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ABSTRACT. A formula for the first Chern class of the Verlinde bundle over
the moduli space of smooth genus g curves is given. A finite-dimensional
argument is presented in rank 2 using geometric symmetries obtained from
strange duality, relative Serre duality, and Wirtinger duality together with the
projective flatness of the Hitchin connection. A derivation using conformal-
block methods is presented in higher rank. An expression for the first Chern
class over the compact moduli space of curves is obtained.
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1.1. The slopes of the Verlinde complexes. Let M, be the moduli space

of nonsingular curves of genus g > 2. Over M, we consider the relative moduli
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space of rank r slope-semistable bundles of degree r(g — 1),
v:Uy(r,r(g—1)) = M, .

The moduli space comes equipped with a canonical universal theta bundle corre-

sponding to the divisorial locus
0, ={(C,E) : h°(E) # 0}.
Pushing forward the pluritheta series, we obtain a canonical Verlinde complex *
V,.x = Ry, (OF)

over M,. For k > 1, V,.} is a vector bundle.
The Verlinde bundles are known to be projectively flat [Hi]. Therefore, their
Chern characters satisfy the identity

C1 (V'r k)
1.1 h = k . —= .
(1.1) ch(V, ) = rank V, 5 - exp (rank Vr,k)

The rank of V, j is given by the well-known Verlinde formula, see [B]. We are
interested here in calculating the slope

(&1 (Vr,k)

H? .
rank V, € H'(M,,Q)

w(Vrg) =
Since the Picard rank of M, is 1, we can express the slope in the form

N(Vr,k:) = Srk A

where A € H*(M,,Q) is the first Chern class of the Hodge bundle. We seek to
determine the rational numbers s, , € Q. By Grothendieck-Riemann-Roch for the

push-forward defining the Verlinde bundle, s, j is in fact a rational function in k.

MAIN FORMULA. The Verlinde slope is
r(k? —1)

(1'2) M(Vr,k) = 2(k+7")

The volume of the moduli space Uc(r,7(g — 1)) of bundles over a fixed curve
with respect to the symplectic form induced by the canonical theta divisor is known

to be given in terms of the irreducible representations x of the group SU,. :

1 2g—2
vol, = / exp(©) = ¢, - ( - >
Uc(r,r(g—1)) % dim x

for the constant

e = (2m) 7DDl (r = 17D,

ITo avoid technical difficulties, it will be convenient to use the coarse moduli schemes of
semistable vector bundles throughout most of the paper. Nonetheless, working over the moduli
stack yields an equivalent definition of the Verlinde complexes, see Proposition 8.4 of [BL].
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Taking the k — oo asymptotics in formula (1.2) and using (1.1), we obtain as a

consequence an expression for the cohomological push-forward:

vy (exp(0)) = vol, - exp (gA) .

This is a higher rank generalization of an equality over the relative Jacobian ob-
served in [vdG].

In Part I of this paper, we are concerned with a finite-dimensional geometric
proof of the Main Formula. In Part II, we give a derivation via conformal blocks.
We also extend the formula over the boundary of the moduli space. Let us now

detail the discussion.

For the finite dimensional argument, we note four basic symmetries of the

geometry:

(i) Relative level-rank duality for the moduli space of bundles over M, will

be shown to give the identity
kr—1
5 -
(i) Relative duality along the the fibers of SU,(r, O) — M, leads to

Sr.k + Skor =

2
Srk + Sp—k—2r = —2r°.

(iii) The initial conditions in rank 1, and in level 0 are
k-1 1
pVig) = —5— wVro) =5 .

(iv) The projective flatness of the Verlinde bundle.

The four features of the geometry will be shown to determine the Verlinde slopes

completely in the rank 2 case, proving:

THEOREM 1.1. The Verlinde bundle Vs j has slope
k*—1

\Y% = .
V2 )

In arbitrary rank, the symmetries entirely determine the slopes in the Main
Formula (1.2) under one additional assumption. This assumption concerns the

roots of the Verlinde polynomial
Ug(k) = X(SUC(T, O)’ @k)

giving the SU, Verlinde numbers at level k. Specifically, with the exception of the
root k = —r which should have multiplicity exactly (r — 1)(g — 1), all the other
roots of vy (k) should have multiplicity less than g — 2. Numerical evidence suggests

this is true.
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Over a fixed curve C, the moduli spaces of bundles with fixed determinant
SUc(2r, O¢) and SUc(2r, wy,) are isomorphic. Relatively over M, such an isomor-

phism does not hold. Letting © denote the canonical theta divisor in
v:SUG2rw") = Mg,
we may investigate the slope of
Wo i, = R, (OF)

The following statement is equivalent to Main Formula (1.2) via Proposition 3.5 of
Section 3.5. As will be clear in the proof, the equivalence of the two statements
corresponds geometrically to the relative version of Wirtinger’s duality for level 2

theta functions.

THEOREM 1.2. The Verlinde bundle Wy, ;, has slope

k(2rk+1)

(Wark) = 20k + 2r)

In Part II, we deduce the Main Formula from a representation-theoretic per-
spective by connecting results in the conformal-block literature. In particular, es-
sential to the derivation are the main statements in [T]. There, an action of a
suitable Atiyah algebra, an analogue of a sheaf of differential operators, is used to
describe the projectively flat WZW connection. Next, results of Laszlo [L] identify
conformal blocks and the bundles of theta functions aside from a normalization
ambiguity. An integrality argument fixes the variation over moduli of the results
of [L], yielding the main slope formula. This is explained in Section 5.

Finally, in the last section, we consider the extension of the Verlinde bundle
over the compact moduli space Mg via conformal blocks. The Hitchin connection
is known to acquire regular singularities along the boundary [TUY]. The formulas
for the first Chern classes of the bundles of conformal blocks are given in Theorem
6.1 of Section 6. They specialize to the genus 0 expressions of [F] in the simplified
form of [Mul].

