stable surface and

one on the extended surface ( See Ref.8 ).

Two loop effects are partially included.
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The top quark mass is now known to be heavier than 89Gev. This might
imply that the Higgs boson is composite of the top quarks; that is called top
condensation. Miransky, et al.” have elaborated this idea with the four-fermion
interaction. Recently, Bardeen, et al.” conjectured that the divergence of the
Yukawa coupling constant at some scale A shows the compositeness of the Higgs
boson, and predicted the top quark mass and the Higgs mass. However, their
compositeness condition has a few problems. Here we discuss this problem, and

give some improvements to their treatment of renormalization group equations.

To begin with, we must define a composite particle. When a field has no
kinetic term in a bare lagrangian, but obtains it at the low energy, we call that
field composite. Fields are usually normalized such that their kinetic terms have
weight 1. Therefore this definition is consistent with the ordinary compositeness

condition Z=0.

We can regard a field as composite when all bare couplings of the field are
infinite and the field has a pole at the low energy, because it implies that the
lagrangian loses kinetic term, when the field is rescaled. For example, we take

the following lagrangian;

* This work is collaborated by M.Bando, T.Kugo, N.Sasakura, K.Suehiro, Y.Watabiki'’
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A = = ,
L= L +]|0up0)? — midido— -_29-(¢g¢0)2 + (g10 Lot Rodo + gso Lobrogg + h-c.) (1)

where L, is the kinetic term of quarks and L = (¢,6);. When mq, g0, g0, Ao are
all very large of order ¢! (e < 1), the field redefinition ¢g = e%é renders the
lagrangian (1) into

L= Ly +¢|0,0)F — Mo -/%(&qu)z + (§eLotpot + GbLobpod” -+ hoc.).  (2)

This indeed loses the kinetic term in the limit ¢ — 0. And if the field ¢ has a pole
at low energy, ¢ can be called composite. Note here that, if the starting lagrangian
is given by (2) with 7, §:, s, A finite and € = 0, then all the bare couplings in

the corresponding lagrangian (1) must be of the same order of infinities.

Let us consider the theory with cut off A. Then the running couplings
g(p) = (mp), ge(u), gs(e), A(1)) are regarded as the bare couplings go at u ~ A.
Therefore 1t is legitimate to impose the following: boundary conditions for the

renormalization group equations as the compositeness condition:
9:(A), go(A), m(A) = o0 (3)

[Here we are considering renormalization group equation in the theory in which
# has its kinetic term.] For simplicity, we calculate the § function in the system

(1) without cut off, and obtain

,dl L ]
1672 ;g‘ =K+ Ixff’) + Ky(t) + Gy,
' (4)
167r2‘-1%35 =i+ KD+ K () + Gy, t= %m(;ﬁ/ﬂg)

where Kj, Ky and I, correspénd to. the one loop correction terms to Higgs

self-energy, fermion self energy and the vertex, respectively, excluding the con-



tributions from the gauge fields which are all included in G.

K = 3(g? + gb),

3 1 » 3 1
O 2.2 22 g0 _922 1
K, (t) = -2g}; K,(b)=-2¢},
9 17 9 5
= Qg L2 202 o~ g 2 Y2 Y 2
Gy = —8g; 19~ 390 Gy 893 79 ~ 591

where g1, g2, and g3 are the gauge couplings of U(1), SU(2) and SU(3).

Let us consider running of the ratio R = g/gs, which is given from (4) by

,dIn R

162 —= = K - k) + k) — k) + G - G,

(6)
=3(gf - g}) — g}

This indicates that R also-diverges when g, g5 — 0o unless g; = g, and therefore
we cannot have a situation in which two couplings §: and g, have a finite ratio.
In other words, if one starts from the low energy side with R=1(u = Mz) = 0.1,
for instance, we are inevitably led to R™!(A) = 0. This is an absurd conclusion,

since we are free to consider the models possessing any values of §:/s.

Does this indicate that the compositeness condition in renormalization group
equations is inconsistent? The answer is “No” and we here propose an imaproverd
renormalization group equation compatible with the compositeness condition
with finite ratio g:/g;. If one recalls the fact that the Higgs mass m? diverges
at u = A also, one thinks that the contributions of the loop diagrams with the
internal lines of Higgs particle, which appear in the terms K¢ and K, should be
suppressed. Notice that the right-hand side of eq.(6) does not include the Higgs
self energy term K for which no suppression works. Therefore if we can take

account of the infinity of the Higgs mass properly, all must go well.

So, instead of the above mass-independent renormalization, we now employ
mass-dependent renormalization devised by Georgi-Politzer |’ in which the con-

tributions of the heavy mass particles are automatically suppressed. We set the
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renormalization conditions as follows;

arid

op? p=-p T 1

Pg)lpzz_“z - —#2 - mz

o1 | _, (7)
AOpty, pi=—p?

3
L)l e =91

p28=0

where I‘g) ¢ are the inverse propagators of Higgs and fermion, respectively, and

I‘g)f ¢ 1s the vertex function of the Higgs and fermions. Here we take “pl. =07

2

instead of “pfq = —u®” in the vertex renormalization condition only for the

convenience of calculation. The results are expressed as follows:

1 ~.
167#5‘-‘-%3-‘- = Ky + KV f(a) + K9 fla) - Go

5d =
167 lc‘l‘tgb = Ky + K f(a) + K f(a) - Gp (8)
167r2‘—1d—?- = 2a(167% = (1 + a) K}]
where
f@) =14 21+ 2~ 3 = a— a2+ 0(a?)
- at a -_ 6 ;,a; 3

: 9)

- (12
flay=1-n- i—ln(l +a) =~ —g-a - 5 +0()

~with a = p?/m%. Note here that we get suppression factors f(a) and f(a) in

front of Ky, Ky terms in (8) as expected. Thanks to this, these renormalization

group equations can now have some solutions possessing the desired properties,

B o B o |
mm) ~ O @y oW 1o

Note that the divergences of the running couplings are now governed by the
contribution of the Higgs self energy term, K. This result is consistent with the

fact that the divergences of couplings are solely the redefinition of Higgs field.



Unfortunately, the relation among m;, m; and the scale at which the cou-
plings diverge depends on the renormalization scheme. But it is natural, when
one recalls that a renormalization scheme decides a definition of couplings. For
example, if we change the renormalization condition of the fermion propagator

as follows,
2 : ] .
I‘Sg )|P2=—#2 = p”’yu, (]_1)
then the suppression factor becomes,

2

(4 D) In(1 4+a) - 1] = 2% o) (12)

2

a

fla)=1

However, this is also'a suppression factor, therefore the above properties (10)

well remain to be satisfied.

As conclusions, when we impose the compositeness condition as the bound-
ary conditon of the renormalization group equation, we should use the mass

dependent renormalization, since the Higgs mass also becomes infinite.

We apply these “cyo:hditions to the Standard Mbdel, and obtain

A | m(GeV)| 42

105 234 |0.28
10 259 ]0.33
10t | 405 |0.50

But the value of%—:%))-‘/ %f%%% is fairly dependent on the renormalization

scheme.

Finally we add a remark on an interestying fact; when the top quark mass is

heavy, the mass ratio m;/my is decided by the infra fixed point of the renormal-
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ization group equation.

d) ’
161:2—(1—;\- = 1207 + 4N g} — 4N.gy,
d 3
1612-——;t = gz(Ncgtz + 5912)’

for N-colored fermions and the ratio r = 2A/g? obeys the equation

2d1n1'

167 7

=120 + (2N, - 3)g} — 4NgiA ™1
Thus the solution of the equation
1227 + (2N, — 3)g?A — 4N gt = 0

gives an infrared fixed point;

1 1
e ﬁ[\/(zzvc —3)?+ 102V — (2N = 3)] = 4+ O(5)-

(13)

(14)

(15)

- (16)

Since 2A/g? = m%; /m}, this fixed point gives my = 2m;, the same mass relation

as Nambu-Jona-Lasinio’s, in the limit N, — co. When we put N, = 3, then we

obtain r = 1.77. The situation does not change drascé,lly even if one includes

gauge interaction effects.

References

1. M. Bando, T. Kugo, H. Maekawa, T. Sasakura, H. Suehiro and H. Watabiki,

preprint (KUNS 1006 HE(TH) 90/01) in preparation.

2. V.A. Miransky, M.Tanabashi and K. Yamawaki, Phys. Lett. 221B(1989)

117; Modern. Phys. Lett. A4 (1989) 1043.

3. W.A. Bardeen, C.T. Hill and M. Lindner, Preprint FERMI-PUB 89/127-T.

4. H. Georgi and S. Politzer, Phys. Rev. D14 (1976) 1829.



Extra Weak Bosons Implied by Complementarity
in a Confining Gauge Theory

Masaki Yasué
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Abstract

Extra W and Z bosons together with W and Z as composite particles are intro-
duced in a confining gauge model based on a “color” SU(2 )1"C X SLI(”)I“ x SU(2 )1"C
symmetry. Within the framework of complementarity, the vector meson (such as Z)
dominance of the photon is naturally implemented and quarks (q;-" for A=1,2,3 and
i=1,2) and leptons (E) are composites of scalars, w,, carrying the weak charge and
spinors, ¢® (a 0 1,2,3) carrying the three colors (a = 1,2,3) and the lepton number
{a = 0): q ~~ w ct and f ~ w Y. The confined gauge model is shown to be equiv-
alent to the convennonal model rea.hzed in the Higgs phase as far as the scalar degrees
of freedom are frozen. Phenomenological implications of these extra W and Z bosons
are discussed.

The experimental determination of m,, = (80.00 % 0.56) GeV" and m, = (91.09

+ 0.06) GeV *) has confirmed the mass relation, my, = cosffm ,, with sinf evaluated

: w
in low - energy weak "interactions.s) It has implied the validity of the standard elec-
troweak model of the Glashow - Weinberg - Salam (GWS) typeﬂ based on SU(2)k*
X U(l)g}’c. However, there is a theoretical belief that new physics beyond the standard

model manifests itself above the energy scale specified by the Fermi mass, G7!/?, of

~300 GeV. Among them are new phenomena due to compositeness of the “elementary”

partlcles such as quarks, leptons and weak bosons. o underlying dynamics for com-
posite particles are provided by a non - abelian gauge theory, the useful notion called
complementaritjv6) can be used to examine low - energy physics for composites. ) When
it is applied to weak bosons, the GWS model turns out to be (almost) equivalent to the
model on U(1)%¢ with the confined “color” SU(2 )‘I"’ symmetry, i.e., the Bjorken-Hung-
Sakurai (BHS) model for the kinetic v - Z mixing scheme.® The weak bosons, W#

and Z. are made as” WE ~ Tr(r <i)1DTD w,) and Z, ~ Tr(r® DTD @, ), where
Wy is a s calar carrying the weak charge and is reprebented by the ngg: \calax o as
W, = (6%, #). At the same time, L-handed quarks (qu for A=1,23 and i=1.2) and
leptons (£ Li) are regarded as composites described by ¢; = @§;cf, and €, = @},cQ .
Starting with the lagrangian of the GWS model, one can derive the BHS model with
the kinetic mixing parameter, X, for ¥ - Z, A = e/g under the constraint of (!« I W) =

10)
1."9 This equality can be regarded as a result of vector meson (such as Z) dominance
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of the photon. )

One may wonder what happens in QCD, which is celtalnly based on the confining
color SU(3 )fj’" symmetry. Nucleons, scalar mesons and vector mesons are composites
of quarks. Complementarity will state that composite nucleons are regarded as (con-
stituent) quarks and composite vector mesons as massive gluons.m Scalar mesons are
described by the Nambu - Goldstone bosons, which are not absorbed into the massless
gluons. Let the flavor group be SU(3)f for ‘124 (A =1, 2, 3 for three colors; ¢ = 1, 2,
3 for three flavors), i.e., u, d and s, which comes from the symmetry breaking of the
chiral SU(3), x SU(3), symmetry. To faciliate the symmetry breaking, we introduce

two scalars, £2,: (3, 1) and E;{%i: (1, 3) for (SU3),, SU(3) ), which are decomposed as
& = 52{{} ; and s = §i” g;}j. It is suggested that £, is identified with scalar diquarks,

&, = eABC, ijq qcl/ffl.m The remaining scalar; £, represents the Nambu - Gold-

stone modes, Hg as £ = exp(Il/f;). QCD gets broken completely as fas as diquarks
are condensed to develop < &, > = fnéf. In this phase, i.e., the Higgs phase of
QCD, the gluons, Gﬁ, become massive and serve as the octet vector mesons including
p and quarks act as the octet baryons including P, N and A. While, in the confining
phase, color-singlet composites are supplied by fgf—iqﬁ/fn (~ qqq for £, ~ qq) as the
octet baryons and by E‘T,z'D#EV/fI?I {~ Gdqq) as the octet vector mesons. Then. the both
phases at low-energies contain the octet baryons and vector mesons. The transmutation
of gauge bosons (i.e., gluons) into massive vector mesons (i.e., p etc.) arises. ™) The
similar suggestion has been lately advocated on the basis of the non-linear sigma model
with a dummy hidden symmetry, ") where gauge bosons are regarded as composites
and scalar mesons like 7 are taken into account but without the baryons as ¢¢q.
Along this line of the compositeness of “elementary” particles, a possible new
physics beyond the standard model is investigated by introducing extra W and Z
bosons. The confining “color” gauge group to be studied in the present article is spec-
ified by SU(2 )10" for the W and Z bosons as well as G/ = SU(“ )1‘,” x SU(2 )1“
{(equivalently, SU(2 )[‘” x SU(2 )l"‘) for extra W and Z bosons. The QCD - like “color”
(vectorial) SU(2 )1"C symmetry as G'°% is not suitable for the L - R asymmetric weak
interactions. If the effects from the composite vector mesons coupled to the right -
handed currents (corresponding to the SU(2 )[‘” - gauge bosons) are neglected, the ex-
tra W and Z bosons, related to bll(Z)I“, are allowed to be as light as 100 GeV' as

far as the low-energy weak interaction phenomenology is concerned. "’ 1t is because
the couplings to quarks and leptons. are of the V.= 4 form, which does not alter low-
energy charged-current interactions. The lagrangian with extra composite weak bosons
is characterized by vector meson dominances, which are described by the kinetic mixing
terms among the photon (A°), W and Z (mainly V") and extra W and Z (mainly L

and R)le)

1 B
Lose= =5 VD + A L8+ A RN AT — VLL Dy (3.9)

mur ny



We will demonstrate how the kinetic mixings are generated in the confining phase
of SU(2 )1"c x SU(2 )1"" X bU(")l”'( G°¢) and obtain the effective Iagxanclan for

composite quarks, leptons, W, Z and extra weak bosons. ")

The particles contained are 1) “color” gauge bosons, (G, )b of SU(2 )1" with the
gauge coupling g, (G, )2, of SU(2)Y with gy and (G )7, of SU(2 )¢ with Gp> and a
“flavor” gauge boson, B, of U(1 1){%with ¢'; 2) “color” bL((u)L)R doublet fermions with
“the “flavor” suffix a (= 0,1,2,3) for'the three colors (o = 1,2,3) and the lepton number
(@ =0),¢%;: (1. Y; 2, 1) and ¢ 50 (1, Y5 1, 2), for (SU(2)}°, U(1)k5 Su(2)l,
SL{(’Z)IR"C), whe1e m(= 1, 2) denotes the bU(7)1"” “color” and Y (= B -L)= -1 for
®; = 1/3 for ¢ (4 = 1,2, 3),and; 3) three kinds of “color” scalars, @w: (1. 713 2,
1), &% (1, 78 1, 2) and £2: (2,0; 2, 1), where i(= 1,2) and a(= 1,2), respectively,
denote the “ﬂavor’ and SU(2)%° - “color”. :

Let us demand that G'°¢ be confined to generate composite particles and to form
the following scalar condensates: <ﬁJTL,’(R)i('ID2(R)){n) = &, ((wz(m);nzbz(mi) = &,
(Mgl = 62 and (€8,(EN7) = 6%. Also defined are “color” - singlet composite
fermions for quarks (¢) and leptons (£) and composite vector mesons, V,, L, and R,
for W, Z and extra weak bosons, according to:

‘12‘3; = Z @?ic}i,[,» giL = Z 'lz’ﬁc?n[,, (2a. b)

m m

m m
F(V Y= (opiDyal ), f(L,)] = (@, (&D,eNal), (2e, f)
Fp(Ry)} = ("I’RiD#w;z)f (29)

as well as f’A?‘ =¢'B,. Hereafter, quarks and leptons are denoted by ¢7; = CiL (a=0):

= ¢} (o (=4) = 1.2,3).
- By noticing that G, = (~L€)T IW('UZ:LS), gLGLW = zI)Ev:,WIZzL and gRGRW =
wgvswsz for v, = d,v, - 9,v, - i[v,, v,] etc., where
v, = fVut Fr Ly +e(70/2) A5 (3a)
0y, = £V, + e(r9/2).49, (30)
vy, = fpRu +e(r®/2) 45, (3¢)
\ . . 3)
we find. from the lagrangian for the gauge theory evaluated in the confining phase. o)
L to be:
con f
= —~—1-Tr(v , (v, o) — (v, 0ZW)
conf 292 1y~ 1 Tpy 2 3uv”3
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A0 A0y o A2y ('ﬂ“):’ + AETT(fLLu)? + ‘/X:}‘_ff’r(fRRﬂ)?s

4 [E
+ 4, (10, + fV, + eQemAD)Y, + ¢ 7" (18, + f4R,
+ eQemA‘;)u%R, (4)

as long as the radial scalar excitations are neglected: The mass - dimensions, A and

A LRy € associated with the scalars, @, and {(w,). Note that the extra boson,

L,. does not couple to quarks and leptons. The coupling strengths, f, f . f p and
flosatisty 1/ = 1/¢* + /g3, f, = 9. [ = 9 and 1/f? = 1/¢* + 1/¢" + 1/g}
+ 1/g% for the canonical kinetic terms of V,, L,, R, and A). For “color” singlet

loc

composites, the unbroken U(1 )I"C symmetry is c01nc1dent with the U(1) 55 symmetry.

The third - isospin is provided through the U(1 )l"c charge of @, which ensures Q

em
= (7(3) +77)/2.The kinetic mixings are now characterized by e/f (= A y) for A% and

V, e/fL(orR) (= AﬁL(orR)) for A and L (or R) and f/fL (= for V and: L. The

kinetic mixings cause the following field - redefinition:

Avi)

AL ‘
3) 2 7{3 3) VAR 3y 4
v = 122 (v 4+ A, L) TﬁfRL ), (5a)
VE =V I, L = i) (sb.c)
R = \/(1 = A2, =X p)/(1- 22 )RP, RE) = R (5d. €)

It is not difficult to show the equivalence of the interactions in ihe confining and
Higgs phase as far as the scalar degrees freedom are frozen. The vector fields. 4 u Vo
L, and R, defined in Egs.(5a ~ e), are also expressive in terms of fields with the
orthogonal mixings in the Higgs phase, which reflect SU(2)¢ x SU(2)}e — SU(2)ks

with the gauge coupling 9p = ggL/, /9> + g3 (= gcos b, =g sinf;), U(1), x SU(’))I"C
— U(1)ge with gfy = 9'95/1/97% + 9% (= g'cosb, = g sind ) and SU(2)e x U(1)lge

— U(l)ﬁ_,‘,’,fz with ¢ = ngb/ g'«’D,+ gg (= g'DCOSG = gDsing);

A, =sin ﬁaf) + costb,, fo) = €03 Haff’) —sin6b,, {6a,b)
Vi) = sinf G + cos§ GF), L) = cos9,GY) —sing, G,
R = cos8,GF) —sind, B, RF=6E (6c ~ f)

where a(3) = sinf G 3) + cosfl, G and b, = sinf G'(3 + cosfl  B,,. Following these
relatlons together thh the 1dent1ficatlon of = 9p fL =g and f = g leading to



’\qu = sinf, /\ = sinfisinf /\ = cosfsinf o and A, = sinf , it is shown that th
lagrangian evaluated in the nggs phase is e*cactlv same as the one in the conﬁmnc

phase, ,C,M - The similar argument can be applied to models with an extra Z bosons

based on G'°° = SU(2)ke* x U(1)loe."

For the SU(2 )"’C x U(1 )"’C X SL((Q)I"c model, where the contribution from the
right - handed bosons, R, are neglected, we find that the low - energy phenomenclogy
is controlled by

L =2/2G, J " (Ta)
LY =4/2G, [(J —sin® §7°™) + C,,, T ™), (7h)

where 4v2G,m}, = f? for m,, = fA and C,, = (m} /mI(f?/f})sin*6. The weak

boson masses, My g 318 ﬁxed to be: m, = 91.09 GeV (as the central value of the

averaged data) The constraints on sin® 4 and C,,,,, respectively, come from v - induced
reactions ™) and the Bhabha - scattering with A > 7.1 TeV (for vector coupling),?l)
“which result in sin? 8 = (0.22 ~ 0.24) and C.,,, < 0.002. Computation of C,,, shows
that C,,, < 0.002 is satisfied. Another constraints are based on the experimental results
on pp — W' (or Z') + - -- followed by W' (Z') — ev (e‘*’e‘).m These impose m_,,, >
(290, 240, 200) GeV for sin’§ = (0.22, 0.2225, 0.2235) and m g, > (440, 330, 200) GeV
for sin® 4 = (0.22, 0.225, 0.228) but no restriction for the case with sin® # > 0.2235 (W)
and 0.228 (Z'). The prediction on pp — W' (or Z') + - -+ — jj +--- is so far consistent
with the data.’" The theoretical constraint dectates my, my,, = cosfm,m,,,. Under
these constraints, we evaluate various quantities and show
1) the dependence of the Z decay widths on m,, (= m,. in the Figures) for sin’f =
0.22, 0.225 and 0.23: T(Z — all) (in Flig.1) and ['(Z — e¥e™) (in Fig.2) together
with the standard model predictions at sin’f = 0.2313 (for m, = 100 GeV),
2) the coupling constant of f, (= g* in the Figure) divided by e {(in Fig.3) and the
Z' decay width I'(Z' — all) (in Fig.4) and
3) the cross section of o(ete™ — u*u~) as functions of /s for m,, = 250, 500,
1000, 1500, 2000 and 3000 GeV at sin®f = 0.225 (in Fig.5).

The expected deviations are to be detected by the precise determination of the Z
properties. Furthermore, TeV - ete™ colliders such as JLC, CLIC and so on will see the
extra weak boson as heavy as 1 TeV or even heavier than the beam energy owing to the
broader width of Z' of O(100 GeV) as long as the extra boson acts as a “elementary”
particle. However, since the compositeness scale can be as low as the order of G;l/ T
300 GeV, the electron itself will manifest the substructure perhaps through (unknown)
form - factor effects around E = O(1 TeV), which even distort the behavior of ete
annihilation via the photon and Z.
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DYNAMICS OF THE NAMBU-JONA-LASINIO TYPE
FOR SUBQUARKS

Keiichi Akama
Department of Physics, Saitama Medical College
Kawakado, Moroyama, Saitama, 350-04

abstract

We present an improved version of the dynamical subquark model of the Nambu-Jona Lasinio
type. The six-fermion interaction to form the composite quarks and leptons is incorporated. The
four fermion interaction to form Higgs scalar is omitted. It allows us a parameter assignment which

guarantees light quarks and leptons and heavy weak bosons.

This talk is based on the recent work in collaboration with T. Hattori.” Proliferations
of the color triplets and weak iso-doublets seem to suggest a further fundamental layer of
matter, the subquark (or preon). D3 n this picture, quarks ¢ and leptons £ are composite
such that

g~ wc or whe, (£~ wc, or whe, (1)
where w, A, ¢, and c, are the subquarks carrying the weak isospin, the generation quantum
number, the color, and the leptonic color, respectively. The weak bosons W;;, Higgs scalars

¢, and even photon A, and gluon G could also be composite.a)

o
~——

Wi~ oy, $~Bw, Gi~Tyde Ay~ 57,Qs, (:

k)

where 3 indicates the summation over the subquark species s = (w, &, ¢, c,), and Q, is the

electric charge of the subquark s. About a decade ago, we proposed the dynamical subquark
)

model® of the Nambu-Jona-Lasinio type.5 Let us summarize the main features of the
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model. The basic Lagrangian is given by

= 1w aw -+ -E(i ﬁ - mh)h +_C_('i ﬁ - mc)c+ E[(i 15 - mcc)c[

2

- . 2 .9
+ F (Z 37“)’55) +F, (Tﬂ'yuﬂwL) + Fy (Sy, ') (3)

3
Fyl—a wa1L+a W w,R[
where m, (s = h, ¢, ¢,) denotes the mass of the subquark s, F, (i =1,2,3, H) denotes the
coupling constant, and Y, denotes the weak hypercharge of the subquark s. The F, (i =
1,2,3) is finally taken as infinity to guarantee U(1), ® SU(2), ® SU(3), gauge symmetry.
Quantum effects due to the four fermion interactions in (3) give rise to the composite bosons
B,, W}, G35, and ¢, which are interpreted as the gauge bosons df,U'(l)y ®SU(2),®SU(3),
and the Higgs scalar. The derived effective Lagrangian is nothing but that of the standard

model for subquarks.
L Tu'z@w—*-h(@ m)h—%—c(@ m)e+7¢,(iP — m,)e,

eff
- '1' (B )2 -3 (W:u/) - :11' ( /u/) + ID“gblz + /‘zld”z - /\I‘.ﬁﬁ (4)

£

+ Go! ( a wgww +a + h.c.,

2 W szﬁ)
where D, are the covariant derivative, V,, is the field strength of the vector boson V,, and
#, A, and G are coupling constants. The gauge, Higgs, and Yukawa coupling constants are

written in terms of the compositeness scale A__,, which serves as the momentum cutoff of the

sub’

quantum loop integral. Eliminating A, from them leads to the following relations among

the coupling constants and masses.

Singgw 21/4[ +Qw2+3Qc+ch+N Qk] < % (5a)
9 =12, (5b)
Mg = 4 (my, +m},) [ (m}, +m2,), (50)
M}y, = % (mi, +mi,), | (5d)

where 8, is the Weinberg angle, g and g, are the weak and the strong coupling constants,
respectively, and Mq,) and M, are the masses of the Higgs scalar and the W boson, respec-

tively. In deriving (5a), we assumed that the compositeness scale A_, dose not -depend on



the subquark species. If m, ~ m,, , Eqs. (5c) and (5d) implie that m, ~ 46GeV and
M¢ ~ 92GeV.

This model, however, involves some unsatisfactory aspects. i) Since the effective theory
is a gauge theory, the coupling constants are expected to vary with the energy scale according
to the renormalization group equation below A_ ., and the relations (5a)-(5d) hold at A

If we use the measured values of sin’ f> 9, and g,, the relation (5a) indicates that A, <

10'°GeV, while the relation (5b) indicates A_, much larger than the Planck mass. ii) It

sub
is natural to take the chiral symmetry for the subquark w as the origin of the lightness
of the quarks and leptons. Then, the w-subquark mass m,, which is related to the W-
boson mass M, by the relation (5d) is too large. iii) The model includes no interactions to
form composite quarks and leptons dynamically. They ’are also necessary to make definite

arguments on the lightness of quarks and leptons.  In this talk, we would like to present

an improved version of the model in Ref. 3) without the above mentioned drawbacks.

The basic Lagrangian is given by
i 9~ my )+ K9 = m b+ 3P m )e + 3,00 9 - m, )

2
N .9
+ F1 ( 57,Q ) w'yﬂf’wL> + Fy ('c"y#/\'c) (6)

+ > F,P(w,h,c)P(w,h,c)+ Y FP(w, h,c,)P(w,h,8),
4 :

where P(¢.,%,,%,) is a projection from the direct product of the three spinors ¥, ¥,, and
¥, to aspin 3 L state. We added to the basic Lagrangian (3) the six-fermion interactions to
form the composite quarks and leptons. We discarded the F-term which is to form Higgs
scalar, and replace the hypercharge Y, in the F|-term by the electric charge J;. The F| and
F, are finally taken as infinity to guarantee U(1),,, ® SU(3), gauge symmetry, while F, is
taken as finite, since SU(2) symmetry is explicitly broken by @Q,, , in the F| term in (6).
The F, and F, are taken as infinity to guarantee chiral symmetry. Again quantum effects
due to the Lagrangian (3) give rise to the composite bosons A}, Wli, Gy, ¢, and £, which
are interpreted as the photon (to be diagonalized), weak boson, gluon, quark, and lepton,

respectively. In evaluating the quantum effects, we adopt the regularization scheme which
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respects the U(1),,, ® SU(3), gauge symmetry and the chiral symmetry for m,, — 0. See

Ref. 1) for the further details. The effective Lagrangian for composite particles is given by

=GP —m)qg+ P —m)t

1 1/ ; a2
Z (AI ) Z <W + e€ JSA[#WJ]) —— (G )
€ 1 132

QgA;,,W,jU+ 2M§V(Wﬂ) ,

where

D,q=(0,+ieQ A, + —2-g7Lr‘W,“ + -z-g,/\“G‘;,)q,

. 7 E
D= (6“ + zteAL + —2-g7L‘r‘W;)l,
A;“, = 8”AL - OVAL,
Wi, =0,W; — 0,W; — geT* Wi},

Gs, = 0,G% - 8,G% - g,f*GLGe.

