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Abstract

This thesis describes several new tools for analyzing supersymmetric quantum field
theories, focusing on theories with four supercharges in three and four dimensions.
In chapter two, we discuss supercurrents, supersymmetry multiplets that include the
energy-momentum tensor. Physically, different supercurrents give rise to different
brane charges in the supersymmetry algebra. They also encode different ways of
placing supersymmetric field theories on a curved manifold. Under certain conditions
this procedure preserves some of the supersymmetry. In chapter three, we explore
these conditions for the case of four-dimensional N' = 1 theories with a U(1)g sym-
metry. In particular, we find that a manifold admits a single supercharge if and only
if it is Hermitian.

In chapter four, we shift the focus to three-dimensional field theories. We study
Chern-Simons contact terms — contact terms of conserved currents and the energy-
momentum tensor, which are associated with Chern-Simons terms for background
fields. While the integer parts of these contact terms are ambiguous, their fractional
parts constitute new meaningful observables. In A = 2 supersymmetric theories
with a U(1)g symmetry certain Chern-Simons contact terms can lead to a novel
superconformal anomaly. In chapter five, we use this understanding to elucidate the
structure of the free energy F' of these theories on a three sphere. In particular, we
prove the F-maximization principle for N' = 2 superconformal theories. We also
explain why computing F' via localization leads to a complex answer, even though we

expect it to be real in unitary theories.
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Chapter 1

Introduction

1.1 A Brief Tour of Supersymmetry

1.1.1 Supersymmetry in Particle Physics

The concept of symmetry plays a fundamental role in theoretical physics. The stan-
dard model (SM) of particle physics furnishes a prime example for the central role of
symmetry in defining a physical theory and exploring its consequences. The formula-
tion of the theory in terms of spontaneously broken gauge symmetry is crucial for its
theoretical consistency, and it enables the SM particles to acquire their masses. The
particle that is most closely associated with this effect is the formerly elusive Higgs bo-
son. Recently, the ATLAS and CMS experiments at the Large Hadron Collider (LHC)
have reported the discovery of a Higgs-like particle with mass My ~ 125 GeV [9,10].
Symmetry also plays an important role in many other aspects of the SM. For instance,
our understanding of low-energy QCD is based on the paradigm of spontaneously bro-
ken chiral symmetry.

With the discovery of the Higgs boson, the SM is theoretically and experimentally
complete: it is a consistent theory that explains all known phenomena in particle
physics with impressive precision. Nevertheless, much work in theoretical particle

physics has been dedicated to the exploration of possible SM extensions — physics



beyond the standard model (BSM). One of the motivations for these efforts is a basic
guiding principle known as naturalness. Originally formalized by 't Hooft [11], it can
be stated as follows: a physical parameter is naturally small if the theory possesses an
approximate symmetry that becomes exact when the parameter is set to zero. In the
SM, the Higgs mass My ~ 125 GeV, which defines the weak scale, is much smaller
than the Planck mass Mp ~ 10" GeV, a natural short-distance scale associated with
quantum gravity. This is known as the SM hierarchy problem. However, there is no
associated approximate symmetry. A closely related fact is that the SM Higgs mass
is subject to large radiative corrections, which render it highly sensitive to short-
distance physics. This constitutes the SM fine-tuning problem. The hierarchy and
fine-tuning problems are manifestations of the fact that the SM Higgs mass is not
natural in the sense defined above. Much of the effort in BSM physics has been
dedicated to constructing extensions of the SM that render the Higgs mass natural.

Supersymmetry (SUSY) is a leading candidate for BSM physics. For each SM par-
ticle, it posits the existence of a superpartner particle of opposite statistics. SUSY
relates particles and their superpartners, i.e. bosons and fermions. The introduction of
the superpartners stabilizes the Higgs mass by eliminating the leading short-distance
contributions, and hence it solves the SM fine-tuning problem. Since the superpart-
ners have not yet been observed, SUSY must be spontaneously broken. This should
happen near the weak scale if we would like to retain SUSY as a solution to the fine-
tuning problem. As pointed out by Witten [12], SUSY also allows for an appealing
solution to the SM hierarchy problem: if SUSY is broken dynamically, i.e. by small,
non-perturbative effects, the scale of SUSY breaking is naturally much lower than the
Planck mass. Explicit models of this type were first realized in the work of Affleck,
Dine, and Seiberg [13]. Dynamical SUSY breaking near the weak scale thus solves
the SM fine-tuning and hierarchy problems, and it renders the theory natural. As
such, it has become a powerful paradigm for BSM physics. For a review, see [14] and
references therein.

The paradigm of weak-scale SUSY leads to the exciting possibility that some of



the superpartners could be detected at current or future colliders. However, to date
there is no experimental evidence for the existence of superpartners (or other BSM
physics) near the weak scale. In the years ahead, the LHC is expected to continue
its successful program to explore the energy frontier. In particular, it will probe the
extent to which the principle of naturalness applies to the weak scale. Either outcome
— the presence of additional particles, such as superpartners, to restore naturalness,
or the breakdown of naturalness as a physical principle — will have a profound impact

on our understanding of the fundamental laws of nature.

1.1.2 Supersymmetry in Field Theory and String Theory

In addition to its application in BSM particle physics, supersymmetry has played
an important role in elucidating the dynamics of quantum field theories and string
theories. Supersymmetry dramatically constrains the dynamics of these theories, and
certain quantities that are protected by supersymmetry can often be analyzed exactly.
A typical example is the holomorphic superpotential W in four-dimensional N' = 1
theories, which is closely associated with the moduli space of supersymmetric vacua.
Supersymmetry implies that W is not renormalized at any order in perturbation
theory [15,16]. It can receive non-perturbative corrections, but they too are severely
constrained by supersymmetry and can sometimes be determined exactly [13,16,17].

The holomorphy of W has proven to be a powerful handle on the dynamics of
supersymmetric field theories, leading to many exact results. In particular, it has lead
to a detailed understanding of the phase diagram of four-dimensional N' = 1 SUSY
QCD, which displays a veritable cornucopia of interesting dynamics: confinement,
chiral symmetry breaking, non-perturbative topology change of the moduli space,
the emergence of a free magnetic phase at long distances, and non-Abelian electric-
magnetic duality [18-20]. In four-dimensional N' = 2 gauge theories the analogue
of the superpotential is the holomorphic prepotential F, which encodes the entire
low-energy effective action on the moduli space. In this case the holomoprhy of F is

sufficiently powerful to determine it, and hence the low-energy action, exactly [21,22].



Similarly, supersymmetry has been a powerful tool in exploring the dynamics of
string theory, to date the only known example of a consistent theory that successfully
incorporates quantum gravity. For instance, the first calculation of black hole entropy
in string theory relied on supersymmetry to reduce the problem to a weak coupling
computation [23]. As in field theory, supersymmetry has played an important role in
establishing proposed dualities, since quantities that are protected by supersymmetry
can often be computed on both sides of the duality. The most prominent example is
the holographic duality between type IIB string theory on AdSs x S® and maximally
supersymmetric Yang-Mills theory in four dimensions, which is a conformal field
theory (CFT) [24-26]. Many detailed tests of the duality rely heavily on quantities
protected by supersymmetry. Such tests played a crucial role in establishing and
generalizing the AdS/CFT correspondence, which by now has come to be viewed as a
general principle of quantum gravity, including string theory as a particular example.

Supersymmetric quantum field theories display a rich set of phenomena that emu-
late many aspects of more realistic, non-supersymmetric theories. We have mentioned
confinement, chiral symmetry breaking, and electric-magnetic duality in four dimen-
sions. Similarly, supersymmetric theories provide a unique theoretical laboratory
for deepening our understanding of quantum field theory in two and three dimen-
sions, where many qualitatively new phenomena arise. These theories, and their
non-supersymmetric cousins, describe a large variety of phases and phase transitions
in two and three-dimensional materials. They also furnish holographic descriptions
of three- and four-dimensional theories of quantum gravity. Finally, there is a fruitful
connection between supersymmetric field theories and certain problems in mathemat-
ics. These are good reasons to continue studying such theories, and to develop new

and general tools for analyzing their dynamics.



1.2 Overview and Summary

In the spirit of the preceding discussion, this thesis explores several complementary
tools that have recently emerged in the study of supersymmetric quantum field the-
ories in three and four dimensions.

Chapter 2 is dedicated to a systematic analysis of supercurrents, SUSY multiplets
that include the supersymmetry current S,, and the energy-momentum tensor 7,,.
In this overview, we will focus on four-dimensional A/ = 1 theories, but in chapter 2 we
also discuss theories in two and three dimensions. We find the most general consistent
supercurrent multiplet that satisfies certain basic physical requirements. It is given

by a real superfield S,4, such that

EO.é‘socéz = Xa + Va )
Dixa =0, D% = DaX", (1.2.1)
D, ﬁ"’Dﬁya:Oa EQD}&:O_

The component expressions of the superfields S,4, Xo, and )V, are given in chap-
ter 2. In addition to the supersymmetry current and the energy-momentum tensor,
the S-multiplet contains several other operators. We interpret some of these as brane
currents — conserved, totally antisymmetric tensor currents associated with charged
branes, such as particles, strings, or domain walls. Upon integration, they give rise
to brane charges that appear in the supersymmetry algebra. The absence of certain
brane charges implies that the corresponding currents are total derivatives and can be
removed by an improvement transformation. In this case the supercurrent multiplet
decomposes into a shorter supercurrent and another decoupled multiplet.

The structure of the S-multiplet leads to non-trivial restrictions on supersymmet-
ric field theories. For instance, we show that U(1) gauge theories with Fayet-Iliopoulos
(FI) terms do not contain magnetic charges. Similarly, the absence of certain brane
charges, i.e. the ability to decompose the S-multiplet into shorter supercurrent mul-
tiplets, constrains the IR behavior of supersymmetric theories. For instance, the

absence of a certain string charge implies that the theory cannot develop a com-



pact moduli space of vacua. Similarly, in theories with a U(1)g symmetry, a certain
two-brane charge is absent, so that these theories do not admit BPS domain walls.

The fact that supercurrent multiplets contain the energy-momentum tensor also
means that they encode the necessary information to place a supersymmetric field
theory on a rigid curved background. Following the work of [27-30], which consid-
ered supersymmetric theories on round spheres, it has become clear that studying
these theories on curved manifolds can shed new light on the original flat-space the-
ory. A systematic approach to this subject was developed in [31] using background
supergravity. In ordinary supergravity, the metric g,, is dynamical and belongs to
a supermultiplet that also includes the gravitino v, and various auxiliary fields.
Instead, we can view these fields as classical backgrounds and allow arbitrary field
configurations. Rigid supersymmetry corresponds to the subalgebra of supergravity
transformations that leaves a given background invariant.

In chapter 3, we explore this procedure for the case of four-dimensional NV = 1
theories with a U (1) g symmetry. The auxiliary fields in the corresponding background
supergravity multiplet consist of an Abelian gauge field A,, which couples to the R-
symmetry, and a two-form gauge field B,,. The dual field strength V* of B, is a
well-defined, conserved vector field,

1
Vi = 5@%%’&9”13’,,A . V=0 (1.2.2)

A given configuration of the background fields g, A,, and V,, preserves rigid super-

symmetry if and only if we can solve

(V,—iA,) ==V, —iVY0,,(,
S " (1.2.3)
(V,+iA4,)¢ =iV, (+iV"0,,.( ,
for some choice of spinors ¢ and Z . Note that the presence of rigid supersymmetry
does not depend on the details of the field theory, since these equations only involve
supergravity background fields.

We analyze these equations and classify Riemannian four-manifolds M that admit

rigid supersymmetry. (The corresponding problem for three-dimensional N = 2

6



theories with a U(1) g symmetry was analyzed in [8].) We find that M admits a single
supercharge if and only if it is a Hermitian manifold. The supercharge transforms
as a scalar on M. We then consider the restrictions imposed by the presence of
additional supercharges. Two supercharges of opposite R-charge exist on certain
fibrations of a two-torus over a Riemann surface. Upon dimensional reduction, these
give rise to an interesting class of supersymmetric geometries in three dimensions. We
further show that compact manifolds admitting two supercharges of equal R-charge
must be hyperhermitian. Finally, four supercharges imply that M is locally isometric
to M3 x R, where M3 is a maximally symmetric space.

In the second part of this thesis, we study quantum field theories in three dimen-
sions. One of the main goals is to achieve a detailed understanding of the partition
function of three-dimensional N' = 2 theories on a round three-sphere, but along the
way we uncover several general phenomena in three-dimensional field theory.

In chapter 4, we study contact terms of conserved currents and the energy-
momentum tensor. They are associated with Chern-Simons terms for background
fields. For concreteness, consider a global, compact U(1) symmetry and couple the

associated current j, to a background gauge field a,. A contact term in the two-point

function
: . 1K
<jﬂ(x)jlf(0>> =+ %Euupapé(g) (33) (124)
corresponds to a Chern-Simons term for a,,
% d*ze"’a,d,a, . (1.2.5)

Typically, contact terms are scheme-dependent, and hence not well-defined observ-
ables. However, the Chern-Simons term (1.2.5) is not the integral of a gauge-invariant
local density and this restricts the scheme-dependence of k. One way to see this is to
place the theory on a curved manifold that allows non-trivial bundles for the back-
ground gauge field a,. Demanding that well-defined counterterms be invariant under
large gauge transformations implies that such counterterms can only shift x by an

integer. Therefore, the fractional part of x is physical and does not depend on the



short-distance cutoff. It is an observable of the field theory.

A careful analysis of Chern-Simons contact terms in N' = 2 supersymmetric the-
ories with a U(1)r symmetry reveals the presence of a new superconformal anomaly.

In chapter 5, we consider three-dimensional N' = 2 superconformal field theories
on a three-sphere and analyze their free energy F' as a function of background gauge
and supergravity fields. A crucial role is played by certain local terms in these back-
ground fields, including the Chern-Simons terms discussed in chapter 4. The presence
of these terms clarifies a number of subtle properties of F'.

This understanding allows us to prove that the real part Re F(t) satisfies

0 0? 72
ReF| =0, ———ReF| =-"1,. 1.2.6
o L T aweae |, T 2 (1.2.6)

Here, the t* are real parameters that encode the mixing of the R-symmetry with
Abelian flavor symmetries and ¢t = t, is the superconformal point, at which the R-
symmetry resides in the A/ = 2 superconformal algebra. The matrix 7, is determined
by the flat-space two-point functions of the Abelian flavor currents j# corresponding

to the parameters t* at separated points,

R (0)) = T2 (570 — orer) - (12.7)

~ 1672 x
In a unitary theory 7, is a positive definite matrix.

These conditions can be stated as a maximization principle: the superconformal R-
symmetry R(t,) locally mazimizes Re F(t) over the space of trial R-symmetries R(t).
The local maximum Re F(t,) determines the SCFT partition function on S3. This F-
maximization principle is similar to a-maximization in four dimensions [32]. The first
condition in (1.2.6) is the extremization condition proposed in [29]. The fact that the
extremum should be a maximum was conjectured in [33].

We also explain why computing F via localization leads to a complex answer, even
though we expect it to be real in unitary theories. We discuss several corollaries of

our results and comment on the relation to the F-theorem.



Chapter 2

Supercurrents and Brane Currents

in Diverse Dimensions

2.1 Introduction

The goal of this chapter is to present a systematic analysis of supercurrents — su-
persymmetry (SUSY) multiplets that include the supersymmetry current and the
energy-momentum tensor. We find the most general consistent supercurrent and we
show under what conditions it can be decomposed into smaller multiplets. Further-
more, we give a physical interpretation of the various supercurrents.

For concreteness, we initially focus on N/ = 1 theories in four dimensions. Later
we extend our discussion to N/ = 2 theories in three dimensions, as well as ' = (0, 2)

and N = (2,2) theories in two dimensions.



In its simplest form, the A/ = 1 algebra in four dimensions is'

{Qaa@d} = 205apu )

(2.1.2)
{Qaa Q,B} =0.
Following [35-37], we can add additional charges Z, and Z,,, to this algebra,
{Qaa@d} = 20gd (P +Z ) )
S (2.1.3)

{QOM Q/@} - O-ZZZMV :

The charges Z,, and Z,,, are brane charges. They are nonzero for one-branes (strings)
and two-branes (domain walls) respectively. These brane charges commute with the
supercharges, but they are not central charges of the super-Poincaré algebra, be-
cause they do not commute with the Lorentz generators. Other known modifications
of the supersymmetry algebra (2.1.2) include terms that do not commute with the
supercharges; we do not discuss them here.

The brane charges Z,, and Z,, are generally infinite — only the charge per unit
volume is meaningful. This motivates us to replace the algebra (2.1.3) by its local
version,

{@da Sozu} = 20,4 (Tw + Cvu) Ty
{Qp, Sap} = UZpCVPu +-

Here €}, and C,,, are brane currents. They are the conserved currents correspond-

(2.1.4)

ing to the brane charges Z, and Z,,,. The SUSY current algebra (2.1.4) implies that
these brane currents are embedded in a supercurrent multiplet, along with the super-
symmetry current S, and the energy-momentum tensor 7),,. The ellipses in (2.1.4)

represent Schwinger terms; they will be discussed below.

'We follow the conventions of Wess and Bagger [34], except that our convention

for switching between vectors and bi-spinors is

lae = —205:0u by = T o - (2.1.1)

10



In general, both brane charges in (2.1.3) are present and we must study the current
algebra (2.1.4). However, under certain conditions some of these charges are absent.
This means that the corresponding current is a total derivative. In that case we
should be able to set it to zero by an improvement transformation, which modifies
the various operators in (2.1.4) without affecting the associated charges. If this can
be done, then the supercurrent multiplet contains fewer operators.

Supercurrent multiplets have been studied by many authors [38—49]; see also sec-
tion 7.10 of [50]. Our discussion differs from earlier approaches in two crucial respects:
First, some authors view rigid supersymmetric field theory as a limit of a supergrav-
ity theory. Supergravity has several known presentations, which differ in the choice
of auxiliary as well as propagating fields. These different supergravity theories are
closely related to various supercurrents. We will pursue a complementary approach,
focusing on the different supercurrent multiplets in the rigid theory. We then have
the option of gauging these supercurrents to obtain a supergravity theory. One ad-
vantage of this approach is that it can be used to derive constraints on consistent
supergravity theories [43-49, 51].

Second, we insist on discussing only well-defined operators. These must be gauge
invariant and globally well-defined, even when the target space of the theory has
nontrivial topology. It is sometimes useful to describe such well-defined operators in
terms of other operators, which are not themselves well-defined. A commonly known
example arises in electrodynamics, where the field strength F},, is gauge invariant and
well-defined, but it is useful to express it in terms of the gauge non-invariant vector
potential A,. We will see that physically distinct supercurrent multiplets appear to
be identical, if we are careless about allowing operators that are not well-defined.

Throughout our discussion of the various supercurrent multiplets, we impose the

following basic requirements:

(a) The multiplet includes the energy-momentum tensor T),,. Every local quantum

field theory possesses a real, conserved, symmetric energy-momentum tensor
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(see appendix A):
T, =0, P, = /lex T, . (2.1.5)

The energy-momentum tensor is not unique. It can be modified by an improve-

ment transformation
T, — T, +0,U, —n,0°U, , 8[HUV] =0. (2.1.6)

More general improvement transformations include operators of higher spin;
they will not be important for us. The improvement term is automatically
conserved, and it does not contribute to the total momentum P,. The fact
that U, is closed ensures that 7}, remains symmetric. If there is a well-defined
real scalar u such that U, = J,u, then the improvement (2.1.6) takes the more
familiar form

Ty — Tpw + (0,00 — nw0) u . (2.1.7)

The multiplet includes the supersymmetry current S,,. Every supersymmetric

quantum field theory possesses a conserved supersymmetry current:
O*Suu =0, Qo = /d% S0 (2.1.8)

Like the energy-momentum tensor, the supersymmetry current is not unique.

It can be modified by an improvement transformation
Sap = Sap + (0,), 0 ws . (2.1.9)

As before, more general improvements include operators of higher spin; we do
not discuss them. The improvement term is automatically conserved and it

does not affect the supercharges @,,.

The energy-momentum tensor and the supersymmetry current are the only op-
erators with spin larger than one. This can be motivated by noting that when
a rigid supersymmetric field theory is weakly coupled to supergravity, the su-

percurrent is the source of the metric superfield. Since the graviton and the
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gravitino are the only fields of spin larger than one in the supergravity multi-
plet, we demand that T}, and S,, be the only operators of spin larger than one

in the supercurrent.

(d) The multiplet is indecomposable. In other words, it cannot be separated into
two decoupled supersymmetry multiplets. This does not mean that the mul-
tiplet is irreducible. As we will see below, most supercurrents are reducible —
they include a non-trivial sub-multiplet, which is closed under supersymmetry
transformations. However, if the complement of that sub-multiplet is not a

separate supersymmetry multiplet, then the multiplet is indecomposable.

In section 2.2 we show that the most general supercurrent that satisfies the four

basic requirements (a)—(d) is a real superfield S, obeying the constraints

EC'X‘S’Oéo'é = Xa + yoc )
Dixa=0,  D%a=DsX", (2.1.10)
DYVs+DgYo=0, DV,=0.

This multiplet must exist in every supersymmetric field theory. If there is a well-
defined chiral superfield X such that ), = D, X, the multiplet (2.1.10) reduces to
the S-multiplet of [46]:

bSOlOA = Xa + DQX 3
Daxa =0, D% =DsX*, (2.1.11)
DgX =0.

However, the superfield X does not always exist. Throughout this chapter, we will
refer to (2.1.10) as the S-multiplet, and distinguish (2.1.11) as a special case.

The S-multiplet is reducible, because the superfields x, and ), are non-trivial
sub-multiplets, but in general it is indecomposable. There are, however, special cases
in which the S-multiplet is decomposable, so that we can set either y,, or YV,, or both

to zero by an improvement transformation. This gives rise to smaller supercurrent
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multiplets: the Ferrara-Zumino (FZ) multiplet [38] with x, = 0, the R-multiplet [40,
44-46,50] with ), = 0, and the superconformal multiplet with y, = ), = 0.

As an example, we discuss how the different supercurrent multiplets arise in gen-
eral Wess-Zumino models.

In section 2.3 we analyze the supersymmetry current algebra (2.1.4) that follows
from the different supercurrents discussed in section 2.2. We find that the difference
between these multiplets is reflected in the brane currents they contain.

In section 2.4 we repeat the analysis of sections 2.2 and 2.3 for N/ = 2 theories
in three dimensions. We present the analogue of the S-multiplet, and we explore the
resulting current algebra to identify the different brane currents that can arise. As
we will see, these theories admit space-filling brane currents, which are not present
in four-dimensional theories with N/ = 1 supersymmetry.

In section 2.5 we discuss the S-multiplet and the resulting current algebra in
two-dimensional N = (0, 2) theories.

In section 2.6 we present additional examples. In particular, we show that there
are no magnetic charges in U(1) gauge theories with a Fayet-Iliopoulos (FI) term.

In section 2.7 we discuss partial supersymmetry breaking and its connection with
space-filling brane currents. We show that these brane currents deform the supersym-
metry current algebra by constants [52]. This highlights the fundamental qualitative
difference between partial supersymmetry breaking and ordinary spontaneous SUSY-
breaking, where the current algebra is not modified.

In section 2.8 we consider the behavior of the supercurrent multiplet under renor-
malization group flow. This allows us to constrain the IR behavior of supersymmetric
field theories. For instance, we can establish whether a given theory admits certain
charged branes. We also comment on the fact that quantum corrections can modify
the supercurrent multiplet and show how these corrections are constrained by the
structure of the multiplet.

Appendix A summarizes some facts about the energy-momentum tensor and its

improvements. Our conventions for two- and three-dimensional theories are summa-

14



rized in appendix B. In appendix C, we describe the S-multiplet in two-dimensional
theories with N' = (2, 2) supersymmetry. Appendix D explains the relation between
some additional supercurrents, which were discussed in [40,42,47-50], and our general

framework.

2.2 Supercurrents in Four Dimensions

In this section we show that the S-multiplet (2.1.10) is the most general supercurrent
satisfying the general requirements (a)—(d) laid out in the introduction. This multiplet
must exist in any four-dimensional field theory with A/ = 1 supersymmetry. We then
discuss the allowed improvements of the S-multiplet and we use them to establish
when the multiplet is decomposable. We will illustrate this using general Wess-

Zumino models.

2.2.1 Deriving the S-Multiplet

The most general supercurrent multiplet satisfying (a)—(c) must contain a conserved
supersymmetry current S,,, a real, conserved, symmetric energy-momentum ten-

sor T,

w, and possibly other operators of lower spin. Since T}, is the highest-spin

operator, such a multiplet can be represented by a real superfield 7, with

7, T+, (2.2.1)

—_ Y
(Zeid’)

where the ellipsis denotes lower-spin operators and their derivatives. The component
structure of 7, must be consistent with the supersymmetry current algebra (2.1.4).
A detailed analysis shows that this completely fixes 7, and the Schwinger terms
in (2.1.4). (We do not describe this arduous computation here.) Furthermore, the

resulting expression for 7, is always decomposable. It can be separated into a sub-
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multiplet Z, and a smaller supercurrent?
Sui = Toa +1 (DaZs + DaZs) . (2.2.3)
This is the S-multiplet (2.1.10), which we repeat here for convenience:

D" Soe = Xo+ Yo
Dixa=0, D% =DsX", (2.2.4)
DoYs+DgYa=0, DV.=0.
Thus, every supersymmetric field theory admits an S-multiplet.
It is straightforward to solve the constraints (2.2.4) in components:

. . i_2
S.= j.—10 (S \/_0“1/)) +i6 ( \/_a,ﬂb) + = 92 59 Y,
1 1
+ (00’”9) <2T nVMA — gf‘:yungpU - §5u,upaapja)

, , , (2.2.5)
nl=v [Ny 7?2 v —v
_ 5929 (0’ 8,,SM + EO'MO' V'@Z)) + 59 0 ( 8 S + \/EO—M V@Zi)
1
+ 2929 <8 07, — —823u) )
The chiral superfield x,, is given by
Yo = —ia(y) + 03 (8" DY) = i(6™), Fuu() ) + 021,0,X" () |
Aa = 20" 5%, +3V2it, |
g (2.2.6)
D = —4T", 4+ 6A
Fo=-F,, G[MF,,p]:(),
2The superfield Z,, satisfies the defining relations
D.Zs+ DgZ,=0,
e (2.2.2)

D'Z,+92DsDZ" + D, DsZ" =0 .

See appendix D for a related discussion.
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and the superfield ), is given by

Vo = V2o + 20, F + 2i0",8°Y, — 2V/2i (06"8) (0,0,), 0" V5

s _ 1
+ 026", 070, F + 0°0,0"Y, — ——020° 0%, .
2v/2 (2.2.7)

a[uYV} =0,

F=A+1i0"j, .
The supersymmetry current Sy, is conserved, and the energy-momentum tensor 7},
is real, conserved, and symmetric. The S-multiplet contains 16 4+ 16 independent real

operators.?
If there is a well-defined complex scalar o such that the complex closed one-form Y,

in (2.2.7) can be written as Y, = d,z, then we can express
Vo=D,X , Dy X =0, (2.2.8)
where the chiral superfield X is given by

X =a(y) + V20¢(y) + °F(y) . (2:2.9)

In this case the S-multiplet takes the form (2.1.11) discussed in [46]. However, there
are situations in which X does not exist and we must use ), (for an example, see

subsection 2.2.3).

2.2.2 Improvements and Decomposability

The S-multiplet is not unique. It can be modified by an improvement transformation,
Sao'c - Saéc + [Domﬁd]U )
3_
Xa = Xa T §D2DQU : (2.2.10)

1 —
ya — ya + §DQD2U 3

3We define the number of independent operators as the number of components
minus the number of conservation laws. For example, the 4 x 5/2 = 10 components
of the energy-momentum tensor lead to 6 independent operators, because there are 4

conservation laws.
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where the real superfield U takes the form
U=u+t0n+07+6°N+0N — (05"9) V,, +--- . (2.2.11)

The transformation (2.2.10) preserves the constraints (2.2.4). It modifies the su-

persymmetry current and the energy-momentum tensor by improvement terms as

in (2.1.9) and (2.1.6),

Sep = Sop + 2(0,,), 5
) (2.2.12)
Ty — Th + 5 (0,0, — w0 u

and it also shifts
Fuw = P = 6(_8MVV BRI (2.2.13)
Y, =Y, —20,N .

In order for the improvement transformation (2.2.10) to be well-defined, the su-
perfield U must be well-defined up to shifts by a real constant. It is possible to express
this transformation entirely in terms of the well-defined superfield ¢, = D,U.* With
this understanding and for ease of notation, we continue to work in terms of U.

As we explained in the introduction, the S-multiplet is reducible, since x, and ),

are non-trivial sub-multiplets, but it is generally indecomposable. However, there are

4The superfield (, satisfies the constraints

D,Cs+ D3, =0,

., L - (2.2.14)
Do +2DsDol” + DoDsC" =0
In terms of (,, the improvement transformation (2.2.10) takes the form
Sac'v - Sad + DaZd - Ed(& 9
3—=2
Xa — Xa + §D Ca s (2.2.15)

1 — —a
yaﬁya—i_gDaDdC .

This is similar, but not identical, to the transformation (2.2.3), which involves the

superfield Z, defined in (2.2.2).
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special cases in which we can use improvements (2.2.10) to decompose the S-multiplet.

This gives rise to smaller supercurrent multiplets:

1)

If there is a well-defined real U such that y, = —%EQDQU , then y, can be
improved to zero. In this case the S-multiplet decomposes into x, and a super-

current J,4 satisfying

Edjad = yoc 5

B (2.2.16)
DY+ DpYa=0, DYa=0.

This is the FZ-multiplet [38]. It contains 12+ 12 independent real operators. If
it is possible to write YV, = D, X as in (2.2.8), then we recover the more familiar
form of the FZ-multiplet,
D" Jais = DuX
(2.2.17)

EC'YX -
If there is a well-defined real U such that X = —%EZU , then Y, = D, X can
be improved to zero. In this case the S-multiplet decomposes into ), and a
supercurrent R, satisfying

EdRad = Xa »
(2.2.18)

Do’zXoe =0 ) DaXoc = Ede

This is the R-multiplet [40,44-46,50]. Like the FZ-multiplet, the R-multiplet
contains 12 + 12 independent real operators. The constraints (2.2.18) imply
that 0"R, = 0, so that the bottom component of R, is a conserved R-current.

Conversely, any theory with a continuous R-symmetry admits an R-multiplet.

If we can set both y, and ), to zero by a single improvement transformation,
then the theory is superconformal and the S-multiplet decomposes into x., Va,

and an 8 4 8 supercurrent 7, satisfying

DT =0 (2.2.19)
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The FZ-multiplet and the R-multiplet allow residual improvement transformations,
which preserve the conditions x, = 0 and ), = 0 respectively.

With the exception of the special cases discussed above, the S-multiplet is in-
decomposable. This is because we insist on discussing only well-defined operators.
Other authors have decomposed the S-multiplet even when it is indecomposable, be-
cause they were willing to consider operators that are either not gauge invariant or

not globally well-defined.

2.2.3 The S-Multiplet in Wess-Zumino Models

As an example, we consider a general Wess-Zumino model with Kéahler potential

K (@i,gi) and superpotential W (®*). The Kahler potential and the superpotential

need not be well-defined: K may be shifted by Kéahler transformations,

K(®, ) — K(®,3) + A®') + (@) , (2.2.20)

and W may be shifted by constants. This is because the component Lagrangian of the
theory only depends on the Kahler metric g;z = 0;0;K of the target space, and on the
derivatives 9;WW of the superpotential. Thus, only g;; and ;I must be well-defined.

We can use the metric to construct the Kahler form
Q = ig dd A dP | (2.2.21)
which is real and closed, d2 = 0. Locally, it can be expressed as
O=dA, A= —%6,;Kd<1>i + %a;m@i . (2.2.22)

In general, the Kéhler connection A is not globally well-defined.
Using the equations of motion 52&]( = 40,W, we can check that the superfields

Sao'é = QQZEDQ(DZEQEE s
Xa =D DK | (2.2.23)

ya = 4DaW )
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satisfy the constraints (2.1.10). These operators are well-defined under Ké&hler trans-
formations (2.2.20) and shifts of W by a constant. Thus, the Wess-Zumino model has
a well-defined S-multiplet, as must be the case in any supersymmetric field theory.
We would like to know under what conditions this multiplet is decomposable, so that
it can be improved to an FZ-multiplet or an R-multiplet.

If we take U = —2K in (2.2.10), then x, is improved to zero and we obtain an
FZ-multiplet. This is allowed only if U ~ K is well-defined up to shifts by a real
constant. In other words, the Kahler connection .4 must be globally well-defined [46].
Note that this never happens on a compact manifold, where some power of 2 is
proportional to the volume form, which cannot be exact. As an example, consider a

single chiral superfield & with Kahler potential
K = f*log (1+|®f) , (2.2.24)

where f is a real constant of dimension one and ® is dimensionless. This Kéahler
potential gives rise to the Fubini-Study metric on CP', which is compact. In this
theory, the S-multiplet cannot be improved to an FZ-multiplet.

