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Abstract

Let (M™,g) be a Riemannian manifold. Say X — F — M is a principal K-bundle
with connection A. We define a natural evolution equation for the pair (g, A) combin-
ing the Ricci flow for ¢ and the Yang-Mills flow for A which we dub Ricci Yang-Mills
flow. We show that these equations are, up to diffeomorphism equivalence, the gra-
dient flow equations for a Riemannian functional on M. Associated to this energy
functional is an entropy functional which is monotonically increasing in areas close
to a developing singularity. This entropy functional is used to prove a non-collapsing

theorem for certain solutions to Ricci Yang-Mills flow.

We show that these equations, after an appropriate change of gauge, are equiva-
lent to a strictly parabolic system, and hence prove general unique short-time exis-
tence of solutions. Furthermore we prove derivative estimates of Bernstein-Shi type.
These can be used to find a complete obstruction to long-time existence, as well as

to prove a compactness theorem for Ricci Yang Mills flow solutions.

Our main result is a fairly general long-time existence and convergence theorem
for volume-normalized solutions to Ricci Yang-Mills flow. The limiting pair (g, A)
satisfies equations coupling the Einstein and Yang-Mills conditions on g and A re-
spectively. Roughly these conditions are that the associated curvature F4 must be
large, and satisfy a certain “stability” condition determined by a quadratic action of

F4 on symmetric two-tensors.
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Chapter 1

Introduction

1.1 Background

“Does every smooth compact manifold admit a best metric?” This basic question
was first posed by Rene Thom to Marcel Berger [2] in the early 1960’s . Of course the
question above is not precise mathematically. Indeed, part of the question involves
finding a proper definition of “best.” The guiding example for answering this question
has always been the classical uniformization theorem for surfaces. In particular this
example tells us that the definition of “best metrics” should use the Riemannian
curvature tensor and furthermore be invariant under the action of the diffeomorphism
group of the underlying manifold. Secondly we would hope that constant curvature
metrics, should they exist, fall into this class of metrics. Third is that we should
not necessarily expect our “best” metrics to be unique, indeed a finite-dimensional

moduli space of “best metrics” is acceptable.

While a huge amount of work has been done in answering this question, here we

will only give a very brief history of some partial answers. The first natural question



to ask is whether Einstein metrics, that is, metrics satisfying

rc = \g (1.1)

where rc is the Ricci tensor of the Riemannian metric g and A € R, fulfill the require-
ments of the Thom question. Indeed for three-dimensional manifolds this condition
is equivalent to the metric having constant curvature, making it a very natural can-
didate for the definition of “best metric.” However because of this very fact it is
immediately clear that not every three-manifold can admit such a metric, for ex-
ample the manifold S? x S'. The constant curvature metrics give but three classes
(depending on the sign of the curvature) of natural metrics one could expect on a
three-manifold. In his famous Geometrization Conjecture Thurston proposed [30]
that given a three-manifold, one could decompose it into pieces using certain surg-
eries, and that each resulting piece admitted one of eight canonical “geometries.” The
recent proof of this conjecture [11] [21] [25] [26] [27] [31] is the crowning achievement

of decades of work in geometric analysis, and we will describe it later.

For manifolds with dimension greater than three, Einstein metrics need not have
constant curvature, and one naive guess would be that every such manifold admits
an Einstein metric. However, the Hitchin-Thorpe inequality [19] [29] says that a

four-manifold admits an Einstein metric only if

2x +3|7]) (M) =0

where x (M) denotes the Euler characteristic and 7(M) the signature of M. This
inequality is a consequence of the generalized Gauss-Bonnet theorem [1] and the
Hirzebruch signature theorem [18]. Thus other classes of metrics must be considered

for four-manifolds. In particular Berger [2] proposed metrics minimizing a global
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L? norm of curvature as potential “best metrics”. For scaling reasons it is most
sensible to consider metrics minimizing the L™2-norm of curvature on a Riemannian
n-manifold. While in general these metrics are not well understood, in dimension 4
much progress has been made. Einstein metrics fall into this class, but other natural
classes of metrics do as well. Claude Lebrun found simply connected 4-manifolds
which admit no such minimizing metric, and also showed that the existence of such
metrics depends strictly on the diffeotype of the underlying topological manifold [23].
We close by noting that the question of whether every manifold of dimension five or
greater admits an Einstein metric is still completely open.

We note that in all of the examples above the notion of “best metric” has only
involved the Riemannian curvature tensor. Here we propose a definition of “best
metric” which uses an auxiliary term. In particular we will introduce the self-duality
equations into the definition of “best metric.” Let (M* g) be a Riemannian four-
manifold, and let S' — E — M denote a circle bundle over M. Let A be a connection
on this bundle, and let F' = dA denote the curvature of this connection. Consider
the system of equations

ICjj _%gleiijl = Agij
(1.2)
dF=0
where d* is the L2-adjoint of the exterior derivative d. We first point out that given
any Einstein metric g, we can get a solution of (1.2) by taking the trivial bundle
S1 x M with the flat connection. In chapter 2 we will give a simple example of a

manifold which admits no Einstein metric but does admit a solution to (1.2). These

equations arise naturally from adding the energy [ |F |2 dV', considered as a functional
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in both the metric and the two-form F', to the scalar curvature Lagrangian which
gives the Einstein equation.

The equation d* F' = 0 is known as the Yang-Mills equation for A. These equations
were introduced by physicists in an attempt to understand electromagnetism and
the nuclear strong interaction. An important subclass of Yang-Mills connections on
principal bundles over four-manifolds are the self-dual and anti-self-dual connections.
Indeed such connections are intimately linked with the topology of four-manifolds,
and they have had a tremendous impact on our understanding of four-manifold
geometry and topology. We hasten to add that the tensor g" F;p F); is itself scalar,
i.e. its traceless piece vanishes, if and only if the connection A is self-dual or anti-self
dual with respect to g (see lemma A.4). Since in every case described above the
existence of best metrics is intimately linked to the topology and smooth structure
of the underlying manifold, it is natural to combine the Riemannian curvature with
the equations of self-duality to find “best metrics,” and indeed equation (1.2) does
this in a very simple way.

While (1.2) is clearly a natural equation, this alone does not justify its study.
To describe our reasoning for introducing these equations, let us give a very broad
overview of the proof of the Geometrization Conjecture. In 1983 Hamilton [14]

introduced the Ricci flow equation

d

pri 2rcy;

(1.3)
9(0) = g0
and showed that if gy has positive Ricci curvature then the solution to (1.3), after

dilating to fix the volume of the time-dependent metric, exists for all time and
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converges to a spherical space form. In light of this result, it was thought that given
any metric on any three-manifold, it might be possible to completely describe the
behaviour of the solution to (1.3). It was conjectured that only certain fairly simple
singularities would occur, and furthermore that by performing “surgeries” one could
remove these singularities and then continue the Ricci flow [16]. Ideally all of the
limiting objects would admit rigid geometries, and thus we could understand their
topological structure. This picture was validated in the spectacular work of Perelman
[11] [21] [25] [26] [27] [31] resulting in a proof of the Geometrization Conjecture, and

in particular the Poincare Conjecture.

This amazing result shows how strong geometric evolution equations can be in
understanding the geometry and topology of manifolds. In fact, the Ricci flow equa-
tion can be used to give a proof of the uniformization theorem for surfaces [10],
and also to show the existence of Kahler-Einstein metrics on Kahler manifolds with
zero or negative first Chern class [13]. Also there is the recent result of Bohm and
Wilking [4] showing that any manifold admitting a metric of strictly positive cur-
vature operator admits a metric of constant positive sectional curvature. Despite
these successes, analysing the behaviour of solutions to the Ricci flow on manifolds
of dimension 4 or higher remains extremely difficult. One could argue that the main
reason for this difficulty is simply the complexity of the Riemannian curvature tensor

in these dimensions. Thus, using the notation from above, we propose to study the



following system of equations:

d

pri 21¢;; +9" FyFjy

) (1.4)
A= —aF

dt

which we dub Ricci Yang-Mills flow, and ask the following question which motivates
the rest of this thesis:

Main Question: 7o what extent can the bundle curvature F'y be used to control
the behaviour of solutions to Ricci Yang-Mills flow, and thus produce metrics and
connections on manifolds which satisfy (1.2)¢

Indeed we will study a version of equation (1.4) associated to a general principal
bundle. Given that the bundle curvature F' is typically much simpler than the full
Riemannian curvature tensor, this question justifies introducing F' into the already
complicated Ricci flow equation. This perspective is also our original motivation for

introducing the system (1.2).

1.2 Statements of Results

Here we will state the main results of this thesis and briefly describe their significance.
In what follows a bundle metric is a natural metric on a principal bundle defined in
chapter 2. The Ricci Yang-Mills flow can be defined in terms of these metrics, which
we will denote below as G. Also, the curvature of this metric G will be denoted by

Rm.

Proposition 6.1 (Short-time Existence): Given (g, A) as above there ezists € > 0

so that a unique solution to Ricci Yang-Mills flow exists on [0, €) with initial condition

6



(9,4).

One expects this short-time existence result from the corresponding results for
the Ricci and Yang-Mills flow. Since the coupling introduces lower-order terms into
the individual Ricci and Yang-Mills flows, the proof is a straightforward modification
of the proof of short-time existence of Ricci flow using a diffeomorphism gauge-fixing
procedure. Given this result, one can compute the evolution of the curvatures. On a
formal level these equations are very close to the evolution equations for Ricci flow.
Thus one can prove many further analytical properties of Ricci Yang-Mills flow.
Theorem 6.2 (Bernstein-Shi Derivative Estimates): Let (F,G(t)) be a solu-
tion to RYM-flow on a compact principal bundle. For each o > 0 and every m € N

there exists a constant C,, depending only on m,n and max{«, 1} such that if

[IRm| < K for all z € M™ and t € [07 %}

then

m CmK n «
[V Rl < 2% for all 2 € M and ¢ € (0, |

Proposition 6.6 (Long Time Existence Obstruction): Let Gy be a bundle
metric on E — M a principal bundle. Then Ricci Yang-Mills flow (and its normal-
izations) has a unique solution G(t) on a maximal time interval 0 < t < T < 0.

Moreover, if T' < oo then

lim (sup \Rm(x,t)]) =00

/T \zeE

Theorem 6.10 (Compactness Theorem): Let

7



be a sequence of complete solutions to Ricci Yang-Mills flow existing for t € (a,w)
where —oco < a < 0 < w < oo. Fach solution has a fixed origin p; € M; and a frame
F; at p; which is orthonormal with respect to G;(0). Suppose there exists K < oo
such that

sup |Rm| < K
E;x(a,w)

and & > 0 such that:

injg, o) (Ei) > 6 for all i € N

Then there exists a subsequence which converges in the pointed category to a complete

solution

{EOO7 GOO(t)7pOO’ FOO}

to Ricci Yang-Mills flow on (o, w) with the same bounds on curvature and injectivity

radius.

This compactness result will be a useful tool in producing models for singular
solutions to Ricci Yang-Mills flow. Typically one blows up a forming singularity on
the scale of curvature and attempts to derive a limit space using the compactness
theorem. One must have the crucial injectivity radius estimate to apply theorem 6.10.
For the Ricci flow, Perelman [25] showed a noncollapsing result which provides such
an estimate. Using similar techniques we are able to show a noncollapsing estimate
for a low energy singularity of Ricci Yang-Mills flow. Low energy singularities are
defined in definition 3.9, and the definition for a sequence to be locally collapsing is
definition 3.13.

Theorem 3.14 (No Local Collapsing of Low Energy Solutions): Let (M, g(t), A(t))

8



be a low energy solution to Ricci Yang-Mills flow on [0,T), T' < 0o. Then (M, g(t), A(t))
15 not locally collapsing at T'.

We also show that the Ricci Yang-Mills flow is the gradient flow for a particular
energy functional. This result can be used to show
Proposition 3.7 (Steady Breathers are Gradient Solitons) If M is closed any
steady breather on M is a steady gradient soliton.

We also prove a formula satisfied by gradient Ricci Yang-Mills solitons, which are
defined in definition 3.15.
Proposition 3.17 (Formula for Gradient Ricci Yang-Mills Solitons): A Gra-

dient Ricci Yang-Mills solition satisfies

3
v (R—Z|F\2+|Vf!2+2Af> =0

Next we have a result which shows an interesting pinching property of Ricci Yang-
Mills flow on a U(1)-bundle. Let n;; = FFFy;. As we mentioned above, lemma A.4
shows that the pinching of the eigenvalues 7 is related to the (anti-)self-duality of
F. This next proposition shows that if one has a curvature bound and a bound on
AV F, which we refer to as the e-low-order estimate and is clarified in chapter 4, and
furthermore F' is symplectic initially, then one expects exponential decay of ‘%‘, but
only up to a certain point depending on the curvature bound. Indeed one does not
expect that F' will become exactly self-dual in a convergent limit typically because
this implies a decoupling of the Einstein and Yang-Mills equations.

Proposition 4.7 (Pinching of n): Suppose (g(t), A(t)) is a solution to Ricci Yang-
Mills flow on a U(1)-bundle over a four-manifold which exists on [0,T). Suppose that

9



on this time interval the e-low-order estimate holds and moreover

win, |F[*> ¢ fIFP

Mx[0,T

There exists universal C' > 0 (not depending on any of the constants/objects above)

o2
so that 7]‘ /|F[* is bounded above by the solution to the ODE

2

%(ﬁ(t) =C (e + %) [F"2] = C[F]o (1 — 49)

2

o

U]

¢(0) = sup -—5
(M7907AO) ‘F‘4

where [F"?] = |[ F A F|.

Next we have our main analytic result, which describes conditions under which
we can prove convergence of the volume-normalized Ricci Yang-Mills flow. Roughly
the statement says that if one has a principle bundle over M* satisfying a particular
curvature condition (u-stability, see definition 7.5)) at each point, and moreover this
bundle curvature is very large compared to the base curvature and the tensor 4V F,
then the flow will exist for all time and converge. The curvature of the standard
SU(2)-instanton on S* satisfies the (pointwise) condition of p-stability. Indeed the
round instanton on S* gives a global example of a connection satisfying the stabil-
ity condition. Other global examples include connections arising from Riemannian
metrics on manifolds which are half-conformally flat. This result, and how to use it,
is described in more depth in chapter 7. In the statement below 7;; = OF. oF f :
Theorem 7.9 (Main Convergence Result): Let E — (M* g) be a principal

bundle. For fixed p > 0, B > 0,2 > 0 there exists a large N > 0 depending on p,

10



B, Q) and the base metric g with the following property: if A is a p-stable connection

on E which satisfies

L co * QV%‘CO | v co =t
and
%mﬁX|F|2 <|F]*(z) < ij\/ifn|F|2 forallxz e M
and

min |F|* > N?
M

and furthermore

| AVE| o < BIF|cogy

then the volume normalized Ricci Yang-Mills flow with initial condition (g, A) exists

for all time and converges to an Einstein-Yang-Mills metric.

11



Chapter 2

Definition of Ricci Yang-Mills Flow

2.1 Metrics on Principal Bundles

Let K be a compact Lie group with Lie algebra €. Let (M™,g) be a Riemannian
manifold, and say F is a principal K-bundle on M with connection A. Fix U C M
a local coordinate patch. Over U the bundle F is trivial, so we have a local cross-
section s : U — E. Let A := s* A be the local representation of the connection with
respect to this section. Let 2% be coordinate functions on U, and let vy denote a basis

for the Lie algebra £. Using this we can write

A= Ads’ (2.1)

where each A; = Afvg is a E-valued function on M.

Let g denote a smooth family of bi-invariant metrics on K parametrized by the
base manifold M. Let v? denote a left-invariant coframe on K. Using the local
product structure of E over U, both dz’ and v’ are defined locally on E. Following
the usual Kaluza-Klein ansatz, we can write down the following metric

G = gydx‘da’ + gep(ve + A%da®) (vP + Afdml) (2.2)

12



It follows from [3] 9.15 that this definition in fact gives a well-defined global metric

on E. We will call the metric determined by this data G = G(g, A,g). Also, we will

now go ahead and make an important simplifying assumption. We will assume that

the metric g is given by the Killing form for € over each point. In particular then the

functions gepv%ﬂ are constant.

Definition: 2.1. We call a metric satisfying the above properties a bundle metric.

We now introduce some more convenient notation. Let us choose the local basis

for one-forms on E given by w' = da',w? = v’ + A%z’. Then the dual basis for the

tangent space is given by ey the dual to v? taken with respect to the metric g, and

0

P = Pt T Afeg. In this basis the metric is:

(i)
0 g@p

Recall the formula for the curvature of A

F=dA+ANA

e

Define [e;, e;] = Cfje,. Note the basic computation

0 0 .
e, e5] = L‘?xi — Ale,,, 07 Ajel,]

= Ajjen — ALy + Al Afle, e
— (4% — A% 1 (AN A
1,] 7,2 + ( A )ij €o

_ 0
= FZ-]B@

Recall the formula for the connection tensor of a Riemannian metric G:

1
FZGk‘l = 5 (Gi(Gﬂ) + ej(Gil) - el(Gij) - Cilj - Cjil + Clji)

Using this formula the following lemma is immediate

13
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Lemma: 2.2. In the above frame a bundle metric satisfies

[eiaej] = aFij €9, [61769] = _Aél [eua 69]
FZ’ = 9F§j,f‘gp - grgp
1 1
6 _ o Eo_ k
Fij - 5 Fz‘jarw— 5 9Fz’

0 __ —=0u pv
Fip = Ai Ouup

0 _ 1tk _
r oi = ry = 0
where IT" and 9T are the Christoffel symbols of g and G respectively.

Note that in the term ?F} above we have raised the first index of F', and this
will be our convention throughout. Also note that the bundle index in ¢ F* has been
lowered with respect to the metric g. We now want to compute the curvature of this
metric. We will denote the curvature tensor for G by R, the curvature tensor for
g by 97, and the curvature tensor for g by 9r. In general covariant derivatives will
be taken with respect to the Levi-Civita connection associated to G. We use the

notation 9V to refer to the Levi-Civita connection of g, 9V the connection or g and

AV is the connection on E-valued differential forms.

14



Lemma: 2.3. The curvature of a bundle metric G is

1
Ry, = ri, + Z( °Fi, oF — °Fy oF} — 2 Fy; oF}) (2.4)
! Ly !
Ryji = — 9 Vi oFy, (2.5)
R@jp = ZL P‘Fj eFm (26)
1
Rfje - Zl ( pﬂm QF’jm - pF}m 9F‘7,m) - _qu’i?CV,uG (27)
Ry, =0 (2.8)
bou = "Toou (2.9)
p g 1 0 i
Rjk = Ry = “rjp — 5(oFy "Fy) (2.10)
1 *
Rjo = §d oL (2.11)
7 1
Rop = rop+ 7 6 F o, F), (2.12)

Proof. This is an immediate consequence of lemma 2.2 and the formula for curvature,

given in proposition A.7. O]

Next we will define the objects which will be stationary for Ricci Yang-Mills flow.
First we need some definitions. The operator m will denote projection of a vector

field onto its vertical components, and can be written

Definition: 2.4.