The coupling constants and the masses are given as follows.

e = 1/2\/(@3,“ + Q?y,) I, +3Q + nglcz + NQQZI,&’

9=1/VI, g9,=12I,
my=my,K,[J,, m,=m,K,[J]

My = 3m}, - 1/8F,I,,

(7)

where I, (s = w, h,c,c,) is the logarithmically divergent integral of the loop diagram with

internal s-subquark line, and J,, K,, J,, and K, are the quartically divergent two-loop

integrals which are precisely defined in Ref. 1). The Lagrangian (6) is that for the current

mixing scheme of Hung and Sakurai.” It is well known that this scheme is equivalent to

the standard model except for the part concerned with the Higgs scalar, which has not yet

been established phenomenologically. Thus, the present model can be an alternative to that

in Ref. 3).



The divergent integrals depend on the momentum cutoff at A_, and the number of

]
subcolor. Unlike in Ref. 3), we assume that the cutoff and the number of subcolor depend
on the species of the subquarks. Then, the relations (5a) and (5b) do not hold any longer,
but only the following sum rule is left.

+

: (10)
g2 g g g2

1 v

5=
where g, = 1/2,/T, and g, = 1/,/2I,. I we incorporate the hypothetical particles
G ~ ¢,7uc, (leptonic gluon) and Hy = R\“‘yph (horizontal gauge boson), g, and g,
respectively become the coupling constants of their interactions. Unlike in the model in
Ref. 3), the relation (5b) dose not lead to contradictory restriction on A_,. On the other
hand, the relation (5d) is replaced by (9¢c) and (9d), which allows the option with small

"My, ~ O(mq),O(mz)' and large M, since F, is finite. Thus, we have shown that the

present model overcomes the above mentioned drawbacks of the model in Ref. 3).
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Baryon Physics based on the Nambu-Jona-Lasinio Model
M. Wakamatsu

Department of Physics, Faculty of Science,
.Osaka: University,
Toyon"aka, Osaka 560, JAPAN

The mean-field treatment of the Nambu-Jona-Lasinio lagrangian is shown to provide us
with a powerful means to study'the structure of baryons. It enables us to calculate various nucleon

observables in a nonperturbative way, with full inclusion of the sea-quark effects.

Witten's identification 1) of Skyrrﬁe solitons with\QCD baryons has been widely accepted by
now, but we are still far from complete understanding of the underlying dynamics of the Skyrme
model 2). The theoretical interpretation 3) of the recent EMC experiment 4) strongly suggests
that the Skyrme solitons are very remote from the naive quark bound-state picture. What picture
do we obtain then, if it is at all possible to translate the principle physical content of the Skyrme
model into a quark language.

The celebrated Nambu-Jona-Lasinio (NJL) model 5) has recently re-emerged as a means
of establishing a link between quark models and chiral soliton models such as the Skyrme model.
A key ingredient is the introduction of the composite fields carrying’ meson quantum numbers.
The implied quark-meson coupling generates the Hartree type mean field for quarks to form a
soliton-like bound state. The non-trivial topology of this Hartree potenfial makes the above soli-
ton solution much resembling to the Skyrmion, although it simultangously holds the chracteristic
of the standard nonrelativistic quark model. The study of the NJL sqlitons will therefore provide

us with valuable informations for reaching deeper understanding of the Skyrme like topological

soliton models. The present note is only a brief introduction of such studies.



We start with the chiral symmetric NJL lagrangian 5),
- 1 - -
LysL=viv" 0,9 + ’2'0[(1/@)2 + (Yiy*ry)?), (1)
or its equivalent, given as

vir = P[0 =g (0 +iy°T - 1) Y = == (o° + 77). 2

The effective meson action obtained from this lagrangian is

9

Setilo,®]) = — i N, logdet[iv*8, — g(o +i7° 7 - «)] —-‘—2--G—/ d*z (o + x%), (3)

where N, is the number of colors of quarks. In the following, we simply assume that the self-
consistent classical solution' of the above: effective action exists and it satisfies the nonlinear
constraint o®+x? == f2. In this case, it is convenient to express the linear combination of ¢ and

7 in terms of one unitary matrix U as follows:

-

] 1 + 75 f — .,’5
glo+ivy’r-w) = M( 5 U+ 5 Uty= MU™. (4)
Eq.(3) then reduces to a simple form:
Sess[U] = =i N.Sp log[iy*8, — MU'}, (5)

which is nothing but the effective action investigated by Diakonov et al. 6) (Here M = ¢f,,
and SpO = [ diz tr,try{z] O|z).) This expression is formally complete, but of little practical
use. In order to obtain actual numerical values for any qﬁantities of physical interest, we must
usually resort to some approximation such as the derivative expansion. We can go beyond such a
perturbative treatment, by directly evaluating the trace surﬁ of eq.(5) with use of the eigenstates
of a time-independent hamiltonian (specified below) as a complete set. This becomes feasible, if

- we assume a simple time dependence for the unitary matrix U as

U(x,t) = A(t) Us(x) Al(2). (6)
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Here Uy(x) stands for the static meéonfconfiguratiofn, which is assumed to take the hedgehog
form Up(x) = exp[i -+ F(r)] with F(r) = me~"/% and A(t) is a time dependent SU(2) matrix.
This just corresponds to the assumption of collective iso-rotation in the Skyrme model 2). Now,
using eq.(6), we can rewrite the operator D =1y*9, — MU™ as follows:

D =A(t)y (0 — H+Q)A(t). (7)
Here H is the time-independent hamiltonian given as

a-V ) ..

H = ——+ MB(cos F(r) + iys T - Fsin F(r)), (8)
1 ;

and Q is the collective angular velocity operator defined by

Q=iAld = —iQ. 7, ' (9)

B

where A = ;j;A. Under the above assumption, the effective action can be written as

Seff[U]= - ZNCSP log[z3t~H]

— N {Splog[id.— H+Q]—Splog[id; — H]}. (10)

Here we have intentionally divided the total action into two parté: the first part has a trivial
time dependence and can be related to the static energy of the soliton system 6), while the
second part, which depends on Q, describes. the collective iso-rotational energy. In reference to
the Skyrme model 2), we assume that the rotational velocity is relatively slow, and the expansion
in powers of  converges sufficiently fast. The first non-vanishing correction to the static energy
comes from the second order term in 2. After some algebra, we arrive at the following expression

for the energy of the quantized soliton with the definite angular momentum J(= T):

J(J+1
E = Eatatic + _‘('T)f——) (11)

Here use has been made of the quantization rule Q, — J,/I (J, is the angular momentum

operator).



The discussion above pays little attention to the special role of the valence level (it is
the lowest energy eigenstates of the hamiltonian H, which emerges from the positive energy
continuum). When the energy of this valence level lies between 0 and M, its contribution must
be separately taken into account 6). Furthermore, the momentum cutoff A must be introduced
in order to regularize the ultraviolet divergence. This cutoff is determined so as to reproduce
the pion kinetic term in the effective meson lagrangian obtained from eq.(5). Adopting the

proper-time regularization, this requires to set

2 ,e0
g B ur (12)
1

" 472 /At

After taking all these into account; we are led to the following formula for the moment of inertia:

I = IO + Iv_p.y (13)
where
Nc ~<0~l7'3[m><m,!7’3l0>
= 7 14
10 2 mE;e:o Em_EO ’ ( )
Lip. = %—EZ <nln|m><m|n|n> f(En EqA), (15)
with
i m — s En f’f En A
F(Bo B ) = SBN(Em)erfc(|Enl/A) — sign(BnJerfc(|Enl/A)
E, ~E,
2 emE'z"/A2 — e"EglA2
A ) 16
7N TR (16)

Here | m > denotes the eigenstates of the static hamiltonian H with the eigen-energy E,,. In
particular, | 0 > represents the ’valence state with the the eigen-energy Ey. To make all the above
sums tractable, we intro@uce the plane-wave basis a la Kahana and Ripka 7). The momenta of
this plane-wave basis are disc’retized by imposing an apprqpriate boundary condition at r = D
chosen to be sufficiently larger than the soliton size R. The basis is made finite by introducing

only those states with the momentum & as k < k.n,,. The eigenvalue problem is solved by
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Table 1: The soliton size dependence of [

R(fm) Jo I, I(total)
0.4 0.0096 0.0003 © o 0:0099
0.6 0.0043 0.0015 0:0058
0.8 0.0032 0.0039 0:0071
1.0 0.0026 0.0079 0.0105
1.2 - 0.0159 0.0159

diagonalizing the hamiltonian' H in the above basis. All the results were checked to remain
unchanged With increasing D and k...

Since we do not have enough space, here we show in table.1 only the final numerical
result for I, which was caluculated with egs.(13) ~ (16), by assuming a simple parametrization
F(r) = e/ for the soliton profile. We try several choices for R to examine the soliton size
dependence of the resultant moment of inertia. One sees that the vacuum quark contribution
I, p. is a rapidly increasing function of R. This feature is quite reasonable, since larger soliton
size in our model means stronger chiral background potential, and consequently stronger vacuum
polarization. The total moment of inertia I.seems to have a minimum around R =~ 0.6fm. (We
recall that the static soliton energy evaluated with the same soliton profile has a minimum around
the same radius R ~ 0.6 fm 8)) The value of the moment of inertia at this soliton radius is
about 0.0058MeV~1. It is fairly close to the value 0.00SMe’V‘l,' which is extracted from the
observed N — A mass difference with use of the formula My — My = %

Summarizing our arguments, a semi-classical quantization procedure was carried out, by

starting from a schematic form of the mean-field solution of the Nambu-Jona-Lasinio lagrangian,

A fundamental quantity appearing in this quantization scheme is the moment of inertia of the



soliton system. We have calculated this quantity without recoursing to the derivative expansion,
by performing double sum over all the positive and negative energy quark orbitals in a mean
potential. A similar analysis can be readily extended to other nucleon observables such as the
magnetic moments and the spin expectation value etc. 9'10). {t is hoped that such a study
will throw more light on the approximate nature of the fermi-bose correspondence in the 3+ 1
dimensional field theoretical models and thereby provide us with valuable information about the

utility and the limitation of the Skyrme like topological soliton models.
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Calculating f,~

TAlCcHIRO KUGO

Department of Physics, Kyoto Universify.
Kyoto 606, JAPAN

ABSTRACT

A review of the bilocal auxiliary field method is given in the first to emphasize
that it gives a systematic approximation scheme consistent with chiral symme-
try and reveals an interesting interplay between Schwinger—Dyson equation and
Bethe-Salpeter equation. Then applying the method, we examine physical quan-
titles accompanying dynamical chiral symmetry breaking in QCD-like theories.
In particular expression for the decay constant fr is given exactly to the lad-
der approximation by solving the BS equation. Some results of our numerical

calculations for fu, <1Z¢> and X(p?) are also reported.

1. Introduction

The spontaneous breakings of chiral symmetries play important roles in var-
ious places in particle physics. Namely, the best-known example is QCD theory
of strong interaction, in which pion is identified as Nambu-Goldstone boson cor-
responding to the spontaneous breaking of an approximate SU(2) x SU(2) chiral
symmetry. In the standard electroweak theory of Weinberg-Salam also, some chi-
ral symmetry has to be spontaneously broken, which we may suppose is caused
dynamically by a certain strong interaction, e.g., technicolor, 4-fermi interaction

and so on. Even in QED in its strong coupling phase, it is known, at least in

% This talk is based on the work in collaboration with K-I. Aoki, M. Bando and H. Nakatani.



the quenched ladder approximation of Scwinger-Dyson equation, that such a dy-
namical spontaneous breaking takes place. In any case, it is much desirable to
understand the dynamical properties concerning spontaneous chiral symmetry

breaking more.

The calculable physical quantities relevant here are i) self-energy function
T(z) of fermion, ii) fr and iii) the vacuum expectation value (VEV) (¢¢). Here
fr and (zﬁd)) are directly related to the measurable quantities; indeed f, is the
decay constant of NG boson if the chiral symmetry is global, or gives the mass
of gauge boson if it is local, and (1,2:;/1) is related to the mass of NG boson for the
case of approximate chiral symmetry. On the contrary, L(z) is not so, although
its nonvanishingness equally signals the spontaneous breaking.

I will report in this talk on our recent work of calculating fr and (zﬁzp)

" performed in collaboration with Aoki, Bando and’Na.katani.[l] The self-energy
function ¥(z) has long been calculated by many authors in the quenched ladder
approximation in strong coupling QED, and also in QCD in a similar approx-
imation. The decay constant fr, however, has only been calculated by using
a further “approximation”, namely Pagels-Stoker’s formula,[zl up to now. The
Pagel-Stoker formula; which was derived in tﬁe so-called dynamical perturbation
theory, is indeed a convenient formula since it gives fr in terms of the knowledge
of £(z) alone. But the nature of this approximatioh is not necessarily so clear.
So we here calculate fr exactly in the ladder approximation with no additional

assumptions.

2. General framework — Auxiliary field method

It is best seen in the auziliary bilocal field method that fr and X(z) can be
calculated to any common order of approximation, and consistently with the

chiral symmetry. We therefore review the auxiliary bilocal field method first.
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2.1 LOCAL AUXILIARY FIELD

The history of auxiliary field method itself is very old. It was first introduced
by Stratovich and Hubbard Bl in '50s in statistical physics, and was applied in
particle physics by Coleman-Jackiw-Politzer and Gross-Neveu Ml in 70s. These
authors’ method is local field one. So let us see first how it works in the simplest

case.of local 4-fermi interaction:

£ =9 - m) + 5 (u), (2.1)

where 1 is an N-plet of Dirac fields (1, %2, -+, ¥n)T. The generating functional

of Green’s functions is given in the path-integral expression by
2ol = [ D¥Dexpi [ da(c + 79+ b, (22)

We now introduce an auxiliary local field x(z),

, ’ : ) ‘ (2.3)
—.:/’nyexpi/dx[-%(x-f-%%b'ﬁ)z] B

and multiply Z[n, 7] by this expression of 1. Then we get

Zlo il = [ D¥DiDxexpi [dalbd - m =20 - gt + il (4)

(i —m—x) " =

:/DxexpiN [—%Xz—iﬁLn(i(?—m—x)—

VN VN
(2.5)
Note that from (2.4) or (2.3) the equation of motion of x gives
\ -

and hence the auxiliary field y is essentially a replacement of the composite

operator ¥, Now the exponent of the integrand in the final expression (2.5)



gives a quantum action for x. Since N is factored out as an overall multiplicative
factor, the 1/V expansion (regarding /v N as of order 1) becomes identical with
the “loop” expansion based on this effective action. [This is just like the ordinary

loop expansion =h expansion for which 1/A is an overall multiplicative factor.]

The effective action to the leading order in 1/N is, for the case of vanishing

fermion source,

S“tree”’ — ___2%\_)(2 —iTeLn(id — m — x), (.7)

which yields the following effective potential by setting x x-independent:

V“tree" — _}__ 2 . d*k 1 _ _ 9.8
=33X + 1 -————-(27r)4tr n(f —m—x). (2.8)

The stationary condition of this determines the VEV x. = (x(z)) = ——% <1Z¢>:

“tree” 4
ov Xe _ i/ (d k 1 (2.9)

i : E-=3 | B S A tr .

Ox  Ix=x A 2r)t - m— x.
This is nothing but the gap equation or Nambu-Jona-Lasinion’s self- consistency
equation (for chral symmetry case m = 0). The higher order terms of the effective
action (or potential) can be calculated using the quantum action in (2.5) which

reads diagramatically

Ly < g+ <O

-

’
»

ﬁ‘ '/ B " ' : e ; .
- = 3 see e .
Lint O r G 4 iq (2.10)
1
where now the fermion line stands for the propagator i(§ — m — x)~! with new

mass m + Y. determined by (2.9). Thus, using the “dressed” x-propagator
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g s (2.11)
-—x + --OO'- ;

N LA G T

i . P ] ﬁ‘ ".‘ "‘\\

L (2eboop): OOy +

,‘la ( i . s .‘._a b ‘) (212)

b RN

and so on.
This auxiliary field method has various merits:

i) It specifies a systematic way of summing Feynman diagrams, with which

the ultraviolet behavior becomes often better.

it) It gives a Lagrangian (action) formalism of bound state(s) x. Since we have
the action S[x] or the potential V(x), we can discuss the vacuum energy
and the stability of solutions of 0V/dx = 0.

iii) Global symmetries (e.g., chiral symmetry) are kept manifest in the action
Slxl- |

2.2 BILOCAL AUXILIARY FIELD

This auxiliary field technique can be extended to the case of Yukawa type

interaction by introducing bilocal field x(z, y), as was first done by Kleinert and
[5] ' ;

Shrauner.™ It is in this formulation that the Schwingér—DYsori equation and the

Bethe-Salpeter equation come into an intriguing interplay concerning the vacuum

stability, as was pointed out first by the present author.[sl



Let us consider the system of QED:
e 1 1 2
L=9(d+ed)p — -F,, — —(04)°, (2.13)
4 200
which yields, after integrating out the photon field A4,

— dijy+ 5

= pidy + f;dl(zx)?/;(m)ff(myu z292)9(z2)Y(32),
(2.14)

that is, effectively, a non-local 4-fermi interaction system.

We now introduce a bilocal auxiliary field x(z, y) and add the following Gaus-

sian term to (2.14) so as to cancel the non-local 4-fermi interaction:

~ s x(zw) K (19 244 )6 ()b (50)]
< K~ (z1y1; 2292) (X (2292) — K{zays; zhyh)v(2h)(yy)]  (2.15)

-—l—(x ~ KY)K " (x — Kvih).

2e?

Note here that the auxiliary field x(z, y) is a bilocal and bispinor field representing

the composite operator

Xap(2,y) = K(zy; zw)do(2)dp(w). (2.16)

By just the same procedure as before, the generating functional Z of Green’s

functions is now given by

Zln, 7] = /D?/)'DJ’DX expi / dz[§(id — x)¥ — %tr(xff‘lx) + 7% + )

= [ Drespil=gztrlxk ™0 = T La(if = ) = 7~ 07
(2.17)
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Thus, to the “leading order”, we get the effective action:

) 1 ; .
Sty = —ﬁtr(xl{'lx) —1TrLn(:d - x). (2.18)

6]

We henceforth work with this action persistently, and wil see the following:

i) The stationary condition §V **¢"/§x|,=y, = 0 is just identical with the
Schwinger-Dyson (SD) eqﬁa.tion for self-energy function E(p?) = x.(p?) of
the fermion v in the ladder approximation. Thus Z(p*) is interpreted as a
condensation of bilocal field, £ = (x) = K (y9). .

i) Expanding S’ [x] around each possible solution (x} = x., the condition
of diagonalizing the quadratic parts in ¥ = x — X reproduces the ladder
Beth-Salpeter (BS) equation [with improved fermion propagator i(i@—x) ]
for 91 bound states. Therefore the instability of the vacuum corresponding
to the solution & = x. of SD equation is signaled by the appearance of
tachyonic eigenmodes in the corresponding BS equation.

Note also that the chiral symmetry is maintained manifest in S***¢"[x] (or
in any higher order approximation in this formalism) and hence that if (x) =
xc # 0 solution exists in SD equation; then the NG bound state:.appears in the
corresponding BS equation automatically in this approximation.” Now let us

see the points 1) and 11} in turn explicitly.

First let us switch to the momentum space:

4 14 .
x(z,y) = /% eXP{—iqf—;—y —ip(z —y)} x(p; ),

dqd*prd®py .
K(z1y1; 2212) =/——(—2—W7112——fiq(p1;m)

. Ty Yr . Tak . .
Xexp{"‘lq( - 5 t - 2 yz)—lpl(m—yl)“’lpé(xz"‘yz)}
(2.19)

where p’s stand for relative momenta while ¢ for CM momenta. The VEV of

* This fact itself was known to Maskawa.m

method.

independently without the use of auxiliary field



x(z,y) must be independent of CM coordinate (z +y)/2 from translation invari-

ance and hence takes the form - °
(x(p;9)) = B(p) - (27)*8%(q). (2.20)
The effective potential is given from the action (2.18) as
Ve [2] = — 5" [x(p; q) = Z(p) - (27r)454(q’)] / / d4(m—;;‘y*)

1 .
=3, tr{Z(p) K Lo (p; k) B(k)] + i /p trin(4 — Z(p)),

(2.21)

with abbreviations [ = [ d*p/(27)* etc. Stationary condition §V " /§(p) =
0 gives
1

(p) = iez/k[{q=o(17;k)m» (2.22)

| ' | f
Sip) = i::\}/m

This is nothing but the SD equation for the fermion self-energy & as announced

or diagramatically,

above! Thus the self-energy ¥ is interpreted as a vacuum condensation of the
bilocal field y.

Next we look for the eigenmodes of y on the vacuum realizing the VEV
(x) = £. Performing a field shift

X(pg) —  xpa)+ E(p) - (27)*6%(q) (2.24)
in S’ [x], we pick up the quadratic parts in ¥ (omitting tilde of ¥):
“tree” 1 1 . S v (ke
Sasticld = [ { = 57 | 6lx(m =) K7 (s B)x(ki)]
q ?,

-5 [ et =0)Selp + PripinSeo - 1}

(2.23)
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where Sp is the fermion propagator on this vacuum:

Sr(p) =i(p—(p)) 7" (2.26)

For each fixed value of CM momentum ¢, the quadratic form of x in (2.25) can

be diagonalized by solving the following eigenvalue equation:

i / mi0Se(h+ Donlli)Selh = D) = et @oalira), 220)

or diagramatically,

k+d

2

eX(¢%) x () = ¢4

k_% {2.28)

This is just the BS equation as announced above, although it is a bit more
improved than the usual ladder BS equation since the fermion line here is not
the bare one i/§ but Sp in (2.26) with non-trivial self-energy function E(p).

Owing to the orthonormalization condition
~i [ lals=0)Se (0 + Don(pi0Selp = D) = oy (220)
2

the quadratic parts {2.25) of aciton now becomes diagonal:

2
ree —€

qltxadratxc /“"’ ZYn — _)“—“Xn((I) (2.30)

x(;9) =D x(a)éa(p; 0)- | (2.31)

From this, the 2-point function: of the bilocal ﬁeid x, for instance, is seen to be
given

. kb — 2¢n(P» )¢n( 7 q '
(Tx(p; —q)x(k; q)) = Y e 2T = (2.32)

n

which has poles at masses ¢° = m2 determined by e2(m2) = €2.



The auxiliary bilocal field method was extensively studied by Morozumi and

3 . .
So[] for QED case. Another method treating composite operators was also

developed by Cornwall-J ackiw—Tomboulis,[g]

[

discussed by Fukuda*” Comparison of these two methods is done by Haymaker

with which the stability problem was

and Ma,tsuki.[u] Related subjects were studied probably by many other authors

to whom I apology for not citing them all.

3. SchWinger-Dyson equation for QED and QCD

The Schwinger-Dyson equation (2.23) in Landau gauge (o = 0) for QED
( with vertex ev,) and QCD (with vertex gv,T*) is given, after making Wick

rotation and performing the angle integration, as

oy Ma) [T yE(y)dy A \)Z(y)dy
B =22 | vr o / M+ 20) 31

where z = p} (Euclidean). Now £(z) is not a bispinor but a scalar function in
this gauge. In QED case the coupling ) is a constant A = 3¢?/4x2, but in QCD
case we are adopting a slightly better approximation than the mere quenched

ladder approximation and using the following running coupling constant A(z):

Ae) = 5 C(F)gt(a) (LTI = (1) (32)

). (t=1Inz/u?) (3.3)

1
= /\0( H(ilp — i)l + 9(t ""tIF)l T At

(2] 6 as to make the high energy

This is an approximation devised by Higashijima
behavior of the solution 3(z) to (3.1) consistent with the leading renormalization
group analysis (as we will see shortly). tir is an infrared cutoff above which A(z)
runs according to the leading logarithmic renormalization group but below which

A(z) is kept constant to avoid the divergent pole.
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Let us define a parameter B in terms of 4 and Ag in (3.3):
= B ©(3.4)

where f; is the lowest order coefficient of the S-function of renormalization group
equation. B is a renormalization-point independent parameter characterizing the
theory. For example, SU(3) color QCD with 3 flavors of quarks has B = 9/16.
With this parameter B we can deal with various QCD-like theories in a unified
way, even including the fixed cdupling theories (like QED in this approximation)
as a limit B = 0. Originally theory is uniquely characterized by the parameter
B. But we here treat thé infrared cutoff {1p also as an additional free parameter,
which is a price we must pay for lacking of our knowledge in strong coupling (or

confinement) regime.

The integral equation (3.1) is equivalent to the following differential equation

with appropriate boundary conditions:

{ ¥ (z) }'Z z¥(z) (3.5)
(Alz)/4z) ¢+ Lz) i
from which the asymptotic behavior of the solution is easiiy found as
1 5!
S(z — 00) ~ = <ln %) , . (3.6)
z u?
This is quite consistent with the operator product expansion result:
@) 5
SOPE(z — o) ~ :' (Ini%) Fey (3.7).

For the detailed numerical analysis of eq.(3.1), we refer the reader to Ref.[13].



4. Bethe-Salpeter equation and f,

The Bethe-Salpeter equation (2.28) has a massless solution e3(¢? = 0) = ¢?
automatically whenever % # 0 because of chiral symmetry. Let us consider the
BS amplitude x = (0]T¢1/31Ps> for JPC = 0=t massless state Ps (call pion) in
the QCD-like theories. The bispinor x is expanded into the following invariant

amplitudes:

x(p+4/2,p = ¢/2) =v:5(p, ) + 175 (P(p, 9)p - O)p* + Qlp, 9)¢")

(4.1)
+ a1 T(p, ¢)(¢*p” — p*¢") .

We also define the same from expansion for the amputated BS amplitude x:

x(p,q) = (6= Z(p")x(p, 9)(¢ — (%)) , (4.2)

X(p+4/2,p — 4/2) =7:5(p, @) + 7w P(p, ) (p - )" + Qp, 0)*)
+ 0w rT(p, 9)(¢"p” — p*¢") .

(4.3)

[The eigen-functions denoted by ¢, in Sect.2 correspond to this amputated BS
X.] From the properties under charge conjugation and parity, all the invariant

amplitudes S, P, ..., Q, T defined above are even functions in (p- ). So we write

S(p.q) = S(*) + O((p-)"), ete, (4.4)

since ¢° = 0 now. We will need only the first terms S(p?), P(p?), ..., to calculate
-

The decay constant fr is defined as usual by
J’Ta')’p'ﬁ"/’ = “fvrau“a ey (4~5)

where 7 is renormalized pion asymptotic field. Sandwiching this by (0} and |Ps),
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we have

frau = / Her) trfyumsx(p+a/2,p—q/2)] . (4.6)

which by substituting (4.1) immediately leads to

N [® zdz
=% [ Q@ - 2P@) | (47)

Here z = p%(Euclid) and the factor N is the N of color group SU(N).

In the above, the normalization of the BS amplitude x = (0[Tz/z'¢;IPs> was
fixed by (Ps(p)|Ps(q)) = (2%)321)053(10—— q). With this normalization, the Ward-
Takahashi identity

~¢*Tsu(p = 4/2.p+9/2) = Sp' (P~ a/Du + %S (p+a/2) ., (43)

gives in the limit ¢ — 0

f?,S(x) =2%(z) . o (4.9)

So it is now more convenient to rescale the BS amplitude y as well as ¥ by
multiplying a factor fr/2 so as to take simply $(z) = Z(z). Performing this

“renormalization”, we finally obtain an ezact formula for fr:
N
=5 [ i Q) - =P@) | (¢.10)

Although the formula (4.10) is exact, we need an a.pproxirha,tion to obtain the
amplitudes Q(z) and P(z). We calculate Q(z) and P(z) using the BS-equation
(2.28) for the amputated amplitude ¢ps = ¥, which is exact only to the ladder
approximation. We expand it in powers of (p - ¢), and have to solve it only up

to the first order in (p- ¢) since Q(z) and P(z) are first order terms in (4.1). To



the zeroth order in (p - ¢), it gives after the angle integration is done

2

S = a0 [(artsw+ [ anwsw ] @

On the other hand, the invariant amplitudes of BS amplitue x and the amputated

one x are related via (4.2) as

1 .
S) = s W) (412)
1 . 5 .
QW) = ey [P0 -V + 200 + 4w TE] (41
1 . - o .
PW) = G 200 + v+ T @) PE) + 22 (1)8() + 42T ()|
(4.14)

Thus we see that the BS equation (4.11) with (4.12) substituted becomes of
exactly the same form as the previous SD equation (3.1) and hence that S(z) =
X(z), as told by WT identity (4.8), actually gives the soluiton to the BS equation
(4.11) for the massless NG bound state.

To the first order in (p - ¢) next, the BS equation gives the following coupled

equation:

Q(z) N -t dyd fYdyTEEEt 4 N ayiste [ Q(y)
- 9 _ z 2 - 2
Jy dyar2) 5y vy )\ Ply)

(4.15)
where we udnerstand the coupling “constant” A to represent A(z) in the inte-
gration region [ dy and A(y) in [ :2 dy, respectively. It is also seen easily that
T(z) = 0 follows from the structure of BS equation. Using (4.13) and (4.14) as
well as 5(z) = ¥(z), the equation (4.15) is now an inhomogeneous linear integral
equation for Q(z) and P(z) of the form

(1+ K[\ X)) (i) =C[AZ] (4.16)

where the kernel X and the inhomogeneous term C are local functionals of £(z).

)
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Thus, given a X(z), we have a unique solution for Q(z) and P(z), and then we
can obtain fr using the formula (4.10) with (4.13) and (4.14).