If W is not well-defined, then it is not possible to express )V, = D, X as in (2.2.8).
Therefore, such a model cannot have an R-multiplet. A simple example is a cylinder-
valued chiral superfield ® ~ ® 4 1, with canonical Kahler potential and superpoten-
tial W ~ ®. Going around the cylinder shifts W by a constant, and hence it is not
well-defined.

If W is well-defined, then so is X = 4W. We can improve X to zero and obtain
an R-multiplet if and only if the theory has a continuous R-symmetry. This requires a
basis in which the fields ®¢ can be assigned R-charges R; such that the superpotential
has R-charge 2,

2W = RDOW (2.2.25)

and the Kahler potential is R-invariant up to a Kahler transformation,

3 (Ritb’@K - R@%;K) — 2(07) + 2(P) . (2.2.26)

)
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Using (2.2.25) and the equations of motion, we can write
X=--DU, U=-)> RPOK. (2.2.27)

This U is real as long as the chiral superfield = in (2.2.26) is a constant. In other
words, K must be R-invariant up to shifts by a real constant. Furthermore, U is
well-defined as long as we only perform Kéhler transformations that preserve this R-
invariance of K. If both of these conditions are satisfied, then we can use U in (2.2.10)
to obtain an R-multiplet.

For example, the CP' model (2.2.24) has an R-multiplet. However, the cylinder-
valued superfield & ~ & + 1 with canonical K and W ~ & does not have an R-
multiplet. This follows from the fact that the theory does not have a well-defined X.
More explicitly, the superpotential W ~ & forces us to assign Re = 2, so that
the R-transformation multiplies the bottom component of ® by a phase, but this is

incompatible with the cylindrical field space ® ~ & + 1.

2.3 Physical Interpretation in Terms of
Brane Currents

We have seen that the S-multiplet, though generally indecomposable, can sometimes
be improved to a smaller supercurrent multiplet. This is possible whenever y, or )V,
can be expressed in terms of a real superfield U. The non-existence of such a U is an
obstruction to the decomposability of the S-multiplet. In this section we interpret

this obstruction physically.
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Let us consider the current algebra that follows from the S-multiplet,®

— y 1 o n . . 1 -
{Qe Sop} = g (QTuu - ggwwan + 00y Ju — M0’ — §5wpaap] ) )

(2.3.1)

14

{@p, Sant = 2i (Uuu)aﬂ?

Recall from (2.2.6) and (2.2.7) that the real closed two-form F),, is embedded in y,
and that the complex closed one-form Y), is embedded in },. To elucidate the role of

these operators, we define

1
Cuw = ——=€upa F*7 0"C =0,

16 (2.3.2)
Clwp = _5Wpa?a ) 0°Clp =0 .

The current algebra (2.3.1) then takes the form (2.1.4). We see that the Schwinger
terms depend only on j, and that there are no such terms in {Qg3, Sqau}. As we
mentioned in the introduction, the two-form current C,, is associated with strings
and the three-form current C),, is associated with domain walls. The appearance
of such currents in the four-dimensional N' = 1 current algebra was pointed out
in [37,53].

We can formally define the string and domain wall charges

Z, = /d% C.l, Zu= /d% ', (2.3.3)

and integrate the current algebra (2.3.1) to obtain the modified supersymmetry alge-

bra (2.1.3), which we repeat here for convenience:

{Qaaao‘é} - 205@ (PM + ZH) )

{Qm Qﬂ} = O-ZEZAW .

(2.3.4)

In obtaining this algebra, we have dropped the contributions from the j,-dependent

Schwinger terms in (2.3.1), which can contribute a boundary term to {Q., Q,}. The

5We use the fact that [€9°Qu +£,Q", 5] = i(€2Qu +E,0")S , for any superfield S.
Here @), is the supercharge and Q, is the corresponding superspace differential oper-

ator. The additional factor of 7 is needed for consistency with Hermitian conjugation.
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imaginary part of this boundary term must vanish by unitarity. The real part is
due to the term ~ ¢,,,,0”77 in (2.3.1), and we assume that it vanishes as well.
(We will revisit this point below.) Note that the string charge Z,, is algebraically
indistinguishable from the momentum F,. However, they are distinguished at the
level of the current algebra (2.3.1).

As we mentioned in the introduction, the brane charges Z, and Z,,, are not central
charges of the super-Poincaré algebra. Moreover, they are generally infinite, and only
the charge per unit volume is meaningful. For instance, it determines the tension of
BPS branes. Many authors have studied such BPS configurations (see e.g. [54,55] and
references therein). Our new point here is the relation between the brane currents
and the different supercurrent multiplets.

Under improvements (2.2.10) of the S-multiplet, the shifts of F},, and Y, in (2.2.13)
imply that the brane currents also change by improvement terms,

Cuw — Cu + zewwﬁpV" ,
(2.3.5)
Crvp — Cuvp +26p00° N,
where V,, and N belong to the superfield U in (2.2.11). Upon integration, these
improvement terms can contribute boundary terms to the brane charges 7, and 7,
Whether or not such boundary terms arise depends on the behavior of V,, and N at
spatial infinity. Note that the Schwinger term ~ €,,,,0°77 in (2.3.1) looks like an
improvement term for C),, with V,, ~ j,. As long as j,, V,, and N are sufficiently
well-behaved at spatial infinity, all boundary terms vanish and the brane charges are
not affected by the improvements (2.3.5). This is the case for isolated branes, as long

as the fields approach a supersymmetric vacuum far away from the brane.® The fact

In the presence of more complicated configurations, such as certain brane bound
states, this is no longer true. For instance, the Schwinger term ~ ¢,,,,0°77 in (2.3.1)
gives rise to a boundary contribution in the presence of domain wall junctions [37,56].
However, the string-like defect on which the domain walls end does not exist in

isolation, and hence this boundary term is not a conventional string charge.
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that improvements of the supersymmetry current do not affect the brane charges was
pointed out in [37,57].

With these assumptions, we conclude that the string charge Z, must vanish in
theories in which £, can be set to zero by an improvement transformation. This is
the case if and only if the S-multiplet can be improved to an FZ-multiplet. Likewise,
the domain wall charge Z,, must vanish in theories in which Y, can be set to zero
by an improvement transformation, and this happens if and only if the S-multiplet
can be improved to an R-multiplet. Conversely, the existence of strings that carry
charge Z,, is a physical obstruction to improving the S-multiplet to an FZ-multiplet,
and the existence of domain walls that carry charge 7, is a physical obstruction to
improving the S-multiplet to an R-multiplet.”

This point of view emphasizes the fact that the S-multiplet always exists, but
that it may be decomposable. The existence of brane charges in the supersymmetry
algebra is an obstruction to decomposability, and it forces us to consider different
supercurrents containing the corresponding brane currents: charged domain walls lead
to the FZ-multiplet, and charged strings give rise to the R-multiplet. Theories that
support both domain walls and strings with charges in the supersymmetry algebra
require the S-multiplet.

To illustrate this, we return to the Wess-Zumino models of subsection 2.2.3. If
such a model admits strings with charge Z,,, then x, = D’D.K in (2.2.23) cannot
be improved to zero. Therefore, the Kahler form € in (2.2.20) is not exact. In
this case, the operator F),, in the S-multiplet is proportional to the pull-back to
spacetime of €2, and the string current C),, ~ isu,,pggﬁ@pcﬁﬁaaj is topological. (This
is familiar in the context of two-dimensional sigma models, where the analogues of

four-dimensional strings are instantons.) If the string is oriented along the z-axis in

"This does not apply to branes whose charges do not appear in the supersymmetry
algebra. For instance, there can be strings in theories with FZ-multiplets, provided
the string charge does not appear in the supersymmetry algebra [58]. Clearly, such

strings cannot be BPS.
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its rest frame, then the string charge is given by Z, = £TgpsLd,3, where Tgps > 0
is a constant, L. — oo is the length of the string, and the sign is determined by the
chirality of the string. From (2.3.4), we see that the mass M of the string satisfies the
BPS bound M > TgpsL. If this bound is saturated, then the string has tension Tgpg,
and it preserves two real supercharges. A typical example is the CP' model (2.2.24),
which supports BPS strings with Tgpg ~ f2.

If the Wess-Zumino model admits domain walls that carry charge Z,,, then Y,
cannot be improved to zero. Hence, the theory does not have a continuous R-
symmetry. In this case, the operator Y, in the S-multiplet is proportional to the
pull-back to spacetime of the holomorphic one-form 9;Wd®*. If the domain wall is at
rest and lies in the xy-plane, then the non-vanishing components of the domain wall
charge are Z15 = —Z5 = 2zgpsA, where zgpsg is a complex constant and A — oo is the
area of the wall. From (2.3.4), we see that the mass M of the wall satisfies the BPS
bound M > |zpps|A. If this bound is saturated, then the wall has tension |zgps|, and
it preserves two real supercharges. A simple example is a single chiral superfield ®
with canonical Kahler potential and superpotential W = %@2 + %@3. This model
has two degenerate supersymmetric vacua, and it supports a BPS domain wall, which
interpolates between them. In this case zppg = —2AW, where AW = :I:é”Tz is the
difference of the superpotential evaluated in the two vacua; the sign is determined by

the choice of vacuum on either side of the wall.

2.4 Supercurrents in Three Dimensions

In this section, we discuss the analogue of the S-multiplet in three-dimensional the-
ories with /' = 2 supersymmetry. (Our conventions are summarized in appendix B.)
Just as in four-dimensions, this multiplet is the most general supercurrent satisfying
the requirements (a)—(d) laid out in the introduction. Consequently, it exists in every

supersymmetric field theory.
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2.4.1 The S-Multiplet

In three-dimensional ' = 2 theories, the S-multiplet is a real superfield S,, which

satisfies the constraints

EBSQ,B = Xa + yoe )

— 1 o
Daxs = 50%5 ; D%Xa =—=D X, » (2.4.1)
Dayﬁ+Dﬁya:O7 ana:_c7

where S, = Sg, is the symmetric bi-spinor corresponding to S, and C' is a complex
constant. We will see that C gives rise to a new kind of brane current, which is
qualitatively different from the brane currents we encountered in four dimensions.

It is straightforward to solve the constraints (2.4.1) in components:

S . i i g i
Sy = Ju—10 <S + \/—'Vuw> (Su - 7%¢> + _92Yu + 592Yu
— 1
— (67"9) <2Tw — A+ Zépr ) 00 ( EupF"? + €,,0" )

242
+ %6’25 (VV&,SM — évyvua”%) + 5929 ( Yo, S + \/5%%8”1#) | )
— %02 (8 9", ;82@) .
The chiral superfield x,, is given by
Xo = =i2a(9) + 03 (82" Dlu) = 7" (H0) = 520" ()
+58aC — 0, P0,3(0)
Ao = =275 5, + 3v2it),
D = —4T", +4A , (2.4.3)
Oty =0,
Fuw = —Fyu OpFp =0,

yt =at — iﬁfy“g ,
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and the superfield ), is given by
1- — _
Yo = V2o + 2.F — S840 + 20750 Y,y + V/2i (04"0) 107" o 07

1 _
— 020707,

+V2i004" PO, + 102" 00, F — 0°0,0"Y, +
Ve Oun 10 s O SN (2.4.4)

Yy =0,

F=A+10"j, .
The supersymmetry current Sy, is conserved, and the energy-momentum tensor 7},
is real, conserved, and symmetric. The S-multiplet now contains 12+ 12 independent
real operators, and the complex constant C'

If there is a well-defined complex scalar o such that the complex closed one-form Y,

in (2.4.4) can be written as Y, = d,z, then we can express
— 1 —
Yo=DaX ., DaDsX = —5Ceus | DX =0, (2.4.5)

where X | = x. If the constant C' vanishes, then X is chiral, just as in four dimensions.
If there is a well-defined real scalar J such that the real closed one-form H,

in (2.4.3) can be written as H, = 0,,.J, then we can express
Ya=iDoJ , DJ=—iC, (2.4.6)

where J| = J. If the constant C' vanishes, then J is a real linear multiplet.®

2.4.2 Improvements and Decomposability

The S-multiplet (2.4.1) can be modified by an improvement transformation

Sus = Sas + 3 (1De Dl + (D, D) U
Xo = Xa — D°DU |, (2.4.7)
Vo = Yo — %DQEQU ,

where the real superfield U takes the form

U=--+06*N -0 N + (64"9) V,, — i06K + --- . (2.4.8)

8A real linear multiplet O satisfies D0 = 0 and hence also D20 = 0.
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The transformation (2.4.7) preserves the constraints (2.4.1), and it changes the su-
persymmetry current and the energy-momentum tensor by improvement terms. It

also shifts
H,— H,—-40,K ,

Fu — Fu —4(9,V, = 8,V,) , (2.4.9)
Y, —Y,— 2(9#N :
The constant C' is not affected. As in four dimensions, the superfield U in (2.4.7) is
only well-defined up to shifts by a real constant, and we could instead work with the
well-defined superfield ¢, = D, U.°
Again, we distinguish cases in which the S-multiplet can be improved to a smaller

supercurrent:

1.) If C = 0 and there is a well-defined real U such that J = 2iDDU, then y, =
iD,J can be improved to zero and we obtain an FZ-multiplet
Eﬁja,@ = ya )
DoYs+DgYo=0, D°Vy=0.

(2.4.11)

This multiplet contains 8 + 8 independent real operators.

2.) If C' = 0 and there is a well-defined real U such that X = %EQU, then ), = D, X

can be improved to zero and we obtain an R-multiplet

EBR@B = Xa >

Doxs =0, D% =-D"%,, .

(2.4.12)

9In three dimensions, the superfield (, satisfies the constraints (compare

with (2.2.14))
EaCa = DaZa )

DaGy+ DsGa =0, (2.4.10)

D*Co+2D Dol + DaD Ty = 0.
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Like the FZ-multiplet, it contains 8 + 8 independent real operators. As in four
dimensions, the bottom component of the R-multiplet is a conserved R-current,

and the R-multiplet exists in every theory with a continuous R-symmetry.

3.) If ¢ =0 and we can set both x, and ), to zero by a single improvement
transformation, then the theory is superconformal, and it has a 4 + 4 multiplet
satisfying

D’ s =0. (2.4.13)

Note that the S-multiplet is decomposable only if the constant C' vanishes.

2.4.3 Brane Currents

The current algebra that follows from the S-multiplet takes the form

— Y 1 o~ .
{Qa Sﬂu} = YaB (QTw + ngupHp + 00,7, — @mwap]p)

1
+ ieap (Ze,pr”p + 5Wp3”j") , (2.4.14)

1 -
{Qa, Sput = ZC%L&B + Zgul/p%zﬁyp .

This allows us to identify the conserved brane currents

Cy ~ e, F"7 Cuw ~ eupH? Cl o~ ewY Cuvp ~ Cepup - (2.4.15)

p

The current C), is associated with zero-branes (it gives rise to a well-defined central
charge Z; see appendix B), while C,, and C’;W are associated with one-branes. The
current Cy,, is associated with space-filling two-branes.

As in four-dimensions, improvement transformations (2.4.7) of the S-multiplet
shift the brane-currents (2.4.15) by improvement terms, so that the corresponding
brane charges are unchanged. (The space-filling brane current C,,, is not affected.)
Thus, the zero-brane charge corresponding to ), and the one-brane charge corre-
sponding to C,, must vanish, if the S-multiplet can be improved to an FZ-multiplet.
The one-brane charge corresponding to O/’w must vanish, if the S-multiplet can be im-

proved to an R-multiplet. Conversely, the existence of branes carrying these charges
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is a physical obstruction to improving the S-multiplet to one of the smaller supercur-

rents.

2.4.4 Relation to Four-Dimensional Supercurrents

It is instructive to reduce the four-dimensional S-multiplet (2.1.10) to three dimen-

sions. Upon reduction, the four-dimensional superfield S, ; decomposes into a sym-

metric bi-spinor 3\&5 and a real scalar J , which arises as the component of the

four-dimensional S, in the reduced direction. Thus j contains a conserved cur-

rent corresponding to translations in the reduced direction. The four-dimensional

superfields ., Y, reduce to Ya, Y,. The constraints (2.1.10) then take the form
D85 = 2Dad + o+ Va

DoXs =0, DY, = _Ea§a 7 (2.4.16)

Daj)\ﬁ—FDﬁj)\a:O, Ezj}\azo-

These constraints imply that EQJAJQ = —(, where C' is a complex constant, and thus
o~ O
D7 = —% . (2.4.17)

The constant C' arises from the four-dimensional domain wall current C,,,, in (2.3.2),
but in three dimensions it represents a space-filling brane current. We identify (2.4.16)

as a three-dimensional S-multiplet (2.4.1) with
Yo = Ya +2iDuJ . (2.4.18)

In general, J is non-trivial, so that it cannot be set to zero by a three-dimensional
improvement transformation (2.4.7).

We see that the four-dimensional S-multiplet, which has 16 + 16 independent
operators, becomes decomposable upon reduction to three dimensions. It decom-
poses into a three-dimensional S-multiplet, which has 12+ 12 independent operators,
and another 4 + 4 multiplet. Likewise, the reduction of the four-dimensional R-

multiplet (2.2.18) decomposes into a three-dimensional R-multiplet (2.4.12), and an-
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other 4+4 multiplet. This is expected, because a continuous R-symmetry is preserved
by dimensional reduction.

However, the four-dimensional FZ-multiplet (2.2.16), which has 12 + 12 indepen-
dent operators, reduces to a three-dimensional S-multiplet (2.4.1), which is generally
indecomposable. This is because J gives rise to a non-trivial x, in (2.4.18), even

when Y, = 0.

2.5 Supercurrents in Two Dimensions

In this section, we present the analogue of the S-multiplet in two-dimensional theories
with /' = (0,2) supersymmetry. (Our conventions are summarized in appendix B.)
In appendix C we extend our results to theories with N' = (2,2) supersymmetry.

In two-dimensional ' = (0,2) theories, the S-multiplet consists of two real su-

perfields S, 7____ and a complex superfield WW_, which satisfy the constraints
0__S,y =DW_—-DW_,
D, T ___ = %a__w_ , (2.5.1)
DW_=C.

Here C is a complex constant. As in three dimensions, it is associated with a space-

filling brane current.

It is straightforward to solve the constraints (2.5.1) in components:
. . pTRaral A+
Sip=Jur —i07S4 1y —i0 Sy =070 Ty,
W_ = _S+__ — Z@ T++__ + 58__]4_4_ — 9 C + 50 0 3++S+__ 5 (252)
Lo+ lovy 5 Loiotae
T ___ =T ___ — 59 0__Si__ + 59 0__Si__+ ZG 0 07 _jit .

The supersymmetry current is conserved, and the energy-momentum tensor is real,

conserved, and symmetric,
044 54— + 0S4+ =0,
OpyThs —+0__Tii =0, (2.5.3)
Thpo =T 4y
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Thus, the S-multiplet contains 2+2 independent real operators,'’ and the constant C.

Note that j. . is not in general accompanied by another real operator j__.

The improvements of the S-multiplet (2.5.1) take the form

Siy — Sy +[Dy, DU,

W_ —W_+0__D,U, (2.5.4)
T ___—->T ___+ %aQU ,

where U is a real superfield, whose bottom component is well-defined up to shifts by

a real constant. The transformation (2.5.4) preserves the constraints (2.5.1) and it

changes the supersymmetry current and the energy-momentum tensor by improve-

ment terms. The constant C' is not affected.

As before, we distinguish special cases:

1)

If ¢ = 0 and there is a well-defined real superfield R__ such that W_ =

iD,R__, we obtain an R-multiplet
877R++ ‘|— 8++72,, — O 5

D. (T _ %an) —0. (259

Here we have relabeled S, — R,,. The bottom components of R, form a
conserved R-current with R = _411 Jdx (ji+ 4+ j——). Unlike in higher dimen-
sions, the R-multiplet now includes the same number (2 + 2) of independent
real operators as the S-multiplet: the conserved, symmetric energy-momentum

tensor, the conserved R-current, and two conserved supersymmetry currents.

If C' =0 and we can set W_ to zero by an improvement transformation, the
theory is superconformal and the S-multiplet decomposes into the right-moving

supercurrent

8778++ = 0 y (256)

19We count independent operators according to the rules explained in footnote 3.

This can obscure the counting in two dimensions. For instance, we do not count

left-moving operators, which satisfy 0, ;O = 0.
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and the left-moving component 7____ of the energy-momentum tensor.

The current algebra that follows from the S-multiplet takes the from

J— 7 .
{Qr Sivvt = —Thrvs — 50444,

2
{©+7 Sy _p=-Th _+ %8__j++ ; (25.7)
{Q+, 5444} =0,
{Q+7 SJr**} = 26 .

As in three dimensions, we interpret the constant C' as a space-filling brane current.
This brane current is not affected by improvement transformations (2.5.4), and it

must vanish whenever the theory admits an R-multiplet (2.5.5).

2.6 Examples

2.6.1 Fayet-Iliopoulos Terms

Consider a free U(1) gauge theory with an Fl-term in four dimensions:

& = i/cﬂe WeW, + c.c. +§/d46V. (2.6.1)

4e?
Here W, = —iﬁzDaV is the usual field-strength superfield. Using the equations of
motion DW,, = €2¢, we find that this theory has an R-multiplet
Raa = _%WaWd :
€ (2.6.2)
Xa = —4EW, .
It cannot be improved to an FZ-multiplet. Such an improvement would require U ~
¢V in (2.2.10), and this is not gauge invariant [43,46]. If we couple (2.6.1) to matter
with a generic superpotential, there will no longer be a continuous R-symmetry. In
this case the theory has an indecomposable S-multiplet; it admits neither an R-
multiplet nor an FZ-multiplet.
We see that x, ~ £W,, cannot be improved to zero in theories with an FI-term,

and therefore they do not have an FZ-multiplet. From our discussion in section 2.3
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we expect these theories to admit strings carrying charge Z,,. This is indeed the case:
even the simplest nontrivial example, supersymmetric QED with an FI-term, supports
such strings [59]. In this theory they turn out to be BPS, with tension Tgpg ~ &.
Note that the real two-form F), in x, is proportional to the U(1) field strength
in W,. Since F},, must be closed, we conclude that there are no magnetic charges

in U(1) gauge theories with an FI-term.

2.6.2 Chern-Simons Terms

Consider a free U(1) gauge theory with a Chern-Simons term and an FI-term in three

dimensions:

zz—é d4922+k/d4ezv+5/d4ev. (2.6.3)

Here ¥ = iDDYV is the three-dimensional field strength; it is a real linear superfield.
Using the equations of motion iDDY = 2e2¢ + 4e%kY. | we find that the theory has

an R-multiplet

1 _ _
Ras = 55 (DaZDsE + DsEDa¥) |

- e (2.6.4)
Xo=iDoJ .  J=-u- 7DD (%) .

If £ = 0, we can perform an improvement transformation (2.4.7) with U ~ 6%22 to

obtain an FZ-multiplet

1 — = 1 ) D
Tos = 55 (DaSDpE + DL Da¥) = 1 (Do, Dyl + [Dp, Dal) (2)
c 16e (2.6.5)
1 —o -
ya:DaX7 X:@D (22) :

Note that the Chern-Simons level k& does not appear explicitly.

2.6.3 Real Mass Terms

Three-dimensional AN/ = 2 theories allow real mass terms. Each real mass parameter m
is associated with a U(1) flavor symmetry. The flavor current is usually embedded in

a real linear multiplet 7,,, which contributes to the operator x, in the S-multiplet,
Xa ~ iMDyTpm . (2.6.6)
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Thus x, cannot be improved to zero in theories with real mass terms.

2.6.4 Two-Dimensional N = (0,2) K&hler Sigma Models

Consider a two-dimensional N = (0, 2) sigma model, whose target space is a Kéahler

manifold, such as CP'. The Lagrangian is
& = é / d9+do" 0,K0__ ' + c.c. , (2.6.7)

where K is the Kéhler potential and the ®* are chiral, D, ®* = 0. The classical theory
is superconformal, and it admits an S-multiplet (2.5.1) with S, ~ gﬁDJr(I)"EJr@j
and W_ = 0. Quantum corrections lead to a breakdown of conformal invariance, and

a non-zero YV_ is generated at one-loop,
W_~R:0__ oD, & . (2.6.8)

Here Rz = 0,05 log det g; is the Ricci tensor of the target space. This also shows that
the R-symmetry of the classical theory is anomalous. Note that we can write W_ =
iD,R__ withR__ ~ —id;logdet g,; __®* which is not globally well-defined. There-
fore, the R-symmetry is not violated in perturbation theory, even though the theory
does not admit a well-defined R-multiplet. In particular, the constant C' in (2.5.1)
cannot be generated perturbatively.

Nonperturbatively, instantons activate the anomaly and explicitly break the R-
symmetry. To see this in more detail, let us consider the Euclidean two-point func-
tion (S1__(0)Sy44(2,2)),"t where S, ~ Rﬁ@bi@__aj is generated by the one-loop
anomaly (2.6.8) and Sy, ~ gﬁwi&rJﬁj. Since this correlation function violates
the R-symmetry by two units, it vanishes in perturbation theory. However, instan-
tons that violate the R-symmetry by the same amount can lead to a nonzero answer.
For instance, this happens in the CP' model, where the (anti-) instanton of degree —1

has two fermion zero modes, and thus gives rise to a contribution

A2
(S4+--(0)S4+1+(2, Z) instanton ~ = (2.6.9)

UHere 2,7z are the Euclidean continuations of z=—, z+.
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Here A is the strong coupling scale of the theory. Upon integration, the residue
at z = 0 gives rise to a contribution C' ~ A? in (2.5.7). We conclude that instantons
generate the constant C'in (2.5.1). This was pointed out in [60] and explicitly verified
in [61].

2.6.5 A Quantum Mechanical Example

An interesting class of examples in which the superfield ), in the S-multiplet cannot
be expressed in terms of a chiral superfield X consists of Wess-Zumino models whose
superpotential W is not well-defined (see subsection 2.2.3). To briefly illustrate the
interesting quantum effects that can arise in such models, we consider the N' = 2

quantum mechanics of a real superfield ®:
L= /d@d@ (DPDP + W (D)) . (2.6.10)

Here the superpotential W is real. Since we are interested in the case where W is not
well-defined, we identify
b~ P4 21, (2.6.11)

and we choose

W =f®+cos?, (2.6.12)

where f is a real constant. The classical vacua are determined by the equation
sin® = f . (2.6.13)

When |f| > 1, there is no solution to (2.6.13) and SUSY is spontaneously broken at
tree level. When 0 < |f| < 1, there are two classical supersymmetric vacua satisfy-
ing (2.6.13). In this case the system has two different instantons, which interpolate
between these vacua — one for each arc of the circle (2.6.11). These instantons mix the
two vacuum states and lead to spontaneous SUSY-breaking. Thus, the model (2.6.10)
spontaneously breaks SUSY for all non-zero values of f. When f = 0, there are su-

persymmetric vacua at ® = 0, 7. Now the two instantons are still present and each
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one mixes the two vacua, but their contributions exactly cancel and supersymmetry
is unbroken.

Similar effects can arise in two-dimensional N = (2,2) theories when W is not
well-defined. These models often admit BPS solitons that preserve some of the super-
charges to all orders in perturbation theory. However, just as in the quantum mechani-
cal example above, nonperturbative effects can break the remaining supersymmetries,

so that the BPS property is not maintained in the full quantum theory [62,63].

2.7 Partial Supersymmetry Breaking and Space-
Filling Branes

The goal of this section is to clarify some issues about the phenomenon known as
partial supersymmetry breaking, and to relate it to our previous discussion about

supercurrent multiplets and brane currents.

2.7.1 A Quantum Mechanical Example

Following [52], we consider a quantum mechanical system with N' = 2 supersymmetry

{Q.Q} =21,
{Q.Q} =27, (2.7.1)
{QQt=22.

Here H is the Hamiltonian and the complex constant 7 is a central charge. Note that
the energy E satisfies the BPS bound E > |Z]. Let us study the representations of
the algebra (2.7.1) as a function of Z.

If Z = 0, the algebra has two-dimensional representations with generic energy £ >
0, and a one-dimensional representation with £ = (. The one-dimensional represen-
tation is supersymmetric; it is annihilated by both supercharges. If the Hilbert space
includes a state in this representation, N' = 2 supersymmetry is unbroken. If there

is no such state in the Hilbert space, supersymmetry is completely broken.
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For Z # 0, the situation is more interesting. The representations with generic
energy E > |Z| are two-dimensional, and they are similar to the two-dimensional
representations of the Z = 0 algebra. In particular, both supercharges act non-
trivially. There is also a one-dimensional representation with £ = |Z|, which saturates
the BPS bound. It is annihilated by one linear combination of the supercharges, while
the other linear combination acts as a constant. We say that such a state breaks N/ = 2
to N = 1. In other words, it partially breaks supersymmetry.

F under which all

Virtually all models have a Zy symmetry, implemented by (—1)
fermions are odd. Let us add this operator to the algebra (2.7.1). Most of the repre-
sentations discussed above easily accommodate this operator. The only exception is
the one-dimensional representation with £ = |Z| # 0, which must be extended to a
two-dimensional representation.!?

There is a fundamental difference between the partial supersymmetry breaking
that can happen when Z # 0 and the spontaneous supersymmetry breaking that can
happen when Z = 0.

If Z = 0, the algebra (2.7.1) admits supersymmetric representations. It is a
dynamical question whether or not the Hilbert space of the system includes such
supersymmetric states. Thus, whether or not supersymmetry is spontaneously bro-
ken is a property of the ground state. The high-energy behavior of the system is
supersymmetric.

Turning on a non-zero Z does not spontaneously break N' = 2 to A" = 1. Instead,
the original N' = 2 supersymmetry algebra with Z = 0 is deformed. This deformation
of the algebra is a property of the high-energy theory rather than a property of the
ground state. The ground state is determined by the dynamics. If it saturates the BPS
bound, E = |Z|, then N’ =1 is preserved. If all states have E > |Z|, supersymmetry

is completely broken.

2More generally, adding (—1) to the SUSY algebra doubles the size of a repre-
sentation, whenever the number of supercharges that do not annihilate that repre-

sentation is odd.
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From this point of view, Witten’s argument ruling out spontaneous partial su-
persymmetry breaking [12] is correct. It applies to the algebra with Z = 0. The
observation of [52] is that the algebra can be deformed to admit states that partially
break supersymmetry.

This quantum mechanical discussion also emphasizes the fact that partial super-
symmetry breaking has nothing to do with infinite volume or with the non-existence
of the supercharges. It is simply a consequence of deforming the supersymmetry

algebra.

2.7.2 Relation to Space-Filling Branes

In higher-dimensional systems, a central charge like Z in (2.7.1) is proportional to
the volume of space. For example, integrating the three-dimensional A/ = 2 current

algebra (2.4.14) gives

_ CA
(@ Qs} = 28492, {Qu Qb = 1% (272)

Here E is the vacuum energy density, and A — oo is the spatial volume. This leads
to the BPS bound E > |C|/8, so that the vacuum has positive energy whenever C' #
0. If the BPS bound is saturated, £ = |C|/8, then the vacuum breaks half of
the supercharges, preserving only N’ = 1 supersymmetry. If the BPS bound is not
saturated, then SUSY is completely broken.

The same phenomenon occurs in two-dimensional N' = (0, 2) theories. Integrating

the current algebra (2.5.7) leads to

(@004} =20L,  {QuQu}=-F. (2.73)

where L. — oo is the spatial volume. Just as in three dimensions, we obtain a BPS
bound E > |C|/8. If this bound is saturated, then the vacuum preserves only one real
supercharge and SUSY is partially broken from N = (0,2) to N' = (0,1). Otherwise,
supersymmetry is completely broken.

It should now be clear that partial supersymmetry breaking can be interpreted in

terms of space-filling brane currents, which give rise to constants in the SUSY current
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algebra [52]. The deformation of the ordinary current algebra by these constants

implies that some of the supersymmetries are always realized non-linearly.

2.7.3 Examples

There are copious known examples of theories with partial supersymmetry breaking.
Many of them arise as effective field theories on various BPS branes in field theory
and string theory.

Perhaps the simplest examples occur in quantum mechanics. The theory of DO-
branes exhibits partial supersymmetry breaking. This was used in the BFSS matrix
model [64] and further explored in [65]. Two-dimensional examples arise on the world
sheet of strings. The standard Green-Schwarz light-cone string exhibits N = 16
supersymmetry broken to N = 8. Other examples in two dimensions were studied
in [52,66].

An interesting phenomenon arises in the two-dimensional N = (0, 2) sigma model
(2.6.7). As we discussed in subsection 2.6.4, the constant C' in (2.7.3) cannot be gen-
erated perturbatively. Thus, the theory and its vacuum preserve N' = (0,2) super-
symmetry to all orders in perturbation theory. Nonperturbatively, the constant C' is
generated by instantons, and the supersymmetry algebra is deformed [60,61]. There-
fore, the vacuum preserves at most one real supercharge. As was pointed out in
section 2.7.1, BPS vacua that preserve one real supercharge must come in pairs in
order to represent (—1)%. Such pairs of BPS vacua do not constitute short represen-
tations, and consequently it is not easy to establish their existence.

Three-dimensional theories with partial supersymmetry breaking can be found
on the world-volume of BPS domain walls embedded in four dimensions. These
theories admit a three-dimensional S-multiplet (2.4.1) with C' ~ zpps, which leads
to partial SUSY-breaking [67]. In this class of models, the constants in the SUSY
current algebra arise due to the presence of physical space-filling branes embedded in
a higher-dimensional theory.

