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Synchro-betatron  coupling in a proton storage ring with electron cooling was studied experimen 

tally by modulating a transverse dipole field close to the synchrotron frequency. The combination of 
the electron cooling and transverse field modulation on the synchrotron oscillation is equivalent to a 
dissipative parametric  resonant system.  The proton bunch was observed to split longitudinally into 
two pieces, or beamlets, converging toward attractors of the dissipative system.  These phenomena 
might be important  in understanding  the effect of ground vibration on the Superconducting  Super 
Collider beam, and the effect of power supply ripple on the Relativistic Heavy-Ion Collider beam. 

 
PACS numbers: 41.85.-p, 03.20.+i, 05.45.+b, 29.20.Dh 

 
In  a  recent  experiment [1], we found  that the  longi 

tudinal response of a  beam  to  the  phase  modulation of 
the  accelerating field exhibited characteristics of a para 
metric  resonant system  [2]. The  equation of motion  for 
phase oscillations [3] of a particle in a synchrotron, in the 
absence  of forced oscillations, is given  by 

 

¢ + w;(sin 4>- sin 4>o) = 0. 

Here w8  = w0      ;; J] is the small  amplitude synchrotron 
angular frequency at 4>o  = 0, wo is the  angular revolution 
frequency,   and  h,V, and  ¢0  are,  respectively, the  har 
monic number, the  peak  rf voltage,  and the  synchronous 
phase  angle,  (3c and  E  are,  respectively, the  speed  and 
the  energy  of the  particle, and  rJ   is the  phase slip factor. 
For this  experiment, we have  h = 1, rJ   ::;:;::     -0.86, ¢0  = 0, 
and  fo ==       1.03168  MHz for protons with  kinetic en 
ergy of 45 MeV. Since the synchrotron frequency  depends 
on the  rf voltage,  we chose  an  rf voltage  of 41 V to ob 
tain  a synchrotron frequency of 262 Hz in order  to avoid 
harmonics of the  60 Hz ripple  on  magnet  supplies. The 
synchrotron tune  is given  by  Vsyn  ==        2.54 x 10-4 • 
Transversely, the  horizontal and  vertical  deviations from 
the closed orbit  of a beam  particle satisfy  Hill's equation 
[4]: 

 

 
 

Here  Kx(s),Kz(s) are  focusing  functions  due  to 
quadrupoles, Bp = ; is the  magnetic rigidity,   s  is  
the longitudinal particle coordinate and  6..Bx, 6..Bz  are  
lin ear  or  nonlinear  error   magnetic  fields.    In  the  
linear approximation, the  error-free transverse Hill's 
equation 

can  be solved  to obtain, y = -J2(3y(s)Jy cos[</>y(s) + Xy], 
</>y(s)  = J; :, where  y stands for either x or  z.  Thus 
particles are executing betatron oscillations transversely 
about the closed orbit  of an accelerator. Here (3y(s) is the 
betatron amplitude function, Jy is the  invariant action, 
</>y(s)  is the  betatron phase,  and  Xy is an  initial phase 
angle.   The  numbers of betatron oscillations in one  rev 
olution are  called  betatron tunes given  by Vy = 2     f : . 
We chose Vx  = 3.828, Vz = 4.858 for  this  experiment to 
avoid nonlinear betatron  resonances. The  corresponding 
fractional part  of the  horizontal betatron frequency was 
(4-Vx)fo = 177kHz. 

Coupled  motion  between  the transverse and  longitudi 
nal degrees of freedom is called synchro-betatron (SB) 
coupling.     The   SB  coupling   is  important to  electron 
storage rings  [5], where  the  fractional parts of the  syn 
chrotron and  betatron tunes are of the  same order  of 
magnitude.   On  the  other hand,   the  fractional part   of 
the  betatron and  synchrotron tunes differ substantially 
in proton  storage rings,  and  the  coupling between  longi 
tudinal and  transverse motions  is less important. To the 
knowledge of the  authors, SB coupling has  not  been  ob 
served  previously in proton storage rings.   For the  SSC, 
where the  synchrotron frequency varies  from 7 Hz at  in 
jection  energy  to 4Hz at  20 TeV, SB coupling may arise 
due to ground vibration. At Relativistic Heavy  Ion Col 
lider,  the  synchrotron frequency ramps  through 60 Hz 
around 17 GeV/c for heavy ion beams,  SB coupling  may 
result  from  power supply ripple. 

