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Chapter 1

Introduction and Summary

Discovery of the neutrino oscillation indicated that neutrinos have masses, the property
which is not contained in the standard model of elementary particles. It means that there
is a new physics beyond the standard model, giving a significant impact on high energy
physics. Probing physics behind the neutrino mass and the lepton flavor mixing with
comprehension of the mixing in the quark sector, are expected to open a new window to
deeper understanding of fundamental matter in nature.

Until now, experiments using atmospheric, solar, reactor, and accelerator neutrinos have
revealed the structure of 2-3 and 1-2 sector of the Maki-Nakagawa-Sakata mixing matrix,
UMNS, which describes the three generation lepton flavor mixing. The results of these
experiments told us that the value of θ23 is close to the maximal angle 45◦, and θ12 is about
30◦, both of which are large contrary to what was widely believed at that time based on
small mixing in the quark sector. The remaining outstanding issues are the determination
of the last mixing angle of UMNS, θ13, which is known to be small, the Kobayashi-Maskawa
type CP-phase δ in the lepton sector, and the pattern of neutrino masses.

It is expected that future neutrino experiments will be able to have sensitivities to these
parameters. Especially, the long baseline oscillation experiments which use the artificial
neutrino beams have a potential to determine the lepton flavor mixing because they can
be setup with the appropriate experimental condition in order to measure the unknown
parameters. The CP-violating effect caused by the phase δ arises as a genuine three-flavor
effect and it receives various suppression factors owing to this character. To determine δ,
therefore, we need precision measurement and the experiments inevitably have the charac-
ter of simultaneous measurement of both δ and θ13 in seeking such an accuracy.

It is known that there is a serious problem in measurement of θ13 and δ. It is the
problem of existence of multiple solutions, which is usually called as the “parameter degen-
eracy”. In general, there exist eight solutions which reproduce the two neutrino oscillation
probabilities of νµ → νe and ν̄µ → ν̄e channels at a given energy. Furthermore, the de-
generate solutions depend intricately on various mixing parameters. Therefore, in order to
have a clear understanding of the results of feature long baseline experiments, it is impor-
tant to reveal the whole picture of the parameter degeneracy and understand the structure
of degenerate solutions. If there exist any non-standard phenomena in neutrino propaga-
tion, complete understanding of the degeneracy would help us to determine the neutrino
oscillation parameters avoiding the confusion caused by the non-standard effect.
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The purpose of this thesis is to make the structure of the parameter degeneracy manifest.
It is nothing but the invariance of a certain set of the oscillation probabilities under the
discrete transformations. They consist of the following three mappings:

(1). intrinsic mapping,
(2). sign-∆m2

31 mapping,
(3). θ23 octant mapping.

By combing these three mappings one can reconstruct all the eightfold degenerate solutions
from the true one. The feature is represented pictorially in Fig. 1.1. Notice that the sign-
octant mapping can be constructed by doing the two successive mappings, the sign-∆m2

31

and the θ23 octant mappings.

True

II

III

IV

V  

VI

VII

VIII

sign-!m2
31

intrinsic

octant

sign-octant

Figure 1.1: The relationships between the true solution and the seven degenerate solutions
are exhibited by color arrows, representing mappings which create the them from the others.

The explicit forms of the mappings can be derived by obtaining analytic solutions of
the eightfold degeneracy. In the case of CP-conjugate measurement this task is carried out
explicitly in this thesis. In the T-conjugate measurement, the CPT-conjugate measurement,
and in a setting combining the golden (νe → νµ) and the silver (νe → ντ ) channels, several
forms of the mapping can be obtained by the symmetry obeyed by the approximate formula
of the oscillation probability derived by Cervera et al.. For the latter, however, we also
work out the explicit solutions to confirm the above expectation. The explicit analytic
solutions would merit understanding of results of future experiments.

We display various features of the parameter degeneracy for CP-conjugate measurement
by using color graduation and other types of plots. Several characteristic features of the
degeneracy are clearly represented. The difference between the true and degenerate solution
of θ13 is, in general, large for the intrinsic degeneracy. However, its energy dependence is
relatively strong suggesting that it can be resolved by spectrum analysis. Whereas in the
sign-∆m2

31 and the θ23 octant degeneracies the differences are generally small and depend
on energy only weakly in short and medium baseline distances. The similar feature exists
also for CP phase δ. Therefore, it would be hard to lift the latter types of degeneracies.
It was shown that the degenerate solution of δ can be approximated by π − δ in various
regions of the parameters. It indicates that confusion of CP violation and CP conservation
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is minimal in particular at short baselines. On the other hand, we also observe that in
longer baselines the sign-∆m2

31 degeneracy produces fake solutions of δ which can confuse
CP violation with CP conservation.

To understand better these characteristic features of the degeneracy we also derive
the perturbative expressions of the degenerate solutions in CP-conjugate measurement.
The matter perturbation formula of the sign-∆m2

31 degeneracy solution gives us simple
understanding of the above mentioned features. The θ23 octant degeneracy solution of
θ13 is close to the true one and its energy dependence is so weak even in the neutrino
factory setting. To understand these features of the octant degeneracy, we also formulate
the maximal θ23 perturbation theory by taking ϵoct ≡ θ23 − π

4
as the small expansion

parameter.
Finally, we also discuss the parameter degeneracy in the system with non-standard

interactions (NSI) of neutrinos with matter propagating in the earth. It is shown that the
conventional types of degeneracy discussed above are modified by the presence of NSI, and
a nobel type of degeneracy exchanging the solar and the atmospheric variable exists.
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Chapter 2

Neutrino Mass and Oscillation

In this chapter, we review neutrino mixing and oscillations. First, we give an overview of
how the fermions except for neutrinos get their masses in the standard electroweak model
and its mixing structure in the quark sector. Next, we review the neutrino oscillation
mechanism and show the constraints on the neutrino masses and mixing angles from various
experiments.

2.1 Standard model and mass matrix

The standard model of the elementary particles has succeeded explaining a lot of phenom-
ena of nature. It consists of the Quantum Chromo Dynamics (QCD) which describes the
strong interaction, and the standard electroweak model, the model of the electromagnetic
and weak interactions [1]. In this section we review the standard electroweak model to
recollect how fermions get their masses and the resultant structure of flavor mixing.

The standard electroweak model is constructed on the basis of SU(2)L × U(1)Y gauge
symmetry.

We denote the fermions by the chirality as

ΨL =
1 − γ5

2
Ψ, ΨR =

1 + γ5

2
Ψ, (2.1)

in order to construct the invariant Lagrangian under the SU(2)L transformation.
The left-handed fermions can be written by the doublets of SU(2)L as

qi :

(
uL

dL

)
,

(
cL

sL

)
,

(
tL
bL

)
,

li :

(
νeL

eL

)
,

(
νµL

µL

)
,

(
ντL

τL

)
. (2.2)

On the other hand, the right-handed fermions are the singlet under SU(2)L transformation

uRi : uR, cR, tR; dRi : dR, sR, bR

eRi : eR, µR, τR. (2.3)
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The right-handed neutrinos are not considered because there is no evidence of right-handed
neutrinos.

Lagrangian of this model is written with the gauge bosons denoted W a
µ (a = 1, 2, 3) and

Bµ as

L = −1

4
F a

µνF
µν
a − 1

4
BµνB

µν + Ψ̄iγµDµΨ + (DµΦ)†(DµΦ) − V (Φ) + LY (2.4)

LY = −
∑
i,j

(fu
ij q̄iΦ

cuRj + fd
ij q̄iΦdRj + f e

ij l̄iΦeRi + h.c.)

F a
µν = ∂µW

a
ν − ∂νWµ − gϵa

bcW
b
µW c

ν

Bµν = ∂µBν − ∂νBµ

Dµ = ∂µ + igW a
µ τa + i

g′

2
BµY

Φ =

(
φ+

φ0

)
, Φc =

(
φ0†

−φ−

)
(2.5)

where a = 1, 2, 3 and Ψ are fermions determined in (2.2) and(2.3).
The important point is that the SU(2)L symmetry implies no mass term not only on

the gauge bosons but also on the fermions. As we discuss later, The Higgs mechanism
resolves this problem.

If the potential of Higgs bosons have the form of

V (Φ) = −µ2|Φ|2 + λ(|Φ|2)2, (2.6)

the vacuum is at non-zero φ

Φ →
(

0

v/
√

2

)
(2.7)

where v =
√

µ2/λ. Therefore at the vacuum, B and W 3 are mixed and reinterpreted as
photon field A and neutral boson Z as

Zµ = cos θW W 3
µ − sin θW Bµ

Aµ = sin θW W 3
µ + cos θW Bµ (2.8)

where

cos θW ≡ g√
g2 + g′2

, sin θW ≡ g′√
g2 + g′2

. (2.9)

The gauge interaction terms are written by

Lint = −
[
g sin θW Ψ̄γµAµQΨ +

g

cos θW

Ψ̄γµZµ(I3 − Q sin2 θW )Ψ

+
g√
2
Ψ̄Lγµ(W+

µ τ+ + W−
µ τ−)ΨL

]
(2.10)

7



where

W±
µ ≡ 1√

2
(W 1

µ ∓ iW 2
µ),

τ± ≡ τ1 ± iτ2,

Q ≡ τ3 +
Y

2
. (2.11)

Considering gauge symmetry spontaneous breaking, we have the mass of Z and W±

bosons,

mW =
gv

2
, (2.12)

mZ =
gv

2 cos θW

. (2.13)

Furthermore, the Yukawa coupling terms, LY , give the fermion mass terms as

Lm = −
∑
i,j

(ūLiM
u
ijuRj + d̄LiM

d
ijdRj + ēLiM

e
ijeRj + h.c.) (2.14)

where Mα
ij ≡ vfα

ij/
√

2, α = u, d, e.
In general, we can take the arbitrary complex matrix for the Yukawa coupling constants.

Therefore, the state of fermions in this expression is not the mass eigenstate but the state
under the weak interaction (weak eigenstate). In order to get the diagonalized mass matrix,
let us consider the bi-unitary transformation using unitary matrixes Sα and Tα

SuMuT u† = Mu
dia =

 mu 0 0
0 mc 0
0 0 mt

 (2.15)

SdMdT d† = Md
dia =

 md 0 0
0 ms 0
0 0 mb

 (2.16)

SeM eT e† = M e
dia =

 me 0 0
0 mµ 0
0 0 mτ

 . (2.17)

The fermion mass terms are transformed as

−Lm = ULMuUR + DLMdDR + ELM eER + h.c.

= (SuUL)SuMuT u†(T uUR) + (SdDL)SdMdT d†(T dDR)

+(SeEL)SeM eT e†(T eER) + h.c.

=
∑

i

[
mu

i (ū
′
Liu

′
Ri + ū′

Riu
′
L) + md

i (d̄
′
Lid

′
Ri + d̄′

Rid
′
L) + me

i (ē
′
Lie

′
Ri + ē′Rie

′
L)

]
,

(2.18)
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where U,D, and E are the weak eigenstates,

U =

 u
c
t

 , D =

 d
s
b

 , E =

 e
µ
τ

 , (2.19)

and we determine the mass eigenstate as

u′
Li ≡

∑
j

Su
ijuLj, d′

Li ≡
∑

j

Sd
ijdLj, e′Li ≡

∑
j

Se
ijeLj. (2.20)

(2.10) shows that the electromagnetic interaction and neutral current interaction do not
change their form under the transformation of the mass eigenstate to the weak eigenstate,
but charged current interaction by W± bosons change the picture. In the quark sector,
charged current interaction term can be written by

−
√

2

g
Lcc,q = ULγµDLW+

µ + h.c.

= U ′
Lγµ(SuSd†)D′

LW+
µ + h.c.

=
∑
i,j

[
ū′

Liγ
µVijd

′
LjW

+
µ + d̄′

Liγ
µV ∗

ijuLjW
−
µ

]
(2.21)

where V ≡ SuSd† is the Kobayashi-Maskawa matrix[2]. This matrix produces cross-
generation mixing connecting flavor eigenstate d̃ to mass eigenstate d′,

d̃Li =
∑

j

Vijd
′
Lj. (2.22)

The 3× 3 unitary matrix has 9 independent parameters. Three of them are rotation angle
and the remaining six are the phases whose five can be absorbed by redefinition of quark
fields. Therefore, the Kobayashi-Maskawa matrix has the unique complex phase and the
KM phase gives rise to CP violating effects[2]. Note that if the fermions are massless, the
rotation by S and T makes no sense.

If the neutrinos have their masses the lepton sector has similar structure as quark sector

ν̃i =
∑

j

(Se†Sν)ijν
′
j. (2.23)

In what follows, considering the massive neutrinos we discuss the neutrino oscillation.

2.2 Neutrino mixing and oscillation

If neutrinos have masses, generally the flavor eigenstates can be expressed by superposition
of the mass eigenstates. Introducing Maki-Nakagawa-Sakata unitary matrix[3], U ≡ Se†Sν ,
the flavor eigenstate can be written by the mass eigenstate as

|να〉 =
∑

i

U∗
αi|νi〉. (2.24)
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Where α = e, µ, ν and i = 1, 2, 3. This relation immediately derive the expression of the
mass eigenstate

|νi〉 =
∑

α

Uαi|να〉. (2.25)

The unitary matrix U(N × N) has N2 parameters, 1
2
N(N − 1) rotation angles and

1
2
N(N +1) phases. If neutrinos are Dirac particle, 2N−1 of phases are unphysical by phase

redefinition of fermion field. On the other hand, if neutrinos are Majorana particle, only
N of phases can be subtracted because the neutrino and anti-neutrino have to be identical.
Thus U in Eq.(2.24) has three real mixing parameter and one complex phase for Dirac
neutrino and two more phases for Majorana neutrino. We use standard parameterization
for this matrix,

U =

 1 0 0
0 c23 s23

0 −s23 c23

 c13 0 s13e
−iδ

0 1 0
−s13e

iδ 0 c13

 c12 s12 0
−s12 c12 0

0 0 1

 Γ

=

 c12c13 s12c13 s13e
−iδ

−s12c23 − c12s23s13e
−iδ c12c23 − s12s23s13e

iδ s23c13

s12s23 − c12c23s13e
iδ −c12s23 − s12c23s13e

iδ c23c13

 Γ, (2.26)

where sij ≡ sin θij, cij ≡ cos θij and Γ ≡ diag(ei
α1
2 , ei

α2
2 , 1) exists only the case neutrinos

are Majorana particle.

2.2.1 Neutrino oscillation in vacuum

Considering the propagation equation of mass eigenstates of neutrinos

i
∂

∂t
|νi〉 = Ei|νi〉

≅
(

p +
m2

i

2p

)
|νi〉, (2.27)

where we use the assumption that neutrinos are ultra-relativistic to obtain the second line.
Using the relationship of mass eigenstates and flavor eigenstates Eq.(2.24)(2.25), one

can obtain the propagation equation of flavor eigenstates,

i
∂

∂t
|να〉 =

∑
β

∑
i

U∗
αiEiUβi|νβ〉 (2.28)

= Hvac∗
αβ |νβ〉. (2.29)

In order to obtain the neutrino flavor eigenstate |να〉 after the propagation for a distance
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L, we solve the Eq.(2.27) with t → L,

|να(L)〉 =
∑

i

U∗
αi|νi(L)〉

=
∑

i

U∗
αie

−iELe−i
m2

i L

2E |νi(0)〉

=
∑

i

∑
β

e−iELU∗
αie

−i
m2

i L

2E Uβi|νβ〉

where we have used p ≅ E under the ultra-relativistic approximation.
Therefore it gives us the amplitude of flavor changing να → νβ

A(να → νβ) =
∑

i

e−iELU∗
αie

−i
m2

i L

2E Uβi. (2.30)

We obtain the absolute square of the amplitude which describe the neutrino oscillation
probability in vacuum by using the unitarity of the mixing matrix, ,

P (να → νβ) = |A(να → νβ)|2

= |
∑

i

U∗
αie

−i
m2

i
2E Uβi|2

= δαβ − 4
∑
i>j

Re(U∗
αiUβiUαjU

∗
βj) sin2

(
∆m2

ijL

4E

)

+2
∑
i>j

Im(U∗
αiUβiUαjU

∗
βj) sin

(
∆m2

ijL

2E

)
, (2.31)

where ∆m2
ij ≡ m2

i − m2
j .

Note that Im(U∗
αiUβiUαjU

∗
βj) is proportional to sin δ, the sign of it differs between neu-

trino and anti-neutrino. Therefore, it describes the CP-violating effect in neutrino oscil-
lation. It is the lepton analogue of the Jarlskog factor [4], all the |Im(U∗

αiUβiUαjU
∗
βj)| in

α ̸= β, i ̸= j can be written by J = c2
13s13c12s12c23s23 sin δ.

In the case of two generation neutrinos the mixing matrix is given by 2× 2 matrix with
angle θ, (

να

νβ

)
=

(
cos θ sin θ
− sin θ cos θ

)(
ν1

ν2

)
. (2.32)

The oscillation probability can be written as

P (να → νβ) = sin2 2θ sin2

(
∆m2

12L

4E

)
, (α ̸= β)

P (να → να) = 1 − sin2 2θ sin2

(
∆m2

12L

4E

)
(2.33)
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As we shall discuss later, two generation approximation formula is convenient for simple
understanding of the basic features of the neutrino oscillations in nature.

At the end of this subsection, we summarize the values of oscillation parameters from
Particle Data Group[7].

sin2(2θ12) = 0.87 ± 0.03 (2.34)

∆m2
21 = (7.59 ± 0.20) × 10−5eV 2 (2.35)

sin2(2θ23) > 0.92, CL = 90% (2.36)

|∆m2
32| = (2.43 ± 0.13) × 10−3eV 2 (2.37)

sin2(2θ13) < 0.19, CL = 90% (2.38)

The absolute value sign of (2.37) indicates that it is not yet determined whether m3 > m2

(normal mass hierarchy) or m3 < m2 (inverted mass hierarchy). Other parameters, complex
phases δ, α1, and α2, have no constraint from any experiments.