() =G <aiy#, ) gﬂ”aiyy (2.13)

This projection operator allows us to define the following projections of symmetric

two-tensors on E:

15



Definition: 2.5. Given W € S?T*E define:
WH =W —aW —Wn+1Wn
WC =aW +Wr —27Wn

WV =aWn

where juxtaposition of 7 means to compose the lowered index with 7, i.e. 7TW (X,Y) =
W(n(X),Y). The idea is that W¥# corresponds to the piece of W with two hori-
zontal (base manifold) components, with similar interpretations for the other two

projections.

Definition: 2.6. A metric G(g, A,g) is Einstein-Yang-Mills if

[e]

where Re refers to the traceless piece of Reff. The first condition is a natural
analogue of the usual Einstein condition, while the second is the condition that the
connection A is Yang-Mills. We deliberately do not require a condition on the vertical

component of the Ricci tensor.

2.2 Definition of Evolution Equation

A natural question to ask at this point is: “why not simply study the Ricci flow of a
metric of the form given in (2.2)”. Recall (see the Main Question of the introduction)
that we would like to use the curvature of a principal bundle to produce a canonical

(in this case Einstein Yang-Mills) metric on a manifold. More specifically, we would

16



like to construct a flow of metrics and see the extent to which the bundle curvature F
can be used to control the behaviour of this flow. Examining the Ricci curvature in
lemma 2.3, it is clear that if F' is very large compared to the base curvatures 97 and Ir,
then the metric G has no chance of being Einstein. This is because F' contributes a
negative-semidefinite tensor to the horizontal component of the Ricci tensor, while it
contributes a positive semi-definite tensor in the vertical component. This difference
of sign prevents such a metric from being Einstein. Thus attempting to use F' to
control the Ricci flow of a metric as given in (2.2) seems unlikely since Einstein
metrics are the most natural objects for Ricci flow to converge to, and indeed the
only smooth objects Ricci flow will converge to. This is one reason for introducing the
notion of an Einstein Yang-Mills metric (definition 2.6). Now we must consider the
question of finding a natural evolution equation which would produce EYM-metrics

as critical objects.

If we are going to flow to such a metric, it would be natural to renormalize the
volume of the base manifold. A cursory examination of the variation of the Ricci
tensor shows that this prevents the evolution of the Ricci tensor from resembling a
heat equation, unless the divergence of the pullback of g with respect to the total
Levi-Civita connection vanishes. It is not hard to see using lemma 2.2 that this
divergence vanishes in the case of a bundle metric. Thus we are led to fizing g
to be the Killing form along the flow, so that it stays constant in space along the
flow, allowing the divergence of the pullback of g to vanish along the flow. In the
homogeneous examples of the next section we will see another strong reason for

wanting to fix g, that is, to ignore the vertical component of the Ricci flow. In short,

17



allowing g to flow will rapidly decrease the effect of F' on the flow, a situation we

would like to avoid. Thus we are led to defining the following evolution equation.

Definition: 2.7. Given G(t) a family of bundle metrics of the form (2.2), we say
that G(t) is a solution to Ricci Yang-Mills flow if

G = —2 (Re” +Re?) (2.14)
We will sometimes abbreviate this by calling it a solution to RYM flow.

The next lemma shows our justification for calling this equation Ricci Yang-Mills
flow. In particular we see that the equation induces evolution equations on g and
A whose leading order terms are the same as the Ricci flow and Yang-Mills flow

respectively.

Lemma: 2.8. The Ricci Yang-Mills flow of a bundle metric is equivalent to

Gjk = — 275 + Njk
Al = —d'F! (2.15)
§9p =0
where
Nik = HF} eFlk (2.16)

Proof. Let us differentiate expression 2.2 in time.

) d o d . d
Gaﬂdxadxﬁ = %(gw)da:zdl‘] + ﬁng(AJp»)de@dze + E(ggp)dzedzp

Now the individual evolution equations follows from (2.14) and lemma 2.3. O

We will also study the following volume-normalized version of Ricci Yang-Mills flow.

18



Definition: 2.9. Given G(t) a family of bundle metrics, we say that G(t) is a

solution to volume renormalized Ricci Yang-Mills flow if

G= 2R +RC) 1 2 (][7’ - ﬁ Jaam ][ﬁ ]F]Z) GH  (2.17)

n

Let us make three observations about this definition. First, we have added a term
of the form |F|” G to the evolution of G. Recall that for Ricci flow one cannot
simply add a conformal term %rg to fix the volume, as the resulting equation is not
parabolic. In our case the term |F |” is zeroth-order in the metric and so this will
pose no issues as far as parabolicity is concerned. Secondly, we note that we did not
simply add the appropriate multiple of |F ]2 to completely remove the trace of 7 in
the definition of RYM flow. This constant was chosen carefully so that a particular
Bianchi-type identity will hold for the tensor on the right hand side of (2.17). Finally,

we note that in dimension 4 only, we have removed the trace of n completely.

2.3 A Homogeneous Example

Next we will work through a specific homogeneous example which highlights the
qualitative behaviour differences between Ricci flow and Ricci Yang-Mills flow. Also
we will see the qualitative differences between the Ricci flow of the natural metric

on a principal bundle and the Ricci Yang-Mills flow.

N

-, denote a metric of

Example: 2.10. Let N be a surface of genus g > 2 and let g
constant curvature —1. Now let M* = S? x N equipped with the Riemmanian metric
g= gf;n@ g~ . More generally, for real numbers A and B, define 48g = Agfjn@B gy .
Let US?, UN denote the unit tangent bundles of S? and N respectively. These circle
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bundles have curvature forms equal to the usual volume forms (denoted wfa?n and

N

wX. ) on their respective base manifolds. Let F = 7fUS? ® m3UN. The curvature

SQ

S @ mwl . We will examine the Ricci flow of the base

of this bundle is then 7w
metric and the Ricci Yang-Mills flow of the associated line bundle.

First of all, let us note that as a product of surfaces M has signature zero [24].
Also, the Euler characteristic of this manifold is easily computed as the product of
the Euler characteristics which is 4 — 4g. Thus we easily see that M cannot admit
an Einstein metric by the Hitchin-Thorpe inequality [19], [29] which states that if a

four-manifold M admits an Einstein metric then

2x + 3|7 >0 (2.18)

As we will see, this manifold does in fact admit an EYM metric, and that for any
initial value for A and B the volume-normalized RYM flow converges to this metric.
First of all, let us see how unnormalized Ricci flow acts on the base metric. An easy

computation shows that at any point of M we may write

1

—A
AB Rc = 1 E ABg = %
-1 9 (B—A)

A
-1

and so the equation § = —2rc reduces to the system of ODEs:
A=-2

B=2

with solution A(t) = Ag—2t, B(t) = By+2t, which exists on the time interval [0, 42).

It is easy to see that even under the volume normalized equation the sphere contracts

to a point and the higher genus surface blows up, and no natural convergence occurs.
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Indeed in surgery arguments on four-manifolds [6], [17] singularities modeled on this
space must be explicitly avoided.

Now let us examine Ricci Yang-Mills flow on E. The metric is totally homoge-
neous in space and d*F = 0, so in particular the connection on E will not vary. An

easy computation shows

o=

s 2(A*+ B?)

1
FyFi=| A =2

1

B
1
B

Thus Ricci Yang-Mills flow corresponds to the system of ODEs

. 1
A= 94t
T
. 1
Beo4 L
3

It is easy to see that this flow will exist for all time for any initial choice of A and
B. Let us now examine the volume-renormalized flow. This amounts to adding the
term (3R — } ]F|2) g to the evolution of g. Then we have AB =1 for all time, thus

we are reduced to the single ODE

. 1 1
— _ __A2__A3
A 1—|—2A 5

This clearly converges for any initial choice of A. It is important to note here that
the condition of F' being symplectic is very important in this example, and certainly
no convergence if one chooses F' to be just the volume form of one of the factors, as
then it will not influence the other factor.

Finally, let us point out an important aspect of the Ricci flow of the natural
metric on the bundle E. Specifically, this is the Ricci flow of the metric

G = (AgS,, © Bglk, ) + C (dy + Aida')” (2.19)
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An easy computation using lemma 2.3 shows that the Ricci flow of this metric cor-

responds to the system of ODE

A= -2+ % (2.20)
B=2+ % (2.21)

In particular we see that allowing the vertical metric (in this case represented by
the constant C') to vary causes the size of F' to be rapidly decreased, and so the
qualitative behaviour of this flow in the limit is essentially the same as that of the

Ricci flow of the base metric, giving no natural smooth limit space.
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Chapter 3

Gradient Properties of Ricci Yang-Mills
Flow

In the study of geometric evolution equations monotonic quantities have always
played an important role. Often the system is given as the gradient flow of an energy
functional (see for instance the seminal paper of Eells and Sampson [9]) in which case
the monotone energy bound plays an important role in understanding the long-time
behaviour of solutions. Also, it was the remarkable monotonicity of the Hawking
mass [12] shown by Geroch that inspired Huisken and Ilmanen to construct weak
solutions to inverse mean curvature flow which they used to prove the Riemannian
Penrose Inequality for connected horizons [20]. In another striking example Bray
constructed a conformal flow of metrics which proved the full Riemannian Penrose

Inequality [5], and monotonicity formulas play a crucial role in the proof.

Monotonic quantities for solutions to Ricci flow have only recently been found.
As was done for Ricci flow [32] we have partially motivated the introduction of the

Ricci Yang-Mills flow using an energy functional, but as for Ricci flow the resulting
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equations are not a-priori gradient equations. In his breakthrough paper Perelman
[25] found that Ricci flow was indeed a gradient flow by explicitly introducing the
action of the diffeomorphism group on the equations. He furthermore found an
entropy functional associated to this energy and a very important related quantity
called reduced volume, both of which are monotonic along solutions to Ricci flow.
Here we follow those ideas and define an energy functional which explicitly includes
the action of the diffeomorphism group on the Ricci Yang-Mills flow equations. This
is used to show that steady breather solutions are steady gradient solitons. Next we
define an entropy functional which is monotonic if one is approaching a certain kind
of singularity. This entropy can be used to prove a non-collapsing result for type I
singularities. Ruling out collapsing-type behaviour is essential in Perelman’s analysis
of singularities of the Ricci flow on three-manifolds [27]. Though our result is not
yet strong enough for deeper applications (say surgery arguments) it is an important
first step in understanding singular behaviour of solutions to Ricci Yang-Mills flow.
We will close this chapter by making a few remarks about Ricci Yang-Mills solitons,

which are critical points for the energy functional.

3.1 Energy Functional

Let (M, g) be a Riemannian manifold and let £ — M denote a principal K-bundle
over M with connection A. In this chapter V will always refer to the Levi-Civita

connection of g. Consider the functional

Faan= |

1
(R — Z|FP + |Vf|2) e fav (3.1)
" 4
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where R is the scalar curvature of the base metric, f € C*°(M) and dV denotes the
volume form of g. In what follows every object, say g for instance, will implicitly be

part of a one-parameter family g(s). We define

d

dg = EQ(S)\SZO

and similarly use the notation § to refer to the first variation at 0 of other quantities

with respect to the parameter s.
Lemma: 3.1. Let 691] = Vij, 6141 = Qy, (Sf = h. Then

1 ‘
0F (v, h) = / e[ — vy, (I"Cz'j it Vz'vjf) —a; ('F; = V'fFy)

M
(3.2)
1
+ (v/2 — h) (QAf — |Vf|2 + R - 1 |F]2) }dV
where v = gYv;;.
Proof. We first note that 6F = d0A = da. Now we directly compute
5?(’07 a, h) = / e_f [ — A’U -+ Vivjvij — ICij vij
M
1 1
—|—§7’/2‘jvij — 5 <d(lf, F> — vijViijf —|' 2 <Vf, Vh>
1
+ (R - |F|* + |Vf|2) (v/2 = h)]dV
(3.3)

1
= / €_f [ — VUjj <I‘Cij — 5Ny + Vzv]f>
M 2

—a; (d"Fy = V' fFy)
+ (v/2 —h) <2Af— IVf*+ R - }L |F\2> 1%
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where we performed the integration by parts

_%/<do¢,F> “fav = —‘/<V @i = Viey, e Fy) dV
_ % / (s, Vi Fyy = V7 fFy) = (0, ViFy; = V' f Fy)) e dV

- /%‘ (d"F; = V'fFy) e”TdV

O
It is clear from the above lemma that the gradient flow equations of F are
d
7% = — 2rey+nij — 2V f
d * 7

—f— —Af-R+3 |F|

Note that for this evolution system we have v/2 — h = 0. What this means geo-
metrically is that the measure e™/dV remains fixed along a solution to (3.4). The

following corollary is immediate.

Corollary: 3.2. Given (g(t), A(t), f(t)) a solution to (3.4) the functional F is mono-

tonically increasing in t. In particular
i [ (2

We now describe how equation (3.4) does in fact correspond to Ricci Yang-Mills

2

——77U+VV f

t & F -V fﬂjF) e fdv >0 (3.5)

flow modified by an appropriate diffeomorphism. Recall that given g and A we can

define a metric on E based on the Kaluza-Klein ansatz in (2.2). Also recall that
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locally we have the frame ¢e; = % — Aia% and ey = a%. Let V denote the Levi-Civita

connection of G(g, A).

Lemma: 3.3. Let G be a bundle metric and fix a function f € C*(M) and let

f=7"(f) € O°(E). Let V denote the Levi-Civita connection of G. Then

vivj_ = Vlef

== - = = — 1

ViVof = VeV,f = _§ka 0F i (3.6)
VoV,.f=0

Now if ¢, is the one-parameter family of diffeomorphisms of M generated by the

time-dependent vector field W (t), i.e.
Soun) = W(aip), 1
po = Idy
Then a straightforward calculation shows that

4 610(0) = 67 (90) + 6 (Lwioat®) 57)

Using lemma 3.3 and the formula Ly ;G = Va af + VsV f we see that (3.4) is

diffeomorphism equivalent to

d
g% = — 2rei;
%Ai _ _&F (3.8)

d 2 1 2
—f= —A VvV fl© — Z|\F
Cf= —Af+IVIE - R+ 3P

in the sense that we may pull back G(t) by the family of diffecomorphisms generated by

V f to remove the terms V2 f and V f * F from the evolutions of g and A respectively.
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Thus we see that we have explicitly introduced a diffeomorphism parameter by means

of the function f. However, we would like to remove it so as to get a monotonic

quantity which depends only on the given metric and connection. Following the
ideas of Perelman [25] we consider the quantity

Mg, A) = inf  F(g, A, 3.9

(9,4) ety (9,4, f) (3.9)

An easy calculation shows that A is the lowest eigenvalue of the Schrédinger operator

1
—4A+R—Z\F|2 (3.10)

Proposition: 3.4. The quantity A(g, A) is monotonically increasing along a solution

to Ricci Yang-Mills flow.

Proof. Let u(t) be a family eigenvectors for lowest eigenvector of the operators

1
—4A+R—Z|F|2 (3.11)

Normalize u so that

/ u(t)?dvV(t) =1 (3.12)

These functions u are in fact positive, so that we may define the family of functions

e TO2 — (1) (3.13)

The eigenvalue equation for u is equivalent to the equation

1
2Af—|Vf]2+R—Z\F|2:)\ (3.14)

It is clear that for each time ¢, f(f) minimizes the functional F. Using (3.14) we

28



note that the last term in (3.2) is

/ (v/2 —h) <2Af— |Vf|2+R—1|F|2> e fdv
M 4

= )\/ (v/2 —h)eldV

d
=A— [ efdv
dt/Me

=0

where the last line follows using (3.12). Using this calculation and our observations
about diffeomorphism invariance above, it is clear that

A
== 2
-1 (

1 2
Irc —E’m‘j + VZV]f +

I'F -V fFijf) e fdv >0 (3.15)

O

This proposition can be used to rule out certain kinds of behaviour which can
be problematic in studying singularities. In particular we can show that steady

breathers must be steady gradient solitons.

Definition: 3.5. A solution (g(t), A(t)) to Ricci Yang-Mills flow is called a breather
if there exists t; < ¢y and o > 0 so that aG(t1) and G(t5) differ only by a diffeo-
morphism, where G(t) is the associated global metric on E defined in definition 2.2.
In the cases @ = 1, < 1, > 1 we say that the breather is steady, shrinking, or

expanding, respectively.

Definition: 3.6. We say that (g, A) is a gradient Ricci-Yang-Mills soliton if there
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exists f € C°°(M) so that

1
rc—§n+V2f+)\g:0 (3.16)

d'F =Vf-F (3.17)
the soliton is steady, shrinking, or expanding if A = 0, A < 0, A > 0 respectively.

Proposition: 3.7. If M is closed any steady breather on M is a steady gradient

soliton.

Proof. We note by (3.15) that A is monotonically increasing, and fixed if and only if

we are on a steady gradient soliton. The proposition follows. ]

3.2 Entropy Functional

Perelman made great strides in understanding finite-time singularities of the Ricci
flow by introducing an entropy functional. We would like to understand the be-
haviour of finite-time singularities of Ricci Yang-Mills flow. Suppose that (g(t), A(t))
is a solution to Ricci Yang-Mills flow which exists on a maximal time interval of the
form [0,T) where T' < co. Below we introduce a new entropy functional designed
to understand the behaviour of g and A as t / T. This functional is not always
monotonic along Ricci Yang-Mills flow, but as we will show it is monotonic for cer-
tain singularities. Though not essential for the calculations, in what follows below
the parameter 7 should be thought of as “backwards time,” specifically 7 =T — t.