Another three-dimensional example is a variant of the two-dimensional model
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studied in [66]. It has a space-filling brane current at tree-level. We start with a
Wess-Zumino model with a single chiral superfield ®, canonical Kahler potential, and
superpotential

W=wlogd . (2.7.4)

Here w is a complex constant. Note that this W is not globally well-defined. The
model has a U(1) flavor symmetry under which ® has charge 1 and W is shifted by

a constant,

5U(1)(I) =—1d |
(2.7.5)

doyyW = —iw .
The scalar potential leads to runaway behavior and the theory does not have a
ground state. In order to avoid the runaway, we turn on a real mass m for the U(1)
flavor symmetry. This stabilizes the runaway potential and it deforms the superco-

variant derivatives by the action of the U(1) symmetry,

Doc - Da + mga(SU(l) )
o (2.7.6)
Da — Da —+ meach(l) .

The chiral superfield ® still satisfies D,® = 0. Using the equations of motion Do =

—%_ we can check that this model has an S-multiplet (2.4.1) with

Sop = Do®Ds® + Dsg®D,®

Xa =~ D' Dy (89) — 4im D, (¥0) |
(2.7.7)
yoz = 4WD&(I) )
P
C =16imw .

The vacuum saturates the BPS bound and supersymmetry is partially broken from
N=2to N =1.

The interpretation of partial supersymmetry breaking in terms of space-filling
brane currents also applies to four-dimensional ' = 2 theories. Examples of such the-
ories are world-volume theories of BPS three-branes embedded in six dimensions [68],
and gauge theories with magnetic FI-terms [69,70]. At low energies, these models are

described by four-dimensional Born-Infeld actions with AV = 1 supersymmetry [71,72].
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2.8 Constraints on Renormalization Group Flow

Consider a supersymmetric quantum field theory with a UV cutoff. This theory must
have a well-defined supercurrent multiplet. In this section we discuss the behavior of
this multiplet under renormalization group flow. This allows us to constrain the IR
behavior of the theory.

All supercurrents furnish short representations of the supersymmetry algebra.
(Equivalently, they satisfy certain constraints in superspace.) As is typical in super-
symmetric theories, short multiplets are protected: they must remain short under
renormalization group flow. Therefore, the structure of the supercurrent multiplet is
determined in the UV. This structure is then preserved at all energy scales along the
renormalization group flow to the IR.

Before presenting specific applications of this reasoning, we would like to empha-

size three important subtleties:

1.) In the extreme UV the theory is superconformal and it has a superconformal
multiplet. As we start flowing toward the IR, the superconformal multiplet
mixes with another multiplet and becomes larger — it turns into one of the
multiplets discussed above. In this section, we would like to discuss the renor-

malization group flow starting at a high, but finite UV cutoff.

2.) The opposite phenomenon happens in the extreme IR, where the theory is again
superconformal and the multiplet becomes shorter. This happens because some
non-trivial operators flow to zero at the IR fixed point. (If the low-energy theory
is completely massive, the entire multiplet flows to zero in the extreme IR.)
Therefore, our conclusions about the low-energy theory will be most interesting

when we consider the theory at long, but finite distances.

3.) The supercurrent multiplet must retain its form under renormalization group
flow. In particular, constants that appear in the multiplet cannot change along

the flow. This does not mean that these constants, or other operators in the
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multiplet, are not corrected in perturbation theory, or even nonperturbatively.

However, these corrections are completely determined by the UV theory.

Consider a four-dimensional theory that admits an FZ-multiplet in the UV. This
FZ-multiplet must exist at all energy scales. Therefore, the theory cannot have strings
carrying charge Z,,. If the low-energy theory is a weakly coupled Wess-Zumino model,
perhaps with some IR-free gauge fields, the existence of the FZ-multiplet in the IR
implies that the target space of the Wess-Zumino model has an exact Kahler form
(in particular, it cannot be compact), and that there is no Fl-term for any U(1)
gauge field [43,46]. This statement is nonperturbatively exact. It holds even if the
topology of the target space or the emergence of U(1) gauge fields at low energies
is the result of strong dynamics. (For earlier related results see [73] as referred to
in [74], and [41,75,76].) This reasoning can also be applied to constrain the dynamics
of SUSY-breaking [6].

Likewise, a four-dimensional theory with a non-anomalous continuous R-symmetry
in the UV admits an R-multiplet, and it must retain this multiplet at all energy scales.
Consequently, a theory with a continuous R-symmetry cannot support domain walls
that carry charge Z,,,. (Another application of tracking the R-multiplet from the UV
to the IR was recently found in [77].) A theory that admits both an FZ-multiplet
and an R-multiplet supports neither strings nor domain walls with charges in the
supersymmetry algebra.

Let us demonstrate this in specific examples. Pure SU(N,) SUSY Yang-Mills

t.13

theory admits an FZ-multiplet, but no R-multiple It has N, isolated vacua,

and it supports domain walls carrying charge Z,, that interpolate between these

13The situation in this theory is similar to the discussion in subsection 2.6.4. The
superconformal invariance of the classical theory is broken by quantum corrections.
At one-loop we find an FZ-multiplet with X ~ Tr WW,, so that the R-symmetry
is anomalous. Even though the theory does not admit a well-defined R-multiplet,
the R-symmetry is not violated in perturbation theory. Nonperturbatively, instantons

activate the anomaly and explicitly break the R-symmetry.
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vacua [53]. However, it does not support charged strings. On the other hand, SUSY
QCD with Ny > N, massless flavors has an FZ-multiplet and an R-multiplet, and thus
it supports neither strings carrying charge Z, nor domain walls carrying charge Z,,.'*
For N, < Ny < %NC, the IR theory is a weakly coupled Wess-Zumino model, in some
cases with IR-free non-Abelian gauge fields [18-20]. The target spaces of these Wess-
Zumino models all have exact Kéhler forms [46]. This is particularly interesting in
the case Ny = N,, when the topology of the IR target space is deformed [18].

Just as in four dimensions, we can use supercurrents to constrain the IR behav-
ior of supersymmetric field theories in two and three dimensions. In particular, we
can establish whether a given theory admits branes, whose charges appear in the
supersymmetry algebra. This is especially interesting for space-filling branes, which
manifest themselves as constants in the various supercurrent multiplets. As such,
they are not affected by renormalization group flow. If they are not present in the
UV theory, they do not arise at low energies.

When comparing the UV and the IR theories, we must use the supercurrents of
the full quantum theories. These may differ from the classical multiplets by pertur-
bative or nonperturbative corrections. For example, we saw in subsection 2.6.4 that
anomalies can modify the multiplet at one-loop. Likewise, the constant C' in the
two-dimensional S-multiplet (2.5.1) can be be generated by instantons. However, we
emphasize again that this change in the value of C' can be seen by performing an
instanton computation in the UV theory.

One way to constrain the form of these quantum corrections is to follow [16]
and promote all coupling constants to background superfields. For instance, we can
introduce a coupling constant 7 in the sigma model (2.6.7) by letting 0, K — 70; K.
We then promote 7 to a background superfield. It is clear from (2.5.1) that the
constant C' in the S-multiplet can be modified by quantum corrections only if 7 is

a chiral superfield, D7 = 0. This is the case for the CP' model, since Kéhler

“When N; < N, the theory does not have a stable vacuum and we do not discuss

it [13)].
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transformations in an instanton background force 7 to be chiral, and in this theory C'
is indeed generated by instantons [60,61]. In sigma models whose target space has an
exact Kahler form, 7 can be promoted to an arbitrary complex superfield, and in this
case C is not generated.'® (For a recent discussion of nonrenormalization theorems

in two-dimensional N = (0, 2) theories see [78].)

2.9 Appendix A: The Energy-Momentum Tensor

In this appendix we review some facts about the energy-momentum tensor. Noether’s
theorem guarantees that any translation invariant local field theory possesses a real,

conserved energy-momentum tensor ﬁw,
8T, =0, (2.9.1)

which integrates to the total momentum

I

P, = /dD_lx T. . (2.9.2)

The energy-momentum tensor is not unique. It can be modified by an improvement

transformation,

Ty, — Ty + 0B,y By = =By - (2.9.3)

The improvement term 9”B,,, is automatically conserved and it does not contribute

to the total momentum (2.9.2). For some choices of B the energy-momentum

Qrps
tensor JA“W is not symmetric. (This is emphasized by the hat.) For instance, the
canonical energy-momentum tensor in Lagrangian field theories is not symmetric, if

the theory contains fields with non-zero spin.

15C violates the R-symmetry by two units and therefore it can only be generated
by instantons with two fermionic zero modes. Such instantons must be BPS, and
they only exist in sigma models, whose Kéhler form is not exact. (See the related

discussion around (2.6.9).)
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Lorentz invariance guarantees that there is a choice for B,,, that leads to a sym-
metric energy-momentum tensor 7),, = 7,,,. This is well-known for Lagrangian field
theories [79], but it holds more generally. Lorentz invariance implies the existence of

a real conserved current j,,,,

apj;wp =0, j/uxp = _jljup ) (2-9-4)

which integrates to the Lorentz generators

T = /dD—la: G (2.9.5)

The generators J,,, are time-independent and they satisfy i[P,, J,,| = 1P, — 04, Py,
so that the current j,,, must take the form

A~

Juvp = TpTyp — 2 Tpp + Spp Spvp = ~Svup - (2.9.6)

Here s,,, is a local operator without explicit z-dependence. We can obtain a sym-
metric energy-momentum tensor 7}, by performing an improvement transforma-
tion (2.9.3) with

1
By = B (Svpu + Svpp + Supw) - (2.9.7)

In terms of T}, the currents (2.9.6) can be written as j,., = z,1,, — 2,7},,, up to an
overall improvement term.
The symmetric energy-momentum tensor 7}, is also not unique. It can be modified

by further improvement transformations (2.9.3), as long as B,,, satisfies
0”By, = 0°By,, , (2.9.8)

so that T}, remains symmetric.'® In general B, has spin-1 and spin-2 components.

If we restrict ourselves to the spin-1 component, we can write

B,ul/p = nupUy - nuuUp ’ a['qu] =0 N (299)

Locally, we can express B, = 7Y,

wovp, Where Y5, has the symmetries of the

Riemann curvature tensor. (It is antisymmetric in each pair po and vp, but symmetric

under the exchange of these pairs). However, Y),;,, may not be well-defined.
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so that the remaining allowed improvements for 7}, are given by
T, — Ty + 0,U, —1,0°U, . (2.9.10)

If there is a well-defined real scalar u such that U, = 0,u, these improvements take

the more familiar form

Ty — Tpw + (8,00 — 0w0®) u . (2.9.11)

2.10 Appendix B: Conventions in Two and Three
Dimensions

In this appendix we summarize our conventions for spinors and supersymmetry in
two and three dimensions. Whenever possible, we use the dimensionally reduced
conventions of Wess and Bagger [34]. In any number D of dimensions, we take the
Minkowski metric to be 7,, = — + -- -+, where the Lorentz indices y, v run from 0
to D — 1. We normalize the totally antisymmetric Levi-Civita symbol as €g;....p—1) =

—1.

2.10.1 Conventions in Three Dimensions

In D = 3, the Lorentz group is SL(2,R) and the fundamental representation is a real
two-component spinor 1, = 1, (aw=1,2). There are only undotted indices and as
in D = 4, they are raised and lowered by acting from the left with the antisymmetric
symbols €,5 and 7,

U =g, Yo =eapl’ (2.10.1)

There is now only one way to suppress contracted spinor indices,

Ux =9 Xa (2.10.2)

and this leads to some unfamiliar signs, which are absent in D = 4. For instance,

under Hermitian conjugation we have

(¥x) = —X¢ - (2.10.3)
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We work in a basis in which the three-dimensional gamma matrices are given by'”

Y= (-1,0'0% . (2.10.4)

3

Here 1 is the 2 x 2 unit matrix, and ¢!, 0% are Pauli matrices. The gamma matri-

ces (2.10.4) are real, and they satisfy the following identities:
Vo = Voo
(12701 = 8> + em0(3,) ) (2.105)
(/Yu)aﬁ (’7;1))\,{ = Carfkp + Ear€Ap -

We can use these to switch between vectors and symmetric bi-spinors,

1
los = =2yl lu= 0 as s Lap = sa - (2.10.6)

The conventional N' = 2 supersymmetry algebra in D = 3 takes the form
{Qa, Qs} = 2045Pu + 2icapZ
{Qon Qﬂ} =0.

The real scalar Z is a central charge. (As in four dimensions, we can extend (2.10.7)

(2.10.7)

by adding additional brane charges [36].) This algebra admits a U(1)g automorphism
under which (), has charge —1,

[Rv Qa] = —Qa - (2108)

If the central charge Z in (2.10.7) vanishes, then N/ = 2 superspace in D = 3 is the
naive dimensional reduction of N' = 1 superspace in D = 4. The supercharges Q,

are represented on superfields S(x, 0, 6) by differential operators Q,,

€°Qa — €°Q,, 5] =i (5“ Q. — E“@a) S, (2.10.9)
with 5
Qo = 00 +1(70),, O
9 (2.10.10)
_a E— —i “(9 (9 .
Q 89 (7 )a M
"These gamma-matrices are obtained by reducing O'Z 5 along the four-

dimensional 2-direction.
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The corresponding supercovariant derivatives are given by

0 _
Do =55z = (7"0) O
s (2.10.11)
E04 =——a T i (Pyue)oz aﬂ
They satisfy the identities
{Da,bg} = ’laag y
DD, =D"D,, , (2.10.12)

{Ds,Dg} =0

These formulas can be used to derive other useful identities, such as EaﬁﬂDB =

EﬂEﬁDa. To write supersymmetric actions, we also need the superspace integrals

/d2992 ~1, /d2§§2 =1, /d‘*@ 020" = —1 . (2.10.13)

1
2

2.10.2 Conventions in Two Dimensions

In D = 2, the irreducible representations of the Lorentz group are real and one-
dimensional. There are two inequivalent real spinors 1),. They can be obtained by

reducing from D = 3 and identifying'®
Vo=t 7 Y-, YPa=2 = Py . (2.10.14)
As in (2.10.1), we raise and lower indices according to
Yt =—y_, =1, . (2.10.15)
We will only use spinor indices %, so that every vector £, is written as a bi-spinor
loy =0TT =2l £ 0y) . (2.10.16)
This leads to some unfamiliar numerical factors. For instance,

62 = —% (£++€++ + 877677) == _i£++€ . (21017)

18In our conventions, this corresponds to reducing along the three-dimensional 1-

direction.
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The conventional N' = (2,2) supersymmetry algebra in D = 2 takes the form

{Q+,Qp} = Py,
{Q+.Q-} =7, (2.10.18)
{Q+7@7} = Z .

The complex scalars Z and Z are central charges. This algebra admits a continu-

ous U(1)g, x U(1)g, automorphism

[RVa Q:I:] = _Q:I: ) [RV7 Z] =27 )
B B (2.10.19)
[RAa Q:I:] - :FQ:I: P [RAa Z] =27 P
as well as a Zy mirror automorphism
Q Q. , Z<Z, RyoRa. (2.10.20)

If the central charges in (2.10.18) vanish, then N = (2, 2) superspace in D = 2 is the
naive dimensional reduction of N' = 2 superspace in D = 3. The supercharges Q.+

are represented on superfields S(x, 0, ) by differential operators Q..

Qi+ Q. —€Q, —€ Q_,5) =i (§+Q+ +EQ -0, - Z‘é_) S,

(2.10.21)
with P »
T+
Qi = 90+ 59 Oxx
P . (2.10.22)
Qy=——x— Eeiazl::t
o 2
The corresponding supercovariant derivatives are given by
0 (gt
=305 T 59 Oxs
- 9 ; (2.10.23)
Dy =———+-0%0.4
00 2
They satisfy the identities
{Dy, Dy} =04y ,
(2.10.24)

=2
Di =D, ={Dy,D:}=0.
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The N = (0,2) subalgebra of (2.10.18) takes the from

{Q—F?@—i-} = _P++ )

Q1 =0.

(2.10.25)

It admits a U(1)g automorphism under which @, has charge —1. To obtain N =

(0,2) superspace, we simply set 6~ = 0 in N = (2, 2) superspace.

2.11 Appendix C: The S-Multiplet in

Two-Dimensional A = (2,2) Theories

The S-multiplet in two-dimensional theories with A = (2, 2) supersymmetry consists

of two real superfields S;., which satisfy the constraints

DiS++ =+ (x5 + V) , (2.11.1)

where

-D:I:X:t =0 )

Dixs = +C%®) (2.11.2)

DJrX* _37Y+ =k 9
and

DiY, =0,

DYy = FCH) | (2.11.3)

D+y_ ‘I— D_y+ - k, .

Here k, k' and C™*) are real and complex constants respectively.

92



It is straightforward to solve the constraints (2.11.1) in components:

Sis = jou — 075y — 67T <S¢ii + 2\@2@1) — 0 Siss

L _ _ kot k!
— 0" (Sews £2V2its) — 00 Turss + 670" <A - +2 )

00 Y ar +i0 0 VoL +i070 Guow Ti0 0 Gy o1
1. 1, - _ S
T §9+079i8iis$ii + §9+970$8ii (Si:F$ + 2\/§/Lw$>

R —  R— —
T 500 05 0usTis F 500 070us (S T 2V 20005
1 e
+ Ze*em*e 02 s .
The chiral superfields y4 are given by

: . _ AN a0t
X+ = —idi(y) — 07 Giiy) + 0 (E(y) + 5) 0 CO+0%070,4 A (y)

Yo = —iA_(y) — 0" (E@) - g) LG (y) BT 000N, (y) |

A = £S04 + V20t

1 1 . ,
E= 5 (T —A) + 1 (O44Je — O——jt1)
041G —0__G11 =0,

Y= = ot 14i0=0" ,
(2.11.5)

and the twisted (anti-) chiral superfields Y, are given by
Vi = V2 (§) +0° (F@’) + ’“5) —i0 Yy (§) — 0 CO + V20070 0, - (7)
Yo =V2p_(y) - 6" (F(@ - %) +6°CD —if Y__(§) + V2010 0__i ()
F= —% (Ths—— +A4) - i Q44— +0—_jiy) ,

O Y__ —0__ Y, =0,

T = ot 4 400
(2.11.6)

The supersymmetry current is conserved, and the energy-momentum tensor is real,
conserved, and symmetric. The S-multiplet contains 8 +8 independent real operators

and the constants k, k', C'F).
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The mirror automorphism (2.10.20) acts on superspace by exchanging = < —0
and D_ « D_. The constraints (2.11.1), (2.11.2), and (2.11.3) are invariant, if we

accompany this action on superspace by

SiiHiSii ) X+<_>y+ ) X*H_yf )
(2.11.7)

ko -k, CHDeoc® oo
This implies that Q_ «— Q_, Z « Z, and Ry < R4.
The S-multiplet of N' = (2,2) decomposes into multiplets of the N' = (0,2)

subalgebra. This decomposition includes the S-multiplet of A = (0,2), which is

given by
8++’97:0 )
W_=i(x==Y-) |,y (2.11.8)
1 —
T = 5[D_, D_)S__|, _, -

These superfields satisfy the constraints (2.5.1) with C' = 2iC). After the A" = (0, 2)
projection, the constants k, &’ can be eliminated by a shift of 7', , __, which amounts
to an unobservable shift in the total energy.

The S-multiplet (2.11.1) can be modified by an improvement transformation
Si+ — Six +[Di, DU ,
X+ = X+ — Dy D_D.U , (2.11.9)
yi - yi - Dib+E,U .

Here U is a real superfield, which is well-defined up to shifts by a real constant.

In some cases, the S-multiplet can be improved to a smaller supercurrent:

1.) If k = C™®) = 0 and there is a well-defined real U such that y» = D, D_D.U,

then y4 can be improved to zero and we obtain an FZ-multiplet
bij¥$ =+V5,
DyYy=0, DyY-=0, (2.11.10)

DY +D.Y, =k .
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This multiplet contains 4+4 independent real operators and the real constant &’.

It follows from (2.11.10) that

8++j__ - a__j++ - 0 y (21].].1)

so that the bottom component of the FZ-multiplet gives rise to a conserved R 4-
current with Ry = —5 [ dx (o4 —j—-).
If ¥ = C® =0 and there is a well-defined real U such that Yy = D.D.D_U,
then )y can be improved to zero and we obtain an R-multiplet
DiRgz = £x3 ,
E:N:X-‘r =0 ) E:N:X— =0 ) (21112)
D+X, —E,YJ’_ - k .
Like the FZ-multiplet, it contains 4 + 4 real operators, as well as the real con-
stant k. It follows from (2.11.12) that

a++R__ + a__R++ — 0 5 (21113)

so that the bottom component of the R-multiplet is a conserved Ry -current
with Ry = —1 [ dz (j11 + j——). Note that the mirror automorphism (2.10.20)

exchanges the R-multiplet and the FZ-multiplet.

If k =k = C™® = 0 and we can set both y4 and Y, to zero by a single improve-
ment transformation, then the theory is superconformal and the supercurrent

satisfies

DiJyy =0, DiJ _=0. (2.11.14)

The current algebra that follows from the S-multiplet takes the form

{Qs, Ssaat=—Thors — %8iijii ,

{Qu, Sigt =Ty * % (k—K)+ %8$¥jii ;

{Qs, Spae} =207 (2.11.15)
{Q4,S_si}=FiV iy,

{Qy, 5 11} = FiGys .
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This allows us to identify the conserved brane currents. The zero-brane currents FiY ;4
and +iG4 4 give rise to well-defined central charges Z and Z. These currents are ex-
changed by the mirror automorphism (2.10.20). The constants C*) and k — k' are

interpreted as space-filling brane currents, which can lead to partial SUSY-breaking.

2.12 Appendix D: Additional Supercurrent

Multiplets?

In this appendix we consider certain multiplets that are more general than the S-
multiplet. We show that they are acceptable supercurrents only if they differ from
the S-multiplet by an improvement transformation.

One such multiplet was proposed in [42,47]; see also [48,49]. It is a real super-

field IC,, that satisfies the constraints

Dan =Y, DaXa = 5@Yd )
o o (2.12.1)
DdX:yzoa DaX/a:Ddy/a )
Dayﬁ+Dﬂya:O> 523}@:0~
If x!, = 0, we recover the S-multiplet (2.1.10).
It is straightforward to solve the constraints (2.12.1) in components. In particular,

we find that

1

~ 1 O .
K“‘Go”? - 2TVH - TI,LWA - gguupo (Fp +40%j ) 9

F, . (2.12.2)

The operators A, F),,, j, are familiar from the S-multiplet, while the real closed two-

form F},, comes from the superfield x;,. The energy-momentum tensor T, v 1s real and

conserved,
T, =0, (2.12.3)
but it is not symmetric,
Ty =T, = EFLV . (2.12.4)



However, Lorentz invariance guarantees that ﬁw can be improved to a symmetric
energy-momentum tensor 7),, (see appendix A).
The allowed improvements of (2.12.1) take the form

ICOééé - ICozd + Daid - Edza ;
3

Yo = Yo+ 7 (D'Za = 2DaD.S" = DDLS") |
N - (2.12.5)
o= X <D Yo+ 2Da D" + DaDd2a> ,
1 — =a
ya - ya + §DaDdE )
where X, satisfies the constraint
DoYs+ DsSe = 0. (2.12.6)

The transformation (2.12.5) shifts the energy-momentum tensor by an improvement

term of the form (2.1.6),

Ty — Top + 0,Uu = U, . Uy = 0. (2.12.7)

~

If this improvement makes T}, symmetric, then (2.12.4) shows that it also sets the
two-form F},, to zero, and hence the entire superfield x;, vanishes. Thus, the mul-
tiplet (2.12.1) is an acceptable supercurrent only if it is decomposable and can be
improved to an S-multiplet.

As an example, we consider a supercurrent that arises in conjunction with non-

minimal supergravity theories [40,50]. In our conventions it takes the form

EdCgozéz = ZX/OC + DOcX )

X = _% (ﬁxa 42D D + DQEJC“) , (2.12.8)
1 —= o
= DaA\
33n +1)
where
Dads+ Dgha =0 , (2.12.9)

and n is a complex parameter. We immediately see that it is possible to set x/, to

zero by an improvement transformation (2.12.5) with 3, = —%)\a. This gives rise to
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an S-multiplet

9 _
Sad = gad - g (Da)\o'z - Dd>\a) ) (21210)
with 1 _ .
\o = -3 (P —2DuD, 3~ DY)
2 . B (2.12.11)
X =-— D" .
3n+1

This form of the multiplet makes manifest two special cases: if n = 0, we obtain an R-

1

multiplet, and if n — —3,

we obtain an FZ-multiplet. (These values of n correspond
to the new-minimal and the old-minimal limits of non-minimal supergravity.) The S-
multiplet (2.12.10) is decomposable when A\, = D,U, where the real superfield U is
well-defined up to shifts by a real constant. Then, it can be improved to either an FZ-

multiplet or an R-multiplet. In particular, in this case the theory has a continuous R-

symmetry.
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Chapter 3

Exploring Curved Superspace

3.1 Introduction

In this chapter, we present a systematic analysis of Riemannian manifolds that admit
rigid supersymmetry, focusing on four-dimensional ' = 1 theories with a U(1)g
symmetry. We can place any such theory on a Riemannian manifold M by minimally
coupling it to the metric. The resulting theory is invariant under supersymmetry

variations with spinor parameter ¢,! as long as ¢ is covariantly constant,
V,.(=0. (3.1.1)

The presence of a covariantly constant spinor dramatically restricts the geometry
of M, and it is not necessary in order to preserve supersymmetry. In many cases it
is possible to place the theory on M in a certain non-minimal way, such that it is
invariant under some appropriately modified supersymmetry variations. In this case
the differential equation satisfied by the spinor ( is a generalization of (3.1.1).

Several such generalizations have been considered in the literature. For instance,

!The spinor ( is left-handed and carries un-dotted indices, (,. Right-handed
spinors are distinguished by a tilde and carry dotted indices, E‘i. Our conventions are

summarized in appendix A.
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we can twist by a line bundle L. Given a connection A, on L, this leads to
(V,—1A,)¢=0. (3.1.2)

This equation admits a solution if and only if M is Kéhler [80]; see also [81]. The
relation between twisting and rigid supersymmetry on Kahler manifolds is discussed
in [82]. A different generalization of (3.1.1) arises if we set only the spin-2 component
of V,( to zero,

Vu(=o0un . (3.1.3)
The spinor 7 is not independent. Rather, it captures the spin—% component of V,(,

~ 1.
=-70"Vu( . (3.1.4)

Equation (3.1.3) is known as the twistor equation. It has been studied extensively in
the mathematical literature; see for instance [83,84] and references therein. Finally,

we can consider the twistor equation (3.1.3) in conjunction with the twist by L,
(Vi —iAu) (=01 - (3.1.5)

This equation clearly includes (3.1.1), (3.1.2), and (3.1.3) as special cases. It was
recently studied in the context of conformal supergravity [85].
As we will see below, a systematic approach to supersymmetric field theory on

curved manifolds leads to a different generalization of (3.1.1) and (3.1.2),
(V,—1A,)¢=—iV,( —iV"0,,( . (3.1.6)

Here V# is a smooth, conserved vector field, V,V# = 0. This equation is closely
related to (3.1.5), although there are important differences. We can express (3.1.6)
as

(Vi —iA)¢ = =5 0u(V5.0) | (3.1.7)
where EH = A, — 3V,,. Therefore, every solution ¢ of (3.1.6) is a solution of (3.1.5).
However, given a solution ¢ of (3.1.5), we see from (3.1.7) that it satisfies (3.1.6) only

if 77 in (3.1.5) can be expressed in terms of a smooth conserved V#,
7= —%V”ayg . VR =0. (3.1.8)
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This is always possible in a neighborhood where ( does not vanish. By counting
degrees of freedom, we see that V* is determined up to two functions, which must
satisfy a differential constraint to ensure V,V# = 0. Locally, any solution of (3.1.5) is
therefore a solution of (3.1.6), as long as ¢ does not vanish. This is no longer true if ¢
has zeros, since we cannot satisfy (3.1.8) for any smooth V#. It is known that (3.1.5)
admits nontrivial solutions with zeros; see for instance [83,84]. By contrast, it is easy
to show that every nontrivial solution of (3.1.6) is nowhere vanishing.

We will now explain how (3.1.6) arises in the study of supersymmetric field theories
on Riemannian manifolds. Following [27-30], much work has focused on supersym-
metric theories on round spheres. (See [86,87] for some earlier work.) Recently, it
was shown that rigid supersymmetry also exists on certain squashed spheres [88-94].
A systematic approach to this subject was developed in [31] using background su-
pergravity. In ordinary supergravity, the metric g,, is dynamical and belongs to a
supermultiplet that also includes the gravitino v, and various auxiliary fields. Here,
we would like to view these fields as classical backgrounds and allow arbitrary field
configurations. This can be achieved by starting with supergravity and appropriately
scaling the Planck mass to infinity. Rigid supersymmetry corresponds to the subal-
gebra of supergravity transformations that leaves a given background invariant. This
procedure captures all deformations of the theory that approach the original flat-space
theory at short distances. (There are known modifications of flat-space supersymme-
try, but we will not discuss them here.) See appendix B, which also contains a brief
review of [31].

In this chapter, we will discuss N' = 1 theories in four dimensions. The corre-
sponding supergravity has several presentations, which differ in the choice of propa-
gating and auxiliary fields. Since we do not integrate out the auxiliary fields, these
formulations are not equivalent and can lead to different backgrounds with rigid
supersymmetry. We will focus on theories with a U(1)g symmetry, which can be

coupled to the new minimal formulation of supergravity [95,96].? In this formulation,

>The corresponding analysis for old minimal supergravity [97,98] is described in [7].
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the auxiliary fields in the supergravity multiplet consist of an Abelian gauge field A,
and a two-form gauge field B,,,. The dual field strength V* of B, is a well-defined,

conserved vector field,

1
Vi = 5&:“”“(9”5’,)A ., V,VE=0. (3.1.9)

The gauge field A, couples to the U(1)g current of the field theory, which leads to
invariance under local R-transformations.
In new minimal supergravity, the variation of the gravitino takes the form
&fu =-2(V,—1i4,) E— ZZVNE_ 2V OWS , (3.1.10)
0, =—-2(V,+1iA,) (+2iV,( +2iV"0,,C .
The spinor parameters ¢ and E have R-charge +1 and —1 respectively. In Lorentzian
signature, left-handed and right-handed spinors are exchanged by complex conjuga-
tion and the background fields A, and V), are real. This is not the case in Euclidean
signature, where  and Eare independent and the background fields A, and V,, may
be complex. However, we will always take the metric g, to be real.
A given configuration of the background fields g, A,, and V, on M preserves
rigid supersymmetry, if and only if both variations in (3.1.10) vanish for some choice
of ¢ and E . Moreover, we can always consider variations of definite R-charge. A

supercharge 6. of R-charge —1 corresponds to a solution ¢ of

(V,—iA,) ¢ = =iV, —iVY0,,( , (3.1.11)
while a supercharge dr of R-charge +1 corresponds to a solution Zof

(Vo +i4,)C =iV, +iV"G,,C . (3.1.12)

Note that the presence of rigid supersymmetry does not depend on the details of
the field theory, since (3.1.11) and (3.1.12) only involve supergravity background

fields. From the algebra of local supergravity transformations [95,96], we find that

See also [99,100].
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the commutation relations satisfied by the supercharges corresponding to ¢ and Z
take the form
{0¢,0¢} = 216k
{0¢,0c} = {d¢0c} =0, (3.1.13)
[0k, 6c) = [0k, 0] =0 .
The fact that 5? = 0 follows from the R-symmetry. If Z is absent, this comprises the
entire superalgebra. In the presence of Z, we can form a complex vector K = K*0,
with K* = CO"“E and Jk is the variation generated by the R-covariant Lie derivative

along K. When acting on objects of R-charge ¢, it is given by
ok = Loy = L —iqgK"A, | (3.1.14)

where L is the conventional Lie derivative.® As we will see below, K is a Killing
vector. The fact that 65 commutes with J. and d¢ is required for the consistency
of (3.1.13).4

In this chapter, we will analyze Riemannian four-manifolds M that admit one or
several solutions of (3.1.11) and (3.1.12). In section 3.2, we will discuss the various
objects that appear in these equations, and comment on some of their general proper-
ties that will be used subsequently. The equations (3.1.11) and (3.1.12) do not admit
solutions for arbitrary values of g,,, A,, and V. This is due to the fact that they are

partial differential equations, which are only consistent if the background fields satisfy

*The Lie derivative of ¢ along a vector X = X*9, is given by
1
EXC = X'uvug - EV,U,XVO-MVC s (3115)

and similarly for E . See appendix A.
4If there are other supercharges, which correspond to additional solutions n or 7

of (3.1.11) or (3.1.12), the Killing vector K need not commute with them,

[5[(,(577] — _5£}4}77 ; [(5[{,5;]} — —55?};] . (3116)
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certain integrability conditions. Additionally, there may be global obstructions. We
would like to understand the restrictions imposed by the presence of one or several
solutions, and formulate sufficient conditions for their existence.