If we set A = 0 but keeping X(z) unchanged, the solution to eq.(4.15) is

trivial:

Qz)=0 , Plz)=0 . (4.17)

Then the formula (4.10) with (4.13) and (4.14) gives the following fr:

oo N [P SEEE - D)
T 4x? (z + Z%(x))2

(4.18)

(2]

This formula is nothing but the Pagel-Stoker approximation . Thus we see that
the approximation is applicable in the case of weak coupling A (but strong enough
to produce non-zero L(z)). As we will see later, due to the asymptotic freedom

in QCD-like theories, the Pagel-Stoker formula gives rather good estimate for fr.

Before going to the numerical analysis of (4.15), we here discuss the VEV

(¥} a little. First note that

m () (%))

is a renormalization-point (x) independent quantity, if m(g) is the running mass
and ((1131/)) ,,) is the composite operator renormalized at . Then we can identify

the quantity

1 At zX(z)

= —-—-—167r2 ; x————-—x T 22(3;) , (419)

with the VEV ((1/31&),\) of the renormalized operator at g = A. This identification

1s indeed consistent since £(z) obtained by Higashijima approximation has the



asymptotic behavior as predicted by OPE. Using the leading renormalization

group formula for m(y), we find

1 2
- _[MA)]EB 1 A z¥(z)
o= 3l w [ s (420

The BS equaiton (4.15) can be solved numerically by discretization. Taking
150 points for Q(z) and P(z) each, the integral equation (4.15) becomes a 300-

dimensional coupled linear equation.

We show some results of our numerical calculations. The ultraviolet cutoff is

set to be

In (A*/Adcp) =21 , (4.21)

where Aqcp is the point at which the leading logarithmic running coupling con-
stant diverges. [ We set A for B = 0 case to be In(A?/Z%(0)) = 30 ]

A schematic view of the Bethe-Salpeter kernel is in Fig. 1, where we show
two cases of B = 9/16 (three triplets QCD) and B = 0 (non-running coupling
constant). The corresponding Z(z), solutions Q(z), P(z) and the integrands for
f» and for <1/;¢>, are shown in Fig. 2a and 2b. As for the integrand for f,, we
plot both our ladder exact integrand and the Pagels-Stoker integrand. Both are
strongly peaked at near the peak of |Z'(z)|.

Changing the infrared cutoff t;p, we get Fig. 3a, where we take the case of
B = 9/16 (three triplets QCD). Fig. 3b is its zoom-up. Lower tip drives the
infrared coupling constant larger. In any case, we set a renomalization condition,
fx (ladder exact) = 94MeV, which is shown as a thick line of every plots. The
reason of taking a specific value of 94MeV is simply for us to easily catch relative
scales of various parameters. One sees the following results of our ladder exact

calculation.

1. The Pagels-Stoker approximation is rather good. We understand that it is

due to the asymptotic freedom of the theory, that is, after the most essential
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part of dynamics is taken as a solution of the Schwinger-Dyson equation

(=), the rest is controlled by the rather ‘weak’ coupling A, as is seen in

eq. (4.16).

. The renormalization of <Jn/)> works excellently. We get an almost stable

value of the renormalized {(¥¥)igev) = (%Elb)R,

the infrared cutoff parameter {ip, while the unrenormalized counter part

<(%Z’¢)A> = (1,211/)>U depends much on #1p.

stable against change of

. On the other hand, £(0) depends quite a lot on t;p. In many articles, £(0)

is used as a mass scale of the spontaneous symmetry breaking. One should
note that it does depend on the infrared structure of the running coupling

constant, and thus it is not a good measure of physics.

. As for Aqcp, it depends on #jp. However, the dependence is negligible for

lower tjp region, while in such region, £(0) diverges.

I would like to thank H. Hata for valuable advices in TgX typing.
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Scalar Bound States in SCQED and Technicolor Model

Misako Suwa

Department of Physics, Niigata University, Niigata 950-21, Japan

Abstract

Using the bilocal auxiliary field method, we have numerically deter-
mined the mass spectra of scalar and pseudo-scalar fields as fermion bound
states in the framework of the strong coupling QED(SCQED).H)’IS) The
consistency of the mass poles with the Miransky’s continuum lLimit is in-
vestigated. The renormalizations of the bound states are discussed and

the application of SCQED to a technicolor model is also investigated.

On the massless fermion-U(1) gauge field system, it is known that the spontaneous

1):2) and fermions get a dynamical mass scale

3),4)

chiral symmetry breaking (xsb) occurs
(Bo(0)) in the strong coupling region. In other words, the scalar bound state of
fermion and anti-fermion has a vacuum expectation value. On the other hand, the pseudo-
scalar bound states are eaten by W and Z bosons and the bosons become massive.

In the present article, our purposes are the following ; to calculate the mass spectra
of the bound states of fermions which appear as the result of the ysb using the method
of the bilocal auxiliary fields 8~1%), to check the consistency of their masses with the
Miransky’s continuam limit in SCQED, to renormalize the composite fields and to apply
our calculations to the technicolor model.1?)

First, we shall derive the effective action for meson fields (the bound states) form

QED action. We start with the well known chiral symmetric action,

= ; 1
Somp = [ e[8°(3.0, +iewn A" + TFuFun + OuAE =3B, (D)

where ¥%(z) is the massless fermion field of N-flavor interacting with U(1) gauge fields
A,(z). By using the method of bilocal auxiliary field developed by Morozumi and S0,
the effective action S,y for bilocal fields is obtained,
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1
Sets [‘7? =, V, A?T} = “"2" /d*qu‘y{d“b(z, y)M_‘l(z - y)o'ba(y: z)
+7%(2,9) M~ (z — y)x" (3, 2)]

- / d*zd*y tr In[6(z — )6°%y,0, + o°(z,y) + ivsv®?(z,y)] . (2)

M~*(z) and M }() are defined as

1672 1
“l= —z? 3.
M= 3+£egz , (3.a)
- _ 1 1-¢
Mm}(z) = -—81;2;_;2)_(225“” 4 —Z——Z“Z,,), (3.b)

where the vector, axial-vector and tensor terms and the mixing terms with them are ignored
for simplicity.

Next, we want to derive the quadratic parts of the effective action for scalar and
pseudo-scalar fields in order to obtain their invese propagators. In Landau gauge (§ = 0),

the vacuum expectation values of the fields are

<0 | og¥(P)| 0 >= (27)*6™)(P)B(¢*)éus, s
<0|=2(P)| 0>=0, ®)
where the fields are transformed into the momentum space. P and q are total momentum
and relative momentum respectively. The solution of fermion mass scale can be obtained
in the strong coupling region, by analyzing the Landau-gauged gap equation of the vacuum
expectation value of scalar bound state;

e @ d gy AeBEB@Y) gy
(49 (dg?)? "I‘quz )B(q°) + (@ + B@)) B(g*) =0, (5)

3(!0

with the infrared and ultraviolet boundary conditions as,

. 4dB(q%) . d(¢’B(q%))

4 e S ————ere—————————
e e — 0 Im—n 0 )
It takes the same form as the ladder Schwinger-Dyson equation for a fermion self-energy.'®)
Then only the solution which has no nodes corresponds to the true vacuum expectation

value. At the zero momentum point,

™

—— 7
\/ag/ac—l], ( )
where A, ag, a., and 7 are, ultraviolet cut off, bare coupling constant, critical coupling
constant, and numerical constant. Since Bg (0) is proportial to A, so if A is taken to be

infinite, Bo (0) will diverge. Miransky propsed in his paper that we should take ap — .

Bo(0) = nAexp [~



as A — oo, Bg(0) remainds finite ). This is so called Miransky’s continuum limit. Then

the scalar and pseudo-scalar quadratic part, Sg)f’ of the effective action is

4 4 h
syl = [ (‘;T;éd??%?[a;”(—P)D;l(q, P)oy*(P)

+ x2%(—P)D;(q, P)xi*(P)]. (8)

D;(q, P) and D;'(gq, P) correspond to the inverse propagators of the mesons, given by

C 2 92 1 P P
-1 e e e L — B
D; (g, P)= ~5 5ade " STHSP(= = +4.)Sr (5 + 9)), (9.a)
g py= o2 Ly o B o P
D (¢, P) = Sarg 82,04, + 2'1‘1["755}'( 5 + g, )i7s SF( 2 +q.)l, (9.b)

-where ag (= €} /4x) is the bare coupling constant and Sr(g,) means a fermion propagator.
Now, we consider the eigenvalue problems of the inverse propagators eqs.(9.a) and
(9.b). They correspond exactly to solving the ladder Bethe-Salpeter equations.”)"'8) Then
the scalar mass and pseudo-scalar mass can be estimated by eigenvalues, A(P) and p(P),
of the Schrédinger-like operators egs.(9.a) and (9.b),

D;Y(q, P)¥)(q, P) = M(P)¥)(g, P), (10.a)

D (g, P)¥k(g, P) = u(P)¥%(q, P). (10.b)

The mass poles of scalar and pseudo-scalar bound states can be calculated numerically as
the zero eigenvalue points of them. The wave functions of the bound states, o and =,
are expanded by these eigenfunctions which correspond to the infinite eigenmodes of BS
amplitudes, ¥} and ¥#,

0o(P) =Y ax(PW;(a, P), (11.a)
A

mg(P) =Y bu(P)$(g, P). (11.b)

Using the method of variation, we get the relation between eigenvalues of those inverse
propergators and total momentum P, for each set of fixed coupling and cutoff. (Relative
momentum g, is integrated out.) We show the result for the scalar case in Fig.1 with
the gauge coupling constant C = ag/w. In order to make the check of our variational
method, we also show the result for the pseudo-scalar field in Fig.2, because we know it

as a Goldstone boson so its mass pole is expected to be zero. From Fig.1 we can see
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m,/Bo(0) ~ 1.4 and is almost independent of ag, which implies it to be consistent with

Miransky’s continuum limit.

20

107 2107
PYBLONR
0.0 0.5 L0 15 20
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Figure 1. Eigenvalue lines, A(P)’BO(O)Z, Figure 2. Eigenvalue lines, p(P)Bo(O)z,
of a scalar inverse propagatar. of a pseudo-scalar inverse propagatar.

It can be also seen that the curvature, §2V.55(B) ~ D;1(0), of the effective potential
goes to zero as the uliraviolet cutoff tends to infinity (at the same time, the coupling tends
to its critical value). The obtained value is slightly smaller than the prediction, ~ 2,
by partially conserved dilatational current hypothesis (PCDC).') With respect to higher
excitation masses,'®) we could not find any physical excitation mass of the scalar state.

One necessity of a renormalization®) is caused by a fact that the operator ¥¥ has
a ultraviolet linear divergence. So we should conclude field renormalization Z factors for

composite fields from our results. In general, they are defined as

ot =zl (12.a)
e = 7} x%, (12.b)
D;4(q,P)=2,D;}(q,P), (13.2)
D;4(q, P) = 24, D5 1(g, P). (13.b)

Our numerical analysis suggests the following Z factors for the bound states;

Z, =2 = ('E’%)M: (14.2)
Z, =25t = (B:to))”‘ , (14.b)

where € and € are nearly equal to zero. Powers of A in egs. (14.z) and (14.b) may
correspond to twice anomalous dimensions of ¥¥ and ¥iys¥. Now, we put € and ¢’ zero.

The renormalized eigenvalues are shown in Figs.3 and 4. For the scalar case, the good



correspondence along one ’'renormalized line’ is surprising. This fact suggests that the
present method could be correct. For the pseudo-scalar case, the correspondence is not

so good because the region is so far from the mass pole.
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Figure 3. Renormalized eigenvalues for Figure 4. Renormalized eigenvalues for
2
the scalar field, A(P)Az‘ the pseudo-scalar field, ;L(P)A .

In the last place, we will apply our results to technicolor theory and estimate the
Higgs mass. If we interpret SCQED as U(1) technicolor theory, scalar and pseudo-scalar
fields can be regarded as composite Higgs boson(s), h, and Goldstone bosons, II, as the
result of the dynamical ysb of technifermions. To obtain the mass of Higgs particle, we

must set a Weinberg-Salam scale at first. For that, we use a weak boson mass scale;

g
=2, (15
Flo = N,F} /Ny, (16)

F? is a bare pion decay constant as numerically given,

2

d*q Bo(¢*)(Bo(a®) — % 75 Bo(d))
(2m)* (¢ + Bo(¢*)*)? ’ (17)
= 4.749 x 107% Ny Bo(0)?.

N, means the weak doublet number of techni-fermions. From egs. (15) ~ (17) and

F? = 4N,

using the experimental values of Mw = 81.0 GeV and Mz = 92.4 GeV, we can obtain
Fro ~ 250 GeV . Our SCQED scale (Bg(0)) and Higgs mass are determined as

Bg(0) = 1.1 TeV/ 4/ Ny, (18)
my < 1.6 TeV/ 4/ Ng, (19)
. From eq.(19), we expect several hundreds GeV as Higgs mass. It should be noted that,

however, the naive one doublet model has anomalies; global SU(2) anomaly and SU(2) —

SU(2)r — U(1)scoep triangle anomaly. So we can conclude N, > 2.17)

113
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From eq.(19), we expect several hundreds GeV as Higgs mass. It should be noted that,
however, the naive one doublet model has anomalies; global SU(2) anomaly and SU(2)r —
SU(2)z — U(1)scqep triangle anomaly. So we can conclude N, > 2.17)

Finally, we have some questions. (a) Can the mixing effect among scalar-vector-even

part of antisymmetric fields and among pseudoscalar-axial vector-odd part of antisym-

metric fields be ignored? (8) Is ladder approximation sufficient to predict the mass of a

Higgs particle? () Are there any realistic models which can predict N2? Details of our

calculation and further developments involving above points will be reported in separate

papers.

References

1) P. I Formin, V. P. Gusynin, V. A. Miransky, and Yu. A. Sitenko, Riv. Nuovo Cim. 8
(1983), 1.

2) Proceedings of International Workshop on ” New Trends in Strong Coupling Gauge
Theories” eds. M. Bando, T. Muta, and K. Yamawaki (World Scientific Co., Singapore,
1989).

3) T. Maskawa and H. Nakajima, Prog. Theor. Phys; 52 (1974) 1326; 54 (1975), 860.

4) R. Fukuda and T. Kugo, Nucl. Phys. B117 (1976), 250.

5) V. A. Miransky, Nuovo Cim. A90 (1985), 149 and references therein.

6) J. B. Kogut, E. Dagotto, and A. Kocié, Phys. Rev. Lett. 60 (1983), 772; Phys. Rev.
Lett. 61 (1988), 2416; Nucl. Phys. B317 (1989), 253, 271; J. B. Kogut and E. Dagotto,
Phys. Rev. Lett. 59 (1987), 617; E. Dagotto and J. B. Kogut, Nucl. Phys. B295[FS21]
(1988), 123; M. Okawa, Phys. Rev. Lett. 62 (1989), 1224.

7) H. Kleinert, Phys. Lett. 2B (1976), 429; E. Shrauner, Phys. Rev. D16 (1977), 1887.

8) T. Goldman and R. Haymaker, Phys. Rev. D24 (1981), 724.

9) C. D. Roberts and R. T. Cahill, Phys. Rev. D33 (1986), 1755.

10) T. Morozumi and H. So, Prog. Theor. Phys. 77 (1987), 1434.

11) For a review article, E. Farhi and L. Susskind, Phys. Rep. 74 (1981), 277 and see also
the talk by K. Yamawaki in Ref. 2).

12) M. Suwa and H. So, Prog. Theor. Phys. 83 (1990), 274.

13) The talk by H. So in Ref. 2).

14) V. P. Gusynin, V. A. Miransky, Phys. Lett. B198 (1987), 79; Preprint Kiev ITP-87-
140E; V. A. Miransky and M. D. Scadron, Preprint Kiev ITP-87-138E.

15) V. P. Gusynin, V. A. Kushnir, and V. A. Miransky, Phys. Lett. B220 (1989), 635.

16) V. P. Gusynin, V. A. Kushnir, and V. A. Miransky, Phys. Rev. D39 (1989), 2355.

17) T. Yanagida, private communication.

18) T. Kugo, Phys. Lett. 76B (1978), 625.




BCS-TYPE RELATION FOR THE COMPOSITE HIGGS BOSON IN

GAUGED NAMBU-JONA-LASINIO MODEL*

Susumu Shuto, Masaharu Tanabashi and Koichi Yamawaki **

Department of Physics, Nagoya University
Nagoya 464-01, Japan

Abstract

We study the relation between the dynamical mass of fermion my and the mass of
the scalar bound state o (“Higgs boson”) m,, in the gauged Nambu-Jona-Lasinio (NJL)
model based on the PCDC hypothesis. In contrast to the result of the pure NJL model
mg/mys = 2, the mass ratio m,/my does vary according to the gauge coupling A from
2(A=0)to 1.2 (A= A= 1/4). We also find that the mass ratio m,/my drastically
varies near the pure NJL limit, i.e., m,/my ~ V2 for very small (but non-zero) X. In
the top quark condensation scenario for the dynamical electroweak symmetry breaking
this implies a mass relation between the Higgs boson and the top quark, my ~ v/2m;.

1. Introduction

Dynamical symmetry breakingl!l (DSB) is a familiar phenomenon in many models of quan-
tum field theories. The concept of DS B is also important in modern particle physics to describe
the spontaneous symmetry breaking in a natural way. Unfortunately in many models with DSB
it is not so easy to determine the parameters of the low energy effective theory because of the
non-perturbative nature of the DSB. In this respect, Nambu-Jona-Lasinio (NJL) modellll is
interesting, because we can explicitly calculate the parameters in the dynamical chiral symmetry
breaking (Dx.SB) phase based on the 1/N expansion.

Within 1/N leading approximation (or chain approximation) we obtain a simple relation in
the mass spectrum of the NJL model (BCS-type relation){2:

My imypime=2:1:0, (1.1)

where my is the dynamical mass of the fermion and m, and m, mean the masses of scalar bound
state o and pseudoscalar bound state (Nambu-Goldstone (NG) boson) =, respectively.
Unfortunately, the NJL model is not 'renormalizable in four dimensions. Recently, it was
suggested(] that the NJL model with gauge interaction (gauged NJL model)(*3:6] becomes renor-
malizable in the DS B phase even in four dimensions. In fact, explicit calculation of this model
based on the gap equation shows that the physical quantities are finite (in the continuum limit)

within the ladder approximation(3:7:8,9].

* Reported by S. Shuto
** Work supported in part by the Grant-in-Aid for Scientific Research from Ministry of Education,
Science and Culture (#62540202) and by the Kato Foundation of Nagoya University.
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Important application of this model is a top quark condensation scenariol®10:11,12,13,14] ¢
the dynamical electroweak symmetry breaking (“top-mode standard model”). In the top-mode
standard model, a top quark condensate (ft) # O triggered by the gauged NJL model (NJL plus
QCD) plays a role of the vacuum expectation value of the elementary Higgs boson in the standard
model. The model predicted[m] a large top quark mass, typically m; =~ 250GeV, and a spinless
# bound state (Higgs boson) with a mass mpg =~ 2m,. The latter relation, my = 2m,, (10:11,15]
would immediately follow as in the NJL model, Eq.(1.1), if the QCD had only a small effect on
the low energy mass spectrum of the composite bosons. On the contrary, if the QCD effect is
significant, the BCS-type relation Eq.(1.1) will no longer hold: the prediction mg =~ 2m; must
be changed.

Here, we wish to study the effect of gauge interaction on the BCS-type relation in the gauged
NJL model. To compute mg we regard o as a “massive dilaton” 438161 and employ the Partially
Conserved Dilatation Current (PCDC) hypothesis, since it is rather difficult to compute directly
the pole position in the JF€ = 0t channel of the fermion and antifermion scattering amplitude
even in the {adder approximation. In what follows we shall see how this hypothesis actually works
in the models in which we can compare the PCDC result with the direct computation of m?,. We
then calculate m2 in the gauged NJL model through the PCDC hypothesis. We find the effect
of gauge interaction is rather significant, no matter how small (but non-zero) the gauge coupling

may be. In fact, we obtain m, = \/imf for the case of a very small gauge coupling.

2. PCDC relation — derivation —

“ Consider the scalar boson (dilaton) o which couples to the energy-momentum tensor 6, as

(0‘9;4”,0) = (ngyu - QuQu)Fa/(D - 1), (2.1)

where F, is the dilaton “decay constant” and D the dimension of space-time. Under the as-
sumption of ¢ dominance in the channel of 6%, we obtain

i [ POTIEO0 = (IEOl0) (o185 O))

=mlF?,

(2.2)

Noting the relation of energy-momentum tensor and dilatation current, D, = z¥8,,, 8,D* = 6%,
and the Ward-Takahashi identity, we obtain

i / dP {O[T(8(2)0% (0)]|0). = (Oli[@p, 82(O)]I0), (23)

where the dilatation charge Qp is defined by Qp = [ dZDy. Comparing Eq.(2.2) with Eq.(2.3),
we can write the dilaton mass m, in terms of F, and the vacuum expectation value of the
energy-momentum tensor (PCDC relation):

2 _ _{0i[@p, 65(0)]]0)

ms =

o Fg

(2.4)
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When the operator 6 obeys a simple scaling i[Qp,6%] = dy6”, the PCDC relation becomes
simple: ' ’

m2 = —DdyE/F?, (2.5)
where the vacuum energy (density) E is defined by (0}6,,0) = g, E.

As an illustration for Eq.(2.5), let us consider the ¢* theory with D = 4,

=-(6” )2 [(a ~'02)2 04] . (2.6)

The energy-momentum tensor within the tree approximation is
Oy = (0u0)(00) — gl — 2(D )(al‘ g“y32)02’ (2.7

where d, means the scale dimension of o. In this case, 8} = (D — 4)—Ta + 34\rv2 2= é\rvzaz

so that we obtain the scale dimension of 84, dg = 2. In the symmetry-broken phase ¢ develops
a vacuum expectation value v, ¢ = v + &, & being the dilaton field. Then from the definition of
Fy; Eq.(2.1) and E, it is easy to obtain

1 4

F,=d,u=v, E=—D.3!v A (2.8)
where we used d, = 1. PCDC relation Eq.(2.5) reads
8E A
2 . = 2
mo = _-_F—Q 2 (5"1} ) . (29)

.Thus the dilaton mass calculated in this way correctly reproduces the mass of & determined from
the lagrangian Eq.(2.6).

In more complex systems, the prediction of the dilaton mass in Eq.(2.5) corresponds to the
mass term of the dilaton field in the effective theory which contains only the dilaton and has the
same scale dimension of 84 and dilaton decay constant as those of the original theory. In fact, the
PCDC relation Eq.(2.5) can also be derived in terms of the effective theory of dilaton field(}718].

In the linear o model of SU(ng) x SU(ns)r — SU(ns)v, Fo can be related to the NG

boson decay constant Fr asltt]

F2= fzidgpf. (2.10)

where d, is the scale dimension of the scalar field in the linear o model. Then we can rewrite
the PCDC relation Eq.(2.5) in terms of Fy;

2 _ _, DdiE

Hagk 2.11

Eq.(2.11) is our basic formula.
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3. BCS-type relation in the renormalizable NJL model with D <4

Let us first check how the formula Eq.(2.11) works in the NJL model in D dimensions
(D < 4). The model is renormalizable in 1/N expansion and we can directly compute m2
without recourse to the PCDC hypothesis!!%].

The lagrangian is

e G ... i
L=Piph; + o0 [P + Finte)Y] (3.10)
where the suffix j runs from 1 to N. Introducing auxiliary fields o and 7, we rewrite Eq.(3.1a)
into N
L =i pus — [P0+ Piwsruyn®] - o= [ + 7). (3.15)
The effective potential within the 1/N leading approximation is given by
N {o? dPpg p% + o2
Vie)=7|—=-8 In | £ : 3.2
=713 en? "\ & (3.2)
The stationary condition of the effective potential gives the gap equation,
D D 1 '
1V _o _g[dre BB % =g dp’;; |, (33)

D
where the dimensionless coupling constant g is defined by g = 8G | é——zs%—l?— It is well known
) PE

that Eq.(3.3) has DxSB solution o # 0 when g > 1 (g = 1 is a nontrivial ultraviolet fixed point
of the bare couplingl!®].). The dynamical fermion mass is given by the vacuum expectation value
of the auxiliary field, my = 0,,.
Now the vacuum energy in the Dx.SB vacuum can be written in terms of o,
E =V(os0)—V(c =0)
8N

_ D, p
- (47r)D/2Dr(2 5 )50t

(3.4)

Computing the correlation function for axialvector currents, we find the NG boson decay
constant in this model;

2 4N D D2
Fx = WF(Z - —é-)gsol . (35)
Noting 8 ~ (%)%, o ~ (%) and nj = 2, we find that the PCDC relation Eq.(2.11) reads
2 dsyD- E 2 2 '
my = — P = 4oy, = 4my, (3.6)

where dp = 2(D ~ 1~ 9) = 2 and d; = (D — 1 — ) = 1, with y(= D — 2) 1% being the
anomalous dimension of the mass operator (¢1))p. Note that Eq.(3.6) holds independently of D
and perfectly agrees with the direct computation of m?,m].

Incidentally, effective Yukawa coupling in the low energy effective theory is also calculated
(Goldberger-Treiman relation): '

g% = m/F?, (3.7)
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Fig.1.
Critical line in (), g) plane is depicted by the solid line, which separates the spontaneously unbroken phase
(shaded region) and the broken phase of chiral symmetry.

F? being given by Eq.(3.5). Note that in the limit D — 4 (NJL limit) the NG boson decay
constant F, diverges. Thus in this limit the Yukawa coupling vanishes and we have a trivial
(non-interacting) effective theory.

4. BCS-type relation in the gauged NJL model

Having convinced ourselves of validity of the PCDC relation, we now derive a BCS—type
relation in the gauged NJL model through the PCDC relation. For simplicity we calculate the
case of U(1) gauge theory. The lagrangian is given by

L=ipp+— {(w¢)2+(¢mw) ]+e¢4¢——FwF””+gauge fixing term. (4.1)

The CJT effective potentiall2® is written explicitlyl® in Landau gauge in 2 loop approximation;

v 2r(z)
Vm""i?{/o iz -z )—sz(z)]

o z¥(z)  yI(y) [X
+./o dady Yo Tl(z)y + 12(y) [ ==y G(y“mH ]}

In(1+ (=)

(4.2)

where T was defined as 151 =4 — Z(—pz) and z,y mean the space-like momentum square,
z=-—-pty=—¢2 In Eq.(4.2) an ultraviolet cutoff A was introduced and we used dimensionless
couplings g = A2G/(272), A = 3¢ /(4m)2.

The stationary condition of the CJT potential Eq.(4.2) yields the gap equation (ladder
Schwinger-Dyson equation) which was first studied by Bardeen et all%l:

A ) yE(y)
@)= ) it / dy+z2<y)[ e+ 8= 43)
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Eq.(4.3) is written into the differential equation and the boundary conditions:

2
{A_HL Ll 5e=0,

dz?  “dz  z+ Z(z)?

(4.4)

z=A2 =0

. d g\ d
2= = EA P
z!lmo:z: dz}:(a:) 0, [1 + (1+ /\> xdm] (=)

If there exists a nontrivial (DxSB) solution I, # 0, the vacuum energy E for this solution is

given byl®]
E=V[L -V[E=0]

2
=y {A“In <1+ /‘\g\ )> (Ag_:_\ 7ol 2)] )

In fact, it was found®®! that Eq.(4.4) has a DxSB solution when g > (1 + 29)2/4 or
X > A, = 1/4, where v = %\/1 — AfAc. (See Fig.1). We scale the bare parameters (},g) to
get a finite solution L in such a way (3 /a Miransky){2!] that they depend on the cutoff A. At

A — oo the parameters (A,g) go to on the critical line which separates the xSB phase from the

chiral symmetric onel®5l:

_(1429)?
- 4

A=A for g<4.

Note here that the anomalous dimension is large, v, = 1+ 27/, in the DxSB phasel3l.

for ¢ >

)

(4.6)

| )

To solve the gap equation analytically, it is convenient to use the linearized differential
equation®21] instead of Eq.(4.4): 1/(z + L¥(z)) — 1/(z + mf,) with m; = Z(m}). The

solution of this equation is written in terms of the hypergeometric function:

1 1
Zsol(x) = Emf . F(‘z" -+ ’)’I, 5 ’ 25 -——-—)

~ém r(27) (i) ™
TIrG+rG++) \m

€ being a constant (~ 181y,

g

+(o o __,),/)} , for z > m},(4.7)

For calculating m2 we need to evaluate the vacuum energy E. From the explicit solution
Eq.(4.7) the vacuum energy Eq.(4.5) now reads!®]
2 ! !
& 4 Acot(ny)
g2 1y2 2\
(32 = ()
in the cutoff A — oo limit (on the critical line). Note also that the vacuum energy becomes finite

(at A > 0).
On the other hand, Pagels-Stoker formulal?223] for the NG boson decay constant FY is given

(4.8)

by

F2 — 1 /A2 dzz sol(z)“ z-’l: sol(m)'
0

™7 an? (z + ):301(:1:))2 (4.9)
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This integral converges (for A > 0) using the solution of the differential equation. We can
evaluate Fi explicitly using the solution of the linearized equation Eq.(4.7):

m2 2 2 2 1. ds2
F3 = 12 {/ fd —-—-—--'5 + ’ dzz:z'w’(z) 412’5230((3:)}
0

4n (m + mf)2 m2 z?
=L 2 1 cot(my") 1 L 1 -25 _ 5
=t {(2"2 2)+ (L — 472) [(1 oy TP iyt ) - 5]}
(4.10)
where

_1 M(1+9)G3 - ) .
b= 2ln (F(l—v’)r(%-}-v’)) +29'1n2.