Let

Wi A1) = |

{T (\nyz + R+ }1 ]F]Q) +f - n} (4rr) 2 e ldV  (3.18)
M
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We hasten to point out that the sign of the term |F' \2 has changed from the definition
of the energy functional F. Although the reason for doing this will be borne out
in the calculations below, we can give a nice explanation for the difficulties which
arise. Recall that the Ricci Yang-Mills flow can be though of as the Ricci flow of a
bundle metric which keeps the metric on the fiber fixed. Thus if one simply looks at
the entropy given by the scalar curvature of the corresponding bundle metric (which
would have the opposite sign on the term |F |2), which would be the Perelman entropy,
an extra term arises in the evolution corresponding to the part of the volume form
which has been fixed. Unfortunately this term has the wrong (negative) sign to get

a monotonic quantity. We now proceed with the calculations.
Lemma: 3.8. Let v;j = 0g;;,0A; = o, 0f = h and 67 = o. Then

W (v, h,o) = / (4n7) "2 e TdV |:O' <|Vf|2 + R+ éll |F|2)

M
1 ,
—TU;j <I‘Cij +§77U + VZV]f> — TQ; (d*F] — vzf-FzJ) +h (319)
2 1 2 v no
+[T<2Af IV + R Z|F|>+f n} (5 h E)}

Proof. First of all we note the variational formula

5 ((4mr)Feldv) = (5 —h—57) (dmr) "2 eV
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Now using (3.3) we see

W = /{ (|Vf|2+R+%‘F’2)+T(%—h) (2Af—2|Vf|2)

1 .
— TV (I“Cz'j +§7h‘j + V,;ij) —7a; (d"F; — V' fFy) + h

{ (|Vf| + R+~ |F|>+f—n] (g—h—%ﬂ

C(ArT) 2 e tdV

Now since

/ (Af = Vi) elav =0
we conclude

1
6W:/ { (|Vf| + R+ - |F|>_7'Uij (rcij+§77ij+vivjf>

—TOéj (d*ﬂ - Vlwa) + h

+[T <2Af—|Vf\2+R—i]F|2>+f—n} (g—h—g—:ﬂ

. (4#7)_% e fdv
as required. O

Consider the following system of equations.

d 1
9= - 2 <I“Cz'j 5 + Vz‘vjf>

%Ai: —d*F + V'fF;
(3.20)
Cr= —Af-Ry PP+
dt’
d
—r= —_1
it
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Note that for this system we have the equation

(Y no

—— =0 3.21
2 2T ( )

which is to say the measure (477)"2e~fdV is fixed. Using (3.19) we compute that

for a solution to (3.20) we have

aw 1 1
—r = =1 =V = R ) + 27 ey + ViV, 117 = S [nl’
dt v 4 2

—+7

. 1 n
F =V - Af = R+ S|P+ | e tay
T
— / [—2 (R + Af) + % —+ 2T |I'Cij —|—V2V1f]2
M
+7

-

. (4%7)_%e_fdv

. 1 1 n
TF = E + PR = Grlol | () e tay

2

2T + 7

1
¢ +V;Vf — 57 Jid

* 7 2 1 1
d*F; — V' fF| +Z|F|2—§T|77|2

(3.22)
As above, this system is diffeomorphism equivalent to
d
7% =~ 215 413
d
—A; = —d'F
dt
(3.23)
= —AFIVIP - R PP+ D
' 2 27
d
- 1
dt’

Thus we see that W is monotonically increasing under Ricci Yang-Mills flow whenever

: |F|> — ir 9| > 0. In fact only the weaker integral condition is needed. This may
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appear to be a strong condition, but note that the two terms in fact have the same

parabolic scaling factor.

3.3 Noncollapsing of Low-Energy Singularities

Definition: 3.9. Let (M, g(t), A(t)) be a solution to RYM-flow which exists on a
maximal time interval T < oo. (M, g(t), A(t)) is a low-energy solution if

lim (T — t) |[F g,y = 0 (3.24)

t—T

We point out that the only known examples of finite-time singularities to Ricci
Yang-Mills flow are all low-energy. Specifically, if one modifies example 2.10 to the
case where F' is the pullback of the volume form on the higher genus surface, then
the singularity encountered is low-energy. This hypothesis codifies the sense in which

we don’t expect singularities in areas where F' is nonvanishing.

Corollary: 3.10. Let (M, g(t), A(t)) be a low energy solution to RYM flow on [0,T).
Then there exists to < T such that for all to <t < T, we have

aw
_ > 2
=0 (3.25)

Proof. By assumption equation (3.24) holds, so choose t; so that for all to <t < T

< 1. Then we have using lemma A.5

1
7

t

I~

we have (T' —t) ]F]zco(M
1 4
- T—1)|F
: )IF]

N =

1
(=0l > ;1P -

> LIFP (1 - (T~ 1)|FP)

1
> L 1PP (1= (T =0 Fl2ogy)

0

v
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Using this in (3.22) the result clearly follows. O

Definition: 3.11. Given (M, g, A) at 7 € R let

(g, A, ) = ir}f{W(g,A, 7))l /M(47TT)_;e_de =1} (3.26)

Corollary: 3.12. Let (M, g(t), A(t)) be a low-energy solution to RYM flow on [0,T).

Then there exists to < T such that for all to <t < T we have

dp

— >0 3.27
dt — ( )
Proof. The proof is identical to that of proposition 3.4, again exploiting the diffeo-

morphism invariance of the functional W. n

Definition: 3.13. A solution to RYM flow defined on [0,7") is said to be lo-

cally collapsing at T if there exists a sequence of times t, — T and a sequence

2
T —
; 2 and

of metric balls By, := By,)(pk, 7%) such that —: is bounded, |rm|CO(Bk) <

limy,_ oo 7, " vOI(By,) = 0.

Theorem: 3.14. Let (M, g(t), A(t)) be a low energy solution to RYM flow on [0,T),

T < oo. Then (M,g(t), A(t)) is not locally collapsing at T

Proof. Using the monotonicity of p the proof is essentially identical to the proof of
noncollapsing for finite time singularities of Ricci flow. We follow the proof in [22].
If the solution were locally collapsing, we can find functions f; localized around the
singularity so that W(g(tx), A(tx), fr,73) — —oo as k — oo. Thus u(g(ty),r3) —
—00. By the (eventual) monotonicity of y, it then follows that u(g(0), A(0), tx+r7) —
—o00 as k — oo. Since r? and t; are both bounded, this contradicts continuity of

1(g(0), A(0), 7) as a function of 7.
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So, given a low energy solution, by translating time assume without loss of gen-
erality by corollary 3.12 that x4 is monotonically increasing on [0,7"). Suppose By is
a sequence of locally collapsing balls as in definition 3.13. Let us change variables in

I
2

W and set & = e~ 2. This gives

W(g, A, f,7) = (drr)3 /

M

1
{47 V| + <7R+ il |F|” —2In® — n) CI)Z} av
(3.28)

Set

O (z) = e~ F ¢(disty,) (2, pi) /75) (3.29)

where ¢ : [0,00) — [0, 1] is a monotonically nonincreasing functions such that

Pps)=1 0<s<i
P(s)=0 s>1
¢'(s)] <10 5<s<1

The constant ¢, in (3.29) is determined by the condition in (3.26), so

et = / (47r7) ™2 ¢ (disty (e, (7, pr) /rx)dV < (47r7) "2 vol(By) (3.30)
M

Thus by the assumption of local collapsing, ¢, — —oo. By assumption we have the

bound

|Fl&og2) < (3.31)

=l Q

along a low energy solution. Let Ag(s) denote the area of the distance sphere

S(pk, ris) around pg. For a given function v let

Tuls) = r2Ag(s)"! / vds. (3.32)

S(pksris)
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It is clear by the assumed bound on curvature and (3.31) that both Ry (s) and \F_|2k(s)

are bounded. Thus we can compute the integral in (3.28) radially to conclude

Jy [40/(5)* + (Rils) + 3[FPu(s) + e — 2l (s) —n ) 62(s)] An(s)ds
Jiy #%(5)Ar(s)ds

W(g(tr), Ate), fo,77) =

140/ (5)2 — 210 ()82 (s)] Ax(s)ds

C

< +cr + fol ¢2(S)Ak(8)d3
vol(B(pg,7x)) — vol(B(pg, 7/2))

sCta+d vol( B(pr, 74/2))

< CH¢y

(3.33)

where the last line follows from the bound on curvature and the Bishop-Gromov

inequality. So we have shown that W(g(tx), A(tx), fe, 7“,%) < C + ¢, 50 that
w(g(ty), Alte), fr,m7) — —00

as required. O

3.4 Gradient Ricci-Yang-Mills Solitons

In this section we will prove two basic formulas satisfied by gradient Ricci-Yang-Mills
solitons, which as noted above are the stationary (up to diffeomorphism equivalence)

solutions to Ricci Yang-Mills flow.

Definition: 3.15. Given (M, g) a Riemannian manifold and £ — M a principal K-
bundle over M with connection A, we say that (g, A) is a gradient Ricci-Yang-Mills
soliton if there exists f € C*°(M) and A € R so that
1
rc—§n+V2f—i—>\g: 0 (3.34)
d'F = V'fF; (3.35)
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We call the solition expanding, stationary, or shrinking if A > 0,A = 0 or A < 0

respectively.

Lemma: 3.16. A gradient RYM-soliton satisfies

R—%|F|2+Af+n)\:0 (3.36)
(I*F,Vf) =0 (3.37)

Proof. The first equation is simply the trace of (3.34). To get the second equation
simply take the inner of product of (3.35) with V f. The second equation also follows

by taking the divergence of (3.35). ]

Proposition: 3.17. A gradient RYM-solition satisfies

\Y% (R - 2 |F)* 4+ |V f)* + 2)\f) =0 (3.38)

Proof. Taking the divergence of equation (3.34), applying the Bianchi identity and

commuting derivatives gives
1
0= Vj <1"Cij —5771']' + Vlvjf + )\gij)
1 L i 3.39
= §ViR 3 (divn); + ViAf — Ry Vi f (3.39)
1 1,
= §V2R — 5 (le 7])Z -+ VZAf + e ka
Now from (5.25) we have
1
divry; = Vi |F|? — (dF), °FF (3.40)

1

Also, taking the gradient of equation (3.36) we know
1
ViAf = -ViR+ SV, |F)? (3.41)
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Plugging (3.40) and (3.41) into (3.39) gives

1 3 1
0=—5ViR+ 2V |F|* + 5 (d'F), FF 4 rey Vif

Now, applying (3.34) we see that

1
reg, VVf = (577 —Vif - Ag) Vi
ik

1 1
— Emkka -5V IVf|? = AV, f

Also, using (3.35) we have

1 1
5 (@), °F} = 3 (V'f oF) °Ff

1
= — —nx V"
MV

Thus, plugging (3.43) and (3.44) into (3.42) we get

v ( tpi3ipr_ Yo
o—vz(2R+8|F| 19 Af)

and the result follows immediately.
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Chapter 4

Evolution of F

Here we will study the evolution of the bundle curvature F' in the case of a U(1) bun-
dle over M. If we ignore the effects of the curvature of g, it is natural to expect that
if M has dimension 4 then F' should get closer to being self-dual, that is we expect
to be able to bound ‘%) (see lemma A.4) and moreover to show that under certain
conditions it decays. Note that this is a stronger statement than one expects from
Yang-Mills flow alone, where any Yang-Mills (not necessarily self-dual) connection is
critical for Yang-Mills flow. We bear this expectation out, and indeed it is the term

1 appearing in the evolution of g which provides the required decay.

4.1 Evolution Equations

Fix £ a U(1) bundle over M. Then the curvature form F' is just a two-form on M,
and so we can use the usual Bochner formula and compute the evolution of quantities

related to F' under Ricci Yang-Mills flow. We will actually study the following more
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general system of equations
Gjk = —271Cjk +Mjk
(4.1)
F = A4F
which is induced by Ricci Yang-Mills flow in this case. In the propositions that follow
we compute the evolution of curvature quantities related to F' along a solution to

(4.1). Note that throughout this section V will always refer to the Levi-Civita

connection of g.

Proposition: 4.1. A solution to (4.1) satisfies

d
P Angj — QVsziVZFJk — M FyFy

(4.2)
+ " ik F™ A+ G 1 F™ Figy — ¢ Ny — rC3" N
Proof. Using the Bochner formula of proposition A.2 and (4.1) we calculate
i = — " Fy F
at'" T g T
= M EFy + g" (AaFi) Fii 4 ¢ Fi(AgFy)
ikd'j1 T G di'ik) L1+ G i\ Lgl ji
= (2r¢ =) g™ g F Fj + ¢" (AaFux) Fji + g™ Fp(AaFy)
= (2rc _77)“ FiFj
+ gkl(Asz + Tikmnan - gmn I'Cim Fnk - gmn I'Clm Fm)F]
+ gklEk (AEyl + 7ﬁjlmnF‘mn - gmn ICjm Fnl - gmn I'Cim F}n)
= Ay — 2V F V' FF — ) Fy Fy
+ gklrikmnan-Fjl + gklrjlmnan-Fik - I"C;m Nmj — IC;‘TL Nmi
m

41



Corollary: 4.2. A solution to (4.1) satisfies

SR = A|FP —2[VFF + 2mm(F, F) ~ 2 o (4.3)

Proof. Using the above proposition we compute

d o d .
— | F|" = —gY »

= (2rc—n)" mij + g7 (Ani — 2(VF - VF)i; — " Fip Fy)
+ gij (Q.lerikmnanF}l -2 rC;‘n nmj)

= A|F|? = 2|VF)? +2rm(F, F) — 2 |n|?

Proposition: 4.3. A solution to (4.1) satisfies

dO (o] o *2 Okl 2
7 =An—2(VF-VF)°+rmx*F* —n Eijl—l—ﬁ

o

2 2 .
ng—EIFIQH (4.4)

Proof. Using the above propositions we compute

do d 1
“n=—(n-=F
el dt(n - \g)

= An—2VEF - VF +rm*F*? — " F Fy
) (4.5)
1
—— (AIF]P = 2|VF[ = 20n*) g = ~|FP'n

o 2 1
— A= (VF-VF) 4 sy = FLFG + = o g = = [Py
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But now the we can simplify the F'* curvature term as

2 1
—MFFy + = n>g—~|F[°n
n n
1 Kl
= — 7]+—‘F|29 Fy Fy
n
A
+_
n

okl 1 2 102 1 1 o
= - Fiijl__|F|277ij+_‘77‘ 9+—2|F|49——|F|277
n n n n

o

n

2 1 1 o 1
i1 |F|4> g—Lipp (n+ 1 |F|2g)
n n n

okl 2
= —n FyFjy+—
n

)

> 9
nl g—=|F’n
n

Plugging this into (4.5) gives

d o o okl 2
E”Z An_Q(VF.VF)O+rm*F*2—77 Fiijl-f—ﬁ

o2

2 e
nl g——|F[n
n

Corollary: 4.4. A solution to (4.1) satisfies

d 02 02 02 (0]
=[] = ali —2’vn —2<(VF-VF)°,7]>
o 02 Okl (e} 6 2 02
+ rm *F*4
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Proof. Using the above proposition we compute
d |o0]? d

i o o do o
= —247g"nn, + 2 <%n, 77>

= —2<77,7%2>+2<A77—(VF VF)°, >+rm*F*4

2 o O
+_|F|277:7]>
n

_9 )V%f 9 <(VF : VF)°,%> 4 rm #F

02 Okl 20 O
—2<77,n>—2 n FyF; IFI

ol2

o

okl 2
—2(n FypFuy——1n
n

ol2

9 )V%f 2 <(VF : VF)°,7°7> +rm +F

o 02

The next proposition applies in the case of a general IC-bundle.

Proposition: 4.5. Suppose (g(t), A(t)) is a solution to Ricci Yang-Mills flow on

E — M a principal K-bundle. Then
d
- P = AIFP = 2|AVF|" 4 rm«F*? + F* — 2|p|? (4.7)

Moreover, a solution to volume-normalized Ricci Yang-Mills flow satisfies

o

d 2
E|F|2:A|F|2—2|AVF|2+rm*F*2+F*3—2 7 (4.8)

Proof. The proof is identical to that of proposition 4.2, except that one must use the
Bochner formula for the Laplacian D 4, which is given in proposition A.3. Thus the
answer is the same except for the introduction of the term F*3. l
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4.2 Pinching Behaviour

In this section we use the maximum principle to conclude statements about the
pinching behaviour of F' and its related quantities. Restricting to n = 4 will be

important for these calculations. Let’s begin by remarking on the pointwise pinching

012
of F, i.e. ’77‘ . We form the scale invariant quantity

and compute its evolution. Note that
2

[¢]

1

2 4
— __|F

Ui Ul 4”

1 o
—|p—Z2|F
‘77 4\\9

Also, since 7 is positive definite we have the inequality |n|* < |F|*. However, because
1 only has two distinct eigenvalues, in fact |n|* < 1IF | (see lemma A.5). Thus ¢ < 1
with equality if and only if F'is not symplectic. Indeed, assuming that 7 is strictly
positive definite to begin with, i.e. assuming F' is pointwise symplectic initially we
have
1
q< - —¢o (4.10)
4
everywhere. This ¢y represents the initial pinching of 1. The hypothesis described

below and the proposition that both follow are discussed after the proof.

Definition: 4.6. A solution to Ricci Yang-Mills flow satisfies the e-low order esti-

mate on [0,7") if the following inequalities hold on [0,T):

|VF|g < €[FM]
(4.11)
[rm|, < e[F"]
where [F"?] = | [ F A F|. Either of these terms is referred to as a term of low order.
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Proposition: 4.7. Suppose (g(t), A(t)) is a solution to Ricci Yang-Mills flow on a
U(1)-bundle over a four-manifold which exists on [0,T). Suppose that on this time

mterval the e-low-order estimate holds and moreover

min_|F|* > C][\F\Q (4.12)

Mx[0,T)

There exists universal C' > 0 (not depending on any of the constants/objects above)

o2
so that 7]‘ /|F[* is bounded above by the solution to the ODE

2

Lo = ( " Z) [F"2) — ([F") (1~ 4¢)

) (4.13)

1
$(0) = sup -—7
(M.g0.40) | F|*

where [F"?] = |[ F A F|.

Proof. Before we begin we will examine some of the quantities in the evolution of

012
’7]‘ specialized to dimension 4. After a change of basis we may assume at a fixed

point x that g(z) = I and
y (MR 0 s L((F-2)L 0
0 AL)° 2 0 (2= AL,

where A\ < \y. Then:
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Also,
-2 <%leiijla 7%> = 2tr(Fn)?
= - (XX (- N)°

1 2
— S IFP
2

7

o2
NowletL:%—A. Using lemma A.10 with f = ‘77 g=|F?,a=1and =2

we see that:
012
1 012 n 9
0 = i) =2 0P
12
—Gn—S\V|F|2\2+4L6 vl viep
| F| | F|
1 02 ° (e} O2
:W(—Q‘Vn —2<(VF-VF),?7>—Frm>|<F*4—2|F|2 n )

2

o

n
-2 —= (- IVF|? + rm «F*? — 2|n|?)

|F|°
2
,V\F!2>

The highest order (in F') terms are easy to collect, and they are:

4 0|2
—2|F|* +4|n —|F]| +4)n’
q =q

o

1
— 6 [V |FP[’ i <v 7

1k P
= —|F[*q (1 —4q)
Finally by (4.12) and lemma A.6 we have
—|F|*q(1—4q) < —¢[F"*]q (1 — 4q) (4.14)
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Using the e-low-order estimate and (4.12) also gives the bounds

VF|? €
C||F|2| SCZ[F“} (4.15)
o2
n
Wrm *F*2 < Ce[F™) (4.16)

Thus we may apply the maximum principle (lemma A.1) to conclude that ¢ is

bounded above by the solution to the ODE

a _

a ¢ (”i) [F"2] — C[F")¢ (1 — 40)

¢

O

Let us make a few remarks on this result. Since F' arises as the curvature of a U(1)-
bundle we can actually examine the family of equations parametrized by the twisting
power of this bundle, which we call p. We refer to the curvature of this bundle as F),
and in fact F, = pF. Above when we spoke of “ignoring the effects of the curvature
of g” what we meant was to think of picking a very large value for p so that the
bundle curvature is much larger in norm than the curvature of g. We note that if
p is chosen very large, then we may take ¢ = % in the definition of e-low-order, so

that the —([F"?]¢ (1 — 4¢) term will dominate the behaviour of the ODE component

012
of the evolution of ‘n’ /|F |4. In particular we will have exponential decay of this

quantity. We note also that the form of the term ¢(1 — 4¢) is to be expected, since

the condition ¢ = i is equivalent to F' not having full rank. Thus if for instance F'
had a nontrivial kernel everywhere, we would not expect the rank of F' to suddenly
jump.
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Chapter 5

General Curvature Evolution Equations

In this section we will show formulas for the evolution of curvature for a solution to
Ricci Yang-Mills flow. In the first section below we will compute variation formulae
for symmetric tensors. Then in the second section we will compute evolution equa-
tions for solutions to Ricci Yang-Mills flow. In the second section we compute evolu-
tion equations for an interesting partially normalized version of RYM flow. Finally
in the last section we compute evolution equations for the full volume-normalized

RYM flow.