In section 3.3, we show that M admits a single scalar supercharge, if and only if

it is Hermitian. In this case, we can rewrite (3.1.11) as
(Vi —45)¢=0, (3.1.17)

where V7, is the Chern connection adapted to the complex structure and Aj is simply
related to A,,. The ability to cast (3.1.11) in this form crucially relies on the presence
of V,, which is related to the torsion of the Chern connection. On a Kahler man-
ifold (3.1.17) reduces to (3.1.2). More generally, it allows us to adapt the twisting
procedure of [82] to Hermitian manifolds that are not Ké&hler. As we will see, the
auxiliary fields A, and V), are not completely determined by the geometry. This free-
dom, which resides in the non-minimal couplings parametrized by A, and V), reflects
the fact that we can place a given field theory on M in several different ways, while
preserving one supercharge (see appendix B).

In section 3.4, we consider manifolds admitting two solutions ¢ and Eof opposite R-
charge. As was mentioned above, we can use them to construct a complex Killing

vector K* = ( a“Z . This situation is realized on any Hermitian manifold with metric
ds* = Q(2,2)* ((dw + h(z,2)dz)(dw + h(z,Z)dz) + c(z,Z)’dzdz) | (3.1.18)

where w, z are holomorphic coordinates. The metric (3.1.18) describes a two-torus
fibered over a Riemann surface Y with metric ds% = Q*c?dzdz. As in the case of a
single supercharge, ( and Zturn out to be scalars on M. Upon dimensional reduction,
they give rise to two supercharges on Seifert manifolds that are circle bundles over 3.
Rigid supersymmetry on such manifolds was recently discussed in [101,102]. Reducing
once more, we make contact with the A-twist on X [103,104].

Section 3.5 describes manifolds admitting two supercharges of equal R-charge.

This case turns out to be very restrictive. When M is compact, we will show that
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it must be hyperhermitian. Using the classification of [105], this allows us to con-
strain M to be one of the following: a flat torus 7%, a K3 surface with Ricci-flat
Kihler metric, or S% x S! with the standard metric ds? = dr? + r?d€); and cer-
tain quotients thereof. We also comment on the non-compact case, which is less
constrained.

In section 3.6 we describe manifolds admitting four supercharges. They are locally
isometric to M3 x R, where Mj is one of the maximally symmetric spaces S®, T3,
or H3. (The size of M3 does not vary along R.) In this case, the auxiliary fields A,
and V), are tightly constrained.

We conclude in section 3.7 by considering several explicit geometries that illustrate
our general analysis. Our conventions are summarized in appendix A. In appendix B
we review the procedure of [31] to place a four-dimensional A/ = 1 theory on a
Riemannian manifold M in a supersymmetric way, focusing on theories with a U(1)g

symmetry. Appendix C contains some supplementary material related to section 3.4.

3.2 (General Properties of the Equations

In this section we will lay the groundwork for our discussion of the equations (3.1.11)

and (3.1.12),
(V,—iA,)(¢=—iV,( —iVY0,,(,
S " (3.2.1)
(V,+1iA,) =iV, + iV 5,,( .
We will study them on a smooth, oriented, connected four-manifold M, endowed with
a Riemannian metric g,,,. The Levi-Civita connection is denoted by V. As we have

explained in the introduction, the background fields A, and V), are generally complex,

and V* is conserved, V,V# = 0. Note that the equations (3.2.1) are invariant under
(—¢, (=, A4, V-V, (3.2.2)

Under local frame rotations SU(2), x SU(2)_, the spinors ¢ and ¢ transform

as (2

5.0) and (0, %) Additionally, they carry charge +1 and —1 under conventional R-
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transformations. Locally, the equations (3.2.1) are also invariant under complexi-
fied R-transformations, and this is reflected in various formulas below. However, we
will not make use of such transformations. (One reason is that they could lead to
pathologies in the field theory.) Therefore, the real part of A, transforms as a gauge
field for the local U(1)g symmetry, while the imaginary part is a well-defined one-
form. In summary, ¢ is a section of L ® S, where L is a unitary line bundle and S
is the bundle of left-handed spinors, and Zis a section of L=! ® S_ with S_ the
bundle of right-handed spinors. The transition functions of L consist of local U(1)g
transformations, and the connection on L is given by the real part of A,,.

Let us briefly comment on some global properties of the various objects introduced
above. (For a more thorough discussion, see for instance [80].) If M is a spin manifold,
we can choose well-defined bundles Sy. In this case the line bundle L is also well
defined. In general, an oriented Riemannian four manifold does not possess a spin
structure. It does, however, admit a spin® structure. In this case it is possible to
define well-behaved product bundles L ® S, and L=! ® S_, even though Sy and L
do not exist. However, even powers of L are well defined.

Since the equations (3.2.1) are linear, the solutions have the structure of a complex
vector space, which decomposes into solutions ¢ with R-charge +1 and solutions Z
with R-charge —1. The fact that the equations are also first-order, with smooth coeffi-
cients, implies that any solution is determined by its value at a single point. Therefore,
any nontrivial solution is nowhere vanishing, and this will be crucial below. Moreover,
there are at most two solutions of R-charge +1, and likewise for R-charge —1.

The equations (3.2.1) do not admit solutions for arbitrary values of g,,,, A,,, and V,.
This is due to the fact that they are partial differential equations, which are only con-
sistent if the background fields satisfy certain integrability conditions. Additionally,
there may be global obstructions. Before attempting to solve the equations in gen-
eral, we will analyze the restrictions on the background fields due to the presence of
one or several solutions. Given one or several spinors satisfying (3.2.1), it is useful to

construct spinor bilinears, and these will feature prominently in our analysis. Here
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we will introduce various interesting bilinears and list some of their properties. These
follow only from Fierz identities and do not make use of the equations (3.2.1). We
will only need the fact that the spinors are non-vanishing.

Given a spinor ¢ € L ® S, its norm |(|* is a scalar. More interestingly, we can

define a real, self-dual two-form,

9
J;w = _Z2CTO;WC ) (323)
q
which satisfies
JE, IV, = —=0", . (3.2.4)

Therefore, J*, is an almost complex structure, which splits the complexified tangent
space at every point into holomorphic and anti-holomorphic subspaces. The holo-
morphic tangent space has the following useful characterization [80]: a vector X* is
holomorphic with respect to J#, if and only if X*7,( = 0.5

We can also define another complex bilinear,
P,ul/ = CO-MVC ) (325)

which is a section of L? ® A%, where A% denotes the bundle of self-dual two-forms.
We find that

J" Py = 1P, , (3.2.6)

and hence P,, is anti-holomorphic with respect to the almost complex structure J#,.

Suppose we are given another spinor Z € L' ® S_. Then we can define an

anti-self-dual two-form,

~ % o~ ~
I = TQCT%g . (3.2.7)
<l
Again, we find that Jh, ij = —0*",, so that Jk, is another almost complex struc-

ture. The two almost complex structures J*, and j”u commute,

Jr, TV, — Jh T, =0 . (3.2.8)

5To see this, we can multiply X, = 0 by (To* and use (3.2.3) to obtain J*, X" =
iX*. Conversely, if X* is holomorphic then (To*5,(X" = 0. Multiplying by 7# we
find | X*5,(]* =0, and hence X*7,( = 0.
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Combining ¢ and Z" , we can also construct a complex vector K = K*J,, with
K" = (CotC . (3.2.9)
It squares to zero, K*K,, = 0, and it is holomorphic with respect to both J#, and Jl L
JKY = JhKY = K" (3.2.10)
The norm of K is determined by the norms of { and E,
K"K, =2|¢PIC]? . (3.2.11)
It will be useful to express J,, and J, w directly in terms of K,

1
J;UJ = Quu + §5uupAQp)\ )

Juw = Quu — %eWAQ”A : (3.2.12)
Qu = F+m (KK, — K,K,) .
Finally, we consider two spinors (,n € L ® S;. As above, they give rise to almost
complex structures,
21
R

Their anticommutator is given by

0
QLY ", = —nie*,n . (3.2.13)

JH,
[nl?

JEIY 11T, = =20, ,
I¢T|? (3.2.14)
SRR

It follows from the Cauchy-Schwarz inequality that —1 < f < 1, so that f = 1 if and

f

only if ¢ is proportional to 7. In this case J#, = I*,. Similarly, f = —1 if and only
if ¢ is proportional to n', so that J*, = —I*,. By appropriately choosing independent
solutions ¢ and 7 of (3.2.1) we can always arrange for f # 41 at a given point. This

fact will be used in section 3.5.
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3.3 Manifolds Admitting One Supercharge
In this section we will analyze manifolds M that admit a solution ¢ of (3.1.11),
(Vy—iA,) (= =iV, —iV70,,( . (3.3.1)

The presence of such a solution implies that M is Hermitian. Conversely, we will

show that a solution exists on any Hermitian manifold.

3.3.1 Restrictions Imposed by (

In section 3.2 we used the fact that solutions of (3.3.1) are nowhere vanishing to con-
struct various bilinears out of (, and we established some of their properties at a fixed
point on M. Here we will use the fact that ¢ satisfies (3.3.1) to study their deriva-
tives. We begin by proving that the almost complex structure J#*, defined in (3.2.3)
is integrable, so that M is a complex manifold with Hermitian metric g,,. It suffices
to show that the commutator of two holomorphic vector fields is also holomorphic.
Recall from section 3.2 that a vector X*# is holomorphic with respect to J#, if and
only if X*#5,( = 0. By differentiating this formula, contracting with another holo-
morphic vector Y# and antisymmmetrizing, one finds that [X, Y] is holomorphic if
and only if [80]

Xyz,v,0=0. (3.3.2)

Using (3.3.1) and the fact that X*, Y* are holomorphic, we find that this is indeed
the case, and hence J*, is integrable.
Alternatively, we can use (3.3.1) to compute V,J", directly (this is straightforward

but tedious), and show that the Nijenhuis tensor of J#, vanishes,
N¥,, = JNNJF, — TN NATE, — TV, TN, + T4V, Y, =0 . (3.3.3)

Again, it follows that the almost complex structure J#, is integrable.
Using the complex structure, we can introduce local holomorphic coordinates

2" (i =1,2). We will denote holomorphic and anti-holomorphic indices by un-barred
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and barred lowercase Latin letters respectively. In these coordinates, the complex

structure takes the form,

Jy=adty, = —idls (3.3.4)

j=

Lowering both indices, we obtain the Kahler form of the Hermitian manifold,
Jiz = —1g;5 - (3.3.5)

It is a real (1,1) form. The Kéhler form .J,, is not covariantly constant with respect
to the Levi-Civita connection, unless the manifold is Kahler. Instead, we compute
using (3.3.1),

VuJt, ==V, +V,) +i(V, = V,)J", . (3.3.6)

This implies that V), takes the form
1
V, = —§VZ,J”# +U,, J, U, =10, . (3.3.7)

Since U, only has anti-holomorphic components U;, we see that V5 is not determined
by J#,. This freedom in V, was already mentioned in the introduction, where it
reflected an ambiguity in passing from (3.1.5) to (3.1.6); see also the discussion in

appendix B. Imposing conservation of V, leads to
ViU, =0 . (3.3.8)

Recall from (3.1.9) that V), is the dual field strength of a two-form gauge field B,,.
We can then express (3.3.7) as B, = %J#,ﬁ—- -+, where the ellipsis denotes additional
terms that reflect the freedom in V.

Since M is Hermitian, it is natural to adopt a connection that is compatible with
both the metric g,, and the complex structure J#,. As we remarked above, this is
not the case for the Levi-Civita connection V,, unless the manifold is Kahler. We

will instead use the Chern connection V¢

..» which has the property that V7 g,, = 0

and V{,J", = 0. This corresponds to replacing the ordinary spin connection wy,, by

C
Whvp

1
- w/ﬂ/p - §J/L)\ (v)\Jyp + Vyjp)\ + va)\l/) . (339)
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Rewriting the spinor equation (3.3.1) in terms of the Chern connection, we obtain

(Vi — ZAZ) (=0, (3.3.10)
where we have defined
c 1 v s T U p 3
A“:AM+Z(5N —ZJM )VPJ V_§UM . (3311)

Note that Af, and A, only differ by a well-defined one-form, and hence they shift in
the same way under R-transformations.

To summarize, a solution ¢ of (3.3.1) defines an integrable complex structure J*,
and an associated Chern connection. In turn, the spinor ( is covariantly constant
with respect to the Chern connection twisted by Af, in (3.3.11).

When M is Kahler, the Chern connection coincides with the Levi-Civita connec-

tion, and A, = A, if we choose U, = 0. In this case (3.3.10) reduces to (3.1.2),
(Vi —iAu)¢=0. (3.3.12)

Conversely, it is well-known that this equation admits a solution on any Kahler man-
ifold [80]. Intuitively, this follows from the AN/ = 1 twisting procedure described
in [82]. On a Kéhler manifold, the holonomy of the Levi-Civita connection is given
by U(2) = U(1)+xSU(2)_ with U(1); C SU(2)4. For an appropriate choice of U(1)r
connection A,, we can cancel the U(1), component of the spin connection to obtain
a scalar supercharge on M. Similarly, it was shown in [106] that the N = 2 twisting
procedure of [107] can be interpreted in terms of a certain generalization of (3.3.12).

Equation (3.3.10) allows us to generalize this argument to an arbitrary Hermitian
manifold. Given a complex structure J#,, the holonomy of the Chern connection
is contained in U(2). As above, we can twist by Af, to obtain a solution (, which
transforms as a scalar. This solution is related to the complex structure as in (3.2.3).
Choosing V), as in (3.3.7) and A, as in (3.3.11), we see that ( also satisfies (3.3.1).
Therefore, we can solve (3.3.1) on any Hermitian manifold to obtain a scalar super-
charge. We will describe the explicit solution in the next subsection. Here we will

explore some of its properties, assuming that it exists.
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Consider P, = (0, (, which was defined in (3.2.5). Note that P,, locally deter-
mines ¢ up to a sign. It follows from (3.2.6) that P,, is a nowhere vanishing section
of L? ® K, where K = A%? is the anti-canonical bundle of (0,2) forms. This implies
that the line bundle L? ® K is trivial, and hence we can identify L = (K)_%, up to
a trivial line bundle. If M is not spin, the line bundle (K)~2 is not globally well
defined. However, it does correspond to a good spin® structure on M.

More explicitly, we work in a patch with coordinates z* and define p = Pp. Since
the induced metric on K is given by Lg with g = det(g,,), it follows that \/L§|]D|2 is a

v
positive scalar on M. We are therefore led to consider

s=pgT, (3.3.13)

which is nowhere vanishing and has R-charge 2. Under holomorphic coordinate
changes s transforms by a phase,

=22 s'(z')zs(z)(det<gj;)> (det (Z)) (3.3.14)

We can locally compensate these phase rotations by appropriate R-transformations.

D=

Under these combined transformations s transforms as a scalar. Starting from a
section p of the trivial line bundle L? ® K and dividing by a power of the trivial
determinant bundle, we have thus produced a scalar s. As we will see in the next
subsection, the scalar s determines the scalar supercharge corresponding to (.

We will now solve for A, in terms of s. It follows from (3.3.10) that
(V6 —2iA5)p=0. (3.3.15)
The Chern connection acts on sections of the anti-canonical bundle in a simple way,
Vep=0ap, Vip=0p- géglogg . (3.3.16)
Substituting into (3.3.15) and using (3.3.13), we obtain Af, and hence A,

1 3
Ay = A5 = L (80 =T )V, I+ U

A = —%81- logg — %@ log s , (3.3.17)
od;logs .

7

i i
A= —9-log g — —
: S%Ogg 5
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Note that s appears in (3.3.17) as the parameter of complexified local R-transfor-

mations.

3.3.2 Solving for ( on a Hermitian Manifold

We will now show that it is possible to solve the equation (3.3.1) on a general Her-
mitian manifold M, given its metric g,, and complex structure J*,. The solution is
not completely determined by these geometric structures. It also depends on a choice
of conserved, anti-holomorphic U, and a complex, nowhere vanishing scalar s on M.
In terms of this additional data, the background fields V}, and A, are given by (3.3.7)
and (3.3.17).

We will work in a local frame that is adapted to the Hermitian metric on M. This

corresponds to a choice of vielbein e!, e2 € ALY and el, e € AV which satisfies
ds? = ee' + e%e? . (3.3.18)

Any two such frames are related by a transformation in U(2) C SU(2)y x SU(2)_.
Since (3.3.18) is preserved by parallel transport with the Chern connection, we see

that its holonomy is contained in U(2). More explicitly, we choose

I 1 9o1 2 I, 9%
el = gndt + B, P
\/§ H 911 \/5 V911

In this frame, the solution of (3.3.1) with our choice of background fields is given by

dz* . (3.3.19)

ga:ig ") (3.3.20)

The complex structure is then indeed given by ¢ as in (3.2.3).

We have specified that s is a scalar on M, yet ( in (3.3.20) only depends on s. We
will now discuss the transformation properties of ¢, and explain to what extent it can
be considered a scalar as well. Under a holomorphic coordinate change 2" = 2"(z),
the metric and the vielbein transform in the usual way. In the z’-coordinates, we can

also define another frame f*, 2, which is related to 91/‘3 as in (3.3.19). In this frame,
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the spinor (' takes the same form as in (3.3.20). The frames f’ and ¢’ are related by
a matrix U € U(2) via f' = Ue'. To relate the spinors ¢’ and ¢, we will only need the

determinant of ¢/,°

¢'=VdetU (,

02"\ 2 927\ \ 2
o= (s () (e (Z))

Hence, ¢’ and ¢ only differ by a phase, and this can be undone by an appropriate R-

(3.3.21)

N =

transformation. Under this combined transformation ( transforms as a scalar, which
is related to the scalar s via (3.3.20). Note that the phase of s can be removed
by a globally well-defined R-transformation. (If we were to allow complexified R-

transformations, we could set s = 1 everywhere on M.)

3.3.3 Restrictions Imposed by E

It is straightforward to repeat the analysis above in the presence of a solution Z
of (3.1.12). As before, the complex structure J*, in (3.2.7) is integrable and deter-

mines the holomorphic part of V,,

1 ~ ~ ~ ~
Vu - §V,, Jyu + Uu ) Ju U, = iUu ) V“Uu =0. (3'3'22>

The gauge field A, then takes the form

c 1 v . TV T 7
AM:AM+Z(6M —il, )vpjp,,+§UM,

O;log g + %81- logs, (3.3.23)

1

8

AS i&l +i&l s
c=—=0lo —0;logs .
; 8zgg 5 Vi 108

A =

As above, s is a complex scalar that determines Z )

6This follows from the fact that the complex structure J*, can be written in
terms of ¢ as in (3.2.3), which implies that local U(2) frame rotations are identified

with U(1); x SU(2)_ C SU(2); x SU(2)_.
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3.4 Manifolds Admitting Two Supercharges of
Opposite R-Charge

In this section we will consider manifolds M on which it is possible to find a pair ¢
and ( that solves the equations in (3.1.11) and (3.1.12),
(V,—i4,) S: —d?( —iV a,f( , (3.4.1)
(V,+iA,) =iV, +iV75,,( .
Again, we begin by analyzing the restrictions imposed by the presence of ¢ and E,
before establishing sufficient conditions for their existence. As discussed in the in-
troduction, the solutions ¢ and Z give rise to a Killing vector field K = K*9,
with K* = Ca‘f. Together with its complex conjugate K, it generates part of
the isometry group of M. There are two qualitatively different cases depending
on whether K and K commute. In this section we will discuss the case when they
do commute, and we will show that M can be described as a fibration of a torus 7%
over an arbitrary Riemann surface ¥. The non-commuting case turns out to be very

restrictive. It is discussed in sections 3.6 and 3.7, as well as appendix C.

3.4.1 Restrictions Imposed by ¢ and Z

We begin by assuming the existence of two spinors ¢ and E that solve the equa-
tions (3.4.1). From the analysis of the previous section we know that they give rise to
two complex structures J#, and j“l,, both of which are compatible with the metric.
Recall from section 3.2 that the nowhere vanishing complex vector field K* = CJ“E
is holomorphic with respect to both complex structures. We can now use the fact

that ¢ and  satisfy the equations (3.4.1) to show that K is a Killing vector,

VK, +V,K,=0. (3.4.2)

The fact that K*K,, = 0 allows us to constrain the algebra satisfied by K and

its complex conjugate K (see appendix C). When they do not commute, there are
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additional Killing vectors and the equations (3.4.1) imply that the manifold is locally

isometric to S® x R with metric
ds* = dr* + r?dQs . (3.4.3)

Here df23 is the round metric on the unit three-sphere. This case will be discussed in
sections 3.6 and 3.7.
In the remainder of this section we will analyze the case in which the Killing

vector K commutes with its complex conjugate K,
K'V,K" - K'V,K"=0. (3.4.4)

Using the complex structure J#,, we can introduce holomorphic coordinates w, z.
Since K is holomorphic with respect to J#, and satisfies (3.4.4), we can choose these

coordinates so that K = 0,. The metric then takes the form
ds® = Q(2,2)* ((dw + W(z,7)dz)(dw + h(z,2)dZ) + c(z,Z)’dzdz) . (3.4.5)

The conformal factor Q2 is determined by the norm of K, which in turn depends on

the norms of ¢ and ¢ as in (3.2.11),
0% = 2K"K, = 4|C*|C)? . (3.4.6)

The metric (3.4.5) describes a two-torus T? fibered over a Riemann surface ¥ with
metric ds? = Q*c?dzdz. As we will see below, the metric (3.4.5) admits a second
compatible complex structure, which can be identified with Jl H.

We will now constrain the form of the background field V,. First note that
v,JV, = =V, j”u, which follows from (3.4.2), (3.4.4), and the expressions (3.2.12)
for J#, and J*, in terms of K. Since ( is a solution of (3.4.1), it must be that Vi,
satisfies (3.3.7). Similarly (3.3.22) must hold because ¢ is also a solution. Consistency

of these expressions requires the two conserved vectors U,, and U ., to satisty

U, =0,, J U, =iU,, J, U,=il,. (3.4.7)
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Recall from (3.2.8) that the two complex structures J*, and J#, commute. Moreover,
they have opposite self-duality, so that the space of vectors that are holomorphic under
both is one dimensional. Hence, U, = U , must be proportional to K, everywhere. In

summary,
1 1 ~
V= _§Vw]yu + kK, = §v” S+ K K"9ur =0 (3.4.8)

Here k is a complex scalar function on M, which is constrained by the conservation
of V..

Given the form of V), in (3.4.8) and the spinors ¢ and Z, the gauge field A,
is completely determined. It is given by (3.3.17), or alternatively (3.3.23). It can
be checked that the consistency of these two equations does not impose additional
restrictions on the metric or the background fields. This also follows from the explicit

solution presented in the next subsection.

3.4.2 Solving for ( and Cj:

Here we will establish a converse to the results of the previous subsection: we can
find a pair ¢ and E that solves the equations (3.4.1) whenever the metric g,, admits
a complex Killing vector K that squares to zero, K*K, = 0, and commutes with its
complex conjugate as in (3.4.4). Note that we do not assume that M is Hermitian.
Instead, we can use K to define J#, and J#, through the formula (3.2.12), without
making reference to ( and E Since K*K,, = 0 these are indeed almost complex
structures, and K is holomorphic with respect to both. Using (3.4.2) and (3.4.4),
we can show that they are integrable, i.e. their Nijenhuis tensor (3.3.3) vanishes.
Choosing complex coordinates adapted to J*,, the metric takes the same form as

in (3.4.5),
ds®> = Q(2,2)* ((dw + h(z,Z)dz)(dw + h(z,Z)dZ) + c(z,Z)*dzdz) . (3.4.9)

In order to exhibit the explicit solution for ¢ and Z , we introduce a local frame

adapted to the Hermitian metric (3.4.9) as in (3.3.19),

e! = Q(dw + hdz) , e? = Qedz . (3.4.10)
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Choosing the background fields V), and A, as in (3.4.8) and (3.3.17), we solve for ¢
and E ,

5 [0 = a (o
= , = ) 3.4.11
=5 | =70, (3.4.11)

As before, we have the freedom of choosing a nowhere vanishing complex s, which
transforms as a scalar under holomorphic coordinate changes followed by appropri-
ate R-transformations. Hence, ( can be regarded as a scalar, and the same is true
for ¢, since € is a scalar as well. (Recall from (3.4.6) that it is proportional to the
norm of K.) The freedom in choosing s reflects the underlying invariance of the
equations (3.4.1) under complexified R-transformations, and as above we could use
this freedom to set s = 1.

We would like to comment on the isometries generated by K and K. Recall that K
appeared on the right-hand-side of the supersymmetry algebra (3.1.13). This is not
the case for K. Nevertheless, both K and K are Killing vectors, because the metric
is real. However, K need not be a symmetry of the auxiliary fields V, and A,. For
instance, to ensure that V,, in (3.4.8) commutes with K we must impose an additional

restriction on k,

K'om=0. (3.4.12)

Similarly, to ensure that A, is invariant under K and K up to ordinary gauge trans-

formations, we must impose
K"9,|s| = K"9,|s| =0 . (3.4.13)

Note that A, is always invariant under K up to complexified gauge transformations.
The conditions (3.4.12) and (3.4.13) ensure that K and K are good symmetries of all
background fields. Although this choice is natural, we are free to consider auxiliary
fields that are not invariant under K.

If we choose to impose (3.4.12) and (3.4.13), we would like to add K to the

supersymmetry algebra (3.1.13). When acting on objects of R-charge ¢, we define

b= L% = Lr—igK"A,, (3.4.14)
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which is similar to (3.1.14), except that we use A, instead of A,. This is covariant

under ordinary gauge transformations. With this definition, we find that

[5?’ 54] = [(Sf, 5(} =0, (3415)
[0, 0] = 0.

Together with (3.1.13), these commutation relations comprise the two-dimensional

(2,0) supersymmetry algebra. Here it acts on the T? fibers in (3.4.5).

3.4.3 Trivial Fibrations and Dimensional Reduction

Here we will comment on the case when one or both cycles of the torus are trivially
fibered over the base ¥. By reducing along these cycles, we obtain manifolds admitting
two supercharges in three and two dimensions.

Let us consider the case when one of the cycles is trivially fibered, so that the
manifold is of the form M3 x S*. The three-manifold Msj is itself a circle bundle over
the Riemann surface ¥. Let us choose K = 0, + i0,, where the real coordinates 7
and v parametrize the trivial S* and the circle fiber of M3 respectively. In this case,

the metric takes the form

ds* = O?(2,7)dm* + dshy, .
, (3.4.16)
ds3, = 0(z,%) ((cw +a(z,7)dz + a(z,2)d2)” + Az, z)dzdz) .

Since K = 0; + 10y squares to zero and commutes with its complex conjugate, this
metric is in the class considered in the previous subsection. Hence, we can find two so-
lutions ¢ and ¢. Imposing the additional conditions (3.4.12) and (3.4.13) ensures that
the spinors and the background fields do not vary along the two circles parametrized
by 7 and .

We can now reduce along 7 to obtain two scalar supercharges on Seifert manifolds
that are circle bundles over a Riemann surface 3, as long as the metric is invariant un-
der translations along the fiber. Rigid supersymmetry on such manifolds was recently
discussed in [101,102]. The supercharges we find exist in any three-dimensional N = 2

theory with a U(1)g symmetry.
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If we choose the circle bundle to be trivial, we can reduce once more and obtain
two scalar supercharges on any Riemann surface >. They are analogous to the ones

obtained by the A-twist of a two-dimensional N" = (2,2) theory on X [103,104].

3.5 Manifolds Admitting Two Supercharges
of Equal R-Charge

In this section we analyze manifolds that admit two independent solutions of (3.1.11).
The presence of these two solutions turns out to be very restrictive. If M is compact,

we will prove that it must be one of the following:
e A torus T* with flat metric.
e A K3 surface with Ricci-flat Kahler metric.
e Certain discrete quotients of S® x S with the standard metric ds? = dr2+1r2d)s.

Given two independent solutions ¢ and n of (3.1.11), we derive a set of consistency
conditions for the metric and the auxiliary fields. Using 1 R,,0"¢ = [V, V,]( and

the fact that ¢ satisfies (3.1.11), we obtain

1 .
ERN’/MU’{)\C = VV,00uC +i(0u(Ay = Vo) = O(AL — V)¢ (3.5.1)
—i(V,+iV)VPo,,(+i(V, +iV,)VPe,,( ,

and similarly for n. Since ( and 7n are independent at every point, we arrive at the

following integrability conditions:
1.) The Weyl tensor is anti-self-dual, W, = —%@MUW’“M.
2.) The curl of V), is anti-self-dual, 9,V, — 9,V,, = —%%Vp)\(@pV’\ — OMVP).
3.) The difference A, —V,, is closed, 9,(A, —V,) — d,(A, —V,) = 0.
4.) The Ricci tensor is given by
R, =iV, V,+V,V,)=-2V,V, — 9. V,V*) . (3.5.2)
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If we instead consider two independent solutions E and 77 of (3.1.12), the Weyl tensor
and the curl of V,, in 1.) and 2.) are self-dual rather than anti-self-dual, and the Ricci
tensor is given by (3.5.2) with V,, — —V/,.

These conditions locally constrain the geometry of the manifold. They take a
particularly simple form on manifolds of SU(2) holonomy, which are Ricci-flat and
have anti-self-dual Weyl tensor. In this case, we can satisfy the integrability conditions
by choosing V,, = A, = 0. Indeed, such manifolds admit two independent covariantly
constant spinors. Further examples are discussed in sections 3.6 and 3.7.

Here we will not attempt to classify all manifolds that satisfy the conditions above.
Instead, we will focus on the case when M is compact, and prove the following global
result: the existence of two spinors ¢ and n that satisfy (3.1.11) everywhere on a
compact manifold M implies that M is hyperhermitian. Compact hyperhermitian
four-manifolds have been classified in [105]. Up to a global conformal transformation,
they are given by the manifolds listed at the beginning of this section.” Using the
fact that V,, is conserved, we will find that the conformal factor must be a constant.

A hyperhermitian structure on M arises whenever there are two anti-commuting
hermitian structures J) and J®. Together with their commutator J®) they satisfy

the quaternion algebra,
{J@ gy = 257  (a,b=1,2,3). (3.5.3)
This implies that there is an entire S? of Hermitian structures parametrized by

J@@)=> n*J@,Jil=1. (3.5.4)

Since ¢ and 7 satisfy (3.1.11), the almost complex structures J*, and I*, con-
structed in (3.2.13) are integrable. Recall from (3.2.14) that the anticommutator

of J#, and [I", gives rise to a real function f, which is determined in terms of (

See also the discussion in [108], where these manifolds are identified with compact
Hermitian surfaces for which the restricted holonomy of the Bismut connection is

contained in SU(2).
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and 7. Moreover, we are free to choose ¢ and 7 such that f # 41 at a given point;
at this point J#, # +I#,. We will now prove that J#, and I*, are elements of a
hyperhermitian structure on M.

In order to establish this result, we will consider the Lee forms associated with J#,

and I*,,

07 = J,"V,J,

(3.5.5)
0, =1,V,1", .
Using (3.3.6) they can be expressed as follows:
0 =i(V, - V,) = J (V,+V,),
: S (3.5.6)

0{1 - i(Vu - VM) - Iup(vp +Vﬂ) :

We will also need the following formula, which follows from (3.1.11) by direct com-
putation:
95 1

9, log WE =2 (Juw — L) (V" + V7). (3.5.7)

Subtracting the two equations in (3.5.6) and using (3.5.7), we find that the Lee forms

differ by an exact one-form,

2
0] —0, =0d,h,  h=2log ISP (3.5.8)

ls
Recall from the first integrability condition listed above that the Weyl tensor must
be anti-self-dual. We thus have a compact four-manifold M with anti-self-dual Weyl
tensor that admits two Hermitian structures J and I such that J # £ somewhere

on M. Applying proposition (3.7) in [109], it follows that
a) The function A in (3.5.8) is constant.

b) The manifold admits a hyperhermitian structure as in (3.5.3). Moreover, .J

and I belong to it, and hence they can be expressed in terms of the J(® as

in (3.5.4).

We conclude that M is one of the manifolds listed at the beginning of this section,

up to a global conformal rescaling of the metric. In order to fix the conformal factor,
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we use the fact that V), is conserved. Observe that since J#, and I*, are independent
elements of the hyperhermitian structure, J#, — I*, is invertible. It therefore follows
from (3.5.7) and (3.5.8) with J,h = 0 that V|, is purely imaginary. Hence, we see
from (3.5.6) that

) =0, =i(V,—V,) . (3.5.9)

Since V), is conserved, 9;; and 9;{ are conserved as well. To see that this fixes the
conformal factor, consider a conformal rescaling of the metric, g, = €%g,,. It follows

from (3.5.5) that the Lee forms shift by an exact one-form,
07 =07 + 0,0 . (3.5.10)

and similarly for (9;5. Since 9,{ is conserved, @Z can only be conserved if ¢ is harmonic.
On a compact manifold, this is only possible for constant ¢. It can be checked
that the manifolds listed at the beginning of this section all have conserved Lee
forms, and hence they are the correct hyperhermitian representatives within each
conformal class. This is trivial for a flat 7% or a K3 surface with Ricci-flat metric,
since both are hyperkdhler manifolds and hence the Lee forms (3.5.5) vanish. Even
though S3 x S! is not Kahler, it can be checked that the Lee forms are conserved
if we choose the standard metric ds?> = dr? + r2d;. This case will be discussed in

section 3.7.