Noting 8% ~ (9%)?, we find that o ~ (¢¢), and ns = 2, we find that the PCDC relation
Eq.(2.11) reads*

2_ _4-28-ym) E

T T T G m)? F2
647 m}
T G-I -27) (4.12)
-1
-1 1 Lesg b Ly 3
x{ cot(vrfy’)( 2)+ (1——27’+4)e +(1+2'y’+4)e 2]} ’

Thus we obtained the BCS-type relation Eq.(4.11), which actually depends on the anomalous
dimension v, (or gauge coupling A). We also calculate mg/m} numerically using the PCDC
relation. These results are shown in Fig.2,

Although the agreement of our analytical calculation Eq.(4.11) with the result of the nu-
merical one within the linearized approximation is remarkable, the difference of the result in the
linearized approximation and that of the full nonlinear gap equation is most amazing. At suffi-
ciently large cutoff A, the numerical result based on the solution of full nonlinear gap equation
(Fig.2) strongly suggests :
my =~ \/imf, (4.12)

if the gauge coupling constant X is very small (but non-zero).
Important effect of the gauge coupling (however small) can also be seen through the effective
Yukawa coupling in the low energy effective theory,

g% = m}/F, (4.13)

which vanishes in the pure NJL limit (A — 0), since the solution I,,; becomes a constant function
and F, diverges logarithmically in that limit. Thus the inclusion of the gauge coupling makes the
theory non-trivial (gy # 0). Numerical result of the gauge coupling dependence of the effective
Yukawa coupling is shown in Fig.3.

* One obtains the same result for any ng-flavored model, i.e., SU(ns)r x SU(ng)p —

SU(nf)V for ng > 2 and U(I)L x U{1)g — U(1)y for ng=1.
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Fig.2. Fig.3.
Dependence of m,/my on the gauge coupling A Dependence of Yukawa coupling gy on the gauge
along the critical line. Linearized analytical result is coupling along the critical line.

depicted by the bold solid line. Linearized numerical
result is depicted by the dashed line (/\2/m'j’r = 1010)

and by the solid line (A?/m} = 10%°). Full nonlin-
ear numerical result is depicted by the dashed line
(A2/m§ = 1010) and by the solid line (Az/mﬁ =
10%°).

5. Conclusion

fn the U(1) gauged NJL model, we found that the mass ratio m,/m¢ does vary from 2
(A =0) to 1.2 (A = A = 1/4) according to the gauge coupling ). In the pure QED limit (g =0,
A = Ac), our result (my/my =~ 1.2 < 2) has the same tendency as that of the lattice Monte
Carlo simulation (mq/my =~ 1.7 < 2)?"] and of the analysis through the Nambu-Bethe-Salpeter
equation (m,/m; =~ 1.4 < 2)1].

On the other hand, the mass ratio my/my drastically varies near the pure NJL limit, ie.,
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mg[myg = V2 < 2, no matter how small (non-zero) the coupling A may be. If this property of
the U(1) gauged NJL model also holds in the QCD-gauged NJL model, the prediction of Higgs
boson mass in the top-mode standard model will become

myg = \/imty (5.1)

in contrast to the previous prediction, mg = 2m,[191L13] ignoring the gauge interaction effect.
Itis arguedm] that our result Eq.(5.1) can be made consistent with the bootstrap symmetry
breaking. This tendency (the Higgs mass decreases with the inclusion of gauge interaction) is
also consistent with the renormalization group analysis employed by Bardeen et a/13],
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Dynamical Chiral Symmetry Breaking and Scaling Law
in Strong Coupling Unquenched QED* '

KE1-1car KonDo

Department of Physics, Chiba University,
1-33 Yayoi-cho, Chiba 260, Japan

ABSTRACT

We report the recent developments on the phase structure of the strong coupling
QED in the framework of the Schwinger-Dyson equation, taking account of the
vacuum polarization effects.  The results are compared with those obtained in the
quenched planar approximation. The various problems concerning the construction
of the continuum QED are discussed in connection with these results.

* Talk prensented at 1989 Workshop on Dynamical Symmetry Breaking, Dec. 21-23, Nagoya,
JAPAN.



§1. INTRODUCTION

The study of the critical phenomena in the regularized QED may open a new
window to the understanding of the non-asymptotically free (NAF) field theory. As
usual, QED is regularized by introducing the cutoffs, and then QED in the euclidean
region can be regarded as one of the statistical-mechanical models. Necessary
information to take the continuum limit is obtained through the critical behaviors
of the model. This viewpoint is extremely powerful, because the tools and the
concepts in rigorous and non-rigorous statistical mechanics become available to be
able to control the continuum limit. This is demonstrated by the rigorous triviality
proof of the A\(¢*)4 theory,""™ and more generally by various achievements of the
lattice gauge theories.

The question which we are addressed to is: Can QED be constructed as an
interacting field theory? This is a long-standing problem of the constructive field
theory,”™ although even at present we must stay in the heuristic level. The most
straightforward way to study this issue is to examine the renormalized coupling
constant related to the scattering amplitude among fermions, anti-fermions and
photons. This is conceptually simple but difficult in actually carrying out. In ad-
dition, to study the consistency of the field theory we need some non-perturbative
method. An alternative way is to obtain a set of critical exponents and hyperscaling
relations in the critical phenomena. For example, in the ferromagnetic model with
inverse temperature J := 1/kT, which is obtained as the lattice regularized version
of scalar field theries, the 4th Ursell (connected 4-point) function Uy, the suscepti-
bility x and the correlation length £ are characterized by the critical exponents in
the neighborhood (nbd) of the critical point J, as follows:

Oyi= ) Us(zy, e 3a) ~ (Je= J)77720, (1)

23,23, 24 €L

X:= Y (proy) ~ (Je= )7, (2)

yel
. 1
£l i=me= lim —lIn{po; x) ~ (Jc = J)”. (3)
lzl—oo |2]

This implies the following critical behavior for the 4-point renormalized coupling
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constant (corresponding to the scalar-scalar scattering)
g(d) = X ~ (Je— J)d"'H-ZA.. 4)

Then if the lattice model have classical exponents, v = 1/2,y = 1,A4 = 3/2 in
d > 4 dimensions, as predicted by the mean-field (MF) theory, then vanishing of
the renormalized coupling constant in the continuum (scaling) limit J 1 J. (the
triviality of A(¢*)4 theory for d > 4) is understood as a result of the violation of
the hyperscaling relation:

dv+9—204 > 0. (5)

On the other hand, in lower dimensions the hyperscaling relation is satisfied, dv +
4 = 24 = 0, which implies the non-triviality of the A(¢*)z, A($*)s theories.

In four-dimensions, the exact MF theory predicts the non-triviality of M(¢*)s
theory, while the log-correction to the MF theory implies to the triviality of A(¢*)s
theory, as predicted by the renormalization group (RG) analysis. This yields

g ~In(Jc = D7 L 0(3 1 Io). (6)

In the broken symmetry phase where the scalar field () acquires the non-vanishing
vacuum expectation value (VEV), (¢} # 0, the symmetry ¢ — —¢ (for 1-component
scalar model) is spontaneously broken. In the nbd of the critical point, (p) ~
(J — J.)P. If we renormalize the model such that 0 < {pg) < oo to obtain the
broken symmetry A(¢*)4 theory, then the renormalized 3-, and 4-point coupling
constants go to zero in the scaling limit J | J., under the requirement of the

finiteness of the renormalized two-point function {io; @z)."

The massiess QED in which the bare fermion mass myg is set to zero, mg = 0,
possesses the chiral symmetry. Then if the fermion acquires the dynamical mass,
mg, the chiral-symmetry is spontaneously broken. The existence of the strong
coupling phase in which the dynamical mass generation takes place and the chiral-
symmetry is spontaneously broken above the critical coupling e, is first demon-
strated by Maskawa and Nakajima" in the framework of the Schwinger-Dyson
(SD) equation, in the quenched planar (ladder) approximation. Recently the scal-




ing law for this phase transition was discovered by Miransky'™ to obey the essential-
singularity type:

f= -n—lz—d- ~ exp[—m/1/e?[el — 1], , (7

which may lead to the non-trivial QED. This result was very suprising to me and
I doubt that this must be an artifact of the quenched planar approximation. This
is the motivation of my study on the SD equation.

In the chiral-symmetry-breaking (CSB) phase e > e., the critical exponents are
defined for the dynamical fermion mass and the chiral order parameter.as follows:

my ~ A(e2 - ei)""', (8)
(Ph) ~ A3(e? — e)"*, 9
where ~ should be understood in the sense that
; Inf
U = "hmelecm, (10)

Then vy, < oo implies the power-type scaling, while the essential-singularity type
scaling corresponds to vy = co. '

A necessary condition to be able to take the continuum limit is the existence
of the 2nd or higher order phase transition point where the correlation length
diverges. Existence of such a critical point has been reported by the Monte Carlo
simulation.” From the Miransky scaling, we may expect that the non-trivial QED
could be obtained by taking the continuum limit of the cutoff QED model in the
CSB phase. Furthermore the critical point ¢, of the "bare” coupling constant was
identified with the non-trivial ultraviolet (UV) fixed point. If so, however, we must
consider the following questions. How the notorious disaster of the Landau ghost™
is compatible with the non-triviality of QED? Or, whether the renormalized g

function B(e%) may have a non-trivial UV fixed point, besides the Gaussioan fixed
point resulting from the 1-loop RG equation. Incidentally, the quenched (QED)4
obeys the MF type scaling for d > 4." Then (QE D)y is expected to be trivial for
d>4.FY

(F1) Quite recently, Lischer has obtained in non-compact lattice QED the upper bound on the
renormalized coupling constant: 0 € e,.n < a(®¥e (ailattice spacing; e:bare coupling),
which implies the triviality of (QED)q4 for d > 4.
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In this talk we report the recent results on the SD equation for the fermion prop-
agator in massless QED. The quenched planar approxmation is improved by taking
account of the vacuum polarization through the vacuum polarization function at

the 1-loop level in the SD equation for the photon propagator.

§2. SD EQUATION

The SD equation for the fermion propagator S(p) is given by

S(p)~! = So(p)™! + E(p), (1)

with the fermion self-energy part

4
S(p) = ¢ / (%r‘%z’YpS(Q)Fu(q,P)D”"(q-P), @)

where So(p) = (p + mp)~! is the bare fermion propagator, I',{g,p) the vertex
function and D#¥(g — p) the photon propagator:

1 1 /ck kuky

Dy, (k) = ﬁm(%v k’ ) +a pral (3)

where the vacuum polarization function II(k?) is defined as

e2N d*p

0(k') = -5 @ Tr[7sSo(p)7¥*Solp — k)] - (4)

In what follows we consider the Landau gauge o = 0, and take the bare vertex

approximation, I',(g,p) = v* (for the arbitrary gauge, see ref." ). The vacuum

polarization effect is included through the 1-loop vacuum polarization function:
Neé? A?

(k%) = ﬁ——[c+p+lnk2] (5)

where p := InA? o/ A? := Inn and C is a regularization-dependent constant. The SD
equation for the fermion propagator is solved in the form of

S(p) = [pA() + B ™" . , (6)

Then the SD equation reduces to a pair of integral equations for A(p?) and B(p?).
Here we introduce the infrared (IR) cutoff ¢ and the ultraviolet (UV) cutoff A.



§3. ANALYTICAL REsuprTs™
3.1 The bifurcation equation In order to consider the scaling law in the nbd of the
critical point, it is sufficient to con51der the bifurcation solution"” which obeys the

linear equation:

B() = oy f B0 - )+ Lo

where d(k?) := 1/[1+11(k?)] and we have adopted the Landau-Abrikosov-Khalatnikov'

(LAK) approximation:
I((p — 9)*) = M(maz(p®, ¢%)), (2)

- which yields A(p?) = 1

3.2 Asymptotic solution Introducing the new variable z := 25 + InA%/p? with

zq := 30 /N + C + p, the above integral equation can be converted to the boundary
value problem of the differential equation:

d’cz(z> L - i 1] dgiff) U{; - ._] B(z) = 0,0 := Z?v” (3)

with the following boundary conditions,

dB

0=B(z)+1 z - (4)

0= 4B() (5)
dz 2=z, =zo-+inA3 [ 42

This is a linear 2nd order differential equation with three singular points, z =
0,1,00, of whick z = 0,1 are regular singular points and z = oc is the irregular
singular point. Therefore the solution can not be expressed through the known
special functions. However Gusynin"" solved the simplified version of the above
equation by restricting to the region §/N > 1, and obtained the critical point
B. = 1.61 for N = 1, in good agreement with the previous numerical result."”

Furthermore he has shown that the scaling law is given by the MF type, f ~
(ﬂc - ﬁ)llz-
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We have solved the original differential equation and obtained the two indepen-
dent asymptotic solutions for large z:

2 (1)
Bi(z) = e"z7177 [1 + % + ..+ Iz’; }, (6)
—r? R(z)
Bﬂn=zﬂ1+azd .. ;]. ™)

The general solution is given by the linear combination B(z) = CyBy(z)+C3 Bs(z).
The coefficients Cy, C3 can be determined from the boundary conditions. The
numbers RY), R are calculated up to n = 4, see [11].

3.3 Critical line and scaling law Defining the functions g(z) and h(z) by

(1—2)Bi(2) + 2Bi(2) 1= —€*2™" """ g(2), (8)

(1= 2)Ba(z) + 2By(z) == =2~ """h(2), @

then they are polynomials in z with deg[g] = n, deg[h] = n+1. Then, using the
boundary condition, it is shown that the scaling law for the dynamical fermion
mass is given by

f ~ [h(z0)/g(z0)]? 20 := B/3N. (10)

From this we obtain the critical point z§ as a zero point of the function h(z) (see
Fig.1), and the scaling law is given by the MF type,

mg ~ A - (N(B) — N)2, (11)

since h'(z§) # 0, which is ascertained by the direct numerical calculations.

3.4 Chiral order parameter It is shown that the chiral order parameter obeys the
same scaling as that for the dynamical fermion mass and has the MF critical ex-
ponent, since it is shown that for N # 0

($9) ~ A’mg ~ A, (12)

which should be compared with the result"" in the quenched planar approximation;

(Y9) ~ Am] ~ AP f2.



3.5 Anomalous dimension The anomalous dimension for the composite operator
¥ is calculated to result in

Ym =0, (13)
in sharp constrast with the quenched planar case,” ~,, = 1.

3.6 The critical fermion number The solution of the SD equation with nonvanish-
ing C, p is obtained from that with C = 0 = p by shifting the coupling constant as
follows:

B B=2(CHp) = F, (19

Then this fact tells us that the non-trivial solution exists only in the region

N< B. (15)

C+p
Then the critical flavor number N, above which there is no chiral symmetry breaking
is obtained as the intersection point of N = (3/C+p)f with the critical line obtained
when C = 0 = p, see Fig. 1. The existence of the critical fermion number was first

demonstrated by the Monte Carlo simulation."

§4. NUMERICAL STUDY OF THE SD EQUATION""

We have carried out the numerical calcualtions of the original integral equations
given in section 2, which invole double integrals. Then our results support the MF
scaling, irrespective of the fermion flavor N;

ma ~ A(Be = B)M?, (9 ~ A3(B. — B)*/?, (1)

except the quenched planar case which corresponds to N = 0 in our scheme. The
scaling is unchanged with (Fig.2) or without (Fig.3) the LAK approximation.
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18
§5. ADDITIONAL 4-FERMION INTERACTION™

Introducing the additional chiral-invariant 4-fermion interaction
LGl ~ (9] (3 = 1,.., V), M
we consider the SD equation
S = So(p)”" + Go(¥*4*) + E(p)- 2)

This SD equation is solved in the same way as in the pure QED case with the vac-
uum polarization function given in section 2. The critical line and the scaling law are
analytically obtained in the bare parameter space (e?, g) where g := NGoA?/47?.
For the critical line, see Fig.4 and Preprint{"’ for the analytic expression. The
scaling law for the dynamical fermion mass and the chiral order parameter is given
by the MF type, irrespective of the direction approaching the critical line. The
"bare” § functions are obtained from the coupling constant flow equation which is
obtained by converting the scaling relation; in the CSB phase, ‘

ﬁ(g) = _2(9 -gw)yﬂ(ez) = —2(62 - ezf);
while A(g) = 0 = B(e?) in the symmetric phase.
§6. CONCLUSION AND DiIscussioN

We have obtained analytically and numerically the non-trivial solutions of the
SD equation for the fermion propagator, takeing into account the vacuum polariza-
tion effect in massless QED with N fermion flavors. The vacuum polarization effect
is included through the vacuum polarization function at the 1-loop level. Within
this framework we have shown that in the presence of the vacuum polarization
there exists a critical point e, which separates the weak coupling phase from the
strong coupling phase where the chiral symmetry is spontaneously broken.

Based on the asymptotic solution, the critical coupling e.(N) for each fermion
flavor N is obtained, which is in good agreement with the result of the direct
numerical calculations of ours for N = 1,2. The scaling law is given by the MF
type, irrespective of N # 0. The critical exponents for the dynamical fermion mass

and the chiral order parameter have the same classical MF value, i.e., v = 1/2.



Additional chiral-invariant 4-fermion interaction is also introduced. We ob-
tained the critical line in the bare parameter space (e?,g), which connects the pure
Nambu-Jona-Lasinio point with the pure QED critical point in the unquenched
case. However introduction of the additional 4-fermion interaction does not change
the scaling law. So far there is no compelling evidences to support the non-triviality
of QED, although it remains to calculate the anomalous dimension on the whole
critical line. '

Furthere problems to be resolved are:

1) The first Monte Carlo (MC) result of Kogut et al."" supports the Miransky
scaling in the quenched limit, while the recent result by another groﬁp["l shows the
MF scaling even in the quenched limit. Remembering that the quenched planar
QED is shown to obey the Miransky scaling, it may be possible that the non-planar
effect or the vertex correction may change the scaling, in other words, the essential-

singularity type scaling is unstable for the improvement of the approximation.

2) If the 1-loop result presented in this talk is qualiltatively good approximation
to the full QED, the original QED coupling vanishes in the continuum limit, since
it sufferes from the Landau ghost. However there may exist the induced Yukawa
coupling resulting from the spontaneous breakdown of the chiral symmetry which
forms the fermion-antifermion (scalar) bound state. Existence of such a state may
be judged from the calculation of the pion decay constant f,. Finite fy may
rescue the strong coupling QED from the naive triviality. The result will be given
elsewhere. ‘

3) Confinement or deconfinement of the fermion in the CSB phase is very
interesting to go beyond the quenched planar analysis,”" which is examined by
searching for the pole in the fermion propagator.

4) To answer the Landau ghost problem and to obtain the phase structure of
QED more completely, we must obtain the vacuum polarization function II(k?) as
a self-consistent solution in the simultaneous SD equation. This is in progress.
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ON THE SOLUTION OF THE SCHWINGER-DYSON EQUATION OF QED

Minoru Hirayama

Toyama University

The Fukuda-Kugo version of the Schwinger-Dyson equation
of QED is discussed. Through constructing the Liapunov func-
tion, it is analytically proved that Fukuda and Kugo's non-
linear differential equation for the fermion propagator
possésses chiral-symmetry breaking solutions. The structure
of the general solution of their equation is studied by the

method developed in the theory of dynamical systems.

1. Introduction

In the course of the analysis of the fermion self-energy

of QED, the Schwinger-Dyson equation

3e? 1 B(q?) '
B(p2) = d*q (1.1)
(2m)* (p-q)? q?+B%(q?)
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was discussed by many authors, where B(pz) is defined by
-1 2
(Sg(p)1™" = 4 - B(»®) . (1.2)

We are adopting the Landau gauge and the ladder approximation.

1)

Fukuda and Kugo translated (1.3) 4dinto a much tractable

differential equation
dg A

g — + 4g = - 3u (1 +
du 1+u?

) . (1.3)

where A, u and g are given by A= e?/ (4m%), u(t) = B(p?)/p,

-g(u) = du(t)/dt and t = log p. The boundary conditions on g
and u at t = t® are given by
lim et(g+3u) = 0, lim e3t(g+u) = 0 . (1.4)
L->> t+wcw :

In this talk, with the help of Liapunov's direct method, I

present an analytic proof that (1.3) and (1.4) have non-trivial

Ay
solutions.2/ I also discuss how the analytic form of solution

2)

can be explored.

2. Liapunov Function of Fukuda-Kugo Equation

Eq.(1.3) is rewritten as

d .

_E = - {(4g + xu) + (4g + 3u)u? } , (2.1)
dp

du
— = g(1l + u?®) , (2.2)
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where K and @ are defined by

dp 1
K= 3(1 + A) > 3, — = > 0 . £2.3)
dt 1+u?

Apart from mathematical subtleties, 1t 1is intuitively clear
that any trajectory starting from any point on the (u,g) plane
tends to (0,0) as P (and so t) goes to infinity if there exists

a function L(u,g) satisfying

(i) L(0,0) = 0 ,
(ii) L(u,g) > 0 for  (u,g) + (0,0) ,

dL(u,g)
(iii)—d < 0 for (u,g8) % (0,0)
o)

The function L(u,g) is called the Liapunov function at (O,O).3)

Making use of (2.1) and (2.2), it can be seen that the

function

Li(u,g) = gZ+3u?+(x-3)log(u®+1)+a(ug+2u®), 0 < a< 8,

(2.4)

satisfies (i), (ii) and (iii) for any value of X > 0. It is

also seen that the simpler function

L2(u,g) = g° + 4gu + (8 + /3¢ )u* (2.5)
satisfies (i), (ii) and (iii) for 3 < K< 19 + 8 Y3 . Thus

we understand that the nonlinear differential equation (1.3)
with the boundary condition (1.4) possesses non-trivial solu-

tions, which implies that the chiral-symmetry might be broken.
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3. General Structure of Solutions of Fukuda-Kugo Equation

Equations (2.1) and (2.2) are expressed in the form

dx
— = Ax + f(x) , (3.1)
dp
X1 g 1 f-—& -K 1
‘- = A= , | (3.2)
X2 u { 1 0
where £(x) consists of terms of third order in x. If we define
z by 1 A,
z = Ux , U = ,
1 -A1 (3.3)
Ay = -2 + V1-3A Ay = =2 - V1-3X ,
we have
dz Av 0
— z + h(Z) , (3-4)
dp 0

where h(z) 1is given by h(z) Uf(U“lz) and consists of terms

of third order in =z. It is known that there exists a unique

4)

transformation from z to y
z =y + k(y) (3.5)

such that y satisfies the simplest equation

— 2 Y . . (3-6)

If we write
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y =z - k(y) = Ux - k(y) = Ux - ¥(x) , (3.7)

W(x) is an infinite power series of x

{'w1<x)

Y(x) = ) (3.8)
Yo (x)

V.(x) = f§i> ok i=1, 2. (3.9)
1 2+mz3

Coefficients {fé;)} can be obtained recursively through £(x).

Since the general solution of (3.6) is given by

y, = o rP 1.1, 2, (3.10)
we get
Az Ay
V1 y2 = C R (3.11)
where ¢ is an arbitrary constant. Now we realize that the

general solution of the Fukuda-Kugo equation (1.3) is .obtained

through solving the equation

, Az ~-A1
{g - dau - ¥1(g,u)] [g = A1u - Ya(g,u)l = C (3.12)

with respect to g. The behaviour of the solution of (3.12)

should be classified by the value of the parameter O= A,/ A .
For 0 ¢ A K %% (2 ¢ 0< 3), we recover the analytic form
of solution which was originally obtained by Fukuda and Kugo.l)
For i% < A K< % (1 < o £2) , terms other than those included
in the Fukuda-Kugo solution become dominant. For the case of
strong coupling X > % ( 0; complex) , the solution is given

by
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28
R e voo. const. , v= v3A-1 |, (3.13)

where R and © are defined 'by

g - Az2u - Yi(g,u) =R eie . (3.14)

The trajectory on the (u,g) plane is a deformed logarithmic

spiral.
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Renormalization Group Flow in Lattice QED

and Four Fermi Coupling

Masahiro IMACHI
and

Hiroshi YONEYAMAY

Department of Physics, Kyushu University, Fakuoka 812, Japan
and

Department of Physics, Saga University, Saga 840, Japan!)

ABSTRACT

Renormalization group flow of the U(1) lattice gauge theory with staggered fermions
is studied by the Migdal-Kadanoff renormalization group method. The phase structure is
extensively investigated. It is shown that an induced four fermi coupling term becomes
relevant in the strong gauge coupling region while it becomes irrelevant in the weak gauge
coupling one. The chiral order parameter and the anomalous dimension of the fermion

mass operator are calculated.

The Migdal-Kadanoff renormalization group (MKRG) method "? is an approximate
but suitable tool to get into an essential feature of the lattice gauge models’™® Such a
method may provide us with an important information of the dynamics with the strong
four fermi coupling, and is complementary to Monte Carlo calculations which are currently
providing interesting results’ "> One of the authors (M.L) has recently studied the theory
by incorporating the fermion self-energy to the recursion equation, and found that the four
fermi interaction is in fact induced from the original QED in the strong gauge coupling
1:egion.1 * In the present paper we make an extensive study of its RG flow and the phase
structure.

The main results are as follows. The bare parameter space is divided into two phases,
one being the phase where the four fermi coupling is relevant and another where it is irrel-
evant. Within the former phase, there is a distinction with respect tc RG flow between the
strong and the weak gauge coupling regions. The chiral order parameter shows a transition
separating the two phases. The anomalous dimension v,, of the fermion mass operator is
also calculated by the UT(Unique Trajeci:ory15 ) method® in the chiral symmetry unbro-
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ken phase. It is found that 4, is large at the critical line and monotonically decreases as
one goes off from the critical line, i.e., 4y, decreases monotonically as the gauge coupling
and/or the four fermi coupling Cp become weak.
Migdal-Kadanoff renormalization group transformation

The recursion equations for the MKRG transformation for U(1) LGT with staggered

16,17

fermions are presented s general, RG transformations induce couplings which are
not in the original bare theory. It is then convenient to write here the most general form
of action in the MKRG framework. The lattice action of U(1) gauge group with staggered

fermions ¥ and ¥ is given by

-5 =8,+ 5y,
Sg=-2 Z E(l ~ Rexq(8) )Bqs
plagg=1
S1 =40 3 1u(n)(e+9(m)T(m)$(n + ) + - %(n + p)TL(n)(n)) )

— By Z P(n)9(n)
—Co y_ %(m)Uu(n)b(n + p) $(n + p)UL(n)o(n),

By He
where x, in S; denotes the g-irreducible character of a plaquette variable ; x,(6) = TrU, =
e'? (g =integer, 0 < 8 < 27), and f3, is corresponding bare inverse gauge coupling. The
fermionic action § + contains three bare parameters Ag, Bg and Cy which represent hopping
parameter, mass and four fermi coupling in turn. Positive values of Cy correspond to an
attractive force. €, and . are sign factors (¢4 = —1 and - = +1), and 7,(n) =
(=1)ratmatetmu-1 where n; is the i-th coordinate of the site n. The following convention

for integrating Grassmann variables ¢ and ¥ is employed:

/ dpdyp exp(—pdb + 56 + ) = pexp(%a@. @)

A RG transformation consists of two procedures, the decimation and the bond-moving,
both for the gauge and fermionic degrees of freedom. In each decimation, the gauge degrees
of freedom receive fermion loop corrections, while the fermionic ones contain self-energy
corrections. ,

The recursion equation for the gaunge field® connecting two scales L and AL is given

by

AD-’

F(AL8) = |3 Fy(L) "1 Qq(L)xq(6) (3)
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where F, is coefficient in the character expansion of the plaquette function F(L, ) at scale
L, ’

F(L,8) =) FoL)xq(6), @)
q
where F(L,0) is written in terms of the gauge couplings as
F(L,6) = F(L,0) exp{~2 3 (1 — Rex(6))8o(L)}- ()
g=1

While @, is the coefficient in the expansion of Q(L,8), which represents the contribution
from the innermost plaquette in Fig.1 receiving the fermion loop correction with N; flavors
(vacuum polarization). A RG transformation is thus completed by the bond-moving as
is represented by the exponent AP~? in (3), which is the contribution from the D — 2
directions perpendicular to the plane on which the plaquette in question is sitting.

The Lh.s. of (3) is also represented by the renormalized couplings {8,(AL)} at scale

AL in the same manner as (5)

F(AL8) = FOZ,0) exp{=2 3 (1 - Rexa(9))B,(AD)}. ©)

g=1

Therefore, by solving (3) and (6) one obtains the recursion equation for the gauge coupling
{B4(L)} — {B,(AD)}-

Through fermion decimation( Fig.2(a)) '* we obtain fermion parameters A(AL), B(AL)
and C(AL) at scale AL from those at L. If we take into account fermion self-energy
correction( Fig.2(b)), we have

- A
Ag(AL) =A(\L) (?) ,

Bg(AL) =B(AL), (M)
- 22
Co(AL) =C(\L) — {1 — (%1) JA(AD)ese. .