5.1 Variation Formulae

In this section we will compute variation formulae for tensors in a moving frame. The
results are the same as the usual formulae for the evolution of curvature quantities

in coordinates.
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Lemma: 5.1. If G =W then

g=w"
A=w¢ (5.1)
F=adw®
Proof. This is immediate, as in lemma 2.8. O
Lemma: 5.2. If G =W, then
1, = %G& (VaWse + VWae — VWop) (5.2)

Proof. We start with the computation

0 01
&Fiﬁ - &iG(SE (ech,Be + e,@Gae - 66Gaﬂ - Ooeeﬁ - Cﬁae + Ce,@a)

1 .
= - §G5VGV;1GME (eaG,Be + eﬁGae - eeGaﬁ - Cozeﬁ - CﬂOcE + Ceﬁa)
1 de
-+ §G (GQWBE + 65Wa€ — eeWag)
(5.3)
1 se (( . .
- §G (Cozeﬁ + Cﬁae - Ceﬂa)
1
= —G"W, Ih, + 5056 (eaWse + €sWae — €Wap)

«

_ %G‘* (Caeg + Cpac — Ceﬁa)
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Now we compute
1
§G§E (eaWﬁe + 6,8Wae - eeWaﬁ)
1 €
= §G6 (Vawﬁs + FZﬁWue + FZEW/@M + VBWO“ + Fgawl‘e T FZGW&M
= VWag = T8 Ws — T Way) 54)
1
— §G6€ (VQW,BE + VﬁWae - VEWOKﬁ)

1
+ §G66 ((ngﬁ + FHa) WM€ + (Fge - Fga) WMB + (Fge - Ffjﬁ) WMOC)

Also, since our frame is independent of the variation, we clearly have that C’fw =0.

Thus

1 e s : 1 € d v v v
-5G" (anﬂ + Chac — Ceﬁa) = = 50" 5 (CeGup + C5Gre — CisGha) s
5.9

1 o€ v v v
= — 3G (CLWog + CgWie = C5Woa)
Plugging 5.4 and 5.5 into 5.3 and using that I'f ; — ', = Cf; the result follows. [J

Proposition: 5.3. ]fG =W, then

0 1
2 Rews = L (Bl — G0, Wi~ O, W + VT W) 60
where
(ALW)ag = AWag + 2R(W)a5 — (RC ‘W)ag - (W . RC)ag (57)

is the Lichneorwicz Laplacian.

Proof. We begin with the equation

Reap = Rﬁaﬁ =e s — eafﬁﬂ +Thslh, — L slh, — Ch s
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Taking the variation of this equation gives

o . .
% RCaﬁ = €MF55 — eafzﬁ
(5.8)

. o . L Ve
+ Faﬁrﬁv + Faﬁrﬁv o Fuﬂrgv B Fuﬂrgv B Cuaruﬁ

Now we compute

_— . v Lo -
eﬂraﬁ - vﬂraﬁ + Fuaryﬂ + Fuﬁrgu - FZVFQB

—ealMy = — VI, — % T, — T 00 4+ T T

ap~ v@ afB™ u av™ ufB

= = Valls = T0sl0,

(e}

Plugging this into (5.8) gives

0 . . .
52 Reas = Vil = Vol + 175 (T, — T4, — Cl) o)

= V,I", — VI,

where the last line follows because ', — I't , — C¥, = 0. We now plug 5.2 into 5.9.

This gives
0 1 e
% RCag = éG v# (VQWQE + VﬁWae - VEWaﬁ)
(5.10)
1
— éG’“Va (VuWse +VW,e =V IW,5)
First we note that
1
—§G’“Va (V.Wge =V W,3) =0 (5.11)

We commute the derivatives to compute

1 1 1
QGHEVHVQWBE - §G#€ (Vavuweﬁ) + EGHEGW) (Ruaﬁvae + RuaePWﬁV) (5'12)

and similarly

1 1 1
3O ViV Woe = 3G (V59 Wea) + 507G (BypogWoc + By W) (513
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Note that in the two formulas above the second derivatives represent total second
covariant derivatives, so that their commutators alone give curvature. Plugging 5.11

- 5.13 into 5.10 gives

0 1
s Reas = — 3 (AW, — GHN VW — GFV gV W + Vo Vatr V)
s
(5.14)
1
+ §GM€GVP (R/mﬁpwve + RuaEpWﬁV + Ruﬂapwve + RuﬁepWau)
The Laplacian term and the curvature terms clearly combine to give
1 1
—§ALWag = —5 (AWag + QR(W)ag - (RC 'W)ag — (W . RC)ag) (515)
And the result follows. O

Proposition: 5.4. If G = W and Y (t) is a family of symmetric two-tensors such

that Y = Z, then

% (V1 +Y9) = (24 2°) + 7 (W9, ¥9),) (5.16)

Proof. First of all, we write Y7 +Y¢ =Y — YV, Then in our frame this reads

(YH+Y9) = Yag— (GV)2 V0 (GY)]) (5.17)

We would like to take the variation of this equation. First of all we take the variation

d

Vﬁ_i 1% Y6,

«

= (W) (), GG (5.18)

= (W)a = (@)W

I

23



Thus we see

SO EY) = 2y = GV 2 (GV))

(W)= (@) W) Y (V)
()Y (V)= (@)W
— (ZH+ZC) (Wc)a » (GV) (GV)ZYW (Wc);

= (2" + 29 4+ ((Wf,YﬂC>g>

[
Proposition: 5.5. If G = W then
9 * 117C\? H\Jk A 9
s (d F) = (d aw )Z — (W ) V;Fy;
1
_ 2g]k g ( Ave Wkn gka]?;I — 9y M/]I]g) FO (5.19)

- ;gﬂ“ (W = v Wi L

Proof. Let 7 denote the Christoffel symbol of g. Using normal coordinates for g we

may assume that 7 vanishes at a chosen point. Using lemma 5.1 and proposition A.8
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we compute that

9 9,
2y = 2 (g 4,
0 jk m 10 m 10
= S< (6Fk1_ ‘kai_Tjika))

= - gjpgpngk Aijlcei + gjk <8jFlfi - ';}:FG — T ka>
(5.20)
(WY AV + g (W,
1
_ 29]k mn ( Ava Wlm gka]Z ) v/ WH) F@

1 ik mn 6
— 5t (VW oW = VW) F,

It is clear that g/%g™" 9V, W, ¢ Frm = 0. Plugging this into (5.20) gives the result. [

5.2 Curvature Evolution Equations

5.2.1 Bianchi-type Identities

In this subsection we will compute certain curvature identities which are related to
the usual Bianchi identities for the Riemannian curvature tensor. Just to simplify

notation, given a metric G of the form (2.2) let

N :=Rc” +Rc” (5.21)

Lemma: 5.6. Let G be a bundle metric. Then

1 1
(5.22)

(divN),=0
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Proof. We note

using lemma 2.3 that for a bundle metric we have Ref = rc —%77 and

Rct = %d*F . Using this and lemma 2.2 we compute

Now, using the

g we see

(g div 77)1‘

(div N); = G*? (0aNgi — T%4Nyi — T, Ng,)

1 1
5 eF’inNOn - _gab HFaiNbe (523)

— (9div NH). —
(9div N7); 5

1

usual contracted differential Bianchi identity for the Ricci tensor of

(9div N*T); = (9 div (rc —%n) )

(5.24)
= %Vﬂ“ — % (7 div n),
Finally we compute, using that dF' = 0,
= IV (g™ 6Fki " Fim)
= g (VEL) oFim — CF(d )
= —g"g"™" (VF) + AVWF) oFm — "FY(dF),, (5.25)

where the last

1
— 5V¢|F|2—gm"(AVkan) oFu — "FF (d°F),,
= lv Fi? = Ok (q*F

=1 i\ F|" = "E(dF),,

line follows by rearranging the fourth and second lines. Plugging

(5.25) into (5.24) and then plugging the result into (5.23) gives the first claim. As

26



for the second, we compute
(divN), = G’ (3aNﬁ0 —LopNoo — FZGN,BV)

_ % (d*(d"F)) — %tr (oF - N

=0

(5.26)

since (d*d*F') = 0 and the trace of the product of a symmetric and a skew-symmetric

matrix is zero.

Lemma: 5.7. Let G be a bundle metric. Then

11
Vao(divN)s = VoVp (§r -3 |F|2>

Proof. We compute using (5.22)
V. (div N)j = (ai div N; — F% div Na)
1 1
= Vz (§Vj7’ — gv] |F|2)

1 1
—Vier — g

=3 V.V | F?

Next we compute
V;(divN), = (0;div Ny — I'fy div N,,)

1

1 1 1
— — 2 Fk[Z — IV, |F?
291(2%67’ Svk‘ ’)

and similarly

Vo (div N), = (9 div N; — g, div N,)

1 :
= — = oFF (div Ny)

59
1, (1 1 )
= —59}7} (§Vk7"—§vk|F’)

]

(5.27)

(5.28)

(5.29)

(5.30)



Finally we have

Vo (div N), = (9 div N, — Tg, div N,)
(5.31)
=0

Comparing these results with lemma 3.3 gives the result. [

5.2.2 Curvature Evolution for RYM Flow

Before stating these evolution equations let us introduce an important piece of nota-
tion. If A and B are two tensors on a Riemannian manifold, we denote by A B any
quantity obtained from A® B by one or more of the following operations: summation
over pairs of matching upper and lower indices, contraction on upper indices with
respect to the metric, contraction on lower indices with respect to the metric inverse,
and multiplication by constants depending only on the dimension of the total space

and the ranks of A and B.

Proposition: 5.8. A solution to Ricci Yang-Mills flow satisfies

d
pr Rm = ARm +F * VRm + Rm*? (5.32)

Proof. Recall ([7] lemma 7.4) that in the case of the usual Ricci flow we have

%Rm: A Rm + Rm*?

Now, in our case we have G = —2N = —2Rc+2Rc". Thus to compute the evolution
for the curvature tensor we can start with the evolution given by usual Ricci flow

and compute the evolution of curvature given by G = 2Rc" = %77'* ((F L F) g). We

know that in general the evolution of curvature is given by second derivatives of the
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evolution of G. Thus we see that for G' = i ((F, F>g> we have

d
- Rm = V2 (F*F)
(5.33)

= (V2F) x F + (VF)*”

Now using lemma 2.3 it is clear that we formally have VF = Rm, thus this term

may be written F * V Rm + Rm*? and the result follows. ]
Proposition: 5.9. A solution to Ricci Yang-Mills flow satisfies

d L ‘
Ev’f Rm = AV*Rm +F * V"' Rm + ) v/ Rm *V*~ Rm (5.34)
j=0

Proof. First consider the case k = 1. Using lemma 5.2 and proposition 5.8 we see

d d
EVRm == (ORm+T * Rm)
=0 (ARm—l—F * VRm—i—Rm“)
(5.35)
4+ VRm*Rm+F % (ARm+F * VRm+Rm*2)
= VARmM+F * V2Rm +V Rm * Rm +F * Rm*?
Using the formula
VAA=AVA+Rm*VA+VRmx*A (5.36)
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gives the result for £ = 1. As for the general case we compute as above

Lgripy = 4

pn dt(3+F)*---*(8+F)*Rm

= (VRm)*« (0+T)*...(0+T)*Rm
+(@+T1)*«(VRm)* (0+T)*---%(0+1I)*Rm

+...+(@+F)*---*(8—{—F)*(VRm)*Rm

Lot ( % Rm) (5.37)

= VRm*V* 'Rm+V?Rm*V*2Rm +--- + V¥ Rm * Rm

+ V¥ (ARm+F * VRm+ Rm*?)

k
= VFARm +V* (F « VRm) + YV Rm+V*~/ Rm

=0
Iterating (5.36) it is easy to see that

k
VFARm = AV*Rm+ ) V/Rm V"~ Rm (5.38)

=0
Also, we have using lemma 2.3 that VF = Rm formally, thus

k
VA (F % VRm) = Z (V/F % V¥~ Rm)
=0

J

k
= Fx« V"' Rm+ ) (V/F %V Rm) (5.39)

Jj=1

k
= Fx« V"' Rm+ ) (V/Rm V"~ Rm)

j=0

Plugging (5.39) and (5.38) into (5.37) gives the result. O
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Proposition: 5.10. A solution to Ricci Yang-Mills flow satisfies

: 1
Reas = ArNas = ;Va Vi Fak (5.40)

Proof. Plugging W = —2N into (5.6) gives

d
= Reas = ApNog = G*VaV,No = G*VV, N + VoV tr N (5.41)

Now using lemma 5.7 we compute
—G"VoV N — G"VV Ny + Vo Vgtr N
= — V4 (divN); = Vg (divN), + V. Vgtr N
1 1 (5.42)
= — Van (T’ — Z |F|2) ‘I’VQVB <T — 5 |F|2)

1
= — Zvavﬁ Fas

5.2.3 Curvature Evolution for a Renormalized Equation

In this section we will consider a particular renormalization of Ricci Yang-Mills flow.
The term —3V,Vj |F|> in (5.40) suggests that we add a multiple of |F|”G" to
the evolution of G directly to cancel this term and give a more natural heat-type
equation. Since this term is lower order in the metric, it is clear that this poses no
short-time existence problems, as opposed to trying to add the scalar curvature to

the usual Ricci flow. So, consider the equation

G=-258:=-2 (RCH +Re? + |F|? GH) (5.43)

4(n — 2)

The factor of m is chosen with perfect hindsight.
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Proposition: 5.11. A solution to equation (5.43) satisfies

d
— RCag = ALSag (544)
dt

Proof. Using proposition 5.6 with W = —2(n1_2) |F|2 G and proposition 5.10 shows

that a solution to (5.43) satisfies

. 1 2 1 2
R‘Caﬁ = ALNag — ZVQVQ |F| + mAL (|F| GH)
- —G"V,, PG ——G*VV, (|FI°G
n 2
. V.V4|F
= ALSaﬁ
where in the last line we have used that divGH = 0 l

Next we would like to compute the evolution of S itself. To do this we will of course

need to first compute the evolution of |F|*. So, we have

Proposition: 5.12. A solution to equation (5.43) satisfies
% |F|* =4(S",n) +8( VS, F) (5.46)
Proof. First of all given the equation A = —25€ and Fi=Al — A% + (AN A)fj we
clearly see that Fg =-2 ( AV (Sc)f - AV, (Sc)j>. Thus we compute
- & it
— —2g"™ g, gM gt O Fy oFy _4< Avj (SC)f _ Ay, (SC)S>E§>

=4(S" n) +8( VS, F)
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Proposition: 5.13. A solution to equation (5.43) satisfies

d " c 1 2 oH
—S = (A.S ApLS)” ——|F|°S
i (ALS)” + (ALS) 2(n—2)| |
1 " 2 AocC H 5.47
+ nT<S ,?7>+T2< VS,F> G ( )
* C qC
- ((59,59,)
Proof. Let A =Rc +im) |F | GH . We combine propositions 5.11 and 5.12 to com-
pute
d 1 9
—A=AS———|F]"S"
dt L 2(n —2) 11
(5.48)
1 2
+<n_2<SH n+— <AVSC F>>GH
Using that S = A" + A® we can apply proposition 5.4 to get the result. n
Proposition: 5.14. A solution to equation (5.43) satisfies
ir:m+2<sm>+2\5¢‘\2+ ion AIF[P+2{ *VS° F) (5.49)
dt ’ 4(n —2) ’ '
Proof. We use the equation r = tr Re+3 |F * and compute
d d
— G’ Re, F
at’ — dt ( ¢ 5+ £l >
= — GG, G"’ Reag +G*PALSas + (ST, 1)
(5.50)

+2( VS F)
= (S,2Rc+n) + G*’ALSus +2( VSO, F)

= 2(S7 r¢) + 2| + GUPALS,s +2( AVSY, F)
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Now we simplify

GPAS,5 = Atr S

-2+ (g 2) ¥r) 551

= Ar + A|F)?

4—n
4(n —2)
Also, it is a general fact that tr R(S), the trace of the curvature term appearing in

the Lichnerowicz Laplacian, vanishes (see proposition A.8). Thus

d 4 —
—r:AT+2(S,rC>+2|SC|2+4

n 2 A oC
—— _AI|F[’+2 F 52
= e |F|"+2( VS F) (5.52)

Proposition: 5.15. A solution to (5.43) satisfies

d « « jk ik _Im
S F = Dd F 2 (S")" AV F 27 o SITF,

(5.53)
+ (F°- JF-d'F"),
Proof. We apply proposition 5.5 with W = —2S5. This gives
%d*Ff — —d*dd"F? +2 (5")" AV, F,
+ g g™ (IVSE A+ IVRSIE — 9VLST) Fa (5.54)

+ g™ (VS - VLS FY

First of all, since d*d*F = 0 we have that —d*dd*F; = A4d*F;. Next we simplify
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using the Bianchi identity and the proof of lemma 5.6

grgm (VS 4+ VLS — IVLSH) oF,
=gm" (— (9 divn), + ivn |F|2) F
= g™ (,F(d"F)}) Fy,
= (F. ,F- d'F*)

Finally using the skew-symmetry of ' we simplify

gt (0 SE — 99,8 FY, = 207" 0V, ST,

5.2.4 Curvature Evolution for Volume Renormalized RYM-flow

In this subsection we will consider volume renormalized RYM flow. Noting that

—1 (Fr+Fay 1P 6

trS—H— |F\

and then we can write volume renormalized RYM flow as

%G_ —2V = —2 (S—— <][7“+][ |F| > ) (5.55)

In computing the evolution equations of various tensors we will compute the effect

of the renormalization term and use the results of the previous section.