Related work. In genus 0, the conformal block bundles have been studied in
recent years in connection to the nef cone of the moduli space ﬂo,n, see [AGS],
[AGSS], [F], [Fe], [GG], [Sw]. In higher genus, the conformal block bundles
have been considered in [S] in order to study certain representations arising from
Lefschetz pencils. The method of [S] is to use Segal’s loop-group results. In rank

2, our formulas correct Proposition 4.2 of [S].
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There are at least two perspectives on the study of the higher Chern classes
of the Verlinde bundle. A first approach is pursued in [FMP] by carrying out the
Thaddeus wall crossings relatively over the moduli space of pointed curves My ;.
Projective flatness then yields nontrivial relations in the tautological ring R* (M, ).
Whether these relations always lie in the Faber-Zagier set [PP] is an open question.

A different point of view is taken in [MOPPZ]. By the fusion rules, the
Chern character of the Verlinde bundle defines a semisimple CohFT. The Givental-
Teleman theory provides a classification of the CohFT up to the action of the
Givental group. The CohFT is uniquely determined by the projective flatness
condition and the first Chern class calculation. The outcome is an explicit formula
for the higher Chern classes extending the result of Theorem 6.1 below. However,
since the projective flatness is used as input, no nontrivial relations in R*(M,g 1)

are immediately obtained.

1.2. Acknowlegements. We thank Carel Faber for the related computations
in [FMP] and Ivan Smith for correspondence concerning [S]. Our research was fur-
thered during the Conference on Algebraic Geometry in July 2013 at the University

of Amsterdam. We thank the organizers for the very pleasant environment.

Part I: Finite-dimensional methods
2. Jacobian geometry

In this section, we record useful aspects of the geometry of relative Jacobians
over the moduli space of curves. The results will be used to derive the slope
identities of Section 3.

Let Mg 1 be the moduli space of nonsingular 1-pointed genus g > 2 curves,

and let
m:C—=Mgr, oc:Mg1—=C
be the universal curve and the tautological section respectively. We set g = g—1 for
convenience. The following line bundle will play an important role in subsequent
calculations:
L— Mgy, L= (detRm,Oc(go)) ".
An elementary Grothendieck-Riemann-Roch computation applied to the morphism
7 yields
(L) = —A+ (g) v,
where

= HQ(MQJ,@)



6 ALINA MARIAN, DRAGOS OPREA, AND RAHUL PANDHARIPANDE

is the cotangent class.

Consider p: J — M1 the relative Jacobian of degree 0 line bundles. We let
0—-J
be the line bundle associated to the divisor
(2.1) {(C,p,L) with H°(C,L(gp)) # 0},
and let
0 =c,(0)
be the corresponding divisor class. We show

nA

LEMMA 2.1. p, (6”0) =ndez .

~

PROOF. Since the pushforward sheaf p,(©) has rank 1 and a nowhere-vanishing

section obtained from the divisor (2.1), we see that

The relative tangent bundle of
p:J — Mgy
is the pullback of the dual Hodge bundle EV — M, 1, with Todd genus
ToddEY = e_%,

see [vdG]. Hence, Grothendieck-Riemann-Roch yields

>

pe(ef) =e2.
The Lemma follows immediately. (]

Via Grothendieck-Riemann-Roch for p, (@k) , we obtain the following corollary

of Lemma 2.1.

COROLLARY 2.2. We have

We will later require the following result obtained as a consequence of Wirtinger
duality. Let (—1)*6 denote the pull-back of 6 by the involution —1 in the fibers of

p.

LEMMA 2.3. p, (e”(9+(—1)*9)) = (2n)9e2ner(£),
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PrOOF. We begin by recalling the classical Wirtinger duality for level 2 theta

functions. For a principally polarized abelian variety (A, (:)), we consider the map
p:AxA—-AxA
given by
w(a,b) = (a+b,a—0b).
We calculate the pullback line bundle
(2.2) pF(ORO)=02K (O (-1)"0).
The unique section of OX6 gives a natural section of the bundle (2.2), inducing
by Kinneth decomposition an isomorphism
H°(A,0%)" = H°(A,0 @ (—-1)*8),
see [M].

We carry out the same construction for the relative Jacobian
J = M.
Concretely, we let
piT Xy, T =T Xy, T

be relative version of the map above. The fiberwise identity (2.2) needs to be

corrected by a line bundle twist from M, ;:
(2.3) (ORO) =K (@@ (—1)*@) 7.
We determine
T =L72
by constructing a section
s Mg1— T Xm,, T,

for instance

s(C,p) = (Oc, Oc).
Pullback of (2.3) by s then gives the identity

=0T

yielding the expression for 7 claimed above. Pushing forward (2.3) to M, we

obtain the relative Wirtinger isomorphism

() =p. (B (1))@ c
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We calculate the Chern characters of both bundles via Grothendieck-Riemann-
Roch. We find

(p*(e%)@_%) U2 (D) d 2O,
We have already seen that
pu(e?) = 29>,
hence the above identity becomes

p*(60+(71)*9) — 296261 (C) .

The formula in the Lemma follows immediately. O

3. Slope identities

3.1. Notation. In the course of the argument, we will consider the following

spaces of bundles over the moduli space M, ; of pointed genus g curves:
Sugal(rv O) = SZ/[.G(T7 O) XMy M!le Ug71(7“, Tg) = ug(r» Tg) XMy M!Ll'

To keep the notation simple, we will use v to denote all bundle-forgetting maps from
the relative moduli spaces of bundles to the space of (possibly pointed) nonsingular
curves.

Over the relative moduli space Uy 1(r,7g) there is a natural determinant line
bundle

O, — Uy 1(r,77),
endowed with a canonical section vanishing on the locus
0, = {E — C with H(C, E) # 0}.

We construct analogous theta bundles for the moduli space of bundles with
trivial determinant, and decorate them with the superscript “+” for clarity. Specif-

ically, we consider the determinant line bundle and corresponding divisor
0 = SU, 1 (r,0), 0 ={(C, p, E— C) with H°(C, E(gp)) # 0}.
Pushforward yields an associated Verlinde bundle
Vi =Ru, (01)") = My

This bundle is however not defined over the unpointed moduli space M.
While the first Chern class of V,. ;, is necessarily a multiple of A, the first Chern

class of V:rk is a combination of A and the cotangent class

U e HX(M,1,Q).
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3.2. Strange duality. Using a relative version of the level-rank duality over
moduli spaces of bundles on a smooth curve, we first prove the following slope

symmetry.