The factor Fy/Fy is ~ B at strong coupling regions (8 < 1) and ~ (1 —1/8) at weak
coupling regions(f >> 1). Then Cg receives large (small) effect from fermion self energy
correction in strong (weak) gauge coupling regions. It may be convenient to define nor-
malized parameters M and G rather than using 4, B and C. They are defined by

M = Bg/A(;,G = C(_,'/Aév



Renormalization group flow and phase structure 18
We are now ready to calculate RG flow. Throughout this paper the scale factor A and

the number of staggered fermion Ny are taken to be three and unity, respectively. All the

calculations in this section are made for a sufficiently small fixed value of By (=0.05). Its
extrapolation to By=0 will be discussed in the following section.

Flow of the renormalization group transformations runs in the infinite dimensional
parameter space, ({ By ;g=1~ o0 }, M, G). It may then be convenient to project it to
various subspaces. In what follows we, in turn, see the one projected to the subspaces of
pure gauge (81, 32), gauge and fermion (8;, G) and pure fermion (G, M).

Flow diagram of gauge coupling 8, is shown in Fig.3. We observe critical point
Bic at 2.3 < B < 2.4. For By > Pic, trajectories flow to weaker coupling regions, which
represents “screening” due to vacuum polarization. For §; < ;. , trajectories flow to IR
fixed point B, =0 (g = all).

As to the projection onto the subspace, (8;, G), the RG flow moves as shown in Fig.4.
For each trajectory in the fignre, starting point corresponds to the bare theory with certain
(B1,Co). One clearly sees that the two dimensional subspace (8, Cp) is divided into two
* phases in view of the manner of the movement of the G. For small §; and all allowed Cy
values, trajectories move up to large G region very quickly. This feature is seen up to the
critical point ;.. In the weak gauge coupling region beyond f31., trajectories. move up
first but eventually go down to small G for small Cy values, while for large Cy values the
trajectories move up quickly to the large G region. Namely, in between strong and weak
four fermi coupling regions, a critical line runs (see Fig.7).

Keeping the above feature in mind, let us now see the behavior of the trajectories
in the fermionic parameter subspace (M, G); For small 8;(< B1.);

(1) In the very strong coupling region 8:(< 1.0), a range of bare theories in different §;
and Cp values moves on to a scaling trajectory as seen in Fig.5. The functional form
of the trajectory reads G o« M? for large M and G values.

(2) As B3, increases beyond 1.0, the flow starts to deviate from such a trajectory, and the
slope of the trajectory becomes smaller in the logG-logf plot.

For large 31(> Bic), the behavior is quite different from the one for small Sy;

(1) For large bare Cy values, the trajectories move up as shown in Fig.6.

(2) Whereas for small Cy values, flows move down and converge to a single trajectory,
which moves eventually toward G = 0.

(3) In between there exists a critical point C., at which trajectory moves flat.

(4) The locations of both the critical Cy value and the convergent trajectory depend on

chosen #; value. As 3; increases, the value of C. monotonically increases as seen

145
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in Fig.7. Such a critical line (actually critical surface in the full parameter space)
separates the parameter space into chiral symmetry unbroken(weak four fermi side)
and broken(strong four fermi side) phases. Similar critical line is found also in the
analysis of Schwinger-Dyson equation of quenched Q,ED.19
(5) On the other hand, the value of G of the convergent trajectory at sufficiently large M
decreases, as the bare (3; increases. '
In Fig.7 the two phases are labeled by I (chiral symmetry broken) and IT (unbro-
ken). Within the chiral symmetry broken phase I , we found a distinct behavior between
strong and weak bare gauge couplings. Trajectories for large bare §; values move very
slowly toward larger B; value, while those for small By converge rapidly to the fixed point
at B, = 0. This appears to suggest that there is a phase boundary between the two regions.
We then distinguish the weaker gauge coupling side from the stronger one by naming it
the domain III, as indicated in Fig.7. II and III are then connected to the chiral symmetry
unbroken and broken phases, respectively , in the Nambu-Jona-Lasinio model?’
Chiral order parameter < —3 > is calculated from the pariition function Z by

- -1
(¢¢>Bo = N

0z

v (23577, @
and by taking linear extrapolation to By = 0. N,;. denotes the total site number, A*?,
with t and D being the number of RG iterations and the space time dimension(=4 in our
case), respectively. The result is shown in Fig.8. We observe that < —%% > at strong
gauge couplings is much larger than that at weak ones. In the weak gauge coupling région,
however, < —3 > is not exactly zero. Subtracting the value (= 5 x 10~5 ) at large f1,
therefore, it can be fitted by an essential singularity form aexp(—v/+/B. — B1). The result
is insensitive to the assumed value of 8.. For example, a case for 8.=2.3 is shown in the
figure.
Anomalous dimension

We will discuss the anomalous dimension of 9. Fig.9 shows RG flow for various
small values of bare mass By in the symmetric phase (or domain II). One sees that all
bare theories (for Co = 0) with these different values of By converge to single trajectory.
Therefore the unique trajectory method applies in order to get the anomalous dimension of
¥%. That is, one sets up a gate on the trajectory , and then count the number of steps ¢g of
RG transformations necessary to reach the gate from various bare points. The scale at the
gate g and the lattice constant a of a bare point is related by loga = —tglog A +logég.
We found

log Bg ~ —C(ﬂl)tG -+ d(ﬂl), (9)




and its slope ¢((;) increases as 3; becomes larger. The ¢(3;) is calculated to be 0.37,
0.28, 0.19 and 0.14 for 8,=2.5, 3.0, 5.0 and 10.0 in order. This slope gives essentially the
anomalous dimension of ¥ as follows.

The anomalous dimension 7,, is defined by

__Ologme(A)

m T a1 a3 1
7 dlog A (10)

where mg is a dimensionful bare mass, and A denotes an ultraviolet cut-off. In the lattice

notation, (10) reads v, = o_lg%éﬂ — 1, since mqg(A) = Bo(a)/a and A=1/a. vy, is also

represented as

_ -1 (910g Bo
T = g Bte (11).
For 31 values in guestion, (9) leads to
Tom 2 c{B)log A — 1. (12)

For A = 3, vy, reads —0.22, —0.41, —0.61 and —0.71 for B;=2.5, 3.0, 5.0 and 10.0 in turn.
This result seems queer, since it is expected that v,, is positive and becomes vanishing as 4,
goes to infinity, where the theory becomes free. Thisis due to the quantitative roughness of
the approximation. In the free theory, for example, the mass M ought to change to AM by
a scale transformation by A. However, in the MK framework, or rather generally in approx-
imated RG transformations, M does not transform pl:operly4 but by A.t; (£ ). Therefore
we normalize 4., in (12) so that v, = 0 is correctly reproduced in the weak gauge coupling
limit. Namely, we take A to be A.;; which is fixed at a large ;. We choose 8; = 10.0 (some
other choice, say, #; = 15.0 does not make much difference ). The estimated value of A 4y is
1.39. This leads to v, = 1.64, 1.0, 0.36 and 0.0 for 8; = 2.5, 3.0, 5.0 and 10.0 (see Fig.10).
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FIGURE CAPTIONS

Gauge plaquette decimation. The vacuum polarization is contained. Crosses denote

the fermion decimations.

. (a)Link function. (b)Fermion self-energy correction.

. Flow diagrams of gauge coupling constants projected onto (31, 3;) plane.

. RG flow projected onto 3;-G plane.

. RG flow projected onto M-G plane. Strong gauge coupling case with §; = 1.0 and
Co=0.0(0), 1.0 (d) and 2.0 (»). Intermediately strong gauge coupling case with g; =

2.0 and C¢=0.0(o), 1.0(+) and 2.0(x). ‘
RG flow projected onto  M-G plane. Weak gauge coupling case with 8; = 5.0 and
Co = 0.0(0), 0.4(1), 0.6(=), 0.9(0) and 1.0(+).

. Phase diagram in $;-Cy plane.
Fig. 8.

< - > vs. B1. Co = 0.0. With fermion self energy correction(o) and without
it(m). The former is fitted by aexp(-y/v/Pic — B1) with B;. = 2.3, a = 18.14, and
v = 12.50(bold line). ,

RG flow projected onto logM-log@G plane for Bg=0.01(c), 0.025(c), 0.05(») and 0.1(+).
B1 and Cj is chosen to be 5.0 and: 0.0, respectively.

Ym vs. By for Cy = 0.0.
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CHIRAL PHASE TRANSITION IN
THE EFFECTIVE THEORY OF
QED PLUS NAMBU-JONA-LASINIO
MODEL ON THE LATTICE
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ABSTRACT

The lattice QED theory with chiral-invariant four-fermion inter-
action is investigated analytically, through the effective model, which
consist of mesons originated in bi-linear fermi fields. We further study
this model using the renormalization group method, for taking the
continuum limit as critical phenomena on lattice regularized space.
We study the existence of fixed points and their scaling properties,
and we discuss the properties of theories defined on such fixed points
with respect to the triviality.

1. Introduction. QED as the perturbatively defined theory leads to the serious field
theoretical problem, known as Landau ghost."’ The possibilities of solving this problem
lies on the non-trivial structure in the strong coupling regime. In the viewpoint of the
Wilsonian renormalization group (RG) approa.ch"'sl , the questions are whether non-trivial
fixed point(F.P.) , which may be ultra-violet F.P., or another relevant operators really exist.
These questions are related to the non-perturbative dynamical effects. For this purpose we
choose the lattice QED model with chiral invariant four fermi interactions. We investigate
this model analytically, through the effective model. The method is based on the strong
coupling expansion and integration of the gauge fields, which derives the local boson system
originated in bilinear fermi fields. This method is usually performed to lattice QCD. We
further study this model using the renormalization group method, in the viewpoint of the
construction of the field theory in the continuum space as critical phenomena on lattice
regularized space. We study the existence of trivial and non-trivial fixed points and its
scaling properties. Such F.P.s are interpreted in terms of the original lattice QED model

and the model including the four fermi interaction and we discuss the properties of theories

" defined on such fixed points with respect to the triviality.

t Addres after April 1990; Division of Mathematical Science, City College of Mie, Isshinden-Nakano,
Tsu 514, Japan



2. The Effective Model of Lattice QED. The original model is the 4-dimensional
QED with chiral invariant four fermi interaction.

1 " N
S=-53 2 U@z +RUlz+9)Ulz) + he

2
T,u>v

=3 ST + )~ Bz + 7T )
+m ) P(2)()
+9 Y11= = (B(e)3s9(2)]

The first term denote the gauge action, which we use the compact U(1) action. 1/e? is the
gauge coupling. 1¥(z) denotes the naive Dirac fermion with bare mass m. We have kept the
naive form of the fermion for chiral invariance in the limit m = 0. The last term is the chiral
invariant four fermi interaction. If we switch off the gauge interaction the model reduce to
the well-known Nambu Jona-Lasinio(NJL) model.” We can study lattice QED as well as
the gauged NJL model.

Many analytical studies have been made to the gauge systems interacting with fermions
on lattice such as QCD or large N model(as the limiting model of QCD) in the similar way. fe.2
The basic idea is as follows. The models are reduced to the system of the elementary
excitations on the vacuum of the strong coupling limit, those are several kinds of gauge
singlet composite bosons i.e. meson fields. As the gauge coupling becomes weaker, such
mesons begin to interact with each other. The similar method is adopted to the QED+NJL
model. We survey the process of constructing the effective model.  We first make the strong
coupling expansion of the partition function, and integrate out the gauge variables. But the
exact calculation is so difficult even in the limit of 1/e? = 0. We technically change the
dynamical variable U, (z) to the random variable. This change makes the integration of the
gauge degrees of freedom easy. As the model is deformed through this process, there is no
essential difference whether action is compact or not, with respect to the chiral symmetry
breaking. In practice the strong coupling limit, the models are just the same. That produces
the sequence of the interaction terms, which consist of bilocal composite fermion fields, such
as P(z)yu¥(z + ). Second, we perform Fierz rearrangement” of all interaction terms, and
we get the action rewritten in terms of the local composite fields such as (z)I'¢(z), where
T denotes the 16-Dirac gamma matrices. We finally rewrite the effective action with local
bose fields using the auxiliary field method, such as scalar : ¢(z)¥(z) — o (), pseudoscalar :
()59 (z) — w(z), vector : ¥(z)y,¥(z) — V,(z), etc. We note that the process preserve
gauge invariance. The obtained effective model is given as follows.
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Suty == 5 2 ole)ola+ ) =g Lo (@ = 5 3 wle)na + ) — 9 T w(e)’
T4 z i z

T4

~ 3 Y V(@)1 2)Valz +5) + [4,T]
ENTRY
+ % Z,:ln{ [; oz + ) + 890 (z) + 4m] 2 [Z“I (e +4)+ 897(2)] 2 -

+ Z[E(l = 26u)Vu(z + 9)]2 + }
4o v

1
- (2)3,81/;[0, W]
+ o(B%)Vs[o, 7,] + higher order terms....

+ other interaction terms

where
Vilnal= Y {o@)o(z+Do(s + i+ b)o(z +7)
4>V
+7(z)r(z + p)w(z + f + D)w(z + D)
+ Z e(conb.)o(z)o(z + p)n(z + o+ 0)w(z + 17)}
conb.

where A and T are axial vector and tensor fields, respectively. The logarithmic potential is the
contribution from the fermionic determinant. This effective action has infinite series of non-
local polynomial interactions, those are derived from the plaqutte type gauge interactions,
and they are very complicated. Bui fortunately, from the point of view the RG method,
almost. all the terms must be irrelevant operators, and the leading contributions to the scaling
behavior comes from the lower power polynomial interactions. Besides the contributions of
the higher spin variables will not be so important. In the following discussion, only the scalar
and the pseudo-scalar fields o,7 will be considered as dynamical variables. Vector fields are
replaced by some constant values as the mean fields and others are neglected.” The reduced
system of o and 7 maintains the chiral invariance within this part. We can study the chiral
phase transition of the original QED+NJL model by the effective model.

3. The Mean Field Study of the Effective Model. In order to check whether the
obtained effective model correctly shows the physical content, we study mean field (MF)
action of this model. MF theory assumes that ¢ and 7 are uniformly distributed, i.e.,o(z)=0,
n(z)=m.

1
SMF - _h(a,z + 7r2) + '1-7(62 +7|.2)2
1. T2 2 2
+ 2ln{h (o° + = )]

* If we use staggered fermions the same effective model can be derived within this approximation.



where ,
h =d + 8¢

7=(3*2dd~ 1)/

Set the 7 = 0 in the chiral limit m = 0, the chiral condensate < o >, which corresponds to
< ¢ >, is given by the minimum of the resulting effective action. MF action gives us the
physical picture of mechanism of the chiral transition in the simple way. The contributions
of the anti-ferro spin system induced by Fierz rearrangement of the fermi fields, and the
plaquett interaction term induced from the gauge interaction determine the chiral symmetry
breaking. The obtained phase diagram are consistent with the results of Schwinger-Dyson
approach. The logarithmic potential make the action unbounded and < o > is unstable
in the weak coupling region, which causes the difficulty in studying by the RG method.
Then, in the effective action vector fields are replaced by some constant values V as the MF
and the logarithmic potential is expanded with respect to 1/2d(d — 1)V?, where d is the
spacetime dimension. Again, the MF method is applied this apploximated effective action.
The resulting phase diagram is not changed in the qualitative feature, but the stability of
the field is improved.

4. The Renormalization Group Study of the Ef fective Model. For the purpose of
using the RG method, we rewrite the model in momentum space for small p?, then any
kind of non-local polynomial interaction derived from eq.(2) reduces to the following much

simpler form.

Sefs = -% / dp(p* + r)(a(p)o(—p) + x(p)7(—p))

4 4
~ [TLdns(3_ pota)oton) + Tp2)r(o2) o (ps)o(ps) + (o) ()
i=1

i=1 (4)
4
(Br+ B2 Yy}
i=1

— higher power polynomial interactions....

We remark that interaction kernel has momentum dependence. This shows that the inter-
actions are non-local. The parameters r,8; and (3, are the polynomials of 1/e2 and g. Here,
we take the chiral limit, then all the odd polynomial interaction terms are dropped. The
RG equations are derived by diagrammatic expansion'’ with respect to 8; and f$;. The
later investigations are based on the algebraic equations for the coupling parameters of the
RG steps as diagrammatically shown. In the case f; > 0, the situation is the same as
the scalar models, which has only the trivial fixe point; r*, 87,85 = 0 . If we spread the

parameter space to the negative region of f;, the small value of 37 at the non-trivial fixed
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point is indicated by the solution of the RG equations. Choosing f3 ~ —r for the expansion
parameter, the investigations are performed similar to the well-kown e-expansion method."
The contributions from higher power terms are evaluated systematically, and the results are

consistent within the order 7

5. Fized Points, Scaling properties and Triviality For the purpose of studying the
scaling properties of the F.P.s, we linearized the RG equations near the fixed points, and
calculate the eigenvalues of their transition matrix, which provides the eigenvalues of the

scaling operators.

When the parameter space is restricted to the =0 plane, only the trivial F.P.;7* g = 0
exists, the corresponding F.P. of the original QED+NJL model is g* = —(d — v/16)/8,
e*? = 2x 42d(d —1)/v* where v = d(d—2)?V, which has the eigenvalues are Ay =4, X, = 1,.
This shows this F.P. has 1-relevant operator, which corresponds to the mass operator o 4 2
and this is just the MF value. Besides, there is 1-marginal operator, which is the contribution
beyond the linearized RG equations. This contribution is essential in this model. This leads
to the logarithmic correction to the MF scaling behavior as long as 3, is small. According to

the investigation of the constructive field theory of scalar models, ™"

the scaling properties
result in the trivial theory. Here ‘triviality’ means the renormalized o — 7 4-body coupling
goes to zero in the limit of the cutoff-infinity within the domain of this F.P. The situation is
not changed, even if the parameter space is extended to the fq-axis. Ounly the l-irrelevant

operator is added.

But in the negative B, region, another F.P. seems to exist, that is r* = —-4—;)-7', B =
%’51', B3 ~ ---157' and the eigenvalues are A; = 4(1 — 47), Ay = 1 — 487, A3 = %, where
the third eigenvalue is unknown in the framework of this trial analysis. But the qualitative
considerations of the RG-equations and the scaling properties of the trivial fixed point imply
that the third scaling operator may be relevant. This F.P. has clearly different properties ,
which should have two relevant operators, so called tri-critical.""  This F.P. has the pos-
sibility leading to the non-trivial theory. In order to understand this F.P. in the original
QED+NIJL model, another parameter axis is needed, corresponding to some kind of interac-
tion. For example, the chiral invariant eight-fermion interaction can be imposed. Any way

non trivial F.P. exist beyond the e? — g plane.

4. Summary and Discussion. We derive the effective theory for laitice QED. The ob-
tained effective model is the local bosonic system ‘with non-local interactions. - This model
preserves gauge invariance. Using the RG method we investigate the existence of F.P.s
and their critical behaviors for the purpose of constructing the continuum theory associ-
ated with their F.P.s. The analysis in this report imply the contribution of the scalar and
pseﬁdoscalar part are relevant. When the coupling parameter space is restricted to gauge
coupling or gauge and four-fermion couplings, each case imply that theory is well described

by gaussian model of non-interacting o and 7 fields, which correspond to the gauge singlet



bound states of fermions. The similar picture is propoSed by several investigations: Monte

Calro simulations™* b0

and Schwinger-Dyson approac Further, we studied the non-
trivial F.P.,which scaling property may save the triviality of the theory. The analysis of this
work is preliminary. The contributions from the vector and higher spin variables should be
included. Such contributions will make the analysis fully systematic. But the important fea-
ture of the scaling behavior don’t depend heavily on higher spin variables. The results show
the basic property of F.P.s, which is the first step for constructing the consistent non-trivial

continuum theory.

The author is grateful to Professors T.Maskawa, K. Yamawaki and K.I. Kondo for their
interest in this work.
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Ultraviolet Fixed Point Structure of Renormalizable
Four-Fermion Theory in Less Than Four Dimensions *
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Abstract

We study the renormalization properties of the four-fermion theory in less than four dimen-
sions (D < 4) in 1/N expansion scheme. It is shown that § function of the bare coupling has a
nontrivial ultraviolet fixed point with a large anomalous dimension ('y%p = [ —2) in a similar
manner to QED and gauged Nambu-Jona-Lasinio (NJL) model in ladder approximation. The
anomalous dimension has no discontinuity across the fixed point in sharp contrast to gauged NJL
model. The operator product expansion of the fermion mass function is also given.

Introduction

Recently the possibility that QED may have a nontrivial ultraviolet(UV) fixed point has been
paid much attention from the viewpoints of “zero charge” problem in QED and raising condensate
in technicolor model. Actually such a possibility was pointed out in ladder approximation in which
the cutoff Schwinger-Dyson equation for the fermion self-energy possesses a spontaneous-chiral-
symmetry-breaking solution for the bare coupling larger than a non-zero value (o = 65/471' >
/3 = «.). We can make this solution finite by letting ag have a cutoff dependence in such
a way that ag(A) — a.+ 0 (A — o0), a. being identified as the critical point with scaling
behavior of essential-singularity type. At the critical point, fermion mass operator ¢4/ has a large
anomalous dimension Vgy = 1. which is indeed crucial to the technicolor.2]

This problem was further analyzed in ladder approximation in the two-coupling space of the
gauged Nambu-Jona-Lasinio (NJL) model, i.e., QED plus a (possibly “induced") four-fermion
interaction whose physical dimension becomes 4(=6—2'y;w) at the critical point due to a large Yo

(=1).[3] Quite recently a critical line of this model was discovered in the whole prameter space of
two couplings (ag(A), go(A)), with go(A) being the dimensionless bare four-fermion coupling. (5]
The most striking feature of the model is the appearance of an even larger anomalous dimension
Yoy = 1+ /1—ag/a. (> 1) at the critical line, which in fact suggests the four-fermion
interaction may become a relevant operator and renormalizable, in sharp contrast to the symmetric
phase where one obtains a smaller 3, = 1—1/1 — ag/a. (< 1) and accordingly the four-fermion
interaction is irrelevant.[] :

An important application of this dynamical symmetry breaking with a very large 7,7”‘,(:: 2 for
ag = 0) is a “top-mode standard model” in which a top quark condensate is responsible for the
electroweak symmetry breaking.m

However the existence of a critical point for the bare coupling ag(A) does not necessarily
imply the UV fixed point for the renormalized one () in the continuum theory. In fact the 8

* This talk is based on the work done in collaboration with K. Yamawaki.[l]



function was argued to be non-negative, ﬂ(a(”)) > 0, based on the spectral representation. (8!
In ladder approximation, there is no simple way to compute ﬂ(a(”)) and/for B(g(u)) through
the calculation of vertex Green functions and hence no direct comparison with 3(cg(A)) and/or
B(go(/\)) obtained through the gap equation (ladder Schwinger-Dyson equation) for the fermion
propagator. Also the above discontinuity of YVgprlEV 1= ag/ac , across the critical line seems to
be rather paradoxical (an artifact of ladder approximation ?), though not obviously in contradiction
to the operator product expansion (OPE).[QI

In this talk, we wish to clarify these issues by explicitly calculating £(g), ww(g) and the

corresponding “bare” quantities 3(gg), A34(90) of the four-fermion theory in less than four
dimensions (2 < D < 4) in 1/N expansion; the theory in fact was shown to be renormalizable
and was also demonstrated to have a nontrivial UV fixed point for the renormalized coupling,
IHu) = g® # 0, and a large anomalous dimension 'yw(g*) = D — 2 at the fixed point.[101 We
shall show E’(go) and %¢¢(go) are very similar to S(g) and 7$¢(g), respectively; 3(gg) possesses
a UV fixed point gg(A) = g, in much the same way as the ladder QED and the gauged NJL
model, while 97,,(g0) becomes large, 77, (gc) = D — 2, although having no discontinuity across
the fixed point in contrast to the gauged NJL model. The discontinuity of 4;,,(go) may be traced
to the fact that usually in ladder approximation gg(A) is not renormalized in the symmetric phase
: Taking account of the renormalization of go(A) in our model indeed fill in the gap of 57,.
The large anomalous dimension without discontinuity will be shown to be consistent with the

operator product expansion of the fermion mass function, which actually holds in a quite nontrivial
fashion.[1]

1/N expansion and Renormalized theory

Let us start with the following four-fermion theory,
Lap(z) = PHigy® + Go($°9°)? /2N,

where 9%(z) is a four-component Dirac fermion and the suffix runs from one to N. The space-time
dimension is less than four. This system has a symmetry under discrete chiral transformation;
¥%(z) — w¥®(z). By introducing an auxiliary field o(z), we rewrite the Lagrangian into

Lo(z) = PUidu® — MY p® — (N/2G)5? — 59°¢* — (NM/Go)5,

where the o field has been shifted to G by a vacuum expectation value (¢) = M determined
through a self-consistent equation, the gap equation, which is derived from the condition that
the new variable has no vacuum expectation value.

We now perform 1/N expansion to evaluate Green functions. The fermion propagator and
the vertex are of order O(N?), while the boson propagator and the tadpole are of order O(1/N)
and O(N), respectively. The boson propagator, the gap equation and the scalar vertex in 1/N
leading order are given by,

A
1 o[l [ 4%k 1 1
f:)a(p) —ZN[_(?()--—Z/(z’lT)DTr(ﬁ"}'K"-MV-—M)]’

A
dPk 4

(&) x M(1—1iGg Wm);‘o, (1)

[%%(p, q) = iNDo(p - q)/Go.
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The gap equation has two solutions, a symmetric solution M = 0 and a spontaneously broken

one M # 0.
This model can be simultaneously renormalized for both solutions as follows. We define the

renormalized coupling G(“)(E 9(/-‘)/‘2_13);

A
1 Zg _ 1 . [ &%k 11

=G -G '] @P TP =

AD-—Z D-2

£, (2)

Zeg=1-G -
¢ 0( ge g*

where

: (4)P/(D — 2)

_ (D-2)
v = G -TE-DRBoE Dy - ¢ (0,

with [(B) being the gamma (beta) function. Notice that the renormalization constant Zg can be
defined to be mass-independent (Zero Mass Renormalization Procedure)[11] even for the broken
solution M # 0, and also that Zyy = Z, = 1 in 1/N leading order.

The g function of the renormalized coupling, 8(g) = pag: , is calculated from (2);

Blg) = (D - 2)5;(9" -9),

which is valid in both phases (solid line in Fig.1). It is now evident that g* is the UV fixed point
which separates the symmetric and broken phases of the symmetry. In D=2 we have ¢* = 0
((D —2)/g* — 2/x), which is just the asymptotic freedom of Gross-Neveu model.

-~

B(B)

g\ ¢ | g (go)

Fig. 1. B functions of renormalized coupling (solid line), and of bare coupling (dashed line).

For the scalar vertex, we can take Z4y = Zg. Thus the anomalous dimension of the mass

o dinZy, ,
operator %)%, g, = s also obtained from (2),

Y34(9) = (D — 2)57.

(solid line in Fig.2). There is no discontinuity at g(u) = g¢*.
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9(9%)

Fig. 2. Anomalous dimensions of mass operator, renormalized one (solid line) and bare one
(dashed line).
Bare quantities

Let us now turn to the cutoff dependence of the bare coupling in the present model. From
(2) we obtain, for A > 4,

Blao) = Ayrso =(0-2L 6. - 0), 0

p,G(“)--fized
where gg = GoAP~? (dashed line in Fig.1). Since the gap equation (1) leads to a relation,

AP=2 g —go(N) _ pP72g" — g(1)
ge  go(A) g 9w

ge turns out to be the critical point which divides the two phases, corresponding to g*. On the
other hand, from the gap equation (1), we obtain (for gg > g.)

Jgo
)

A _ e) N _n 90 .
Alao) = Agr90 ~ (D -2) o (9¢ YIS

M~ fized
Which is actually the § function widely discussed in the ladder QED and the gauged NJL model.
In the limit M/A < 1, this reduces to (3). This reflects the fact that we can renormalize
simultaneously the gap equation and the boson propagator by the renormalization of the coupling.

dinZ;
The anomalous dimension 45, (g0(A)) = -—-/\—%KM is also calculated from (2),
o go
Tgul90) = (D= 2) 7,

(dashed line in Fig.2). This does not have a discontinuity at gg(A) = g. in contrast to the gauged
NJL model.

Note that (3) is valid both in the symmetric and the broken phases. This is contrasted with
the ladder QED in which the renormalization of «g is performed only through the gap equation
for the fermion propagator, which is trivial in the symmetric phase (B(ag) = 0), but not through
that of other Green functions such as fermion-photon vertex and fermion four-point function.
The lack of renormalization of the bare coupling in the symmetric phase is also shared by the
ladder gauged NJL model (B(gg) = B(ag) = 0 below the critical line).

It may be this non-renormalization of the bare coupling in the symmetric phase that caused
the discontinuity of the anomalous dimension, Yoy = 1E V1= ag/a., across the critical line
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in the gauged NJL model. In order to clarify this point in our model, we incorporate a fermion
bare mass mg into the gap equation (1);

A -
o [Pk 4 (), s
M =mp +iGg L T A L 4)

where M is defined as S;l(p) = §— M. mq is renormalized as mg = Zy,,mp. In the symmetric
phase, (4) itself does not require the renormalization of gp. Were it not for any renormalization
of go through other Green functions than the fermion propagator, one would conclude that
mg ~ M(1— —-QQ—Q-AD 2) ~ A9, This is indeed what happened to the ladder gauged NJL
model. However in the case at hand, gg is actually renormalized through the boson propagator
renormalization (2) in such a way that 1 — go(A)/gc ~ A2=D; namely mg ~ 1/AP-2,

Mass function and OPE

We define mass function of fermions, the effective coupling and the effective mass as follows,
¥(q; gr, mr, 1) = B(¢; gr, mr, 4)/A(q: gr, MR, 1),

S7X(g: gr, MR, 1) = A(g: R, MR, 1) — B(g; gr, MR, 1),

and
2D — —gym(@) i) =,
czd"‘Q) Be): o) = o,

m(Q) = mg EXP{—/“Q ’7,7,,;,%2,1}.