Proposition: 5.16. A solution to volume renormalized RYM flow satisfies

d

% Rcag = ALVQQ (556)

4(n

Proof. Use (5.6) with W = (fr +f = > G*" (and the fact that the divergence

of G vanishes) and proposition 5.11 to see that under volume renormalized RYM
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flow we have

d B 1 4—n i
%R%ﬁ_ ALSaﬁ—AL (E (][T+][—4<n_2)) G )

=ALV
m
Proposition: 5.17. A solution to volume renormalized RYM flow satisfies
d
- P> =4(V" n) +8( *VVC F) (5.57)

Proof. 1t is not hard to see that given %G = c¢G*" one has %F = 0, and hence

4 |F|” = —2¢|F|°. Thus using proposition 5.12 and the fact that S¢ = V< we have

hrt st e vty = fre frmp)ier

=4(V" n)+8(VVC, F)

O
Proposition: 5.18. A solution to volume renormalized RYM flow satisfies
%r_ Ar +2(V,rc +2‘V0\2+ﬁA|F|Q+2< AVVE,F) (5.59)
Proof. Tt is clear that for G = ¢G¥ we have © = —cr. Thus using proposition 5.14
we compute
%r = Ar+2(S,rc) +2|S°|" + ﬁA |F|> +2( *VS° F)
(e fi)
= Ar+2(V,re) + 2|VE|* + 4(4n n2)A IFI> +2( AVVY F)
O
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Before the next proposition we recall that for a function f € C*°(M) we define

][f - </ de) Jvol M (5.60)

Proposition: 5.19. A solution to volume renormalized RYM flow with n = 4 sat-

isfies

%][7’ = ][2 (V,rc) — ror (5.61)

Proof. Recall that the volume stays fixed under volume renormalized RYM flow.
Without loss of generality assume vol(M;) = 1 for all ¢. Using proposition 5.18 and

plugging in n = 4 we see that

< rz%(/rdV)/(volM)
“4(/)
-/ (%) v~ [ rorav
= [0+ 2|V 209V F) v
= [2vix) —ror

where the last line follows because the term 2 ‘Vc|2 + 2< IVVC F > vanishes upon

integrating by parts. The result follows. m

Corollary: 5.20. A solution to volume renormalized RYM flow with n = 4 satisfies

4 (6r)? = A (0r)* = 2|Vr]> +4(V,rc)or + 4 }VC’25T +4( WV F)ér

it
4 <][(V,rc)> 5r 42 (][7"(57“) 5r
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Proof. This is immediate using propositions 5.18 and 5.19. O]

Proposition: 5.21. A solution to volume renormalized RYM flow satisfies
d c 1

el — A H A - F 2 H
dtS (ALV)" + (ALV) 2(n—2)| "V
Ny (VH n) + L< Avve Ry ) Gt (5.63)
n—2 ’ n—2 ’
* C C
= (v, v9),)
Proof. Let Z = Rc Ty ]F ] GH . Combine propositions 5.16 and 5.17 to compute
d 1
—Zog = A Vog— — |F|°VH
a7 T TRl Q(n—z)’ ’
(5.64)
2
+ <— (vH, >+ < VA% F>> GH
Now using that S = ZH + Z¢ we apply proposition 5.4 to get the result. O
Proposition: 5.22. A solution to volume renormalized RYM flow satisfies
d
A = Agd F? 42 (VYT AV ED 4 297 g 90 VEED
di (5.65)

+ (oF - PF-d*,F),

Proof. Applying proposition 5.5 with W = ¢G¥ shows that under this variation one

has %d*Fﬁ = —cd*F?. Thus combining this with proposition 5.15 we have

d . i m
Zd ! = Agd F) - 2(S")" AV, Ff 4 279" 0V, 8] F,,

+ (F°- ,F-d'F"),

e fay) e

= Ayd*F) +2 (VH)jk AV FL + 297%™ 9V, ViIE FY
Jr(FG' pF'd*Fp)i
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Proposition: 5.23. A solution to volume normalized RYM flow satisfies

CVE = AVE —2VV + Rmey (5.66)
%yvzvf_ A|VAV| = 2|V*V[* + Rm <212 (5.68)
+ VRm +VV x V2V 4+ V2 Rm #V * V2V (5.69)

Proof. Using propositions 5.17, 5.18, 5.21 and the basic integration by parts
/ (AVVE F) = —/ (VC,d*F) =V xRm
M M

we see

d
2V = AV + RmxV/ (5.70)

from which the first claim follows immediately. We can also use this to compute

d d

i %(0V+F*V)

= 8%V+VRH1*V

=V (AV + Rm V) + VRm «V

= AVV + VRm*V + Rm«VV

from which the second result follows immediately. The third is entirely similar. [
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Chapter 6

Analytic Properties of Ricci Yang Mills
Flow

In this chapter we will discuss many analytic properties of Ricci Yang-Mills flow.
Based on the calculations of the previous chapter and our intuition from the study of
Ricci flow, we expect that the Ricci Yang-Mills flow should behave like a nonlinear
parabolic equation. In the first section we will bear this out and show that for any
initial condition the flow always exists for a short time. Next we prove a lower
bound for the existence time based on an initial curvature bound. Also we will find
the obstruction to long-time existence of a solution to Ricci Yang-Mills flow.

In the second section we prove certain decay estimates for the derivatives of the
curvature along a solution to Ricci Yang-Mills flow. These are natural heat kernel
estimates, and the corresponding estimates for the Ricci flow are called Bernstein-
Bando-Shi estimates. Our proof of these will closely follow the corresponding proof
for Ricci flow found in [7]. The estimates will play a crucial role in the proof of our

main convergence theorem. Also using these estimates we will prove a compactness
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theorem for solutions to Ricci Yang-Mills flow.

6.1 Existence Properties

Proposition: 6.1. Given Gy a smooth bundle metric, there exists € > 0 so that a

unique solution to Ricci Yang-Mills flow exists on [0, €) with initial condition Gy.

Proof. To prove this theorem we will use the interpretation of Ricci Yang-Mills flow
as a coupled system of equations, i.e. the viewpoint of lemma 2.8. In particular we

must solve the equations

d
7%= 21c;; +;j

d
A= —dyF

dt (6.1)

for arbitrary initial gg, Ag. Recall that short-time existence for both Ricci flow and
Yang-Mills flow is proved by using a gauge-fixing procedure. Here we will combine

both of these gauge-fixing procedures.

First we must compute the linearization of the operator —2rc+n. As far as
parabolicity is concerned, we only need to consider the rc term as it will contain the
highest derivatives of the variation of g. In particular, we recall the following formula

from [7] pg. 79
=2[D(rc)(W)]jr = Ay + g7 (V;Vohpg = Vi Vohpr = ViV ohy;) + R(h)

where now we have grouped all of the lower order terms together into R(h). Fix V

a torsion-free connection on M. For instance we could take V = 9V(0). Now define
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the vector field

k ko Tk
W= g™ (qu - qu)

and consider the differential operator

P(g) == Lwyg

The calculation in ([7] pg. 80) shows that

o[D(=21c+P)J(¢)(h) = ¢*h (6.2)

Now let us set up the gauge-fixing procedure for the Yang-Mills flow. We note that
above we found that by adding a certain Lie derivative of the metric to the Ricci flow
equation (which can be accounted for by a diffeomorphism flow), it was equivalent to
a parabolic equation. We will follow the exact same procedure in showing that the
Yang-Mills flow is equivalent to a parabolic system, now using gauge transformations
of the principal bundle. In particular, paramaterize a family of connections A(t) as

A(t) = A() + a4 (63)

where a; € Q!(g). Consider the function
B = dhya, € Q(g) (6.4)
Then there is the computation
—(d3Fa+dp) = — (ddaA + dadya)

(6.5)
= — AAa

which is a strictly elliptic operator acting on the one-form a. Motivated by this
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discussion we define the following gauge-fized flow

d
g% = — 2rei g+ Lwyg
d A y
9(0) = go
where W and [ satisfy
k k Tk
W = g™ (qu - qu)
(6.7)

B = dy (A(t) — Ao)
and ¢; : M — M is the unique one-parameter family of diffeomorphisms satisfying

)
0= —W()
ot (6.8)

¢o = ldum
What is immediately clear from equations (6.2) and (6.5) is that (6.6) is a strictly
parabolic system of equations, and as such has unique short-time existence of solu-
tions on compact manifolds. Thus there exists € > 0 so that the solution (g(t), A(t))
to (6.6) exists on [0,¢€). Let g(t) = ¢;g(t). Analagous to the diffeomorphism gauge

¢, let u; : E — FE to be the unique one-parameter family of gauge transformations

Uy = IdE

so that A(t) = u(A(t)) satisfies

This is the Coloumb gauge condition for the time-varying connection B(t), and its

existence is proved in [8]. Indeed it is equivalent to solving an ODE over M.
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We claim that the pair (g, A) is a solution to RYM flow. First we will show that
g satisfies the right equation. Since the crux of this calculation is the removal of
the Lie derivative term in the gauge-fixed flow, we briefly introduce the shorthand

H = —2rc+n. We may now calculate

93(t) = 2 (di(1)

= 61 (90)) + 5elimo (01,,9(0)

= ¢7 (H(g(t)) + Lwng(t)) (6.10)

a *
+ 55ls=0 (61" 0 bers)” d7g(t)]

= H (6i9(0)) + 0 (Lwwg(®) — Liggery wiop 6190
= H(g(t))

Note that since n is a well-defined tensor on the base manifold M, this formula
holds independent of any gauge-transformation we may apply to the time-varying
connection A. Next we calculate

0— 0

SA() = A

= — (dTAFA + dz (uﬂu‘l —f- %U_l))

Using the Coloumb gauge condition, taking d*; of the equation above yields 0, and

(6.11)

since d5d*Fy = 0, this means that we have d%dz (uBu= + 24u~') = 0, which

implies that d4 (uﬂu‘l + %u‘l) = 0 since M is compact. Thus we see that indeed

A(t) satisfies the required equation, and so we have shown short-time existence of
solutions to RYM flow.
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Now we must show uniqueness. To do this we will use the important fact that the
diffeomorphisms ¢, satisfy the harmonic map heat flow with respect to the pulled-
back metric ¢*g(t) ([7] pg. 89), i.e.

d
%@ = Ag) 5%t
(6.12)

¢o = Idnm
Note then that if we push-forward a solution to Ricci Yang-Mills flow by this family
of diffeomorphisms, then the metric satisfies its part of the gauge-fixed flow.
Next we point out that the gauge transformation of the bundle obeys a parabolic
equation as well. In particular, given a solution A(t) of Yang-Mills flow, let u(t) be

the unique solution to the parabolic equation

d
%u = AA(t)u
(6.13)
Ug = IdE

Then the family of connections u; 'A(t) satisfy the Yang-Mills component of the
gauge-fixed flow. Using these facts we can prove uniqueness of solutions as fol-
lows. Suppose (g;(t), Ai(t)) are two solutions to Ricci Yang-Mills flow with the
same initial condition gy, Ag. One can construct the gauge transformations as above
¢i(t), u;(t) with respect to these two solutions. As noted above, the resulting pairs
(G:(t), Ai(t)) = ((¢s(1)), gs(t), uy '(t) Ai(t)) are both solutions to the gauge-fixed flow
with the same initial conditions. Since this is a strictly parabolic system, these so-
lutions are unique. But given these solutions, we may reinterpret ¢;(t) and w;(t)
as above as solutions to ODE with respect to the (same) pair (A(t),g(t)). Thus
O1(t) = ¢o(t) and uq(t) = us(t) for all time and so the original solutions to Ricci

Yang-Mills flow are equal for all time. O
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6.2 Derivative Estimates and Existence Obstructions

In this section we will derive derivative estimates for the curvature tensor for solutions
to RYM-flow and use them to prove a compactness theorem for such solutions. Our
estimates are the basic analogue of the Bernstein-Shi estimates for Ricci flow, and
the method we use to prove them is directly analagous to the technique used in [7].
We also point out that although we have stated the results for solutions to RYM
flow, they in fact hold for the different renormalizations of RYM flow as well. To
see this one simply notes that the proofs below only use that the curvature and
its derivatives obey evolution equations with certain orders of nonlinearity. For a
solution to a renormalization of RYM flow the curvature obeys an evolution equation
with the same nonlinearity as RYM flow, and thus the proof will apply in these cases

as well.

Theorem: 6.2. Let (E,G(t)) be a solution to RYM-flow on a compact principal
bundle E. For each o > 0 and every m € N there exists a constant C,, depending

only on m,n and max{a, 1} such that if

|IRm| < K for allx € M™ and t € [0, %]

then

m OmK n (%
[V R < <2 for all v € M and t € (0, 7]

Remark:. We note that one does not actually require that F is compact, instead we
merely require that the maximum principle with respect to the time varying metrics

G(t) must hold on E. This is true for all of the results in this section.
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Proof. We first recall using lemma 2.3 that both AVF and F*? are bounded by
[Rm|, so that the assumption |Rm| < K implies | *VF| < K and |F|” < K. Thus

an easy consequence of proposition 5.8 is
d
- IRm|* = A |[Rm|* — 2|V Rm|* + F * V Rm * Rm 4+ Rm*
< A|Rm|? - 2|V Rm|> + C |V Rm| | F| |Rm| + ¢’ [Rm* (6.14)

< ARm|* — [VRm|* + C" [Rm[’
So let us consider the case m = 1. Proposition 5.9 gives
% [VRm|* = A |VRm|* - 2|V2Rm|” + F * V?Rm +V Rm
4+ Rm *V Rm** +F * Rm * Rm *V Rm (6.15)
< A|VRm[” - |[V?Ru|* + ¢; [Rm||V Rm|* + ¢, [Rm/*

We now define

Z(x,t) :==t|V Rm|* 4+ §|Rm/|> (6.16)

where [ is a constant which will be determined below. Using 6.14 and 6.15 we get

the estimate

d
72 <AZ+(1+at[Rm| = 5)[V Rm|” + ot |[Rm|* + O30 |Rm*

Now, using that |[Rm| < K for all ¢ € [0, a/ K] we have

d
72 <AZ+(1+ca—0)|[VRm|® + (0 +C"8) K

Choose > (1 + i), and we then have

d
EZSAZ—FQ(B—#-@)K?’
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Thus using the parabolic maximum principle we conclude

sup Z(z,t) < BK?* + ey (a + B) Kt < (1 + cy(a + B)a) K? < CFK?
zeM

where C) depends only on n and max{a, 1}. Thus

Z ClK «

Now we proceed by induction, assuming we have the required estimate on |V? Rm|
for all 1 < j < m. We first make a basic estimate on the evolution of ‘V’“ Rm‘2 1<

k < m using proposition 5.9.
% V¥ Rm|* = A |V*Rm|” - 2|V**! Rm|” + F * V**! Rm *V* Rm
k
+Y VI Rm+V¥7 Rm«V* Rm
7=0

< A|V*Rm|” — |[V¥*! R/’

k
+CY |V Rm| V¥ Rm||V* R (6.17)

=0

< A|V*Rm|” - |[V**! R’

+C(K}VkRm| +tk/2 |kamy)
2 2 2 K?
< A|VFRm| - |[V**'Rm| + CK (\v’me| +t—k>

where in the second to last line we used the inductive hypothesis and the estimate
|Rm| < K. This estimate is exactly of the form given in [7] line 7.5 pg. 229. The

inductive proof now follows precisely as there using this estimate. O]
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Corollary: 6.3. Let (E,G(t)) be a solution to RYM flow on a compact principal
bundle E. If there exist 3 > 0 and K > 0 so that

[Rm(z,t)] < K forallz € M and t € (0,7 (6.18)
where T > 3/ K then for each m € N there exists a constant C, depending only on
m and min{f3, 1} so that

i 1
V™ Rm(z,t)| < Cp K'™2 for allz € M™ and t € [%,T]

K

Proof. Let ' = min{f3,1}. Fix a time ¢y € [’/ K, T]. Translate time so that the flow
starts at tg — §'/K. In fact, by changing notation we may assume that ty = '/ K.
Note that the curvature is still bounded by K up to time ¢y, so applying theorem 6.2

with a = ' we get constants C,, depending only on m so that

Cn K
V™ Rm(z,t)] < —F— (6.19)
$m/2
for all x € M and t € (0,3 /K]. So, for t € [%, %’} we have
75m/2 > 6/m/22—m/2K—m/2 (620)
so that in particular we find
m 2m/20m 1+m/2
V™ Rm(x, )] < G K for all z € M (6.21)
and since ty € [#'/K,T] was arbitrary the result follows. O

Proposition: 6.4. Let (E,G(t) be a solution to RYM flow on a compact manifold,

and fix a background metric G and connection V. If there exists K > 0 so that
|Rm(z,t)|, < K forallz € E andt € [0,T) (6.22)

then for everym € N there exists a constant C,, depending onm, K, T,Gqy and (G, V)

so that
|va(x,t)|é <Cy, forallz € E andt € [0,7T) (6.23)
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Proof. Since E is compact and the metric G and connection V are fixed it suffices

to show the bound
|0"G(x,t)| < Cp (6.24)

in a coordinate chart. First we need the following lemma ([7] lemma 6.49).

Lemma: 6.5. Let M™ be a closed manifold. For0 <t <T < oo let g(t) be a smooth

one-parameter family of metrics on M™. If there exists a constant C' < 0o so that
T
/

e %g(x,0) < g(x,t) < eCg(z,0) (6.26)

dt < C (6.25)

d
_g(xa t)
dt g(t)

for all x € M then

for all x € M and t € [0,T). Furthermore, ast /" T the metrics g(t) converge
uniformly to a continuous metric g(T') such that for all x € M
e “g(x,0) < g(T) < g(x,0) (6.27)
Using this and our assumption of bounded curvature it is clear that we have
uniform pointwise upper and lower bounds for the metric G(¢) on [0,T"). To estimate
the first derivatives of the metric we write

d (0
a (a_G)

= |0 Rm|

= |VRm+I" * Rm| (6.28)

< |[VRm|+ CK |T|
Using our assumed curvature bound. Next, using corollary 6.3 we see that the
covariant derivatives of the curvature are bounded (here the constant depends on

T'). Thus we may bound

%r‘ _ |VRm| <C (6.29)
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so that we can conclude that I' is bounded on our finite time interval. Using these
facts in (6.28) clearly gives a bound on the time derivative of 5% Gj; and thus we
can conclude a bound on this derivative on [0,7"). All of the higher-order derivative

bounds are similar, and the result follows. l

Proposition: 6.6. Let Gy be a bundle metric on E — M a principal bundle. Then
Ricci Yang-Mills flow (and its normalizations) has a unique solution G(t) on a maz-

imal time interval 0 < t < T < oo. Moreover, if T < oo then

th/njlﬂ (sup |Rm(x,t)|> = 00 (6.30)

zeE

Proof. First we will show that

lim sup sup |[Rm(z,t)| = oo (6.31)
t/T xz€kE

First by proposition 6.1 we know that the solution exists for a short time. Suppose
there exists K < oo so that sup,ej r)Sup,ep [Rm(z,t)| < K. Using lemma 6.5 we
have uniform convergence to a continuous metric G(7"). Using proposition 6.4 we
have uniform bounds on all of the coordinate derivatives of GG. This allows us to
conclude that G(t) — G(T') in any C™ norm. Since G(T') is now smooth, we can
apply proposition 6.1 to conclude that a unique solution to Ricci Yang-Mills flow

exists with initial condition G(T"), which contradicts maximality of 7T'.

