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Motivated by recent results on small and hollow magnetic monopoles and on core and shell bimagnetic
nanoparticles, we propose the construction of bimagnetic monopoles, which are structures that
accommodate a magnetic monopole inside another magnetic monopole.
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I. INTRODUCTION

In 1974, two independent pioneer studies by ’t Hooft [1]
and Polyakov [2] unveiled the presence of magnetic
monopoles in a relativistic model described by a set of
gauge and scalar fields controlled by the non Abelian
SU(2) symmetry. Soon after, two other investigations
described an interesting way to reduce the corresponding
equations of motion to first order differential equations that
engender minimum energy monopole solutions [3,4]. The
method is usually referred to as the Bogomol ' nyi-Prasad-
Semmerfield (BPS) procedure.

The study of magnetic monopoles of the type described
above is hard, because it requires the presence of several
degrees of freedom (d.o.f.), controlled by the gauge and
scalar fields that interact under a local and non Abelian
symmetry in three spatial dimensions; see, e.g., [5—7] for
revisions on the subject of magnetic monopoles. In this
sense, the presence of the BPS procedure is welcome since
it leads to first order differential equations that support
stable minimum energy solutions that are somehow simpler
to be obtained.

Other studies on magnetic monopoles have been moti-
vated by the addition of internal structure to the magnetic
configuration. An interesting way to do this is with the
enhancement of the symmetry, as in the investigation
implemented before in [8,9], in which the symmetry is
modified to accommodate new d.o.f., to show how a
conventional topological defect may acquire other features.
Another possibility appeared recently in [10], in which the
authors study the presence of colormagnetic structures in
dense quark matter that can be used to model the interior of
compact stars. Other recent works on magnetic monopoles
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appeared before in Refs. [11-18]. In particular, in [16] we
changed the SU(2) symmetry to the case of SU(2) x Z,,
with the inclusion of an extra neutral scalar field to
investigate the construction of magnetic monopoles with
internal structure, in [17] the authors studied the existence
of fermionic zero modes in the background of a Kaluza-
Klein monopole and also, in [18] we discovered new
possibilities, in which the magnetic structures may have
small and hollow features. The presence of these novel
monopoles [18] motivated us to study the possibility that
we describe in the current work, concerning the construc-
tion of bimagnetic monopoles, that are structures composed
of a magnetic monopole which is nested inside another
magnetic monopole.

The bimagnetic structure is of current interest in high
energy physics and may find applications in other areas of
nonlinear science, in particular in condensed matter.
Evidently, it gains further importance if one reminds the
presence of magnetic monopoles in a class of exotic
magnetic materials, which are known collectively as spin
ice [19-22]. In this case, the dipole moments of the
localized structures may fractionalize in the form of
monopoles, and more, besides having magnetic charge,
they may also be endowed with an electric dipole [23]. In
this sense, in spin ice the magnetic configurations may
engender a richer internal structure. But there are more, we
can also construct bimagnetic materials, in which a
magnetic component, usually called core, may be covered
by another magnetic component, called shell. This has been
studied recently in Refs. [24,25], and these composite
structures have inspired us to investigate the possibility to
construct other configurations, in particular the case in
which a magnetic monopole can be nested inside another
magnetic monopole.

The magnetic structures that we construct here are spatial
configurations that engender spherical symmetry, and this
is not present in the structures that appeared before in
Refs. [24,25]. In this sense, we are still further from the
bimagnetic objects that appear in condensed matter, but we
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think that the current investigation offers an interesting
theoretical construction of magnetic monopoles with inter-
nal structure. In particular, we will also explore the
possibility of constructing a shell on top of another shell,
with an empty core, and this is certainly simpler to realize
experimentally. Furthermore, since the bimagnetic struc-
tures to be investigated here require the doubling of the
d.o.f., changing the standard SU(2) symmetry originally
considered in Refs. [1,2] to the case of SU(2) x SU(2), one
may naturally ask whether these bimagnetic structures play
a hole in models that deal with issues beyond the Standard
Model, with semisimple groups like the Pati-Salam model
proposed in Ref. [26], for instance. Models of this type are
based on the left-right symmetry [26-28], which operates
under the presence of the SU(2) x SU(2) subgroup, and
this is the symmetry we need to construct a magnetic
monopole inside another magnetic monopole.