PROPOSITION 3.1. For any positive integers k and r, we have
kr—1
5

Sk,r + Srk =

Proof. Let

7 :SUG (1, O) Xm,, Ug1(k kg) — Uy (kr, krg)
be the tensor product map,

T(E,F)=EQF.
Over each fixed pointed curve (C,p) € My 1 we have, as explained for instance in
[BJ,
(3.1) Ok ~ (01 RO on SUc(r,0) x Ue(k, k7).
The natural divisor
0 = {(E, F) with H*(E ® F) # 0}
induces the strange duality map, defined up to multiplication by scalars,
(3.2) H (SUo(r,0), (0)F) — HO (Uc(k, kg),O}) .
This map is known to be an isomorphism [Bel], [MO], [P].
Relatively over M ; we write, using the fixed-curve pullback identity (3.1),
(33) O~ (/) ROL @ T on SUyi(r,0) xm,, Ug(k,kg),
for a line bundle twist
T — Mg

‘We will determine

T = ﬁkr’ so that ¢ (T) = kr (/\ — <g> \If> .

To show this, we pull back (3.3) via the section
S Mg,l — Sug,l(ra O) XMg,l ug,l(kvkg)a S(Cvp) = (Ogra OC(gp)eak)»
obtaining
Ekr ~ ﬁkr ® ﬁkr ® 7—’
hence the claimed expression for 7.

Pushing forward (3.3) now, we note, as a consequence of (3.2), the isomorphism

of Verlinde vector bundles over M, 1,

(Vi) ~Vir®T.
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We conclude

—u (V:r,k) = pu (Vi) +e(T),

—u (V;k) = (Vi) + kr ()\ - (g) sz) .

The equation, alongside the following Lemma, allows us to conclude Proposition
3.1. O

hence

LEMMA 3.2. We have
kr—1
p (V) = 0 (Vi) +

= (Vi) + 3]‘”"2* Dy kr (g)\p

Proof. To relate u (V:‘k) and p (V, 1) we use a slightly twisted version of the tensor

A —krei (L)

product map 7 in the case k = 1. More precisely we have the following diagram,

where the top part is a fiber square

SUy 1 (r,0) X pm, , T ——=Uy(r,17) .

-
<
S<—

Here, as in the previous section, we write
p:J = Mg

for the relative Jacobian of degree 0 line bundles, while r denotes multiplication by

r on J. Furthermore, for a pointed curve (C,p),
t(E,L) = E® L(gp), q(E) = det(E(—gp)).
Finally, g is the projection onto J. The pullback equation (3.3) now reads
0, ~0 KO @ L,

where, keeping with the previous notation, © — J is the theta line bundle associ-

ated with the divisor
6 := {(C.p, L — C) with H(C, L(gp)) # O}.
Using the pullback identity and the Cartesian diagram, we conclude

(3.4) ¢, (0F) = g, ((@f)k X OF ® L’_k’”) = p*V;fk ®O" @ L7 on J.
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We are however interested in calculating
chV, x = chv,0F = chp, (¢.0F).
We have recorded in Lemma 2.1 the Todd genus of the the relative tangent bundle
of
p:J — Mg
to be
ToddEY = ™%,
Grothendieck-Riemann-Roch then gives
ch V. = ™2 p,(ch (q.0%)).
We further write, on 7,

1 * 1 * 1 TV—RKTC *
ch (q.0%) = ol ch (¢,0%) = Sy oh(r 3,0%) = ﬁgek O=hren(£) prch VY|
where (3.4) was used. We obtain
1
chV,, = 29 e~ 2 emhrer(£) (p*e]”e) chV:k on Mg.
The final p-pushforward in the identity above was calculated in Lemma 2.1. Sub-

stituting, we obtain

chV, = g e@ e—krei(L) cthf’k on M, ;.
Therefore,
p Vo) = (V1) + oA~ ke (0),
which is the assertion of Lemma 3.2. O

3.3. Relative Serre duality. We will presently deduce another identity sat-

isfied by the numbers s, ; using relative Serre duality for the forgetful morphism
v:SU;1(r,0) = Mgy .
ProrosITION 3.3. We have
Sr + Srko2r = =217 .
PRrROOF. By relative duality, we have
Vj’k = Ry, ((@j)k) ~ Ry, ((G);f)fl6 ® w,,)v ("> = 1)(g —1)] .

We determine the relative dualizing sheaf of the morphism v. As explained in
Theorem E of [DN], the fibers of the morphism

v:SUG1(r,0) = Mg
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are Gorenstein, hence the relative dualizing sheaf is a line bundle. Furthermore,
along the fibers of v, the canonical bundle equals (@,‘f)izr. Thus, up to a line

bundle twist 7 — M, 1, we have
(3.5) w, = () T
The twist 7 will be found via a Chern class calculation to be

ei(T) = —(r2 + 1)\ + 22 (g)qf

(Vi) 2 Ru(©)F ©w )6~ 1)~ 1] = Vi, @ TI0% ~ (g — D),

we obtain taking slopes that

—u(VE) = n(Vi_ ) + (—(r2 + 1A+ 22 (g) @) .

The proof is concluded using Lemma 3.2.
To determine the twist 7, we begin by restricting (3.5) to the smooth stable

locus of the moduli space of bundles
v:SUG 4 (r,0) = My

There, the relative dualizing sheaf is the dual determinant of the relative tangent
bundle. By Corollary 4.3 of [DN], adapted to the relative situation, the Picard
group of the coarse moduli space and the Picard group of the moduli stack are
naturally isomorphic. We therefore consider (3.5) over the moduli stack of stable

bundles. (We do not introduce separate notation for the stack, for simplicity.) Let
E— SU(r,0) xm,, C

denote the universal vector bundle of rank r over the stable part of the moduli

stack. We write
7 SUy (1, 0) Xm,, C— SU; 4 (r,O)
for the natural projection. Clearly,
O = (det R, (€ ® Oc(go))) L.
The relative dualizing sheaf of the morphism v is expressed as
w, = R Hom(&,E) oy = RmyHom(&, ) — Rm, O.