Now we must show that in fact not just the lim sup but in fact the supremum of
curvature goes to infinity. Suppose not, then there exists Ky < oo and a sequence of
times t; /T so that sup,.p |Rm(x,t;)| < Ky. In the next proposition we will show

the existence of a universal constant ¢ so that

sup |Rm(z,t)| < 2sup |[Rm(z,t;)| < 2K (6.32)
ek el
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for any time ¢ satisfying t; <t < {T,t;+ KLO} Since t; /T it is clear that for i large

enough t; + KLO > T, so that

sup sup |Rm(x,t)| < 2K, (6.33)
t;<t<T z€E
which contradicts the claim above, and so the proposition follows. l

Proposition: 6.7. There ezists ¢ > 0 depending only on the dimension of the total
space E so that if (E,G(t)),t € [0,T] is a solution to Ricci Yang-Mills flow on a

compact manifold and

M(t) = sg]@E) |[Rm(z, t)‘G(x,t)

then

_ ¢
M(t) <2M(0) for all 0 <t < min {Tv m}

Proof. A simple consequence of proposition 5.8 is that
% |IRm| = A |Rm|* — 2|V Rm|* + F * VRm * Rm + Rm*?
< A|Rm|* — |[VRm|* + C'|Rm/|*
where the constant C' depends only on dimension. Thus by the maximum principle

M (t) satisfies
3
dM < cMm® O A2

dat — 2M 2

This implies that

1
M(t) < —— (6.34)
) 2t
Thus M(t) < 2M(0) as long as 0 < ¢t < min{7",¢/M(0)}. O
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6.3 Compactness of Ricci Yang-Mills Flow Solutions

In this section we will prove a compactness result for solutions to Ricci Yang-Mills
flow. Our proof is a straightforward modification of the case of regular Ricci flow.
We use our Bernstein-Bando-Shi type estimates from theorem 6.2 to reduce to the
case where one has a uniform bound on curvatures and their derivatives, and then
apply a convergence result from [15]. We start with the basic definitions of evolving

Riemannian manifolds and a convergent sequence of such.

Definition: 6.8. Given M a smooth manifold and ¢(t) a smooth 1-parameter family
of complete metrics on M, p € M and F' a local frame centered at p, we call the
grouping (M, g(t),p, F') an evolving complete marked Riemannian manifold. If the

metric does not vary this is simply a complete marked Riemannian manifold.

Definition: 6.9. We say that a sequence M; = {M;, g;(t), p;, F;} of evolving com-
plete marked Riemannian manifolds converges to the evolving complete marked Rie-
mannian manifold M = {M, g(t), p, F'} if there exists a sequence of open sets U; in
M containing p and a sequence of diffeomorphisms ¢; mapping U; to V; C M; and
mapping p to p; and F' to F; such that any compact set in M eventually lies in all
U; and the pullbacks ¢*(g;) converge to g uniformly on compact sets in M x (o, w)

together with all of their derivatives.

Theorem: 6.10. Compactness Theorem Let

{E;,G;(t),pi, F; - i € N}

be a sequence of connected complete solutions to Ricci Yang-Mills flow existing for

t € (o,w) where —o0 < a < 0 < w < 00. Each solution has a fixed origin p; € M;

83



and a frame F; at p; which is orthonormal with respect to G;(0). Suppose there exists

K < oo such that

sup |[Rm| < K
E;x(a,w)

and 6 > 0 such that:
injg,0)(pi) >0 foralli € N
Then there exists a subsequence which converges in the pointed category to a complete
solution
{Eoo; Goo(t): Poos Fioo}
to Ricci Yang-Mills flow on (o, w) with the same bounds on curvature and injectivity

radius.

Proof. First of all by a diagonalization argument it suffices to prove the case where
a > —oo and w < 0o. So, for fixed € > 0, using our assumption of uniformly bounded
curvature, theorem 6.2 gives us uniform C° bounds on covariant derivatives of Rm
of arbitrarily high order on (« + €, w). So if we can prove the theorem for sequences
with uniform C* bounds on curvature then we can do another diagonalization as
e — 0 to conclude the theorem. Thus we make this assumption.

Fix a sequence (E;, G;, p;, F;) of complete marked solutions to Ricci Yang-Mills
flow satisfying the hypotheses of the theorem as well as uniform C* bounds on

curvature. We will use the following theorem ([15] Theorem 2.3).

Theorem: 6.11. Given any sequence M; = (M;, g;, pi, F;) of complete marked Rie-
mannian manifolds such that there exist constants C,,,m > 0 independent of i so

that
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and 6 > 0 independent of © so that

injg, i (pi) = 6
there exists a convergent subsequence.

In particular, this shows that the slices at time 0 contain a subsequence which
converges to a metric G on a manifold (£, p). Recall that this convergence means
that there exist a sequence of open sets {U;} in M containing p and a sequence
of maps F; : Uy — V; C M; such that G; := F’(g;) converges uniformly in C*
to GG. Note that these pullbacks G; still have uniform bounds on all derivatives of
curvatures and are defined on (o, w), whereas G is only defined at time 0. We now
want to show that we have uniform bounds on the covariant derivatives of (NJ,L taken
with respect to the metric G to conclude the existence of a convergent subsequence
on this new manifold. We sketch the proof here for solutions to Ricci Yang-Mills

flow, as it is identical to the proof of lemma 2.4 in [15].

Lemma: 6.12. Let (E,G) be a principal bundle with bundle metric, K a compact
subset of E and G; a collection of solutions Ricci Yang-Mills flow defined on neigh-
borhoods of K x [a,b] where 0 € [a,b]. Let ¥V denote the covariant derivative with
respect to G and V; denote the covariant derivative with respect to Gj.

Suppose that the metrics G; are uniformly equivalent to G att = 0 on K and
that the covariant derivatives of G; with respect to G are uniformly bounded att =0
on K. Finally assume that the covariant derivatives of the curvatures of Rm; with
respect to G; are uniformly bounded on K X [a,b]. Then the metrics G; are uniformly
equivalent to G on K X [a,b], and the covariant derivatives of G; with respect to G

are uniformly bounded on K X [a,b].
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Proof. We have assumed the bound

GV, V) < Gi(V,V) < CG(V, V)

at time ¢t = 0. Using the equation

d
aamvpham$+mﬁawq

and the bound

|Re;(V, V)| < CGi(V, V)]

we get

d
— . <
‘ﬁm@mvﬂ_c

which allows us to extend the bound on In G;(V, V') at t = 0 to the finite time interval
[a,b]. The derivative bounds are the same, simply bounding the time derivative using
our assumption of uniform bounds on all derivatives of curvature. See [15] pg. 550

for more detail. m

Applying this lemma to the sequence of metrics G, above it is clear that the
metric G is defined on [a, b] and is a solution to Ricci Yang-Mills flow. In particular
it is clear that the infinitesimal isometries of the [C-action are preserved under this
convergence process, so that the limiting space still retains the structure of a principal

KC-bundle. []
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Chapter 7

Convergence Theorem

7.1 Estimating the Volume-Normalized Equation for n =4

Fix n = 4. Consider the tensor 7' = Re” + Re® —1rGH¥ + 5 |F|” GH. Note that in
this dimension V =T + $67. We begin by computing the evolution of |T ”. We will
denote the 1-form that represents 7¢, i.e. %d*F, by w. This is to avoid any confusion
about taking the inner products of one forms or symmetric matrices. In particular

note ‘ch = 2|w|®. We will make use the following convenient shorthand notation.

Definition: 7.1. In the calculations below, the letter ) will refer to any universal
linear expression using the tensors rm and AVFE. We will refer to both of these as

terms of low order

We will often use the fact that

?;:2(r°c—T):Q—2T
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Proposition: 7.2. A solution to volume renormalized RYM flow with n = 4 satisfies
d % 2 % 2 A * 2
a\d F|* = A|d*F|* — 2| *Vd'F|
. 4 .
+ 4< gva’li 0F317d*}7i9> i < ngT OFiJ7d*Fvi€> (71)
n
+2(gF - PF-d',F), d'F +QxT? + VT

Proof. We start with the calculation

d ., d .
— |d*F|" = —g"d*F;d"F;

Z—wm%mﬁﬁﬂfﬂ+2<%fﬂfF>

d
= T2 +2{( —d'F . d'F
V % + <dt ) >

Now using proposition 5.22 with n = 4 and the Bochner formula we see
2 <%d*1«j d*F> = 2(Agd*F;, d*Fy) + 4{ IV, Vi oF7' d*F))
+2(oF - ,F-d'FP), d"F +Q*T*
= 2(Ad*F,d"F) +4{ IV, Vy; o F'', ' F})
+2(gF - ,F-d'F°),d'F) +Q*T"
= A|@*F]” —2| AV F[’
+4( IV Ty o7 d'F)) + % (9V,r oF,d"F})

+2(gF - PF-d'F*),d"F + Q + T*

Plugging this into the above calculation gives the result. O]
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Proposition: 7.3. A solution to volume-normalized Ricci Yang-Mills flow with n =

4 satisfies
d
- T)? = A|T)? = 2|VT|? + 3tr (FTPFTH)

+4(F- PF -wywy) —2(F- PF -wy,w,)

(7.2)
1
+ S IFR L = (°F, °F) (5,0,
Im (g 6 *2 *3
- <9 (9Vir) Fimawi9> +orsrm*T + QT+ T
Proof. We start with the calculation
d .o d_.s
—|T)? = —G*G*T 5T
it =a e
= = 2GG, GG T Ty + 2 <T T>
(7.3)

— AVOSGIT, 5Ty, + 2 <T T>

:T*3+Q*T*2+2<T,T>

Now we calculate using the fact that T'= 5 — }erH. Thus using proposition 5.21

and the fact that T is traceless we see that
) d 1
2{T, TY=2( — (S —-rG").,T
<> <dt<5 4TG>’>

1 1
-9 <ALV — Z|FPVHE 4+ —rvH,T>
4 2 (7.4)

= 2(ALV,T) — % |F|? |77

_I_Q*T*Q
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First we simplify
2(ALV,T) =2(AV +R(V),T)

=2 <A (T + i(&r)GH) ,T>
1 H
+2(R|T+ Z(ér)G ,T (7.5)
1
= A|T)? —2|VT]* + 3 (A(6rG™), T)
1
+2(R(T), T) + 3 (R((6r)G™),T)
So, plugging 7.4 - 7.5 into 7.3 gives
1
SATE = ATF ~ 2T + 2 (R(T),T) — 2 |FF |7
+ % (A (5rGH) T + % (R (6rG") . T) (7.6)
+ QT2+ T
Now, using theorem B.3 we compute that
é (A (6rG") T = % <9A (6rG™) — %(57")77,TH>
+ (261 (wp) — 7V, (6rG™) oF™, wp)
1 ° mH Im 0 *2
= — Z57" <77,T > — <g ( 9Vlr)FZ-m,wi9> +QxT
= — <glm( gV;r)F%,w,@ + or xrm «T + Q * T

Similarly using lemma 2.3 we have
1 1 o
5 <R((5T)GH), T> = — Zér <n, TH>
= orsxrm«T + Q % T*?
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Next we break 2 (R(T'),T) into its parts:
2 (R(T),T) = 2 (2R(T) — Re-T — T - Re, T)

Now using lemma 2.3 we compute

4(R(T),T) = ARiji Ty T + 4RiokpyTipTor + ARgjpToi T},
+4Rij0,1:,T50 + 4RopraTonT i
=3tr (“F-T" -y F - T") + 4 °FF P F/"w; wie
— 2 " Fyp PF] wipwip + Q + T
=3tr(FT"FT") +4(F - *F -w,,wp)
—2(F - PF wy,w,) + Q* T*

Next using lemma 2.3 we simplify

—2(Re-T,T) = —2Rc] Ty Ty, — 2Rc! Ty T,

— 2Reig Ty;Tij — 2 Regs Ty T — 2Req, T T,

— <n.TH7TH>+n.w9.w9—%< °F, PF) (wp,w,) + QT + T

1 1 1
_ Z |F‘2 }THIQ + Z_l ’F’Q ’U)’Z . §< QF'7 pF> <(.U9,U.)p> +Q*T*2 +T*3
The inner product —2 (T - Rc,T) is the same since all the matrices involved are

symmetric. Plugging the above simplifications into 7.6 gives the result. [

Because of the presence of the Vr - F'-w term in the evolution of 7' it is necessary

to study the evolution of the following slightly modified quantity
Z, = |T|” = c|w|’ (7.7)
where ¢ < 2. Clearly these quantities bound ]T|2 up to a universal constant depend-

ing on c.
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Proposition: 7.4. A solution to volume-renormalized Ricci Yang-Mills flow with

n = 4 satisfies

d

The S Ao+ Lo(T™) 4+ Ly(TC) + 6r i +T + Q + T* + T3 (7.8)

where

Lo(T") = tr ("F- oF -T" .TH +2°F-T". ,F . T") + (4@6 ))IFIQ\TH}2
— C

—4c

L) = = °F, "F) {w0,05) +

| eFijWGk|2

+3(—1+c—}lc2) (°F- PF-w,,wy)

2
+ <—1+C—CZ)<”F- QF-wp,we>

(7.9)

Proof. To compute the evolution of Z, first let us reinterpret the result of proposition

7.2 using w = %d*F. It reads

% WP = Al — 2| 4Vw|”

+2( IV, T} oF7' wei) + % (9V,r 0sz70}0¢> (7.10)

+2(°F - PF - wywy) +Q*T*+T"
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Combining this with the result of proposition 7.3 gives

d
27 =ATP =2|VT* — Al + 2| AVl

+ 3t (FTYFT") + (4= 2¢) ( °F - PF - w,,wy)

2O F wp,w,) + 5 [FP o — (F, °F) (w0,

v (g _ 1) (g™ (IV11) o B, wig) — 20 { IV, Th; o F7, i)
+ QT4+ VT

= AZ = 2|VT]* + 2¢| AVw|* + 3t (FTH FT™)
+(4=20){"F - PF -wywp) —2{"F - PF -wy,w,)

1
+ 5 [FP e’ = (°F, F) {w,w,)

+ <§ - 1> <9lm IVir 0F1'm7W91'> - 2C< VT 9Fjl>wi9>

+ QT +T"

First we note using lemma B.1 that

3tr (OFTH oFTH) — 2|V, Tyy)> = tr (°F oFTHT? + 2 ' FT? FTH)
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Now using parts of —2|VT|* we make the bound
2¢ | AVw|* = 2|V, Ty — 2|V
2

1
= 20| ng|2 — 4 Aving —f— 5( ¢9P’T'H)Z]C

= 2| AVw|’ — 4| AVw|* — 4( AVwy, oFTT) -~ Tx |F-TH|”

o o o (7.13)
< (de+2c—4) | "Vo| + = Te|[F-TH|" = Te |F - T
€
2
< ( ‘ )Tr\F T’
4—2¢c
— (=) PP T + QT2 + T
42 —c¢)
for e = #=2¢. Next we will rewrite the the term —2c¢ ( 9V, T}; oF7', wy) using part of
—2|vT)?

2

2| 9Tl — L (VR t Fawy)| — 26 ( 9V, Th F )

2

1 2
= — 2| IV, Til? +2( VT, *Fyjwer + P Fipw,;) — 5\ Fijwor + * Fipw,;
—2¢( IV, Ty oF7', wy, )

2—c¢ 22 Ye

2
= —2| VT — ("Fijwor + PFirwyi)| + 3 *Fijwor + * Faw,y]

(7.14)

Now we want to bound the Vr - F'- w term using the first term above. In particular

we will only use the trace component of that inner product, and use the equation
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IdivTH = 1V7’ + Fywl to estimate

2

—2 ‘ VT, — % ("Fjwor + "Fawpi)| + (5 — 1) {9V, *Fjwy,)
1 2—c 2
< - n-+1 [(g div TH)k Gij + (g div TH)j giki| - m ( erkwégij + pﬂjwlpgik)

(1) (5 5

2

2+c
(Virgi; + Virga] + ] (" Fuwhgij + pFljwigik)

4(n+1

o

+ (5= 1) (Vi "Fwy)

1 2+c 2+c
= VT gy § Ve ) 8((T | “Fuhgis + *Figsygn]
C 0 i
+ <§ - 1> ( IV, "Flwe;)
1 5 4c—12 ; (2 +
= — g Vil + =g {7V, “Flwm) — 0 | Fuhgs + *Fielon
(12 — 4c)? (2+

2—C| HFkaegzj + PRjw pglk‘

IN

20 <9F' PF - wy,wy) —

= (—7+5c— Zcz) ('F - "F - wy,wy)
(7.15)

Finally let us extract and the rest of the terms from —2 |VT|2 using lemma B.1.

First we have

1
_Q‘ViTHp’2: _§|(,0F'w0+ 9F'Wp)|2
=F - gF -w,-w,+ ("F- "F-wy,w,) (7.16)
__1 20 2 0 pp . *2 *3
= 4|F\ w|*+ ("F- PF-wpw,) + QT+ T
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Next we have

—2|VoT " = 2|VoTj,[* = — | oF - w,|”
) (7.17)
_ —Z|F|2|W|2+Q*T*2+T*3
Finally we simplify
c? —4c 2 —4c 2
g | *Fjwor + °Fuwpi|” = 1 ({ *Fijwor| = ( °F - GF'wp7w9>) (7.18)

Combining the above estimates allows us to conclude

d
EZS AZ + Lo(T?) + Ly(w) + dr x rm+T 4+ Q + T** 4+ V x T*?

where

Lo(T") = tx (°F- yF - TH.TH 420 . TH. (,F-TH)+(4<QC )>IF|2!TH|2
— C

—4c

Li(w) = —<‘9F7 ’F) (cug,wp>+62 1

| 0Fijwek’2

+3(—1+c—%c2> < op. pF-wp,w9>

2
+ (—1—|—c—cz><pF~ HF'wp,w(9>

]

Definition: 7.5. We say that a connection A is p-stable if there exists ¢ < 2 so that
for any W € Sym?T*M and w € A\' (g) we have
Lo(W) < — p|F[* W
(7.19)
Li(w) £ = p|Ff*|wf?
Proposition: 7.6. The standard anti-self-dual SU(2) instanton is stable.
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Proof. The stability condition is a condition that must be satisfied by the curvature of
the bundle at each point. Recall that the curvature of the standard SU(2) instanton
at a point is given by

F= Xdz" —da®)i+ A (da' + dz®) j + X (da™ — da®) k
where A € R>y and 4,7,k are the standard basis for the imaginary quaternions.
Without loss of generality we may assume that the metric is given by the identity
matrix at our fixed point. Let W be any symmetric two-tensor, i.e.