The enhancement of symmetries to study the entrap-
ment of topological structures can be implemented in
many different contexts, in particular in the simpler
case involving discrete and/or Abelian gauge symmetries.
Investigations focusing on this issue appeared before, for
instance, in [29,30], and also in [31], where a model with
Z, x Z5 symmetry was considered to describe the entrap-
ment of a hexagonal network of topological defects inside a
domain wall. Models involving the global and local
Abelian U(1) symmetry were also investigated in [32-34]
and in references therein. The investigations [29-34] can
be added to the set of works dealing with non Abelian
symmetries [9-11,16,18] to motivate other studies on
the construction of topological solutions with internal
structure.

To comply with the construction of bimagnetic monop-
oles, in Sec. II we start describing the system and devel-
oping the BPS procedure on general grounds. We then
investigate specific examples in Sec. III, considering the
entrapment of a standard monopole inside a hollow
monopole and also, describing the case where a small
monopole can be nested inside a hollow monopole. In order
to approach the practical realization of the results of the
current work, we also constructed a hollow monopole
inside another hollow monopole. Since the hollow monop-
ole has an empty core, we are then dealing with a shell on
top of another shell, with an empty core. In this way, we are
still keeping spherical symmetry, but now, concerning the
practical realization of the corresponding composite struc-
ture, we are circumventing the presence of singularity at the
center of the solution, approaching a more feasible pos-
sibility. We end the work in Sec. IV, with the inclusion of
comments and perspectives of future works.

II. THE MODEL

The model is defined in (3,1) spacetime dimensions and
we consider the Lagrangian density

re_ (IxI)Fa Faw _ (le) DD
(le) PUD o, g _ (2|Z|)D Dy
( )- (1)

It engenders SU(2) x SU(2) symmetry. Here, ¢*
represents a triplet of real scalar fields that is coupled to
the gauge field Aj under the SU(2) symmetry. The
other SU(2) symmetry describes the fields y* and Aj.
The covariant derivatives are denoted by D,¢"=
0,9+ ge**Abp° and D,y =0, 5" + qe®** Aby¢, and the
field strength tensors are Fj,=0,A7—0,A;+ ge“bCAZAﬁ
and F4, = 9,A — 9,A% + qe* ALAC. In our model,
P(|y|) and P(|y|) represents the magnetic permeabilities,
and the functions M(|y|) and M(|y|) control the kinetic
terms of the scalar fields, and we suppose they are all
nonnegative functions of | y|. Also, g and ¢ are the coupling
constants, the indices a, b, ¢ = 1, 2, 3 are used to represent
the SU(2) symmetries and the greek letters y, v = 0, 1,2, 3
stand for the spacetime indices. We use the Minkowski
metric, 77, =diag(—,+,+,+), with natural units, 7 =c = 1.

The field equations associated to the Lagrangian density
in Eq. (1) are given by

D,(MD#) = V . (2a)
(MD”){ ) Pj‘.( Fb Fb;w+]‘42)( D ¢bDy¢b )( fb Jf:’bm/
+%’Dﬂ;{bi)ﬂxb+v (2b)

D,(PF®) = gMe™ ¢ D¥¢*, (2¢)
D, (PF#) = qMe 4" Dye, (2d)

in which we have D, F% =§,F% + ge®*ALFr,
D, F = 8,F™ + qe? ALFH, V4o =0V/9¢* and
V=0V /0y, etc.