We therefore have
c1(wy) = aa(RmeHom(E,E)) — A.
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Using w for the relative dualizing sheaf along the fibers of 7, we calculate
ci(wy) + 2rc1(0)) =1 (R End€) — X\ — 2rc; (R (€ ® Oc(go)))

- [(1 _Yy j’;) (12 + ((r — D)es (£)2 — 27'62(5))} - A

(\}

=2

= o (12545 (rre© ot o) argo- Sow]

= 2+ 1)A+22 <g>q} e (rw - el (&) — 2rgo - e (€) — 1 (€)?).
Since the determinant of £ is trivial on the fibers of 7w, we may write
det& =71"A
for a line bundle A — SUj , (r, O) with first Chern class
a=c(A).
We calculate
T (rw-c1(E) = 2rgo - c1(€) — c1(8)?) = 2rga — 2rga — m, () = 0,
and conclude
viei(T) = c1(wy) 4+ 2re1 (©) = —(r? 4+ 1)\ + 22 (g) .

This equality holds in the Picard group of the stable locus of the moduli stack
and of the coarse moduli space. Since the strictly semistables have codimension at
least 2, the equality extends to the entire coarse space Sty 1(r, O). Finally, pushing

forward to M, 1, we find the expression for the twist 7 claimed above. (]

3.4. Initial conditions. The next calculation plays a basic role in our argu-
ment.
LEMMA 3.4. We have

1

S’I‘,O = —5

PROOF. Since the Verlinde number for k£ = 0 over the moduli space U (r,7g)
is zero, the slope appears to have poles if computed directly. Instead, we carry out
the calculation via the fixed determinant moduli space. The trivial bundle has no

higher cohomology along the fibers of
v:SUG1(r,O) = Mg

by Kodaira vanishing. To apply the vanishing theorem, we use that the fibers of v
have rational singularities, and the expression of the dualizing sheaf of Proposition
3.3. Hence,

v (0) = O, -
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Therefore
M(Vj,o) =0

which then immediately implies s, 0 = —% by Lemma 3.2. ([

3.5. Pluricanonical determinant. We have already investigated moduli spaces
of bundles with trivial determinant. Here, we assume that the determinant is of
degree equal to rank times g and is a multiple of the canonical bundle. The con-
ditions require the rank to be even. Thus, we are concerned with the slopes of the
complexes

Warr = Ry, (@’ﬁr) ,
where

v:SU,(2r,w") = M,.

The following slope identity is similar to that of Lemma 3.2:

ProrosiTiON 3.5. We have

o | >

,U/(WQT,k) = /’(’(VQT‘,]C) +
In particular, via Theorem 1.1, we have
k(2k+1)
W _MerT )
HW2k) = 5579

PROOF. Just as in the proof of Lemma 3.2, we relate pu (Ws, 1) and pu (Vo)

via the tensor product map t¢:

SUy 1 (2r,w") X, T ——= Uy (27, 27) .

We keep the same notation as in Lemma 3.2, letting
p:J — Mg’l

denote the relative Jacobian of degree 0 line bundles, and writing 2r for the multi-

plication by 2r on J. Furthermore, for a pointed curve (C,p),
HE,L)=E®L, qF)=detE®@w;"

Finally, ¢ is the projection onto J. Recall that © denotes the theta line bundle on

the relative Jacobian associated with the divisor

0 := {(C,p, L) with H(C, L(gp)) # 0}.
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It is clear that (—1)*© has the associated divisor
(=1)*0 = {(C,p, L) with H’(C, L ® wc(—gp)) # 0}.
For a fixed pointed curve (C,p), we have the fiberwise identity
10y = 0,8 (6.8 (1))
on SUc(2r,w") x Jco. Relatively over M, 1, the same equation holds true up to a
twist T — Mg 1:
10y, ~ 0,1 (09 (-1)°6) & T.
We claim that
T=L77.
Indeed, the twist can be found in the usual way, using a suitable section
s: Mg — SUg1(2r,W0") Xpm, . T
for instance
s(C,p) = (wo(=gp)*" @ Oc(gp)®", Oc).
Pulling back by s, we obtain the identity
(LAM) =(LIM) @ (LOIM) @T
where
L = det (R, (Oc(go))) ™", M = det (R, (we(—go))) "

In fact, by relative duality, M = L, so we conclude

T=L77.
Using the pullback identity and the Cartesian diagram, we find that over J we
have
~ .\ kr
(3.6) @r)q.0k = g4 (932 b (@ ® (—1)*@) ® /3‘2’“>

= PWy® (@ ® (—1)*@)) Y
Next, we calculate
ch Vo = ch1,03, = chp.(4.03,)
via Grothendieck-Riemann-Roch:
ch Vo, = e % pu(ch (¢.05,)).

We further evaluate, on 7,

ch (¢.05,) = (@)% (2r)*ch (¢,03,) = @ ch ((2r)¢.07)

1

kr(04+(—1)*0)—2krci1 (L) o x
(2r)29 € p chWo, g,
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where (3.6) was used. We obtain
1 2

ChVan = W e 2

The p-pushforward in the identity above is given by Lemma 2.3. Substituting, we

find

672krc1(£) (p*ekr(eJr(*l)*H)) cth,-Jc on Mg71.

ENY _a
ChV2r,k: ? € 2ChW2r,k;

and taking slopes it follows that

A

/’(’(VQT‘JC) = M(W%‘,k}) - 5 .

4. Projective flatness and the rank two case

4.1. Projective flatness. By the Grothendieck-Riemann-Roch theorem for
singular varieties due to Baum-Fulton-MacPherson [BFM], the Chern character
of V, 1 is a polynomial in k with entries in the cohomology classes of M,. (Al-
ternatively, we may transfer the calculation to a smooth moduli space of degree 1
bundles using a Hecke modification at a point as in [BS], and then invoke the usual
Grothendieck-Riemann-Roch theorem.) Taking account of the projective flatness
identity (1.1),

ch(V, ) =rank V. - exp (syxA),
we therefore write
r2g4it1

chi(Veg) = D Ko = (rank V,)
=0

S

%
;ik Aofor i >0, a;; € H¥(M,).