2.2.2 Neutrino oscillation probability in matter

We have discussed neutrino oscillation in vacuum in a previous subsection. When neutri-
nos propagate in matter however, flavor changing probability is modified from the one in
vacuum. It is known as the Mikheev-Smirnov-Wolfenstein (MSW)[5, 6] effect.

The electron neutrinos interact with electron by exchanging W boson in matter (Fig. 2.1).
The effective Hamiltonian of the interaction is

�

��

�

�

��

Figure 2.1: Feynman diagram of charged current interaction of electron with electron
neutrino.

H =
GF√

2
ν̄eγ

µ(1 − γ5)νeēγµ(1 − γ5)e, (2.39)

where GF is the Fermi constant. In the rest frame of electrons, expectation value of electron
term can be understood as

〈ēγµe〉 = δ0µne, (2.40)
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where ne is electron number density in matter. An electron neutrino feels the effective
potential from the coherent forward scattering. Because matter consist of electrons and
nucleons, we do not have to consider the µ − νµ or τ − ντ coherent scattering. Therefore
the Hamiltonian of neutrino propagation equation is written by

Hmatt = Hvac + diag(a, 0, 0)

= U
1

2E

 0 0 0
0 ∆m2

21 0
0 0 ∆m2

31

 U -1 +

 a 0 0
0 0 0
0 0 0

 , (2.41)

a =
√

2GF ne.

The Hamiltonian of anti-neutrino have a similar form of potential but with opposite sign,
−a, by taking the CP-conjugate of νe in (2.39). Of course, the neutral-current interactions
with matter produce a similar effective potential, but in a form proportional to identity
matrix in the Hamiltonian. However, the term can be absorbed into the phase of the wave
function, and it does not change the probability of flavor transition. Therefore, it can be
safely ignored if we discuss flavor transformation.

In order to understand the solar neutrino discussed next chapter, let us review the
theoretical outline of the solar neutrino oscillation in two generation neutrinos.

The effective mixing angle with effective eigenvalues λ̃1(x), λ̃2(x) in matter can be writ-
ten as

Ũ(x) =

(
cos θ̃(x) sin θ̃(x)

− sin θ̃(x) cos θ̃(x)

)
,

tan 2θ̃(x) =
∆ sin 2θ

∆ cos 2θ − a(x)
(2.42)

where a(x) ≡
√

2GF ne(x), ne(x) is the electron number density in the sum depending on

the depth, ∆ =
∆m2

21

2E
, and θ is mixing angle at vacuum. The important point is that

the effective mixing angle can be maximal at the resonance point a(x) = ∆ cos 2θ. Note
that the matter effect changes significantly while neutrinos propagate in the sun, it makes
the effective mixing angle depend on distance which dependence cut into a diagonalized
evolution equations like

i
∂

∂x

(
ν1

ν2

)
=

(
diag

(
λ̃1(x)

2E
,
λ̃2(x)

2E

)
− iŨ−1(x)

∂Ũ(x)

∂x

) (
ν1

ν2

)
. (2.43)

The extra term is written by

Ũ−1(x)
∂Ũ(x)

∂x
=

(
0 ∂θ̃(x)

∂x

−∂θ̃(x)
∂x

0

)
. (2.44)

Using (2.42), the time dependence of the effective mixing angle is given as

∂θ̃(x)

∂x
=

sin2 2θ̃(x)

2∆ sin 2θ

∂a(x)

∂x
. (2.45)
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If the off-diagonal element is sufficiently small compared with diagonal element even at the
resonance point, the adiabatic condition is satisfied and we can solve the equation. The
adiabatic condition are written by∣∣∣∣∣∂θ̃(x)

∂x

∣∣∣∣∣ ≪ |∆̃(x)|, (2.46)

where ∆̃(x) = λ̃2(x)−λ̃1(x)
2E

, and at the resonance point, it is given as∣∣∣∣∆ sin2 2θ

cos 2θ

a

ȧ

∣∣∣∣
resonance

≫ 1. (2.47)

where ȧ = ∂a(x)
∂x

.
Suppose that the neutrinos are produced at production point xp. The electron neutrino

state on the solar surface L can be written as

|νe(L)〉 =
∑

i

∑
α

Uei(L)e
−i

R L
xp

λ̃i(x)dx
Ũ∗

αi(xp)|να(xp)〉. (2.48)

Thus, the survival probability of the electron neutrinos is written by

P (νe → νe) = cos2 θ cos2 θN + sin2 θ sin2 θN +
1

2
sin 2θ sin 2θN cos

∫ L

xp

∆̃(x)dx (2.49)

where θN = θ̃(xp) and we use U(L) is the mixing matrix in vacuum. If the oscillation length
of the third term of (2.49) is sufficiently short compare to propagation length, averaging over
the production position cancels out the term. Assuming the matter effect at production
point is sufficiently large as θN ≅ π/2, the conclusive survival probability can be written
as

Psurvival ≡ P (νe → νe) = sin2 θ. (2.50)

If neutrino energy is small as
∆m2

31

2a
cos 2θ ≫ E we can approximate θN = θ. Therefore,

the survival probability can be approximated by vacuum oscillation

Psurvival = 1 − 1

2
sin2 2θ. (2.51)

2.3 Search for neutrino mass

The oscillation experiments successfully measured the difference of mass squared of neu-
trinos. By contrast, there is no successful experiments measuring the absolute mass of
neutrino.

In this section, we would like to show the constraints of absolute neutrino masses from
various experiments.
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2.3.1 Direct measurement experiments of neutrino mass

The “direct” constraint of the neutrino mass is given as

m(νe) ≤ 2eV, (2.52)

by the evaluation of Particle Data Group[7].
This constraint comes from the measurement of tritium beta decay. The decay rate Γ

of beta decay can be written by

dΓ ∝ F (Z,E)pEpνEνdE (2.53)

where E and p is the electron energy and momentum respectively, Eν and pν is the neutrino
energy and momentum, and F (Z,E) is the effect of Coulomb field. If we determine the
Kurie plot function K(E) as

K(E) ≡

√
dΓ/dE

F (Z,E)pE
, (2.54)

it is proportional to (E0−E) on massless neutrino where E0 is the mass difference of nuclei
before and after decay. But in the case of massive neutrino, the highest energy tail of
spectrum can not reach E0 but E0 −mν . Therefore, in principle, the precise measurement
of electron energy spectrum at highest energy tells us the absolute mass of neutrino (See
Fig. 2.2).

E0E0-mΝ
E

KHEL

Figure 2.2: The Fermi-Kurie plot. The red line is given by massless neutrino and the blue
line for massive neutrino.

There is a lot of experiments using 3T beta decay[9]. The strongest constraint which
by the Mainz neutrino mass search is

m(νe) ≤ 2.3eV (95%CL.). (2.55)
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A future experiment with the same method which is expected to reach the highest
sensitivity to neutrino mass is KATRIN (KArlsruhe TRItium Neutrino experiment) [10],
has a great discovery potential

m > 0.35eV (2.56)

in 5σ significance.

2.3.2 Cosmological constraint on neutrino masses

The cosmological observations have also the constraint on neutrino masses.
Tracing back through the history of universe, neutrinos had been in thermal equilibrium

at the early time. As the universe cooled down with expansion, neutrinos are decoupled
from equilibrium. After decoupling neutrinos further cooled down and today they are
believed to remain as 1.96K cosmic neutrino background similar to CMB. The neutrino
oscillation experiments shows the information of difference of mass square, it tells us that
sum of three generation neutrino masses are limited as∑

i

mi & 0.06(0.09) eV (2.57)

for the normal (inverted) hierarchy. This lower bound means that the cosmic neutrino
background are non-relativistic and current matter density of universe Ωm contains mass
of neutrinos.

On the other hand, neutrinos ware relativistic in the decoupling epoch. It means that
the matter density at the decoupling epoch was smaller than the one which is calculated
with massless neutrinos. Changing the matter to radiation ratio at the decoupling epoch
accelerate the decay of gravitational potential around the decoupling epoch. Finally, it
modifies the power spectrum of CMB as integrated Sachs-Wolfe(ISW) effect.

The 5 year measurement of the Wilkinson Microwave Anisotropy Probe(WMAP) gives
us [11] ∑

i

mi < 1.3 eV(95 % CL). (2.58)

Furthermore, because mass of neutrinos affects the large scale structure of the universe,
there is stronger constraint by combining the Lyman-α and other observations [12]∑

i

mi < 0.17 eV(95 % CL). (2.59)

But note that the systematic uncertainty of Lyman-α is not well understood.
It is important that this type of constraints from cosmological observations may be able

to determine the hierarchy of neutrinos. The Fig. 2.3 shows the plot of sum of neutrino
masses with the lightest neutrino mass as horizontal axis, blue line with normal hierarchy
and red line with inverted one. One can realize that if upper bound of sum of neutrino
masses reaches less than 0.09 eV with sufficient accuracy, it can conclude the neutrino mass
hierarchy is the normal one.
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Figure 2.3: The sum of neutrino masses :
∑

i mi. The lightest neutrino is ν1 for normal
hierarchy (blue line) or ν3 for inverted hierarchy (red line).

2.3.3 Neutrinoless double beta decay experiments

Considering the neutrino masses, one possible form is Dirac mass term as

νRmDνL (2.60)

where νR is new particle but not conflict with the standard model.
By contrast, because neutrinos do not have electric charge neutrinos can be anti-particle

of themselves, symbolically ν̄ = ν. Thus there is another possible mass form

(νL)CMνL. (2.61)

It is the Majorana mass term.
If neutrinos are Majorana particle, neutrinoless double beta decay (0νββ)

(A,Z) → (A,Z + 2) + 2e− (2.62)

can occur where (A,Z) is a nucleus consists of Z protons and (A-Z) neutrons if single beta
decay is forbidden by kinematics. Note that this process does not conserve lepton number.
The main contribution to neutrinoless double beta decay can be understood as Fig. 2.4.
This process never happen on Dirac neutrino ν̄ ̸= ν.

The half life time of this process is given by

(T 0ν
1/2)

−1 = G0ν(Qββ, Z)|M0ν |2〈mββ〉2, (2.63)
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Figure 2.4: Diagram to neutrinoless double beta decay due to Majorana neutrino mass.

where G0ν is the phase space factor and M0ν(Qββ, Z) is nuclear matrix element, and 〈mββ〉
is the effective Majorana mass of the electron neutrino for neutrinoless double beta decay.
Considering the diagram Fig. 2.4, effective mass is written by

〈mββ〉 =

∣∣∣∣∣∑
i

miU
2
ei

∣∣∣∣∣ . (2.64)

Fig. 2.5 plotted the effective Majorana mass (2.64) with best fit value of mixing parameters,
(2.38), and sin2 2θ23 = 1. Unknown parameters δ1, α2, and α2 are varied and sin2 2θ13 is
fix at either 0 or 0.1. One can realize that if the neutrino mass hierarchy is the normal
one, there is a possibility that half life time of neutrinoless double beta decay is extremely
small.

Many double beta decay experiments were carried out using varying nuclei and still
many more are either ongoing or in planning stage. In this subsection we show the result
of only one experiment which places strongest bound on the effective mass by the CUORI-
CINO. The CUORICINO is an array of 62 bolometers of TeO2 which tellurium is 130Te
with active mass of 40.7 kg. The measurement of an exposure of 11.83 kg · y gives [13]

T 0ν
1/2(

130Te) ≤ 3.0 × 1023 year (90%CL), (2.65)

in the form of effective mass,

〈mββ〉 < (0.19 − 0.68) eV (90%CL) (2.66)

where it contains the uncertainty in the nuclear matrix elements. For more results, see the
table of PDG[15].
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Meanwhile, there is a report of the discovery of the decay in 97% CL (2.2σ). Klapdor-
Kleingrothaus et al.. They presented an interpretation of the data taken by the HEIDELBERG-
MOSCOW double beta decay experiment which resulted in the claim that

T 0ν
1/2 = (0.8 − 18.3) × 1025 year (95%CL) (2.67)

with the best fit value of 1.5 × 1025 y [14]. In terms of effective Majorana mass, it is

〈mββ〉 = (0.11 − 0.56) eV (95%CL) (2.68)

with the best fit value of 0.39 eV. But this report received critical comments from other
researchers[15] and the result is not confirmed by the other experiments.
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Figure 2.5: Effective Majorana mass which can be observed by neutrinoless double beta
decay is plotted as a function of the lightest mass of neutrinos. The region was made by
varying the complex phases δ1, α1, and α2. The deep(pale) blue region is for the normal
hierarchy for sin2 2θ13 = 0(0.1). The deep(pale) red region is for the inverted hierarchy for
sin2 2θ13 = 0(0.1).
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Chapter 3

Neutrino Oscillation Experiments

In this chapter, we review the various neutrino oscillation experiments which determine
the oscillation parameters. First, the atmospheric neutrino experiments and accelerator
neutrino experiments for the determination of 2-3 sector of the mixing matrix. Next, the
solar neutrino experiments and KamLAND experiment for 1-2 sector. At last, the reactor
experiments which have the constraint on the element of 1-3 sector.

3.1 Atmospheric scale neutrino oscillation experiments

The atmospheric neutrinos are created during passage of cosmic ray in the atmosphere.
Main process of creating the neutrinos is pion decay

π+ → µ+ + νµ

→ e+ + νe + ν̄µ + νµ,

π− → µ− + ν̄µ

→ e− + ν̄e + νµ + ν̄µ. (3.1)

which are produced by interaction of cosmic ray protons and 4He with nuclei in the atmo-
sphere.

Therefore, ignoring distinction of neutrino and anti-neutrino, if muon energy is suffi-
ciently small to decay in the atmosphere the ratio of number of muon neutrino and electron
neutrino, N(νµ + ν̄µ)/N(νe + ν̄e), is 2. However, the measurement by Kamiokande showed
that it is clearly smaller than 2 [16][17].

In this section, we review the atmospheric neutrino oscillation and its confirmation
experiments using accelerator neutrino beam.

3.1.1 Super-Kamiokande

In 1998, the Super-Kamiokande (Super-KAMIOKA Nucleon Decay Experiment or Neu-
trino Detection Experiment) reported conclusive evidence of the neutrino oscillation at the
atmospheric neutrinos[18].

The Super-Kamiokande (SK) is a water Cherenkov detector of total mass of 50 kton,
inner 22.5 kton is used for fiducial mass. Both electrons and muons which produced by
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the neutrino reactions leave behind the Cherenkov light ring to the SK’s photomultiplier.
While muons create relatively clear circle, electron’s Cherenkov rings have more “irregular”
shape because of multiple scattering of electrons in water. Therefore it allows differentiation
between the event of electron-neutrinos and muon-neutrinos. The efficiency for identifying
quasi-elastic νe(νµ) events as single-ring was 93.2(95.8)%, and the angular resolution for
these events was 3.0◦ and 1.8◦ for e-like and µ-like events respectively.[19]

The Fig. 3.1 shows the atmospheric neutrino events observed by SK (black circle) as-
signing zenith angle at horizontal axis with cos θz = 1 for zenith and cos θz = −1 for nadir.
The left panels are the plot of electron-like events and the right panels are muon-like events.
The blue boxes are the expected events without neutrino flavor transition. One can realize
that unlike the no dependence on the zenith angle at e-like events, the longer propagation
of neutrinos, the more mismatch between the data and the Monte Carlo expectation ex-
ists in µ-like events. It can be understood that while downward-going νµ cannot change
their flavor because of short distance (∼ O(10) km), upward-going νµ oscillate to ντ in
propagating through the earth (L ∼ O(10000) km).
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Figure 3.1: Zenith angle distributions of electron-like(left) and muon-like(right) event
data(black circle). cos θ = 1 corresponds to the direction from zenith. Monte Carlo esti-
mation without oscillation(blue box) and best-fit with oscillation(red dashed). This figure
is taken from [20]

The survival probability of νµ → νµ with νµ − ντ two generation oscillation can be
written as

P (νµ → νµ) = 1 − sin2 2θ sin2

(
∆m2L

4E

)
. (3.2)
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The two generation formula gives a reasonably good approximation because θ13 is small as
we will discuss later. The result of SK indicated that mixing angle is large and ∆m2 ∼
O(10−3)eV2.

The SK group also worked on the analysis of a three-flavor oscillation[20]. The best-fit
values of oscillation parameter are given as

∆m2 = 2.5 × 10−3 eV2 (3.3)

sin2 θ23 = 0.5 (3.4)

sin2 θ13 = 0 (3.5)

with 90% confidence allowed regions of mixing angle,

0.37(0.37) < sin2 θ23 < 0.65(0.69)

sin2 θ13 < 0.14(0.27). (3.6)

with normal (inverted) hierarchy.

3.1.2 K2K

The K2K (KEK to Kamioka) experiment is the first long baseline experiment which was
set up for confirmation of the neutrino oscillation observed by SK (atmospheric neutrinos).
The νµ beam comes from π+ decay which are produced by injecting 12 GeV proton beam on
target at KEK. The averaged energy of neutrinos is approximately 1.3 GeV. The flux and
the energy spectrum of neutrino beam are measured by the near detector which consists of
1 kton water Cherenkov detector and a fine-grained detector system.

The disappearance probability of νµ was measured by SK which is located at the distance
of 250 km from KEK. Considering the value of L/E of this experiment, the K2K have a
good sensitivity to the mass squared difference ∆m2 ≅ 6× 10−3eV2 which is similar to the
value of atmospheric neutrino oscillation’s.

The focus event is one ring µ like event produced by the charged-current quasi elastic
scattering νµ + n → µ− + p, because it allow us to calculate the parent neutrino energy
from the muon kinematics. The crucial point of the long baseline experiment is that the
events which come from neutrino beam interaction in water can be distinguished from the
non beam-induced event by the timing synchronization to beam bunch using the GPS.