To investigate the presence of monopoles, we take static
configurations with Ay = Ay = 0, which yields to null
electric fields, and the hedgehog ansatz

¢°="CH(r) and A —sa,bg L(1=K(r).  (3a)

Xp

=TI and AT = e (1K), (30)

with the boundary conditions
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H(0) =0, K(0) =1,

H(0) =0, K(0) =1,

H(o0) - £, K(o0) — 0,
H(o0) — +w, K(o0) — 0, (4)

where v and w are positive real numbers. As usual, the
boundary conditions for H, K, H, and K at the origin have
to be used to leave no room for singular behavior for the
corresponding fields. In this case, the presence of spherical
symmetry changes the equations of motion (2) to

2
Stemy =2 Ly, (54)
1 N 2MHK? Py (2K? (1 - K?)?
ﬁ(”zMH) =T a2 3 <gzr2 Pr )
M 2H*K?
2 (2 25
Py (2K%  (1-K?)?
+ o > >r
M 2H2K?
+=7 (H’Z += ) + Vi, (5b)
r*(PK')Y = K(Mg*r*H* — P(1 — K?)), (5¢)
r(PKY = K(M@*r*H? = P(1 = K?)), (5d)

where the prime stands for the derivative with respect to
radial coordinate r. The above equations are second order
differential equations that couple to each other via the
several functions involved in the problem, so they are hard
to solve. For this reason, it is convenient to use the BPS
procedure to find the first order differential equations that
solve the equations of motion. To do so, we write the
energy density of the static field configurations in the form

_ P(JH]) (2K?  (1-K?)?
- 2 92’,.2 g2r4
M(|H 2H*K?
LMD (4n 2
P(H]) (27 (1 -K?)?
+— T

p

q2 l"2

M (1,

H|)- (6)

’

2H2K?
T) + V(|H

The idea is to proceed as in [18] and use M(|H|) =
1/P(|H|) and M(|H|) = 1/P(|H|) to write

_P(H|) [ H 1 - K*\2
=73 <P<|H>3F gﬂ)

K HK >2

*P('”‘)<Ei rP(H])

PIH) [ H  _1-K2\?
2 <P<|H|>¢ qr2>
/ 2
P (3 s ) VAL M)
1 ((1=K)H  (1-K)HY
* 2( PR )

+

(7)

r

We follow the suggestion introduced in Ref. [3] and take
the potential as V(|@|, |y|) = 0. In this case, since the first
four terms in the above energy density are nonnegative, we
have that the energy is bounded, i.e., E > Ep, where

4 4
Ep =20 T (8)
g q

If the solutions satisfy the first order equations

_ L PUH(1 - K?)

H' - : (9a)
qr
qHK
K =F , 9b
P(H]) ©r)
and
_r2
H:iHWWEK[ (10a)
gr
gHK
K = , 10b
P(H) (100)

the energy is minimized to E = Ep, given by Eq. (8), so the
solutions of the first order equations are stable against
decay into nontrivial lower energy configurations. We can
show that solutions of the first order equations (9) and (10)
are also solutions of the equations of motion (5) for
V(|¢#|, |x]) = 0. Furthermore, both pair of equations with
the upper signs are related to the lower signs ones through
the change H(r) — —H(r) and H(r) - —H(r).

One can note that the first order equations (9) only
involve H(r) and KC(r); they do not couple to the functions
H(r) and K(r). Therefore, we first choose P(|y|) and solve
Egs. (9) to find the profile of H(r) and KC(r), which we call
the core monopole. We then substitute H(r) in Egs. (10)
and choose P(|y|) to calculate H(r) and K(r), which we
call the shell monopole. In this sense, the magnetic solution
that appears from Eqs. (9) acts as a source for Egs. (10), that
can form another magnetic structure. We may then have a
composite of bimagnetic structure. Indeed, one can use the
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aforementioned first order equations in Eq. (6) to distin-
guish the energy density of the two substructures. It can be
written in the form

P =pe+tps (11)
where p, and p, represent the energy densities of the core

and shell components of the bimagnetic structure. They
have the forms

2P(lH)K?  H?

Pe =2 TP
_2HPKE P(JH|)(1 - K?)? (12)
= PP(H)) P
and
B 2P(|7-(|)K’2 H"?
R (77

2H?K? P(H|)(1 = K?)?

= . 1
) R )

It is worth highlighting here that the BPS procedure leads to
a fixed energy for each component, given by Eq. (8),
despite the form of the functions P(|H|) and P(|H]).