As the Vandermonde determinant is nonzero, for each 7 we can express a; ; in terms

of \. Since M=% # 0, we deduce that

(rank V, ) sir’k , 0<i<g-—2,
is a polynomial in k of degree 72§ + i + 1, with coefficients that may depend on r
and g. The following is now immediate:

(i) For each r we can write
ar (k)

Sr.k = br(k)

as quotient of polynomials of minimal degree, with

dega,(k) — degb, (k) < 1.
Setting vy (k) = rank V, j, we also have

b (k)92 divides v, (k)
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as polynomials in Q[k].

In addition, the following properties of the function s, ; have been established in

the previous sections:

i k—1 1
(ll) S1,k = 5 5 Sr,0 = — 73,
(iii) sy p + sk, = 251 for all k,r > 1,

(iv) Srk + Sp_k_2r = —2r% for all 7 > 1 and all k.

Clearly, the function

r(k? —1)

2(k+r)

of formula (1.2) satisfies symmetries (ii)-(iv). Therefore, the shift

r(k? —1)
2k +1)

Srk =

slr,k = Srk —
satisfies properties similar to (i)-(iv):
(i)" s, is a rational function of ,
i)’ s}, =0 forall k, and 57, =0 for all v > 1,
(iil)" s} 5 + s}, = 0for r,k > 1,
)

"8kt 8 o, =0forallr>1and all k.

4.2. The rank two analysis. To prove Theorem 1.1, we now show that
sy ), = 0 for all k. Of course, s5 o = 0 by (ii)’. Also by (ii)’, we know that s} , =0,
hence by (iii)’ we find

Similarly,

also by (iii)’. Using (iv)’, we obtain that
/2 S S o o _
82,0 = 82,1 = S22 =824 = 82,5 =526 = 0.

Finally, we make use of the projective flatness of Vj . The Verlinde formula reads
[B]

b2\ k+1 1
vg,z(k‘)=/€“’< 5 ) >

= sin y
The polynomial vy o(k) admits k = 0 as a root of order g and k = —2 as a root of

order (g — 1). Indeed, it was shown by Zagier that

k1 1 29-2
ag(k+2)zz< — >

o \singis
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is a polynomial in k + 2 such that
U,4(0) < 0,

see Remark 1 on page 4 of [Z].
Let us write
ba(k) = (k+2)"E"B(k)

for a polynomial B which does not have 0 and —2 as roots. By property (i) above,

we obtain
g—1
m<=—— — m<1.
g—2
Similarly
n<-Jd_ — p<i
g—2

unless g = 3,4. Also, B(k)9~? divides the Verlinde polynomial 7, (k + 2) which has
degree 49 —3 — (9 — 1) — g = 29 — 2. Thus
(9g—2)degB <2g—2 = degB<2
except possibly when g = 3,4. In conclusion
, as (k) k?—1 A(k)
S = — =
2k Bk (k+2)mkn k+2  B(k)(k+2)k

for a polynomial

A(k) = ag(k)(k +2)' "™k — (k* — 1)B(k).

Since
52,k S5k
lim —— <00 = lim —— < o0,
k— o0 ]{ k—o0
we must have
deg A —deg B < 3.
Since
deg B <2 = deg A <5.

Furthermore, we have already observed that
A(—6) = A(=5) = A(—4) = A(0) = A(1) = A(2) =0.
This implies A = 0 hence s’2k = 0 as claimed.
The cases g = 3 and g = 4 have to be considered separately. First, when g =4
we obtain
m<1l, n<2
and B(k)? divides the polynomial 7, (k + 2). By direct calculation via the Verlinde

formula we find
Ba() 225 4+ 212* + 16822 — 191
Vy\ ) = .
4 945
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This implies B = 1, and thus
with
deg A < 4.

Since A = 0 for 6 different values, it follows as before that A = 0 hence 5’2’k =0.
When g = 3, the Verlinde flatness does not give us useful information. In this
case, one possible argument is via relative Thaddeus flips, for which we refer the
reader to the preprint [FMP]. Along these lines, although we do not explicitly
show the details here, the genus 3 slope formula was in fact checked by direct

calculation. 0

Part II: Representation-theoretic methods
5. The slope of the Verlinde bundles via conformal blocks

We derive here the Main Formula (1.2) using results in the extensive literature
on conformal blocks. In particular, the central statement of [T is used in an essen-
tial way. The derivation is by direct comparison of the bundle V:k of generalized

theta functions with the bundle of covacua
Br,k — Mg,l

defined using the representation theory of the affine Lie algebra ;[T. Over pointed
curves (C, p), the fibers of the dual bundle Bx i give the spaces of generalized theta
functions

H°(SUe(r, 0), (01)").
Globally, the identification Bxk ~ V:k will be shown below to hold only up to a
twist. The explicit identification of the twist and formula (1.2) will be deduced
together.

5.1. The bundles of covacua. For a self-contained presentation, we start by
reviewing briefly the definition of B, ;. Fix a smooth pointed curve (C, p), and write
K for the field of fractions of the completed local ring O = (7)\0’]0. For notational
simplicity, we set

g = sk,
and write (]) for the suitably normalized Killing form. The loop algebra is the
central extension

I/JE;:g®K€BC~c
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of g ® K, endowed with the bracket
X®fY®g=[X,Y|®fg+ (X|Y) Res(gdf)-c.
Two natural subalgebras of the loop algebra [//E play a role:
[tg=g20®C-c— Lg
and
Log=g®0c(C —p) = Lg.

For each positive integer k, we consider the basic representation Hy of [//5 at

level k, defined as follows. The one-dimensional vector space C is viewed as a

module over the universal enveloping algebra U (L/\+g) where the center c¢ acts as

multiplication by k, and g acts trivially. We set

Vi, = U(Lg) ® C.

U(L*g)
There is a unique maximal I/E;—invariant submodule
V) — V.
The basic representation is the quotient
H, =V VY.

The finite-dimensional space of covacua for (C,p), dual to the space of conformal

blocks, is given in turn as a quotient
B, = Hy/Lcg Hy.