The result of µ like events is consistent with SK[21]. The oscillation parameters are
given as

sin2 2θ13 = 1.0,

∆m2 = 2.8 × 10−3eV2 (3.7)

with the allowed ∆m2 region of (1.9 − 3.5) × 10−3eV2 at the 90% CL.[22].
Fig. 3.2 shows the observed Eν distribution. The K2K obtained the evidence of the

neutrino oscillation in 4.3σ.
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Figure 3.2: The reconstructed spectrum for the 1-ring µ-like sample. Points with error
bars are date. The red solid line is the best fit spectrum with neutrino oscillation and the
blue dashed line is the expectation without oscillation. This figure is taken from [22]

3.1.3 MINOS

The MINOS (Main Injector Neutrino Oscillation Search) experiment is also the long base-
line experiment for confirmation of the atmospheric neutrino oscillation phenomenon. MI-
NOS measures the νµ beam coming from the Fermilab at Soudan mine, 735 km away from
the production point.

The νµ beam is produced by NuMI (Neutrinos at the Main Injector) at the Fermilab.
The protons accelerated to 120 GeV by Main Injector hit the target and produce the pions.
The pions are focused by the horns in order to obtain collimated π+ beam which then decay
during flight in 675 m decay pipe. The neutrino beam is comprised of 91.8% νµ, 6.9% ν̄µ

and 1.3% νe + ν̄e. The advantage point of the MuMI beam is that energy spectrum can
be modified by varying the relative position of target and the horns. Basically, low energy
configuration, the peak energy is ≅ 3 GeV at on-axis, are set for precise determination of
∆m2.

MINOS has the near and the far detectors both of which have the same steel/scintillator
layered structure. The detectors have 1 kton total mass at the near site and 5.4 kton total
mass at the far site. The focus event is caused by charged-current interaction,

νµ + N → µ− + N ′. (3.8)

A muon leaves a long clean track in the detector and there is a hadronic activity at the
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vertex. Fig. 3.3 shows the energy spectrum of νµ event and predicted energy spectrum of
νµ with and without oscillation.
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Figure 3.3: The comparison of the far detector data with the prediction of νµ spectrum w/
and w/o oscillation. This figure is taken from [23]

The MINOS experiment carried out a precise measurement of ∆m2[23]

|∆m2| = (2.43 ± 0.13) × 10−3 eV2, (3.9)

and bound of sin2 2θ as

sin2 2θ > 0.90(90%CL.). (3.10)

Those results are consistent with the ones obtained by SK and K2K.
MINOS also measure the events of electron neutrinos appearance in parallel. The νe

charged-current interaction event produce the electron which has short track and typical
EM shower profile in the detector. The appearance probability of electron neutrino are
given as (5.29) which depends on sin2 2θ13. The recent result of this observation is 35
events with a background of 27 ± 5(stat.) ± 2(syst.)[24]. This is consistent with the value
of sin2 2θ13 comparable to the CHOOZ limit which will be discussed later.

3.2 Solar scale neutrino oscillation experiments

The sun is shining and emitting neutrinos by nuclear fusion reaction. The reaction network
contains ppI, ppII, ppIII chain reactions, the net reaction is very simple,

4p+ → 4He2+ + 2e+ + 2νe + γ′s, (3.11)
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Figure 3.4: The spectrum of νe fluxes from various reactions. This figure is taken from
[25].

In Fig. 3.4 the neutrino energy spectra from these nuclear reactions calculated by the
standard solar model (SSM) are presented.

In 1968, Davis et al. reported that they succeeded to detect solar electron neutrinos
[26]. They used 37Cl nucleus as target to detect the solar neutrinos. The reaction is

νe + 37Cl → 37Ar + e−. (3.12)

The threshold energy of this reaction is 0.814 MeV. The produced 37Ar atoms, which do not
exist in nature, are extracted by bubbling of He gas, and the Auger electrons are counted
during a few times the life time of 35 days. The result showed that the flux of the solar
neutrinos νe is less than the flux expected by the SSM.

In order to measure the solar neutrinos from ppI chain, the main engine of the sun,
there are experiments using 71Ga which reaction is

νe + 71Ga → 71Ge + e−, (3.13)

with Ethresh ≥ 0.233 MeV. The deficit of solar neutrinos is stable throughout exposure of
35 years of 37Cl experiments, which produced a serious problem called “the solar neutrino
problem”.

The SAGE(Soviet(Russian)-American Gallium Experiment)[28] reported their 7 years
result

67.2+7.2
−7.0

+3.5
−3.0 SNU, (3.14)

where 1SNU(Solar Neutrino Unit)= 1capture/sec/1036atoms. This is only about half of
the predicted SSM rate of 129 SNU. Moreover, GALLEX (GALLium Experiment)[27] +
GNO(Gallium Neutrino Observatory)[29] gave the result which is consistent with SAGE,

74.1+6.7
−6.8 SNU. (3.15)
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The water Cherenkov detector Kamiokande [30] and Super-Kamiokande [31] have po-
tential of observation of high-energy (Ethresh ≅ 7 ∼ 9 MeV) solar neutrinos by elastic
scattering process

ν + e− → ν + e−. (3.16)

SK measurement has a great advantage of determining the direction of neutrinos to know
from where they come. It means that they can distinguish the solar neutrino events from
the background. The results of experiments shows that the flux of the solar neutrinos on
the Earth is 46 % of the expected flux.[32, 33]

3.2.1 SNO

SNO (Sudbury Neutrino Observatory) is the solar neutrino experiment using heavy water
(D2O) in Canada. It is able to confirm definitively the oscillation of solar neutrinos come
from 8B decay by measuring the three types of events

νe + d → e− + 2p (3.17)

νx + d → νx + p + n (3.18)

νx + e− → νx + e−. (3.19)

The first reaction is caused by the charged-current (CC) interaction is available only at
SNO in the direct counting experiments. The CC event is observed by Cherenkov light of
the emitted electron. The threshold energy Teff = 3.5 MeV, thus we observe the survival
electron neutrinos from 8B decay in the sun.

The second reaction induced by neutral current (NC) can be initiated by all the flavors
of neutrinos with the same rate. This process, Ethresh = 2.2 MeV, leave not only Cherenkov
light but also a neutron which is captured by the deuteron and emit the 6.25 MeV gamma.
Therefor SNO can observe not only νe but the total flux of solar neutrinos regardless of
existence of the flavor transition. The observed 8B flux is perfectly consistent with the
prediction of SSM ΦSSM = 5.05+1.01

−0.81 as[35]

Φ8B = 5.046+0.159
−0.152(stat.)+0.107

−0.123(syst.) (3.20)

The final one is the elastic scattering (ES) process as we saw in SK.
The first result of NC event is reported in 2002[34]. It was nothing but direct evidence

of neutrino flavor transition in 5.3σ due to the observation of non-νe flux

φµτ = 3.41 ± 0.45(stat.)+0.48
−0.45(syst.) × 106 cm−2s−1. (3.21)

Since the efficiency of neutron capture by deuteron is not large, the salt was added in
the 2nd phase. Neutrons are mostly captured by 35Cl with the average efficiency twice
larger than that of deuterium. The events are recognized by characteristic signature of
producing cascade of 2-3 gammas.

In the 3rd and the final phase, 3He counters are installed which makes the threshold
energy of detectable event lower significantly by

n +3 He → p + T (3.22)
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with Q = 0.76 MeV and makes it possible to detect neutrinos event-by event. The best-fit
point from the SNO is given as[35]

∆m2 = 5.50 × 10−5 eV2 (3.23)

tan2 θ = 0.457. (3.24)

3.2.2 Borexino

The Borexino experiment is the first real-time experiment of observing low energy solar
neutrinos. The Borexino have the detector of 278 ton of liquid scintillator which consists
of pseudocumene doped with 1.5 g/liter of PPO in 2100 ton of ultra-pure water. The main
target of observation is the low energy (0.862 MeV) 7Be solar neutrinos which scatter with
electrons as in (3.19). The energy of prompt electron can be measured by liquid scintillator.

There is the considerable background from 210Po α which cover the broad energy region
of expected event by 7Be neutrinos. They have two methods to analyze this background.
First, restricting the fit region between 560 MeV and 800 MeV to avoid the 210Po peak.
The second one is the subtraction of the 210Po induced events by distinguishing α and β.

The event rate of the 0.862 MeV 7Be solar neutrinos is measured to be [36]

49 ± 3(stat) ± 4(syst)event/day · 100 ton. (3.25)

This is inconsistent with the case of non-oscillated, expected ∼ 75 event/day·100ton, at
the 4σ CL.

3.2.3 KamLAND

KamLAND (Kamioka Liquid scintillator Anti-Neutrino Detector) has 1000 ton of liquid
scintillator with composition of 80% Dodecane and 20% Pseudocumene.

Detection mechanism is different from solar neutrinos’ because reactor neutrinos are
electron anti-neutrinos undergo the reaction

ν̄e + p → e+ + n. (3.26)

In the liquid scintillator, the prompt positron immediately annihilate with electron and
emit two gammas, the neutron is captured by free protons with mean capture time τ ∼ 200
µsec and emit 2.2 MeV gamma. This is called the delayed coincidence which allows clean
detection of ν̄es, by which neutrinos are first discovered experimentally[39].

This experiment pinned down the correct parameter region of the MSW solution to
be the LMA one, thereby finally settled the long-standing solar neutrino problem. The
experiment measures the survival probability, P (ν̄e → ν̄e) whose expression is given using
2-flavor vacuum oscillation approximation as

P (ν̄e → ν̄e) = 1 − sin2 2θ sin2 ∆m2L

4E
. (3.27)

KamLAND is in Kamioka site and there are nuclear power stations around it with average
distance of ≅ 180 km. Because the energy of reactor neutrinos ν̄e is sub MeV, order 100
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km is close to the first or the second oscillation maxima of solar ∆m2 oscillation

∆m2
solL

4E
≅ π

2
or 3

π

2
. (3.28)

Furthermore, we can obtain precise informations of the original flux of ν̄e from the reactors
by using the data of electric power. Therefore one can, in principle, perform precision
measurement of disappearance of ν̄e from reactors.

Fig. 3.5 is the most recent result of KamLAND with L0/E as horizontal axis. L0 is
flux-weighted average distance of baseline, L0 = 180 km. One can identify that there are
two clean oscillation peaks.
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Figure 3.5: The KamLAND result (dot) which are subtracted BG and geo neutrinos as
a function of L0/E. Blue line is expectation of neutrino oscillation with best fit value of
the KamLAND. L0 is the effective baseline distance which determined by flux-weighted
average, L0 = 180 km. This figure is taken from [37].

KamLAND have a great sensitivity to the ∆m2
21 determination because of having the

2 cycles of oscillation. The recent result of the KamLAND measurement gives the values
of the oscillation parameters as[37]

∆m2
21 = 7.58+0.14

−0.13(stat)+0.15
−0.15(syst) × 10−5 eV2 (3.29)

tan2 θ12 = 0.56+0.10
−0.07(stat)+0.10

−0.06(syst). (3.30)

At low energies (. 2.6 MeV) the neutrino energy spectrum contains geo neutrinos
coming from beta decay of 238U and 232Th in the earth. KamLAND also has potential of
observe this type of neutrinos[38].

3.3 Reactor neutrino experiment

The CHOOZ experiment is the neutrino oscillation experiment using anti-electron neutrinos
emitted from two reactors with a total thermal power of 8.5 GW at the Chooz village. The
liquid scintillator detector contains a 5 ton of mineral oil loaded with Gadolinium.
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The sub-MeV anti-electron neutrinos are detected via the inverse β-decay

ν̄e + p → e+ + n. (3.31)

The e+ is detected by prompt signal which consists of the scintillation light and the anni-
hilation γ. The neutron is captured by Gd which produces gamma rays of 8 MeV.

The baseline distances L from two reactors are about 1 km with small difference,
∆L = 116.7 m. The survival probability of anti-electron neutrino at this L/E can be

approximated by two generation oscillation for ∆m2
31 with the fact that

∆m2
21

∆m31
≪ 1 is given

by 3.27.
Fig. 3.6 is the constraint on these two parameters obtained by the CSHOOZ experiment

[40]. Considering the result of the atmospheric neutrino experiments and the long baseline
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Figure 3.6: The excluded region for the oscillation parameters. This figure is taken from
[40].

experiments, we have the upper bound at ∆m2
31 ≅ 2 × 10−3eV2 as

sin2 2θ13 . 0.2 90%CL. (3.32)

The future reactor experiments similar to CHOOZ, Double CHOOZ, Daya-Bay, and
REton are expected to have a great sensitivity reach to sin2 2θ13 [42]

sin2 2θ13 ≅ 0.01 − 0.03. (3.33)
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Finally, we mention that there is a indication of non-zero θ13 at 90% CL. from global
analysis(atmospheric, long baseline, CHOOZ, solar, and KamLAND data)[41] with best-fit
value of sin2 2θ13 is

sin2 2θ13 = 0.016 ± 0.010(1σ). (3.34)
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Chapter 4

Ongoing and Future Oscillation
Experiments for 1-3 Sector

In this chapter, we briefly mention about the several ongoing and future long baseline
experiments. The following experiments aim at measuring θ13, and future experiments
target also the CP-phase δ, and determination of the mass hierarchy of neutrinos by using
the appearance oscillation channel. They will also improve the accuracy of ∆m2

31 and θ23

determination by using the disappearance mode.

4.1 Ongoing experiments

T2K

T2K (Tokai to Kamioka)[43] is the experiment with conventional muon-neutrino beam
from pion decay which are produced by bombarding graphite target by 30 GeV proton
beam, from J-PARC, with intensity ∼ 102 times higher than K2K at Tokai village. The far
detector is the water Cherenkov detector SK and its baseline distance is 295 km. By setting
the detector at 2.5◦ off-axis from beam direction, the neutrino beam have a narrow band
energy spectrum peaked at E ∼ 600 MeV (Fig. 4.1) which energy is nearly the oscillation
maximum. In order to accomplish the precision determination of beam direction, T2K has
a neutrino beam monitor named INGRID which is composed of iron/scintillator with mass
of about 100 ton for near detector at on-axis. T2K has also the near detector at off-axis
to measure the flux, energy spectrum, fraction of νe, and etc.

The main purpose of this experiment is measuring the νµ(ν̄µ) → νe(ν̄e) oscillation
probability for determination of the value of θ13.

NOνA

The NOνA (NuMI Off-Axis Neutrino Appearance)[45] experiment has a upgraded NuMI
beam and 15 kton scintillator detector in off-axis at Ash River with the baseline distance
L = 810 km. The peak energy of neutrino beam is taken to be about 2 GeV by using
low energy option of NuMI beam and the off-axis detector. This experiment also measures
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Figure 4.1: Energy spectrum of neutrino beam from J-PARC at various off-axis angles.
The solid line shows the on-axis, the dotted, dashed, and dash-dotted lines show the
2.0◦, 2.5◦, 3.0◦ off-axis angle respectively. This figure is taken from [44].

the appearance oscillation channel νµ → νe. The sensitivity reach of θ13 is expected to be
sin2 2θ13 ∼ O(10−2).

OPERA

OPERA (Oscillation Project with Emulsion-tRacking Apparatus)[46] is a long baseline
experiment to verify the appearance transition νµ → ντ . The muon neutrino beam is
produced by the CNGS (CERN Neutrino to Gran Sasso) at the CERN pointing towards
the detector at Gran Sasso 730 km away. Averaged neutrino energy 〈Eνµ〉 is 17 GeV,
much higher than the other experiments, which is required by a copious τ production. The
detector has about 150,000 ECC(Emulsion Cloud Chamber) bricks with total target mass
of 1.25 kton. Each ECC brick consists of 56 lead plates and 57 OPERA Films plates which
have two emulsion layers of 44 µm. It has a powerful resolution capability of the event,

ντ + N → τ + X, (4.1)

with sub-micron for position and mrad for angular resolutions.
It is expected to be observed about 10 events of tau lepton decay after 5 years running

(22.5 × 1019 pot) with less than 1 background event for sin2 2θ13 = 0.1.

4.2 Possible future experiments

T2KII and Hyper Kamiokande in Korea

There is a project of T2K phase II (T2KII) [47]. T2KII has upgraded J-PARC beam of 4
MW which is 5 times larger than T2K and the megaton water Cherenkov detector, Hyper
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Kamiokande (HK).
Furthermore, there is a proposal of improvement of T2KII so-called T2KK[79] that have

another half Mton water Cherenkov detector in Korea L ≅ 1000 km1. Using the identical
detector helps reducing the systematic error and combining the information of two detectors
have great advantage to resolve the parameter degeneracy. Therefore, T2KK have also the
sensitivity to determine the mass hierarchy in small value of θ13 as sin2 2θ13 ∼ O(10−2).

SPL super beam

There is a super beam project by using the CERN SPL (Super-conducting Proton Linac)
which is a 2.2 GeV proton beam of 4 MW power [48]. The muon neutrino beam is produced
by pion decay with an average neutrino energy Eν = 0.27 GeV. The water Cherenkov
detector contains a 440 kton as a fiducial mass and to be located in Frejus with beseline
distance L = 130 km from CERN.

The considerable background of the super beam experiment is 1-ring like 2γ event
comes from π0 decay which is produced by NC interaction. Therefore, when we measure
the νµ → νe oscillation, tight separation of electron/π0 is needed. It can be done by using
invariant mass of 2 gamma (minv ≅ mπ for π0 event) and likelihood analysis for detailed
distinction of 1-ring or 2-ring event.