W = (wy;)

A straightforward computation shows that

tr(“F - oF - W W 42w g F W)

7.20
O ST TI) ) (7:20)
i#£]j i#£] i
But now we can simplify
—AND Jwiwy; = =207 (w > “’”)
i#j i j#i
=2X° ) w} — 2\ (tr W)?
< 2)\2 Zwi
Using this gives
tr(“F - oF - WH W 420 W gF W)
< —2)\2221)% — Azzw%
i#£j i
(7.21)
< =N W
< PP WP
= 12
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Thus we see that for any choice of ¢ < % the first condition of stability will hold.
Now we turn to the second condition. Fix w an arbitrary su(2)-valued one-form. For

concreteness fix ¢ = 1. Noting that {F?, F*} =0 for § # p we see

2

16 < oF . ’)F-wp,w9>—%< PF - HF-wp,wg>

= —§ QF- 9F'CU9,U)9>—§Z<0F' pF'Wp7W0>

16 oy

IN

9 2 9
16| FI ol + 1 2 1Fo ol +1E, -l
0#p

IN

9 2 2 9 2

E|F9| |we| +Z;’F9'w9‘
18

=1 | Fyl” |wa]®

Also we compute

—(°F, *F) (wg,w,) = — |Fy|* |wal”

and

7 0 2 7 2 2
_1_6| Fijwek‘ :—E‘Fa\ |w9]

and hence it is clear that the second condition of stability holds. Thus for any
choice of ¢ slightly less than % both conditions of stability will hold, and the result

follows. O

7.2 Proof of Main Convergence Theorem

In this section we will prove the main convergence result. Our proof is loosely

modeled on Ye’s result [32] on convergence of Ricci flow assuming certain “stability
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conditions.” Roughly, Ye assumes L2-stability of the Einstein operator, which is
the curvature operator appearing in the evolution of the traceless Ricci tensor. This
assumption implies exponential L2-decay of the traceless Ricci tensor for a short time.
By applying the Moser weak maximum principle, which requires certain delicate
assumptions on the volume and diameter, he bootstraps this decay using Bernstein-
Shi estimates to conclude exponential decay of the C° norm of the second covariant
derivative of the traceless Ricci tensor. Decay of this form can be integrated over
an arbitrarily large time interval to show a bound on the curvature for all time, and
also continued decay for all time. Though most of the estimates are straightforward,
the overall proof is fairly delicate, due mostly to the fact that only a weak stability

is assumed, and so the Moser weak maximum principle must be used.

Let us describe the hypotheses of theorem 7.9. We have stated the hypotheses to
emulate the “high power of a line bundle” case as much as possible. In particular,
if one had a line bundle L — M satisfying u-stability, then a sufficiently high power
of the bundle (in other words dropping a sufficiently large constant in front of the
bundle curvature) would satisfy the hypotheses of the theorem. We have repackaged
this idea and phrased it as a sequence of connections with arbitrarily large minimum
of curvature, uniform control over max|F|*> /min |F|*, and also a uniform bound
| AVF| < C|F|.

Now we will describe the proof of theorem 7.9. The assumption of large, stable
bundle curvature F amounts to assuming very fast (on the order of |F|*) C°-decay
of the tensor T. Due to a particular technical problem we will first prove a much

weaker convergence result which in addition to the hypotheses of theorem 7.9 also
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assumes that ||T||r2 is initially very small, small even depending on the size of the
bundle curvature. We prove this theorem because the proof illustrates the techniques
of proving the main theorem in a more straightforward way.

The proof has two main steps. Roughly, if the base curvature rm stays small
enough with respect to the bundle curvature, then we should have decay of T" and

convergence of the Ricci Yang-Mills low. We first show such a bound on the guar-
anteed short interval of existence of length {O, ﬁoo u )). These bounds are very
0

straightforward ODE estimates. After a time interval of this length, one has the
Bernstein-Shi type derivative estimates available to us. Thus we can exploit the L2-
decay of T' and use these estimates and the Sobolev inequality to conclude C° decay
of |[V2T|. The resulting bound on rm is not good enough without the hypothesis of
very small ||T'||z2 initially (depending on F).

So, to get around this problem for the main proof we prove a better short-time

existence theorem for the volume-normalized Ricci Yang-Mills flow. Essentially we
show bounds on rm on an interval of the form [O, m+_5) for some small but universal
(independent of P) § > 0. The basic reason that this is possible is because the bundle
curvature |F \2 actually has a lower-order nonlinearity than one expects from Ricci

012
flow alone. In particular, the highest order term in the evolution <‘77‘ ) appears with

the negative sign, so that as far as growth is concerned, the nonlinearity is of a lower
order. Once one has this a-priori bound on |F |2 getting bounds on everything else
is straightforward. So, using this short-time existence theorem and the exponential

C° decay of T, the L? norm at the time ‘F‘% is arbitrarily small, even with respect
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to powers of P. At this point one can cite the weaker convergence result to conclude

convergence, but we carry out the estimates anyways.

Theorem: 7.7. Let E — (M* g) be a principal bundle. For fized pn > 0, > 0
and B > 0 there exists a large N = N(u,$2, B, g) > 0 depending on p, 2, B and the

base metric g with the following property: if A is a p-stable connection on E which

satisfies
i+ vl | v <o (7.22)
and
émj\z}x|F\2 < |F]? (z) <ij\}n\F|2 for allz € M (7.23)
and
min |F|” > N? (7.24)
and furthermore
| “VF| 0 < BIF|gou) (7.25)
and finally
TN z2a0) < 1P| G0 (am) (7.26)

then the volume normalized Ricci Yang-Mills flow with initial condition G(g, A) ezists

for all time and converges to an Einstein- Yang-Mills metric.

Proof. Let
P:=min|F| > N
M

First we describe a set of conditions on the metric which guarantee decay of T.

Our ultimate goal is to show that for certain choices of the constants above, these
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conditions hold for all time. In particular we say that a volume normalized Ricci
Yang-Mills flow satisfies condition «a(u, B,C, N) on [0, 7) if for every t € [0,7) we

have
1. The connection A(t) is p-stable
2. The bounds of (7.23) and (7.24) hold for our given B and N.
3. ey, < O IV Imlcoy,y < C1F|co
4| AVF coan) < CIF o,
5. VT |couny < CP2 T o

6. 59(t) < g(0) < 2g(t)

The hypotheses of the theorem amount to assuming condition a(u, B, C, N) for cer-
tain choices of the constants. We will show that for a constant C' chosen with respect
to the initial data and N large enough condition a := « (u/Q, 2B, C, %) holds for all

time.

We now institute a very important notational convention. In the calculations
below, there will be many implicit constants. In most cases, these constants will be
universal (depending only on the dimension), although in some cases the constants
will depend on the initial metric, or possibly the constants © and B. What is most
important though is that these constants will be independent of N. Note that the
hypotheses of the theorem state that p and B are both independent of N as well.
This will allow us to freely choose N large with respect to given constants at various

points of the theorem. Notationally, we will refer to any such constant with the letter
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C. Thus C, and sometimes lowercase ¢, will denote different constants on different
lines, but must be independent of N. Alternatively, one could think that C' is the

supremum of all universal constants encountered in the proof thus far.

Lemma: 7.8. There exists a constant ¢ so that if N s sufficiently large then the

solution to volume normalized RYM flow exists and moreover condition o holds on
0.42).

Proof. First we want to choose N so large that the derivatives of the curvature are
dominated by the bundle curvature connection terms. In particular, first choose N

so large that
’Rm‘CO(MO) <cp

|V Rm| o) < CP? (7.27)
2 4
[V2Rm| g < CP
for a constant C'. This is possible because of hypothesis (7.25). We first show that

for a larger choice of C' the bounds of (7.27) are preserved on an interval of the form
[O, %), with a different choice of C'. An immediate corollary of proposition 5.8 is
d
- IRm|” = A |Rm|* — 2|VRm|* + F * V Rm * Rm + Rm*®
< A|Rm|* — |[VRm|* + Rm*? (7.28)
< A|Rm|* + C |Rm/*
using the Cauchy-Schwarz inequality. Applying the maximum principle, we see that
[Rm| oy, is bounded above by the solution to the ODE

d
Lo =Co (7.29)
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which has solution

1
o(t) = E— (7.30)
¢(0)
1
so that as long as t < 2Rl oo o) we have
|Rm|CO(Mt) <2 |Rm|CO(MO) <20P° (7.31)

Recall that this bound on curvature is sufficient to conclude existence of the flow up
to this point. We want to use this bound to show a bound on |V Rm|Co(Mt) on this

time interval. A consequence of proposition 5.9 is
d 2 2 2 2 2 *2
- IVRm[* = A|VRm[* = 2|V?Rm|” + F * V2 Rm*V Rm + Rm *V Rm
= A|VRm|* - |[V?Rm|” + C'|[Rm]| |V Rm? (7.32)
< A|VRm|* + CBP? |V Rm|?

Again applying the maximum principle it is straightforward to conclude

CBP?
v Rm|CO(Mt) < |VRm|CO(MO) € '

In 2

and so by restricting to the time interval #5+

we clearly conclude

[V R oy, < 2CP° (7.33)

A completely analogous argument shows that

[V2Rm| gy, < CP* (7.34)

and so indeed the bounds of (7.27) hold on this interval.

So, we need to use these bounds to show condition o on a possibly shorter time

interval [0, 7% ). Using the bound of (7.22) and arguing as in line (7.27), there exists
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a constant C' so that if IV is chosen large enough then

Vo < C

YV |coqa < CP

(7.35)
2 2
V*V | coary < CP

\V?’V\CO(MO) < CP?

We would like to show that there exists ¢ and C' independent of N so that the bounds
of (7.35) hold on [O, &) for a different choice of C'. From proposition 5.67 we see
that

d
VP <AVP +C[Rm|[V]? (7.36)

so that by applying the curvature bound above on the given time interval we conclude

by the maximum principle that |V| co(u, 18 bounded above by the solution to the
ODE

%gf) = COP?%p (7.37)

which has the solution ¢(t) = ¢(0)e“” *t Clearly for t € [O, é‘}fg) the required bound

will hold. Similarly using proposition 5.66 we see that

% IVVI2 < A|VV]? + C|Rm||[VV] + C |V Rm||V||VV]
(7.38)

< A|VV]+CP2|VV[ +CP* V|

where we have used the bounds on curvature and its derivatives from (7.27) and the
Cauchy-Schwarz inequality. Using the bound above for V' we can conclude using the

maximum principle that |VV|QCO( A,y 18 bounded above by the solution to the ODE
d
%d) = CP*¢p+ CP* (7.39)
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which is bounded above by

P2eCP (1 Oty c) (7.40)

so that |VV|%0(Mt) < CP? on [0, %) for ¢ small. The bounds on V*V and V*V are
identical.
Finally we are in a position to show that condition o holds on a time interval of

the form [O, %) Note that using the variation formula for curvature, we can write

%rm = Lo( IV?V) (7.41)

where here Lo( 9V?V) refers to a universal linear polynomial in 9V?V. Using our
bounds above we get that
d 2
pr rm| < C'|V?V|+C|V||rm]|
(7.42)
< CP?*+ C ||

It is clear that on the interval [0, ﬁ) we can conclude

rmcoag,) < et (‘rm’CO(MO) +P(1- eCt)>

C
<9 (1 N ﬁ) (7.43)
<4

for ¢ chosen small with respect to C' and N chosen large. Also we have the following
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variation formula:

d , d
— F=—
i V=@

o (L) e (o)
o (39) - o< )

=L (V?V) + Ly (F+VV)

(OF + T'x F)

where again the £; refer to universal linear polynomials. Thus we can conclude

%}Avﬂ < C(|VV]+P|VV|+|V]| AVF|) (7.44)
so that again on the interval [0, %) we can conclude
9P|y < | TPl ongy +C (745

One can bound the time derivative of F' in an entirely similar way. This will give
upper and lower bounds, and thus in particular give conditions «.1 and a.2. Thus we
have shown conditions a.1 — a.4. We note that concluding condition «.5 is exactly
the same as the estimate of |[VV/| co(ur,) Proved above. For the C" base metric bound

«.6, we first note that for a fixed tangent vector v we have

d

= Iol* = 4(v,0) = =2V (0, v) (7.46)

thus

<2|V|<C (7.47)

o
dt
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We can then use the estimate
gt(v,v) Lo
log (—)‘ = / — log gs(v,v)ds
‘ go(v,v) o 0s (v,v)

o
- / —6sgs<v’v)ds

9s(v,v)

/t 9 (1 1)
o 1957 \Jol" o]
1o
NPRC

[e=]

IN

ds

ds

Js

IN

IN

C

and exponentiate to give the bounds

e’C/PQQt < go < eC/P2gt (7.48)

from which condition «.6 immediately follows. m

Now we turn to the second part of the proof, which is concluding existence and
convergence on the infinite time interval [ﬁ, oo). Our condition « is open, so we
assume that it holds on an open time interval [0,7) where 7 > 5 and prove that in
fact it holds at 7. This will show that the interval is both open and closed which will
give long time existence and convergence. To do this we must use the exponential
decay of T', the Sobolev inequality and integral interpolation estimates.

First let us describe the decay estimate for |T'| co(u,)- We will assume ¢ = 0 in the
definition of pu-stability for notational convenience. Our main problem is the term

orxrmx*T. At a given time ¢, fix a point p € M such that ér = 0. Using the formula

q q
or(q) :/ Vr:él/ divT
p p
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which gives the estimate

q
‘5T’CO(Mt) < C/ ‘VT’ < Cdiam(Mt) IVTlco(Mt)

p

Using condition « it is clear now that

or xrm*T < C'[67] co(pg,y [t o) [T o (ary)
< Cdiam(Mt) ’VT‘CO(Mt) ’rm|co(Mt) ‘T’CO(Mt)
< Cp¥? |T|éO(Mt)

Using this estimate, it is clear that for N chosen very large we will have

d 7
7 IT)? < AT - 8—BP2 TP+ CITI* + CP2 T |20,

< AT - 16LBP2 T[> + CPY2 T 2o,

as long as condition « holds. By the maximum principle we conclude

__k p2
’T’CO(Mt) <e mnlt ’T’CO(MO)

(7.49)

(7.50)

(7.51)

(7.52)

Now we point out how to conclude condition «.5 at time 7. It is a Bernstein-Shi

type estimate, and we will prove it in exactly that manner. First of all we have the

evolution equations
% IVT|” = A|VT)? = 2|V2T|" + V Rm+T + VT
+ Rm*VT* 4 §r + Vrm xVT
and

d
- IT)? = AT = 2|VT|* + Rm «T*% + 6r s rm «T

Define s =t — (7' — ﬁ) Let
H(x,s) = s|VT* + 8T
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where [ is a universal constant to be determined. Note then that s < -z on the time

interval of interest. We can then compute

0

S

H < AH + (1 —28)|VT]? + sVRm+T * VT

+ sRm *VT* + sor « Vrm «VT + Rm «T*2 + 61  rm «T

We note that at any time after 55 we can assume uniform bounds on the covari-
ant derivatives of curvature using our Bernstein-Shi estimates (corollary 6.3). In

particular we may assume

[VERm| g, < CuP*™* (7.56)

Using these bounds, choosing 3 large and applying condition o we can estimate the
equation further. We will use the bound of (7.50), which uses condition a.5 up to
time 7. This is an extra subtlety, so in the calculations below C will denote the

constant of condition «.5. Thus we have
0
5o S AH+(1-23+C) IVT|” +CP|T||VT)|
C
+ = |6 [VT| + CP2 T + C |6r| |T)
P (7.57)

< AH+(1-28+C)|VT] + CC P IT1200r) + COPY2 T 2oy

< AH + CC P*|T 2o,y
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Applying the maximum principle and using the decay of T" we can conclude
C —2 2 é 2
i (s(53) %) < HO,2) +CTP /0 T o,

c

2 —2 2 P2 __K _p2
—9 9
<C(1+C) 1Tl

<C (1 +52) |T|zo<

This allows us to conclude
VT o, < C (14 C°) P2 ITRogar,y < P T R0gas,) (7.58)
for N chosen large.
We now describe how to use the decay estimate to conclude the rest of condition «
at time 7. First of all, condition a.6 gives a uniform bound on the Sobolev constant.

Since we are on a four-manifold we can thus conclude in particular that
[fleoany < Cs(M)|[flmzan) < Cllf | 20m) (7.59)

We can get bounds on these integrals using interpolation inequalities. Specifically

we have

/ VAT |* = / (T, V*T)
M, My

() (o) o

< CPH2 T aquag e

IN

Thus using the Sobolev inequality we see that
VTl eoasy < CPIIT | 2aayye 5™
(7.61)
__u p2
‘v2T|CO(Mt) < CP6||T||L2(M0)€ o1 7t
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for a universal constant C. Note also that the argument of (7.49) now gives the

bound
Vo < CPPI|T 2 apye” 58" (7.62)

These bounds are sufficient to conclude the rest of condition a by repeating the

arguments of (7.44) - (7.48). In particular we can conclude

d
g7 rm| < C |V2T|CO(Mt) +C |V|CO(Mt) |rm|
(7.63)

__Kk_p2 C __k_p2
e"eBlt L — ¢ 64BPt‘I‘m|

< P

QA

where in the last line we used our assumption on ||T’|[z2(ap). We can integrate this
bound to any time 7 to conclude
C

rm|cogar,y < frmfeoqpg,) + P <C (7.64)

for N chosen large. Indeed, the proofs of all of the bounds for condition « are
identical to those performed in lines (7.44) - (7.48). Thus we can conclude condition

« at time 7 and the result follows. O]

Theorem: 7.9. Let E — (M*, g) be a principal bundle. For fived u > 0, B > 0, >
0 there exists a large N > 0 depending on u, B, Q0 and the base metric g with the

following property: if A is a p-stable connection on E which satisfies

7 y + gv%‘co + | 9wy " <0 (7.65)

and
% max |F|* < |[F[* () < Brin [F|" for all z € M (7.66)

and
min |F|* > N? (7.67)
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and furthermore

| AV F| oo < BIF|coq) (7.68)

then the volume normalized Ricci Yang-Mills flow with initial condition G(g, A) exists

for all time and converges to an Einstein- Yang-Mills metric.