When the pointed curve varies, the loop algebra as well as its two natural subalge-
bras relativize over M, ;. The above constructions then give rise to the finite-rank
vector bundle

Br,k — Mg,h
endowed with the projectively flat WZW connection.

5.2. Atiyah algebras. The key theorem in [T] uses the language of Atiyah
algebras to describe the WZW connection on the bundles B;. ;. We review this now,
and refer the reader to [Lo] for a different account.

An Atiyah algebra over a smooth base S is a Lie algebra which sits in an
extension

05055 A5 Ts—0.
If L — S is a line bundle, then the sheaf of first order differential operators acting
on L is an Atiyah algebra
Ay, = Diff'(L),
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via the symbol exact sequence.

We also need an analogue of the sheaf of differential operators acting on tensor
powers L°¢ for all rational numbers ¢, even though these line bundles don’t actually
make sense. To this end, if A is an Atiyah algebra and ¢ € Q, then cA is by
definition the Atiyah algebra

cA=(0s® A)/(c,1)O5
sitting canonically in an exact sequence
0— 05 —cA— Tg—0.
The sum of two Atiyah algebras A and B is given by
A+ B=Axrg, B/(ia(f),—is(f)) for f € Os.

When c is a positive integer, c¢.A coincides with the sum A+...+ A4, but cA is more
generally defined for all ¢ € Q. In particular, c.A; makes sense for any ¢ € Q and
any line bundle L — S.

An action of an Atiyah algebra A on a vector bundle V is understood to enjoy

the following properties

(i) each section a of A acts as a first order differential operator on V with
symbol given by 7(a) @ 1y;
(ii) the image of 1 € Og i.e. i(1) acts on V via the identity.
It is immediate that the action of an Atiyah algebra on V is tantamount to a
projectively flat connection in V. Furthermore, if two Atiyah algebras A and B act

on vector bundles V and W respectively, then the sum A+ B acts on ¥V @ W via
(a,0) - v@w=av@w+ v bw.

We will make use of the following:

LEMMA 5.1. Let c € Q be a rational number and L — S be a line bundle. If the
Atiyah algebra cAy, acts on a vector bundle V, then the slope p(V) = det V/rank V

is determined by

p(V)=cL .

PRroOOF. Replacing the pair (V, L) by a suitable tensor power we reduce to the
case ¢ € Z via the observation preceding the Lemma. Then, we induct on ¢, adding
one copy of the Atiyah algebra of L at a time. The base case ¢ = 0 corresponds to

a flat connection in V. Indeed, the Atiyah algebra of Og splits as Og @ Tg and an
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action of this algebra of V is equivalent to differential operators Vx for X € Tg,
such that

Vx,Vy]=Vixy),

hence to a flat connection. O

Consider the rational number
k(r? —1)
r+k

which is the charge of the Virasoro algebra acting on the basic level k representation

)

Hy, of I//E; The representation Hy entered the construction of the bundles of covacua
B, . The main result of [T] is the fact that the Atiyah algebra

c

A
acts on the bundle of covacua B, where Ay, is the Atiyah algebra associated to

the determinant of the Hodge bundle

L = detE.

By Lemma 5.1, we deduce the slope

k(r? —1)
2(r + k)
In fact, by the proof of Lemma 5.1, the bundle

M(Br,k) =

32(kr+k) ® I,-k(r?-1)

is flat.

5.3. Identifications and the slope calculation. We now explain how the
above calculation implies the Main Formula (1.2) via the results of Section 5.7 of
[L].

Crucially, Laszlo proves that the projectivization of BX , coincides with the
projectivization of the bundle Vik coming from geometry. In fact, Laszlo shows

that for a suitable line bundle £, over
SUy1(r,0) = Mg
we have
BY) = m (L)),

where fiberwise, over a fixed pointed curve, £ coincides with the usual theta bundle
(@;”)k . Hence,
k
£t = (01) o T
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for some line for some line bundle twist 7, 5 — M, 1 over the moduli stack. At the
heart of this identification is the double quotient construction of the moduli space

of bundles over a curve
SUc(r,0) = LcG\ LG /I+G

with the theta bundle ©; being obtained by descent of a natural line bundle Q,.

from the affine Grassmannian
Q, - LG /L+C.

Here LG and L+G are the central extensions of the corresponding loop groups.
The construction is then carried out relatively over M, 1, such that fo descends
to the line bundle

LF — Sty (r,0).
It follows from here that fiberwise £F coincides with the usual theta bundle (©;} )k.

Collecting the above facts, we find that
B, =V @ T
Therefore
—(Brx) = M(V:k) +c1(Trk)-

Using Lemma 3.2 we conclude that

k(r? —1) _ kr—1
—m/\ = M(Vr,k) -

Simplifying, this yields

A+ krey ([:) + 61(7;7]@).

r(k? —1)
2(r + k)
Now, the left hand side is a multiple of A, namely s, ;A. The right hand side must
be a multiple of A as well. With

w(Vyp) = A—c1(Trg) — krea(L).

r(k? —1)

, — i —
Sk TSk T o0 )

we find that
3;«,19\ = —c1(Trk) — krei(L).

This implies that sg , must be an integer by comparison with the right hand side,
because the Picard group of M, is generated over Z by A for g > 2, see [AC2].
The fact that s’nk € Z is enough to prove

Sr,k = 07

which is what we need.
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Indeed, as explained in Section 4.1, Grothendieck-Riemann-Roch for the push-

forwards giving the Verlinde numbers shows that

A

. T

lim —
k—o00

< 0Q.
Writing
Si,k = a,(k)/b,(k)
with dega,(k) < degb,.(k) + 1, we see by direct calculation that
klggo 5'N€+1 — 25,1+ Spp 1 =0.
Since the expression in the limit is an integer, it must equal zero. By induction, it

follows that
Syp = Ark + B,
for constants A,., B, that may depend on the rank and the genus. Since
Sr0 = 5lr,—2r =0
by the initial condition in Lemma 3.4 and by Proposition 3.3, it follows that A, =
B, = 0 hence s;.7k =0.

