
FREE FER1\1ION CONSTRUCTIONS OF SUPER 
VIRASORO AND SUPER KAC-MOODY 
ALGEBRAS 

LOUISE DOLAN 
Depa.-tment of Physics, Univer·sity of Nor-tli Carolina 
Clwpel Hill, Nor-tli Carolina 27599-3255, USA 

(Received: November 20, 1993) 

Abstract. Free fermion constructions of the superconformal and Kac-Moody algebras 
are discussed. Coset representations provide examples for the N = 1, c < ~ discrete 
series. They generalize the Kac-Todorov construction of the supercurrent which was valid 
for N = 1, c 2': ~' and differ by the terms mixing the SuperVirasoro and Kac-Moody 
algebras. They thus provide a guide for searching for new forms for the lower and upper 
components of the superfidds in one-to-one correspondence with the untwisted states in 
a twisted superconformal field theory, and may be useful in discussing the low energy 
phenomenology of superstring theory. 

1. Introduction 

Conformal, superconformal and extended superconformal algebras play a 
role in string theory. In this paper we investigate constructions of the super
curren t generator F( z) of the two N = 1 world sheet sn persymmetric exten
sions of the Virasoro algebra, i.e., the Rainond and Neveu-Schwarz sectors. 
The critical dimension of this system (determined by the absence of negative 
norm ghost states) is D = 10. Unitary representations of the N = 1 super
conformal algebra with critical central charge c = 15 are constructed from 
the matter. superfields. The superconformal BRST ghost system provides a 
non-unitary representation of the N = 1 superVirasoro algebra (SVA) with 
c = -15. Although the representation is non-unitary, the SVA generators 
still satisfy the hermiticity conditions Lghostt = Lghost pghostt = Fghost. In 

n -n ' n -n 
addition, the superconformal ghost system also carries a representation of 
the extended N = 2 world sheet algebra.l11 

The matter superconformal fields of conformal weight one-half close to 
form a super Kac-Moody algebra (SKMA). The mixing between the SVA 
and the SKMA differs depending on the particular construction of the su
percurrent. The N = 1 algebra is given by operator products where the right 
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hand side holds for Jzl > 1(1 up to terms regular as z-> (. 

i 2L( () d~~() 
L(z)L(() = (z - ()4 + (z - ()2 + (z - () 

~F(() mD_ 
L(z)F(() = (~ _ ()2 + (z ~ () 

~ 2L(() 
F(z)F(() = (z - ()3 + (z - () 

In component form we have 

c 3 
[Ln,Lm] = (n - m)Ln+m + 

12
(n - n)lin,-m 

n 
[Ln,Fm] = ( 2 - m)Fn+m 

c 2 1 
[Fn,Fm] = 2Ln+m + 3(n - 4)lin,-m 

The super Kac-Moody algebra is 

Ta(z)Tb(z) = kliab ifabcTc(() 
(z-() 2 + (z-() 

Ta(z)db(z) = i~a;c~~\() 

da(z)db(z) = (zli~b (). 
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(1) 

(2) 

(3) 

Here fabcfabe = cl/Jlicei the level of the KMA is x = ~~ = ~~ h, where his the 
dual Coxeter number of the compact Lie algebra with structure constants 

fabc· 
Constructions of the matter supercurrent are given by the following. 
1 )The Kac-Todorov construction extends to a super Kac-Moody alge

bra and has a mixing between the SVA and SKMA which reflects the fact 
that the SKMA generators are conformal weight one-half superfields. The 
Virasoro generators form a Sugawara construction and ~ ::::; c < 3

di2mg. 

2)The coset constructions have SVA generators which are seen to be a 
modification of the Kac-Todorov construction. This constructions also ex
tends to a SKMA, but now the mixing between the SVA and the SKMA is 
different from the Kac-Todorov case. The central charge satisfies 0 ::::; c < 
di mg 

2 • 

3)Complex free fermions provide a construction similar to Kac-Todorov, 
but now the supercurrent can carry automorphisms of groups other than 
SU(2)6 in the presence of massless fermions. Here c = di;'g. 