II1I. EXAMPLES

The next step is to use the above results to illustrate the
general procedure with some examples. In order to prepare
the model for numerical investigation, we first rescale some
quantities as follows

r— (gv)7'r,

L — Fv*L. (14)

¢a - ,U¢a7
xd — ,U)(u’

A; — UA;’,

A — v Ay,

This leads us to work with dimensionless fields and radial
coordinate. We also take ¢ = v = 1 and consider the upper
signs in the first order equations (9) and (10), for simplicity.

A. Shell on standard core monopole

As the first example, let us consider the core structure to
be in the standard form, as proposed by ’t Hooft and
Polyakov [1,2]. This implies that P(|y|) = 1. In this case,
the first order equations (9) become

1 - K2)

(
H = pER (15a)

K' = —-qHK, (15b)

They admit the analytical solutions [3]

H(r) = coth(r) !

and KC(r) = resch(r),  (16)
,
where we have considered ¢ = w = 1, for simplicity. The
energy density of the core monopole is obtained from
Eq. (12), which leads to

_ (r’csch?(r) — 1)? N 2csch?(r)(rcoth(r) — 1)2.

pc(r) A 2

(17)

In Fig. 1, we display the solutions (16) and the above
energy density.

To find the shell structure, we take the magnetic
permeability in the form

P(lxl) = 1/lx

{1’ (18)

with a real and positive. In this case, the first order
equations (10) become

’ (1 B Kz)
= (rcoth(r) — 1)@=’ (192)

HK(rcoth(r) —1)%

)
ra

K =- (19b)

Unfortunately, we have been unable to find analytical
solutions for the above equations. However, before using
numerical procedures, we can evaluate their behavior near
the origin by taking H(r) = H,(r) and K(r) = 1 — K,(r).
In this case, the most important contribution to H, and K,
are: H, « r(\/(xz+2a+9—a—l)/2 and K, r(\/a2+2a+9+a+l)/2_
A similar procedure can be done for the asymptotic
behavior. By considering H(r) = 1 — H,(r) and K(r) =
Ky, we get Hy o r™! and Koq(r) o e,

The energy density of the shell structure is given by
Eq. (13) and has the form

1
0.3

05 0.15

0 0
0 5 10 0 5 10

r r

FIG. 1. In the left panel, we show the solutions K(r) (descend-
ing line) and H(r) (ascending line) that appear in Eq. (16). In the
right panel we display the energy density (17).
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2K"? H"(rcoth(r) — 1)¢
ps(r> - (rcoth(r) _ 1)ar2—a a
B 2H?K?(rcoth(r) — 1)* (1-K?)?
B rta r*=%(rcoth(r) — 1)*"

(20)

By using the behavior of the solutions around the origin,

one can show that p,(r ~ 0) & rV©+26+9-3_Therefore, the
parameter « controls the way the energy density of the shell
configuration behaves at its core, so we use it to appro-
priately describe the solution.

We use numerical methods and depict, in Fig. 2, the
solutions of Egs. (19) and the energy density given above,
for a = 2 and 3. The structure presents a hole around its
core, which is controlled by a and increases as a also
increases. This is similar to the hollow monopole found in
Ref. [18]. Here, however, the shell structure coexists with
the core structure, whose energy density is displayed
in Fig. 1.

In order to highlight the result, in Fig. 3 we display a
planar section of the energy density of the bimagnetic
structure, passing through its center. We depict the energy
density that appears in Eq. (17) in blue, and that shown in
Eq. (20) in red, for o = 3. The blue core shows the standard
monopole, and the red shell displays the hollow monopole.
In fact, we have a single structure, which is composed of
two distinct substructures and can be seen as a bimagnetic
monopole.

B. Shell on small core monopole

The second example is implemented by considering the
core monopole to be the small monopole introduced in
Ref. [18]. We take P(|y|) = |x| and ¢ =w = 1; in this
case, the first order Eqgs. (9) become

H(1 = K?
Hl — % , (218.)
r
K' = -K. (21b)
! NS
\ 0.03
\\ -
\ //
/ \\ ///\\
03 \ 0.015 / N
\\ /
\ [ \
\ / \
\ / \
\ / \\
N / N
0 = 0 =
0 8 16 0 5 10
r r

FIG. 2. In the left panel, we show the solutions K (r) (descend-
ing line) and H(r) (ascending line) of Egs. (19), and in the right
panel we display their energy density (20). The solid lines
represent the case a = 2 and the dashed ones stand for o = 3.