3.6 Manifolds Admitting Four Supercharges

In this section we will formulate necessary conditions for the existence of four super-
charges. These follow straightforwardly from the integrability conditions discussed in
section 3.5. Assuming the existence of two independent solutions of (3.1.11), we found
that the Weyl tensor and the curl of V,, must be anti-self-dual. Similarly, two solutions
of (3.1.12) imply that they are also self-dual, and hence they must vanish. It follows
that M is locally conformally flat and that V), is closed. Since A, —V,, is also closed,
it follows that the gauge field A, is flat. Finally, the Ricci tensor must satisfy (3.5.2)
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and the same relation with V,, — —V,,. This implies that V,V, + V,V, = 0, and

since V), is also closed, it must be covariantly constant,
V.V, =0. (3.6.1)
The Ricci tensor is then given by
R, =—-2(V,V, — g, V,V?) . (3.6.2)

Since V), is covariantly constant, M is locally isometric to M3 x R. It follows
from (3.6.2) that M3 is a space of constant curvature. Let r be a positive constant.

There are three possible cases:

1.) If V#V, = —=5 then M3 is locally isometric to a round S* of radius r. In this

case V* is purely imaginary and points along R.

2.) If V, = 0 then M is locally isometric to flat R*. This is the case of ordinary

N = 1 supersymmetry in flat space.

3.) fVHY, = %2 then M3 is locally isometric to H?3, the three-dimensional hyper-
bolic space of radius r and constant negative curvature. In this case V* is real

and points along R.

We will discuss cases 1.) and 3.) below.

3.7 Examples

3.7.1 S3xR

Consider S® x R with metric
ds® = dr? +r?dQs , (3.7.1)

where df)3 is the round metric on a unit three sphere. As we saw in section 3.6,

this manifold admits four supercharges. Supersymmetric field theories on this space
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have been studied in [110,111] and more recently in [31]. Here we will examine this
example from the point of view of the preceding discussion.
Since this manifold admits rigid supersymmetry, it must be Hermitian. We can

introduce holomorphic coordinates w, z, so that the metric (3.7.1) takes the form
= 4

ds? = (dw - fw dz) (do - —— f‘ZP az) + P —:]z|2)2 dzdz . (3.7.2)
Here the imaginary part of w is periodic, w ~ w + 2wir.® The vector 9, + Oy
is covariantly constant and points along R, while i(d,, — Jz) generates translations
along a Hopf fiber of S3. Since the metric (3.7.2) is of the form (3.4.5), it allows
for two supercharges ¢ and Z such that K = CU“Z@ is equal to the holomorphic
Killing vector 0,,. With the choice of frame in (3.4.10), these two solutions are given
by (3.4.11).

As discussed in section 3.6, it is possible to choose the auxiliary fields A, and V,,

to obtain four supercharges on S® x R. Up to a sign, this fixes
V= — 20y + ) . (3.7.4)
r

We will comment on the other choice of sign below. The gauge field A, must be flat,
but it is otherwise undetermined, and hence we can add an arbitrary complex Wilson
line for A, along R. In general, the resulting supercharges vary along R. This is

not the case if we choose 4, = V,,, so that we can compactify to S* x S'. In the

s

frame (3.4.10) the supercharges take the form

ale—(w—ﬁ)/%‘ . age(w—ﬁ)/%‘

Coa - 5 Qa = s (375)

a26(wfﬁ)/2r a467(w7ﬁ)/2r

8The point z = oo is covered by different coordinates w’, 2/,
, z
Z=— w =w—rlog—, (3.7.3)
r

as long as z # 0. In these coordinates, the metric takes the same form as in (3.7.2).
Due to the periodicity of w, we do not need to choose a specific branch for the

logarithm in (3.7.3).
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where the a; are arbitrary complex constants. Setting a; = a3 = 0, we obtain the
two supercharges ¢ and E discussed above, which are of the form (3.4.11). Since A,
and V,, are purely imaginary, we can use (3.2.2) to obtain two other supercharges ¢!
and ZT. They correspond to setting ay = a4 = 0 in (3.7.5).

Setting az = a4 = 0, we obtain two supercharges of equal R-charge on the compact
manifold S* x S!. This manifold is hyperhermitian but not Kahler. If V is given
by (3.7.4), the Lee forms in (3.5.9) are non-vanishing but conserved, in accord with
the general discussion in section 3.5.

Using the spinors ¢ and Z in (3.7.5), we can construct four independent complex
Killing vectors of the form K* = ( a“z . Since the supercharges are related by ¢ « (T
and 5 — a, these vectors are linear combinations of four real, orthogonal Killing

vectors L, (a = 1,2,3) and T, which satisfy the algebra
[La, Lp) = €apeLec (Lo, T)=0. (3.7.6)

The L, generate the SU(2); inside the SU(2); x SU(2), isometry group of S3, while T'
generates translations along R. The supercharges form two SU(2); doublets that carry
opposite R-charge and are invariant under SU(2),. (If we choose the opposite sign
for V' in (3.7.4), the spinors are invariant under SU(2), and transform as doublets
under SU(2),.) Using (3.1.13) and (3.1.16) we find that the supersymmetry algebra
is SU(2|1).

If we remain on S® x S* but only require two supercharges ¢ and Z , the auxiliary
fields V,, and A, are are less constrained. For instance, we can choose ¢ and Z
corresponding to a; = az = 0 in (3.7.5). As discussed above, they give rise to the
holomorphic Killing vector K = 9, which commutes with its complex conjugate K.

According to the discussion in section 3.4, we can preserve ¢ and QN" for any choice
. . 3
V="(0p+0s)+rk, A= 3(31”4—5%)—1—55}(, (3.7.7)
r r

where £ is a complex function that satisfies K#0,x = 0, so that V# is conserved.

If we instead choose ¢ and 5corresponding to a; = a4y = 0 in (3.7.5), the resulting

86



Killing vector K points along the S3. Together with its complex conjugate K, it
generates the SU(2), isometry subgroup. For generic choices of a; we find that K
and K generate the SU(2); x U(1) isometry subgroup that also includes translations
along S'. These possibilities for the algebra of Killing vectors are precisely the ones

discussed in appendix C.

3.7.2 H?’xR

Consider H? x R, where H? is the three-dimensional hyperbolic space of constant
negative curvature. This manifold also admits four supercharges, and in some respects
it is similar to the previous example S? x R, but there are also qualitative differences.

As before, we can introduce holomorphic coordinates w, z and write the metric in
the form,

ds® = e/ qudw + dzdz | (3.7.8)

where 7 is the radius of H3. Now the coordinates w, z cover the entire space. The
covariantly constant vector i(0d, — J5) points along R. In order to preserve four

supercharges, we must choose

v=Ll@.-0, (3.7.9)

,
up to a sign (see below). As in the previous example, we are free to add an arbitrary
complex Wilson line for A, along R. Setting A, = V,, and choosing the frame (3.4.10),
the four supercharges are given by

‘. m aje~ (24 | o _ aze” (24 ' (3.7.10)

(ag — ay ) e+=/4r (a1 — azl) e=+)/ar

As before, the a; are arbitrary complex constants. Since the metric (3.7.8) is of
the form (3.4.5), two of the supercharges are given by (3.4.11). They correspond
to a; = az = 0 in (3.7.10). Note that the spinors in (3.7.10) do not depend on z — Z,
so that we can compactify to H® x S

In contrast to S% x S', the supercharges ¢ and 5 correspond to choosing the

opposite sign in (3.7.9). Now the four independent complex Killing vectors K* = ( ohC
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constructed from ¢ and E in (3.7.10) give rise to seven independent real Killing vectors,
which comprise the full SL(2,C) x U(1) isometry group of H®x S'. The four complex

Killing vectors K commute with all four complex conjugates K.

3.7.3 Squashed S° x R

We now consider S? x R, where the S? is one of the squashed three-spheres discussed
in [88]. They are defined by their isometric embedding in flat R*, where they satisfy

the constraint

%(xfmg) b ) =1, (3.7.11)

Rotations in the z129 and x3z4 planes generate a U(1) x U(1) isometry. Introducing
angular coordinates 6 € [0,7/2], a ~ a + 27, and 3 ~ 3 + 27 for the squashed S®
and a coordinate 7 along R, we can write the metric in the form

ds® = dr?* + F(0)%d6? + a* cos’0da® + b*sin®0d3* |
(3.7.12)

F(0) = v a2 sin20 + b2 cos20 .

In these coordinates, the U(1) x U(1) isometry of the squashed sphere is generated by
the real Killing vectors d, and dz. By combining them with translations 0, along R,
we obtain a complex Killing vector K, which squares to zero and commutes with its
complex conjugate,

i, i
K =08, — —0,— 105 . 3.7.13
0r — — 0o — 305 (3.7.13)

According to the discussion in section 3.4, this guarantees the existence of two

supercharges ( and Z . Introducing the frame

el=dr, =F(0)dI, e*=acosfda, e*=bsinddj, (3.7.14)

es(atf-0) 4 e~ 3 (atB—0)

2 2
7= _ ; 7= _ 3.7.15
V2 \ jeitatp+o) V2 \ je-itatp+o) ( )

[SIE2

88



The auxiliary fields take the form

i

V“dxH:_F(Q) dr + kK, dz" | K",k =0,
' . ; (3.7.16)
A, dxt = “35(0) (2idT + ada + bdB) + E(doz +dp) + §/£Kudx“ .

As in section 3.4, we can use K to define a complex structure compatible with the
metric (3.7.12). In the corresponding holomorphic coordinates, the metric is of the
form (3.4.5) and the supercharges are given by (3.4.11).

We can again fix the metric (3.7.12) and obtain two supercharges for different
choices of the auxiliary fields A, and V,. For instance, we can obtain a second
solution by replacing 7 — —7 and f — 7 — [ in (3.7.13) and repeating the previous
construction. Note that this does not change the orientation of the manifold. From

these two solutions, we can obtain two more by using (3.2.2).

3.8 Appendix A: Conventions

We follow the conventions of [34], adapted to Euclidean signature. This leads to some
differences in notation, which are summarized here, together with various relevant

formulas.

3.8.1 Flat Euclidean Space

The metric is given by 0,,, where p,v = 1,...,4. The totally antisymmetric Levi-
Civita symbol is normalized so that £1934 = 1. The rotation group is given by SO(4) =
SU(2)4+ x SU(2)-. A left-handed spinor ¢ is an SU(2); doublet and carries un-
dotted indices, (,. Right-handed spinors E are doublets under SU(2)_. They are
distinguished by a tilde and carry dotted indices, E ¢ In Euclidean signature, SU(2),
and SU(2)_ are not related by complex conjugation, and hence ¢ and Zare indepen-
dent spinors.

The Hermitian conjugate spinors (' and ET transform as doublets under SU(2) .
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and SU(2)_ respectively. They are defined with the following index structure,

=0, ([Ma=(, (3.8.1)

where the bars denote complex conjugation. Changing the index placement on both

sides of these equations leads to a relative minus sign,

(Na=-0, NH=-(G%). (3.8.2)

We can therefore write the SU(2) . invariant inner product of ¢ and n as (Tn. Similarly,
the SU(2)_ invariant inner product of Z and 7] is given by Z 7. The corresponding
norms are denoted by |¢[2 = ¢T¢ and |C]? = ¢IC.

The sigma matrices take the form

ol = (&, —i), oh = (=@, —i) , (3.8.3)

where & = (o!,0?% 0%) are the Pauli matrices. We use a tilde (rather than a bar)

to emphasize that o# and o* are not related by complex conjugation in Euclidean

signature. The sigma matrices (3.8.3) satisfy the identities
0,0, + 0,0, =—20,, , 0,0, + 0,0, = —20,, . (3.8.4)

The generators of SU(2); and SU(2)_ are given by the antisymmetric matrices

1, " - 1 -
Oy = Z(UHUV - JVUM) ) Ou = Z(UMUV - UVUN) : (385)

They are self-dual and anti-self-dual respectively,

1 1 ~ ~
§€,uz/p>\0'p>\ =Opuv » i‘gﬂl/p)\o-p)\ = —Ou - (386)

3.8.2 Differential Geometry

We will use lowercase Greek letters u, v, ... to denote curved indices and lowercase
Latin letters a, b, ... to denote frame indices. Given a Riemannian metric g,,, we can
define an orthonormal tetrad e?,. The Levi-Civita connection is denoted V,, and the

corresponding spin connection is given by
b __ b v
Wua' = €,V 6" . (3.8.7)
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The Riemann tensor takes the form
Rumb = 8uwyab — (‘3Vw,wb + wyacwucb — wuacwycb ) (3.8.8)

The Ricci tensor is defined by R, = R,,.”, and R = R,* is the Ricci scalar. Note
that in these conventions, the Ricci scalar is negative on a round sphere.

The covariant derivatives of the spinors ¢ and Z are given by
1 ab = = 1 ~ab ~
V¢ =00+ SWnab@ ¢, V¢ =0,(+ SWnab@ ¢ . (3.8.9)

We will also need the commutator of two covariant derivatives,

1 1 b
V., V¢ = ERWabaabC , V., V¢ = 5R,mba b¢ . (3.8.10)

Finally, the Lie derivatives of { and E along a vector field X = X*0, are given by [112],

1
Lx¢ = XMV, — =V, X,0"(

N 3 N (3.8.11)
LxC = XMV,0 = SV,.X,5C .

3.9 Appendix B: Review of Curved Superspace

In this appendix we explain how to place a four-dimensional N/ = 1 theory on a
Riemannian manifold M in a supersymmetric way. We review the procedure of [31]

and comment on several points that play an important role in our analysis.

3.9.1 Swupercurrents

Given a flat-space field theory, we can place it on M by coupling its energy-momentum
tensor T}, to the background metric g,, on M. In a supersymmetric theory, the
energy-momentum tensor resides in a supercurrent multiplet S, which also contains
the supersymmetry current S,, and various other operators. In the spirit of [16]
we can promote the background metric g,, to a background supergravity multiplet,
which also contains the gravitino v, and several auxiliary fields. They couple to the

operators in S,,.
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In general, the supercurrent multiplet S, contains 16 + 16 independent opera-
tors [1,46]. In many theories, it can be reduced to a smaller multiplet, which only
contains 12 + 12 operators. There are two such 12 + 12 supercurrents: the Ferrara-
Zumino (FZ) multiplet [38] and the R-multiplet (see for instance [50]). The R-
multiplet exists whenever the field theory possesses a U(1)r symmetry, and this is
the case we will focus on here.

The R-multiplet satisfies the defining relations®

DRas = Xa » Dixa =0, D% = DaX® . (3.9.2)

Here Ros = —20% R, is the bi-spinor corresponding to R,,. In components,

) ) o ~ 1 1 .
R, = j/SR) — 05, + 1605, + 00”0 (QTW + §€MVP/\‘F’D)\ — §5MVpA8pj(R))‘)

1 o~ l>2 5 1,325,
_ 59290 8,5, + 59 60"0,S, — 1920 82J£LR) :

Xa = — 2@'(0“5“)& — 4603 ((5&5 Tt — i(a‘“’)aﬁfw> —46*(0"0,8)) 0 + - - -
(3.9.3)
Here 5 fLR) is R-current, S, is the supersymmetry current, 7, is the energy-momentum
tensor, and F,, is a closed two-form, which gives rise to a string current e, ,0 F PA Al
of these currents are conserved. Note that (3.9.3) contains several unfamiliar factors
of 7, because we are working in Euclidean signature. In Lorentzian signature, the

superfield R, is real.

It is convenient to express the closed two-form F,,, in terms of a one-form A,
Fu = 0, A, — 0,A, . (3.9.4)

In general A, is not well defined, because it can shift by an exact one-form, A4, —

A, + 0,0 An exception occurs if the theory is superconformal, in which case A, is

9The supercovariant derivatives D, and 5@ are given by

d ~ ~ 0
D, = — ot 9% Dy = —— — %", . 9.1
o« = 5 + it 090, , & 7 i0“a" .0, (3.9.1)
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a well-defined conserved current. The superfield x, can then be set to zero by an
improvement transformation. Below, we will need the variation of the bosonic fields

in the R-multiplet under ordinary flat-space supersymmetry transformations,
55\ = —i¢S,, +1i(S,
1 1~ ~
0T, = an“papsy + 5( 0,p0°S, + (<= v) (3.9.5)

A, = (Csu_ggu _QCUupSp"'ZE&upgp) F0u ()

?
2
The ellipsis denotes a possible ambiguity in the variation of A, due to shifts by an

exact one-form.

3.9.2 Background Supergravity and the Rigid Limit

We would like to place a supersymmetric flat-space theory on a curved manifold M by
coupling it to background supergravity fields. A straightforward but tedious approach
is to follow the Noether procedure. This can be avoided if an off-shell formulation of
dynamical supergravity is available. As explained in [31], we can couple this super-
gravity to the field theory of interest and freeze the supergravity fields in arbitrary
background configurations by rescaling them appropriately and sending the Planck
mass to infinity. This was termed the rigid limit in [31]. In this limit, the fluctuations
of the supergravity fields decouple and they become classical backgrounds, which can
be chosen arbitrarily. In particular, we do not eliminate the auxiliary fields via their
equations of motion.

We will apply this procedure to A/ = 1 theories in four dimensions, which admit
different supercurrent multiplets. These give rise to different off-shell formulations
of supergravity, which differ in the choice of propagating and auxiliary fields. For
instance, the FZ-multiplet couples to the old minimal formulation of supergravity [97,
98], while the R-multiplet couples to new minimal supergravity [95,96]. We will
focus on the latter. In addition to the metric g, and the gravitino 1,,,, new minimal

supergravity contains two auxiliary fields: an Abelian gauge field A, and a two-form
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gauge field B,,. The dual field strength V# of B, is a conserved vector field,

1
Vi = 56“”%”3,;A ., V,VE=0. (3.9.6)

In an expansion around flat space, g,, = d,, + 2h,,, the linearized couplings to
new minimal supergravity are determined by the operators in the R-multiplet (3.9.3),

L =T — j,SR) (A — ;V“) — A, V" + (fermions) . (3.9.7)

Here A" and V* both have dimension 1, while g, and B, are dimensionless. The
fermion terms contain the couplings of the gravitino to the supersymmetry current,
which will not be important for us. We see from (3.9.7) that A, is the gauge field
associated with local U(1)g transformations. Under these transformations the grav-
itino 1, has R-charge +1. Note that the couplings in (3.9.7) are well defined under
shifts of A, by an exact one form, because V* is conserved. The fact that A* and V*
couple to j,SR) and A, is a general feature of the rigid limit that persists beyond
the linearized approximation around flat space. At higher order there are also terms
quadratic in the auxiliary fields, as well as curvature terms, which are described
in [31].

Note that the couplings (3.9.7) do not modify the short-distance structure of the
field theory, which is the same as in flat space. To see this, we can choose a point
on M and examine the theory in Riemann normal coordinates around this point. If
the curvature scale is given by r, the metric is flat up to terms of order T% In these
coordinates, the deformation (3.9.7) of the flat-space Lagrangian reduces to operators
of dimension 3 or less, and hence the short-distance structure is not affected.

We are interested in configurations of the bosonic supergravity background fields
that preserve some amount of rigid supersymmetry. The gravitino is set to zero. Such
backgrounds must be invariant under a subalgebra of the underlying supergravity

transformations. This subalgebra must leave the gravitino invariant,

6, = —2(V, —iA,) ¢ = 2iV,( — 2iV"0,,C ,
NH K K N NN M N (398)
0, =—2(V,+1iA,) (+2iV,( +2iV"0,.,C .
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Since the variations of the bosonic supergravity fields are proportional to the grav-
itino, they vanish automatically. Therefore, any nontrivial choice of ( and E that
satisfies (3.9.8) gives rise to a rigid supercharge. In general, the algebra satisfied
by these supercharges differs from the ordinary supersymmetry algebra in flat space.
Rather, it is a particular subalgebra of the local supergravity transformations that is

determined by the background fields.

3.9.3 Freedom in the Auxiliary Fields

In section 3.3 we found that the auxiliary fields A, and V), are not completely deter-
mined by the geometry of the underlying Hermitian manifold. For instance, it follows
from (3.3.7) that we have the freedom of shifting V# by a conserved holomorphic
vector U*. Here we would like to elucidate the origin of this freedom by lineariz-
ing the metric around flat space, so that the deformation of the Lagrangian is given
by (3.9.7), and using our knowledge of the R-multiplet.

We can choose

(3.9.9)

and use holomorphic coordinates w, z adapted to the complex structure defined by ¢

as in (3.2.3). In these coordinates, the linearized Hermitian metric only has compo-

nents h;z. We would like to determine the values of the auxiliary fields A, and V),

for which the bosonic terms in (3.9.7) are invariant under the supercharge é. corre-

sponding to ¢ in (3.9.9). This amounts to finding combinations of Tj7 and the other
(R)

bosonic operators j, ', A, in the R-multiplet that are invariant under d.. Since we

are working to linear order, we can use the flat-space transformations (3.9.5) to find

{

4
l i, (rR) b, .

J, <Tw2 57wz — _aw S _62 (R)> =0 >

c(Tuw = 5 Foz = 5 (0 = 0wi(l?) + 50,4 ) =0,

(3.9.10)

and two more with w < z , W < Z. Moreover, up to shifts of A, by an exact

one-form,

e Ay = 6cA, =0 (3.9.11)
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We can therefore add A, and A, with coefficients that are arbitrary functions of the
coordinates, as long as we ensure that the Lagrangian is invariant under shifts of A,,.
Hence, the following Lagrangian is invariant under o,

7

2 = (T — 5 Fox — (0,18 — 0 ) + 0.5

B : 2 .
+ 2h"* (TwE + %}—wz - Zzawjg) T i@;jff») + (w2, W 7) (3.9.12)

-U"A, -U*A, .

Here U"* is a holomorphic vector field. Invariance under shifts of .4, by an exact

one-form implies that it must be conserved,
0,U"Y +0.U7 =0 . (3.9.13)

We can now determine the auxiliary fields V,, and A, by comparing (3.9.12) to (3.9.7),

Vw = -2 (awth - azhwz) 5 VE =21 (awhzi - &zhzﬁ) + UE 5
(3.9.14)
Ay

1
= —i0y (hWE + h25> ) A = i0g (hwﬁ + hz}) + Vi + §U@ ,

and four more with w < z , W < Z. This exactly agrees with (3.3.7) and (3.3.17).
We see that the freedom in U; is the result of (3.9.11), which allows us to add A4,
and A, with coefficients that are arbitrary functions of the coordinates, as long as we

ensure invariance under shifts of A, by an exact one-form.

3.10 Appendix C: Solutions with K K| # 0

In this appendix we analyze the constraints due to a complex Killing vector K that
squares to zero, K*K, = 0, and does not commute with its complex conjugate,
[K, K] # 0. In this case, we will show that M is locally isometric to S® x R with

warped metric

ds® = dr* +r(7)*dQ; . (3.10.1)

Here d23 is the round metric on a unit three-sphere. If K is constructed from solu-

tions ¢ and ¢ of (3.4.1), we further prove that () must be a constant.
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3.10.1 Algebra of Killing Vectors

For ease of notation, we will write (X,Y) = X*"Y), for any two complex vectors X
and Y, and refer to it as their inner product even though the vectors are complex.
Since the complex conjugate K of the Killing vector K is also a Killing vector, their

commutator gives rise to a third Killing vector L, which must be real,

K, K] = —iL . (3.10.2)

The case L = 0 was analyzed in section 3.4. Here we assume that L # 0. In
order to constrain the algebra generated by K, K, and L, we will differentiate their
inner products along the vectors themselves. For instance, differentiating (K, K) =0
along K gives

0=Lp(K,K)=2i(L,K) . (3.10.3)

Since L is real, this implies that the three real Killing vectors K + K, i(K — K),
and L are orthogonal.

We will now consider two distinct cases. If K, K, and L form a closed algebra,
it follows from constraints similar to (3.10.3) that this algebra must be SU(2) in its
usual compact form. If the algebra does not close, we find a fourth real Killing vector,
which is orthogonal to the first three. In this case the algebra is SU(2) x U(1).

In the first case, we can introduce SU(2)-invariant one-forms w® and write the
metric as ds? = d7? + hg(T)w®. The fact that the three Killing vectors are orthog-
onal implies that he(7) = r(7)%04, see for instance [113]. The metric is therefore
given by (3.10.1) and the isometry group is enhanced to SU(2) x SU(2). So far, r(7)
is an arbitrary positive function.

In the second case, we can similarly show that the metric must take the form
(3.10.1), but in this case the presence of the additional U(1) isometry corresponds to

translations along 7, and hence r(7) is a constant.
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3.10.2 Proof that r(7) is a Constant

As we saw above, the algebra of Killing vectors is not always sufficient to prove
that 7(7) is constant. We will now show that this must be the case if K# = (oh(,
where ¢ and gare solutions of (3.4.1). If we demand that the auxiliary fields A,
and V), respect the SU(2) x SU(2) isometry of (3.10.1), the equations (3.4.1) can be
analyzed explicitly and a solution exists if and only if r(7) is a constant. We will now
give a proof that does not rely on this additional assumption.

Recall that ¢ and 5 give rise to integrable complex structures J#*, and J #,, which
can be expressed in terms of K and K as in (3.2.12). Using (3.3.7) and (3.3.22), we
find that

V, = —%V,,J”M +U, = %vy I+ U, . (3.10.4)

The vectors U* and U* are conserved and holomorphic with respect to J*, and j“z,

respectively. We can use the Killing vectors to parametrize them at every point:

U, = kK, +o(L, —iT,) 5103)

U,=kK,—0o(L,+1,),
where k, 0 and k, o are complex functions on M. Here we have defined an additional

vector,'?

T = <KZ_F>€WMLVKPEA3M ~ ()0 . (3.10.6)

The fact that K, L —iT and K, L + T are holomorphic with respect to J*, and j“,,
respectively follows from (3.2.12).
Substituting (3.10.5) into (3.10.4) and demanding consistency leads to

o=0r~ r(i)Q , K=K . (3.10.7)
Here we have used the fact that
V(" + J8) = 2 L~ (3.10.8)
(K,K) r(7)?

10T¢, follows from the form of the metric (3.10.1) that (K, K) is proportional to r2(7).
For ease of notation, we will omit an overall real constant in some of the formulas

below. This will be indicated by a tilde.
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which follows from (3.2.12) and the commutation relation (3.10.2). Substituting
(3.10.7) into (3.10.5) and using the fact that U, is conserved, we find that

V. (KK") ~ ;o) (3.10.9)

The orbits of K, K, L are given by surfaces of constant 7. Since the isometry is SU(2),

they must be compact. Integrating (3.10.9) over such an orbit, we find that

/d% VIV (EK") ~ir' (T)r(T) =0 . (3.10.10)

Therefore r(7) is a constant.
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Chapter 4

Comments on Chern-Simons
Contact Terms in Three

Dimensions

4.1 Introduction

In quantum field theory, correlation functions of local operators may contain o-
function singularities at coincident points. Such contributions are referred to as
contact terms. Typically, they are not universal. They depend on how the oper-
ators and coupling constants of the theory are defined at short distances, i.e. they
depend on the regularization scheme. This is intuitively obvious, since contact terms
probe the theory at very short distances, near the UV cutoff A. If A is large but finite,
correlation functions have features at distances of order A=!. In the limit A — oo
some of these features can collapse into d-function contact terms.

In this chapter, we will discuss contact terms in two-point functions of conserved
currents in three-dimensional quantum field theory. As we will see, they do not suffer
from the scheme dependence of conventional contact terms, and hence they lead to
interesting observables.

It is convenient to promote all coupling constants to classical background fields
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and specify a combined Lagrangian for the dynamical fields and the classical back-
grounds. As an example, consider a scalar operator O(z), which couples to a classical

background field A(x),
L =Ly + Mx)O(x) + A (z) + IA@)PN(x) + -+ . (4.1.1)

Here %, only depends on the dynamical fields and ¢, ¢ are constants. The ellipsis
denotes other allowed local terms in A(z). If the theory has a gap, we can construct

a well-defined effective action F[A] for the background field A\(x),
e P = <e*fd3m~f> , (4.1.2)

which captures correlation functions of O(x). (Since we are working in Euclidean
signature, F[A] is nothing but the free energy.) At separated points, the connected
two-point function (O(z)O(y)) arises from the term in (4.1.1) that is linear in A\(z).
Terms quadratic in A(z) give rise to contact terms: ¢6®) (z —y) +c/9?6®) (z —y)+- - - .

A change in the short-distance physics corresponds to modifying the Lagrangian
(4.1.1) by local counterterms in the dynamical and the background fields. For in-
stance, we can change the constants ¢, ¢ by modifying the theory near the UV cutoff,
and hence the corresponding contact terms are scheme dependent. Equivalently, a
scheme change corresponds to a field redefinition of the coupling A(z). This does not
affect correlation functions at separated points, but it shifts the contact terms [114].
A related statement concerns redundant operators, i.e. operators that vanish by the
equations of motion, which have vanishing correlation functions at separated points
but may give rise to non-trivial contact terms.

Nevertheless, contact terms are meaningful in several circumstances. For example,
this is the case for contact terms associated with irrelevant operators, such as the mag-
netic moment operator. Dimensionless contact terms are also meaningful whenever
some physical principle, such as a symmetry, restricts the allowed local counterterms.
A well-known example is the seagull term in scalar electrodynamics, which is fixed

by gauge invariance. Another example is the trace anomaly of the energy-momentum
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tensor T}, in two-dimensional conformal field theories. Conformal invariance implies
that T is a redundant operator. However, imposing the conservation law o7, =0
implies that 7" has non-trivial contact terms. These contact terms are determined by
the correlation functions of T}, at separated points, and hence they are unambiguous
and meaningful. This is typical of local anomalies [115-117].

If we couple T}, to a background metric g,,, the requirement that 7},, be con-
served corresponds to diffeomorphism invariance, which restricts the set of allowed
counterterms. In two dimensions, the contact terms of T} are summarized by the
formula (T) = 3R, where c is the Virasoro central charge and R is the scalar
curvature of the background metric.! This result cannot be changed by the addition
of diffeomorphism-invariant local counterterms.

The contact terms discussed above are either completely arbitrary or completely
meaningful. In this chapter we will discuss a third kind of contact term. Its integer
part is scheme dependent and can be changed by adding local counterterms. However,
its fractional part is an intrinsic physical observable.

Consider a three-dimensional quantum field theory with a global U(1) symmetry
and its associated current j,. We will assume that the symmetry group is compact,
i.e. only integer charges are allowed. The two-point function of j, can include a

contact term,
1K

o 0?03 () . (4.1.3)

(Ju(2)5(0)) = - +
Here k is a real constant. Note that this term is consistent with current conserva-

tion. We can couple j, to a background gauge field a,. The contact term in (4.1.3)

corresponds to a Chern-Simons term for a, in the effective action Fa],

Fla|=---+ % d*xe"’a,d,a, . (4.1.4)

We might attempt to shift K — x+ dx by adding a Chern-Simons counterterm to the

'Tn our conventions, a d-dimensional sphere of radius r has scalar curvature

R — _dd-1)

r2
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UV Lagrangian,
1
0L = % e"°q,0,0,, . (4.1.5)

However, this term is not gauge invariant, and hence it is not a standard local coun-
terterm.

We will now argue that (4.1.5) is only a valid counterterm for certain quantized
values of dx. Since counterterms summarize local physics near the cutoff scale, they
are insensitive to global issues. Their contribution to the partition function (4.1.2)
must be a well-defined, smooth functional for arbitrary configurations of the back-
ground fields and on arbitrary curved three-manifolds Mj. Since we are interested
in theories with fermions, we require M3 to be a spin manifold. Therefore (4.1.5) is
an admissible counterterm if its integral is a well-defined, smooth functional up to
integer multiples of 27i. This restricts dx to be an integer.

Usually, the quantization of dx is said to follow from gauge invariance, but this
is slightly imprecise. If the U(1) bundle corresponding to a, is topologically trivial,
then a,, is a good one-form. Since (4.1.5) shifts by a total derivative under small gauge
transformations, its integral is well defined. This is no longer the case for non-trivial
bundles. In order to make sense of the integral, we extend a, to a connection on a
suitable U(1) bundle over a spin four-manifold M, with boundary Ms, and we define

1 1

d*z e"Pa,0,a, = d*z " F, Foy (4.1.6)

=y o7 /o,

where F),, = 0,a, — 0,a, is the field strength. The right-hand side is a well-defined,
smooth functional of a,, but it depends on the choice of M. The difference between
two choices My and M/, is given by the integral over the closed four-manifold Xy,
which is obtained by properly gluing M, and M, along their common boundary M.
Since X} is also spin, we have

?

— d*z e F,, F,y = 2min nez. (4.1.7)
167 Jx,

Thus, if 0k is an integer, the integral of (4.1.5) is well defined up to integer multiples
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of 2mi.2

We conclude that a counterterm of the from (4.1.5) can only shift the contact
term s in (4.1.3) by an integer. Therefore, the fractional part xmod1 does not
depend on short-distance physics. It is scheme independent and gives rise to a new
meaningful observable in three-dimensional field theories. This observable is discussed
in section 4.2.