Wide-band super beam

There is a U.S. scientific program of a long baseline experiment from Fermilab to DUSEL[49].
The neutrino beam is produced at BNL [50] or FNAL [51] towards a Mton class water
Cherenkov or 100 kton class liquid Argon detector at Homestake with baseline distance
L = 2540(1290) km away from BNL (FNAL) to measure the νµ(ν̄µ) → νe(ν̄e) oscillation
probability. If we set the detector at on-axis, neutrino beam have a broad energy spec-
trum (Eν . 6 GeV), similar to the J-PARC beam described in Fig. 4.1. The spectrum of
wide-band beam contains not only the first oscillation but also the second oscillation dips
in the disappearance channel. It is expected to be a powerful machinery for solving the
parameter degeneracy. The experimental accuracy depends on how much we can reduce
the π0 backgrounds which is produced by high energy neutrino NC interaction rolling into
the low energy bin.

Beta beam

Beta beam experiment [52] have the (anti-)electron neutrino beam produced by beta decay
of accelerated radioisotope. The specific candidates are the beta decay of 6

2He,

6
2He → 6

3Li + e + ν̄e, (4.2)

with the lifetime τ 1
2

= 0.8067s for antineutrinos, and the electron capture inverse beta

decay of 18
10Ne,

18
10Ne → 18

9 Li + e+ + νe, (4.3)
1Because the earth is round and neutrino beams are broadening, events can be observed at Kamioka

and Korea simultaneously.
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with the lifetime τ 1
2

= 17s for neutrinos. The νµ appearance is measured by the water
Cherenkov detector for low gamma γ ∼ 100. Because beta beam have clean νe beam and
measure the muon event, backgrounds can be reduced and we can measure the appearance
probability precisely. The work by [53] told that high gamma scenario (γ ∼ 2000 and
L ∼ 3000 km with a 40 kton magnetized calorimeter) can determine the mass hierarchy
even in sin2 2θ13 ∼ O(10−3).

There is additional important point that if we combine the beta beam and the super
beam experiments, we can have T- or CPT-conjugate measurement of νµ → νe oscillation.

Neutrino factory

Neutrino factory[54] is a long future experiment which is expected not only to give the
conclusive result on lepton flavor mixing parameters but also to discover some new physics
because of its ultra-precise measurement of the golden channel oscillation, νe(ν̄e) → νµ(ν̄µ).
Neutrino factory has high intense electron neutrino beam produced by the decay of high
energy muons in muon storage ring. The advantage of this beam is that we can predict the
flux and the spectrum very precisely. Note that muon decay also creates νµ beam, neutrino
factory has the magnetized iron detector which can distinguish the correct CC νµ event
from the wrong-sign muon which comes from non-oscillate ν̄µ by charge identification. In
addition, because the muon leaves long sharp track behind the detector at high energy
(Eν & 10 GeV) differ from electron, background can be dramatically reduced. Besides,
neutrino factory can also measure the silver channel oscillation, νe → ντ , by using the
OPERA like detector.

The optimized setting discussed by [87] has two detectors at L = 4000 and 7500 km
and parent muon energy Eµ = 25 GeV, it gives Eν ∼ O(10) GeV. The high intensity and
precise measurement give the great sensitivity reach as sin2 2θ13 ∼ O(10−4).
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Chapter 5

Perturbation Formula of the
Neutrino Oscillation Probability

In this chapter, we review the perturbation formula of the neutrino oscillation probability
and its feature.

5.1 Exact formula of the oscillation probability

In this section, we show the exact formula of the oscillation probability of νe → νµ as is
known by Kimura-Takamura-Yokomakura[8].

If the electron number density is constant, the Hamiltonian in matter can be written
by

Hmatt = Ũ
1

2E

 λ1 0 0
0 λ2 0
0 0 λ3

 Ũ−1, (5.1)

where Ũ is a effective mixing matrix and λi are the effective mass eigenvalues in matter.
The oscillation probability in matter can be expressed by putting these effective eigen-

values and mixing matrix into (2.31). Kimura-Takamura-Yokomakura[8] succeeded ex-
pressing a exact formula by using the standard oscillation parameters and matter effect.

P (νe → νµ) = D cos δ + B sin δ + C, (5.2)

with

D =

cyclic∑
(i,j)

Dij sin2

(
∆λijL

4E

)
, (5.3)

B =

cyclic∑
(i,j)

B′ sin

(
∆λijL

2E

)
, (5.4)

C =

cyclic∑
(i,j)

Cij sin2

(
∆λijL

4E

)
, (5.5)
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where ∆λij ≡ λi − λj and cyclic (i, j) means sum over (1,2),(2,3),(3,1),

Dij = −4 [2p1p2λiλj + 2q1q2 + (p1q2 + q1p2)(λi + λj)]

×(∆λij∆λ12∆λ23∆λ31)
−1 (5.6)

B′ =
2(p1q2 − p2q1)

∆λ12∆λ23∆λ31

(5.7)

Cij = −4
[
(p2

1 + p2
2)λiλj + (q2

1 + q2
2) + (p1q1 + q2p2)(λi + λj)

]
×(∆λij∆λ12∆λ23∆λ31)

−1 (5.8)

p1 = (∆m2
31 − ∆m2

21s
2
12)s23s13c13 (5.9)

p2 = ∆m2
21s12c12c23c13 (5.10)

q1 = −∆m2
31∆m2

21c
2
12s23s13c13 (5.11)

q2 = −∆m2
31∆m2

21s12c12c23c13 (5.12)

The derivation of this formula is done at Appendix A.1.

5.2 Perturbation theory of neutrino oscillation

We already have a exact formula of oscillation probability in matter, but it is too com-
plicated to extract useful informations. Therefore we prepare the perturbative formulas
of the oscillation probabilities known as the Cervera et al. formulas [62] using the small
expansion parameters

ϵ ≡ ∆m2
21

∆m2
31

≅ s13, (5.13)

whose last order of magnitude equality is an assumption.
First, B in (5.4) can be transformed to

B = −4B′ sin

(
∆λ12L

4E

)
sin

(
∆λ23L

4E

)
sin

(
∆λ31L

4E

)
, (5.14)

where we use the relation

sin 2x + sin 2y + sin 2z = −4 sin x sin y sin z (5.15)

which consist in x + y + z = 0.
Furthermore, using the relation

sin2 x = − sin x sin y cos z − sin x cos y sin z, (5.16)

in the same condition, D can be transformed to

D = −
cyclic∑
(i,j,k)

(Djk + Dki) cos

(
∆λijL

4E

)
sin

(
∆λjkL

4E

)
sin

(
∆λkiL

4E

)
. (5.17)
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They help us transforming the formula to the one easier to find the dependence of ∆m2
21

as

D =

cyclic∑
(i,j,k)

−8Jr∆m2
21

[
∆m2

31λk(λk − ∆m2
31) − D

(1)
k

]
(∆λjk)2(∆λki)2

× cos

(
∆λijL

4E

)
sin

(
∆λjkL

4E

)
sin

(
∆λkiL

4E

)
(5.18)

B =
8Jr∆m2

21∆m2
31(∆m2

31 − ∆m2
21)

∆λ12∆λ23∆λ31

sin

(
∆λ12L

4E

)
sin

(
∆λ23L

4E

)
sin

(
∆λ31L

4E

)
(5.19)

C =

cyclic∑
(i,j)

−4
[
s2
13

{
s2
23c

2
13(∆m2

31)
2λiλj + C

(1)
ij + C

(2a)
ij

}
+ C

(2b)
ij

]
∆λij∆λ12∆λ23∆λ31

sin2

(
∆λijL

4E

)
.(5.20)

where Jr = s12c12s23c23s13c
2
13. The superscript (n) means order of ∆m2

21 (and hence of ϵ)
as

D
(1)
k = ∆m2

21

[
∆m2

31λk(c
2
12 − s2

12) + λ2
ks

2
12 − (∆m2

31)
2c2

12

]
(5.21)

C
(1)
ij = ∆m2

21∆m2
31

[
−λi(λjs

2
12 + ∆m2

31c
2
12) − λj(λis

2
12 + ∆m2

31c
2
12)

]
s2
23c

2
13 (5.22)

C
(2a)
ij = (∆m2

21)
2(λis

2
12 + ∆m2

31c
2
12)(λjs

2
12 + ∆m2

31c
2
12)s

2
23c

2
13 (5.23)

C
(2b)
ij = (∆m2

21)
2(λi − ∆m2

31)(λj − ∆m2
31)s

2
12c

2
12c

2
23c

2
13. (5.24)

In order to obtain the oscillation probability to order ϵ2 (5.13), we need the effective
eigenvalues λi only in zeroth order in ϵ as

λ1 = O(ϵ)

λ2 = 2Ea + O(ϵ)

λ3 = ∆m2
31 + O(ϵ). (5.25)

Then, we have the approximate formula in up to ϵ2 order

D = 8Jr cos

(
∆m2

31L

4E

)
∆

a − ∆
sin

(
a − ∆

2
L

)
∆m2

21

2Ea
sin

aL

2
(5.26)

B = −8Jr sin

(
∆m2

31L

4E

)
∆

a − ∆
sin

(
a − ∆

2
L

)
∆m2

21

2Ea
sin

aL

2
(5.27)

C = 4s2
13c

2
13s

2
23

(
∆

a − ∆
sin

(
a − ∆

2
L

))2

+ 4s2
12c

2
12c

2
23c

2
13

(
∆m2

21

2Ea
sin

aL

2

)2

,

(5.28)

where ∆ ≡ ∆m2
31

2E
.

Therefore, we obtain the Cervera et al. formula for the oscillation probabilitiy of νµ → νe

up to second order in ϵ

P ≡ P (νµ → νe) = X2
±s2 ± 2X±Zs cos (δ ± ∆31) + Z2 (5.29)
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where s ≡ sin 2θ13, ∆ij ≡
|∆m2

ij |L
4E

, A ≡ aL
2

, and the functions X±, and Z are defined by

X± = s23
∆31 sin(∆31 ∓ A)

(∆31 ∓ A)
,

Z = c23 sin 2θ12
∆21 sin A

A
, (5.30)

with ± for the mass hierarchy, namely, the normal or the inverted hierarchies for the
positive and the negative sign of ∆m2

31, respectively.
It is notable that (5.29) can be written in a form of amplitude squared,

P =
∣∣X±s ± ei(δ±∆31)Z

∣∣2 , (5.31)

which allows simple interpretation of the δ dependence term as an interference between the
atmospheric (s2X±) and the solar (Z) oscillations.

Similarly, its CP-conjugate channel ν̄µ → ν̄e, the T-conjugate channel νe → νµ, and the
CPT-conjugate channel ν̄e → ν̄µ, in matter are given as

PCP ≡ CP [P (νµ → νe)] = P (ν̄µ → ν̄e) = X2
∓s2 ± 2X∓Zs cos (δ ∓ ∆31) + Z2(5.32)

P T ≡ T [P (νµ → νe)] = P (νe → νµ) = X2
±s2 ± 2X±Zs cos (δ ∓ ∆31) + Z2(5.33)

PCPT ≡ CPT [P (νµ → νe)] = P (ν̄e → ν̄µ) = X2
∓s2 ± 2X∓Zs cos (δ ± ∆31) + Z2(5.34)

In this thesis, our emphasis is placed on the oscillation channels between νµ and νe

and their anti-particles. To have a clearer view of the structure of parameter degeneracy,
however, we will include the νe → ντ appearance channel, which is sometimes called the
“silver channel”. See Sec. 7.2. The oscillation probability P (νe → ντ ) is given by

P S ≡ P (νe → ντ ) = cot2 θ23X
2
±s2 ∓ 2X±Zs cos (δ ∓ ∆31) + tan2 θ23Z

2. (5.35)
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Chapter 6

Analytic Solution and Overview of
Parameter Degeneracy in
CP-conjugate Measurement

In this chapter, we discuss the parameter degeneracy problem in CP-conjugate measure-
ment which may arise in future long baseline experiments.

As we saw before many of the neutrino oscillation parameters are successfully deter-
mined. But there still remain the unknown parameters, θ13 and δ, in the MNS matrix, and
we have to determine the neutrino mass hierarchy in order to complete our understanding
of the lepton flavor mixing structure. It was proposed that if θ13 is relatively large an
intense neutrino beam from nuclear reactors can be used to measure it as discussed in
Section 3.3. Alternatively, the accelerator search for nonzero θ13 has advantage of potential
possibility of extending it to the CP-phase δ search.

It is known that detection of CP violation effect due to the lepton Kobayashi-Maskawa
phase δ which is nothing but three flavor effect is suppressed by the two small factors,
the ratio ∆m2

21/∆m2
31 ≅ 0.03 and the value of θ13 which is known to be small by CHOOZ

experiment as discussed in Chapter 3. Therefore, high precision experiments are required to
measure the CP violating phase δ. Once precision measurement is required, the experiment
is better characterized as a simultaneous determination of θ13 and δ.

However, there is a problem of parameter degeneracy [55, 56, 57] that a set of measure-
ment of the oscillation probabilities, P (νµ → νe) and its CP conjugate P (ν̄µ → ν̄e) at a
particular neutrino energy, can not determine uniquely the values of θ13 and δ. The degen-
eracy can be understood as the so called intrinsic degeneracy [55], sign-∆m2

31 degeneracy
[56] duplicated by the unknown sign of ∆m2

31, and octant degeneracy [57], which gives the
eightfold degeneracy if θ23 ≠ π/4. The Fig. 6.1 shows the feature that the set of different
value of θ13 and δ can reproduce the same value of P (νe → νµ) and P (ν̄e → ν̄µ). A notori-
ous feature of the degeneracy is that it may confuse CP violation with CP conservation or
normal mass hierarchy with inverted mass hierarchy.

In this chapter, with use of the approximate form of the oscillation probability obtained
in [62] we review the exact analytic expressions of all the degeneracy solutions which are
given by [59, 60], and show the explicit form of the mapping.

Before going into the specific discussion, we mention that in mathematical point of view,
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Figure 6.1: Left : An illustrative example of the eightfold degeneracy is represented pictori-
ally in terms of the P −PCP bi-probability plot [56]. The way of illustration first appeared
in [58]. The true solution with assumed parameters (sin2 2θ13, mass hierarchy type, θ23 in
degrees) = (0.05, NH, 40) is denoted by a black ellipse, where the hierarchy is denoted
as either NH or IH corresponding to the normal and the inverted ones. Right : It shows
where the solutions appear at in sin2 2θ13 − δ/π plane.

the degeneracy is easy to solve. Bringing in measurement at another energy or baseline,
or adding a different oscillation channel can solve the degeneracy. Alternatively, if the
spectrum information is available it may resolve the degeneracy. But unfortunately, it is
known that some types of the degeneracy that are robust in varying experimental settings.
One of the reasons is that, as we will see in Section6.3, the energy dependence of the
degenerate solutions is so mild that spectrum information does not help resolving them.

Rather, we focus on a complete understanding of structure of the degeneracy. It will
be called for if future neutrino experiments reveal features that may not fit in into the
standard three-neutrino mixing. For example, if they can detect the nonstandard neutrino
interactions [5, 65, 66, 67, 68], the event structure will be modified by the new ingredients
and enriched with new type of the degeneracies [70, 71].

First, we give a complete treatment of the parameter degeneracy with CP-conjugate
measurement in vacuum and in matter. Then, using the results, we give an overview the
structure of parameter degeneracy.

6.1 Parameter degeneracy in CP-conjugate measure-

ment

In what follows we denote the input true solution with subscript “1” as s1, the unique case
with Arabic numerals, and the degenerate solutions with Roman subscripts “II”, “III”, etc.
We denote the mass hierarchy of the true solution by the ± signs (+ for the normal and −
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for the inverted) to make the hierarchy choice always explicit. The relationship between the
degeneracy solutions with input true mass hierarchies will be further discussed in Sec. 6.2.

Now, let us start our discussion of parameter degeneracy by taking CP-conjugate mea-
surement. The setting seems to be the most promising one experimentally in the near
future.

In this section, we analyze first the case in vacuum which is good practice to get used
to parameter degeneracy problem.

6.1.1 The intrinsic and sign-∆m2
31 degenerate solutions in vacuum

We start from the intrinsic degeneracy in vacuum. Next, we discuss the sign-∆m2
31 de-

generacy. Because the θ23 octant degeneracy solutions do not have simple form even in
vacuum, we skip it. In this and the following two subsections the degenerate solutions have
the same values of θ23 which can be non-maximal.