FIG. 3. A planar section of the energy density passing through
the center of the structure. The color blue describes the core of the
structure, which is represented by the standard monopole with the
energy density shown in Eq. (17). The color red describes
the shell, which is represented by the hollow monopole, with
the energy density shown in Eq. (20), for a = 3.

These equations admit the solutions

2r_ .
H(r) = o202

and K(r)=e", (22)

where Ei(a, z) denotes the exponential integral function. The
energy density (12) for the core structure is now given by

(62’ — 1)2 + 2r2e?" L2Ei(1,2r) 142 ="

pc(l"> = A e . (23)

In Fig. 4, we depict the solutions (22) and the above energy
density. We see that the energy density presents a peak at the
origin and decays very rapidly; this behavior gives rise to the
small monopole [18].

To investigate the effect of the small monopole in the
other structure, we take the same magnetic permeability
shown in Eq. (18). In this case, the first order equations (10)
become

1-K?)
o
H = a(27-1) . ’ (243)
r26—7—2aE1(1,2r)
a(e?’-1) .
————2aEi(1,2
K' = —HKe = 220, (24b)
1 10
0.5 5
0 0
0 5 10 0 1.5 3
r r

FIG. 4. In the left panel, we show the solutions K(r) (descend-
ing line) and H(r) (ascending line) that appear in Eq. (22), and in
the right panel we display the energy density (23).
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As in the previous case, we have been unable to find
analytical solutions for the above equations. However,
it is possible to estimate their behavior around the origin
by considering H(r) = H,(r) and K(r)=1-K,(r).

In this case, the leading behavior indicates that H, «
F(V4a?+4at9-2a-1)/2 and K, « r(\/4(12+4a+9+2a+l)/2. A sim-

ilar procedure can be done for the asymptotic behavior. By
considering H(r) = 1 — Hy,y(r) and K(r) = K, we get
Hygy o r~!and Ky (r) o r*e™". The energy density can be
calculated from Eq. (13); it gives

2K/2 a(l,Zr_]) .
_ 1 —————2aEi(12r)
ps(r) = (1) ] + H<e -
r26—7—2aE1(1,2r)
_a(ﬂzy—l)_ .
B YH2K2e™ o 2aEi(1,2r) (1 _ K2)2
= 2 .
r? r4e—“<“—;;”—2al~:i(1,2r)
re

(25)

One can use the behavior of the solutions around the origin

to identify the behavior p,(r~0) & rV 4@ +4a+9-3  Thjg
shows that the parameter a plays the same role as in the
previous example. Moreover, in Fig. 5 we depict the
solutions of Egs. (24) and the above energy density for
a =2 and 3. We note that the energy density presents a
hole around the origin, so it also represents a hollow
monopole. Since the small monopole is concentrated in a
small region, it is nicely nested inside the hollow monop-
ole, as we show in Fig. 6.

C. Shell on shell monopole

We now turn attention to the construction of a magnetic
monopole where a magnetic shell is located on top
of another magnetic shell, leaving its core empty. We
think that this possibility may be ease to be realized
experimentally, since the empty core contributes to circum-
vent the presence of singularity at the center of the structure

1
N\
\ _—
\ =
\ z=
\ S
(
/\\
0.5 .
\
\
\
\
/ \
\
\\
0 ==
0 8
§
FIG. 5. In the left panel, we show the solutions K (r) (descend-

ing line) and H(r) (ascending line) of Eqgs. (24), and in the right
panel we display the related energy density (25). The solid lines
represent the case o = 2 and the dashed ones stand for o = 3.

FIG. 6. A planar section of the energy density passing through
the center of the structure. The color blue describes the core of the
structure, the small monopole with the energy density shown in
Eq. (23). The color red describes the shell that represents the
hollow monopole with the energy density shown in Eq. (25), for
a=2.

that can be constructed with the use of technics similar to
that already used to engineer bimagnetic nanoparticles.