In section 4.2, we will also discuss the corresponding observable for the energy-

momentum tensor 7T),,. It is related to a contact term in the two-point function

of T,
(T8 Ty () = -+~ = 8 (20 @1y — 00) + (1 1) + (p = 0)) 6¥(a)

(4.1.8)
This contact term is associated with the gravitational Chern-Simons term, which is

properly defined by extending the metric g,, to a four-manifold,

2
xetP Tr <wuﬁywp+ gwuwywp 768 / \/_d3$ €WWRWW\Rpa
(4.1.9)

1927

Here w, is the spin connection and R,,,, is the Riemann curvature tensor. Note
that we do not interpret the left-hand side of (4.1.9) as a Chern-Simons term for
the SO(3) frame bundle. (See for instance the discussion in [118].) As above, two
different extensions of M3 differ by the integral over a closed spin four-manifold Xy,

i

768

VIPT e R Rye™ =2min,  nez. (4.1.10)
4

Therefore, the gravitational Chern-Simons term (4.1.9) is a valid counterterm, as
long as its coefficient is an integer.®> Consequently, the integer part of the contact
term k, in (4.1.8) is scheme dependent, while the fractional part x, mod1 gives rise

to a meaningful observable.

2In a purely bosonic theory we do not require M3 to be spin. In this case dx must

be an even integer.
3If M3 is not spin, then the coefficient of (4.1.9) should be an integer multiple

of 16.
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We would briefly like to comment on another possible definition of Chern-Simons
counterterms, which results in the same quantization conditions for their coefficients.
It involves the Atiyah-Patodi-Singer n-invariant [119-121], which is defined in terms
of the eigenvalues of a certain Dirac operator on Ms that couples to a, and g,,.
(Loosely speaking, it counts the number of eigenvalues, weighted by their sign.)
Therefore, nla, g is intrinsically three-dimensional and gauge invariant. The Atiyah-
Patodi-Singer theorem states that imn[a, g] differs from the four-dimensional integrals
in (4.1.6) and (4.1.9) by an integer multiple of 27i. Hence, its variation gives rise to
contact terms of the form (4.1.3) and (4.1.8). Although 7[a, g] is well defined, it jumps
discontinuously by 2 when an eigenvalue of its associated Dirac operator crosses zero.
Since short-distance counterterms should not be sensitive to zero-modes, we only
allow imn[a, g] with an integer coefficient.

In section 4.3, we discuss the observables k mod 1 and x4 mod 1 in several examples.
We use our understanding of these contact terms to give an intuitive proof of a non-
renormalization theorem due to Coleman and Hill [122].

In section 4.4 we extend our discussion to three-dimensional theories with N = 2
supersymmetry. Here we must distinguish between U (1) flavor symmetries and U(1)g
symmetries. Some of the contact terms associated with the R-current are not con-
sistent with conformal invariance. As we will see in section 4.5, this leads to a new
anomaly in A/ = 2 superconformal theories, which is similar to the framing anomaly
of [123]. The anomaly can lead to violations of conformal invariance and unitarity
when the theory is placed on curved manifolds.

In section 4.6, we explore these phenomena in N' = 2 supersymmetric QED
(SQED) with a dynamical Chern-Simons term. For some range of parameters, this
model is accessible in perturbation theory.

In supersymmetric theories, the observables defined in section 4.4 can be computed
exactly using localization [4]. In section 4.7, we compute them in several theories that
were conjectured to be dual, subjecting these dualities to a new test.

Appendix A contains simple free-field examples. In appendix B we summarize
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relevant aspects of N' = 2 supergravity.

4.2 Two-Point Functions of Conserved Currents in
Three Dimensions

In this section we will discuss two-point functions of flavor currents and the energy-
momentum tensor in three-dimensional quantum field theory, and we will explain in

detail how the contact terms in these correlators give rise to a meaningful observable.

4.2.1 Flavor Currents

We will consider a U(1) flavor current j,. The extension to multiple U(1)’s or to non-
Abelian symmetries is straightforward. Current conservation restricts the two-point

function of j,. In momentum space,?

2 2 2
. . p Pubv — P d v p Epv pp
(uP)iv(=p)) =7 (P) HTMM Tk (P) % : (4.2.2)

Here 7 (p?/p?) and & (p?/u?) are real, dimensionless structure functions and j is an
arbitrary mass scale.

In a conformal field theory (CFT), 7 = 7cpr and k = kcpr are independent of p?.
(We assume throughout that the symmetry is not spontaneously broken.) In this

case (4.2.2) leads to the following formula in position space:’

) ) T K
(7u(2)7,(0)) = (0,00% — 0,0,) 323:;;2 + ;;Tew,papé(?’)(x) . (4.2.3)

1Given two operators A(x) and B(zx), we define

(A(p)B(-p)) = / d*z e (A(2)B(0)) . (4.2.1)

A term proportional to €,,,0°|z|™3, which is conserved and does not vanish at

separated points, is not consistent with conformal invariance.
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This makes it clear that 7cpr controls the behavior at separated points, while the term
proportional to kcpr is a pure contact term of the form (4.1.3). Unitarity implies
that 7cpr > 0. If 7cpr = 0 then j, is a redundant operator.

If the theory is not conformal, then x (p?/u?) may be a non-trivial function of p?.
In this case the second term in (4.2.2) contributes to the two-point function at sepa-
rated points, and hence it is manifestly physical. Shifting » (p*/u?) by a constant ik
only affects the contact term (4.1.3). It corresponds to shifting the Lagrangian by
the Chern-Simons counterterm (4.1.5). As explained in the introduction, shifts with
arbitrary dx may not always be allowed. We will return to this issue below.

It is natural to define the UV and IR values

Kuy = pliinoo K <i—2) , KIR = p12ir—>no K (Z—Z) ) (4.2.4)
Adding the counterterm (4.1.5) shifts kyy and kg by 0k. Therefore kyy — kg is not
modified, and hence it is a physical observable.

We will now assume that the U(1) symmetry is compact, i.e. only integer charges
are allowed. (This is always the case for theories with a Lagrangian description, as
long as we pick a suitable basis for the Abelian flavor symmetries.) In this case, the
coefficient dr of the Chern-Simons counterterm (4.1.5) must be an integer. Therefore,
the entire fractional part x(p*/p?)mod1 is scheme independent. It is a physical
observable for every value of p?. In particular, the constant xcpr mod 1 is an intrinsic
physical observable in any CFT.

The fractional part of kKogpr has a natural bulk interpretation for CFTs with
an AdS, dual. While the constant 7cpr is related to the coupling of the bulk gauge
field corresponding to j,, the fractional part of kcpr is related to the bulk #-angle. The
freedom to shift Kcpr by an integer reflects the periodicity of 0, see for instance [124].

In order to calculate the observable kcpr mod 1 for a given CF'T, we can embed the
CFT into an RG flow from a theory whose « is known — for instance a free theory. We
can then unambiguously calculate x(p?/u?) to find the value of kcpr in the IR. This

procedure is carried out for free massive theories in appendix A. More generally, if
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the RG flow is short, we can calculate the change in k using (conformal) perturbation
theory. In certain supersymmetric theories it is possible to calculate kcprmod 1
exactly using localization [4]. This will be discussed in section 4.7.

We would like to offer another perspective on the observable related to x(p?).

Using (4.2.2), we can write the difference kyy — kg as follows:

v . ‘
fov — AR = o [ &z 2 e 0, (j,(2)7,(0)) . (4.2.5)
R"—{o}
The integral over R® — {0} excludes a small ball around # = 0, and hence it is

not sensitive to contact terms. The integral converges because the two-point func-
tion €70, (j,(2)j,(0)) vanishes at separated points in a conformal field theory, so
that it decays faster than xig in the IR and diverges more slowly than w—lg in the UV.
Alternatively, we can use Cauchy’s theorem to obtain the dispersion relation

1 [>d
Ryv — KIR = —/ —S Imk (—%) . (426)
0

7 s 1

This integral converges for the same reasons as (4.2.5). Since it only depends on the
imaginary part of x(p?/u?), it is physical.

The formulas (4.2.5) and (4.2.6) show that the difference between kyy and kg
can be understood by integrating out massive degrees of freedom as we flow from
the UV theory to the IR theory. Nevertheless, they capture the difference between
two quantities that are intrinsic to these theories. Although there are generally many
different RG flows that connect a pair of UV and IR theories, the integrals in (4.2.5)
and (4.2.6) are invariant under continuous deformations of the flow. This is very
similar to well-known statements about the Virasoro central charge ¢ in two dimen-
sions. In particular, the sum rules (4.2.5) and (4.2.6) are analogous to the sum rules

in [125,126] for the change in ¢ along an RG flow.

4.2.2 Energy-Momentum Tensor

We can repeat the analysis of the previous subsection for the two-point function of

the energy-momentum tensor 7,

w, wWhich depends on three dimensionless structure
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functions 7,(p*/1?), 7,(p?/p?), and ry(p*/ 1),

(T () Tpo (—p)) = —(Ppps — p25;w)(pppcr - paspo)%
— ((Pupp = P*0,0) (DuDs — P?00e) + (1 > 1)) %
tio 0/ 1)

Toar (EupaP (Pups = D000) + (1= v)) + (p = 0)) -

(4.2.7)

+

Unitarity implies that 7,(p*/p®) + 7,(p*/p?) > 0. If the equality is saturated, the
trace T becomes a redundant operator. This is the case in a CFT, where 7, =
—Tg’ and k, are constants. The terms proportional to 7, determine the correlation
function at separated points. The term proportional to , gives rise to a conformally
invariant contact term (4.1.8). It is associated with the gravitational Chern-Simons
term (4.1.9), which is invariant under a conformal rescaling of the metric. Unlike
the Abelian case discussed above, the contact term g4 is also present in higher-point
functions of 7),,. (This is also true for non-Abelian flavor currents.)

Repeating the logic of the previous subsection, we conclude that kg uv — Kgr is
physical and can in principle be computed along any RG flow. Moreover, the quan-
tization condition on the coefficient of the gravitational Chern-Simons term (4.1.9)

implies that the fractional part r,(p?/p?) mod 1 is a physical observable for any value

of p%. In particular r, cprmod 1 is an intrinsic observable in any CFT.

4.3 Examples

In this section we discuss a number of examples that illustrate our general discussion
above. An important example with N/ = 2 supersymmetry will be discussed in

section 4.6. Other examples with A/ = 4 supersymmetry appear in [127].

4.3.1 Free Fermions

We begin by considering a theory of N free Dirac fermions of charge +1 with real

masses m;. Here we make contact with the parity anomaly of [117,128,129]. As is
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reviewed in appendix A, integrating out a Dirac fermion of mass m and charge +1

shifts x by —1 sign(m), and hence we find that

N
1 .
Kuv — KIR = 3 E sign (m;) . (4.3.1)
i=1

If N is odd, this difference is a half-integer. Setting xyy = 0 implies that kg is a
half-integer, even though the IR theory is empty. In the introduction, we argued that
short-distance physics can only shift £ by an integer. The same argument implies
that kg must be an integer if the IR theory is fully gapped.® We conclude that it is

inconsistent to set kyy to zero; it must be a half-integer. Therefore,

1
Kuyy = = +n, new,

2
| (4.3.2)

KIR = Kuv — 5 Zagn(mz) ez.
=1

The half-integer value of kyy implies that the UV theory is not parity invariant, even
though it does not contain any parity-violating mass terms. This is known as the
parity anomaly [117,128,129].

We can use (4.3.2) to find the observable kcprmod1 for the CFT that consists

of N free massless Dirac fermions of unit charge:

0 N even
kopr mod 1 = (4.3.3)

% N odd
This illustrates the fact that we can calculate kcpr, if we can connect the CFT of
interest to a theory with a known value of k. Here we used the fact that the fully
gapped IR theory has integer xig.
We can repeat the above discussion for the contact term k, that appears in the
two-point function of the energy-momentum tensor. Integrating out a Dirac fermion
of mass m shifts k, by —sign(m), so that

Kg,uv — KgIR = Z sign(m;) . (4.3.4)

)

6We refer to a theory as fully gapped when it does not contain any massless or

topological degrees of freedom.
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If we instead consider N Majorana fermions with masses m;, then kg, vy — K411 Would
be half the answer in (4.3.4). Since K, g must be an integer in a fully gapped theory,
we conclude that kg yy is a half-integer if the UV theory consists of an odd number of

massless Majorana fermions. This is the gravitational analogue of the parity anomaly.

4.3.2 Topological Currents and Fractional Values of x

Consider a dynamical U(1) gauge field A,, and the associated topological current

. p y
Ju = %6,‘”,38 AP, pEL. (4.3.5)

Note that the corresponding charges are integer multiples of p. We study the free
topological theory consisting of two U(1) gauge fields — the dynamical gauge field A,
and a classical background gauge field a, — with Lagrangian [51,124,127,130-132]

1
L = E (k E’LVPA“&,AP + 2p€’“’pau&,Ap -+ qgwjpauauap) 5 kapa q < 7 . (436)

The background field a, couples to the topological current j, in (4.3.5). In order
to compute the contact term s corresponding to j,, we naively integrate out the
dynamical field A, to obtain an effective Lagrangian for a,,
Lg = i—ia““pauﬁyap , K=q— p; ) (4.3.7)
Let us examine the derivation of (4.3.7) more carefully. The equation of motion
for A, is
ke"*9,A, = —pe"?o,a, . (4.3.8)
Assuming, for simplicity, that k and p are relatively prime, this equation can be solved
only if the flux of a, through every two-cycle is an integer multiple of k. When this
is not the case the functional integral vanishes. If the fluxes of a, are multiples of £,
the derivation of (4.3.7) is valid. For these configurations the fractional value of  is
harmless.
This example shows that x is not necessarily an integer, even if the theory contains

only topological degrees of freedom. Equivalently, the observable x mod 1 is sensitive

to topological degrees of freedom. We would like to make a few additional comments:
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1)

2.)

The freedom in shifting the Lagrangian by a Chern-Simons counterterm (4.1.5)

with integer dx amounts to changing the integer ¢ in (4.3.6).

The value Kk = ¢ — %2 can be measured by making the background field a,
dynamical and studying correlation functions of Wilson loops for a, in flat
Euclidean space R®. These correlation functions can be determined using either

the original theory (4.3.6) or the effective Lagrangian (4.3.7).

Consider a CFT that consists of two decoupled sectors: a nontrivial CFT with
a global U(1) current jlgo) and a U(1) Chern-Simons theory with level k& and
topological current ;—frem,pﬁ”Ap. We will study the linear combination j, =
j;go) + ;—frewp@”A”. Denoting the contact term in the two-point function of jﬁo)
by ko, the contact term k corresponding to j, is given by

2

K =Ko — % + (integer) . (4.3.9)

Since the topological current is a redundant operator, it is not possible to ex-
tract k by studying correlation functions of local operators at separated points.
Nevertheless, the fractional part of x is an intrinsic physical observable. This is
an example of a general point that was recently emphasized in [133]: a quan-
tum field theory is not uniquely characterized by its local operators and their
correlation functions at separated points. The presence of topological degrees
of freedom makes it necessary to also study various extended objects, such as

line or surface operators.

4.3.3 A Non-Renormalization Theorem

Consider an RG flow from a free theory in the UV to a fully gapped theory in the IR.

(Recall that a theory is fully gapped when it does not contain massless or topological

degrees of freedom.) In this case, we can identify kg with the coefficient of the

Chern-Simons term for the background field a, in the Wilsonian effective action.

Since the IR theory is fully gapped, kg must be an integer. Depending on the
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number of fermions in the free UV theory, kyy is either an integer or a half-integer.
Therefore, the difference kyy — kg is either an integer or a half-integer, and hence
it cannot change under smooth deformations of the coupling constants. It follows
that this difference is only generated at one-loop. This is closely related to a non-
renormalization theorem due to Coleman and Hill [122], which was proved through a
detailed analysis of Feynman diagrams. Note that our argument applies to Abelian
and non-Abelian flavor currents, as well as the energy-momentum tensor.

When the IR theory has a gap, but contains some topological degrees of freedom, s
need not be captured by the Wilsonian effective action. As in the previous subsection,
it can receive contributions from the topological sector. If the flow is perturbative,
we can distinguish 1PT diagrams. The results of [122] imply that 1PI diagrams only
contribute to k associated with a flavor current at one-loop. (The fractional contri-
bution discussed in the previous subsection arises from diagrams that are not 1PI.)
However, this is no longer true for ,4, which is associated with the energy-momentum
tensor. For instance, x4 receives higher loop contributions from 1PI diagrams in pure

non-Abelian Chern-Simons theory [123].

4.3.4 Flowing Close to a Fixed Point

Consider an RG flow with two crossover scales M > m. The UV consists of a free
theory that is deformed by a relevant operator. Below the scale M, the theory flows
very close to a CFT. This CFT is further deformed by a relevant operator, so that it
flows to a gapped theory below a scale m < M.

If the theory has a U(1) flavor current j,, the structure functions in (4.2.2) inter-
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polate between their values in the UV, through the CF'T values, down to the IR:
(

oy P> M?
Terr m? <K p? < M?

\TIR p2 < m2

;

kuy PP > M?

(4.3.10)

Kepr M2 <L p? <K M?

KRIR p2 < m2

\

Since the UV theory is free, yy is easily computed (see appendix A). In a free
theory we can always take the global symmetry group to be compact. This implies
that kyy is either integer or half-integer, depending on the number of fermions that
are charged under j,. If j, does not mix with a topological current in the IR, then 7y
vanishes and xg must be an integer. This follows from the fact that the theory is
gapped.

Since we know kyy and kg, we can use the flow to give two complementary

arguments that kcpr mod 1 is an intrinsic observable of the CFT:

1.) The flow from the UV to the CFT: Here we start with a well- defined ryv,
which can only be shifted by an integer. Since xkyy — kcpr is physical, it follows

that kopr is well defined modulo an integer.

2.) The flow from the CEFT to the IR: We can discuss the CFT without flowing
into it from a free UV theory. If the CFT can be deformed by a relevant
operator such that it flows to a fully gapped theory, then kg must be an integer.
Since kcpr — KR is physical and only depends on information intrinsic to the
CFT, i.e. the relevant deformation that we used to flow out, we conclude that

the fractional part of kcpr is an intrinsic observable of the CFT.

Below, we will see examples of such flows, and we will use them to compute Kcpr mod 1.
For the theory discussed in section 4.6, we will check explicitly that flowing into or

out of the CFT gives the same answer for this observable.
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4.4 Theories with /' =2 Supersymmetry

In this section we extend the previous discussion to three-dimensional theories with
N = 2 supersymmetry. Here we must distinguish between U(1) flavor symmetries

and U(1)g symmetries.

4.4.1 Flavor Symmetries

A U(1) flavor current j, is embedded in a real linear superfield J, which satis-

fies D27 = D°J = 0. In components,
o — — . 1 97 . 1— -1 975 A2
J = J+i0j+i0j +i00K — (0+"0) j,. — 59 00,5 — 59297“@]—1—19 020°J . (4.4.1)

The supersymmetry Ward identities imply the following extension of (4.2.2):7

~

. . . 2 Tif olrs
(4.(p)ju(=p)) = A(pupu —p 5W)_8|p| + e’
NG )
(J()J(—p)) 8ipl ° i2)

(K@)K(-) =27,

(Jp)K () = S

Here we have defined 7yf = %7’, so that 7Ty = 1 for a free massless chiral superfield
of charge +1, and we have also renamed k¢ = k. The subscript ff emphasizes the
fact that we are discussing two-point functions of flavor currents.

As in the non-supersymmetric case, we can couple the flavor current to a back-

ground gauge field. Following [16,134], we should couple J to a background vector

superfield,

_ _ . 1
V= + (0+"0) a, — i00c — i0°OX + i026\ — 592921) . (4.4.3)

"Supersymmetry also fixes the two-point function of the fermionic operators j,
and j, in terms of 7;; and kyf, but in order to simplify the presentation, we will

restrict our discussion to bosonic operators.
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Background gauge transformations shift ¥V — V + A + A with chiral A, so that o
and D are gauge invariant, while a, transforms like an ordinary gauge field. (The
ellipsis denotes fields that are pure gauge modes and do not appear in gauge-invariant

functionals of V.) The coupling of J to V takes the form
0L = —2/d46 JV = —j,a" — Ko — JD + (fermions) . (4.4.4)

As before, it may be necessary to also add higher-order terms in )V to maintain gauge
invariance.

We can now adapt our previous discussion to k¢¢. According to (4.4.2), a constant
value of k gives rise to contact terms in both (j,(p)j,(—p)) and (J(p)K(—p)). These
contact terms correspond to a supersymmetric Chern-Simons term for the background

field V,

L= —Z—JZ doxy = Z—JZ (ie"?a,0,a, — 20D + (fermions)) . (4.4.5)

Here the real linear superfield ¥ = %EDV is the gauge-invariant field strength corre-
sponding to V. If the U(1) flavor symmetry is compact, then the same arguments as
above imply that short-distance counterterms can only shift x;; by an integer, and
hence the analysis of section 4.2 applies. In particular, the fractional part x;r mod 1

is a good observable in any superconformal theory with a U(1) flavor symmetry.

4.4.2 R-Symmetries

Every three-dimensional N = 2 theory admits a supercurrent multiplet S,, that con-
tains the supersymmetry current and the energy-momentum tensor, as well as other
operators. A thorough discussion of supercurrents in three dimensions can be found
in [1]. If the theory has a U(1l)g symmetry, the S-multiplet can be improved to a

multiplet R,,, which satisfies
D'Ros = —4iDo g9, D*JD =D'7?D =0, (4.4.6)

Here Rop3 = —275573# is the symmetric bi-spinor corresponding to R,,. Note that J (%)

is a real linear multiplet, and hence R, is also annihilated by D? and D’ In compo-
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nents,

Ry = j\P —i0S, —i0S,, — (070) (2T, + i€,,0° T ?)
—i00(257) + ig,p 0" P + - (4.4.7)
1 lo = | .= .
&ﬂ@:J@—E&w%+§m%h+wmy—wwmﬁm+nw

where the ellipses denote terms that are determined by the lower components as
in (4.4.1). Here jfLR) is the R-current, S,, is the supersymmetry current, 7),, is the
energy-momentum tensor, and j,SZ) is the current associated with the central charge in
the supersymmetry algebra. The scalar J#) gives rise to a string current € p0°J (2,
All of these currents are conserved. Note that there are additional factors of 7 in (4.4.7)
compared to the formulas in [1], because we are working in Euclidean signature. (In
Lorentzian signature the superfield R, is real.)

The R-multiplet is not unique. It can be changed by an improvement transfor-

mation,

/ t — _
op = Rag — 5 ([Da, Dg] + [Dg, Da)) T

. (4.4.8)
T = 72 _“pp7
2 9
where J is a flavor current and ¢ is a real parameter. In components,
I =g 4t
t
T, =T — (0,0, — 6,,0°)J
2 (4.4.9)
JE = J@ LK
jL(Z) = j;(LZ) — ite,,0" 5" .

Note that the R-current jfLR) is shifted by the flavor current j,. If the theory is

superconformal, it is possible to set %) to zero by an improvement transformation,
so that J4) T ', and jLZ) are redundant operators.
We first consider the two-point functions of operators in the flavor current mul-

tiplet J with operators in the R-multiplet. They are parameterized by two dimen-

sionless structure functions 7y, and k., where the subscript fr emphasizes the fact
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that we are considering mixed flavor-R two-point functions:

o~

‘ (R) () — _ 25 plfr
<jﬂ(p) v ( p)) (puplf p 5uu)8|p‘ +5;wpp o
. . K fr |D|T#r
<.7M<p> £Z)(_p>> = (p,upl/ _pzé,u )# - guuppp 8f )
/{/ r
(J(p) TP (—p)) = 22|
27T| - (4.4.10)
K(p)J D (—p)) = —PITfr
(K(p)J*"(=p)) s
TP T (—p)) = (pupy — P20,)—L
(J@) T (=p)) = (Pupv — P 04 )16|p|
Ky
(K(p)Ty(=p)) = (Pupv _pZ(Sw/)ﬁ .

Under an improvement transformation (4.4.9), the structure functions shift as

follows:
e =T 01 (4.4.11)
Ky = R+ tRpy .
As explained above, in a superconformal theory there is a preferred R[5, whose
corresponding J'?) is a redundant operator. Typically, it differs from a natural
choice R,p in the UV by an improvement transformation (4.4.8). In order to find
the value of ¢ that characterizes this improvement, we can use (4.4.10) and the fact
that the operators in J"#) are redundant to conclude that 7}, must vanish [135].
Alternatively, we can determine t by applying the F-maximization principle, which
was conjectured in [29,33] and proved in [4].

We will now discuss two-point functions of operators in the R-multiplet. They

are parameterized by four dimensionless structure functions 7,,, 7.., &, and k..,

~

G 0)3S (=) = (e — p%y)% + e 5

PO ) = (e~ 7P0) P 4y

G 03 (=p)) = —(pupy — p%ﬁ% s ‘8@2 , (4.4.12)
(JO(p) D (=p)) = Ip';” ,

(T DT (-9)) = == 0us = 7000
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The two-point function (7}, (p)T,n(—p)) is given by (4.2.7) with

T+ 27, Tor + T2z
. 43:2 R _% oy =12 (K ) (4.4.13)

The subscripts rr and zz are associated with two-point functions of the currents jflR)

and j,SZ). Note that 7, + 7, = %=, which is non-negative and vanishes in a supercon-
formal theory. As before, an improvement transformation (4.4.8) shifts the structure
functions,
T = T+ 2T + BTy
~ ~ 9 ~
Toy = Top — 26Tp — T4y (44.14)
KL, = K + 2t Kpr + 2 Kpp
K, = ko — 2 kg — o Kyp
Note that 7, and kg in (4.4.13) are invariant under these shifts.

In a superconformal theory, the operators J(%), T4, and jl(LZ) are redundant. How-
ever, we see from (4.4.10) and (4.4.12) that they give rise to contact terms, which
are parameterized by ks, and k... These contact terms violate conformal invariance.
Unless Kk, and k., are properly quantized, they cannot be set to zero by a local coun-
terterm without violating the quantization conditions for Chern-Simons counterterms

explained in the introduction. This leads to a new anomaly, which will be discussed

in section 4.5.

4.4.3 Background Supergravity Fields

In order to get a better understanding of the contact terms discussed in the previ-
ous subsection, we couple the R-multiplet to background supergravity fields. (See
appendix B for relevant aspects of N/ = 2 supergravity.) To linear order, the R-

multiplet couples to the linearized metric superfield H,. In Wess-Zumino gauge,

) L
M, = - (67"0) (hw—iBW)—599@—%929¢M+%929¢#+§9292 (A, — V) . (4.4.15)

N —

Here hy,, is the linearized metric, so that g,, = d,, + 2h,,. The vectors C,, and A,

are Abelian gauge fields, and B, is a two-form gauge field. It will be convenient to
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define the following field strengths,

Vi, = —€,0"C" o'V, =0,

1 (4.4.16)
H = E%WG“BVP .

Despite several unfamiliar factors of ¢ in (4.4.15) that arise in Euclidean signature,

the fields V,, and H are naturally real. Below, we will encounter situations with

imaginary H, see also [4,31].

If the theory is superconformal, we can reduce the R-multiplet to a smaller su-
percurrent. Consequently, the linearized metric superfield H, enjoys more gauge
freedom, which allows us to set B, and A, — %VH to zero. The combination A, — gVM
remains and transforms like an Abelian gauge field.

Using H,,, we can construct three Chern-Simons terms (see appendix B), which
capture the contact terms described in the previous subsection. As we saw there, not

all of them are conformally invariant.

o Gravitational Chern-Simons Term:

K o 2
f :19% (ze“ T (wuOw, + gwuwywp)
3 3

(4.4.17)
+ 4ie"? (A, — §VM)8V (A, — §Vp) + (fermions)) :

We see that the N = 2 completion of the gravitational Chern-Simons term

(4.1.9) also involves a Chern-Simons term for A, — %Vu' Like the flavor-flavor

term (4.4.5), the gravitational Chern-Simons term (4.4.17) is conformally in-

variant. It was previously studied in the context of conformal N = 2 super-

gravity [136], see also [137,138].

o /-7 Chern-Simons Term:

/QZZ

gzz:_

™

(z’s’“’p (A, — %VH) A, (A, — %Vp) + %HR + (fermions)) :
(4.4.18)

Here the ellipsis denotes higher-order terms in the bosonic fields, which go

beyond linearized supergravity. The presence of the Ricci scalar R and the

fields H, A, — 1V, implies that (4.4.18) is not conformally invariant.
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o Flavor-R Chern-Simons Term:

Ly = —;—Z (is“””auﬁ,, (A, - %Vp) + iaR —DH+---+ (fermions)) :
(4.4.19)
The meaning of the ellipsis is as in (4.4.18). Again, the presence of R, H,
and A, — %VM shows that this term is not conformally invariant. The relative
sign between the Chern-Simons terms (4.4.5) and (4.4.19) is due to the different

couplings of flavor and R-currents to their respective background gauge fields.

Note that both (4.4.17) and (4.4.18) give rise to a Chern-Simons term for A,. Its
overall coefficient is ,, = 7% — K., in accord with (4.4.13).

It is straightforward to adapt the discussion of section 4.2 to these Chern-Simons
terms. Their coefficients can be modified by shifting the Lagrangian by appropriate
counterterms, whose coefficients are quantized according to the periodicity of the
global symmetries. Instead of stating the precise quantization conditions, we will

abuse the language and say that the fractional parts of these coefficients are physical,

while their integer parts are scheme dependent.

4.5 A New Anomaly

In the previous section, we have discussed four Chern-Simons terms in the back-
ground fields: the flavor-flavor term (4.4.5), the gravitational term (4.4.17), the Z-Z
term (4.4.18), and the flavor-R term (4.4.19). They correspond to certain contact
terms in two-point functions of operators in the flavor current J and the R-multiplet.
As we saw above, the flavor-flavor and the gravitational Chern-Simons terms are su-
perconformal, while the Z-Z term and the flavor-R term are not. The latter give rise
to non-conformal contact terms proportional to x.. and ky,.

The integer parts of .. and ky, can be changed by adding appropriate Chern-
Simons counterterms, but the fractional parts are physical and cannot be removed.

This leads to an interesting puzzle: if k., or k. have non-vanishing fractional parts
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in a superconformal theory, they give rise to non-conformal contact terms. This is
similar to the conformal anomaly in two dimensions, where the redundant operator T
has nonzero contact terms. However, in two-dimensions the non-conformal contact
terms arise from correlation functions of the conserved energy-momentum tensor at
separated points, and hence they cannot be removed by a local counterterm. In our
case, the anomaly is a bit more subtle.

An anomaly arises whenever we are unable to impose several physical requirements
at the same time. Although the anomaly implies that we must sacrifice one of these
requirements, we can often choose which one to give up. In our situation we would
like to impose supersymmetry, conformal invariance, and compactness of the global
symmetries, including the R-symmetry. Moreover, we would like to couple the global
symmetries to arbitrary background gauge fields in a fully gauge-invariant way. As
we saw above, this implies that the corresponding Chern-Simons counterterms must
have integer coefficients.® If the fractional part of .. or Kfr 1s nonzero, we cannot
satisfy all of these requirements, and hence there is an anomaly. In this case we have

the following options:

1.) We can sacrifice supersymmetry. Then we can shift the Lagrangian by non-
supersymmetric counterterms that remove the non-conformal terms in (4.4.18)
and (4.4.19) and restore conformal invariance. Note that these counterterms

are gauge invariant.

2.) We can sacrifice conformal invariance. Then there is no need to add any
counterterm. The correlation functions at separated points are superconfor-

mal, while the contact terms are supersymmetric but not conformal.

3.) We can sacrifice invariance under large gauge transformations. Now we can

8Here we will abuse the language and attribute the quantization of these coeffi-
cients to invariance under large gauge transformations. As we reviewed in the intro-
duction, a more careful construction requires a choice of auxiliary four-manifold. The

quantization follows by demanding that our answers do not depend on that choice.
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shift the Lagrangian by supersymmetric Chern-Simons counterterms with frac-
tional coefficients to restore conformal invariance. These counterterms are not
invariant under large gauge transformations, if the background gauge fields are

topologically non-trivial.

The third option is the most conservative, since we retain both supersymmetry
and conformal invariance. If the background gauge fields are topologically non-trivial,
the partition function is multiplied by a phase under large background gauge trans-
formations. In order to obtain a well-defined answer, we need to specify additional
geometric data.” By measuring the change in the phase of the partition function as
we vary this data, we can extract the fractional parts of ., and k,. Therefore, these
observables are not lost, even if we set the corresponding contact terms to zero by a
counterterm.

This discussion is similar to the framing anomaly of [123]. There, a Lorentz
Chern-Simons term for the frame bundle is added with fractional coefficient, in order
to make the theory topologically invariant. This introduces a dependence on the triv-
ialization of the frame bundle. In our case the requirement of topological invariance
is replaced with superconformal invariance and we sacrifice invariance under large
gauge transformations rather than invariance under a change of framing.

Finally, we would like to point out that the anomaly described above has im-
portant consequences if the theory is placed on a curved manifold [4]. For some
configurations of the background fields, the partition function is not consistent with

conformal invariance and even unitarity.

More precisely, the phase of the partition function depends on the choice of
auxiliary four-manifold, which is the additional data needed to obtain a well-defined

answer.
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4.6 A Perturbative Example: SQED with a Chern-
Simons Term

Consider N' = 2 SQED with a level k& Chern-Simons term for the dynamical U(1),

gauge field and N; flavor pairs Q;, é; that carry charge +1 under U(1),. The theory

also has a global U(1), flavor symmetry under which QZ-,@; all carry charge +1.