The intrinsic degeneracy in vacuum

The intrinsic degeneracy solutions (si, δi) (i=1, 2) are defined by

P = X2
vacs

2
1 ± 2XvacZvacs1 (cos δ1 cos ∆31 ∓ sin δ1 sin ∆31) + Z2

vac

= X2
vacs

2
2 ± 2XvacZvacs2 (cos δ2 cos ∆31 ∓ sin δ2 sin ∆31) + Z2

vac (6.1)

and in CP- or T- conjugate channel by

PCP = X2
vacs

2
1 ± 2XvacZvacs1 (cos δ1 cos ∆31 ± sin δ1 sin ∆31) + Z2

vac

= X2
vacs

2
2 ± 2XvacZvacs2 (cos δ2 cos ∆31 ± sin δ2 sin ∆31) + Z2

vac (6.2)

where the functions Xvac and Zvac are defined by

Xvac ≡ lim
a→0

X+ = lim
a→0

X− = s23 sin ∆31,

Zvac ≡ lim
a→0

Z = c23 sin 2θ12∆21. (6.3)

By adding or subtracting (6.1) and (6.2), we obtain for sin δ2 and cos δ2

s2 cos δ2 = s1 cos δ1 ±
X2

vac(s
2
1 − s2

2)

2XvacZ cos ∆31

,

s2 sin δ2 = s1 sin δ1. (6.4)

Inserting (6.4) into sin2 δ2 + cos2 δ2 = 1, we obtain the quartic equation of s2 as (s2
2 −

s2
1)(s

2
2 − sII) = 0. Note that s2 = s1 is a trivial solution of the equations (6.1) and (6.2),

the intrinsic degeneracy solution sII is given by

s2
II = s2

1 ± 4

(
Zvac cos ∆31

Xvac

)
s1 cos δ1 + 4

(
Zvac cos ∆31

Xvac

)2

. (6.5)

Inserting the solution (6.5) into (6.4), we obtain the simple form of δII as

sII cos δII = −
(

s1 cos δ1 ±
2Zvac

Xvac

cos ∆31

)
,

sII sin δII = s1 sin δ1. (6.6)
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The sign-∆m2
31 degeneracy in vacuum

The defining equations of the sign-∆m2
31 degeneracies in vacuum in both the neutrino and

the antineutrino channels are as follows:

P = X2
vacs

2
1 ± 2XvacZvacs1 (cos δ1 cos ∆31 ∓ sin δ1 sin ∆31) + Z2

vac

= X2
vacs

2
3 ∓ 2XvacZvacs3 (cos δ3 cos ∆31 ± sin δ3 sin ∆31) + Z2

vac (6.7)

PCP = X2
vacs

2
1 ± 2XvacZvacs1 (cos δ1 cos ∆31 ± sin δ1 sin ∆31) + Z2

vac

= X2
vacs

2
3 ∓ 2XvacZvacs3 (cos δ3 cos ∆31 ∓ sin δ3 sin ∆31) + Z2

vac. (6.8)

Proceeding the same way as in the intrinsic case, we obtain the same equation as (6.4)
apart from the sign in front of cos δ3;

s3 cos δ3 = −
(

s1 cos δ1 ±
X2

vac(s
2
1 − s2

2)

2XvacZ cos ∆31

)
,

s3 sin δ3 = s1 sin δ1. (6.9)

Then, it is obvious that we obtain exactly the same equation as in the intrinsic degeneracy
case, which of course entails in the same solution (6.5). We denote the two solutions
(sIII, δIII) and (sIV, δIV). We can arbitrarily choose them so that sIII = s1 and sIV = sII.

For the solution sIII = s1 (6.9) leads to

sin δIII = sin δ1,

cos δIII = − cos δ1, (6.10)

with the obvious solution δvac
III = π − δ1. For s3 = sIV = sII (6.9) takes the form

sin δIV =
s1

sIV

sin δ1

cos δIV =
1

sIV

(
s1 cos δ1 ±

2Zvac

Xvac

cos ∆31

)
(6.11)

Since sIV = sII, it follows that cos δIV = − cos δII and sin δIV = sin δII, which means that
δIV = π − δII. Though it might look trivial these discussions are useful for unambiguous
definitions of the degenerate solutions.

6.1.2 The intrinsic degeneracy in matter

After the example of the case in vacuum, let us consider the degenerate solutions in matter
as illustrated in Fig. 6.2.

With expression of the oscillation probabilities in (5.29) and (5.32), the intrinsic de-
generacy solutions (si, δi) (i=1, 2) in CP-conjugate measurement in matter are defined
by

P = X2
±s2

1 ± 2X±Zs1 (cos δ1 cos ∆31 ∓ sin δ1 sin ∆31) + Z2

= X2
±s2

2 ± 2X±Zs2 (cos δ2 cos ∆31 ∓ sin δ2 sin ∆31) + Z2 (6.12)
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Figure 6.2: Bi-probability plot for intrinsic degeneracy. Black ellipse : sin2 2θ1
13 = 0.05.

Red dashed line : sin2 2θ13 = 0.0678. Both ellipses are the case of normal hierarchy.

and in CP-conjugated channel by

PCP = X2
∓s2

1 ± 2X∓Zs1 (cos δ1 cos ∆31 ± sin δ1 sin ∆31) + Z2

= X2
∓s2

2 ± 2X∓Zs2 (cos δ2 cos ∆31 ± sin δ2 sin ∆31) + Z2 (6.13)

We remind the readers again that the ± signs in the subscripts correspond to the true
mass hierarchies, + for the normal and − for inverted ones. Assuming X± ̸= 0, adding or
subtracting (6.12) divided by X± and (6.13) divided by X∓, we obtain

s2 cos δ2 = s1 cos δ1 ±
(s2

1 − s2
2)(X± + X∓)

4Z cos ∆31

,

s2 sin δ2 = s1 sin δ1 ±
(s2

1 − s2
2)(X∓ + X±)

4Z cos ∆31

. (6.14)

Inserting (6.14) into cos2 δ2 +sin2 δ2 = 1 gives a quartic equation for s2 as (s2
2−s2

1)(s
2
2−

s2
II) = 0 like the case in vacuum. Of course, we again obtain the trivial solution s2 = s1, the

situation unique to discussions of the intrinsic degeneracy. The genuine intrinsic degeneracy
solution is given by

s2
II = s2

1 +
4Z2 sin2 2∆31 + 4s1Z sin 2∆31{X± sin(δ1 ∓ ∆31) − X∓ sin(δ1 ± ∆31)}

X2
± + X2

∓ − 2X±X∓ cos 2∆31

(6.15)

By using (6.15) into (6.14) we obtain the solution of δII.

6.1.3 The sign-∆m2 degeneracy in matter

We turn to the flipped ∆m2-sign degeneracy in CP-conjugate measurement as illustrated
in Fig. 6.3. The true input solution (s1, δ1) and the opposite ∆m31-sign clone solution
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Figure 6.3: Bi-probability plot for sign-∆m2
31 degeneracy. Black ellipse : sin2 2θ1

13 = 0.05
with normal hierarchy(NH), and blue solid (dashed) ellipse : sin2 2θ13 = 0.0523(0.0639)
with inverted hierarchy(IH).

(s3, δ3) satisfy the following equations. In the neutrino channel,

P = X2
±s2

1 ± 2X±Zs1 (cos δ1 cos ∆31 ∓ sin δ1 sin ∆31) + Z2,

= X2
∓s2

3 ∓ 2X∓Zs3 (cos δ3 cos ∆31 ± sin δ3 sin ∆31) + Z2, (6.16)

and in CP-conjugated channel

PCP = X2
∓s2

1 ± 2X∓Zs1 (cos δ1 cos ∆31 ± sin δ1 sin ∆31) + Z2,

= X2
±s2

3 ∓ 2X±Zs3 (cos δ3 cos ∆31 ∓ sin δ3 sin ∆31) + Z2. (6.17)

By combining the first and the second equations in (6.16) and (6.17) assuming X± ̸= 0 as
similar to previous subsection, we obtain

s3 cos δ3

=
−s2

1X
2
± + s2

3X
2
∓ ∓ 2s1ZX± cos(δ1 ± ∆31)

±4ZX∓ cos ∆31

−
s2
1X

2
∓ − s2

3X
2
± ± 2s1ZX∓ cos(δ1 ∓ ∆31)

±4ZX± cos ∆31

s3 sin δ3

=
−s2

1X
2
± + s2

3X
2
∓ ∓ 2s1ZX± cos(δ1 ± ∆31)

4ZX∓ sin ∆31

+
s2
1X

2
∓ − s2

3X
2
± ± 2s1ZX∓ cos(δ1 ∓ ∆31)

4ZX± sin ∆31

(6.18)

We insert (6.18) into cos2 δ3 + sin2 δ3 = 1 we obtain the quartic equation for s3 as

Tsigns
4
3 − Usign±s2

3 + Vsign± = 0, (6.19)

where

Tsign ≡
X2

+ + X2
− − 2X+X− cos 2∆31

(2Z sin 2∆31)2
(6.20)
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Usign ≡ 1 − s1

(X∓ − X±){s1(X
3
∓ − X3

±) ± 2X2
∓Z cos(δ1 ∓ ∆31) ∓ 2X2

±Z cos(δ1 ± ∆31)}
8X±X∓Z2 sin2 ∆31

−s1

(X∓ + X±){s1(X
3
∓ + X3

±) ± 2X2
∓Z cos(δ1 ∓ ∆31) ± 2X2

±Z cos(δ1 ± ∆31)}
8X±X∓Z2 cos2 ∆31

(6.21)

Vsign± ≡ s2
1

±s1(X
3
∓ − X3

±) + 2X2
∓Z cos(δ1 ∓ ∆31) − 2X±Z cos(δ1 ± ∆31)

(4X±X∓Z sin ∆31)2

+s2
1

±s1(X
3
∓ + X3

±) + 2X2
∓Z cos(δ1 ∓ ∆31) + 2X±Z cos(δ1 ± ∆31)

(4X±X∓Z cos ∆31)2
(6.22)

Equation (6.19) has the obvious solutions

s2
3 =

1

2Tsign

[
Usign± [±]∗

√
U2

sign± − 4TsignVsign±

]
(6.23)

where [±]∗ denotes a temporary sign which is independent of the hierarchy sign. We discuss
immediately below (Sec. 6.1.3) the way how to determine the sign convention. If the content
of square root of (6.23) is positive, there are four real solutions of s3 and the two positive
ones are physical; The sign-∆m2

31 degeneracy is two-fold.
On the other hand, if it is negative there is no degenerate solution. Therefore the

region specified by Dsign
± ≡ U2

sign± − 4TsignVsign± ≤ 0 defines the region in which there is no
sign-∆m2

31 degeneracy solution. The region of no sign-degeneracy solution is displayed in
Fig. 6.4 by taking four typical values of baseline distances and neutrino energies. In this
figure the true mass hierarchy is taken to be the normal one. If we take the input inverted
hierarchy we must have the figure with δ shifted by π. The reason of its feature will be
discussed in Sec. 6.2.2
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Figure 6.4: Depicted as the shaded areas in the sin2 2θ13 − δ/π space are the regions where
no sign-∆m2

31 degeneracy solution exists for four set of the baselines and the neutrino
energies. The true mass hierarchy is taken to be the inverted one.

The notable feature that the region of absent solution occupies mostly around δ ∼ 3π/2
can be understood by bi-probability plot (Fig. 6.5). The green line show the line of δ =
3π
2

with normal hierarchy it is the farthest region from the region inverted hierarchy fill
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Figure 6.5: Shown by the red and the blue shaded areas in the P−PCP bi-probability space
are the regions spanned by the ellipses with normal and inverted hierarchy, respectively.
The green line of the left panel shows the region varying θ13 with δ = 3π

2
and normal

hierarchy.

in. It is the region of lucky resolution of the sign-∆m2
31 degeneracy [76] for the normal

(δ ∼ π/2 for the inverted) mass hierarchy. Generally speaking the no sign-degeneracy
region grows for longer baseline, and the tendency continues to e.g., L = 4000 km and
E = 10 GeV, the fourth panel of Fig. 6.4. Comparing the left and middle panels of
Fig. 6.5, it can be understood that longer baseline separates the normal hierarchy region
from the inverted hierarchy region. However, the feature changes for region near the second
oscillation maximum as seen in the third panel in Fig. 6.4. There are much better chance
of having the sign-∆m2

31 degeneracy.

Problem of convention of labeling the sign-∆m2
31 degenerate solution

We denote the two solutions in (6.23) as sIII and sIV. It is a highly nontrivial issue how to
define these two solutions. In principle there are two ways:

Convention A: One can take the convention such that always sIV ≥ sIII. That is, the
plus and the minus signs in (6.23) correspond to sIV and sIII, respectively.

Convention B: One may choose the other convention such that the vacuum limit of the
degenerate solutions can be taken smoothly.

For reasons explained below we adopt the convention B. We note that Dsign
± defined as

Dsign
± ≡ U2

sign±−4TsignVsign± which can be simplified in the vacuum oscillation limit, a → 0,
as

Doct-vac
± ≡ lim

a→0
Dsign

± = (dsign
± )2 (6.24)

where

dsign
± = 1 ± s1Xvac cos δ1

Zvac cos ∆31

. (6.25)
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The smooth limit to the sign-∆m2
31 degenerate solution in vacuum can be achieved by

taking the sign convention

s2
III =

1

2Tsign

[
Usign± − dsign

±

√
Dsign

±

(dsign
± )2

]
,

s2
IV =

1

2Tsign

[
Usign± + dsign

±

√
Dsign

±

(dsign
± )2

]
. (6.26)

It is obvious that the positive or negative ∆m2
31 ellipses get separated due to the larger

matter effect at longer baselines. In (6.26) we have taken the convention such that in a → 0
limit sIII and sIV smoothly tend to the vacuum solution svac

III and svac
IV , respectively. Once

the solutions of s3 are specified with the well defined convention the solutions δIII and δIV

can be obtained by inserting sIII and sIV, respectively, into (6.18).
Despite the discontinuity of degenerate solution exist, we take the convention B because

of number of desirable features. The matter perturbation theory of degenerate solution
[85, 86] which will be derived in following subsection can be formulated only with this
convention because it requires the existence of smooth limit a → 0 in each solution. More
importantly, another reason is that the convention B makes the structure of the degenerate
solution more transparent. If we denote sIII in (6.26) and δIII in (6.18) in the function as

sIII = ξCP sign
± (s1, δ1), δIII = ηCP sign

± (s1, δ1). (6.27)

Then, one can show that

sIV = ξCP sign
± (sII, δII), δIV = ηCP sign

± (sII, δII). (6.28)

In this sense there is the one-to-one correspondence between the (true, intrinsic degeneracy
solution) and two sign-∆m2

31 degeneracy solutions.
However, there exists a somewhat disturbing feature of this convention; As we men-

tioned, the solutions have discontinuity as a function of oscillation parameters. But it does
not means that the solutions defined by convention B are unphysical. The discontinu-
ity means that the two solutions interchange themselves at the discontinuous point (See
Fig. 6.6).

Matter perturbation formula of sign-∆m2
31 solutions

At the end of this subsection, we derive the matter perturbation formula of the sign-∆m2
31

solution. As we saw at subsection 6.1.1, sign-∆m2
31 degenerate solution in vacuum is very

simple. Considering the some future long baseline experiments have small matter effect as

ϵMP ≡ A

|∆31|
≪ 1, (6.29)

like

ϵMP ≅ 0.085

(
ρ

2.8g/cc

)(
E

1GeV

)
, (6.30)

47



ææ

0.00 0.01 0.02 0.03 0.04 0.05
0.00

0.01

0.02

0.03

0.04

0.05

PHΝΜ®ΝeL

PH
Ν
Μ
®
Ν

eL

L=300km, E=0.75GeV,
solution III HsolidL, VI HdashedL with IH

ææ

0.00 0.01 0.02 0.03 0.04 0.05
0.00

0.01

0.02

0.03

0.04

0.05

PHΝΜ®ΝeL

PH
Ν
Μ
®
Ν

eL

L=300km, E=0.75GeV,
solution III HsolidL, VI HdashedL with IH

ææ

0.00 0.01 0.02 0.03 0.04 0.05
0.00

0.01

0.02

0.03

0.04

0.05

PHΝΜ®ΝeL

PH
Ν
Μ
®
Ν

eL

L=300km, E=0.75GeV,
solution III HsolidL, VI HdashedL with IH

Figure 6.6: The example of discontinuity point in the P −PCP bi-probability space. Black
ellipse is drawn with sin2 2θ13 = 0.05 and normal hierarchy. Blue solid and dashed line
with inverted hierarchy. Changing the true value of δ (left to right), the role of two blue
ellipse which is III or VI exchange each other.

where ρ is the averaged matter density along the neutrino trajectory.
Perturbing (6.26) with ϵMP parameter, we obtain the perturbative formula of sin2 2θIII

13

sin2 2θIII
13

= sin2 2θ1
13

(
1 +

A

∆31

4 sin δ1(∆31 cos ∆31 − sin ∆31)(±s1Xvac cos ∆31 + Zvac cos δ1)

sin2 ∆31(±2s1Xvac cos δ1 + Zvac cos ∆31)

)
(6.31)

and

cos δIII = − cos δ1

+2
A

∆31

sin δ1(∆31 cos ∆31 − sin ∆31)

sin2 ∆31

×s2
1X

2
vac + Z2

vac cos(δ1 ∓ ∆31) cos(δ1 ± ∆31) ± 2s1XvacZvac cos δ1 cos ∆31

(±s1XvacZvac cos δ1 + Z2
vac cos ∆31)

sin δIII = sin δ1

+2
A

∆31

cos δ1(∆31 cos ∆31 − sin ∆31)

sin2 ∆31

×s2
1X

2
vac + Z2

vac cos(δ1 ∓ ∆31) cos(δ1 ± ∆31) ± 2s1XvacZvac cos δ1 cos ∆31

(±s1XvacZvac cos δ1 + Z2
vac cos ∆31)

,

(6.32)

where, Xvac and Zvac are same in Section 6.1.1. Note that the first terms are nothing but
the solution in vacuum.

Thanks to the relation of one to one correspondence, one can easily obtain the formula
of θIV

13 and δIV by exchanging (s1, δ1) → (sII, δII) of (6.31) and (6.32) respectively.
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6.1.4 Intrinsic degeneracy across the θ23 octant in matter

In this and the following two subsections, we discuss the parameter degeneracy caused by
the ambiguity of which octant θ23 lives, assuming that θ23 ̸= π/4. Our treatment of the
octant degeneracy will be done under the approximation that the two solutions of θ23 has
the same value of sin 2θ23. If we introduce X ′

± and Z ′ as

X ′
± ≡ X±/s23 =

∆31 sin(∆31 ∓ A)

(∆31 ∓ A)
,

Z ′ ≡ Z/c23 = sin 2θ12
∆21 sin A

A
(6.33)

X± and Z for the true and the false θ23 octant solutions are given by

Xtrue
± = s23X

′
± , X false

± = c23X
′
±

Ztrue = c23Z
′ , Z false

′ = s23Z
′. (6.34)
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Figure 6.7: Bi-probability plot for octant degeneracy. Black ellipse : sin2 2θ1
13 = 0.05 with

first octant (θ23 = 40◦) and normal hierarchy. Green solid (dashed) ellipse : sin2 2θV,VI
13 =

0.037(0.0467) with second octant (θ23 = 50◦) and normal hierarchy.