As a consequence, we have now also determined the twist 7, = L% There-

fore, the bundle of conformal blocks is expressed geometrically as
Bxk = V:fk LTk

We remark furthermore that the latter bundle descends to M,. To see this, one
checks that

(@;}-)k ® E—kr
restricts trivially over the fibers of Sty 1(r, O) = SUy(r, O). This is a straightfor-

ward verification.

6. Extensions over the boundary

The methods of [T] can be used to find the first Chern class of the bundle of
conformal blocks over the compactification M. The resulting formula is stated in
Theorem 6.1 below. In particular the first Chern class contains nonzero boundary
contributions, contrary to a claim of [S].

In genus 0, formulas for the Chern classes of the bundle of conformal blocks
were given in [F], and have been recently brought to simpler form in [Mu]. In

higher genus, the expressions we obtain using [T] specialize to the simpler formulas
of [Mu].
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As it is necessary to consider parabolics, we begin with some terminology on
partitions. We denote by P, ;. the set of Young diagrams with at most r rows and

at most k columns. Enumerating the lengths of the rows, we write a diagram p as
N’:(/u’lanur)a kZN1 2 Z,UTZO

The partition p is viewed as labeling the irreducible representation of the group
SU(r) with highest weight p, which we denote by V,,. Two partitions which differ
by the augmentation of the rows by a common number of boxes yield isomorphic
representations. We will identify such partitions in P, j, writing ~ for the equiva-

lence relation. There is a natural involution
Pri D p* € Pry
where p* is the diagram whose row lengths are
E>k—p" >...>k—pt>0.
Further, to allow for an arbitrary number of markings, we consider multipartitions

p= (1, fin)

whose members belong to P,/ ~. Finally, for a single partition u, we write

2
1 s ) 1 T T )
= E - — — E ; E —2 1)
Wi 2(7, T k‘) 2 M r <i_1 Nz) + £ (T 1+ ),uz

for the suitably normalized action of the Casimir element on the representation V/,.

In this setup, we let
By, — Mgn

be the bundle of covacua, obtained analogously to the construction of Section 5.1
using representations of highest weight u, see [T]. To simplify notation, we do
not indicate dependence on 7,k and n explicitly: these can be read off from the

multipartition u. We set
vg(p) = rank Bg’ﬁ
to be the parabolic Verlinde number.

We determine the first Chern class ¢1(By,,,) over My, in terms of the natural

generators:
AUy,
and the boundary divisors. To fix notation, we write as usual:

e ;. for the class of the divisor corresponding to irreducible nodal curves;
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® Jp 4 for the boundary divisor corresponding to reducible nodal curves,
with one component having genus h and containing the markings of the

set A.

Note that each subset A C {1,2,...,n} determines a splitting

BaUR,.
of the multipartition p corresponding to the markings in A and in its complement
A°€. Finally, we define the coefficients

’Ug—l(ﬁ, v, V*)
Cirr = Z Wy ——————~

VEPy )~ vg (1)

and

vp(p vV)'Ug—h(N 2
Ch,A = Z Wy, - —A —A .

VEP, k[~ Y (H)

THEOREM 6.1. Over M, ,, the slope of the bundle of covacua is
E(r?2 -1 -
(61) slope(Bgﬂ) = 2((7'—i—k)))\ + Z W;M\I’i - Cirr6irr - Z Ch,Aah,A'
i=1 h,A

In the formula, the repetition 0, 4 = dg—p - is not allowed, so that each divisor

appears only once.

Proor. The formula written above is correct over the open stratum M, ,.
Indeed, the main theorem of [T, used in the presence of parabolics, shows that the

bundle of covacua
By — Mgn

admits an action of the Atiyah algebra

k(r? —1) 2
As before
L =detE

is the determinant of the Hodge bundle and the £; denote the cotangent lines over

M . Therefore, by Lemma 5.1, we have

k(r? —1 -
slope(By,,.) = MA + ZWM‘I’%’
i=1

over Mg .
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It remains to confirm that the boundary corrections take the form stated above.
Since the derivation is identical for all boundary divisors, let us only find the coef-

ficient of d;,,. To this end, observe the natural map
§ : M971’n+2 — ﬂg,n

whose image is contained in the divisor d;;;. The map is obtained by gluing together
the last two markings which we denote e and x. We pull back (6.1) under £. For
the left hand side, we use the fusion rules of [TUY]:

* _
EBgﬂ— @ Bgfl,g,v,l/*-

VEPr 1/~
Thus, the left hand side becomes
v —1(“71/’ V*)
Z gvﬁ -slope(Bg—1,u,0,0+)
VEP, i/~ o\l
_ Z vgf1(H7VaV*)_ k(r? — )’\+ZW U, +w, Uy +w,- U,
P, V() 2r + k) "
v k/N
]f ’I" _1 Vg—1 /1'71/ V)
T 20tk /\+ZWH1\II o> 7)'(Wu‘1’~+WV*‘I’*)'
VEP, 1/~

The fusion rules have been used in the third line to compare the ranks of the
Verlinde bundles. For the right hand side, we record the following well-known
formulas [AC1]:

(i) &A=X

(ii) &V, =T, for 1 <i < n;

(iii) €0y = — Vo — Wy

(iv) € 6p.a =0.
These yield the following expression for the right hand side of (6.1):

k(r? —1 -
%A + Zwmxyi — e (— W4 — U,).

For g —1 > 2, ¥, and ¥, are independent in the Picard group of M,_1 2, see
[AC2], hence we can identify their coefficient c;,, uniquely to the formula claimed

above. The case of the other boundary corrections is entirely similar. O

REMARK 6.2. The low genus case g < 2 not covered by the above argument
can be established by the following approach. Once a correct formula for the Chern
class has been proposed, a proof can be obtained by induction on the genus and
number of markings. Indeed, with some diligent bookkeeping, it can be seen that

the expression of the Theorem restricts to the boundary divisors compatibly with
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the fusion rules in [TUY]. To finish the argument, we invoke the Hodge theoretic
result of Arbarello-Cornalba [AC1] stating the boundary restriction map
H*(Mgn) = H*(Mg—1ns2) @D H* (M augey X My_n acugsy)
h,A
is injective, with the exception of the particular values (g,n) = (0,4), (0,5), (1,1),
(1,2), which may be checked by hand.