Here v and a stand for ‘vector’ and ‘axial’ respectively. The Euclidean flat-space

Lagrangian takes the form

i/\
2

@ — —/d49 (@i62§in +5{€729v@5— c 212) + ;91,2”) , (461)
m

where e is the gauge coupling and 171, denotes the dynamical U(1), gauge field. (The
hat emphasizes the fact that it is dynamical.) Note that the theory is invariant under
charge conjugation, which maps 12, — —17U and Q; < @; This symmetry prevents
mixing of the axial current with the topological current, so that some of the subtleties
discussed in section 4.3 are absent in this theory.

The Chern-Simons term leads to a mass for the dynamical gauge multiplet,

 ke?

_E.

M (4.6.2)

This mass is the crossover scale from the free UV theory to a non-trivial CFT labeled
by k and Ny in the IR. We will analyze this theory in perturbation theory for k£ > 1.

In particular, we will study the contact terms of the axial current,
T =1Qi* +1Q4* . (4.6.3)
and the R-multiplet,

92 ~ ~ ~ o~

Rap = = (DaZDpY + D52, Do) + Ry
. (4.6.4)

z) _ (T2

T = 12 DD () -

Here R7j; is associated with the matter fields and assigns canonical dimensions to

Qi, Q7. In the IR, the R-multiplet flows to a superconformal multiplet, up to an
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Figure 4.1: Feynman diagrams for flavor-flavor.

improvement by the axial current 7. Therefore, at long distances J (%) is proportional

toiDDJ.

We begin by computing the flavor-flavor contact term kf¢cpr in the two-point
function of the axial current (4.6.3), by flowing from the free UV theory to the CE'T
in the IR. Using (4.4.2), we see that it suffices to compute the correlation func-
tion (J(p)K(—p)) at small momentum p> — 0. In a conformal field theory, the
correlator (J(z)K(0)) vanishes at separated points, and hence we must obtain a pure

contact term. More explicitly, we have
J=lal +1gG?, K= —ig —ivny . (4.6.5)

There are two diagrams at leading order in 1, displayed in figure 4.1.'° The first
diagram, with the intermediate gaugino, is paired with a seagull diagram, which
ensures that we obtain a pure contact term. The second diagram vanishes by charge

conjugation. Evaluating these diagrams, we find

. . 7TNf 1
tim U)K ) = 40 (55) (466)
and hence
N 1

19T he solid dots denote the appropriate operator insertions. The dashed and solid
lines represent scalar and fermion matter. The double line denotes the scalar and the

auxiliary field in the vector multiplet, while the zigzag line represents the gaugino.
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Figure 4.2: Feynman diagrams for flavor-gravity.

We similarly compute the flavor-R contact term &y, cpr by flowing into the CFT
from the free UV theory. It follows from (4.4.10) that it can be determined by comput-
ing the two-point function (J(p)J%)(—p)) at small momentum p? — 0. Using (4.6.4),
we find

7 = —612 (avf)v - %iv&) . (4.6.8)
Since J@) is proportional to iDDJ at low energies, the operator J%) flows to an
operator proportional to K. The coefficient is determined by the mixing of the R-
symmetry with the axial current J, which occurs at order 5. Since (J(x)K(0))
vanishes at separated points, the two-point function of J and J) must be a pure
contact term. Unlike the flavor-flavor case, several diagrams contribute to this corre-

lator at order % (see figure 4.2). Each diagram gives rise to a term proportional to ﬁ.

However, these contributions cancel, and we find a pure contact term,

N 1
i (I D ) =~ +0 () | (4.6.9)
so that
N 1
K frcrT = —2—5 +0 <ﬁ> . (4.6.10)

Since this value is fractional, it implies the presence of the anomaly discussed in the
previous section.

We have computed K¢ crr and k¢, cpr by flowing into the CET from the free UV
theory. It is instructive to follow the discussion in subsection 4.3.4 and further deform
the theory by a real mass m < M. In order to preserve charge conjugation, we assign
the same real mass m to all flavors @);, Qv; This deformation leads to a gap in the IR.

Even though a topological theory with Lagrangian proportional to i€**?v,,0,v, can
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remain, it does not mix with J or R,g because of charge conjugation. Therefore, the
contact terms kyp and kg, must be properly quantized in the IR. (Since the matter
fields in this example have half-integer R-charges, this means that xy, should be a
half-integer.)

For the axial current, we have

2Nf p2 > M2
/T\ff . ?ff,CFT = 2Nf -0 (k%) m? < p2 < M? (4.6.11)
0 p? < m?

\

The fact that 7py = 0 in the IR follows from the fact that the theory is gapped.

Similarly,
)
0 p? > M>
71.2
Kif R~ S kpporr = 4];71‘ +0O (%) m? < p? < M? (4.6.12)
\ — Ny sign(m) p* < m?

Note that parity, which acts as k — —k, m — —m, Ky — —ksy, with Ty invariant,
is a symmetry of (4.6.11) and (4.6.12).

For the two-point function of the axial current and the R-multiplet, we find

(

0 p? > M?
TR T =0 (&%) mP<p?< M? (4.6.13)
0 p? < m?

Here 7, cpr measures the mixing of the axial current with the UV R-multiplet (4.6.4).
For the superconformal R-multiplet of the CF'T, we would have obtained 7, cpr = 0,

as explained after (4.4.11). Similarly,

(
0 p2 > M2
Kfr = KfrCFT = —% + O (k%) m? < p2 < M? (4'6'14>
N¢ .
\ =k sign(m) p* < m?
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As before, (4.6.13) and (4.6.14) transform appropriately under parity.

Let us examine the flow from the CFT to the IR in more detail, taking the UV
crossover scale M — oo. In the CFT, the operator J) is redundant, up to O (k%)
corrections due to the mixing with the axial current. Once the CFT is deformed by

the real mass m, we find that

1 1
z) _
JE =mJ+0 (6—2 ﬁ) , (4.6.15)
where J is the bottom component of the axial current (4.6.3), which is given by (4.6.5).
(As always, the operator equation (4.6.15) holds at separated points.) Substituting

into (4.4.10), we find that

Kfr _ KfrCFT 11 KfrCFT | M 11
S DnORE J(p)J(— O—=,—= | = - O3] -
o 2m +m(Jp) T (=p)) + (62’ k2) 2m + 8|p|Tff + (ez’ k2

Here it is important that the two-point function of J does not have a contact term

in the CFT. Explicitly computing 7y, we find that

2Nf -0 . p2 > m?
Ty = (52) (4.6.17)

(1 4 Lign(m) + O (&) 97 < m?

Im| =

This is consistent with (4.6.14) and (4.6.16).

4.7 Checks of Dualities

In this section we examine dual pairs of three-dimensional N = 2 theories, which are
conjectured to flow to the same IR fixed point. In this case, the various contact terms
discussed above, computed on either side of the duality, should match.

First, as in [139-143], the three-sphere partition functions of the two theories
should match, up to the contribution of Chern-Simons counterterms in the back-
ground fields. Denote their coefficients by dx.

Second, as in the parity anomaly matching condition discussed in [134], the frac-

tional parts of these contact terms are intrinsic to the theories. Therefore, the Chern-
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Simons counterterms that are needed for the duality must be properly quantized.
This provides a new non-trivial test of the duality.

Finally, these counterterms can often be determined independently. Whenever
different pairs of dual theories are related by renormalization group flows, the coun-
terterms for these pairs are similarly related. In particular, given the properly quan-
tized Chern-Simons counterterms that are needed for one dual pair, we can determine
them for other related pairs by a one-loop computation in flat space. This constitutes
an additional check of the duality.

In this section we demonstrate this matching for N' = 2 supersymmetric level-
rank duality and Giveon-Kutasov duality [144]. We compute some of the relative
Chern-Simons counterterms, both in flat space and using the three-sphere partition

function, and verify that they are properly quantized.

4.7.1 Level-Rank Duality

Consider an N = 2 supersymmetric U(n) gauge theory with a level k& Chern-Simons
term. We will call this the ‘electric’ theory and denote it by U(n)g. In terms of
the SU(n) and U(1) subgroups, this theory is equivalent to (SU(n)x X U(1)nk) /Zn,
where we have used the conventional normalization for Abelian gauge fields. This
theory flows to a purely topological U(n) Chern-Simons theory with shifted levels,
denoted by U (n)ggn(k)(|k|—n),kn’ The first subscript specifies the level of the SU(n)
subgroup, which is shifted by integrating out the charged, massive gauginos (recall
that their mass has the same sign as the level k), and the second subscript denotes

the level of the U(1) subgroup, which is not shifted.

The dual ‘magnetic’ theory is a supersymmetric U(|k| — n)_; Yang-Mills Chern-

top

Simons theory. It flows to the purely topological theory U(|k| — n)fsign(k)n k(k—n) -

This theory is related to the other topological theory described above by conventional

level-rank duality for unitary gauge groups [145].11

""The authors of [145] restricted n to be odd and k to be even. This restriction

is unnecessary on spin manifolds. Furthermore, we reversed the orientation on the
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These theories have two Abelian symmetries: a U(1)g symmetry under which
all gauginos have charge +1, and a topological symmetry U(1);. The topological

", Tr F? on the electric side, and

symmetry corresponds to the current j, = -

to Ju = —%qu Tr 7P on the magnetic side.
We can integrate out the gauginos to obtain the contact term k... in the two-point
function (4.4.12) of the R-current. On the electric side, we find #,, . = —3 sign(k)n?,

and on the magnetic side we have ., = 3 sign(k)(|/k| —n)?. We must therefore add

a counterterm

Srips — —% sign(k) (k] — n)? +n?) (4.7.1)

to the magnetic theory. Taking into account possible half-integer counterterms that
must be added on either side of the duality because of the parity anomaly, what
remains of the relative counterterm (4.7.1) is always an integer.

In order to compute the contact term associated with U(1);, we follow the dis-
cussion in subsection 4.3.2 and integrate out the dynamical gauge fields to find the

effective theory for the corresponding background gauge field. In the electric theory,

this leads to k5. = —%, and in the magnetic theory we find Kjjm = ‘k‘k_”. Hence we
need to add an integer Chern-Simons counterterm to the magnetic theory,
5RJJ = — 81gn(k:) . (472)

4.7.2 Giveon-Kutasov Duality

Consider the duality of Giveon and Kutasov [144]. The electric theory consists of
a U(n), Chern-Simons theory with N, pairs QZ,@ of quarks in the fundamental
and the anti-fundamental representation of U(n). The global symmetry group is
SU(Ns)xSU(Ns)xU(1)axU(1);xU(1)g. The quantum numbers of the fundamental
fields are given by

The magnetic dual is given by a U(n = Ny + |k| — n)_j; Chern-Simons theory. It

contains N; pairs ¢, ¢: of dual quarks and NJ% singlets Mﬁ, which interact through a

magnetic side.
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superpotential W = qiMﬁfj;.. The quantum numbers in the magnetic theory are given

Q O O 1 1 0 z
Q O 1 O 1 0 1

Table 4.1: Quantum numbers of the electric fundamental fields

by
Fields | U(R)_x | SU(Ny) | SUNy) | U(1)a | U(1); | U(D)g
q Il O 1 —1 0 %
q ] 1 O —1 0 :
M 1 O O 2 0 1

Table 4.2: Quantum numbers of the magnetic fundamental fields

As before, the topological symmetry U(1); corresponds to j, = 5-€u, Tr F# on
the electric side, and to j, = _%%vp Tr £7? on the magnetic side. Note that none of
the fundamental fields are charged under U(1),.

This duality requires the following Chern-Simons counterterms for the Abelian

symmetries, which must be added to the magnetic theory:'2

Oraa = —sign(k)Ny(Ny — |k])
dryy = —sign(k) ,
. (4.7.3)
dKkar = 3 sign(k)N¢(Ny + |k| — 2n) ,
1.
SRy = —1 sign(k) (2k* — 4|k|n + 3|k|Ny + 4n® — 4nN; + N7) .
This was derived in [143] by flowing into Giveon-Kutasov duality from Aharony dual-

ity [146] via a real mass deformation.!® Note that these Chern-Simons counterterms

12Similar counterterms are required for the SU(N;) x SU(Ny) flavor symme-

try [140-143].
13The R-symmetry used in [143] assigns R-charge 0 to the electric quarks Q;, Qs .

Therefore, our results for dk4, and k.. differ from those of [143] by improve-
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are properly quantized: dx 44 and dk;; are integers, while dk 4, is half-integer and dk,.,
is quantized in units of %. This is due to the presence of fields with R-charge %

We can also understand (4.7.3) by flowing out of Giveon-Kutasov duality to a
pair of purely topological theories. If we give a real mass to all electric quarks, with
its sign opposite to that of the Chern-Simons level k, we flow to a U(n)kisign(k) Ny
theory without matter. The corresponding deformation of the magnetic theory flows
to U(|k] — n)_(ktsign(k)n,)- Level-rank duality between these two theories without
matter was discussed in the previous subsection. Given the counterterms (4.7.1)
and (4.7.2) that are needed for this duality and accounting for the Chern-Simons

terms generated by the mass deformation, we reproduce (4.7.3).

4.7.3 Matching the Three-Sphere Partition Function

As explained in [4], we can read off the contact terms k¢ and sy, from the dependence
of the free energy Fgs on a unit three-sphere on the real mass parameter m associated

with the flavor symmetry:

1 0? 1 0
ﬂff:—%WImng s Iifr: ——Rers . (474)

m=0 m=0

We can use this to rederive some of the relative Chern-Simons counterterms
in (4.7.3). Let us denote by m and £ the real mass parameters corresponding to U(1) 4
and U(1);. (Equivalently, ¢ is a Fayet-Iliopoulos term for the dynamical gauge fields.)
Using the results of [147], it was shown in [142] that the difference between the

three-sphere partition functions of the electric and the magnetic theories requires a

counterterm
0Fgs = sign(k) (wiNy(Ny — |k[)m® + 7i&* + aNy(Ny + [k| — 2n)m) + -+ . (4.7.5)

where the ellipsis represents terms that are independent of m and £. (Our conventions
for the Chern-Simons level & differ from those of [142] by a sign.) An analogous result

was obtained in [143] for a different choice of R-symmetry. Using (4.7.4), we find the

ments (4.4.11) and (4.4.14).
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same values for 6k 44, 0k, and dk 4, as in (4.7.3). Note that the counterterm (4.7.5)
does not just affect the phase of the partition function, because the term linear in m
is real.

Many other dualities have been shown to require relative Chern-Simons countert-
erms [139-143,148,149]. It would be interesting to repeat the preceding analysis in

these examples.

4.8 Appendix A: Free Massive Theories

Consider a complex scalar field ¢ of mass m,
L = (0,07 + mAoI? (4.8.1)

This theory is invariant under parity and has a U(1) flavor symmetry under which ¢

has charge +1. The corresponding current is given by
g =1(00,0 — ¢0,0) . (4.8.2)
In momentum space, the two-point function of j, is given by (4.2.2) with
2 2 4m? 2 2
(5)-2[( ) (32) -1
m m p p| p| (4.8.3)
k=0.

The fact that x = 0 follows from parity. The function 7(p*/m?) interpolates be-
tween 7 = 1 in the UV and the empty theory with 7 = 0 in the IR,

2 1+0 (M) P> m?
- (_TYZLQ) - g 3 (4.8.4)
sheo() pen

Now consider a Dirac fermion ¢ with real mass m,
L = —ipy 0, + imypy) (4.8.5)

The mass term explicitly breaks parity. The U(1) flavor symmetry that assigns

charge +1 to 1 gives rise to the current

Ju == (4.8.6)
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whose two-point function is given by (4.2.2) with

p? 2 4m? 2|m)| 2|m|
T\ —=)==||1——F |arccot | — | + 7
) 8.
Kl —= | =13 arccot | ——
m ] |

Note that m — —m under parity, so that 7 is invariant and K — —k. Again, the

function 7 (p?/m?) interpolates between 7 = 1 in the UV and 7 = 0 in the IR

P\ 1+O(m—§) P> m?
() = (4.8.8)
m
o) pen
The function r (p*/m?) interpolates from x = 0 in the UV, where the theory is
massless and parity invariant, to k = —% sign(m) in the empty IR theory,
_ mm| 2 2
2 +0O ( ) pe>m
K (p—Z) = sign(m) 2w (4.8.9)
m
—1+0 ( %) p* < m?
7, |«
o
0.8+ /r e

% IPl/Im|

15

]
1
]
1
i
I
Y
1
1
I
1,
I

10

Figure 4.3: Functions 7, || for the free scalar and fermion

The function 7 (p?/m?) (4.8.3) for a free scalar (blue, dotted) and the func-
tions 7 (p?/m?) and « (p*/m?) in (4.8.7) for a free fermion (red, dashed and solid) are

27,2 P
shown in figure 4.3. At the scale p?> ~ m? these functions display a rapid crossover

from the UV to the IR.
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In theories with A/ = 2 supersymmetry, we can consider a single chiral superfield ®
with real mass m. This theory has a global U(1) flavor symmetry, and the associated
conserved current j,, which resides in the real linear multiplet J = Be2mPP is the
sum of the currents in (4.8.2) and (4.8.6). Therefore, the function 7 (%) is the
sum of the corresponding functions in (4.8.3) and (4.8.7). Since & (f;—i) only receives
contributions from the fermion 1), it is the same as in (4.8.7). From (4.8.4) and (4.8.8),
we see that the total 7 (%) ~ 2 when p? > m?. In supersymmetric theories it is

thus convenient to define 7 = 7, so that that 7 (;—Z) ~ 1 when p? > m? for a chiral

superfield of charge +1 and real mass m.

4.9 Appendix B: Supergravity in Three
Dimensions

In this appendix we review some facts about three-dimensional N’ = 2 supergrav-
ity, focusing on the supergravity theory associated with the R-multiplet. It closely
resembles N' = 1 new minimal supergravity in four dimensions [95]. For a recent

discussion, see [150,151].

4.9.1 Linearized Supergravity

We can construct a linearized supergravity theory by coupling the R-multiplet to the
metric superfield H,,,

0L = —2/d49RMH“ : (4.9.1)
The supergravity gauge transformations are embedded in a superfield L.,

1 — —
Hap = 5 (DoaLs — DgLy) + (o 3) (4.9.2)
Demanding gauge invariance of (4.9.1) leads to the following constraints:

D*D’L, + D*D*L, =0 . (4.9.3)
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In Wess-Zumino gauge, the metric superfield takes the form!

) L
M, = = (07"8) (hy — iBm,)—500(]#—%929¢M+%620¢u+§0292 (A, —V,) . (4.9.4)

N —

Here hy,, is the linearized metric, so that g,, = 0,, + 2h,,. The vectors C,, and A,
are Abelian gauge fields, and B, is a two-form gauge field. The gravitino v, will not
be important for us. We will also need the following field strengths,

Vi, = —€,0°C? oMV, =0

. (4.9.5)
H = Se,u,0"B" .

We can now express the coupling (4.9.1) in components,
. 3 . .
0.8 = —=T,,h" —I—jffﬂ (A" — §V“) - Z]ISZ)CM + J9 H + (fermions) . (4.9.6)

Since the gauge field A* couples to the R-current, we see that the gauge trans-
formations (4.9.2) include local R-transformations. This supergravity theory is the
three-dimensional analog of A' = 1 new minimal supergravity in four dimensions [95].

It will be convenient to introduce an additional superfield,

1 _
Vi = 74 [Da DgH" (4.9.7)

which transforms like an ordinary vector superfield under (4.9.2). Up to a gauge

transformation, it takes the form
_ 1 — 1 o
Vi = (97“6) (AM — §VM) —100H + 19292 (82h“u — aﬂath) + (fermions) . (4.9.8)

The corresponding field strength ¥4 = %DEVH is a gauge-invariant real linear su-

perfield. The top component of Vy is proportional to the linearized Ricci scalar,
R=2(0’h", — 0"0"h,) + O (B?) . (4.9.9)

With this definition, a d-dimensional sphere of radius r has scalar curvature R =

__d(d-1)

r2

Like the R-multiplet in (4.4.7), the metric superfield contains factors of i that

are absent in Lorentzian signature.
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In a superconformal theory, the R-multiplet can be improved to a superconformal
multiplet with 7% = 0, as discussed in subsection 4.4.2. In this case the superfield L,
is no longer constrained by (4.9.3), and hence H, enjoys more gauge freedom. In
particular, this allows us to set H and A, — %VM to zero. The combination A, — gVM

remains and transforms like an Abelian gauge field.

4.9.2 Supergravity Chern-Simons Terms

We will now derive the Chern-Simons terms (4.4.17), (4.4.18), and (4.4.19) in lin-

earized supergravity. We begin by considering terms bilinear in the gravity fields,
0L = -2 / d*OH'W,(H) . (4.9.10)

Here W, (H) is linear in H. By dimensional analysis, it contains six supercovari-
ant derivatives. Comparing to (4.9.1), we see that W, (H) should be invariant un-
der (4.9.2) and satisfy the defining equation (4.4.6) of the R-multiplet. It follows that
the bottom component of W, (H) is a conserved current.

There are two possible choices for W, (H),

_ 1 =
WL =i (800" = 0,0,) DDH + 175 [Da, Dl S
1 " (4.9.11)
W = 2927 [Da, D

The first choice W;(Lg ) leads to the N = 2 completion of the gravitational Chern-Simons
term (4.4.17),

2
g(g) — ;lg,ul/p Tr (wua,,wp + gwuwuwp)

+ 3P (A, — gVu)ﬁ,j(Ap - ;V:o) + (fermions) .

(4.9.12)

Here (wu)vp = Ouhyy — O,hy, + O(R?) is the spin connection. Note that we have
included terms cubic in w,, even though they go beyond second order in linearized
supergravity, because we would like our final answer to be properly covariant. Both
terms in (4.9.12) are conformally invariant and only the superconformal linear com-
bination A, — 3V], appears. This is due to the fact that (4.9.12) is actually invariant

under the superconformal gauge freedom (4.9.2) without the constraint (4.9.3).
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Upon substituting the second choice W,(fz), we can integrate by parts in (4.9.10),
PG = / d*0 Vi | (4.9.13)
to obtain the Z-Z Chern-Simons term (4.4.18),
(z2) _ ;-mvp 1 1 1 ;
L) = et (A, — évﬂ)ay (A, — 5v;)) +oHR A+ (fermions) . (4.9.14)

Here the ellipsis denotes higher-order terms in the bosonic fields, which go beyond
linearized supergravity. This term contains the Ricci scalar R, as well as H and
A, - %Vm and thus it is not conformally invariant.

It is now straightforward to obtain the flavor-gravity Chern-Simons term (4.4.19)
by replacing ¥, — X in (4.9.13). This amounts to shifting the R-multiplet by an
improvement term 0R, = %fy/‘jﬂ[Da,Eg}E. In components,

' 1 1 1
LU = %8‘“’%“&,(1% — 5‘/;)) + gaR — §DH + -+ + (fermions) . (4.9.15)

As above, the ellipsis denotes higher-order terms in the bosonic fields and the presence

of R, H, and A, — %Vu shows that this term is also not conformally invariant.
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Chapter 5

Contact Terms, Unitarity, and
F-Maximization in Three-
Dimensional Superconformal

Theories

5.1 Introduction

Any conformal field theory (CFT) in d dimensions can be placed on the d-sphere S?
in a canonical, conformally invariant way, by using the stereographic map from flat
Euclidean space. It is natural to study the partition function Zga of the CFT com-

pactified on S¢, or the associated free energy,
Fy=—log Zga . (5.1.1)

Since the sphere is compact, Fy does not suffer from infrared (IR) ambiguities. How-
ever, it is generally divergent in the ultraviolet (UV). For instance, it may contain

power divergences,

Fy~ (Ar)* 4o (5.1.2)
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where r is the radius of the sphere and A is a UV cutoff. (The ellipsis denotes
less divergent terms.) These power divergences depend on r and are inconsistent
with conformal invariance. They should be set to zero by a local counterterm. In
the example (5.1.2) the divergence can be canceled by adjusting the cosmological
constant counterterm f gd \/§dd:c.

What remains after all power divergences have been eliminated depends on whether
the number of dimensions is even or odd. If d is even, the free energy contains a log-

arithmic term in the radius,
Fy ~ alog (Ar) + (finite) , (5.1.3)

which cannot be canceled by a local, diffeomorphism invariant counterterm. It reflects
the well-known trace anomaly. The coefficient a is an intrinsic observable of the CFT,
while the finite part of F,; depends on the choice of UV cutoff.

If d is odd, there are no local trace anomalies and we remain with a pure num-
ber Fj;. In unitary theories F} is real.! There are no diffeomorphism invariant coun-
terterms that can affect the value of Fj;, and hence any UV cutoff that respects dif-
feomorphism invariance leads to the same answer. For this reason, Fj; is an intrinsic
observable of the CFT.

In two and four dimensions, it was shown [125,152-154] that every unitary renor-
malization group (RG) flow connecting a CFTyy at short distances to a CFTg at

long distances must respect the inequality
ayy > QIR - (514)

See [155] for a discussion of the six-dimensional case. (Another quantity conjectured
to decrease under RG flow was recently discussed in [156].) It has been proposed [33,

157-160] that a similar inequality should hold in three dimensions,

Fyv > Fir . (515)

Since our entire discussion is in Euclidean signature, we will not distinguish be-

tween unitarity and reflection positivity.
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(Since we will remain in three dimensions for the remainder of this chapter, we have
dropped the subscript d = 3.) This conjectured F-theorem has been checked for a
variety of supersymmetric flows, and also for some non-supersymmetric ones; see for
instance [143,161-166]. Moreover, the free energy F' on a three-sphere corresponds
to a certain entanglement entropy [158]. This relation has been used recently [167]
to argue for (5.1.5).

In practice, the free energy F' is not easy to compute. Much recent work has
focused on evaluating F' in N/ = 2 superconformal theories (SCFTs). (The flat-space
dynamics of N/ = 2 theories in three dimensions was first studied in [134,168].) In
such theories, it is possible to compute F' exactly via localization [107], which reduces
the entire functional integral to a finite-dimensional matrix model [28-30]. In this
approach, one embeds the SCFT into the deep IR of a renormalization group flow from
a free UV theory. The functional integral is then computed in this UV description
and reduces to an integral over a finite number of zero modes. (A similar reduction
of the functional integral occurs in certain four-dimensional field theories [27].)

Since this procedure breaks conformal invariance, the theory can no longer be
placed on the sphere in a canonical way. Nevertheless, it is possible to place the the-
ory on S? while preserving supersymmetry, and explicit Lagrangians were constructed
in [28-30]. A systematic approach to this subject was developed in [31], where super-
symmetric Lagrangians on curved manifolds were described in terms of background
supergravity fields. This point of view will be important below. One finds that if the
non-conformal theory has a U(1)g symmetry, it is possible to place it on S® while
preserving an SU(2|1) x SU(2) symmetry. This superalgebra is a subalgebra of the
superconformal algebra on the sphere, but as emphasized in [31], its presence is not
related to superconformal invariance.

The choice of SU(2|1) x SU(2) symmetry is not unique. It depends on a con-
tinuous choice of R-symmetry in the UV, as well as a discrete choice of orientation

2

on the sphere.” Given any reference R-symmetry Ry, the space of R-symmetries is

2The orientation determines whether the bosonic SU(2) C SU(2|1) is the SU(2),
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parameterized by the mixing with all Abelian flavor symmetries @),,
R(t) =R+ > t"Qa . (5.1.6)

The free energy F'(t) explicitly depends on the real parameters t*. Surprisingly, the
function F(t) is complex-valued [28-30], even though we expect it to be real in a
unitary theory. This will be discussed extensively below. In order to make contact
with the free energy of the SCFT, we must find the values t* = t?, such that R(t) is
the R-symmetry that appears in the N/ = 2 superconformal algebra.

In this chapter, we will show that the real part Re F'(t) satisfies

2 71.2

0 0
ReF| =0, ——ReF| =-_r,. 5.1.7
o | T awear |, T T2 (5.1.7)

The matrix 7, is determined by the flat-space two-point functions of the Abelian
flavor currents j* at separated points,

R (0)) = 12 (57 — orer) = (5.1.8)

~ 1672 x
In a unitary theory 7, is a positive definite matrix.

These conditions can be stated as a maximization principle: the superconformal R-
symmetry R(t,) locally mazimizes Re F(t) over the space of trial R-symmetries R(t).
The local maximum Re F(t,) is the SCFT partition function on S®. This F-maximi-
zation principle is similar to a-maximization in four dimensions [32]. Analogously, it
leads to (5.1.5) for a wide variety of renormalization group flows. The first condition
in (5.1.7) is the extremization condition proposed in [29]. The fact that the extremum
should be a maximum was conjectured in [33].

A corollary of (5.1.7) is that 7, is constant on conformal manifolds. It does
not depend on deformations of the SCFT by exactly marginal operators, as long as
these operators do not break the associated flavor symmetries. Another consequence

of (5.1.7) is that 7, can be obtained from the same matrix integral that calculates

or the SU(2), subgroup of the SU(2), x SU(2), isometry group. Below, we will always

assume the former.
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the free energy, adding to the list of SCFT observables that can be computed exactly
using localization. Below, we will discuss several new observables that can also be
extracted from F(t).

We will establish (5.1.7) by studying the free energy of the SCFT as a function
of background gauge fields for the flavor currents j%, as well as various background
supergravity fields. In theories with N' = 2 supersymmetry, every flavor current is
embedded in a real linear superfield 7, and the corresponding background gauge field
resides in a vector superfield V*. The supergravity fields are embedded in a multiplet
H. The free energy F[V* H] of the SCFT now depends on these sources.

Localization allows us to compute F'[V*, H] for certain special values of the back-
ground fields V¢, ’H. On a three-sphere, the answer turns out to violate several
physical requirements: it is not real, in contradiction with unitarity, and it is not
conformally invariant. The imaginary part arises because we must assign imaginary
values to some of the background fields in order to preserve rigid supersymmetry on
the sphere [31]. The lack of conformal invariance is more subtle. It reflects a new
anomaly in three-dimensional A/ = 2 superconformal theories [3].

As we will see below, F'[V*, 'H] may contain Chern-Simons terms in the background
fields, which capture contact terms in correlation functions of various currents. For

instance, a contact term
@) 0) = -+ L g 5O 5.1.9
Ua (@) (0)) = - 4 5 =P 0,0 () (5.1.9)

corresponds to a Chern-Simons term for the background gauge fields V* and V°. Such
contact terms are thoroughly discussed in [3], where it is shown that they lead to new
observables in three-dimensional conformal field theories. Here we will use them to
elucidate various properties of the three-sphere partition function in N' = 2 super-
conformal theories. In particular, we explain why some of these terms are responsible
for the fact that F'[V* H]| is not conformally invariant. Moreover, we show how the

observables related to kg in (5.1.9) can be computed exactly using localization.?

3In this chapter we explain how to compute the quantities 7., and kg4, which are
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The outline of this chapter is as follows. Section 5.2 summarizes necessary material
from [3]. We introduce the background fields V*, ‘H and present various Chern-Simons
terms in these fields. We explain why they give rise to new observables and how some
of them lead to a violation of conformal invariance. In section 5.3 we place the theory
on a three-sphere and review the relevant supergravity background that leads to rigid
supersymmetry [31]. We then relate the linear and quadratic terms in the background
gauge fields V* to the flat-space quantities introduced in section 5.2. In section 5.4
we derive (5.1.7) and clarify the relation to (5.1.5). Section 5.5 contains some simple

examples.

5.2 Background Fields and Contact Terms

In this section we discuss contact terms in two-point functions of conserved currents.
In theories with A/ = 2 supersymmetry, we distinguish between U(1) flavor currents
and U(1)g currents. These contact terms correspond to Chern-Simons terms in back-
ground gauge and supergravity fields. Their fractional parts are meaningful physical
observables and some of them lead to a new anomaly in N/ = 2 superconformal the-
ories. This section is a summary of [3], which is the basis for chapter 4 of this thesis.

We include it here to render the present chapter self-contained.

5.2.1 Non-Supersymmetric Theories

Consider a three-dimensional conformal field theory with a global, compact U(1)
symmetry, and the associated current j,. We can couple it to a background gauge

field a,, and consider the free energy Fa], which is defined by

¢~Flal — <eXp (/d?’xjua“ b )> . (5.2.1)

associated with global flavor symmetries, using localization. The corresponding ob-

servables for the R-symmetry, and other closely related objects, can also be computed

exactly [8].
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Here the ellipsis denotes higher-order terms in a, that may be required in order to
ensure invariance of F[a] under background gauge transformations of a,. A familiar
example is the seagull term a,a”|¢|?, which is needed when a charged scalar field ¢
is coupled to a,,.

We see from (5.2.1) that F[a] is the generating functional for connected correla-
tion functions of j,. The two-point function (j,(z)j,(0)) is constrained by current

conservation and conformal symmetry, so that

T + %gwapé@(m) . (5.2.2)

1
1672 (0°0w = 0.90) —

T2

(ju(2)7,(0)) =

Here 7 and k are dimensionless real constants. At separated points, only the first
term contributes, and unitarity implies that 7 > 0. (If 7 = 0, then j, is a redundant
operator.) The correlation function at separated points gives rise to a non-local term
in Fla]. The term proportional to k is a contact term, whose sign is not constrained
by unitarity. It corresponds to a background Chern-Simons term in F|al,

i—i/d?’x e"a,0,a, . (5.2.3)
This term explicitly breaks parity.