We first discuss the case in which the intrinsic degeneracy solutions exist in different θ23

octants (See Fig. 6.7). The input solution (s1, δ1) and the different octant clone solution
(s5, δ5) satisfy the following equations

P = s2
23X

′2
±s2

1 ± 2s23c23X
′
±Z ′s1 (cos δ1 cos ∆31 ∓ sin δ1 sin ∆31) + c2

23Z
′2,

= c2
23X

′2
±s2

5 ± 2s23c23X
′
±Z ′s5 (cos δ5 cos ∆31 ∓ sin δ5 sin ∆31) + s2

23Z
′2, (6.35)

in the neutrino channel, and

PCP = s2
23X

′2
∓s2

1 ± 2s23c23X
′
∓Z ′s1 (cos δ1 cos ∆31 ± sin δ1 sin ∆31) + c2

23Z
′2,

= c2
23X

′2
∓s2

5 ± 2s23c23X
′
∓Z ′s5 (cos δ5 cos ∆31 ± sin δ5 sin ∆31) + s2

23Z
′2. (6.36)
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in the CP-conjugated channel. The way of obtaining s5 and δ5 is same as the sign-∆m2
31

degeneracy solutions in Sec . 6.1.3. Combining (6.35) and (6.36) assuming X ′
± ̸= 0, we

obtain the equations for δ5 as

s5 cos δ5 = s1 cos δ1 ±
(s2

23s
2
1 − c2

23s
2
5)(X

′
± + X ′

∓)

4s23 cos ∆31

± Z ′
(c2

23 − s2
23)(

1
X′

±
+ 1

X′
∓
)

4c23 cos ∆31

s5 sin δ5 = s1 sin δ1 +
(s2

23s
2
1 − c2

23s
2
5)(X

′
± + X ′

∓)

4s23 sin ∆31

− Z ′
(c2

23 − s2
23)(

1
X′

±
+ 1

X′
∓
)

4c23 sin ∆31

(6.37)

Inserting (6.37) into cos2 δ5 + sin2 δ5 = 1 we obtain the quartic equation for s5 as

Tocts
4
5 − Uoct±s2

5 + Voct± = 0 (6.38)

which is actually a quadratic equation of s2
13 because of the quadratic dependence on s13 of

s5 cos δ5 and s5 sin δ5. Thus, there exist only two physical solutions, which implies that the
octant degeneracy in the same hierarchy is two-fold. The definition of Toct etc. is given as

Toct ≡
(

c23

4s23Z ′

)2
[(

X ′
+ + X ′

−

cos ∆31

)2

+

(
X ′

+ − X ′
−

sin ∆31

)2
]

(6.39)

Uoct± ≡ 1 +
1

8

(
X ′

± − X ′
∓

sin2 ∆31

)2 (
s2
1

Z ′2 − cos 2θ23

s2
23X

′
±X ′

∓

)
+

1

8

(
X ′

± + X ′
∓

cos2 ∆31

)2 (
s2
1

Z ′2 +
cos 2θ23

s2
23X

′
±X ′

∓

)
− c23s1

s23Z ′ sin 2∆31

{X ′
± sin(δ1 ∓ ∆31) − X ′

∓ sin(δ1 ± ∆31)} (6.40)

Voct± ≡ s2
1 +

(
(X ′

± + X ′
∓)(s2

1s
2
23X

′
±X ′

∓ + cos 2θ23Z
′2)

2 sin 2θ23X ′
±X ′

∓Z ′ cos ∆31

)2

±
(

(X ′
± + X ′

∓)(s2
1s

2
23X

′
±X ′

∓ + cos 2θ23Z
′2)

sin 2θ23X ′
±X ′

∓Z ′ cos ∆31

)
cos δ1

+

(
(X ′

± − X ′
∓)(s2

1s
2
23X

′
±X ′

∓ − cos 2θ23Z
′2)

2 sin 2θ23X ′
±X ′

∓Z ′ sin ∆31

)2

+

(
(X ′

± − X ′
∓)(s2

1s
2
23X

′
±X ′

∓ − cos 2θ23Z
′2)

sin 2θ23X ′
±X ′

∓Z ′ sin ∆31

)
sin δ1 (6.41)

Then, the octant degeneracy solution s5 is given by

s2
5 =

1

2Toct

[
Uoct± [±]∗

√
Doct-intr

±

]
, (6.42)

where [±]∗ is the temporary sign to be specified below and Doct-intr
± is defined as

Doct-intr
± = U2

oct± − 4ToctVoct± (6.43)
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Figure 6.8: Depicted as the shaded region in the sin2 2θ13 − δ/π space is the region where
no θ23 octant degeneracy solution exists for baselines and neutrino energies typical to
superbeam or neutrino factory settings. The true mass hierarchy is taken to be the normal.

If Doct-intr
± ≤ 0, there is no octant degeneracy. The region of no θ23 octant degeneracy

solution is displayed in Fig. 6.8 by taking θtrue
23 in first octant.

One can realize from the left and second panel of Fig. 6.8 that reaching the maximal
mixing value of θ23, the region of no-octant degeneracy shrinks.

In addition, the regions of no-octant degeneracy are around δ ∼ π/2 and 3π/2 that
disappear into the small θ13 as sin2 2θ13 ∼ 10−3. The feature can be easily understood by
the bi-probability plot, the right panel of Fig. 6.9. The octant degeneracy exists the region
overlapping blue (θ23 = 40◦) and red (θ23 = 90◦−40◦). The blue and red solid line show the
region of δ = 0, θtrue

23 = 40◦ (blue) does not have the octant degeneracy around δ = ±π/2
with large θ13.

The bi-probability plot also tells us the difference between the features of the octant
degeneracy with true θ23 in the first and the second octants. The left panel of Fig. 6.9
shows the region of no degenerate solution with θ23 in the second octant. The location and
the shape of no-solution region is completely different from the ones in the first octant.
Note the region of small P and PCP ; i.e. small θ13, there are the region where the red
shadowed region only exists. Therefore, if θ23 lives in second octant, octant degeneracy
exists all value of δ with large θ23 as sin2 2θ13 & 10−3.

Problem of convention of labeling the octant degeneracy solution

Now, we have to revisit the issue of convention to define unambiguously the octant degen-
eracy solutions. We use the following new convention :

Convention C: We define (sV, δV) and (sVI, δVI) such that they have a smooth limit to
the true and intrinsic degeneracy solutions (s1, δ1) and (sII, δII), respectively, when the
maximum θ23 limit θ23 → π/4 is taken. It can be understood as a consistency condition.

In the maximum θ23 limit, Doct-intr
± can be written by

Doct-intr-max
± ≡ lim

θ23→π/4
Doct-intr

± = (doct-intr
± )2 (6.44)
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Figure 6.9: Left : the region where no θ23 octant degeneracy exists for θtrue
23 = 50◦ with

normal hierarchy. Right : Shown by the blue and the red shaded areas in the P − PCP

bi-probability space are the regions spanned by the ellipses with θ23 = 40 and 50 degrees,
respectively.

where

doct-intr
± ≡ 1 + s1

X ′
∓ sin(δ1 ± ∆31) − X ′

± sin(δ1 ∓ ∆31)

Z ′ sin 2∆31

(6.45)

The smooth limit to the same-octant intrinsic degeneracy solution can be achieved by
taking the sign convention

s2
V =

1

2Toct

[
Uoct± − doct-intr

±

√
Doct-intr

±

(doct-intr
± )2

]
,

s2
VI =

1

2Toct

[
Uoct± + doct-intr

±

√
Doct-intr

±

(doct-intr
± )2

]
. (6.46)

One can easily verify that in the maximum θ23 limit sV and sVI tend to s1 and sII, respec-
tively.

If we denote the function in the first line of (6.46) and the ones for δ in (6.37) as

sV = ξCP oct
± (s1, δ1), δV = ηCP oct

± (s1, δ1). (6.47)

Then, one can show that sIV and δIV can be written as

sVI = ξCP oct
± (sII, δII), δVI = ηCP oct

± (sII, δII). (6.48)
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Maximal θ23 perturbation of octant degeneracy solution

At the end of this subsection, we derive the maximal θ23 perturbation formula of octant
degeneracy solutions. Assuming that the true value of θ23 is close to π

4
, we denote the

difference from maximal as

θtrue
23 =

π

4
+ ϵoct. (6.49)

Expanding (6.46) by ϵoct, we obtain

sin2 2θV
13 = sin2 2θ1

13(1 + 4ϵoct)

+4ϵocts1Z
′ s1X

′
±X ′

∓ sin 2∆31 + X ′
±Z ′ sin(δ1 ± ∆31) − X ′

∓Z ′ sin(δ1 ∓ ∆31)

X ′
±X ′

∓{s1X ′
± sin(δ1 ∓ ∆31) − s1X ′

∓ sin(δ1 ± ∆31) − Z ′ sin 2∆31}
(6.50)

and

cos δV = cos δ1 − 2ϵoct sin δ1

×
(s2

1X
′2
∓ − Z ′2)X ′

+ cos(δ1 ± ∆31) − (s2
1X

′2
± − Z ′2)X ′

∓ cos(δ1 ∓ ∆31) ± s1Z
′(X ′2

± − X ′2
∓ )

s1X ′
±X ′

∓

{
s1X ′

∓ sin(δ1 ± ∆31) − s1X ′
± sin(δ1 ∓ ∆31) + Z ′ sin 2∆31

}
sin δV = sin δ1 + 2ϵoct cos δ1

×
(s2

1X
′2
∓ − Z ′2)X ′

+ cos(δ1 ± ∆31) − (s2
1X

′2
± − Z ′2)X ′

∓ cos(δ1 ∓ ∆31) ± s1Z
′(X ′2

± − X ′2
∓ )

s1X ′
±X ′

∓

{
s1X ′

∓ sin(δ1 ± ∆31) − s1X ′
± sin(δ1 ∓ ∆31) + Z ′ sin 2∆31

} .

(6.51)

One can obtain the solution for VI by exchanging (s1, δ1) → (sII, δII). Note that limit
of maximal θ23; ϵoct → 0 leads the true value of (θ13, δ) for the solution V and (θII, δII) for
the solution VI.

6.1.5 Sign-∆m2
31 degeneracy across the θ23 octant in matter

We next discuss the sign-∆m2
31 degeneracy across the θ23 octant displayed in Fig. 6.10.

The input solution (s1, δ1) and the different octant clone solution (s7, δ7) satisfy the
following equations

P = s2
23X

′2
±s2

1 ± 2s23c23X
′
±Z ′s1 (cos δ1 cos ∆31 ∓ sin δ1 sin ∆31) + c2

23Z
′2,

= c2
23X

′2
∓s2

7 ∓ 2s23c23X
′
∓Z ′s7 (cos δ7 cos ∆31 ± sin δ7 sin ∆31) + s2

23Z
′2, (6.52)

in the neutrino channel, and

PCP = s2
23X

′2
∓s2

1 ± 2s23c23X
′
∓Z ′s1 (cos δ1 cos ∆31 ± sin δ1 sin ∆31) + c2

23Z
′2,

= c2
23X

′2
±s2

7 ∓ 2s23c23X
′
±Z ′s7 (cos δ7 cos ∆31 ∓ sin δ7 sin ∆31) + s2

23Z
′2. (6.53)
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Figure 6.10: Bi-probability plot for octant degeneracy. Black ellipse : sin2 2θ1
13 = 0.05 with

first octant (θ23 = 40◦) and normal hierarchy. Orange solid (dashed) ellipse : sin2 2θV,VI
13 =

0.0398(0.0421) with second octant (θ23 = 50◦) and inverted hierarchy.

in the CP-conjugated channel. Proceeding along the same way as in Secs. 6.1.3 and 6.1.4
we obtain

s7 cos δ7 =
−1

4s23c23X ′
±X ′

∓Z ′ cos ∆31

[
2s23c23s1Z

′ {X ′2
± cos(δ1 ± ∆31) + X ′2

∓ cos(δ1 ∓ ∆31)
}

±(X ′
± + X ′

∓){Z ′2 cos 2θ23 + s2
23s

2
1(X

′2
± + X ′2

∓ ) − X ′
±X ′

∓(s2
23s

2
1 + c2

23s
2
7)}

]
s7 sin δ7 =

∓1

4s23c23X ′
±X ′

∓Z ′ sin ∆31

[
2s23c23s1Z

′ {X ′2
± cos(δ1 ± ∆31) − X ′2

∓ cos(δ1 ∓ ∆31)
}

±(X ′
± − X ′

∓){Z ′2 cos 2θ23 + s2
23s

2
1(X

′2
± + X ′2

∓ ) + X ′
±X ′

∓(s2
23s

2
1 + c2

23s
2
7)}

]
.(6.54)

Inserting (6.54) into sin2 δ7 + cos2 δ7 = 1, we obtain the quartic equation of s13,

Tsign-octs
4
7 − Usign-oct±s2

7 + Vsign-oct± = 0 (6.55)

which is actually a quadratic equation of s2
13 because of the quadratic dependence on s13

of s7 cos δ7 and s7 sin δ7. Thus, there exist only two physical solutions, which implies that
the octant degeneracy in different hierarchy is two-fold. In (6.55) Tsign-oct etc. are defined
as

Tsign-oct ≡
(

c23(X
′
+ − X ′

−)

4s23Z ′ sin ∆31

)2

+

(
c23(X

′
+ + X ′

−)

4s23Z ′ cos ∆31

)2

(6.56)
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Usign-oct± ≡ 1

± 1

8s2
23X

′
±X ′

∓Z ′2 sin2 ∆31

[
2s23c23s1Z

′ {X ′2
± cos(δ1 ± ∆31) − X ′2

∓ cos(δ1 ∓ ∆31)
}

±(X ′
± − X ′

∓){Z ′2 cos 2θ23 + s2
23s

2
1(X

′2
± + X ′

±X ′
∓ + X ′2

∓ )}
]

+
1

8s2
23X

′
±X ′

∓Z ′2 cos2 ∆31

[
2s23c23s1Z

′ {X ′2
± cos(δ1 ± ∆31) + X ′2

∓ cos(δ1 ∓ ∆31)
}

±(X ′
± + X ′

∓){Z ′2 cos 2θ23 + s2
23s

2
1(X

′2
± − X ′

±X ′
∓ + X ′2

∓ )}
]

(6.57)

Vsign-oct± ≡

(
1

4s23c23X ′
±X ′

∓Z ′ cos ∆31

[
2s23c23s1Z

′ {X ′2
± cos(δ1 ± ∆31) + X ′2

∓ cos(δ1 ∓ ∆31)
}

±(X ′
± + X ′

∓){Z ′2 cos 2θ23 + s2
23s

2
1(X

′2
± − X ′

±X ′
∓ + X ′2

∓ )}
])2

+

(
1

4s23c23X ′
±X ′

∓Z ′ sin ∆31

[
2s23c23s1Z

′ {X ′2
± cos(δ1 ± ∆31) − X ′2

∓ cos(δ1 ∓ ∆31)
}

±(X ′
± − X ′

∓){Z ′2 cos 2θ23 + s2
23s

2
1(X

′2
± + X ′

±X ′
∓ + X ′2

∓ ))}
])2

. (6.58)

Then, the sign-∆m2
31 degeneracy solution across θ23 octant is given by

s2
7 =

1

2Tsign-oct

[
Usign-oct± [±]∗

√
Dsign-oct

±

]
, (6.59)

where [±]∗ is the temporary sign to be specified below and Dsign-oct
± is defined as

Dsign-oct
± ≡ U2

sign-oct± − 4Tsign-octUsign-oct± (6.60)

If Dsign-oct
± ≤ 0, it means that there is no degenerate solutions in sign-octant degeneracy.

The region of no sign-octant degeneracy solution is displayed in Fig. 6.11. The feature of
the region can also be understood by the bi-probability plots as in the previous subsection.
Once there is a solution, the same argument as before assures that the solutions for s2

7 in
(6.59) are positive definite.

Problem of convention of labeling the sign-octant degeneracy solution

To define unambiguously the sign-∆m2
31 degeneracy solutions across θ23 octant we need the

following new convention. That is, we need to take both the maximum θ23 and the vacuum
limits.

Convention D: We take the convention such that (sVII, δVII) and (sVIII, δVIII) tend to
(svac

III , δvac
III ) and (svac

IV , δvac
IV ), respectively, in the simultaneous maximum-θ23 and the vacuum

limit.
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Figure 6.11: Depicted as the shaded region in the sin2 2θ13 − δ/π space is the region where
no solution of the sign-∆m2

31 degeneracy across θ23 octant exists. The true mass hierarchy
is taken to be the normal one.

One can easily show in the combined limit that limθ23→π/4,a→0 Dsign-oct
± = (dsign-oct

± )2,

where dsign-oct
± has the same form dsign

± defined in (6.25) except for taking θ23 = π/4 of it.
Therefore, the temporary sign of (6.59) is determined by this convention, we have

s2
VII =

1

2Tsign-oct

[
Usign-oct± − dsign-oct

±

√
Dsign-oct

±

(dsign-oct
± )2

]
,

s2
VIII =

1

2Tsign-oct

[
Usign-oct± + dsign-oct

±

√
Dsign-oct

±

(dsign-oct
± )2

]
. (6.61)

In this convention, we determine the function of first line of (6.61) and for δ in (6.54)
as

sVII = ξCP sign-oct
± (s1, δ1), δVII = ηCP sign-oct

± (s1, δ1). (6.62)

Then, one can show that

sVIII = ξCP sign-oct
± (sII, δII), δVIII = ηCP sign-oct

± (sII, δII). (6.63)

6.2 Structure of parameter degeneracy

In this section, we discuss the structure of parameter degeneracy which describe the rela-
tionships between the degenerate solutions.

First, we show the structure of eightfold degeneracy, and we summarize the relationship
of the solutions with the normal and the inverted hierarchies.