Proof. Let us define a new condition ae. We say that a solution to volume-renormalized
Ricci Yang-Mills flow satisfies condition a(e) = a(e, u, B,C, N) on [0, 7) if for every

t € [0,7) we have
1. The connection A(t) is p-stable
2. The bounds of (7.66) and (7.67) hold for our given B.
3. [rm|coyy,y < P [Vm| < plte
4. | AVF\CO(Mt) < C|F| o)
5. |VT|coar,) < CP3? Tl cogar,
6. 59(t) < g(0) < 2g(t)

We would now like to show condition «(e€) on a time interval of the form [0, %) for
some small 4 > 0. To see why this is a reasonable thing to try to do, we first point
out that bundle curvature is a-priori bounded on this interval. This is because the
evolution of |F \2 has a nonlinearity which is of a lower-order than what is expected

by Ricci flow. In particular, from proposition 4.5 we have

d
E!FV < A|F)? 4 C|m||F|* + C|F? (7.69)
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Thus, assuming condition a(€) on the time interval [0,7"), we have by the maximum

principle that [F|qo,,,) is bounded above by the solution to the ODE

d _ € 2
S0 =CPo+Co

(7.70)
6(0) = BP
which in turn is bounded above by the solution to the ODE
d
So=C?
(7.71)
¢(0) = BP
which has solution
5(1) = (.72
a5 — Ct
So that if ¢ < 5555 then [Flcoy < 2[F[cogar)- This is noteworthy because as

mentioned above the “doubling time” for curvature under Ricci flow normally is

1
|Rm‘CO(Mo)

, which in this case would be %. We will now show how to use this a-priori
bound on curvature to show condition «(¢) on the time interval [O, %) Our main
goal is an a-priori bound on [V]zo -

First we point out that condition a(e) is sufficient to show decay of [T'|o(y,)- In
particular, for NV chosen large enough we can conclude line (7.52). Next we need an

a-priori bound on dr. Fix v << e. Let

H(z,t) = (6r) 4+ P |T]
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We note using propositions 5.20 and 7.3 and the bound on |T'[o(,,, that

d
dt

—4(][<V,rc>) 5r+2(][r5r> or

— 2PV |VT)* + PY Rm«T* 4+ P76r s rm «T
Now we have the bound

1
(V,rc) or = <T + Z5TGH, rc> or

2 1 2
< |1"m|CO(Mt) ’T|CO(Mt) + jlr (o)

< OP* + P (o)

S CP3€

and similarly

—4 (][ v, rc>) or 42 (][7“57“> or < |T| rm|* + [rm|®

S CPSe

And we also bound

4{AVTC F)or < PY|VT|* + CP*7 (or)°

We also have the simple bounds

PYor s tm «T < CPY72¢ < CpP3*

and

PYRm «T** < CP*™

115

S H < AH + 4(V,r¢) 67 + 207 |[TC|* + 4 ( AVTC, F) or

(7.73)

(7.74)
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Plugging these bounds into 7.73 gives

%H <AH+CP*" +CP*"H (7.79)

Applying the maximum principle, H is bounded above by the solution to the ODE

%gb = CP* + COP* ¢ (7.80)

with ¢(0) bounded independent of P. On the interval [0, ﬁ) for 6 < ~ this is
bounded above by

H < PY < p/4 (7.81)

Thus we may conclude

Vo < P (7.82)

On [O, %) We would like to show the estimates

|VV|CO(Mt) S P1+6/4
|V2V|00(Mt) < prret (7.83)

9 oy < P

on this time interval as well. We have already shown this estimate on the interval
[(), ﬁ) in the proof of lemma 7.8. After this time interval we have the Bernstein-Shi

estimates available to us. In particular, using our total bound on curvature, corollary
(6.3) gives

|V*Rm| < C, P> (7.84)

Given a time ty > 53, let ti=t— (to — %) Now let
H(z,t) =T|VV|]* + 8|V (7.85)
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where (3 is a universal constant to be determined in the calculation below. We would

like to get an estimate for H(z,t,), corresponding to ¢ = +z- In particular on the

interval of interest we have ¢ < 5. Using proposition 5.67 we compute

%H < AH + (1+CBP? - 28) [VV| +#C |V R |V| |VV|

+ C'|Rm| |V
<AH+(1+CB=-23)|VV]>+CP|V||VV|+CP?|V|?
(7.86)
<AH+(1+C-28)|VV|*+CP?|V|?
< AH +CP*|V[

< AH + CP%te/?

Applying the maximum principle as usual and integrating over the interval (to — B2, to]
gives the bound

[VVleogn,) < O (7.87)

for ty € [0, %) Again, the Bernstein-Shi type estimates for the second and third
derivatives are entirely similar, giving the bounds

V2V | oy < CP/ (7.88)

V3V ] oy < CPT (7.89)

for t € [0, 55=). As we have demonstrated in lines (7.43) - (7.48) this bound is

sufficient to conclude for instance

’rm‘CO(Mt) < ‘rm’CO(Mo) + Pt
(7.90)
< Pe/2
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for § < { and P chosen large. Concluding the rest of condition «(e) is is the same

as in the proof of theorem 7.7 using the bound on [V2V|qo (-

Now that we have shown condition «(¢€) on the time interval [0, %] , the rest of
the proof is simple. We note that as a consequence of the decay of T' we can conclude

that at time tg = % we have

[T 22(01,,) < 1T ]| 2 (aryye " 655 (7.91)

Thus for IV chosen large we have |[T[|2(ns,, ) arbitrarily small, even smaller than any
polynomial in positive powers of P. That is, in particular we can conclude for N

large

1Tty < P (7.92)

so that for instance we could apply theorem 7.7 to conclude convergence after this
point. Proving convergence directly at this point is easy enough though. In particular
using the Sobolev inequality as in lines (7.60) - (7.61) we can conclude for any time
t

v

__K_p2
Vlcoar < POITIlr2arye ™2™ (7.93)

Thus for ¢ > % we have

t
|rm|CO(Mt) = |rm|CO(M )+CP6/ ) e 32BP%
p2—-9

1
p2—9

7.94
< P? 4 CPYe w5 (7:94)

< P*

for N chosen large. Concluding the rest of condition «(e) is the same as in lines

(7.44) - (7.48), and the result follows. O
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Chapter 8

Summary

Let us briefly recap the results. We have justified the definition of a new geometric
evolution equation. We have shown many analytic properties which would would
expect from the study of Ricci flow, namely short-time existence, Bernstein-Shi
derivative estimates, and compactness of solutions under certain natural hypotheses.
Furthermore using the ideas of Perelman we showed that Ricci Yang-Mills flow is the
gradient flow for the minimum eigenvalue of a particular Schrédinger operator, and
found an entropy-like quantity which is monotonic near a type I singularity. One
clear area for improvement of the results is to prove noncollapsing of general finite-
time singularities, not just type I singularities. This may be possible by adding a
correction term which accounts for the change in volume form as discussed in chapter
3. Finally, we succeeded in showing the existence of a canonical metric on a four-
manifold in the presence of a particular kind of connection on a principal bundle.
The next obvious step in light of theorem 7.9 is to attempt to construct stable

connections on four-manifolds. The theorem of Taubes [28] constructs anti-self-dual
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SU(2) connections by gluing together S* instantons (which have stable curvature)
over different points in the manifold. Thus if one could make the curvature arbi-
trarily large everywhere and also control ¢VF and max |F|* /min |F|* the resulting
connection satisfy the hypotheses of theorem 7.9. This is a clear direction for future
research.

Another direction would be to understand the circle-bundle case better. Here the
most natural assumption is that F' is symplectic initially. As pointed out in chapter
4, if F' is large compared to the base curvature then one gets a pinching estimate
for 707, meaning that F' is becoming closer to self-dual or anti-self-dual. The following

conjecture seems reasonable.

Conjecture: 8.1. Let L — M be a line bundle over a Riemannian four-manifold
(M, g) with connection A. Suppose Fy is symplectic. Then there exists N large
depending on g so that the volume-normalized Ricci Yang-Mills flow on L®P — M

with connection A, exists for all time and converges to an Einstein Yang-Mills metric.

We hasten to point out that the techniques used in theorem 7.9 have no chance
of proving this conjecture since the curvature of a line bundle is never stable. One
possibility is to first look at the unnormalized Ricci Yang-Mills flow equation and
prove an a-priori C° lower bound on the metric. See example (2.10) for the intuition
behind this. One would then have to bootstrap this into higher-order regularity of
the metric, and it is not a-priori clear how to do this. Another possibility is to do a
blowup analysis at a potential singularity of the flow and attempt to classify ancient
solutions of Ricci Yang-Mills flow. Our noncollapsing result for type I solutions would

be a useful tool in such an analysis. We note that for both of these ideas it doesn’t
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even seem as though a large bundle curvature is necessary. Thus we close with the

following further conjecture.

Conjecture: 8.2. Let L — M be a line bundle over a Riemannian four-manifold
(M, g) with connection A. Suppose Fu is symplectic. Then the solution to volume-
normalized Ricci Yang-Mills flow on L with connection A exists for all time and

converges to an Einstein Yang-Mills metric.

Also, a more general singularity analysis is called for. There may be quantities
analogous to Perelman’s reduced length and volume which are monotonic along a
solution to RYM flow. If so these would undoubtedly be useful in classifying singu-

larities. Guided by example 2.10, we make the following specific conjecture.

Conjecture: 8.3. FEvery solution to RYM flow has low energy.

If this conjecture is true, using theorem 3.14 we get as a corollary is that every
solution to RYM flow is noncollapsed.

Finally, we point out that the general idea behind the main question could be ap-
plied to many different geometric situations. First of all one could change the extra
“field” that one is introducing into the Einstein equation. Specifically one could in-
troduce a three-form on a six manifold, or even coupling the Einstein equation to the
Seiberg-Witten equations. Both of these situations arise naturally in physics. Also,
one could consider coupling an external field to other elliptic equations which arise
naturally in Riemannian geometry, say the harmonic map equation. It is possible
that one could introduce terms which make the resulting parabolic equation easy to
control, and thus produce a map satisfying a coupled elliptic system.
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Appendix A

Riemannian (Geometry Results

Lemma: A.1. Letu: M™ x [0,T) — R be a C* subsolution to
ou

BN Ag(t)u + <X, VU) + F(u)

on a closed manifold. Suppose there exists C' € R such that u(x,0) < C for all

x € M". Let ¢(t) be the solution to the initial value problem

do
T F(¢)
P(0)=C

Then
u(z,t) < o(t)

for allz € M™ and t € [0,T) such that ¢(t) ezists.

Proposition: A.2. If a is a 2-form on a Riemannian manifold (M, g) then

Aga = (Aayj + gkpglqRijklapq — gklRikozlj — gklekail)d:L‘i A dz? (A.1)

Proposition: A.3. Let E — M a principal K-bundle with connection A. Let
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acting on t-valued differential forms. Then for w a given €-valued differential form
the following general formula holds:

Apw = Aw + F4 % w + rm *w (A.3)

Proof. This can be found in [8]. O

Lemma: A.4. Let w be a two-form on a Riemannian four-manifold (M, g). Then

w s self-dual or anti-self-dual if and only zf% = 0.

Proof. Recall that n;; = g*w;w;. Fix a given point 2 € M and choose coordinates

such that g(z) = Id and also w has been skew-diagonalized. Specifically this means

1 0 A
1 -2 0
1 —u 0
where A, © € R. Thus we may easily compute
% (= 1) 1 ()2 2
o — ) ()\ .y ) A5
! =) )
3 (12 =%

It is then clear that 73 = 0 at x if and only if A = £pu, ie. if w is self-dual or

anti-self-dual. O]

Lemma: A.5. Let w be a two-form on a Riemannian four-manifold (M, g). Then

[ < 5 ol (A.6)

with equality if and only if w has a non-trivial kernel.
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Proof. Recall n;; = g"“’lwikwﬂ. Fix a given point x € M and choose coordinates such
that g(x) = Id and also w has been skew-diagonalized as in the above lemma. Then
an easy computation using (A.4) gives

nl* = 2\ + 244"
<2 (N4 )

1
ol

2

and moreover it is clear that equality holds in the second line if and only if one of A

or u is zero, which corresponds exactly to when w has a non-trivial kernel. O]
Lemma: A.6. Let w an n-form on a 2n-manifold. Then

/M w|? > W] (A.7)

Proof. Using that the operator  is an isometry, we see

Jurw=(1r [ @)
< [l
~ [

One can bound — [ w A w similarly, so the result follows. O]

Proposition: A.7. In a general frame the curvature tensor of a Riemannian metric
1S given by
Rijp = 0L, — ;T + T, — DRI, — O T (A.8)

? J
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Proposition: A.8. In any coordinate system, if g = h, then:
. 1
FZ = §gkl (vih]‘l + vjhil — Vlhij)
: 1
Rjk = —5 [ALh]’k + V]Vk(tr h) — V]VZhlk — VkVZhU]

R = —A(trh) +divdivh — (h, Rc)

where Ayp is the Lichnerowicz laplacian, given by:

ApLAi; = DAy + 29" g RijiApg — 9" RiucAiy — 9" Rjn Ay

For our convenience we will write

ALA=AA+TR(A)
where R is defined by the equality.

Lemma: A.9. Let L = (% — A). Then:

L(fg) = (Lf)g+ f(Lg) =2V f-Vyg

Lemma: A.10. If f a non-negative function and g a positive function then:

d fa B fafl d a d
(=2) (5) =i (-a) - (- 2)

a—2 fa

—ala=1)=5 [VII = BB +1) 5 Vel

a—1

+2080 (91, 99)
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Appendix B

Decomposition of the Laplacian

In the lemma below the letters «, § and ~ refer to general indices, the letters 7, j and

k refer to base indices and u, v refer to bundle indices.

Lemma: B.1. Given a bundle metric we have

(gvisjk a=i,f=7jv=k
1 _
E(MF'S_S'MF)jk X=H

Gvaﬂ*(s)ﬁvz %(uF'S)ik p=p
%(#F'S)ij TEH
\() otherwise
_%( Fjwre + PEgwjp) a=14,8=j,v=Fk
0 =
Aviwﬂk ﬁ:,u
AV, w V= p

G % adVi 3

Varm (w)gy =

( )ﬂ'y %(MF'CUV—FVF W,u) ﬁ:M77:V

%(}LFMV)]g a:M,ﬁ:U
5 F-w), a=py=v
0 otherwise
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(

0 a=1i,p8=j7=k

0 a=u

_%VFz‘kfl/u B=p
Gvaﬂ—*(f)ﬂv = _%VFz’j fon v=H

0 O'/:lj'aﬁ:V

IN i fw f=puy=v

0 otherwise

Proof. In general for W € S?T*E we have

ValWs, = 0aWa, — DWW, — T2 Wi
The equations above now all follow from lemma 2.2.

Lemma: B.2. Giwen W a symmetric two-tensor on a Riemmanian manifold,
ViV Wii = Wijkm — VVljFlmi,k - VVilrinj,k
— I/VIMI‘im- — ‘/I/il,krinj — WajmLg;
= WinmD'i; = WijnL i,
+ WyTL T+ Wi Tl D+ Wy T Tk

I

l
nj— km

+ WLk T+ Wik T + Wil

Theorem: B.3. Given a metric of type 2.2 with 9Vg =0 we have

("F-h- oF)

DO | —

1
GAT*(h)Z]:gAh”—f—é(eF 9Fh+h HF QF)—

v

GA?T* (h>19 — (h . d*F)zg — gvlhm anl

1
2

1
YA (h)g, = — 3 (gF -, F,h)
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Proof. Set W = 7*(h). We recall the result of lemma B.2:

GAWCW = GaE(Waﬁﬁf - Wl’ﬁrga,e - Wal/rgﬁ,e
— Wosel'sa = Wanel 55 = Wig el
- Wauﬁrgﬁ - Waﬁ,urgé

+ W,gl5 I+ W, D5 D 4+ W, 07 T

op— ea po €

+ W T5aTh, + Wa, Iy, Tl 4+ W, T 5T

Thus we have:
AW = G(Wijse — Woil'si e = Wi, I's;
- Wuj,ergz‘ - I/Vil/,srgj - Ww’,éFZi
— Wiy sl = Wia s (B.1)

V)& it €d

F WIS+ WD T+ Wi T2, I)

Now at this point we simply note that the Christoffel symbol terms that don’t involve
any p components simply comprise ¢Ak. Now we will go term by term and compute
what the rest of the operator is, only considering things which have not already
appeared in 9Ak. So, in particular we see using lemma 2.2 that the terms of the

form W x OI' and OW « I all vanish. Next we compute

1
GW,, TLTY = =G (hy oF) °F,;) + i oF! UF)

|

=~ ("F- ¢F-h)

ij

N | —
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and similarly

€ 1 n m
GoW,, TITH = 2 B

01 €]

1
= —Z(GF'h'eF)ij

Next we have

€ v 1 €
G6 Wqu Tl = ZG(S hkj Qﬂk 9F6€

it ed
=0
and
1
GO Wi L5 TG = Jhmn o} "
L g
= = (CF Do F)y
Next
e n U 1 de n 0 1 n 0 rm
G I/VmeFej - ZG h,m QF(; Fej + Zhln gFm F}
1 0
:§(h' F'9F)ij
And finally

1
GO W, I Tl = ZG&hm o O Fus

=0

Collecting the above calculations gives

1
“AW,;; = 9Ah; + 5( FyF-h+hPF4F)
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Now we must compute “AW;y. Again specializing lemma B.2 gives
“AWg = G*(Wigse — Wogl%; o — Wi I% .
- WVQ,Eng - I/Viv,erge - Wu975rgz‘
— Wipslty — Wig b5 (B.2)
+ Woel§ T8 4+ W, DT + Wl T

+ W L5ls + Wi L5, ey + Wa T l)

First of all we note that any term involving Wy or its derivatives vanishes. Next we

compute
GOW, Ty, = — 2G™hiy oF.
- VVin 80, — 5 in 646

1n>c<
:§hid9Fn

and
_G(Se (Win,ergg + Wiu,érgg) = - G(Sehin,e Gan

= — 9Vhy, oF™

Next we note that

G‘;E(WWFZZT% + W#nrge + Winrgurge) =0

Thus we have

1
AW, = 5(h d*yF); — 9V kg, o F™
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To compute the vertical component, we again specialize lemma B.2 to get
AWy, = G*(Wap5e = WLy — Wo L5,
- Wup,erge - Wel/;ﬁrgp - Wupﬁrge
- W9u75rgp - Wﬂp,urifé (B,S)
+ W, L5, Lt + Wi T'5ph, + W, Il

+ W5, Uep + Wo I3, T8, + Wo T TG

Again any term involving Wy, Wyg or any of their coordinate derivatives vanishes.

Indeed the only nonzero terms are the following:

1
2G°W,, Iy TH, = §G5€hmn oFy F™

1
= _§<9F PF7h>
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