We investigate the possibility of constructing a magnetic
structure with a shell on top of another shell starting with
the choice

Plel) = 171l (26)

This, for g = w = 1, leads us with the first order equations

1-K?
H/ = % , (273)
K' = —H'teK, (27b)

Unfortunately, we have not been able to find their explicit
solutions. An investigation for small and large values of r is
also possible, but we omit it here since it follows as in the
previous cases. Instead, we implement a numerical simu-
lation and plot the solutions H(r) and K(r) in Fig. 7 for
a = 3. The energy density of the inner shell monopole can
be calculated by substituting the numerical solutions in
Eq. (12); it is also shown in Fig. 7.

We then use the solutions of the first order equations (27)
in Egs. (10), with the magnetic permeability

P(lxl) = 1/[xP. (28)
to get
(1-K2)
H/ = W . (293)
K' = -HHK. (29b)

Since H(r) is numerical, the solutions of the above
equations can only be obtained numerically. The energy
density of the outer shell monopole is then obtained from
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1

0.01

0.005

0 1’9 20 0 Z 14
FIG. 7. In the left panel, we show the solutions /() (descend-
ing line) and H(r) (ascending line) of Eq. (27). In the right panel
we display the energy density (12) for the magnetic permeability
(26) with a = 3.

Eq. (13). In Fig. 8, we plot the solutions and the energy
density of the outer shell for f = 10.

As in the previous cases, we depict a planar section of the
structure passing through its center. It is displayed in Fig. 9,
and shows a red shell on top of a blue shell, with an empty
core around the origin.

0.002

0.5
0.001

0 10 20 10 20
r r

FIG. 8. In the left panel, we show the solutions K(r) (descend-
ing line) and H(r) (ascending line) of Eq. (29). In the right panel
we display the energy density (13) for the magnetic permeability
(28) with g = 10.

FIG. 9. A planar section of the energy density passing through
the center of the structure. The color blue describes the inner shell
with the energy density shown in Eq. (12) with the magnetic
permeability in Eq. (26) for @ = 3. The color red describes the
outer shell with the energy density shown in Eq. (13), with the
magnetic permeability in Eq. (28) for g = 10.

IV. ENDING COMMENTS

We have described a procedure to obtain bimagnetic
structures in a non-Abelian model similar to the Standard
Model [1,2] used to describe magnetic monopoles in high
energy physics. The structures that we found are composed
of two distinct monopoles and represent bimagnetic con-
figurations, with the two portions having distinct magnetic
behavior. We have examined the cases with a shell on top of
a standard monopole, a shell on top of a small monopole
and also the case of a shell on top of another shell. The last
possibility engenders an empty core, so from the practical
point of view it naturally avoids singularity at the origin,
and may be advantageous to be prepared using technics of
thin films and nanogranular materials available experimen-
tally; see, e.g., Refs. [24,25,35,36].

These bimagnetic structures are of current interest and can
be used in several contexts, in particular in the case of
models beyond the Standard Model, where the left-right
symmetry play arole. The left-right symmetry may appear in
models of grand unified theories, for example, in the case of
the SO(10) model, that can undergo the breaking SO(10) —
SU(3) x SU(2) x SU(2) x U(1), before becoming the
Standard Model. The interest in the left-right symmetry
in recent years is due to the fact that experiment at the LHC
could confirm it; see, e.g., the recent works [37,38] and
references therein.

The composed structures can also be used in applications
in systems with two distinct condensed phases, and in other
circumstances. Some specific possibilities are now being
examined, one concerning the addition of fermions to study
the existence of fermionic zero modes attached to the
bimagnetic structure (see, e.g., [17] and references therein)
and another one, dealing with the behavior of the bimag-
netic structure under the action of external fields. Another
interesting possibility refers to the extension of the model to
the case of three distinct sets of gauge and scalar fields that
evolve under the SU(2) x SU(2) x SU(2) symmetry. This
idea leads to structures that nest three distinct substructures
and can ultimately be generalized to the case of multilayer
structures, which are also of interest to the characterization
of onion-like magnetic nanoparticles with two, three, or
four components [35], and also to study the multi-
component nature of color superconductivity.
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