6.2.1 Mappings between the true and the degeneracy solutions

First, we show the relationship between each intrinsic degeneracy pair of the solutions in
order. If we denote the relationship between the intrinsic degeneracy solution derived in
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Sec. 6.1.2 as sII = ξCP intr
± (s1, δ1, θ

true
23 ) and δII = ηCP intr

± (s1, δ1, θ
true
23 ) then the other intrinsic

degeneracy pairs of the solutions satisfy

sIV = ξCP intr
∓ (sIII, δIII, θ

true
23 ), δIV = ηCP intr

∓ (sIII, δIII, θ
true
23 ),

sVI = ξCP intr
± (sV, δV, π/2 − θtrue

23 ), δVI = ηCP intr
± (sV, δV, π/2 − θtrue

23 ),

sVIII = ξCP intr
∓ (sVII, δVII, π/2 − θtrue

23 ), δVIII = ηCP intr
∓ (sVII, δVII, π/2 − θtrue

23 ).(6.64)

The reason that first line of (6.64) does not have the hierarchy sign ± but ∓ can be
understood as following. If the true mass hierarchy is normal, the solution III consists
of the inverted hierarchy. Therefore, the partner of solution III, i.e. IV, is given by the
intrinsic degenerate solution with inverted hierarchy. The argument π/2 − θtrue

23 in the
second and the third lines arise for the similar reason.

We then summarize the one-to-one correspondence relations between the same octant
and the different octant solutions:

sIII = ξCP sign
± (s1, δ1, θ

true
23 ), sIV = ξCP sign

± (sII, δII, θ
true
23 ),

sV = ξCP oct
± (s1, δ1, θ

true
23 ), sVI = ξCP oct

± (sII, δII, θ
true
23 ),

sVII = ξCP sign-oct
± (s1, δ1, θ

true
23 ), sVIII = ξCP sign-oct

± (sII, δII, θ
true
23 ),

sVII = ξCP sign
± (sV, δV, π/2 − θtrue

23 ), sVIII = ξCP sign
± (sVI, δVI, π/2 − θtrue

23 ),

sVII = ξCP oct
∓ (sIII, δIII, θ

true
23 ), sVIII = ξCP oct

∓ (sIV, δIV, θtrue
23 ),

sV = ξCP sign-oct
∓ (sIII, δIII, θ

true
23 ), sVI = ξCP sign-oct

∓ (sIV, δIV, θtrue
23 ). (6.65)

where the functional form of ξCP sign
± , ξCP oct

± , and ξCP sign-oct
± are defined in (6.27), (6.47), and

(6.62), respectively. There are the similar relationships between δ’s through the function
ηCP sign
± , but we do not display them explicitly here. Fig. 1.1 shows the connection of

degenerate solutions in a simple way.
It is easy to prove (6.65) by considering the original defining equations for the de-

generacy. For example, it is easy to show that ξCP sign
± (sV, δV, π/2 − θtrue

23 ) ≡ sX and

ηCP sign
± (sV, δV, π/2 − θtrue

23 ) ≡ δX are solutions of the equation

c2
23X

′2
±s2

V ± 2s23c23X
′
±Z ′sV cos(δV ± ∆31) + s2

23Z
′2

= c2
23X

′2
∓s2

X ∓ 2s23c23X
′
∓Z ′sX cos(δX ∓ ∆31) + s2

23Z
′2

c2
23X

′2
∓s2

V ± 2s23c23X
′
∓Z ′sV cos(δV ∓ ∆31) + s2

23Z
′2

= c2
23X

′2
±s2

X ∓ 2s23c23X
′
±Z ′sX cos(δX ± ∆31) + s2

23Z
′2.

(6.66)

Note that left hand side of Eq.(6.66) is invariant by the replacement

(sV, δV, s23, c23) → (s1, δ1, c23, s23) (6.67)

from Eq.(6.35) and (6.36). Hence, sX and δX are nothing but the solutions of sign-octant
degeneracy.

Though we do not present explicit formulas the same structure exists in all the degen-
eracy solutions in other settings, T-conjugate, Golden-Silver, and CPT-conjugate measure-
ment to be discussed in the following sections.
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6.2.2 Relation between the cases of true normal vs. true inverted
mass hierarchies

Here, we note an important property of the degeneracy solutions. Namely, if we know the
degeneracy solutions for the true normal mass hierarchy, then the degeneracy solutions for
the true inverted mass hierarchy can be obtained from the true normal ones. We give an
explicit proof of this statement.

Let us take the sign-∆m2
31 degeneracy (without θ23 octant flip) for definiteness. For

clarity, we denote the degeneracy solution for the case of true normal and true inverted
mass hierarchies as (s3N, δ3N) and (s3I, δ3I), respectively, where the subscript “3” implies
either III or IV. For a given set of the probabilities P and PCP , assuming that the true
mass hierarchy is normal, the true solution (s1, δ1) and the fake one (s3N, δ3N) satisfy

(P =) X2
+s2

1 + 2X+Zs1 cos(δ1 + ∆31) + Z2 = X2
−s2

3N − 2X−Zs3N cos(δ3N − ∆31) + Z2,(
PCP =

)
X2

−s2
1 + 2X−Zs1 cos(δ1 − ∆31) + Z2 = X2

+s2
3N − 2X+Zs3N cos(δ3N + ∆31) + Z2.

(6.68)

If the true mass hierarchy is inverted, then the degeneracy solution satisfies a different set
of equations as

(P =) X2
−s2

1 − 2X−Zs1 cos(δ1 − ∆31) + Z2 = X2
+s2

3I + 2X+Zs3I cos(δ3I + ∆31) + Z2,(
PCP =

)
X2

+s2
1 − 2X+Zs1 cos(δ1 + ∆31) + Z2 = X2

−s2
3I + 2X−Zs3I cos(δ3I − ∆31) + Z2.

(6.69)

We define δ1new and δ3Inew as δ1 = δ1new + π and δ3I = δ3Inew + π, respectively, and rewrite
(6.69) by using them. It reads

X2
−s2

1 − 2X−Zs1 cos(δ1new − ∆31) + Z2 = X2
+s2

3I + 2X+Zs3I cos(δ3Inew + ∆31) + Z2,

X2
+s2

1 − 2X+Zs1 cos(δ1new + ∆31) + Z2 = X2
−s2

3I + 2X−Zs3I cos(δ3Inew − ∆31) + Z2.

(6.70)

Comparison between (6.68) and (6.70) tells us that if the set (s3N, δ3N) is the solution to
the sign-∆m2

31 degeneracy equation for the true normal hierarchy, then the set (s3I, δ3Inew)
is the solution for the true inverted hierarchy, provided that the true value of δ(= δ1)
is replaced by δ1new. This is because that the oscillation probabilities (P, PCP ) exchange
their role under the transformation ∆m2

31 → −∆m2
31, δ → δ + π, i.e. the equations which

determine the degenerate solutions is invariance under the transformation. Stated more
explicitly, if we denote the sign-∆m2

31 degeneracy solution for the true normal hierarchy as,

s3N = ξ3(s1, δ1), δ3N = η3(s1, δ1), (6.71)

then, the degeneracy solution for the true inverted hierarchy is given, if expressed in terms
of the true input parameters, as

s3I = ξ3(s1, δ1 − π), δ3I = η3(s1, δ1 − π) + π. (6.72)
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It is easy to show that this result can be extended for all type of degeneracy. In other
word, the mapping functions ξ± and η± are related with each other as

ξCP type
− (s1, δ1) = ξCP type

+ (s1, δ1 − π),

ηCP type
− (s1, δ1) = ηCP type

+ (s1, δ1 − π) + π. (6.73)

where “CP type” has the form of “CP intr”, “CP sign”, “CP oct”, or “CP sign-oct”.
Thus, the sign-∆m2

31 degeneracy solutions for the true inverted hierarchy are essentially
determined by the solutions for the true normal hierarchy.

6.2.3 Asymptotic expansion

At the end of this section, we make comments on high-energy behavior of the degenerate
solutions. It would help clarifying some features of the energy dependence of the degeneracy
solutions which are discussed in the next section.

It can be easily verified that all the degeneracy solutions sN and δN (N=II−VIII) in
CP-conjugate measurement have finite asymptotic limit as E → ∞. Then, we note an
interesting property that they are invariant under the transformation E → −E, because
P and PCP exchange their role with the transformation ∆j1 → −∆j1 (j = 2, 3), i.e. the
degeneracy equations are invariant. It means that when we do asymptotic expansion of
the degeneracy solutions as sN =

∑
n=0 aN

n (∆31)
n the odd terms are absent:

sN = aN
0 + aN

2 ∆2
31 + O

(
∆4

31

)
,

δN = bN
0 + bN

2 ∆2
31 + O

(
∆4

31

)
. (6.74)

Absence of the first-order term in 1/E implies that onset to the high-energy asymptotic
behavior of the degeneracy solutions is relatively fast, as we will confirm in the next section.

6.3 Overview of the eightfold parameter degeneracy

In this section, we try to give an overview of the intrinsic, the sign-∆m2
31, and the θ23 octant

degeneracies. In fact, the features of the degeneracy solutions are quite different for differing
baselines and neutrino energies, which makes the overview in a genuine sense extremely
difficult. Therefore, we restrict ourselves in this paper into a few typical settings which may
be relevant for the settings of future neutrino experiments discussed in the literatures. If
the readers want to examine features of the degeneracy with some alternative experimental
parameters, they can do it quite easily by using the analytic solutions presented in this
paper.

We also want to warn the readers that all of our comments to be made in this section are
qualitative in nature. Therefore, when we say, “spectrum analysis would resolve the degen-
eracy” it actually means that it may be possible to resolve it if appropriate experimental
settings are provided. Similarly, when we say “the degeneracy A is easier to lift than the
degeneracy B” it actually means so provided that an appropriate experimental condition is
prepared such that the similar sensitivities would be expected for both the solutions A and
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B. Yet, we try to be based the experiences gained in some previous analyses. The read-
ers may still wonder whether the discussion of degeneracy based on the probability makes
sense because the observable in the experiments must be obtained after convolution with
neutrino fluxes and cross sections. However, this is not the only possible attitude to take.
One can, in principe, obtain the “experimental data of probability” by de-convoluting the
fluxes and cross sections as shown in [75].

6.3.1 Variables used for display and baselines and neutrino en-
ergies adopted

We try to illuminate some characteristic features of the degeneracy by presenting the dif-
ferences between the true solution and the fake ones. To display the difference between the
solutions we define the ratio RN as

RN ≡ sin2 2θN
13 − sin2 2θtrue

13

sin2 2θtrue
13

(6.75)

where N = II-VIII denote the degeneracy solution labels. Similarly, we define the quantity
DN to represent the differences between the true and the clone solutions. For this purpose,
there are two appropriate ways to define it, the types (1) and (2);

D
(1)
N ≡ (δN − δtrue)

π
, D

(2)
N ≡ δN − (π − δtrue)

π
. (6.76)

We use either one of D
(1)
N or D

(2)
N whichever appropriate depending upon the degeneracy

types.
As typical experimental settings, we use the following four cases of baselines and neu-

trino energies:

• SB1: L = 300 km, E = 700 MeV; A short baseline low energy νµ (and ν̄µ) superbeam
near the first oscillation maximum

• MB1: L = 1000 km, E = 2.33 GeV; A medium baseline superbeam near the first
oscillation maximum

• MB2: L = 1000 km, E = 780 MeV; A medium baseline superbeam near the second
oscillation maximum

• NF: L = 4000 km, E = 20 GeV; A typical setting for neutrino factory

The first three settings, SB1, MB2, and MB1, are examined in the following three sub-
sections (Secs. 6.3.2, 6.3.3, and 6.3.4), while the last one, NF, in Sec. 6.3.5. The energies
taken for SB1, MB1, MB2 and NF settings are determined by the following considerations
: To avoid the energy of perfect oscillation maximum of about 600 MeV at 300 km, where
the features of the degeneracy are special, we tentatively added 100 MeV. Hence, ϵ, the
deviation of ∆31 from π/2 is given by ∆31(L = 300 km , E = 700 MeV) = π/2 − ϵ from
which ϵ is determined as ϵ = π

2
1
7

= 0.224. For the second oscillation maximum, we have
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arbitrarily chosen that ∆31(L = 1000 km , E) = 3(π/2− ϵ), that is E = 780 MeV. In some
limited cases, the features of degeneracy solutions of the first two cases, SB1 and MB1,
are so similar as can be seen in Figs. 6.12 and 6.13. Comparison between MB1 and MB2
settings, former (latter) being around the first (second) oscillation maximum, would be
interesting to know physics behind the potential of the two-detector setting [78] and/or the
BNL-type wide band beam approach [81].

The key to resolve the degeneracy is to utilize spectrum informations. Therefore, we
also present the energy dependence of the difference between the true and the degeneracy
solutions. A point of interest is how the energy dependence differs among the three different
types of the degeneracies.

We note that in all the figures presented in this section we take the normal mass
hierarchy as the input true solution. If one wants to have the corresponding informations
for the inverted mass hierarchy, one can do it just by changing the ordinate label of the
figures as δtrue − π not δtrue. This is discussed in detail in Sec. 6.2.2.

We use the following values for the mixing parameters as summarized below: ∆m2
21 =

7.9 × 10−5 eV2, sin2 θ12 = 0.31, and ∆m2
31 = 2.5 × 10−3 eV2. The matter density is taken

as ρ = 2.8g/cm3 for SB1, MB1, and MB2 settings, and ρ = 3.6g/cm3 for NF setting.

Method for presentation

A color variation is used to clearly represent the ratio RII and D
(2)
II in a visual way, which

will be used later also to all of RN and D
(i)
N . From blue to red RII and D

(2)
II vary from −1

to +1. The only exception to this rule is RN at color graduation of the deepest red; It
contains the region with RN greater than 1. Notice that there is no region of RN < −1 by
definition in (6.75). We should note that in the case of D

(i)
N , unlike RN, the deep blue region

smoothly continues to the deep red because of the periodicity in δ. 20 color graduation are
used to draw RN and D

(i)
N so that a single color graduation spans 5% of the entire region.

6.3.2 Intrinsic degeneracy in the true θ23 octant

In Figs. 6.12 and 6.13, we present RII, the normalized difference of sin2 2θ13, and D
(2)
II , a dif-

ference of δ/π defined in (6.76), respectively, between the true and the intrinsic degeneracy
solutions for the three typical cases of energies and baselines, SB1, MB1, and MB2.

One can easily realize that the feature of SB1 (left panel) and MB1 (middle panel)
setting is so similar. One of the most notable features in Fig. 6.12 is a clear difference
between SB1 (or MB1) and MB2 (right panel) settings. In large θ13 region in SB1 setting,
sin2 2θ13 & 10−2, RII is small. At small θ13 in SB1 setting and at large θ13 in MB2 setting,
RII is large and positive (negative) at δ ∼ 0 (π). In small θ13 region in MB2 setting,
sin2 2θ13 . 10−2, RII is large and positive independent of δ.1 Let us understand these
features.

We start from the above first feature. It can be understood by the analytic solution
(6.15). If θ13 is relatively large, s13 ≫ ∆m2

21/∆m2
31, s1 is the dominant term in sII in (6.15),

1At extremely small θ13, the left plot in Fig. 6.12 for SB1 almost looks like the right plot for MB2, but
with scale of sin2 2θ13 two orders of magnitude smaller than that of the right panel in Fig. 6.12.
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Figure 6.12: The ratio RII = [sin2 2θN
13−sin2 2θtrue

13 ]/ sin2 2θtrue
13 defined in (6.75) is presented

in sin2 2θtrue
13 −δtrue/π space for the three typical cases of energies and baselines, SB1, MB1,

and MB2, defined in Sec. 6.3.1.
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Figure 6.13: The normalized difference D
(2)
II ≡ [δII − (π − δtrue)]/π, defined in (6.76) is

presented in sin2 2θtrue
13 − δtrue/π space for the three typical settings SB1, MB1, and MB2

defined in Sec. 6.3.1.
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and RII ∼ O
(
s−1
1 ∆m2

21/∆m2
31

)
. Therefore, RII is small at large θ13 in SB1 setting. Now,

the behavior of RII at small θ13 can be easily understood by looking into the bi-probability
plot, the left panel in Fig. 6.14. The degeneracy ellipse which shares the point around
δ = 0 (δ = π) of the true ellipse is the dashed (solid) one with considerably larger (smaller)
θ13. The similar consideration explains the feature of RII at large θ13 in MB2 setting. The
remaining feature that needs explanation is the large positive RII at small θ13 in MB2
setting. At such small θ13 as sin2 2θ13 ∼ 10−3 and the baseline L = 1000 km, the oscillation
probability is dominated by the solar term Z2. Since it is independent of δ the probability
ellipse shrinks to a small “circle”, as can be seen in the right panel in Fig. 6.14. Then, the
degeneracy solution ellipses are inevitably large as indicated by the red solid and dashed
lines, resulting degenerate solutions much larger than the true s13.

We observe for D
(2)
II plotted in Fig. 6.13 that in SB1 (and MB1) setting D

(2)
II is small in

the entire region of sin2 2θ13 − δ/π space covered.2 It means that the approximate formula
δII ≅ π − δtrue works well [55]. It is a nice feature of measurement of SB1 setting because
CP violation is unlikely to be confused with CP conservation. Whereas for MB2 setting
D

(2)
II is small only in a limited region −0.2 . δ/π . 0.2, and in a small strip around

δ ≅ 0 at large θ13. The deviation from the approximation δII ≅ π − δtrue is significant in
the second and the third quadrants of δ, in particular in region sin2 2θ13 . a few × 10−2

in MB2 setting. It is possible to understand this behavior of D
(2)
II qualitatively at very

small θ13, sin2 2θ13 ∼ 10−3 by using the bi-probability plot for MB2 setting (right panel in
Fig. 6.14). For the true value of δtrue ≅ 0 the degeneracy ellipse is depicted by the solid

line and δII ≅ π, which implies D
(2)
II ≪ 1. On the other hand, for δtrue ≅ π the degeneracy

ellipse depicted by the dashed line touches to the true ellipse also at around δ ≅ π, hence
D

(2)
II is of order unity. Notice again that the deep blue region smoothly continues to the

deep red because of the periodicity in δ.
Now, let us show the similar plots with a different energy for the three settings. Fig. 6.15

and 6.16 show RII and D
(2)
II respectively at, E = 530 MeV, 1.8 GeV, and 600 MeV for SB1,

MB1, and MB2 setting respectively, the energy bit lower than the oscillation maximum.
One can realize that they have very similar feature with Fig. 6.12 and 6.13 but with
replacement δ → π − δ. This feature can be understood by Fig. 6.15. Choice of energies
higher or lower than the oscillation maximum alters the relative positions of δ = 0 and
δ = π in the bi-probability ellipse, and hence the behavior follows as δ → π − δ.