Based on OPE and renormalization group equation, the general formula of the asymptotic be-
havior of the mass function is;

(g 95, mes ) =m(Q) TH{T%(9,4:9(Q),0,Q) } /4

. (5)
+iQ%05(0:9(@),Q) expf+ / T e} (019410},
where —g2 = Q2 > 2 mR The second term in R.H.S. is a dynamical mass associated with the

spontaneous chiral symmetry breaking, which was given by Politzer.[12] The first term, a current
mass with the explicit chiral symmetry breaking, can be obtained as follows. In the scheme of
ZMRP, we straightforwardly have

- a -1
r‘}lgp(q;gR) MR, H) - ~5;{};SR (qn gR) mRg, /l),
from the corresponding formula in terms of bare quantities. There is no singularity in the limit

that the renormalized mass goes to zero, so that, we next expand each term in both sides with
respect to the renormalized mass mp. Then,

[%¥(g,9: 9r, 0, 1) = B'(¢; gr, 0, 1) — A'(q: 9, 0, ).



The first term in the expansion of B function is a dynamical mass in broken phase, or is equal to
zero in symmetric phase because of chiral symmetry. Here we take the explicit breaking term as
perturbation to broken phase, so that,

B'(q:9r;0,1) 2 :
— DI D8 L O(m + (Dynamical Mass),
A(g: 9r, 0, ) (ma’) ¥ Dy ) (6)

TR Tr{ rﬁ"’(g, q:9R, 0, n) }/4 + (Dynamical Mass).

Z(q' 9R, MR, /“‘) = mR

~ Algigr,0,p)

Renormalization group equations for A(g; g, 0, 1) and I'}"z'/’(q, q: 9r, 0, 1) can be solved as follows.

A(g:9r, 0, p) = eXP{ / 27¢dQQ,I , U]
r%¥(a, 408, 0,1) = exp{ - / (o9 + 20} R @ 50(@,00) @

where —g? = Q2. What we want follows from eq.(6),(7).and (8).
In the case of the four-fermion theory considered, the scalar vertex and the Wilson coefficient
function in the zero mass limit are

*

r(4,4:9(Q),0,@) = iN D, (0:¢(Q), 0,Q)/G(Q) =

g(Q)
G
C3u(4:9(Q),0,Q) = - N(QQQ)-
Thus we obtain the asymptotic form of the fermion mass,
G@Q) ¢ do -
M = m(@Q) = g(Q) o / v} ©F 10, o
g* _GW wiawlo
g*_g(#) N < l"/““ )(,;)

In the second equality, we use the relation

Gr) _ g —g(p) _ ° 4
Q) r-9@) e""{*f,, g }

which follows from Zg = Z,,. Eq.(9) in fact agrees with the gap equation (1), if it is expanded
in the renormalized mass, and the subtraction of the operator 91 is considered. The subtraction
procedure is as follows,[13]

_ - N N F'M 4. 9R, 0,
() = g = Tt Trolo (B0 porigy),

by means of which ¥ can be renormalized by Z'N defined through the scalar vertex and does
not mix with the operator 1. Note that the effective mass m(Q) is multiplied by the nontrivial

factor g*/(g* — g(Q)). which precisely compensates rapid damping of m(g) ~ Q”YW(-"‘) to yield
the first term of (9), a constant mass. This is a remarkable difference from that in QCD-like
theories.
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Summary

The four-fermion theory in D < 4 dimensions is an explicit example of the model possessing

a nontrivial UV fixed point in both the bare and the renormalized couplings. It shares many
interesting features with QED and gauged NJL model in ladder approximation in four dimensions.
The gap in the anomalous dimension across the fixed point in the gauged NJL model may be
caused by the non-renormalization of the coupling in the symmetric limit. The large anomalous
dimension is consistent with the OPE formula of mass function including the nontrivial coefficient.
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Abstract

In this talk, we discuss photon pairing phenomenon in the strong coupling phase of mas-
sive Quantum Electrodynamics (QED) through the analysis of the Cooper equation. Using
the well known low energy effective Lagrangian for photon, it is shown that when the cou-
pling constant exceeds some finite value, the normal vacuum of QED becomes unstable with
respect to the formation of the photon pair. It is also found that the pairing instability is en-
hanced and the critical coupling has a tendency to become smaller in the presence of the weak

constant electric field. This may give a theoretical basis for the anomalous GSI e*e™ events.

1. Introduction

A number of observations based on the computer simulations using the lattice gauge the-
ory and on the Schwinger-Dyson equation suggest that there exists the strong coupling phase
in Quantum Electrodynamics (QED) when the coupling constant « = (e?/47) becomes
larger than some critical value.’?%) Much effort has been paid to investigate the character-
istics of this new phase of QED, because it is hoped that it may give a theoretical basis for
explaining the GSI peak®) and may resolve the Flavour-Changing Neutral Current (FCNC)
problem in the technicolour theory.? The purpose of this talk is to give some discussions on
the photon pairing phenomenon in the strong coupling phase of massive'QED with the help
of the Cooper equation that is well known in the theory of the superconductivity. The talk
is based on the paper listed ref.5).

2. The low eénergy effective Lagrangian and the Hamiltonian for photon

Let us begin with the Euler Heisenberg effective Lagrangian for photon Leys 8 .

) )
Legs = =7 FuF™ + a(F¥ Fu )l + 5(F¥FL)? » (1)

where F¥ = QrAY —9YA* | F = %“:WWFW and a = b= (a?/90m?*) . Here & is



the completely anti-symmetric tensor with €g123 = +1 , A* the renormalized photon field,
m the electron mass and « = (e?/4r) the renormalized fine structure constant. Here and
in the following the indices g, v, ... run from 0 to 3 and the indices 7, 7, ... run
from 1 to 3 . ,

The effective Lagrangian in the presence of the external field A% can be obtained the

deviding the photon field A* in (1) into two parts,
A¥ — Ab 4 A% (2)

(We use the same notation A* asin (1), since there may be no confusions.) Here we define
the A* by [6S/6A.]a=a. =0 , where S is the action given by S = [d*zL.; . Then
we get L.sr as the sum of three terms, i.e. L. = Lo+ L+ Le , where

1 -
Le==7G" G +a(G*G)’ +HGGu)
L= —%F""Fw +a(F¥ ) +b(F*F,,)?
Leo=2a(G*G)(FPF,,) + 26(G* G, ) (FP F,,)
+4a(G* Fl,)* + 4b(G* F . )?
+2(G* F,u ) (F#" Fpo) + 2b(G* Fu )(F Fa) (3)
and G* = GPAY — GV AP | GM = %a‘“’ﬁ" G,s . We can neglect L. since it has no effect on
our problem.
From now on, we choose the Feynman gauge for convenience by adding Ler = —3$(8.4%)*
to L.s; but our arguments are gauge invariant, of cource.
The canonical momentum II# defined by II* = (8LL;;/0A,) (Liyy = Legs+Lor)is
given by I1%= —(8,4#) , TI* = IM* + ID* | where
% == — FO 4 8a(F* F, ) F* + 8b(F**F,, ) F**
% =8a(G* G, ) F* + 85(G* G, ) F* + 16a(G* F,,)G™
+166(G* F,,,)G% + 16a(G** F,, ) F% + 16b(G* E.,, ) F**
+8a(F¥ F,,)G% + 8b(FH F,,)G% . (4)
Therefore, the Hamiltonian density H.sr = H,,A" — L = Ho + M1+ Hg s obtained

up to O(a?) as follows;

Heff=7'fo +Hr+He ,
1

’Ho==—-2

1 .. . .
I, I0* + Z(F”F}j) — (8, A*) + (8% 4,)
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Hy = —a(2* Tl — FY Fy;)? — b(2e0i: I FI*)?
He=—8a(G* G, )(2I* Il — FY Fyj) — 8b(G* G, ) (2e0ie [T F7*)?
—4a(GYF;; — 2GY Fo;)? — dbleoiju (G¥ F* — TI'GH*))?
—4a(21I*11,, — FYF;;)(GY Fy; — 2G% Fy;)
—4b(2¢0i;1 11 F7%)[e0ije (GO FI* — I'G7F)] . (5)

3. The Cooper equation
Now if we introduce a(A)T(k)' as the creation operator for photon with momentum k

and helicity A , the Cooper state we use in the following is given as
d*k
= —_— M (k) T (—K) 10)][26@ (0)] 1/ 6
0= %[ Gy 0 V0 V10 s 0) 2 (6)
where ko = |k| , 6®(0) = (27)73 fd®z = (2x)73V (V is the volume of this system.),
[0) is the normal vacuum of QED and f(k) the weight function which is determined by
the variational principle.

Then, the expectation value of the Hamiltonian H(= [d®zM.s;) under the constant

electric field only (Gg; = E; = const,G;; = 0) , can be written as the sum of three terms;
(C|:H:|C)=(C|: Hy:|C)+(C|: H;:|C)+(C|: Hg:|C) ,
(Cl: Ho:10)=2 [ kol f)P
(C|: H;: |C)= —%fd%dsk’ kok'o f* (k) f(k'){a[d + (1 + cos8)?] — b(1 + cos 8)*} ,
(C|: Ho: [C)= [ &k ks x|SR (7)
where “ ... :” stands for the normal ordering and Hy = [d°zH, , H; = [d’zH;,

Hg = [dzHe and 6 is the angle between k and k' . If we denote the angle between k
and the electric field vector E as ¢, the function x(k) in (7) can be described as follows,

x(k) = ~16(a + b)kZ|E[*sin®p . (8)

In order to minimize the expectation value of the normal ordered Hamiltonian under the

normalization condition (C|C) = [d%k|f(k)]> =1 , we take the variation of

- (C|: H:|C)—E(C|C) with respect to f*(k) . Thus we get the Cooper equation;

(2ko + X—fff") - E)f(k)= ',%kO / Crd KK o f(K')

x{a[4 + (1 + cos8)?] — b(1 + cos §)*} , (9)
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where £ is the energy of our Cooper state.
In the following discussion, we analyze this Cooper equation in two cases separately;

without or with the external electric field.

(i) Photon pairing in the absence of the external field.

In this case, we denote the solution of the Cooper equation as fy(k) and the energy of
the Cooper state as & . Then we obtain the following integral equation. We assume here
that the solution of this Cooper state depends only on k¢ , because the system has the

rotational symmetry. Therefore, the Cooper equation takes the form,
2 A 1 103 ’
(2K = £0)folko) = 5= (4a - b)kofo dkh K3 fo(K'o) (10)

where A is the ultraviolet cut off. Since b = (7/4)a > 0 , photon-photon interaction in
massive QED is attractive in the low energy region.

The solution of (10) has obviously the form fo(ko)  ko(2ko — &)~! and the energy
eigenvalue of the Cooper state is determined by the following equation,

_ g A Kidko
_m4 0 2]‘50—50 ’

(11)

where g =(16/15)r%a? . Equation (11) shows that there exists negative energy eigenvalue

state (£ < 0) when
A -1
g > go = 2m* [/0 dkokg} = 8(m/A)* . (12)

This means that when a > a. = 4/15/27(m/A)? , the normal vacuum of massive QED
becomes unstable with respect to the formation of the photon pair (Cooper instability) and
the new condensed vacuum is realized after the condensation of these pairs.

The above results agree qualitatively with those obtained in ref.3) using the B-S equation.

(ii) Photon pairing under the electric field.
By assuming that E is small, we solve (9) perturbatively in E . We expand the energy
& of the Cooper state and the weight function f(k) with respect to E ,

5=50+£1'EI2+... y
(k)= fo(ko) + fi(ko)(k - E)* + folko) E[* +... . (13)
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& and fo(ke) satisfy (10), of cource. The energy shift &|E|? caused by the external

electric field is calculated easily and is given by,

32 A k3dko A kbdk, } -t
2_ _ o 070 I <0 . 14
gllEl 3 (a+ b) l;/o (2k0 — 80)2] { 0 (2ko - 80)2 ( )

Equation (14) means that if we consider up to O(|E|?), the energy eigenvalue of the Cooper
state becomes smaller, therefore the critical coupling o for E # 0 has the tendency to

become smaller than o, for E=0 . (Fig.1)

£/A
A

-~

E#0

Fig.1 The relation between the energy & /A and the fine structure constant o in the

absence of the electric field (E = 0) and under the presence of the electric field

4. Comments

In this talk, we have seen the Cooper instability of photon can occur in the massive
QED. Therefore, the next task, which is of great interest, is to consider the characteristics
of the stable condensed vacuum just as in the theory of the superconductivity. Since many
observable phenomena in this strong coupling phase would be dependent upon the con-
denced nature of the vacuum, the formulation has to be established just like the Bogoliubov
transformation in the superconductor theory, to discuss the characteristics of this phase.

Especially in connection with the chiral symmetry breaking, it is also very Interesting

whether the photon pairing phenomenon occurs in massless QED because this theory is
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very unstable in the infrared region. If this phenomenon occurred, what would the critical
coupling be?

Although our results bring us a hope for explaining the anomalous GSI event, the photon
‘pairing. under the strong electromagnetic field should: be studied of cource before applying

our conclusions to the real experiment.
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A Search for correlated e+e- pairs in the decay of 241am

T. Asanuma, M. Minowa, T. Tsukamoto, S. Orito, and T. Tsunoda

Department of Physics, Faculty of Science, University of Tokyo, Tokyo 113, Japan

ABSTRACT

Correlated electron-positron pairs are searched for in c-decay of 241Am
using a pair of germanium detectors and plastic scintillation counters. A -
stringent upper limit of 1.5x10-9/a-decay is obtained at the 95% confidence
level to the et+e- pair of invariant mass above 1.4MeV/c2, which might come

' from hypothetical neutral particles produced in the o decay of 241Am.

The final result of this experiment has been published in ref.[ 1 ]. Please

refer to it for the detail.

_ Referrence
1.T.Asanuma,M.Minowa,T.Tsukamoto,.S5.Orito,andT.Tsunoda,
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A Search for Correlated ete- pairs in the fission process

T. Tsunoda, S. Nakamura, M. Minowa, and S. Orito

Department of Physics
Faculty of Science

University of Tokyo, 113 Japan

abstract
Correlated electron-positron pairs are searched for in fission
decay process of 252Cf source. A stringent upper limit of (9-
20)x10-9 /fission(depending on the mass) is obtained at the 95%
confidence level to the ete- pair of invariant mass above 40
MeV/c2, which could come from hypothetical neutral particles

produced in the fission process of 232Cf.
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Recent observations of peculiar narrow peaks[l] in the spectrum
of electrons and positrons emitted from heavy-ion-collisions at
Gesellschaft fur Schwerionenforschung(GSI) promoted a series of
searches for hypothetical neutral particles in ete- collisions{2,3], and
et-nucleus collisions[4,5,6]. While resonance searches in the ete-
interactions all gave essentially negative results, two experiments at
Oak Ridge National Lab. by Erb et al.[4] and at Institute for Nuclear
Study of the University of Tokyo(INS) by Sakai et al.[S] gave
indications of a similar peak as observed at GSI in the energy
spectra of final state electrons or positrons emitted in the e*-U and
et -Th collisions. We also became aware of a nuclear emulsion
study[7] where ete- pairs were reported. In independent
analysis[8,9] three event clusters appeared around masses of 1.2,
2.1 and 9.2 MeV/c2- These results imply that the origin of the
narrow spectrum is not a simple neutral particle, but is closely
related to the dynamical motions of nuclei in the collision. Peccei et
al.[10] suggested that such dynamical motions of nuciei could
produce a new phase of strong coupling of QED, and the exotic
particle in this new phase might decay into e*e- pair. And the data
of emulsion study ‘suggest that this particle might have excited
states. ‘

A spontaneous fission process (of e.g.252Cf) is very similar to the
heavy-ion-collisions in the following points;

1. Heavy nucleus (Total Z=98) breaks up like the heavy-ion-
collisions just after the collisions occur.

2.4Q=200MeV. Each fission fragment accelerates to high
relative velocity (B=.08) in 10-2lsec. This time span is similar
to the time span of the heavy-ion-collisions.

This process is illustrated in Fig.1




Fission process | Heavy-ion-collision

:
' ®\
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x
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!
!
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Z~55 ]
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| 7=98

Q=200MeV

5%

2%
Y
Z

Fig.1 Fission process and heavy-ion-collision

We searched for back-to-back ete- pairs which might be
emitted from the decay of the postulated bound state or, more
generally, neutral particle (X) during the fission of 252Cf source. Our
experimental set up is sketched in Fig.2. Electrons and positrons are
detected by four layers of plastic scintillation counters of thickness
Imm, a 10mm thick lucite Cerenkov counter, and a lead glass

counter of 4.7 radiation length on each side of the source. Electrons
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and positrons of 20-100 MeV(total mass equal to 40-200 MeV/c2)
can be detected by lead glass counters. The linearity and the
efficiency of these detectors were obtained by a beam calibration at

Institute for Nuclear Study of the University of Tokyo(INS).

Plastic Scintillators 1 mm' -1 2 3 4

=~ ~
~ 1
Lead Glass ™ - Lead Glass
~ -~ E
4.7Xo = 80.mm Iﬂ[ P @ ~ }H 4.7X0 =80 mm
- 252 ™~
_ : Cf 1~
-~ ~ -
~ ’ ~
- Lucite Lucite ~
10 mm! 10 mm'
Fig.2 Set up

The data were accumulated for a total of 106sec with a 2uCi
2352Cf source. No candidate with Ee>10 MeV was observed. Taking
into account the detectors' acceptance, we have obtained a stringent
upper limit of (9-20)x10-9/fission (depending on the mass as is
shown in Fig.3) at the 95% confidence level to the probabiiity of the

production and e*e- decay of the hypothetical neutral particle with

mass above 40 MeV/c2.
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Fig.3 Upper limit to the production and ete- decay of the

hypothetical neutral particle
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STRONG COUPLING QED AND GAMMA-RAY BURSTS

Tomoyuki Hanawa

Department of Astrophysics, Nagoya University
Abstract

This paper reviews observations of gamma-ray bursts (GRB) and their mod-
els. GRB is the phenomenon that y-ray emission from a certain direction increases
suddenly for a short duration of 48 ms to 1000 s. The GRB sources have not been
identified yet with known celestial objects. The theories of v-ray bursts are still con-
trovertial and one of them is based on the theory of the phase transition of QED

under strong electromagnetic fields.

1. Introduction

Gamma-ray burst (GRB) is still a mystery in astrophysics although it has
passed more than 15 years since their discovery. No celestial object has been identified
with a GRB source. No confident theory has been proposed for the GRB production.

GRB may involve several different types of phenomena.

This paper summarizes observations of GRB and describes the constraints de-
rived from the observations briefly. Several models of GRB are introduced with
emphasis on the model by Accetta, Caldi and Chodos?), where y-rays are produced
by the phase transition of QED in a strongly magnetized neutron star. See the

references? listed at the end of this paper for further study on GRB.
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2. Observations of GRB

Gamma-ray bursts are detected with 4-ray and x-ray detectors on board orbit-
ing satellites. A typical GRB spectrum is continuous and ranges from several keV to
100 MeV. Absorption and emission features are reported for several GRBs. Absorp-
tion lines® are found around E = 20 keV and 40 keV and intepreted as cyclotron
absorption by strong magnetic fields of several 10'2 G. A possible emission feature
around 400 I;eV4) is thought to be a gravitationally redshifted e* e~ annihilation
line. Both the features imply that a GRB source has strong gravity and is likely to

be a neutron star.

The duration of GRB ranges 48 ms to 1000 s and its rise time from 10 ms to 1
s. Pulsations are found in the time histories of several GRBs. These short timescale
variations give a constraint that GRB sources should be compact (r < cét). Again

a neutron star is a probable GRB source candidate.

The spatial direction of a GRB source is determined by simultaneous obser-
vation of GRB with more than three satellites. GRB arrival time depends on the
direction of the GRB source and the position of the observing satellite. The celestial
position of GRB source is derived from the difference in the arrival time. No optical
counterpart has been found in the region specified by the arrival time analysis. GRB
sources are distributed isotropically and have no spatial concentrations. This isotropc
distribution suggests at leaset three possibilities that GRB sources are located (1) in

the disk of our galaxy, (2) in the halo of our galaxy, or (3) in the cosmological dis-



183

tance. The first possibility is the most conservative among the three and the distance

to a GRB source is shorter than 1 kpc if we take the first possibility.
3. GRB Models

The plausible hypothesis that GRB sources are strongly magnetized ﬁeutron
stars populated in the galactic disk, is derived from the observational constraints
shown in the previous section. Most of GRB models are based on this hypothesis
and called TGNS (Tera Gauss Neutron Star) models. The model by Accetta, Caldi

and Chodos?) is one of TGNS models.

TGNS models are classified into several groups according to the y-ray pro-
duction mechanism. The first generation TGNS models®) interprete GRB as the
accretion of a solid object (comet) onto a neutron star. In their models y-rays are
produced by the gravitational energy release of the accreting object. Other TGNS
models consider thermonuclear runaway on a neutron star®), starquake of a spinning
neutron star”), and ejection of super dense material from a neutron star®, as GRB

triggering mechanism.

In Accetta, Caldi and Chodos’s model?) GRB is triggered by starquake. When
a spinning neutron star is decelerated by the interaction with the surrounding, the
deceleration is non-uniform and the neutron star is stressed. When the stress reaches
a critical level, starquake happens and liberates the stress. By the starquake the

phase transition from the ordinary phase to a new pahse of QED happens. In the
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new phase of QED the eigenstates are positronium-like et e” bound states. Gamma-

rays are produced when the new phase decays back to the ordinary phase.

All the GRB models are still speculative. It is a future problem to construct

more sophisticated models of GRB.
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FERMION MASS GENERATION
IN CHIRAL-SYMMETRIC GAUGE THEORIES

K. Nishijima

Research Institute for Fundamental Physics

Kyoto University, Kyoto 606

abstract

The possibility of generating fermion masses in chiral-symmetric gauge theories has been

examined with the help of renormalization group equations.

1. Renormalization Group Equations

In discussing dynamical generation of fermion masses the most useful tool is the renor-
malization group (RG) method, and we shall briefly recapitulate essential features of this

method.
Green’s functions in gauge theories with exponentiated mass-insertion” are defined by

G("’m)(z, vy Yy eeny 2y e 2 K

- (1.3)
=< 0| [ (=)...0(y)...4:(2)... exp (iKm/d*uS(u))]lO >,

where the scalar density S is bilinear in the fermion fields and is normalized by
< plSlp >=7u(p)u(p). (1.2)

u(p) and %(p) denote the Dirac spinors of the fermion fields corresponding to a single fermion
state |[p > of momentum p. Also, for a given local operator A(w) we can define Green’s
functions of the form:

AP gy, 2, K)

— 3
=< O|T[A(w)t/z(a:)...¢(y)...¢,\(z)...exp(iKm/d"uS'(u))]IO > . 13
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These Green’s functions satisfy homogeneous Callan-Symanzik (CS) equations of the form:")
(D + nvyp + myy )G (9, m,a: K) =0, (1.4)

where n and m denote the numbers of the fermion fields and of the gauge fields in the

T-product, respectively, and

) ) ) )
D=mg—+pg =~ 25~ (1+1-%)K) 5% (1.5)

~r, v and vs denote, respectively, the anomalous dimensions of the operators ¥, ¢, and S.

For practical purposes it is convenient to change the set of parameters from g,m, a and

K to g, m, @ and my, where my is called the effective mass and is defined byz)

mp = m(1+ KB~1(g)), (1.6)
where B(g) is characterized by the following equation:

B+ (1= B =1. (7

In terms of the new set of parameters the differential operator D assumes the following

form: 3

' a d a | J .
D: mg-;n—+ﬂ-5—§—2a7v-a—a—-7,mn-a-—n—2;, (18)

where <, is related to B through

14+, =B"1 (1.9)

2.. Chiral Symmetry
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In classical gauge theories the concept of chiral symmetry is equivalent to the vanishing

of the bare fermion mass mg. The classical Dirac equation for the fermion
LAY
704 — 195 #2b + mop = 0 (21)
is invariant under the chiral transformation
P — exp(iays) - ¥, (2.2)
provided that the bare mass mg vanishes,
mg = 0. (2.3)

The equivalence ceases to be valid in quantum theory, however, because of the divergent

character of the theory. Indeed, in quantum field theory we often encounter a tricky relation:
0 x co = finite, (2.4)

which is reminiscent of anomalies characteristic of quantum field theory. We shall elucidate

on this point in QCD.
Let us decompose the quark propagator as
Sr(z) = ~(v - 8)A1(z) + mda (), (2)
and let us assume a spectral representation of A;(z) as
ai@) = [ doi)ap(@ ), (=1, (26)

where Ap(z, 4?) denotes the free propagator for mass g. Then the physical mass m is related

to the bare mass mg throughz)

mg / dp’p(p) =m / du? o, (), (2.7

provided that < ¢ >= 0. In the Landau gauge the RG analysis leads us to the following

rela.tionshipsz) in QCD:

[ oty =2q), diite, (2.8)



/ dp* p, (4?) =0. (2.9)

Then we can deduce on the basis of Eqs.(2.7), (2.8) and (29) that

mg/m = 0. (2.10)

This result poses a serious doubt on the equivalence between chiral symmetry and the van-

ishing bare mass. Suppose that the physical mass m is finite, then Eq.(2.10) implies mg = 0,
| and consequently the resulting theory should be chiral-symmetric no m: tter how we choose
the physical mass if we should insist on the classical equivaleﬁce. This sounds very unlikely,
however. We must admit, therefore, that the classical equivalence should be broken by quan-
tum corrections, and we must look for a proper definition of chiral symmetry expressed in

terms of renormalized quantities alone.

3. Dynamical Breakdown of Chiral Symmetry

In an attempt to define chiral symmetry we propose to define it by the existence of an
axial-vector current X, satisfying the following two conditions:
HXy=0, (3.)

and the equal-time commutation relations (ETCR):

8(zo — y0)[Xo(2), (¥)] = —1:¥(¥)8* (= ~ v), (3.2a)

8(zo ~ yo)[Xo(2), B(¥)] = ~b(y)%8*(z — y). (3.2b)

In what follows we shall look for the condition for the existence ¢ f such a current in

QCD. For this purpose we introduce some unrenormalized expressions f rst.
{0
AE\O) =’-7_/’-( )%%1/)(0)7
PO =50 4, (3.3)
. :
5O =59y
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Then we have

03X\ = 2mo PO (3.4)

A flavor-changing current X f\o) can be identified with AE\O), but for a flavor-conserving current

as (3.3) we have to identify Xf\o) with the following combination:*

x® = 40 - ¢, (3.5)

where C’f\o) denotes the Chern-Simons term whose explicit form is irrelevant in what follows.
The current satisfies the ETCR (3.2) so that we may assume non-renormalization of Xf\o),

and it may be identified with the renormalized one:
X=x9. (3.6)

The scalar density is renormalized as in Eq.(1.2), but the pseudoscalar density will be renor-
malized by

moP® = mP, (3.7)

in conformity with the renormalization prescription adopted by Adler and Bardeen’ ) Then

we have

03Xy = 2mP. (3.8)

Here we have assumed that all flavors of quarks carry the same physical mass for simplic-

ity. This is not the only way of renormalizing P(°), and we shall introduce an alternative

prescription in what follows.

The unrenormalized currents satisfy the following ETCR:
§(z0 — y0)[Xo(), SO(9)] = 2iPO)(y)6*(z — y), (3.9)

so that its renormalized version is given by

§(zo — y0)[Xo(z), S(y)] = 2ibP(y)6*(z - y), (3.10)



where

PO =zZpP, 5O =255, b=2ZpZ;. (3.11)

Now we introduce P by

P=bpP, PO =_gpP. (3.12)

The RG equation for & in the Landau gauge reads as

(95 +r—)b=0, (3.13)

9)

and the renormalization prescription (3.7) gives
b=1—19p. | (3.14)
We can easily find that this b is related to B, with the help of Eq.(1.7), through
B=07, (3.15)

and
Yo = =7p. (3.16)

Combining these relationships we finally arrive at
Xy = 2mB(g)P. ' (3.17)
A relationship indicating the anomalous character of the theory is illustrated by
mB(g) = moZs. (3.18)

The bare mass myg is zero and Zg is divergent, whereas the LA.s. is finite in general, so that

this relationship is an avatar of the anomalous relation (2.4).
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Thus, in order for the theory to be chiral-symmetric Eq.(3.1) must be satisfied. This in

turn implies
mB(g) = 0. (3.19)
There are two ways of satisfying Eq.(3.19), namely, either m = 0 or B{g) = 0. In the former

case the fermion is massless and the theory is trivially chiral-symmetric, but in the latter

case chiral symmetry is dynamically broken thereby generating the NG boson.