The dominant effect of ground vibration or power sup 
ply  ripple  is  a  modulation of  the  dipole  field.   A slow 
adiabatic dipole   modulation gives  rise  to  a  closed  or 
bit  modulation.  Provided that  the  resulting closed  or- 
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bit  modulation is  much  smaller   than the  beam  width, 
the  adiabatic modulation usually  does not limit  the  per 
formance of colliders  or storage rings.   A considerable 
amount of detailed analysis  has  been  reported and  com 
piled  [6].   However,  performance degradation can  arise 

 
( ), is the  conjugate variable  to the  synchrotron phase 
angle  </>,   and  A  is the  phase  space  damping parameter 
related   to  the  electron cooling.    Thus  the  synchrotron 
equation of motion, in the  presence  of transverse modu 
lation, becomes 

from nonadiabatic modulations, which occur  naturally at 
resonance  conditions, e.g.,  transverse modulation at  the 
synchrotron frequency.   A detailed study of this  issue is 

 

¢+2atP+wsin</>= WmW 
 

8 acoswmt+2aw8 asinwmt, 
 

(2) 
therefore needed.   In  this  paper, we present  experimen 
tal  data, taken  at  the  Cooler  synchrotron at  the Indiana 
University Cyclotron Facility, for transverse modulations 
producing SB coupling,  similar  to  what  may  arise  from 
ground  vibrations or power supply  ripples. 

The   experimental  procedure started  with   a  single 
bunch  of  about 5 x 108  protons with   kinetic  energy  of 
45 MeV.  The  cycle  time  was 11 s.   The  injected   beam 
was electron-cooled and  was simultaneously modulated 
by a small  dipole.   A 23 em window  frame  ferrite  dipole 
magnet  was used to produce the  transverse dipole  mod 

with  the  damping coefficient  a =  A.  With   an  elec 
tron  current of 0.75 A, the damping time for the  45 MeV 
protons was measured to  be about  0.4 sora= 2.5 s-I, 
which was indeed  small compared with w 8  = 1646 s-1. 

Because   the  synchrotron  frequency is  much  smaller 
than the  revolution frequency   in  proton   storage rings, 
the  phase  errors  for  each  turn accumulate.  The  phase 
modulation amplitude is enhanced by  the  factor   2      ., 

i.e., the effective phase modulation amplitude parameter 
[1], a, is given by 

ulation. The  effective length  of the  dipole  was measured 
to  be £ = 0.27  m.   The  horizontal dispersion function 

a=  hwoDx8 =  ¢. 
w8 C  27rW8 

(3) 

Dx was about  4.0 m at  the  modulation dipole  location. 
At the  end of 7 s, the  beam-centroid displacements were 
measured, digitized, and  recorded  from  signals  of beam 
position   monitors (BPM). The  longitudinal phase  was 
measured by comparing the  time  difference  between  the 
BPM  sum  signal  and  the  signal  from  an  rf clock.   The 
beam  position  at  a high dispersion location was used to 
measure the  momentum deviation,  which  is  related to 
the  off momentum closed  orbit   by   Xco  = Dxwith 
Dx ;:::;;   3.9 m.  A total of 8 channels were used  to  obtain 
6D phase  space  maps  with  16 384 points  recorded  at  10 
turn intervals. Details  of our  detection system  had  been 
reported earlier  [1, 7]. 