-
FREE FE!Uv!ION CONSTRUCTIONS 241 

2. The Kac-Todorov construction 

This construction provides the general free real fermion representations of 
the internal space SVA and SKMA algebras with the following mixing char
acteristic of a weight one-half superfield. 

a Ta(() dT:r) 

L(z)T (() = (z - ()2 + (z - () 

1 a() ~ 
L(z)da(() = 2d ( + _d(_ 

(z - ()2 (z - () 
a dda(<) 

F(z)Ta(() = Vk[ d (() + _d(_J 
(z-()2 (z-() 

F(z)da(() = _1 Ta(() . 
Jk(z-() 

A realization is given by 

l(z) = J__(~fa(z)fa(z)~) = ~: ddda(z) da(z): +~ 
C>jJ 2 Z l6z 

(4) 

(5) 

Here 1 ::; a ::; E. This representation has level x = ~~ h = h and c = di';g, 

i.e·. ~ ::; c. The most general realization is given by 

v 1 v 

L(z) = L(z) + 
2

kq + C>jJ (~qa(z)t(z)~) = L(z) + L~u9 (z) 

Ta(z) = fa(z) + qa(z) 

F(z) = (6) 

with level x = h + xq and c = dimg + xqdirr~g = 3dimg _ hdimg . ;i_ < v < 
2 xq+h 2 x .' i.e. 2 - c -

c < 3
di2m

9 . The abelian SKMA is 

1 dda(z) E l 
L(z) = 2: ~da(z): + l6z2 + 2kq (~q"(z)qa(z)~) 
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1 
F(z) = vfk'ida(z)qa(z), (7) 

Here faIJ fbIJ = 2kq Oab and c = !( dimda + dimbl) ~ ~. 

3. Coset construction 

We now modify the Kac-Todorov construction of the supercu:rent to be of 
the general form 

F(z) = AF(z) + Bda(z)qa(z). (8) 

It follows that 

L(z) = CL(z) + DL~u9 (z) + Efa(z)t(z) 

Ta(z) = fa(z) + qa(z). (9) 

Case 1: for E = 0, we regain the Kac-Todorov forms: a) minimal B = D = 
O,A = C = 1 and b) maximal B = };;A= Cs;· 

v f ykq+f 
Case 2: for E = -2h - · C = ~· D = __j____. where A= -xq · 

c.,(xq+2h)' xq+2h' xq+2h' J(xq+h)(xq+2h)' 

h{ii 
B = J > _ , the mixing between the SVA and SKMA is given by 

(xq+h)(xq+2h) 

L(z)Ta(() = 0 

L(z)da(() = 

,q ( ) dda(() h- . r b( ) zc( ) 
( X -)( da( +-d_(_)+( -2_ )iJabcq Zl Z 

= xq+2h 2(z-()2 (z-() (xq+2h)c,p (z-() 

F(z)Ta(() = 0 

F(z)da(()=-( l()[j {!i . Jl-x'T"(()+hq"(()]. (10) 
z- (xq+h)(xq+2h) 

This representation has level x = h + xq and c = dim2 g (1 - ( h~~2 h) ), 
xq+ :L"q+2 

i.e. 0 ~ c < di';' 9
• For g = SU(2) (so h = 2), we see this is just the discrete 

series for unitary representations of the N = 1 SVA (let xq = m ): 

3 8 7 3 
c=2(1 -(m+2)(m+4))=0,10' 1"'"2' (ll) 
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Case 2 is seen to be equivalent to the coset construction[3l, 

L(z) = L0 (z) - LH(z) = L(z) + L~u9 (z)-

(12) 

The coset here corresponds to G = SU(2) ® SU(2) and JI = SU(2). 

4. Complex fermions 

For complex fermions satisfying twisted boundary conditions r( e21ri z) 
e2triv r(z), Ja(eZtriz) = e-Ztriv Ja(z), the supercurrent construction general
izes the Kac-Todorov expression to be given by 

(13) 

The space-time fermi fields satisfy the periodicity condition hf.L{ e2tri z) = 
5ahµ,( z) where Der = =f 1 for Ran NS fields respectively, so F( e2tri z) = OaF( z ). 
In a given sector, all the fermionic boundary conditions can be specified by 
a matrix wg: so ha(e2triz) = w't,hb(z) and 

(14) 

i.e. =i=w't, is an automorphism [<l] of the Lie algebra g with structure constants 
fabc used to define the supercurrent in a Ramond (Neveu-Schwarz) sector. 
The Virasoro generator is then given by 

L(z) = ! : df(z) f(z): +!: df(z) f(z): +-1-tr([;_log(-w)]2) (15) 
2 dz 2 dz 16z2 itr 

where we are ultimately interested in the automorphisms w of g for which 
the coboundary term f6tr([f,rlog(-w)]2) = d1i:;':ff, i.e. the automorphisms for 
which the coboundary term takes its minimum value on the Ramond sector. 
In D space-time dimensions, the mass operator is 

1 D-2 1 1 
m 2 = -- + -- + -tr([-:-log(-w)]2) 

2 16 16 i7r 
(16) 
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and the structure constants require dimg = 3(10 - D). So for massless 
space-time fermions, m2 = 0, the coboundary term realizes its minimum 
value, and in D = 4, the dimension of g is 18, where g is the algebra of the 
structure constants occuring in the supercurrent {13). This mass formula is 
to be contrasted with that of the Kac-Todorov construction where massless 
fermions require 

1 D-2 
m2 = - - + -- + dim da = 0 

2 16 , (n) 

so for D = 4, g is U(l )6 , which is the gauge group of the states in string mod
els using the Kac-Todorov supercurrent construction necessary for sectors 
with massless Ramond states. 