Next, by starting from Eq.(3.8) and the ETCR (3.2) we can derive the Ward-Takahashi

identity in an obvious notation:

i(p — 9al'sa(p, 9) = —2mTs(p,9) + S5 (p)% + %57 (4), (3.20)

where p and g are outgoing and incoming momenta, respectively. In the lowest order pertur-

bation theory, I'sx(p, ¢), Ts(p, ¢) and S5'(p) reduce to 74y, v and (ip- v+ m), respectively.

Let us assume that m # 0 and B(g) = 0, corresponding to Eq.(3.1), so that I's = 0 in
Eq.(3.20), and then let us take the limit ¢ — p to find

limi(p — 9)aTsx(p, ) = {%, 57" ()} (3.21)

The non-vanishing of the r.k.s. for m % 0 implies the existence of a massless pole, in the

vertex I's)(p, ¢), of the form
%(p = ax/(p — 9)°, ~ (3.22)

indicating generation of a massless NG boson.

4. The Schwinger-Dyson Equation

When mB(g) # 0, the theory is not chiral-symmetric. First, we shall study the

Schwinger-Dyson (SD) equation in this case. Then the massless NG boson is absent, and
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Eq.(3.20) reduces, in the limit ¢ — p, to
{+:, S7'(p)} = 2mTs(p, p)- (4.1)
The vertex function I's(p, p) satisfies a Bethe-Salpeter (BS) equation of the f;)llowing form:
Ts(p,p) = Z2Zp % + f d*p'K (p, P )Ts5(¢',2), | (4.2)

where spinor indices have been suppressed. By combining Egs.(4.1) and (4.2) we also have

a BS equation for the Lh.s of Eq.(4.1):

{%, S5 (p)} = 2moZyy, + / d'p'K(p,p'){m, Sz' ()} (4.3)
Because of the divergent character of the theory we find?
Zpt =0, mo=0, Z,= finite, (4.4)

and both Eqs.(4.2) and (4.3) reduce to homogeneous ones.

The so-called 5D equation is then given by

{76,551 (p)} = / &9 K (p,5'){%, S51 (2} 45)

Although mg has been put equal to zero, the system described by this equation is not chiral-
symmetric. In what follows we shall study the behavior of {vs, S5*(p)} for large values of
p? with the help of the RG equation:

(D + 70 — 27)Ts(p, p; g, m, mg) = 0. (4.6)

The anomalous dimensions are given in QCD by

b 3 1 .
Blg)=~59"+ - b= (33 = 207)),
75(g) =—cg* + .. s c=1/2n",

(4.7)
ve(9) = = 70(9),

7e(g) ~O(g*),

in the Landau gauge. By solving Eq.(4.6) we find the asymptotic form of I'; for large values
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of p* as
p2 —C/b
Ts(p, 239, m, ma) ~ wB(@) Z2(0)C(0) (n Z5) 7, (4.8)
and consequently
p2 —-cfb
{3, 57 (2)} ~ 2m7.B(9)Z2(9)Clo) (8 £5) . (4.9)

6)

This corresponds to Lane’s G solution.

Next we shall study what will become of the NG boson when mB(g) # 0. The operator

P is BRS invariant, and we expect
< 0|P(2)P(y)|0 ># 0. (4.10)

When color confinement is realized, composite hadron states saturate the intermediate

states”) In particular, we pick out a single particle state |r > satisfying
< 0|P(z)|x >+ 0. (4.11)

Then Eq.(3.17) implies < 0}X\(z)|w ># 0 and we may put

2

< 0| Xx(z)|m >= M(9)

9y < 0|B(z)|r >, (4.12)

which defines the proportionality constant M(g). Combination of Egs.(3.17) and (4.12)
yields

@AO- p?) < 0|B(z)|r >= 0, , (4.13)
where
i = mM(g)B(g). (4.14)

Thus, in general, we have a massive pseudoscalar bound state instead of the massless NG
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boson unless B(g) = 0. We shall study the high p? behavior of the BS amplitude

< OIT[gba(;-)—Jﬂ(—- %)];7». “ (4.15)

For this purpose we introduce the operator product expansion and assume that it is domi-

nated by the pseudoscalar term:

T[4a(3)%e( - 5)] ~ 1@W)ea PO + ., (4.16)

so that we have

<07 [4a(3)T( - 3)|Im >~ F@)Wap <OPOIr>.  (a17)

The RG equation for f(z) is given by

(D +27r — 75)f(z) =0, (4.18)
and the high p? behavior of f(p), Fourier transform of f(z), is given by
2\ cfb
®*)*f(p) ~ (L’n 'S{f) (4.19)
The amputated BS amplitude (p) for p? — oo is related to f(p) through

Y f(p) ~ Sr(p)1s7(p)SF(p), (4:20)

so that we have for p? — co the asymptotic form of 7(p) as

o)~ (e )" (421

This corresponds to Lane’s G.. solution®)
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So far we have assumed mB(g) # 0 and have obtained massive pseudoscalar bound

state, but what will happen when m # 0 and B(g) = 07 Let us assume that B(g) vanishes
for g = gx,

B(gx) =0, (4.22)

then Eq.(4.14) indicates that the massive pseudoscalar boson reduces to the massless NG

boson. Causality implies

p* =mB(g)M(g) > 0. (4.23)
Since B(g) changes its sign at g = gx, so does M(g), too, by causality. Namely, we have
M=o, (429
and hence Eq.(4.12)v1eads us to
<O0|P(z)jr >=0, for g= gx. (4.25)

In this case we are aware that the r.h.s. of Eq.(4.17) vanishes, and Eq.(4.17) must be
modified as

T

<O [pe(5) %6 (= 5)]Im >~ b@)nmap, < KO > (426)
Non-renormalization of X, expressed by Eq.(3.6), implies
| 7x =0, ' | (4.27)
and the RG equation for A(z) is given by
(D + 295)h(z) = 0. (4.28)
The high p? behavior of A(p) is then given by
(*)*h(p) - const. (4.29)

The amputated BS amplitude o(p) defined by an equation similar to Eq.(4.20) behaves for
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‘large p? as

const, (4.30)
3

o(p) ~
o(p) is proportional to Eq.(3.21) so that we find

_ const
{75,SF1(p)}~ o for g =gx. . o (4.31)

This is quite distinct from Eq.(4.9).
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STABILITY AT THE ORIGIN IN (2+1)-DIMENSIONAL QED
Takayuki Matsuki
Tsukuba Institute of Science and Technology
1601 Kamitakatsu, Tsuchiura, 300 Japan.

Abstract

Stability at the origin in (2+1)-dimensional QED is studied in the leading order of the
1/N expansion with N four-component Dirac fermions. It is found that there are two critical
flavor numbers: one is for fermion self-energy and another for wave-function renormalization.
It is shown that the effective potential in the direction of fermion wave-function renormal-
izatlon is always unstable for aﬁy flavor number N, which reconfirms that chiral symmetry

is broken for any N.

1. Introduction

Quantum Electrodynamics in 2+1 dimensions (QED3) has been extensively studied by

i~7

many people’™’ with a hope that this might be another example having a nontrivial critical

behavior as (3+1)-dimensional QED does.

The existence of a critical flavor number in this model was first suggested in Refs. 3)
and 4) claiming that the leading order terms in 1/N are kept intact. This conclusion seemed
to be also supported by the Monte Carlo calculation.® On the other hand there appeared a
couple of papers in which it was claimed that chiral symmetry is always broken for any N,
i.e., there is no critical flavor number at all by taking fermion wave-function renormalization

into account properly.”

In this paper I will show that the latter statement is true by studying stability at the
origin in QEDg3. That is, a quasi-origin, which is defined to be fermion self-energy B(p) = 0
and wave-function renormalization A(p) = 1, is always unstable and hence chiral symmetry
is broken for any N. An unstable quasi origin is attributable to instability of the effective
potential for any NV in the direction of fermion wave-function renormalization. There is the

same critical flavor number in the direction of fermion self-energy as that in Refs. 3) and 4).



2. Stability at the origin in QED;
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In the following I will apply to QED; the effective potential proposed by Cornwall, Jackiw

and Tomboulis (CJT)? but the results would not change if an alternative effective potential

would be used (see, for instance, Ref. 9). Let us consider the case of N fermion flavors in

the Landau gauge. Then the CJT effective potential defined as

Verr = ~i / (dp)Tx [1n S5 (p)S(p) — S5 (#)S(p) +1]

+%2' j[ (dp) / (dg)Tr [S(p)7*S(@)T*] Dow(p — 9),
is calculated to be

,A(p) (A(p) = 1) p* + B*(p)

2
Vesr = = | dpp?

4 Z(p)p + B7)
P 1 .
- FO/PdPO/Q qu(p)p2+Bz(p) A F +Bz(q)G(p, q)
: [“‘B@B (9)1n (ﬁ—f—%ﬁ%) + Ap)A@)I(2,9) |
where
: t . €N
So(p) = 7 5(p) =BG =8
I(p,g) =2pq—&lp+q—lp—g)) +&’ln [§+Zl.:~0;
_% P - (p+q- |p—qi)+£—2- <1n Igig‘i‘z —In ;‘_"Z‘)

and the form of the vertex function is assumed to be

T, =7.G(p,q) = 7. [A(p)0(p — q) + A(q)8(q — p)]-

(2)

(4)

(%)

Since spontaneous symmetry breakdown is a phenomenon in a global configuration space,

study of infrared behavior of physical quantities in the momentum space is necessary and
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enough. Henceforth I will use the following approximation which leaves only terms dominant

in the infrared region:

p+q+a g pq ., 1lrgN\%, pq
In———-——-——:=29p—-q)[—:—-—-+— =) + =
FErET (0‘)

The Schwinger-Dyson equation for QED3 is decomposed into

R e / 715=C.0) [P0 = )+ #0(a - 7)] (7
and
B0) =z [ 757 P00 o = )+ p0la =), (®

g

which are obtained by functionally differentiating the CJT effective potential, (2), and by
retaining only terms of all order in A(p) and linear in B(p). All order terms in A(p) are
kept since the vacuum expectation value of A(p) is not known a priori. When the effective
potential is expanded around the stationary point which is obtained by solving the Schwinger-

Dyson equation, one can study stability at the stationary point.

Vet [A(p), B(p)] = Vourlsp + %/dp/dq&A(p) 5 Ve §A4(q)

SA(p)SA(Q) |5 p.
. *Veur
2 / dp / dqé B(p) 3B(p)0B(q)

8B(g)- (9)
There appears no term like 5 2V,

S.P.
O
A(p)sB(g) S.P.

It is a prerequisite for finding the stationary point to numerically solve the Schwinger-Dyson

since it vanishes for the stationary point, B(p) = 0.

equation. Here I would like to show a qualitative feature of what happens in the vicinity of
the stationary point and hence I will substitute the quasi-stationary point for the true one
to estimate the second derivatives of the CJT effective potential. The quasi-stationary point

adopted in this paper is defined to be

Ao(p) =1,  Bo(p)=0. (10)

Here only Ao(p) deviates from the stationary point in the amount of order of 1/N and hence

I would expect the results derived from this quasi-stationary point would not significantly



differ from the one derived from the true origin. Then the second derivatives are given by

2V, 2N 8 ,

TS A(p)zf( Tlosn [p §(p—q) — N o {qsa(p q) + p*8(q — p)}} (11)
52VCJT 2N 8
BB e~ [(p ) = 2oy {400 0) + 20(a - p)}} (12)

Therefore the second and the third terms in the expanded effective potential, (9), are given
by

§A(q)
Q.S.P.

1 &V
2 / @ / 48A(P) 5reT5A

N T u? 4wl
=g [ dwstal) st (13)

6B(q)
Q.S.P.

52VC'JT
3 [ 4 [ B0 it
u? + w23

=55 / dudp(—) P 5a(0), (19)

where ¢ = In(p/&) and

Sba() = [ dtem e 5AD), Bba(a) = [ dee e 6B (), (15)
9 8 1 8
2 — v —— 2 ZE e o cem—
YaTITEN “BTITEN (16)

3. Discussions

Let us discuss stability at the quasi-stationary point by using the results derived in
the former section. When w?% > 0, the seéond term in (9) becomes negative definite and
when w3 < 0, it becomes indefinite. In either case, the potential becomes unstable in the
A-direction even though it gives one critical flavor number N4 = 32/972. On the other
hand when w} > 0, the third term in (9) becomes positive definite and when w} < 0,

it becomes indefinite, which means the potential becomes stable in the B-direction when
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N > Ng = 32/7%. This critical flavor number, Ng, is nothing but the one discovered in
Refs. 3) and 4). In any case since the A-direction is always unstable, chiral symmetry is
broken for any N. These critical flavor numbers are related to the convergence condition for:
solving the Schwinger-Dyson equation given by (7) and (8). This confirms the results of Ref.
6) in which numerical calculations showed the broken chiral symmetry for any N. Reference
7) also derived the same conclusion as Ref. 6) by analytically solving the approximate
Schwinger-Dyson equation.

The accounts in this paper of chiral symmetry breakdown in QEDj; for any N using
stability at the origin explain why the Monte Carlo calculation obtained the same conclusion
as Refs. 3) and 4). It is because the effects of fermion wave-function renormalization are

completely neglected and because the lattice calculation deals with only bare quantities.

I have used the quasi-stationary point to show instability of the effective potential in the
direction of fermion wave-function renormalization. The details using the true origin will be

published in a separate paper.’°

References

1) T. Appelquist and R. Pisarski, Phys. Rev. D23 (1981) 2305; R. Pisarski, Phys. Rev.
D29 (1984) 2423.

2) T. Appelquist,M. Bowick and L.C.R. Wijewardhana, Phys. Rev. D33 (1986) 3704.
3) T. Appelquist, D. Nash and L.C.R. Wijewardhana, Phys. Rev. Lett. 60 (1988) 2575.

4) T. Matsuki, L. Miao and K.S. Viswanathan, Simon Fraser Univ. pre—.print, June 1987
(revised in May, 1988).

5) E. Daggoto, J.B. Kogut and A. Kocié, Phys. Rev. Lett. 62 (1989) 1083.

6) M.R. Pennington and S.P. Webb, BNL preprint-40886 (January, 1988); D. Atkinson,
P.W. Johnson and M.R. Pennington, BNL preprint-41615 (August, 1988).

7) K. Kondo and H. Nakatani, Chiba Univ. preprint, CHIBA-EP-28 (Nagoya Univ.
preprint, DPNU-89-36) (December, 1989).

8) J. Cornwall, R. Jackiw and E. Tomboulis, Phys. Rev. D10 (1974) 2428.



203

9) R.W. Haymaker, T. Matsuki and F. Cooper, Phys. Rev. D36 (1987) 2556.

10) T. Matsuki, preprint in preparation.



204

EFFECTIVE ACTION AND S MATRIX
— THE ON-SHELL EXPANSION —

M. Ukita

Department of Physics, Faculty of Science and Technology,

Keio University, Yokohama 223, Japan

abstract

The on-shell expansion of the effective action is discussed from a new standpoint
and its close relationship to the § matrix is revealed. The coherent states naturally
appear in the course of the argument and play an important role in understanding the
equivalence between the on-shell expansion of the effective action and the generating

functional of the S matrix elements.

1. Introduction

The effective action(EA) is both an important concept and a useful tool in quan-
tum theory by which we can grasp the physical content of the quantum system by
analogy with the classical action. Recently, we have derived in Ref. 1{called I
hereafter) the on-shell expansion of the EA and discussed its relation to the S matrix
elements. Here we consider the meaning of each step taken in I to understand the on-
shell expansion more closely.

In Sec. 2, we review some results of I and consider the meaning of it in Sec. 3.

Sec. 4 is devoted to the summary.

2. The On-Shell Expansion of the Effective Action

In this section, we will give some brief summary of the results of I which are con-
nected with the present arguments. Throughout this article, we take the theory of the
real scalar fleld ® as an example, however, it is possible to extend the investigations
here to other systems.

The generating functional W[J] of the connected Green’s function W(“)(zl,x‘z,...,zn)

is defined by the functional integral,



exp(iW[J])= [ Doexp(i [a4]L(8)+J(2)¥(2))), (1)

where [,(®) is the Lagrangian and J(z) is an external source. W(™ is obtained from

W[J] by the functional differentiation as follows:

n) .1 z )= s W['n
W (Fu2z20) 6J(zy) - - - 6J(z,) Jao‘ : @
The EA T'[4] is defined by the Legendre transform of W{J],
Tlgl=WlJ]- [d*z]()$(a), (3)

where ¢(z)=6W][J]/6J(z) and the proper vertex function or the one-particle-
irreducible(1PI) Green’s function I'™)(z,,z,,...,7,) is given as

I‘(")(:cl,zz,...,xn)=-———-§—m———

66(,)---66(z,) (4)

3
#(z)=¢o(z)
where ¢o(z) is the vacuum expectation value of the field operator $ and is determined
by the stationary condition of the EA (or the equation of motion of ¢),

Srlg)

59(2) ®)

S =dole)

which is equivalent to the requirement that the external source vanishes.

We can get a solution of (5) different from ¢y(z) by the following perturbative cal-
culations.

Expanding ¢(z) into the series ¢(x)=¢0(z)+2§11A¢(”)(z) and substituting this

series in (5), instead of @y(z), we get the equation

r®(z,z)[A¢M(2;)+A¢3) (2 )+ - - -]
+-%—F(3)(z,zz,xz)[A¢(1)(x1)+A¢(2)(xl)+ co A (zy)+ 2D 2+ - - ]
=0, (7)

where the integration with the repeated arguments are understood and the first term is

omitted because of (5). We regard A¢(*) as the quantity of the magnitude (A,
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and determine it successively.

The first order equation,

T (z,2,)8¢M(z;)=0 (8)

is a wave equation, which gives the particle spectrum of the theory, and we call it an
on-shell condition. It has been used to discuss the stability of the vacuum in Ref. 2.
As for the higher order equation, it determines A¢>(")(z) in terms of AqS(’")(a:) with

m<n and we reach a simple expression,

A¢(")(z)-—=—an W (2,0 YW (2" zp,.2,)A60(zy) - - - A (z,), 9)

where W{("+1) is the connected Green’s function whose external legs are amputated by
the inverse of the propagator, [W(?]™1. When we evaluate I'[¢] at this new solution

d=d+3, Ad{™, we have obtained in I the on-shell expansion.

3. Meanings of the On-Shell Expansion

In the preceding section, we have got the two different functions which satisfy the
stationary condition of the EA, namely, ¢, and ¢0+2A¢("). We will consider the
meanings of them in the following, in order to clarify the relationship between the on-
shell expansion ‘of the EA and the S matrix elements.

The former solution @y(z) has been regarded as the vacuum expectation value of
the field operator @(z), but this interpretation is justified only when the vacuum state
is chosen as the boundary states in the definition (1). Usually, we adopt the ‘—ie’

prescription3’4)

which guarantees the boundary states to be the vacuum. Here we
adopt this convention and regard ¢, as the vacuum expectation value and hereafter it
is assumed to be a space-time independent constant because of the translational invari-
ance of the vacuum.

As for the latter, ¢y+3 AqS("), we cannot adopt the ‘—ig’ prescription, since it will
make g5+ Aqb(”) and ¢, identical, which implies A¢>(1)=0. Therefore, in the following,
we will look for the boundary states corresponding to Aqb(l);&O, which is not the

vacuum.



The wave function Aqé(l) (z) determined by the wave equation (8) can be expanded

A¢W(2)= [SR[CON(E) fo(2)+CH(E) fi(2)], " (10)
where fi(z) is given by

—l ik

fi(z)-'«/ia;sggzge ’ (11)

where ky=(k*+m?)Y/2 (m is the mass of the particle), kz=kyz,—k-z, and CF)(k) are

arbitrary function of the spatial momentum k. These are determined by the boundary
conditions imposed by the initial or the final states.

Substituting (10) into (9), we integrate over z;’s by the use of the (inverse of the)

Lehman~Symanzik—Zimmermann(LSZ) reduction formula. After some calculations,

we get

1
o m(n—m)!

A¢(z)= 3

m

[ﬁ 712 [y, c<+>(k,-)} [anmZ‘” *f d3pjc("’(1’f)}
i=1 j=1

x<02&out(k1) T aout(km)‘i(x)dgn(pl) e aifn(pn—-m)lo>c7 (12)

where the asymptotic fields,
‘iout(in)(x)zfdsk [&out(in)(k)fk(z)+a’iut(in)(k)f;(x)] ’ (13)

are defined by the LSZ asymptotic condition with the weak limit

Ho)VEoym(e)  (zg=rH()o0) . (14)
The subscript ‘¢’ in (12) implies that only the connected parts are taken. Then we
finally evaluate the sum ¢0+EA¢(") with (12) as

a0 ~1/3 L 3L EVa ~ -1/3 3 5 &-’
bt 32 AgM=cpfe? SEHO BB g ) T [ECOPED) g,

n=1

=<CH§(z)| C)>, . (15)
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From (15), we find that the solution ¢4+73; A@™(z) is the expectation value of the field
operator @(z) with respect to the coherent states [C(i)> characterized by the functions
CHEN(E).

In terms of these coherent states, the physical meaning of the on-shell expansion
can be made clear as follows. We use these coherent states as the boundary states in

the definition of W[J] as

exp(iW[J]) =< C(P|exp(i fd*zJ(z)§(2))| C17)>, (16)
which of course gives the relation

ot 5 6= (1)

n=1 J=0
The Legendre transformation from this generating functional provides the EA
defined through the coherent sta.tes.r On the other hand, the generating functiorial of
the S matrix elements is given by the amplitude between the coherent states as
S[C), =< M) C)>. As a result, the EA evaluated at #(z) =g+ AW (2) is
related to the generating functional of the connected S matrix elements as seen from

the equation

iTpg+ 3 A =iW[0]=< P >

fl
i3
Z,Ma

0

. [H 772 [BRCtH)( k)} {H 772 [d*pCcE)(p))
ml n! |

7=1
X <0y (Ry) * * * Gour(Em)ah(py) - - - &l (p,)]0>. (18)

Of course, we can obtain all the S matrix elements by the functional differentiation

iT[¢g+ 3 A¢(™] with respect to CE)(k) as

5111 61l
(g + 3 Ap(™)
5CH(ky - 6C K, 6C)(py) - - - 5CT(p,) ot 1ae }c(*>=o

=<0t&out( 1) ’ out( ) ifn(pl) T aifn(pn)!o>c



=<Oia’§n(kl) o &in(km)’gl&itn(pl) T &'ifn(pn)‘o>c' (19)

We have now accomplished our purpose: to understand the meaning of the on-
shell expansion of the EA and to clarify its relation to the S matrix. The details of the

above arguments will soon appea,r.s)

4. Summary

We have found that the on-shell expansion of the EA is directly related to the gen-
erating functional of the connected S matrix elements. This shows a new aspect of the
EA, that is, it provides all the S matrix elements in addition to the vacuum expectation
value of the field operatof, the spectrum of the particle excited above this vacuum. In

other words, all the observables are calculable through the on-shell expansion.
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INVERSION METHOD AND ITS APPLICATIONS

R. Fukuda

Department of Physics, Faculty of Science and Technology,
Keio University, Yokohama, 223 Japan

Abstract:

The inversion method, which is the generalization of the method of the
free energy, and the effective potential (or the action), is explained and
applied to several problems. These include strong coupling QFD and the

confining parameter in QCD.

Introduction In various fields of physics, we encounter the situation

where the ground state which is realized in nature is not that of the naive
perturbative one. It is realized after the "condensation® of the objects which
behave as normal particles in the perturbative phase. The attractive interac-
tion between normal particles is the driving force of the condensation. The

usual way to study the phenomenon is to introduce the free energy and find



its minimuam. For the field theory of zero temperature, the effective potential
or the action plays the role. Let us recall the way how they are defined.

First the Lagrangian L of the system is changed into Ly = L+JO where
J is the artificial source and the operator O is chosen to break the symmetry
of L so that the order parameter <O>=¢ calculated by L; is non-zero even
in the perturbation theory. Calculate the vacuum action functional W[J] in
the theory governed by L; and the effective action I'[¢] is defined, through

the Legendre transformation, as
T[¢] = W[J|-JoW/aJ, @8W/aJ = ¢. (1)

The relation ¢ = @W/3J is inverted to express J as the function of ¢. The
‘stationarity condition 8I'/8¢ = ~J = 0 assures the recovery of the original
theory at this peint.

Inversion Method We can generalize the above procedure to the

case where ¢ is not written as the expectation value of some operator.
Change L to Lj; where Lj;_o=L, which is the only requirements for L; It
need not be L+JO. Then the order parameter ¢ is calculated in perturba-

tive series;

b= 3 (6 h,(J) (2)

n=0
where g is the coupling strength and k,(J) is calculable diagrammatically.

The modified Lagrangian L; is so chosen as to get the non-zero series (2).

Now we invert (2) to get

J= 2 (AB). 3)
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The co-efficient function f,(¢) for m<N are obtainable from h (J) with
n<N. The solution to J=0 is looked for in the inverted form (3). We can
get the non-perturbative solution, if it exists at all, by this method besides

the trivial solution ¢=0.

Illustration The ladder Schwinger-Dyson equation is derived by
this method as an example. Take the Lagrangian Lgpp of the Quantum
Electrodynamics (QFED) and consider the electron self-energy function
Sp(p). Here g=e, the charge of the electron , and the source term is intro-
duced by changing the action of QED by adding [d*pJ(p)%(—p)¥(p) where
¥ is the electron field. The original series (2) up to e? is

Sp(p) = S3(p) — €2S3(p) [d*al,S3(p+0)7, D8 (9)]S3(p), (4)

where D4 is the photon propagator and (S3)~%(p) = S5'(p)—iJ(p) is the
inverse of the free electron propagator in the presence of J. The lowest
inversion (e¥=0) gives us J(p) = iS5 (p)—iSy1(p) so that the inverted series

up toe’is

J(p) = iSg'(p) — iS5 (p) — i€® [d*qy,Sp(p+4a)7,D*(q), (5)
which is just the ladder Schwinger-Dyson equation if we set J=0.
Strong Coupling QED? Consider the gauge invariant order param-

eter ¢=<%(z)9(z)> and the term J[d*z{(z)y(z) is added to the action of
QED. The vacuum action function W[J] is calculated. It has the form




W(J] = —iTrin(S3)™ + (i/2) TrinDg! — i%) ()" W), (6)

n=l

where (87)~! = p+J and Wi is the vacuum graphs of the order (¢?)" in the
presence of J. We calculate ¢ by the formula ¢ = dW/3J/Q where 2 is the
space-time volume. The term up to e® is calculated below. It involves the
two loop diagram having one photon propagator and is evaluated by opening
the photon propagator, which is nothing but the vacuum polarization graph
with mass insertion of the electron. This produces the gauge invariant results.

The original series is obtained in this way which is given for small J as;
¢ = (J/4nt)[AF+(3a/2m){1-(S*/AD)(In/AD?}] + O(FPl))  (7)

where A{A,) is the electron (photon) momentum cut-off. The inverted series
is

J = (47 A1 2aa( A (2L Q

‘ A7

where a=e?/47 and a,=27/37, n=A,/A; This is noting but the negative of
the derivative of the effective potential. Equation (8) has the same form,
except for the (1:(1(;52)2 term, as the Landau theory of the phase transition.
We conclude; for a>a, the chiral condensation (¢#0) is realized. Our theory
predicts the mean field type behavior near a=a,; ¢~(a—a,)/?/ln(a~a,).

QCD and string tension For Quantum Chromodynamics (QCD),

the expected mnon- perturbative solution  behaves near g¢g=0 as
Y 6~,uexp(l / 26092), where all the quantities are the renormalized ones and

is the subtraction point. The index §>0 is the dimension of ¢ in mass unit
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and B(g)=bgg*+b;g°+ - - - . We change the variable from ¢ to t=g’ng*é/p
which is of the order unity near the solution. The source J is assumed to
have the dimension of mass and consider the following inverted series by
extracting the factor qﬁl/ & This factor is always present since ¢=0 is one of
the solution to J=0;

T = ¢85 (). (8)=¢5F(1,4P). (9)

n=0

Before calculating f,(t) explicitly, the renormalization group equation tells us
much about the form of f,(¢t).

In order to see this, we choose J in such a way that J is independent of

the subtraction parameter u: ”%—:0' This can always be done by multiply-
n

ing a suitable factor in front of J. By noting that when applied to the right
hand side of (9),
d G, 8 d¢t/f o

——m e o — ,
Py ﬂ(g)agﬂz PP

and by requiring that the each coefficient of (g°)" vanishes, we get the set of

ordinary differential equations for f,(t). The first member of this set is

, N
(2b5¢~1) fo (t)+-—(—5—f0(t) =0, (10)
where f '=—2 and
7 at
1 d¢ 2 4
—p—==1(9) = ng+ng'+ . 1
SH = 1) = g g (1)
The solution is
11
|
folt) = Clt==) (12)




where C is the integration constant. Since b3<0, §>0, the non-trivial solu-

tion to J=0 is present if v;>0.

The sign ;>0 has the physical meaning. For the two quark field ¢~qg
or gq for instance, the first term of the anomalous dimension is calculated by
the ome gluon exchange diagram between two quarks or antiquark which
determines whether the force acting between two fermions is attractive or

repulsive. The correspondence is indeed!)
v1>0 < attractive,
7,<0 « repulsive,

therefore our conclusion is that ¢ condenses as long as we have the attractive
force between two particles. The condition v;>0 for the condensation of ¢
can be used as a generalized criterion in the case where ¢ is not written as
the product of two fields.