Correlation functions at separated points are universal. They do not depend on
short-distance physics. By contrast, contact terms depend on the choice of UV cutoff.
They can be changed by adjusting local terms in the dynamical or background fields.
Some contact terms are determined by imposing symmetries. For instance, the seagull
term discussed above ensures current conservation. The contact term proportional
to k in (5.2.2) is not of this type. Nevertheless, it possesses certain universality
properties, as we will now review.

The Chern-Simons term (5.2.3) is invariant under small background gauge trans-
formations, as required by current conservation. However, it is not the integral of a
gauge-invariant local density and this restricts the freedom in changing x by adding
a local counterterm in the exponent of (5.2.1). This restriction arises because we

can place the theory on a curved manifold that allows non-trivial bundles for the
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background gauge field a,. Demanding invariance under large gauge transformations
implies that & can only be shifted by an integer.* Therefore, the fractional part of x
is universal and does not depend on the short-distance physics. It is an intrinsic
observable of the CFT. If we choose to set  to zero by a local counterterm, then Fa]
is no longer invariant under large background gauge transformations: its imaginary
part shifts by an amount that is determined by the observable described above and
the topology of the gauge bundle.

As described in [3], there are different ways to calculate this observable in flat
space. Below, we will discuss its importance for supersymmetric theories on a three-

sphere.

5.2.2 Supersymmetric Theories

In theories with N' = 2 supersymmetry, we distinguish between U(1) flavor symme-
tries and U(1)p symmetries. A global U(1) flavor current j, is embedded in a real

linear superfield 7, which satisfies D?J = D’J7=0°In components,
J = J+1i0j +i0j + i00K — (04"0) j, + -+ . (5.2.4)

Superconformal invariance implies that J, K, and j, are conformal primaries of di-

mension Ay = 1, Ag = 2, and A;, = 2. (Only J is a superconformal primary.) It

“Here we follow the common practice of attributing the quantization of Chern-
Simons levels to invariance under large gauge transformations. A more careful treat-
ment involves a definition of the Chern-Simons term (5.2.3) using an extension of the
gauge field a,, to an auxiliary four-manifold. Demanding that the answer be indepen-
dent of how we choose this four-manifold leads to the same quantization condition as

above.

®We follow the conventions of [1], continued to Euclidean signature. The gamma
matrices are given by (7). 7 = (6%, =o', —0?), where ¢’ are the Pauli matrices. The
totally antisymmetric Levi-Civita symbol is normalized so that €153 = 1. Note the

identity 7,7, = 0 + t€wp)’.
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follows that the one-point functions of J and K vanish, while their two-point functions

are related to the two-point function (5.2.2) of j, with 7 = 74, and k = Ky,

() T0) = 72—
(K (2)K(0)) = %% , (5.2.5)
(@)K (©0) = L6V (@) .

The subscript ff emphasizes the fact that we are considering the two-point function
of a flavor current. The constant 7y, is normalized so that 74y = 1 for a free chiral
superfield of charge +1.

We can couple J to a background vector superfield,
_ _ . 1 o
V=4 (0+"0) a, — 060 — i6*OX + i020\ — 592921) . (5.2.6)

Here a,, 0, and D are real. Background gauge transformations shift V — V + Q +Q
with chiral €2, so that ¢ and D are gauge invariant, while a, transforms like an
ordinary gauge field. (The ellipsis denotes fields that are pure gauge modes and do
not appear in gauge-invariant functionals of V.) The coupling of J to V takes the
form

2/d46’ JV =JD + j,a" + Ko + (fermions) . (5.2.7)

Now the free energy F[V] is a supersymmetric functional of the background gauge
superfield V. The supersymmetric generalization of the Chern-Simons term (5.2.3)

takes the form

Frp= —Z—JZ /d3x/d49 YV = Z—JZ /de (te"?a,0,a, — 20D) + (fermions) .
(5.2.8)
Here the real linear superfield 3 = %5DV is the gauge-invariant field strength corre-
sponding to V. This Chern-Simons term captures the contact terms in the two-point
functions (5.2.2) and (5.2.5). It is conformally invariant.
A U(1)g current j,SR) is embedded in a supercurrent multiplet R, which also

contains the supersymmetry current S,,, the energy-momentum tensor 7, a cur-

rent jfLZ) that corresponds to the central charge Z in the supersymmetry algebra, and

147



a string current ¢,,,0°J%). All of these currents are conserved. See [1] for a thorough
discussion of supercurrents in three dimensions. In components,
R, =i —i0S, —i0S, — (07"0) (2T, + ig,0" TP
i O79) (T i)
— 00 (2j + i ,,0" (R)P) 4o
Note that there are additional factors of ¢ in (5.2.9) compared to the formulas in [1],
because we are working in Euclidean signature. (In Lorentzian signature the super-
field R, is real.)
The R-multiplet couples to the linearized metric superfield H,,. In Wess-Zumino

gauge,

L
M, = = (67"8) (hy —z’BW)—599@—%029¢H+%929¢#+§9292 (A, — V) . (5.2.10)

l\')lr—\

Here h,,, is the linearized metric, so that g,, = 6,, + 2h,,, and ¥, is the gravitino.
The vectors C,, and A, are Abelian gauge fields, and B, is a two-form gauge field.
We will also need the following field strengths,

V= —€u,0"C? oV, =0,
1 (5.2.11)
H = isﬂypa“B”p )

As above, there are several unfamiliar factors of ¢ in (5.2.10) that arise in Euclidean

signature. The coupling of R, to 'H, takes the form

2 / d'ORH" =T, h — j 0 (A" —;V“)—i—z’j(Z)C”—J(Z)H—i—(fermions) . (5.2.12)

m

Since the gauge field A, couples to the R-current, we see that the gauge freedom in-
cludes local R-transformations. This is analogous to N/ = 1 new minimal supergravity
in four dimensions [95,96]. For a recent discussion, see [150,151].

If the theory is superconformal, the R-multiplet reduces to a smaller supercurrent.
Consequently, the linearized metric superfield H,, enjoys more gauge freedom, which
allows us to set By, and A, — %Vu to zero. The combination A, — %Vu remains and

transforms like an Abelian gauge field.
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Using H,,, we can construct three Chern-Simons terms. They are derived in [3].

Surprisingly, not all of them are conformally invariant.®

o (ravitational Chern-Simons Term:

g:

K > 2
19;7r / Vg &Pz <za“ PTr (wuOw, + éwﬂwywp)

§Vu) A, (A, — gvp)) + (fermions) .

+dic0 (4, 2
(5.2.13)

Here w), is the spin connection. We see that the N/ = 2 completion of the
usual gravitational Chern-Simons term also involves a Chern-Simons term for
A, — %Vu- Like the flavor-flavor term, the gravitational Chern-Simons term

is conformally invariant. It was previously studied in the context of N' = 2

conformal supergravity [136], see also [137,138].

o /-7 Chern-Simons Term:

K“ZZ

1 1 1
= /\/Ede (z‘guvp(Au—ﬁvu)ay(Ap—Evp) +§HR+---)

Fzz:_

+ (fermions) .
(5.2.14)

Here R is the Ricci scalar.”

The ellipsis denotes higher-order terms in the
bosonic fields, which go beyond linearized supergravity. The Z-Z Chern-Simons
term is not conformally invariant, as is clear from the presence of the Ricci
scalar. This lack of conformal invariance is related to the following fact: in a

superconformal theory, the R-multiplet reduces to a smaller supercurrent and

the operators conjugate to R, H and A, — %Vu are redundant.

In order to write suitably covariant formulas, we will include some terms that go
beyond linearized supergravity, such as the measure factor ,/g. We also endow ¢,

with a factor of /g, so that it transforms like a tensor. Consequently, the field

strength V), = —¢,,,0"C” is covariantly conserved, V,V* = 0.
"In our conventions, a d-dimensional sphere of radius r has scalar curvature
d(d—1)
R=—-=3>.
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o Flavor-R Chern-Simons Term:

r ) 1 1
Ffr _ /;];T /\/§d3x (zs#””aﬂay(/lp - §VP) - ZOR - DH A ) (5 2 15)

+ (fermions) .

The meaning of the ellipsis is as in (5.2.14) above. Again, the presence of R, H,
and A, — %Vu shows that this term is not conformally invariant. The relative
sign between the Chern-Simons terms (5.2.8) and (5.2.15) is due to the different
couplings (5.2.7) and (5.2.12) of j, and j}LR) to their respective background gauge
fields. Unlike the conformal Chern Simons terms (5.2.8) and (5.2.13), the Z-Z
term (5.2.14) and the flavor-R term (5.2.15) are novel. Their lack of conformal

invariance will be important below.

The Chern-Simons terms (5.2.8), (5.2.13), (5.2.14), and (5.2.15) summarize con-
tact terms in two-point functions of J and R,. As we stated above, the fractional
parts of these contact terms are meaningful physical observables. This is thoroughly
explained in [3]. Using the background fields V and H,, we can construct two addi-

tional local terms: the Fayet-Iliopoulos (FI) term,

Fpr = A/\/gd% (D + ---) 4+ (fermions) , (5.2.16)
and the Einstein-Hilbert term,

Fgpy = A/\/§d3x (R4 ---)+ (fermions) . (5.2.17)

These terms are not conformally invariant, and they are multiplied by an explicit
power of the UV cutoff A. They correspond to conventional contact terms, which can
be adjusted at will. Below we will use them to remove certain linear divergences. A
finite coefficient of (5.2.16) leads to a one-point function for J. In a scale-invariant
theory it is natural to set such a dimensionful finite coefficient to zero. More generally,
the dynamical generation of Fl-terms is very constrained. For a recent discussion,
see [1,43,46] and references therein. Note that a cosmological constant counterterm

proportional to A? is not allowed by supersymmetry.
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5.2.3 A Superconformal Anomaly

As we have seen above, the two Chern-Simons terms (5.2.14) and (5.2.15) are not
conformally invariant. Moreover, we have argued that the fractional parts of their
coefficients k.. and k, are meaningful physical observables. If these fractional parts
are non-vanishing, certain correlation functions have non-conformal contact terms. If

we want to preserve supersymmetry, we have to choose between the following:

1.) Retain these Chern-Simons terms at the expense of conformal invariance. In this

case, the free energy is invariant under large background gauge transformations.

2.) Restore conformal invariance by adding appropriate Chern-Simons countert-
erms with fractional coefficients. In this case the free energy in the presence
of topologically nontrivial background fields is not invariant under large gauge
transformations. Its imaginary part, which encodes the fractional parts of %,
and K¢,, is only well defined if we specify additional geometric data. This is

similar to the framing anomaly of [123].

This understanding is essential for our discussion below. A detailed explanation can
be found in [3]. The second option above is the less radical of the two (the idea of
adding Chern-Simons terms to a theory in order to ensure some physical requirements
has already appeared long ago in several contexts [117,123,128,129], but we will

explore both alternatives.

5.3 The Free Energy on a Three-Sphere

Coupling the flat-space theory to the background supergravity multiplet H renders
it invariant under all background supergravity transformations. For certain expecta-
tion values of the fields in H, the theory also preserves some amount of rigid super-

symmetry [31]. Here we are interested in round spheres [28-31].8 In stereographic

8Recently, it was found that various squashed spheres also admit rigid supersym-

metry [88-94]. Many of our results can be generalized to these backgrounds.
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coordinates, the metric takes the form

4yt

guy = m 5“” 9 (531)

where r is the radius of the sphere. In order to preserve supersymmetry, we must also

turn on a particular imaginary value for the background H-flux [31],

H=—-. (5.3.2)

r

This expectation value explicitly violates unitarity, since H is real in a unitary the-
ory. Given a generic N' = 2 theory with a choice of R-symmetry, the background
fields (5.3.1) and (5.3.2) preserve an SU(2|1) x SU(2) superalgebra. If the theory is
superconformal, this is enhanced to the full superconformal algebra and the coupling
to the background fields in ‘H reduces to the one obtained by the stereographic map
from flat space. In this case the imaginary value for H in (5.3.2) is harmless and does
not lead to any violations of unitarity [31].

In this section, we will study an N’ = 2 SCFT on a three-sphere and consider its
free energy F'[V] in the presence of a background gauge field V for the current 7. For
our purposes, it is sufficient to analyze F[V] for constant values of the background
fields D and o. The other fields in V are set to zero. We will study F[V] as a power
series expansion in D and o around zero, starting with the free energy F'[0] itself.

As we saw in the previous section, superconformal invariance may be violated by
certain Chern-Simons contact terms. We can restore it by adding bare Chern-Simons
counterterms with appropriate fractional coefficients, but this forces us to give up
on invariance under large background gauge transformations. Here we will choose to
retain the non-conformal terms and preserve invariance under large gauge transfor-
mations, since this setup is natural in calculations based on localization. Only the
Z-Z Chern-Simons term (5.2.14) and the gravitational Chern-Simons term (5.2.13)
can contribute to F[0]. On the sphere, the imaginary value of H in (5.3.2) implies
that F,, reduces to a purely imaginary constant, since the coefficient k., in (5.2.14)

is real. The value of this constant depends on non-linear terms in the gravity fields,
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which are not captured by the linearized formula (5.2.14). The gravitational Chern-
Simons term is superconformal and it does not contribute on the round sphere. In
general, we will therefore find a complex F[0]. Its real part is the conventional free
energy of the SCFT, which must be real by unitarity. The imaginary part is due to
a Chern-Simons term in the supergravity background fields.

The terms linear in D and o reflect the one-point functions of J and K. If our
theory were fully conformally invariant, these terms would be absent. However, in
the presence of the non-conformal flavor-R Chern-Simons term (5.2.15) this is not

the case. On the sphere, this term reduces to

, D
Fpy = ’;J;T Jidx (3 - Z-) . (5.3.3)

g3 r2 r
The explicit factor of 7, which violates unitarity, is due to the imaginary value of H
in (5.3.2). The relative coefficient between ¢ and D depends on both the linearized
terms that appear explicitly in (5.2.15) and on non-linear terms, denoted by an ellipsis.
Instead of computing them, we can check that (5.3.3) is supersymmetric on the sphere.
This term leads to non-trivial one-point functions for J and K. However, the fact

that k¢, is real implies that
dyImF|,_ =0, 9pReF|,_=0. (5.3.4)

In order to understand the terms quadratic in D and o, we must determine the
two-point functions of J and K on the sphere. At separated points, they are easily

obtained from the flat-space correlators (5.2.5) using the stereographic map,

@I W) = 1o
(K@K @) = (535)

(J(2)K(y))ss = 0.
Here s(z,y) is the SO(4) invariant distance function on the sphere. In stereographic

coordinates,
2r%|z —y|
s(z,y) = (r2 4+ 22)12(r2 + y2)1/2

(5.3.6)
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Since we are discussing constant values of D and o, we need to integrate the two-point
functions in (5.3.5) over the sphere, and hence we will also need to understand possible
contact terms at coincident points. Contact terms are short-distance contributions,
which can be analyzed in flat space, and hence we can use results from section 5.2.

We begin by studying al%F‘v:o' Since (J(z)J(y)) does not contain a contact
term on dimensional grounds, we can calculate 0% F' ’v:o by integrating this two-point
function over separated points on the sphere,

7T2

1 82F ’Tff 1
= — d? a? =—— 71 <0. (537
167274 /53 Vod 53 Vody s(z,y)? s ( )

4 9D?

V=0
The answer is finite and only depends on the constant 7;;. The sign follows from
unitarity.

The second derivative 92 F }v:o involves the two-point function (K (z)K(y))ss,
which has a non-integrable singularity at coincident points. Since the resulting diver-

gence is a short-distance effect, it can be understood in flat space. We can regulate the

1

divergence by excising a small sphere of radius

around z = y. Now the integral con-
verges, but it leads to a contribution proportional to A. This contribution is canceled
by a contact term (K (z)K(0)) ~ Ad®(x — y). The divergence and the associated
contact term are related to the seagull term discussed in section 5.2. The removal of

the divergence is unambiguously fixed by supersymmetry and current conservation,

so that the answer is finite and well defined.? This leads to

1 w2

Tff 3 3
= — d d = — > 0. 5.3.8
w22 /53 vgdi /53 vy s(z,y)? 4 ) ( )
1

9To see this, note that in momentum space (J(p)J(—p)) ~ ik Supersymmetry

1 0°F
2 Do

V=0

implies that (K (p)K(—p)) ~ p*(J(p)J(—p)) ~ |p|. Thus, a contact term propor-
tional to A in (K (p)K(—p)) is incompatible with the two-point function of J at
separated points. This shows that any UV cutoff that preserves supersymmetry does
not allow a contact term, and hence it must lead to a finite and unambiguous answer
for [d*z (K(z)K(0)). By contrast, excising a sphere of radius ; does not respect

supersymmetry, and thus it requires a contact term.
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Alternatively, we can evaluate the integral by analytic continuation of the exponent 4
in the denominator from a region in which the integral is convergent. Note that we
have integrated a negative function to find a positive answer. This change of sign is
not in conflict with unitarity, because we had to subtract the divergence.

Finally, the mixed derivative 0pd, F’ }v:o is obtained by integrating the two-point
function (J(z)K (y))ss, which vanishes at separated points. However, it may contain
a non-vanishing contact term (5.2.5), and hence it need not integrate to zero on the
sphere. Such a contact term gives rise to

1 9*F

R TS 5.3.9
BoDdo |, (5.3.9)

As we explained in section 5.2, the fractional part of ks is a well-defined observable

in the SCFT.

5.4 Localization and F-Maximization

As we have explained in the introduction, localization embeds the SCFT of interest
into the deep IR of an RG flow from a free theory in the UV. We can then com-

pute F[V] on a three-sphere for certain supersymmetric choices of V,
o=m, D=— (5.4.1)

with all other fields in V vanishing. Here m is a real constant that can be thought
of as a real mass associated with the flavor symmetry that couples to V. Hence D is
imaginary. In order to place the theory on the sphere, we must choose an R-symmetry.

As explained in [29-31], the real parameter m can be extended to complex values,

X3
m—m-+ = , (5.4.2)
r

where t parameterizes the choice of R-symmetry in the UV. The free energy computed
via localization is then a holomorphic function of m + %
In general, the UV R-symmetry parametrized by ¢ does not coincide with the

superconformal R-symmetry in the IR. This only happens for a special choice, t = t..
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In this case F[m-+ ”7*] encodes the free-energy and various current correlation functions
in the SCF'T on the sphere, exactly as in section 5.3. Expanding around m = 0, we
write

1. 1
F[m + Z—] = Fy+mrFy + i(mr)QFg +--- (5.4.3)
r

As we explained in section 5.3, the Chern-Simons term (5.2.14) in the background
gravity fields leads to complex Fy, but it only affects the imaginary part. This ex-
plains the complex answers for Fy found in the localization computations of [28-30].
Alternatively, we can remove the imaginary part by adding a Chern-Simons countert-
erm with appropriate fractional coefficient, at the expense of invariance under large
background gauge transformations. The real part of Fj is not affected. It appears in
the F-theorem (5.1.5).

The first order term Fj arises because of the flavor-R Chern-Simons term (5.2.15),
which reduces to (5.3.3) on the three-sphere. Restricting to the supersymmetric
subspace (5.4.1), we find that

Fy =2mky, . (5.4.4)

This accounts for the non-vanishing, real £} found in [28-30] and shows that k. can
be computed using localization. As we explained above, this term is not compatible
with conformal symmetry. We can set it to zero and restore conformal invariance by
adding an appropriate flavor-R Chern-Simons counterterm, at the expense of invari-
ance under large background gauge transformations.

The imaginary part of F| always vanishes, in accord with conformal symmetry.

Using holomorphy in m + %, we thus find

0 10
—ReF =——ImF =0. (5.4.5)
ot m=0,t=t« rom m=0,t=t«
This is the condition proposed in [29].
The real part of F» arises from (5.3.7) and (5.3.8),
1 02 w2
Re F2 = ﬁw Re I’ o, = 7 ff (546)
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while the imaginary part is due to the flavor-flavor Chern-Simons term (5.2.8). Us-

ing (5.3.9), we obtain

1 0
Im Fy = o Im F o = —27K s . (5.4.7)
Combining the real and imaginary parts,
2
F2: ETff—Zﬂ'Z'/iff . (548)

Thus, both 74 and k¢¢ are computable using localization.

If we denote by F(t) = F[0+ %] the free energy for m = 0, we can summa-
rize (5.4.5) and (5.4.6) as follows,
2

:0, @RGF

2

5
Z ReF = —%Tff <0. (5.4.9)

ot

t=tx t=tx

The generalization to multiple Abelian flavor symmetries is straightforward and leads

to (5.1.7),

7T2

= % Tab » (5.4.10)

0 0?
ot =0, gregp et

where the matrix 7, is determined by the flat-space two-point functions of the Abelian

Re F

t=t, t=t,

flavor currents j* at separated points,

. i Ta y A 1
(i (@) (0)) = {5 (040° = 0"0") — . (5.4.11)

Unitarity implies that 7, is a positive definite matrix. Note that our condition on the
second derivatives is reminiscent of a similar condition in [135]. However, the precise
relation of [135] to the three-sphere partition function is not understood.

As an immediate corollary, we obtain a non-renormalization theorem for the two-
point function coefficients 7., and k.. Since localization sets all chiral fields to zero,
the free energy is independent of all superpotential couplings, and hence all exactly
marginal deformations. Thus 7,, and k., are independent of exactly marginal defor-
mations.

We would briefly like to mention the connection of (5.4.10) to the F-theorem (5.1.5).

It is analogous to the relationship between a-maximization and the a-theorem in four
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dimensions [32]. Since relevant deformations in the UV generally break some flavor
symmetries, there are more flavor symmetries in the UV than in the IR. Maximizing
over this larger set in the UV should result in a larger value of F', thus establish-
ing (5.1.5). This simple argument applies to a wide variety of RG flows, but there are
several caveats similar to those discussed in [135]. An important restriction is that
the argument only applies to flows induced by superpotential deformations. For such
flows, the free energy is the same function in the UV and in the IR, since it is inde-
pendent of all superpotential couplings. One can say less about RG flows triggered
by real mass terms, since the free energy depends on them nontrivially.

One of the caveats emphasized in [135] is the existence of accidental symmetries in
the IR of many RG flows. Similarly, to use localization at the point t = t,, we need to
find an RG flow with an R-symmetry that connects the SCFT in the IR to a free theory
in the UV. This is generally impossible if there are accidental symmetries in the IR.
Nevertheless, the maximization principle (5.4.10) holds. It would be interesting to
find a three-dimensional analog of [169], which would enable exact computations in

the presence of accidental symmetries. See [170] for recent work in this direction.

5.5 Examples

5.5.1 Free Chiral Superfield

Consider a free chiral superfield ® of charge +1, coupled to ¢ and D in a background

vector multiplet. The action on the sphere is given by

- _ 3
S= [ Vade (1VoP — vV, + ol — DIoP +iolu + 508 ) - (551)

For constant ¢ and D, we can compute the partition function by performing the

Gaussian functional integral over ¢ and ),

F= inQ log <n2 — 111 + (0? — D)rQ) — in(n +1)log <(n + %)2 + (07’)2) _
"~ (5.5.2)

n=1

158



The two sums arise from the bosonic and the fermionic modes respectively. (The
eigenvalues of the relevant differential operators on S* can be found in [164].) As
expected, the leading divergence cancels due to supersymmetry, but there are lower-
order divergences.

Instead of evaluating (5.5.2), we will calculate its derivative,

1 OF > 2_Dy?2-1 >
B e e TR B
r20D n?*—g;+(0*=D)r?

n=1

- g\/(ﬂ — D)r? — icoth [7‘(\/(0‘2 — D)r? — }J :

where we set Y. 1 — —2 by zeta function regularization.'® Similarly, we find

(5.5.3)

10F 1 1
= 2 _ 2__ 2 _ 2 _ =
. 7TO'T’\/(O’ D)r 1 coth [71’\/(0’ D)r 4]

+ 7 <(07’)2 + i) tanh(wor) . o

Note that (5.5.3) and (5.5.4) both vanish when ¢ = D = 0, as required by conformal
invariance. The derivative of the free energy on the supersymmetric subspace (5.4.1)
is given by

LoF =7 (% + imr) tanh (mmr) . (5.5.5)

This exactly matches the result obtained via localization [29,30].

We can also compute the second derivatives

1 0°F 2 1 0°F 2
—g - 22 - (5.5.6)
rt0D?| _,_, 4 2 00%| _po 4
and therefore,
1 02 2
— Re F =—. 5.5.7
r2 Om? ¢ ‘m:O 2 ( )

Since 7y = 1 for a free chiral superfield of charge +1, these results are consistent

with (5.3.7), (5.3.8), and (5.4.6).

UEquivalently, we can remove the divergence by an appropriate FI countert-

erm (5.2.16) for the background vector multiplet.
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Finally, we discuss the mixed second derivatives,

1 9*F , 1 0°F
— =0, im —
30D |,_p_, or—zoo 130D o | f,_,

s
=+—. 5.0.8
- (55.8)

Comparing with (5.3.9), we see that sy vanishes in the UV theory. If we give the
chiral superfield a real mass by turning on a non-zero value for o, the RG flow to the
IR will generate a contact term sy = —% sgn(o). This corresponds to the half-integer
Chern-Simons term that arises when we integrate out a massive fermion [128,129].
Therefore the free energy is not invariant under all large gauge transformations of the
background vector multiplet on arbitrary manifolds. In order to preserve invariance
under large gauge transformations, we must add a half-integer Chern-Simons term
for the background gauge field to (5.5.1).

Note that the first derivative (5.5.5) has infinitely many zeros. By holomorphy,
this means that F'(¢) has infinitely many extrema, even for a free chiral superfield.
However, only one physically acceptable extremum is a local maximum. The F-

maximization principle may help resolve similar ambiguities in less trivial examples.

5.5.2 Pure Chern-Simons Theory

Consider a dynamical N' = 2 Chern Simons theory with gauge group U(1) and integer
level k,

% (1e"?A,0,A, — 20D) + (fermions) . (5.5.9)
Here A, denotes the dynamical gauge field rather than a background supergravity
field. This theory has an Abelian flavor symmetry with topological current j# =
%5“”’)@14‘,, whose correlation functions vanish at separated points. We can couple j*
to a background gauge field a,, which resides in a vector multiplet that also contains
the bosons o4, D,, and we also add a background Chern-Simons term for a,,

1
o (ie"Pa,0,A, — 0,D — Dyo) + % (ie"Pa,0,a, — 20,D,) + (fermions) . (5.5.10)

Here ¢ is an integer. This example is discussed at length in [3].
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Naively integrating out A, generates a Chern-Simons term for a, with fractional
coefficient
1

Rfr=4¢q — E . (5.5.11)

On the supersymmetric subspace (5.4.1) appropriate to the three-sphere, this term
evaluates to Fy; = —imksp(mr)?. We can compare it to the answer obtained via

localization. Following [28], we find that

1
e F — /d(ar) exp(imr?(ko? + 20m + qm?)) = Wezsgn(k)frﬂl exp(imrsp(mr)?) .

(5.5.12)

We see that the term in F proportional to m? agrees with the flat-space calculation.

5.5.3 SQED with a Chern-Simons Term

Consider N = 2 SQED with an integer level & Chern-Simons term for the dynam-
ical U(1), gauge field and Ny chiral flavor pairs Q;, @; (i,i=1,..., Ny) that carry
charge +1 under U(1),. The theory also has a global U(1), flavor symmetry J under
which Q);, 5}2 all carry charge +1. Here v and a stand for vector and axial respec-
tively. The theory is invariant under charge conjugation, which flips the sign of the
dynamical U(1), gauge field and interchanges @; < @7 In the IR, the theory flows
to an SCF'T, which is labeled by the integers k& and Ny.

In [3], this model is analyzed in perturbation theory for k£ > 1. Computing the

appropriate two-point functions of the axial flavor current and the R-current leads to

7T2Nf 1 Nf 1

We can now compare these flat-space calculations to the result obtained via localiza-

tion [29,30]. In the notation of (5.4.3), we find

1 in N, 1
Fy = Nylog2+ - log |k| — T (sgn(k) — ?> +0O (ﬁ) ’

2
7TNf 1
Fil=—= — .0.14
1 ? +O(l{;3> , (5.5.14)
3
o _am Ny i
F2—7T Nf ok O(k?Q)



The real part of F{ is the conventional free energy for the SCFT in the IR. The
imaginary part of Fy corresponds to (5.2.14), whose coefficient we will not discuss
here. The first order term F} exactly matches the contribution of the flavor-R term
as in (5.4.4), while the imaginary part vanishes to this order in £. This is due to
the fact that the mixing of the R-current and the axial current only arises at O (k%)
Likewise, the imaginary part of F; is captured by the flavor-flavor term as in (5.4.7).

Finally, the real part of Fy is in agreement with (5.4.6), since the two-point function

coefficient of J is given by 74¢ = 2Ny + O (k—g)

5.5.4 A Theory with a Gravity Dual

Equation (5.1.7) can be checked in /' = 2 SCFTs with AdS, supergravity duals. The
AdS/CFT correspondence [24-26] relates global symmetries of the boundary theory to
gauge symmetries in the bulk. The boundary values a;; of the bulk gauge fields Af act
as background gauge fields for the global symmetry currents j# on the boundary. The
boundary free energy F'la] in the presence of these background fields is equal to the
on-shell supergravity action computed with the boundary conditions Af(z, 2)|.—0 =

ag(x). The matrix 7, defined by the two-point functions (5.1.8) of global currents

on the boundary is proportional to the matrix g% of inverse gauge couplings that

appears in the bulk Yang-Mills term [171]. )

Consider M-theory on AdS; x X7, where X; is a Sasaki-Einstein seven mani-
fold. This background preserves N' = 2 supersymmetry on the three-dimensional
boundary. The isometries of X7 lead to AdS; gauge fields upon KK reduction from
11-dimensional supergravity. Hence, they correspond to global symmetries of the dual
SCFTj. Given a set of Killing vectors K, on X, that are dual to the global symmetry
currents j#, the matrix 7, is given by [172]

327 N2
T S B (Vol (X))

/G(Ka, Ky)vol(X7) . (5.5.15)

Here G is the Sasaki-Einstein metric on X7 and vol(X7) is the corresponding volume

form. There are N units of flux threading X;. We can use (5.5.15) to compute 7, in
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the gravity dual and compare to the answer obtained via localization on the boundary,

providing a check of (5.1.7).

Figure 5.1: Flavored conifold quiver dual to M2-branes on the cone over Qb1

Consider, for instance, the theory depicted in figure 5.1. It is the well-known
conifold quiver with gauge group U(N) x U(N) and vanishing Chern-Simons levels,
coupled to two U(Ny) flavor groups. The superpotential is given by

Ny
W = AlBIAQBQ — A1B2A2B1 + Z (puAlqll +p21A2q12) . (5516)
=1

This theory describes N M2 branes on a Zy, orbifold of the cone over QL ~

SU(Q);(‘?)(JX(Z)(TSgU(Q). It is expected to flow to the SCFT dual to AdSy x Q"' /Zy, in

the infrared [173,174].

The large-N partition function of this theory as a function of the trial R-charges
was computed in [33]. For simplicity, we consider the free energy F(t) as a function
of a single mixing parameter ¢, which corresponds to the diagonal topological cur-
rent!!t ji~etvP (Tr F) + Tr Flff,)). Here F\Y) and F\2 are the field strengths of the

two U(N) gauge groups. The function F(t) is maximized at ¢ = 0 and its second

UThe current is normalized so that certain diagonal monopole operators have

charge +1.
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derivative is given by
3
O*F 20m ( N ) z
— =——= (= . (5.5.17)
ot t=0 9\/§ Ny

We will now compute the two-point function coefficient 74, of j# via the AdS/CFT

prescription (5.5.15). The Sasaki-Einstein metric on Q%! takes the form

3

1 ’ 1
2 _ - ) 32 - 2 s 29 2
ds” = 1 (dy + ;:1 cos Oids)” + o > (db7 + sin® 0;dg?) (5.5.18)

i=1
with ¢ € [0,47), ¢; € [0,27), 0; € [0, 7]. Using the results of [173], one can show that

the Killing vector of Q! that corresponds to the current j* is given by!?

K=-(<0, +0,) . (5.5.19)
Ny

Substituting into (5.5.15) and using Vol(Q""' /Zy,) = %, we find

40 [N\
T = — ) . 5.5.20
o (Nf) ( )

Comparing (5.5.17) and (5.5.20), we find perfect agreement with (5.1.7).

As was pointed out in [33,175], the F-maximization principle is closely related to
the volume minimization procedure of [176,177]. It is natural to conjecture that the
two procedures are in fact identical. In other words, the two functions that are being
extremized should be related, even away from their critical points. (A similar relation
between a-maximization in four dimensions and volume minimization was established
in [178,179].) The example discussed above is consistent with this conjecture: both

the free energy at the critical point [33,175] and its second derivative match.

12This identification relies on a certain chiral ring relation involving two diagonal
monopole operators, which was conjectured in [173,174]. Our final result below can

be viewed as additional evidence for this conjecture.
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