With   a  horizontal dipole   (vertical field)  modulation 
at  location   so, the  horizontal closed  orbit   becomes  [4], 

Xco(t)  =  y' xs     so) B(t) cos[rrvx - 1</>x(s)  - </>x(so)l], 
where  B(t) =  BB )£  = 8 sinwmt   with  8 =  8;;,£.    Fur 
thermore,  if  the   dispersion  function  at   the   modulat 
ing  dipole  location is not  zero,  the  path   length  is also 

Even though the  cooling was weak, sufficient time  was 
allowed before  making  measurements that the  transient 
solution  of Eq.  (2) was damped out.   We therefore mea 
sured  the steady state solution, in contrast to our earlier 
experiment [1] where  the  transient solutions of Eq.  (2) 
were measured.  Let  the  stationary solution  of the  non 
linear parametric dissipative resonant system  be given by 
</>;:::;;  g sin(wmt-x), where we have used a single harmonic 
approximation.  Expanding the  term  sin</>  in Eq.  (2)  up 
to the first harmonic, we obtain the equation for the mod 
ulation amplitude g as 
[-w;,g + 2w Jl(YW + [2awmg]2  = [wmw8 a] 2 + [2aw,a]2 , 
 

(4) 
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Q) 

modulated.   The  change  of  the  circumference is  given 
byC  = DxB(t). The  corresponding rf  phase  differ 
ence  becomes,    </>  = 2rrh         where  C  = 86.8224  m 
is the circumference of the  IUCF Cooler  Ring.   In our 
experiment,  the   maximum  rf  phase   shift   per  turn  is 

= 0.78 X w-5Bm [G] radians. The longitudinal phase 
space  coordinates, (</>, ),at the  nth  and  the  (n + l)th 
revolutions are  transformed  according to  the  following 
mapping equations [4]: 
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FIG. 1.     The  phase  amplitude response measured from  a 
BPM as a function of the  modulation frequency around the 
synchrotron tune.  At  Ern  = 12  G,  the  60  Hz  power  supply 
ripple generated structure at 320 and  200 Hz.  Solid lines cor 
respond to attractor solutions calculated with  the  parameters 

where  the  fractional momentum deviation of a  particle, a of Eq.  (3).  Here,  J>  = g in the  text. 
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where  J1 is the  Bessel  function [8] of order  1.   Figure  1 
shows  the  longitudinal phase  amplitude, measured with 
the  phase  detector  (diamonds), as  a  function of  sinu 
soidal  transverse modulation frequencies for  the  modu 
lation   amplitude with  Bm  =  12  G.  The  amplitudes of 
the  steady state solutions of Eq.  (4)  were also shown  in 
Fig.  1 with  o: = 2.5 s- 1 and  the  parameter a obtained 
from Eq.  (3).  Note here that there are multiple solutions 
of Eq.  (4)  when  the  modulation frequency is below the 
critical bifurcation frequency [1], We· 

Existence of bifurcation solutions of Eq.  (2)  had  pre 
viously   been  verified  [1, 2].    Steady state  solutions of 
Eq.  (4)  are  also  attractors of the  dissipative dynamics 
system. The existence of a unique  phase  factor  x for the 
solutions of the dissipative parametric resonant equation 
implies that the attractor is a single phase space point 
rotating with  modulation frequency Wm· Figure  2 shows 
the  measured longitudinal beam  profile in  time  domain 
integrated over  many  synchrotron periods,  as shown  on 
an oscilloscope  triggered at the  rf frequency,  where a sin 
gle oscilloscope  trace corresponds to the  projection of the 
longitudinal charge  density as the  beam  passes  through 
the  BPM.  The  modulation amplitude Bm was 4 G, and 
the  modulation frequencies were 210, 220, and  230Hz in 
the  left  column  and  240,  250,  and  260 Hz in  the  right 
column.   Using a fast sampling oscilloscope  (HP54510A) 