Now we know that the correct non-perturbative value of ¢ is

¢ = /Lexpfl:gz(imdz. (13)

Thus the variable ¢ has the expansion

¢1/5 _ 1 1

t =gl -
g 2b,  2b,

71 bl 2 2

[ S 1 -
{5 +bo}9 ng
+ CgP+dgt+ - - -, i (14)

where C, d etc. are some constants. The solution (12) to the lowest trunca-
tion reproduces the first term of the expansion (14). In order to discuss the
higher truncation systematically and most conveniently, we define }’(t,gz) as

Ft.g) = K(g)" f(t.9)"/", (15)
where

. 9 dzy(z
K(g) = lim gZexp-— dzy(z) (16)
( G000 fgo onB(z)
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Y2 b
= H{1+(—-—)¢ “h (17)
Y1 bo
71
= 18
7 255, (18)

Remember that K(g) has the Taylor expansion about g=0. The merit of
using f(¢,g) is that it satisfies a simple equation;

o - i)
(p——+B(9)==)t.g) = 0, (19)
in dg
where ¢ is fixed in this equation and
Blo) = =20 it -, (20)
1-7(g)/é
. Y10
bl = bl + 120 - (21)
é
The function f has the expansion
2 W-—l(t) 2
Ttg) = =+ W)+ Wi(0)+... (22)
and W(t) (I>-1) satisfies
(1=2bgt) Wy’ =2bolW;—2b, [t W_;" +(1~1) W,_{] = 0, (23)

where W_,=0. The solution up to W, is given as

9 Cy p 1 C_1b;
fltg) = E (-2 ) = " In(1-2byt) + Cy (24)
0 0

with C_; and C, being the integration constants which are calculated
through the series (9) diagrammatically. The zero of (24) is slightly modified

compared with the lowest value -—1--, and it behaves for small ¢° as

0
t= 2 jj}—gflng"2 + 0(¢*lnlng™?) (25)
26y 283



so that we have recovered the second term of the correct expansion (14) but
the term O(g%lnlng™2) should be O(g?). The discrepancy is of course due to
the truncation (24) and we have for #Y/¢ the solution to F=0, the scale non-
invariant behavior under the variation of u
L
¢Y/4(g")7 o (1ng™?) *%. (26)
The right hand side should be constant for the correct solution since the left

hand side is the scale invariant quantity.

We can improve the situation by taking into more terms of W, This
can most conveniently be done by deriving the partial differential equation
—2b
for K(t,¢%)=

(t.9%) o
and summing up from l=-1, we get

x(Wyt+g® Wi+g*Wo+ - - - ). By multiplying (A" to (23)

[{(1+ez)s——ez}—§; + (1+e2)e2—a%]%(s,e2) =1 (27)

-

b, b
where e?=g* ;’-l, K(s,ez)——-:b—g-K(t,gz) and s=1-2byt. We sum up the term
o 1
Ing)™ . . . . .
with 1<m<! appearing in W; which are the most singular terms in

s
W, This can be accomplished by looking for the solution to (27) with 1+e€?

replaced by unity. So that we solve

{(s—-—ez)-aés- + e2—5°‘?—2—}%0(s,e2) =1 (28)

and get the solution in the implicit form,
K, = In(s+e°K,) (29)
= In(s+e’In(s+e€%In(s+en - - - ))). (30)

The lowest solution k0=lns reproduces (24). The next truncation gives
K, =In(s+e¢%ns) which leads to the solution
by
- 7921119-2 + O(g%lnlnlng™?) (31)
2 0

fo L
2b,
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and for ¢1/5
b
$Y/4(¢%)" o (lnlng™2) 2. (32)

The situation is improved but still it is not scale invariant.

In order to obtain the scale invariant formula for the solution ¢, we have
to use the exact solution K, given by (29). Therefore we solve (29) and the

equation
=+ —Ko+ =0 (33)
simultaneously ~where Z’O=—2b000/ C_,. By inserting s=exp%o—-e2%o
obtained from (29) into (33), K, is given by
fko = 111("92’50) (34)

which leads to

1/

% ,
= ~¢"T — THa(-¢"CY) (35)
0

so that

1 Z’o 7’1
¢1/5 = pexp{ + { In -—92'5’ . 36
o (ST (36)

The scale parameter p is eliminated using the QCD scale parameter Aoeps

1 by "bogz
Agep = pexp{—— — —=In( )} (37)
1+——g
by

which is the expression assuming B(g)=byg’+b,¢°. From (36) and (37) we
finally get, by taking the limit g—0,



¢1/6(92)n = DAQCD: ; (38)

where D is the numerical constant given by

b, Z" !
D= exp{;;ﬁ——l;— (———) 255, In(-Co)} (39)
0 f1 0 71 »
== exp{*-——zbo +"—"bg (—b—o-)-{- 265, ln(~?)0)}. (39”)

The above two expressions are equivalent. These formulas suggest that the
solution exists as long as '5’0<O. The numerical evaluation of ’50 for the case
of
d=<P>, -—l—x(string tension), <G>
s o
in QCD is under way but the sign of ?ﬁo for these quantities is indeed nega-
tive.

Finally the formula for the energy density, more exactly the difference of
the energy density AE between the normal and the condensed vacuum, is
given below. AF has no anomalous dimension so it needs a separate discus-
sion. The source should be introduced in such a way that the energy is
lowered, i.e. AE<0. Let us write AE=—aJ*a>0) then the inverted series

1/4
has the form, with e=—AE/a and t=g21n£—-,
o

J = 51/4{l+ng1(t)+g4f2(t)+ c e } (40)
Define W(t,4%) by
W(g’gz) {ngl t)+g4f2(t)+ e }—-1

’1( ! ——t W)+ Wy (t)+ - - -, (41)

]

then by the same arguments as before, we have up to W,

C. C_.b
W(t,g?) = ——-(t———) — —In(1-2bgt)+Cp-

g 2bg 2b3

219



220

The scale invariant formula for £/4 is now
e/t = DA ycp,
1+Cy b 2(1+0C)
+ In H-
c_, 252 -C_;
For the real solution to exist (1+Cj)/C_;<0 should be satisfied. The calcu-

lation of C, requires two loop vacuum diagrams under the presence of the

D = exp[—

suitable source which is not yet carried out.

References
1) R. Fukuda, Phys. Rev. Lett. 61 (1988) 1549

2) M. Ukita, M. Komachiya and R. Fukuda, to appear in Int. J. Mod. Phys.
A



EFFECTIVE ACTION AND THE ENERGY LEVELS OF
HYDROGEN-, HELIUM-, AND LITHIUM-LIKE ATOMS

M. Komachiya

Department of Physics, Faculty of Science and Technology,
Keio University, Yokohama 223, Japan

Abstract

A systematic derivation of the energy eigenvalue equations for one-, two-, and
three-electron atoms is presented in terms of the effective action. By using this
method, one can naturally include the field theoretical corrections into the wave

equations.

1. Introduction

In this talk we present an application of the generalized on-shell condition,"?
which is obtained by the second derivative of the effective action, and we want to
start with a quick review of this formalismm. The talk is based on the work with
R.Fukuda.®)

For simplicity, let us consider the scalar field ®(z) and the Lagrangian density
L(®) of a system. The generating functional W[J] of the connected Green’s function

is introduced as
oo
exp(iWlJ]) = [[d®] exp[if  d*z (L(2) + J(2)%(z) ) ], (1)
and the effective action ['[4] is defined by the Legendre transformation,

Llg] = WlJ] = [ d*z J(z)é(2), (2)

221



222

$(z) = 6WJ]/6J(z). (3)

The stationary condition,

8T(gl/6¢(z) = —J(2) =0, (4)

determines the ground state expectation value of &(z), <®(z)>;_o = ¢(O(z). We
then look for another solution of (4) in the form of ¢(z)= #O(z)+A¢(z) and, by
assuming A¢(z) is small, we find the following eigenvalue equation for A¢(y) (the

generalized on-shell condition),

4 §°T[¢] _
[ dy 59(2)06(3) lo A¢(y) =0, (5)

where [ |, denotes the value of [ ] evaluated at #(z)=¢"(z).

If we take the space-time translational-invariant case, the zero of the kernel in

(5) coincides with the pole of the Green’s function by the relation,

2 52

49 iy By o™ ) )
So, eq.(5) determines the particle spectrum or the mode. In the same way, if we
study the case where the time-independent external fleld exists (e.g. the nuclear
Coulomb field), eq.(5) is expected to determine the energy eigenvalue and its eigen-
function (xA¢(z)) of the excited level. We utilize this fact and study the systemati-
cal deriva.tion of the equations that determine the energy levels of hydrogen-, helium-,

and lithium-like atoms.

2. One-Electron Atoms

We consider QED under the external field and use the Lagrangian density of the

form,

L= ..-i- Fu P + (i —m — ed ) — j 4% + JEA* + Ty o + IS, (7)



where j(z)=( Z|e|8%*(z) , 0,0, 0 ) is the source of the nuclear Coulomb field with the

atomic number Z. The last three source terms are used as probes. If we want to dis-

cuss the finite nuclear size and/or the nuclear magnetic moment, they can be

included as the modification of j,. Here we notice that the term J, % ( or J$7E ) is

necessary for the investigation of the one fermion-number channel, while the term

JﬁA“ is used for convenience.

The effective action I" can be obtained with the help of the Legendre transforma-
tion formula given by De Dominicis and Martin 4) but with a small modification. For
the Grassmann variables, we employ the following definitions of I' and its functional

derivatives,s)

Ll = W] - Ji¢;  (di=—WJ]), (8)

ST[p/60; = —J;. (9)

The expression of I' is then summarized as follows,

sW Iw TwW
T[<A> >] = JAL T, I =T — —J J
Az sy <2l = W Ty 1= T g =g, =% 57
= "‘1,‘“<A#>iD6—1,§u<A"> + <;/’—i>i50_1ij<1/fj> — J<AF> ~ i), (10)

where Dy (S,) is the bare photon (electron) propagator and k() denotes the sum of
the one-particle irreducible (1-PI) vacuum diagrams. Graphically <#>, <¥>, and
<A¥> are expressed by the broken lines which directly connect to the vertices
(Fig.1).

As the solution of the stationary condition of I', we can choose <y¥>=<¥>=0
and, after substituting them, the on-shell condition for A<%>> is obtained in the fol-

lowing form,
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(S3L + [ § (3"(1) )1o) A<¥> =0 (11)
A I A O

This is the equation that determines the full energy levels of the hydrogen-like atoms.

For example, if we concentrate ourselves on the tree diagram of rc(l), we get

<AP> = —iD§¥j, = A as the stationary solution and eq.(11) becomes,
2 : '
[P, — m 4+ vg —=—] A<y>, = 0. (12)
4r|z|

This is nothing but the Dirac equation under the Coulomb poténtial. In the same
way, if we choose the diagrams shown in Fig.1, the lowest-order radiative corrections

are properly taken into account and we get the modified Dirac equatioa from (11) as
[—m -2 — eAl {7, + v, D87, +A,} | A<y> =0, (13)

where w,,, —iX, and —ieA, denote the lowest-order contribution of the vacuum
polariza.tion, the electron self-energy, and the vertex correction, respectively. In this
way, we can systematically include the quantum field theoretical corrections into the

relativistic wave equation.

<A>
E]
H

M §
K = B R <A> Qfﬁ? . <F> /4\<¢> +<?/F> /(*\\f."f? e

Fig.1 Some of the diagrams included in n(l), which contribute to the modified Dirac
equation (13). The wavy line is the photon propagator. The solid line with an arrow

denotes the electron one.



3. Two- and Three-Electron Atoms

Next we consider the helium- and lithium-like atoms. In the case of the helium-
like atoms, we start with the Lagrangian density (7) plus new source term
(1/2)K(a,b)®(a)®(b) where ® = [, ¥, A ] and a,b denote the species of the fields
as well as the other degrees of freedom. (Summations over the repeated indices are
implied.) In the same way, for the lithium-like atoms, we further use the source term
(1/3)M(a,b,c)®(a)®(b)®(c). Each source is to be antisymmetrized for Grassmann
components and to be symmetrized for the others. We notice that the sources
K(¢,¥) (K@) and M(¢,%,%) (,M(¥,9,¥)) are necessary for the investigations of
two and three fermion-number channels. Other sources are employed in order to use
the (modified) De Dominicis-Martin rules. For the new arguments of I, we introduce
the notations <ab> and <abc>. They are defined as the connected part of
207 W/6K(a,b) and 3!_5’W/5M(a,b,c), respectively.

As the stationary solutions, <¥>, <¥>, <¢y>, <¢ ¥>, <PpyYy¥>, <P ¥ ¢¥>,
and other variables which couple to them can be set equal to zero. Then we get the
on-shell conditions in the form of the Nambu-Bethe-Salpeter type wave equations.

The result is summarized for helium-like atoms,

-1 . | - 5 (SK:(Z)
% STA<Y > = | <trp> (5<$.~7;j> ) Jo A<pp>, (14)

L
2!

and for lithium-like atoms,

)
N Szt St St A<ttty >

g ( kB o Aot o)
-—[5<¢;'¢j"¢k'> 5<-'17:’$j:$k> 0 PR

where S;; denotes the full fermion propagator ( i.e. the stationary solution of
<Y¥;>). In (14), k) represents the sum of the one- and two-particle irreducible

(1,2-PI) vacuum diagrams constructed out of <a>, <ab> (propagator), and the
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original QED vertex. Similarly, xB) in (15) denotes the sum of the one-, two-, and
three-particle irreducible (1,2,3-PI) vacuum graphs made up of <a>, <ab>, and
<abc>. Graphically, each <abc> is represented by the full vertex with the full pro-
pagators.s) The term "three-particle irreducible (3-PI)" usually means the graphs
which cannot be disconnected by cutting any three internal lines. But even when the
graph is disconnected by this process, if one (and only one) of the disconnected part
is the full vertex itself, we also call it the 3-PI graph by the conventions adopted in

Ref 4.

4. Comments

Nuclear recoil corrections can be included into our formalism by considering the
on-shell condition for A<%y % - - - 9>, where 9, denotes the nucleon field operator

and % is that of the electron.

Our method is also available for the non-relativistic models. For example, we
can derive the Schrodinger equation under the external potential instead of the Dirac

equation (12). The extensions for other cases are straightforward.
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FERMION MASS GENERATION IN QED;*
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Abstract

We investigate the spontaneous generation of fermion mass in QED3 with two com-
ponent Dirac fermions by using the Schwinger-Dyson technique. In the ladder approx-
imation, we show that the single two-component fermion becomes massive, thus the
parity symmetry is broken dynamically. In the case with many flavor, an effect of

vacuum polarization on the mass generation is studied in 1/N approximation.

1. Introduction

(2+1)-dimensional quantum electrodynamics (QED3) has attracted widespread at-
tention. The theory has highly non-trivial structures which are not seen in theories in
even space-time dimensions. One of the typical aspects of the (2+1)-dimensional gauge
theories is that the Chern-Simons term is allowed in the Lagrangian and the gauge field

1)

becomes (topologically) massive without violating the gauge invariance.’” From the
practical aspects, QEDj3 or the variants of it are expected to be important as effective
theories of solid-state-physical phenomena in 2-dimensional space, e.g., the quantum

Hall effect, the high-T, superconductivity and so on. Keeping these status in mind, we

proceed the investigation of a dynamical symmetry breaking in QED3.

* This work is partially supported by the Grant-in-Aid for Scientific Research from the Ministry of
Education, Science and Culture (#£63790162).
t Fellow of the Japan Society for the Promotion of Science for Japanrese Junior Scientists
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Previously Appelquist et al?) investigated QED3 with four-component fermions
by analyzing the Schwinger-Dyson (S-D) equation. The vacuum polarization effect is
included in the 1/N approximation (N is the number of fermion flavor]. The integral
kernel is linearized in introducing a cut off and the integral S-D equation is rewritten to a
differential equation. Further they set the wave function renormalization to unit. Then
they discovered a critical number of the flavor (N, = 2}). Thus the chiral symmetry
is broken below N. and unbroken above N,. On the other hand, Dagotto et al® also

found the critical value N, £ 3.5 in the lattice calculation.

)

These works inspire the more detailed investigations of the dynamics of QEDg,.4
In the analyses of Appelquist et al? , two drastic approximations have been done as
mentioned above. The first' is the linearization of the integral kernel. An infrared
behavior of the kernel is crucial to the dynamical mass generation. The linearization
procedure might disturb the infrared behavior. The second is to neglect the effect of the
wave function renormalization. When the effect of the vacuum polarization is included,

the wave function renormalization cannot be put to unit even in the Landau gauge.

In this paper, we reanalyze the S-D equation for QED3 without using the above two
approximations. We do not linearize the integral kernel and include the effect of the
wave function renormalization. We solve the coupled integral equation directly without
introducing any cut off. ~At first, the ladder S-D equation for single two-component
Dirac fermion is solved in the Landau gauge. We find a non-trivial solution so that
single two-component Dirac fermion becomes massive dynamically. Next we analyze
the case with N two-component fermions including the effect of the vacuum polarization

in 1/N approximation. The dynamically generated mass is estimated.

2. Lowest ladder analysis

In this section, we study the lowest ladder S-D equation for single two-component



fermion in the Landau gauge. The lowest ladder S-D equation is given as

217 B(k)k pHENZ/, 1
B == [ dk Py
Y]
~ 2 1T k2 A(K) PPk, p+ky?
A(p)~1+nm;§/dkA(k)2k2+B(k)2 (1- o )L’n(p_k) (1b)
0

where the fermion propagator S’ has been defined by S'~!(p) = A(p*)p — B(p?) =
p — 1Z(p). 7n is the covariant gauge fixing parameter. We choose the Landau gauge

n = 0. Then eq. (1b) gives us 4 = 1 and eq. (1a) becomes

el B(k)k p+Ey?
B(”)“Eﬁ;o/dkA(k)Zkz+B(k)2£"<p_k) : 2)

The kernel has the singularity at p = k and it seems that eq.(2) does not have a solution
, 2
except the trivial solution. But the integral formula fooo dz a’f—xyfn (;—’f—ﬁ) = %1 strongly

suggests that there exists a non-trivial solution. We solve eq.(2) by using a numerical

method. Inputting an initial trial function, we seek a convergent solution by an iteration

method 1 IR AL e e S e A A S T
o
a2 ]
tl J
= J
= J
2 n
E ]
<
5 L
: P
rapend
0.0 [-%} 1 10 100

Momentum

F igure 1. The non-trivial solution in lowest ladder approximation in the

e? = 1 uni
37 = wnit
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The results are as follows. We find a non-trivial solution (Fig 1.). The generated
mass is £(0) = f; . Then the effective potentia,ls) has the value Vo5y = —0.()33(-26—:;;)3
so that the non-trivial solution is stable. The vacuum expectation value < 93 > is
1,04(5-:;)2 . Thus we have discovered that the parity-violating effective mass of single

two-component fermion is generated dynamically in the lowest ladder approximation.

3. 1/N Analysis

We include the vacuum polarization effect in 1/N approximation in this section.
As was known, the vacuum polarization of a two-component fermion contains a parity-

6)

violating part as the parity anomaly.” The affect of the part on the mass generation
is a very important issue that should be investigated. The topological consideration
suggests a fruitful structure of the dynamics in QED3.7 ) But in this paper, we ignore

the part only for the simplicity as was done in the previous analysis. The analysis of

the case including the parity-violating part is now progress and will appear in future.
The S-D equation including the effect of the vacuum polarization in 1/N approxi-

mation is

., ler k A(k)
Alp) =1- w52 41r/ kAR + B

{2pk +c(z—y)+ czfn(z : C)

¢}

k)?
+—2:y(z—-y)+—15-(zy)2 ( ;) n(2pk + (p? + k*)in (y))}, (3a)

B =7v-§~§-07 T (L) n( (3b)

where we have defined variables as ¢ = %N, z=|p—k|, y=p+k. Here we should
notice that A does not equal to unit even in the Landau gauge. So we solve the coupled
integral equations in the Landau gauge 7 = 0. The method of solving the equations is

the same as the lowest ladder case. We have used the numerical iteration method.



As the result, we have found a flavor dependence of the generated mass(Fig. 2). We
can see that the effective mass decreases as the flavor number increases. This is due to

the screening effect by the vacuum polarization.
8

- -
I 2

Dynamical Mass
e

-
A
a

] 2 4 8 ] 18
Flavor Number

. 2
Figure 2. The flavor dependence of the generated mass in the 5= = 1 unit:

The dot indicates the value of the lowest ladder case,

The most important problem that should be answered is whether there exists the
critical flavor number or not. Within the precision of the numerical calculation at
present, it is difficult to give a definite conclusion. Now we proceed to improve the

precision.

4. Conclusion and discussion

We have investigated the dynamical fermion mass generation in QEDj3 by solving
S-D equation. In the lowest ladder approximation, we have found the non-trivial solu-
tion. Thus the single tw&corﬁponent fermion becomes massive dynamically breaking
the parity symmetry. Further we have included the vacuum polarization effect in the
1/N approximation. We have estimated the effective fermion mass under the screening

effect by the vacuum polarization.

The important point of our analyses is that we do not linearize the integral kernel
and include the effect of wave function renormalization. And also, we have done the
analyses in the two-component formalism. The symmetry to which we concentrate is

the parity symmetry, besides the four-component formalism treats the chiral symmetry.
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The crucial problems are still remained. The first is whether the critical number of
the flavor can be found in our approach. The second is how the parity anomaly affects

the dynamical mass generation. The studies on these subjects are proceeding.

More details of this work and a development after this workshop are appeared in

Refs. 8 and 9.
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The Critical Behavior of QED in any dimension

HAJIME NAKATANI

Department of Physics, Nagoya University,
Nagoya 464-01, Japan

ABSTRACT

We consider the critical behavior of QED in 3 ~ 6 dimensional space-time. We
obtain the chiral-symmetry-breaking solutions of the Schwinger-Dyson equation in
d-dimensional QED 1n the quenched ladder approximation and show that for d > 4
the sclaing law 1s the mean-field type. We also study QED3 beyond the quenched
ladder approximation and show that the scaling law is dependent of the value of

the infrared cutoff.

In this report, we consider the critical behavior of the d-dimensional Quantum
Electromagnenic Dynamics (QEDd).IMJ Especially we study QEDy where d is not
equal to 4" . In QEDy, it is well-known that in the quenched ladder approximation,
the scaling behavior 1s the singurality-type or so called "Miransky scaling” " Is
this scaling common irrespective of the space-time dimensions? Is this scaling also
correct even if there is vacuum polarization included? Here we try to answer these

questions in the framework of the Schwinger-Dyson equation.

x For QED,, see Kondo’s reprot in this proceedings.
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First, we consier the scaling law of the dynamical mass and the coupling in
QEDy n the quenched ladder approximation, that 1s, the vertex I'y(p, k) is bare

and the vacuum polarization function TI(k) is zero;
Tu(p,k) = 7« and II(k) = 0. (1)
We write the fermion propagator S(p) as
S(p)™" = A(s") ¥ + B(p") - (2)

Then the Schwinger-Dyson equation for A(p?) and B(p?) is written by

)

A!
Ae)=1+0: [ dy
€

m%(fc »¥) (3)
e
B(e)= g0t [ dym%%%—)-ffd(x,y) (4)

where z := p?,y := k?, ¢ is the infrared cutoff, A the ultraviolet cutoff and

2 el

9 = (5)
er(dﬂ)/?r(d_?_)

Li(=z,y) and Kg(z,y) are kernels. As proved in ref.[2], in quenched planar ap-
proximationan and in the Landau gauge Ly(z,y) is simply zero so that the wave
renormalization function A(z) = 1. Note that this is consisitent with the Ward-
Takahashi identity. K4(z,y)'s in 3 ~ 6 dimensions are the following,

VE+yE o
AT )
Ki(z,y) = IT;/—TT?;/—} (7)

_Naty) (o-yf | VEHVE |
Koo = e M e el )

K3(z,y) =




Ks(z,y) = %5[32; L0(z ~y) +6(y ~ 2)] .

(%)

We solve numerically the above SD equation with kernels (6) ~ (9) to obtain the

scaling laws against the dimensionless coupling 3y,

qi—d

The dynamical mass can be writen using f3; as

where f(f3) 1s defined as the scaling function.

The mumerical results show the following scaling functions,

1
f(Bq) 5
x
fi(Ba) @@ CXP(‘W) ,
fs(Ba) @ VA= B,

fo(Ba) ¢ y Bi— B

(10)

(1)

where 8¢ is the critical coupling. In QEDj, the scaling law is singularity type.

On the other hand, in QEDj3 there is no phase transition, that means that only

symmery-breaking phase survives. This is also confirmed by the analytical solution
in the bifurcation method. And in QEDg4(d > 4) the scaling law is the mean-field

type. Although we have no analytical proof, in any higher dimensions than 4 the

scaling would be the mean-field type. So these results imply that the singulanity-

type scaling is rather spacial one in QED, and to confirm the scaling type we should

study more details in QED beyond the quenched ladder approximation.

As one of examples beyond the quenched ladder approximation, we consider

the vacuum polarization effect in QED;.
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QED; 1s an interesting model which is superrenormalizable and have a simi-
larity with QED,. And also 1t seems to be related to the recent study for hugh T,
superconductor, the quark confinement and so on. Furthermore, the calculability
of the angular integration in SD equation withont any approximation makes easy

to analyze the flavor dependence of the model.

So far many pepole has been discussing this model, in the framework of the
Schwinger-Dyson(SD) equation combined with the 1/N expansion for the vacuum

. . S
polanzatlon.[ :

There are two claims about the question, whether or not there
exists the critical point of the fermion number N, mn QEDj3;. Appelquist, Nash
and Wijewardhana' (ANW) pointed out that there exists the finite critical point,
N, = 32/x?, using Appelquist et al.’s assumption[sl that the wave function renor-
malization would be negligible in the large N limit. Matsuki et al.”? also obtained
the same result from the viewpoint of the effective potential. The existence of the
critical point is also supported by the Monte Carlo(MC) calculation by Dagotto et
al."" On the other hand, Pennington and Webb™ (PW) and Atkinson, Jhonson and
Pennington' (AJP) claimed that if one takes into account the 1/N correction to
the wave-function renormalization, the critical point N, in the mnfimite cutoff limit
goes away to infinity against ANW's result. This means that only the symmetry-

breaking-phase survives in QEDj3.

Generally, in QED the wave-function renormalization is unavoidable if the vac-
uum polarization in photon propagator is included. This is in sharp contrast with
the quenched planar QED in the Landau gauge.m In fact, the one-loop correction
to the photon propagator leads to the non-trivial wave-function renormalization
even in the Landau gauge. Therefore Appelquist et al.’s assumption is not justified

a priors, if the effect of the fermion loop is included.

We solve the SD gap equation in QEDj3 combined with the 1/N expansion
for the vacuum polariz&tion without using the Appelquist et al.'s assumption.””
Actual calculation have been done with the approximately equivalent differntial

equation.” We consider the leading correction in the 1/N expansion, i.e. the one-




loop correction in the photon propagator for massless fermion,"”

) = <, (16

where

&= . (]7)

The SD equation for the fermion propagator in Landau gauge is written by

k)

Alp) 7 Np /d A A)7+B(L)2
+}»+0' .
[21 l—:;———}v-l——-oz(p-{»k—[p—kl)-}-ka

~l8 ~ (o + £~ [p~ k)

1, p+k+é p-{?k} .
——(p* = k9l -1 18
20 - EEEEE g, 22y (1)
o 4al l:B(}:)G(IJ?,f.:’) p+E+&
Ble) = 2Np/ A By "p-mre O

We have paid special attention to the critical value N, of the fermion flavor and
the scaling law in the neighborhood of N.. We showed that the scaling behavior
of the dynamical mass is restricted by the inequality and discussed the relation

between the scaling law and the “generalized vertex ansatz”,
Tu(p, k) = mA(R)" . (20)

Our numerical results show that the scaling law depends on the infrared cutoff.
Actually in the limit of the infrared cutoff ¢ — 0, we have three types of the
scaling law depending on the vertex ansatz, i.e. the exponential type, the essential-

singularity type and the power-law type,

F(N) x exp(-CN) , forn <2, (21)
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F(N) exp(«?x/\/ N/N -1}, forn =2 (22)
f(N) x (N, - N)* forn >2. (23)

We can give an explanation on this difference based on the concept of the effective
coupling. The result of the exponential type would be the physical one and agrees
with the previous result obtained by PW and AJP. Recent works by Atkinson,
Johnson and Maris'" proposed the n = 2 case as the physical one from the analysis

of the anomalous dimensions.

On the other hand, in the presence of the finite infrared cutoff, the scaling

obeys the mean-field type independent of the vertex ansatsz,
() ox (N = N2 (24)

and N has a finite value which depends on the infrared cutoff. According to MC
results, there exists a finite critical value for fermion flavor. It is, however, still
an open question what the scaling type really is in QEDj. It should be remarked
that infrared cutoff introduced in our framework may correspond to the lattice size
m MC simulation, while the ultraviolet cutoff corresponds to the lattice spacing.
It appears that our framework provides us with a possibility, which enables us to
explain apparently conflicting results based on the SD equation”'” and the MC
simulation."" It is quite intefesting that resent MC simulation by DESY gtoupm]
1s fit with the analysis of the mena-field method.

Our investigation have been restiricted in the Landau gauge and quenched
ladder apporximation or atmost including the one-loop correction in the vacuum
polarigation. Beyond these restriction we plan to perform the numerical calculation
of the SD equation beyond one-loop corrction"™” to the vacuum plarization including

the improvement of the vertex."
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