In order to examine which gauge groups occur as the relevant internal 
gauge symmetry of the spectrum of states for the complex fermion form of 
the supercurrent given in (13), we investigate the SKMA (which mixes as a 
weight one-half superfield) with this representation of the internal superVi
rasoro algebra, c = 9. The modified Cartan Weyl basis for the SKMA diago
nalizes inner automorphisms. The fermions in this basis are h;(z), h°'(z), 
for 1 :::; i :::; rank(g) and a E roots(g), thus hi are real (R, NS) and 
h°'* = h-o: are complex. The SKMA generators now form a twisted SKMA 
where Jii ( e2Jri z) = Jii ( z) and the step operators E°' ( z) = e2 iricx->. E°'( e- 2Jri z). 
So for inner automorphisms, the zero mode subalgebra which is the gauge 
symmetry of the spectrum is U(lyank(g). For outer automorphisms, one can 
check for the relevant groups S'U(3), SU( 4) and 50(.S) that the zero mode 
subalgebra is again a product of U(l) factors. 

5. Non-free fermion representations of the supercurrent 

Not all known representations of the superconformal algebra can be ex
pressed as free fermion constructions. In particular, the Waterson bosonl5,6l 
provides a representation for N = 2, c = 1. The N = 1 subalgebra is gener
ated by 

1 
L(z) = 2' : a(z) · a(z) : 

F(z) = ~(: eiv'3X(z) : +: e-iv'3X(z) :). (18) 

6. BRST superconformal ghost system 

Non-unitary representations of the superVirasoro algebra are provided by 
the BRST superconformal ghost systeml1•7l, The ghost superfields are B(z) = 
/3(z) + Bb(z) and C(z) = c(z) + B1(z) with conformal spin hp= ~'he= -1, 
etc. The commutation relations on the Ramond sector are {bn,cm} = Dn,-m, 
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[(J ,.., J = -6n -m· The superVirasoro representation has c = -15, but the 
n' ,m . ' . . . t t 

generators still satisfy the herm1t1an property Fn = F_n and Ln = L_n: 

dc(z) db(z) 3 d1(z) 
L(z) = -2: b(z)-~: - : ~c(z): -2: (J(z)~: -

-~: d(J(z) i(z): __ 1 
2 dz 2z2 

dc(z) d(J(z) 
F(z) =: b(z)J(z): -3: (J(z)~: -2: ~c(z): 

An alternative form for the supercurrent is given by Schwarz[8l: 

3 dc(z) d(J(z) 
F(z) = -2: b(z)J(z): +-: (J(z)-d-: +: -d-c(z): 

2 z z 

The ghost number current forms an abelian SKMA: 

1 
T(z) = - : b(z)c(z): - : (J(z)J(z): + 

2
z 

(19) 

(20) 

(21) 

The supercur
0

rent in (19) can be identified as F+ + F- and can be used to 
construct a second h = ~ supercurrent -F+ + F- as the upper comr.-onent 
of the superfield whose lower component is 

H(z) = 2: b(z)c(z): +3: (J(z)J(z): (22) 

We find 

dc(z) d(J(z) 
-F+(z) + F-(z) =: b(z)J(z): +3: (J(z)~: +2: ~c(z): (23) 

The set L, G+, a-, H form an N = 2 superconformal algebra with c = -15. 
We include here for completeness, the unitarity restrictions on the cen

tral for the N = 0, 1, 2 superVirasoro algebras[9•10l. For N = 0, unitary 
representations occur for all values of c ?:: 1, h ?:: 0 and for discrete values 
below 1 given by c = 1 - (m+2){m+3) = 0, t, fa, t> ... , 1. The critical value 
of the ·central charge is c = 26. The N = 1 system provides representations 
of two supersymmetric extensions of the Virasoro algebra, i.e. the Ramond 
and the Neveu-Schwarz. The critical dimension is D = 10. The only possible 
unitary highest weight representations, i.e. representations generated from 
a state !h), satisfy Lnlh) = 0,n?:: O; Lolh) = hlh);Fnlh) = O,n?:: O; are 
characterized by (c,h) where either c ~ ~' h ~ O; or for the discrete values 

0 Sc< ~given by c = ~(1- (m+2Um+4)] = 0, fa, l, ... , ~·The critical value 
of the central charge is c = 15. For N = 2, the critical dimen_sion is D = 2 
complex or D = 4 real. Unitary representations occur for all values of c?:: 3 
and for discrete values below 3 given by c = ;~2 = 0, 1, ... , 3. The critical 
central charge is c = 6. 
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