In fact, the slope expression of the Theorem is certainly correct in the first
three cases by [F], [Mu]. When (g,n) = (1,2), we already know from [T] that the
slope takes the form
k(r? —1)
2(r + k)

where 6§, and A are the two boundary divisors in ﬂu. The coefficients ¢;,; and ¢

SlOpe(BHth) = A+ Wu1\pl + Wi Wy — CiprOipr — CA7

are determined uniquely in the form stated in the Theorem by restricting B, ,, to
the two boundary divisors d;,; and A (and not only to their interiors as was done

above) via the fusion rules. The verification is not difficult for the particular case
(1,2).

References

[AC1] E. Arbarello, M. Cornalba, Calculating cohomology groups of moduli spaces of curves via
algebraic geometry, Inst. Hautes Etudes Sci. Publ. Math. 88 (1998), 97 — 127.

[AC2] E. Arbarello, M. Cornalba, The Picard groups of the moduli spaces of curves, Topology 26
(1987), 153 — 171.

[AGS] V. Alexeev, A. Gibney, D. Swinarski, Conformal blocks divisors on Mom from sla2, Proc.
Edinb. Math. Soc. 57 (2014), 7 - 30.

[AGSS] M. Arap, A. Gibney, J. Stankewicz, D. Swinarski, sl, level 1 conformal blocks divisors
on Mo, Int. Math. Res. Not. (2012), 1634 —~1680.

[BFM] P. Baum, W. Fulton, R. MacPherson, Riemann-Roch for singular varieties, Inst. Hautes
Etudes Sci. Publ. Math 45 (1975), 101 — 145.

[B] A. Beauville, Vector bundles on curves and generalized theta functions: recent results and
open problems, Current topics in complex algebraic geometry, 17 — 33, Math. Sci. Res. Inst.
Publ. 28, Cambridge University Press, Cambridge, 1995.

[BL] A. Beauville, Y. Laszlo, Conformal blocks and generalized theta functions, Comm. Math.
Phys. 164 (1994), 385 — 419.

[BS] A. Bertram, A. Szenes, Hilbert polynomials of moduli spaces of rank 2 vector bundles II,
Topology 32, (1993), 599 — 609.

[Bel] P. Belkale, Strange duality and the Hitchin/WZW connection, J. Differential Geom. 82
(2009), 445 — 465.

[DN] J. M. Drézet, M.S. Narasimhan, Groupe de Picard des variétés de modules de fibrés semi-
stables sur les courbes algébriques, Invent. Math. 97 (1989), 53 — 94.

[F] N. Fakhruddin, Chern classes of conformal blocks, Compact moduli spaces and vector bundles,
145 — 176, Contemp. Math., 564, Amer. Math. Soc., Providence, RI, 2012.

[Fe] M. Fedorchuk, Cyclic covering morphisms on Hom, preprint, arXiv:1105.0655.

[FMP] C. Faber, A. Marian, R. Pandharipande, Verlinde flatness and relations in H*(My),
available at http://www.math.ethz.ch/ rahul/vertaut.pdf.

[GG] N. Giansiracusa, A. Gibney, The cone of type A, level 1, conformal blocks divisors, Adv.
Math. 231 (2012), 798 — 814.

[Hi] N. Hitchin, Flat connections and geometric quantization, Comm. Math. Phys. 131 (1990),
347 — 380.



THE FIRST CHERN CLASS OF THE VERLINDE BUNDLES 29

[L] Y. Laszlo, Hitchin’s and WZW connections are the same, J. Differential Geometry 49 (1998),
547 — 576.

[Lo] E. Looijenga, From WZW models to Modular Functors, Handbook of Moduli, Advanced
Lectures in Mathematics, 427 — 466, vol. 25, Intl. Press, Somerville, MA, 2013.

[M] D. Mumford, Prym varieties I, Contributions to Analysis, 325 — 350, Academic Press, New
York 1974.

[Mu] S. Mukhopadhyay, Rank-Level duality and Conformal Block divisors, preprint,
arXiv:1308.0854.

[MO] A. Marian, D. Oprea, The level-rank duality for non-abelian theta functions, Invent. Math.
168 (2007), 225 — 247.

[MOPPZ] A. Marian, D. Oprea, R. Pandharipande, A. Pixton, D. Zvonkine, The Chern character
of the Verlinde bundle, J. Reine Angew. Math., to appear.

[PP] R. Pandharipande, A. Pixton, Relations in the tautological ring of the moduli space of curves,
preprint, arXiv:1301.4561.

[P] C. Pauly, Strange duality revisited, preprint, arXiv:1204.1186.

[S] I. Smith, Symplectic four-manifolds and conformal blocks, J. London Math. Soc. 71 (2005),
503 — 515.

[Sw] D. Swinarski, sla conformal block divisors and the nef cone of Mo,n, preprint,
arXiv:1107.5331.

[TUY] A. Tsuchiya, K. Ueno, Y. Yamada, Conformal field theory on universal family of stable
curves with gauge symmetries, Integrable systems in quantum field theory and statistical
mechanics, Adv. Stud. Pure Math., vol. 19, Academic Press, Boston, MA, 1989, 459 - 566.

[T] Y. Tsuchimoto, On the coordinate-free description of the conformal blocks, J . Math. Kyoto
Univ. 33 (1993), 29 — 49.

[vdG] G. van der Geer, Cycles on the Moduli Space of Abelian Varieties, Moduli of curves and
abelian varieties, 65 — 89, Aspects Math., Vieweg, Braunschweig, 1999.

[Z] D. Zagier, Elementary aspects of the Verlinde formula and of the Harder-Narasimhan-Atiyah-
Bott formula, Proceedings of the Hirzebruch 65 Conference on Algebraic Geometry 445 — 462,
Israel Math. Conf. Proc., 9, Bar-Ilan Univ., Ramat Gan, 1996.

DEPARTMENT OF MATHEMATICS, NORTHEASTERN UNIVERSITY
E-mail address: a.marian@neu.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA, SAN DIEGO
E-mail address: doprea@math.ucsd.edu

DEPARTMENT OF MATHEMATICS, ETH ZURICH
E-mail address: rahul@math.ethz.ch