 

for a single trace, the  bunch  was indeed  observed  to split 
into two beamlets located at amplitudes corresponding to 
the  steady state solutions of this  dissipative parametric 
system.  Both  beamlets rotate in the  synchrotron phase 
space  at  the  modulating frequency,   measured from  the 
FFT of the  phase  signal.    The  two  outer   peaks  corre 
spond  to an elongated outer  beamlet at the  upright posi 
tion so that the  peak current is large.  When  the  beamlet 
rotates to  the  central position in  the  phase  coordinate, 
the  bunch  is extended longitudinally with  a smaller  peak 
current.  The  aspect  ratio  of these  two  beamlets can  be 
obtained by fitting  the  observed  profile shown  in Fig.  2. 
For  example, the  aspect   ratio  of  the  outer   beamlet at 
220  Hz  was  found  to  be  about 1:3  from  the   profile  of 
Fig. 2. The  peak  current is therefore reduced  by a factor 
of 3 at  the  center  of the  phase  coordinate.  As the  mod 
ulating frequency   is increased towards the  synchrotron 
frequency,  the  outer   peak  moves  in  and  its  population 
intensity increases. When  the  modulating frequency was 
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FIG. 2.   The real time longitudinal beam profile, observed 
from an oscilloscope, shows the splitting of beam bunch into 
beamlets below the  bifurcation  frequency.  The  modulation 
amplitude  was Em = 4 G. The sine waves in this figure are 
the rf wave form. 

FIG. 3.   The phase amplitude  of the outer beamlet  mea 
sured from a fast sampling oscilloscope and  the  phase am 
plitude  measured  from a  wall gap  monitor  as functions  of 
modulation  frequency for the sinusoidal wave with  Em  = 2 
G and the square  wave with Esq  = 1.42  G. For the square 
wave modulation,  a large amplitude  response was expected 
and observed at 3wm = w•.  Again, ¢ = g. 
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FIG. 4.   Initial  phase space coordinates, obtained from a 
numerical simulation of Eq. (1), which converge to the outer 
attractor, are shown for Bm  = 4 G and  fm =240Hz. 

 
 

set  higher  than We, the  center  peak  disappeared (see the 
260 Hz data of Fig.  2). 

Figure 3 shows the phase amplitude of the outer  beam 
let (squares)  measured with an oscilloscope and the phase 
amplitude obtained from the  phase detector (diamonds). 
Note   here  that  our   phase   detector  was  not   intended 
for  use  with   more  than one  beam   bunch   present.   It 
seems  that our   phase  detector  measured the   centroid 
of  these  two  beamlets shown   in  Figs.  1 and  3.    Only 
when the outer  beamlet  becomes the dominant charge 
distribution,  was  the   phase   detector  able  to  measure 
its  phase.    In  the  lower  part   of  Fig.  3,  the   phase  re 
sponse   data from  square wave  dipole  field  modulation 
were  shown   to  compare with   the   attractor  solutions. 
Since the square wave can  be expanded in Fourier  series, 

In  conclusion,   we  have  performed   a  first   study  of 
synchro-betatron coupling  resonance  in a proton  storage 
ring.  The  resonance condition was created by dipole field 
modulation at  the  synchrotron frequency.    The   result 
ing beam  behavior  exhibited characteristics of attractors 
of a dissipative parametric resonant system. The  trans 
verse dipole  field modulation resulted in a very  unusual 
bunch shape  distribution in the longitudinal phase space. 
Data  observed  from  the  oscilloscope   revealed  that the 
bunch split  into two beamlets located  at  amplitudes cor 
responding to the steady state solution of the  dissipative 
parametric resonant system.  These  two beamlets were 
observed  to rotate in the synchrotron phase  space  at  the 
modulation frequency.   A detailed understanding of how 
these  attractor  solutions are  populated is important  in 
the study of multiparticle dynamical systems. 

Our   experimental  result    indicated that   effects   of 
ground vibration and of power supply  ripple may be 
important through synchro-betatron coupling.   Detailed 
data analysis  based on Hamiltonian mechanics,  including 
6D phase  space  analysis, and  its  implication to  the  SSC 
and  RHIC  will be published shortly elsewhere. 
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