The existence of difference of intrinsic solution between different energy setting tells us
that intrinsic degeneracy may be resolved by spectrum analysis. Therefore, let us see the
energy dependence of it. We present in Fig. 6.18 the energy dependence of sin2 2θII

13 for
SB1 (left panel), MB1 (middle panel), and MB2 (right panel) settings, assuming the true
value of sin2 2θ13 = 0.05. It may be regarded as a typical value for relatively large θ13 to
which we will have an access by the ongoing experiments. Notice that here the color labels
are not monotonic from δ = 0 to 2π. Similarly, in Fig. 6.19 the energy dependence of D

(2)
II

is plotted for the same settings, SB1, MB1, and MB2, with the same true value of θ13.
Again, SB1 and MB1 setting have very similar feature in the energy region we plot.

2Hereafter, when we talk about sin2 2θ13 and δ such as sin2 2θ13 − δ/π space, it actually means the
sin2 2θtrue

13 and δtrue, respectively. We use the simpler notation to avoid cumbersome superscript “true”as
much as possible.
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Figure 6.15: RII plots similar to Fig. 6.12 but with different energy. E = 530 MeV, 1.8
GeV, and 600 MeV for left, middle, and right panel respectively.
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Figure 6.16: D
(2)
II plots similar to Fig. 6.13 but with different energy as same as Fig. 6.15.
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Figure 6.17: Bi-probability plot for settings of E=700 MeV (left panel) and E=530 MeV
(right panel). In both plots the true value of θ13 is taken to be sin2 2θ13 = 0.05.
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Figure 6.18: The energy dependence of sin2 2θII
13 is plotted for the two typical settings SB1

(left panel), MB1 (center panel), and MB2 (right panel) defined in Sec. 6.3.1. The true
value of θ13 is taken as sin2 2θ13 = 0.05, which is indicated by the horizontal solid line in
the figure.

0.4 0.6 0.8 1.0 1.2
�1.0

�0.5

0.0

0.5

1.0

energy�GeV�

�Δ
2�
�Π
�
Δ 1
��
�Π

intrinsic�D Solution

L�300km, sin22Θ13
true�0.05

0

2Π
Δtrue

1.0 1.5 2.0 2.5 3.0 3.5 4.0
�1.0

�0.5

0.0

0.5

1.0

energy�GeV�

�Δ
2�
�Π
�
Δ 1
��
�Π

intrinsic�D Solution

L�1000km, sin22Θ13
true�0.05

0

2Π
Δtrue

0.4 0.6 0.8 1.0 1.2
�1.0

�0.5

0.0

0.5

1.0

energy�GeV�

�Δ
2�
�Π
�
Δ 1
��
�Π

intrinsic�D Solution

L�1000km, sin22Θ13
true�0.05

0

2Π
Δtrue

Figure 6.19: The energy dependence of the ratio D
(2)
II defined in (6.76) is plotted for the

two typical settings SB1 (left panel), MB1 (center panel) and MB2 (right panel) defined
in Sec. 6.3.1. The true value of θ13 is taken as sin2 2θ13 = 0.05.

Clearly, there exist a significant energy dependence of sin2 2θII
13 even for SB1 setting.

One can see that they vary by a factor of 2−4 (30%−40%), or more at low (high) energies
depending upon δ in region of E = 0.4 − 1.2 GeV for L = 300 km. It must be contrasted
to almost flat curves of energy dependence given in the following subsections, Figs. 6.21
(Sec. 6.3.3) and 6.26 (Sec. 6.3.4) for the sign-∆m2

31 and the octant degeneracies, respectively.
Then, the spectrum analysis must be powerful in resolving the intrinsic degeneracy. It has
been seen to be the case in the analysis of T2K II experiment [43] done in [79]. For D

(2)
II the

energy dependence is significant only at low energies, below the first oscillation maximum,
where usually the signal-to-background ratio is not helpful. But it does not means that
intrinsic degenerate solution δII remains after the spectrum analysis, because if spectrum
information resolve the solution sII its pair parameter, δII, is forbidden.

For MB2 setting, which is at around the second oscillation maximum, the energy de-
pendence is far more pronounced and depends on δ. As we can see in the RII plot, intrinsic
degenerate solutions at SB1 and MB2 setting are very different in broad region. Therefore,
combination of MB2 with SB1 settings is expected as an ideal machinery for resolving the
degeneracy. This was observed in [79, 80] which utilizes the informations at the second
oscillation maximum by a Korean detector.
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6.3.3 Sign-∆m2
31 degeneracy in the true θ23 octant

We now turn to the sign-∆m2
31 degeneracy which exists in the same θ23 octant as the true

one. Since there are two solutions, (sIII, δIII) and (sIV, δIV), we present them in the same
figures. In Fig. 6.20, RIII and RIV defined in (6.75) are plotted in sin2 2θ13 − δ/π space.
White region is the region of no degenerate solution as discussed in Sec. 6.1.3. We mention
that MB1 setting is different from SB1 setting unlike the case of intrinsic degeneracy, in
particular in small θ13 region. Nevertheless, the difference is not so significant at large θ13

sin2 2θ13 & 10−2 apart from the change in the no-solution region.
By comparing Fig. 6.20 with Fig. 6.12, it is evident that the difference of sin2 2θ13

between the true solution s1 and sIII is much smaller than the case of intrinsic degeneracy
solutions for SB1 and MB1 settings.
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Figure 6.20: The ratios RIII = [sin2 2θIII
13 − sin2 2θtrue

13 ]/ sin2 2θtrue
13 (upper two panels) and

RIV (lower two panels) defined in (6.75) in sin2 2θ13 − δ/π space is presented for the three
typical settings SB1 (left panel), MB1 (middle panel), and MB2 (right panel) defined in
Sec. 6.3.1. The regions of white color denote the regions of no sign-degeneracy solution.

One can realize that the energy dependence of sin2 2θIII
13 is much milder than the case of

solution (sII, δII) of the intrinsic degeneracy, as one can clearly see by comparing Fig. 6.21
with Fig. 6.18. These features make resolution of the sign-∆m2

31 degeneracy much more
difficult compared to the intrinsic degeneracy in these settings.

The difference between energy dependences of the intrinsic and the sign-∆m2
31 degen-

eracies in SB1 and MB1 settings can be easily understood at least qualitatively. As we
learned in Sec. 6.2.3 reach to high-energy asymptotic behavior is relatively fast by lacking
∼ 1/E terms. This feature can be seen in most of the plots of energy dependence of the de-
generacy solutions for SB1 and MB1 settings. Notice, however, that the asymptotic energy
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Figure 6.21: The energy dependence of sin2 2θIII
13 (upper two panels) and sin2 2θIV

13 (lower two
panels) are plotted for the three typical settings SB1 (left panel), MB1 (middle panel), and
MB2 (right panel) defined in Sec. 6.3.1. The true value of θ13 is taken as sin2 2θ13 = 0.05,
which is indicated by the horizontal solid line in the figure.

can be reached at much higher energies for MB2 setting. The difference between sin2 2θIII
13

and sin2 2θII
13 is that the former is constrained to be small at low energies, as one can show

by the formulas based on the matter perturbation theory given in Section 6.1.3. The first
order correction term, from which the energy dependence comes in is small, of the order of
A/∆31 ≅ 0.06− 0.07(0.2) for SB1 and MB2 (MB1) settings. Whereas for sin2 2θII

13 there is
no small parameter which forces it small. The mild energy dependence and the pinning to
a small value makes sin2 2θIII

13 small in the entire region of energy.
Here are comments on the solution (sIV, δIV): RIV essentially looks like RII apart from

the presence of no-solution regions. Given smallness of RIII, RIV must looks like RII because
they are the intrinsic degeneracy pairs. It is also true that the energy dependence of
sin2 2θIV

13 is very similar to the behavior of sin2 2θII
13. Therefore, lifting degeneracy between

θIV
13 and θIII

13 can be done with spectrum analysis via a similar manner as in the case of
intrinsic degeneracy. If powerful enough the spectrum informations would solve both the
degeneracy between the true solution and θII

13, and the one between θIV
13 and θIII

13 at the same
time.

Next, we discuss D
(2)
III and D

(1)
IV which are presented in the upper and lower three panels,

respectively, in Fig. 6.22. We note that they are small in SB1 setting, leaving the sign-
∆m2

31 degeneracy intact in this short baseline setting. Notice, however, that it is not all

bad, because the smallness of D
(2)
III implies that no severe confusion takes place between

CP violation and CP conservation. Now, the difference between SB1 and MB1 settings
further develops in particular in large θ13 region. The clear distinction between SB1 and
MB1 settings is also prominent in the energy dependence presented in Fig. 6.23. Of course,
it is basically due to larger matter effect in MB1 setting. It is interesting to observe that
the difference shows up first in δ, but not quite for θ13 at large θ13.

In the SB1 and MB1 settings, as can be seen in Fig. 6.22, D
(2)
III and D

(1)
IV are largest

in region of the largest possible θ13 for which the sign-∆m2
31 degeneracy solution exist. In
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Figure 6.22: D
(2)
III ≡ [δIII − (π − δtrue)]/π (upper two panels) and D

(1)
IV ≡ (δIV − δtrue)/π

(lower two panels) defined in (6.76) is presented in sin2 2θ13−δ/π space for the three typical
settings SB1 (left panel), MB1 (middle panel), and MB2 (right panel) defined in Sec. 6.3.1.
The regions of white color denote the regions of no sign-degeneracy solution.
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Figure 6.23: The energy dependence of the ratios D
(2)
III (upper two panels) and D

(1)
IV (lower

two panels) defined in (6.76) are plotted for the three typical settings SB1 (left panel),
MB1 (middle panel), and MB2 (right panel) defined in Sec. 6.3.1. The true value of θ13 is
taken as sin2 2θ13 = 0.05.
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this region δ ∼ π/2. On the other hand, RIII and RIV are small in the region as is seen in
Fig. 6.20. It is easy to understand these features. At around the largest value of θ13 which
allows the sign-∆m2

31 degeneracy the two ellipses, the ones with normal and inverted mass
hierarchies, barely overlap with each other. This is shown in Fig. 6.24. The general feature
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Figure 6.24: The bi-probability plot with the true value of θ13 as sin2 2θ13 = 0.07 and
normal (inverted) hierarchy for black solid (blue dashed) line. Red (blue) shaded area
show the region spanned the ellipse with normal (inverted) hierarchy.

of the bi-probability plot [56] tells us that in the overlap regions of the two ellipses the point
of δ ∼ π/2 in the positive ∆m2

31 ellipse is close to point of δ ∼ 3π/2 of the negative ∆m2
31

ellipse. Therefore, D
(2)
III ≅ 1 and D

(1)
IV ≅ 1 hold, explaining the above features. Because the

center of the two ellipses are located at almost the same distances from the origin (which
is equal to s2

23 sin2 2θ13), sIII ≅ sIV ≅ s1.

We want to note that the energy dependences of D
(2)
III and D

(1)
IV are quite mild in energy

region above the first oscillation maximum for SB1 and MB1 settings. Considering the
almost no energy dependence of sin2 2θIII

13 − sin2 2θtrue
13 as given in Fig. 6.21, and noting that

spectrum analysis is highly challenging at low energies, it would be difficult to resolve the
sign-∆m2

31 degeneracy by a single detector setting of either SB1 or MB1.
We notice that the difference between SB1-MB1 and MB2 settings is always evident

as can be seen in Figs. 6.20, 6.21, 6.22 and 6.23. Therefore, MB2 setting alone may have
chance to resolve the sign-∆m2

31 degeneracy [89, 90]. Or, if the informations gained at
around the second oscillation maximum can somehow be combined it would greatly help
resolving the sign-∆m2

31 degeneracy [79, 80, 81, 91]. It may be expected even from our
formulas obtained for a “mono-energetic neutrino beam” because the parameter regions
with degeneracy solutions in SB1 and MB2 settings tend to “repel” (avoid to overlap) with
each other at large θ13 in Fig. 6.20, though not completely.
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6.3.4 Intrinsic and sign-∆m2
31 degeneracies in the false θ23 octant

Now, we turn to the θ23 octant degeneracy with solutions which lives in the different θ23

octant from the true solution. Having the overview at hand, we present the intrinsic and the
sign-∆m2

31 degeneracy solutions at the same time. Presented in Fig. 6.25 in sin2 2θ13 − δ/π
space are the ratios RV =

(
sin2 2θV

13 − sin2 2θtrue
13

)
/ sin2 2θtrue

13 (top three panels), RVI (next
to top panels), RVII (next next to top panels), and RVIII (bottom three panels) defined
in (6.75) for three typical cases of energies and baselines, SB1 (left panels), MB1 (middle
panels), and MB2 (right panels) defined in Sec. 6.3.1. In Fig. 6.26, from the top row to the
bottom, the energy dependences of degeneracy solutions of sin2 2θN

13 are presented for the
same set of solutions N=V−VIII.

One of the most notable features in Fig. 6.25 is again quite distinct behaviors in the
MB2 setting. In general, RN are large (apart from the strips where RN switches its sign)
with notable exceptions of RV for SB1 and MB1 settings, and RVII for SB1 setting. It is
also notable that behavior of RVI and RVIII is reminiscent of the one of RII in Fig. 6.13 in
SB1 and MB1 settings in small θ13 region, except for the presence of no-solution region.
Considering the small values of RV and RVII (except for RVII for MB1), it is quite natural
to see the behavior given the fact that they are the intrinsic degeneracy partners. The
feature that RVI and RVIII trace the behavior of their intrinsic degeneracy partners also
applies to MB2 setting. The behavior of RV and RVII (RVI and RVIII) is somewhat similar,
apart from the presence of no-solution region, to that of RII for SB1 (MB2) setting. It
may be understood by the similar consideration using the bi-probability plot. Therefore,
we concentrate below on SB1 and MB1 settings.

As mentioned above RV for SB1 and MB1 settings, and RVII for SB1 setting are small
in region sin2 2θ13 & 10−2. The region of θ13, however, is nothing but a good target for
superbeam experiments, and it will be a challenge for them to lift the degeneracy solutions.
Here, we try to understand this feature, but in a wider perspective which includes the energy
dependence of sin2 2θV

13 and sin2 2θVII
13 for SB1 and MB1 settings. In Fig. 6.26, we observe

that the difference between sin2 2θV
13 (or, sin2 2θVII

13 ) and sin2 2θtrue
13 is nonzero but energy

independent in a wide region except for at very low energies, a somewhat unexpected
behavior to see.

Now, we point out that the behaviors mentioned above can be understood by formu-
lating the θ23 perturbation theory, as done in Section 6.1.4. Namely, one can derive the
perturbative expression of sin2 2θN

13 and other quantities by assuming that deviation of θ23

from π/4 is small, θ23 − π/4 ≡ ϵoct ≪ 1. One can expect that the expansion by ϵoct is
indeed a good approximation because e.g., ϵoct = 0.05 for θ23 = 42◦. Then, we obtain

sin2 2θV
13 − sin2 2θtrue

13 = 4ϵoct sin2 2θtrue
13 (6.77)

for which we have used the fact that the last term in (6.50) is negligibly small as far as we
remain in a region sin2 2θtrue

13 ≫ Z2. In fact, we confirmed that the correction term becomes
non-negligible at small θ13 around sin 2θtrue

13 = 10−3. Certainly, the condition is fulfilled for
the settings SB1 and MB1. The similar equation holds for θVII

13 but with replacement of
θtrue
13 to θIII

13 because their relation as the intrinsic degeneracy partner. Therefore, RV and
RVII are small and the difference in (6.77) is approximately energy independent. One may
ask why the feature does not exist in MB2 setting with small θ13. As mentioned before, the
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solar term is dominant in this region. Therefore, if ϵoctZ is comparable to s1 the difference
sV − s1 is no more small.

Another notable point is that no degeneracy solution region is not additive, as can be
seen by comparing Figs. 6.20 and 6.25. That is, the region of no degeneracy solution with
∆m2

31-sign and θ23 octant flips (VII and VIII) is not the union of no-solution regions of the
sign-∆m2

31 (III) and the θ23 octant (V) degeneracies. It is simply because the degeneracy
solution with both sign and octant flips can exist even in a region of θ13 and δ where e.g.,
the octant degeneracy solution does not exist.

In Fig. 6.27, from the top to the bottom, the normalized differences between the true and
fake solutions of phases, D

(1)
V , D

(2)
VI , D

(2)
VII, and D

(1)
VIII defined in (6.76) are presented for SB1

(left panels), MB1 (middle panels), MB2 (right panels) settings. In Fig. 6.28, the energy

dependences of D
(1)
V , D

(2)
VI , D

(2)
VII, and D

(1)
VIII are plotted in the same rows corresponding to

Fig. 6.27. One notices that for SB1 setting D
(i)
N (i either 1 or 2) is small in most of the

regions of true values of δ for all the solutions V-VIII. For MB1 setting the same statement
applies for the solutions V and VI. A notable feature is that D

(1)
V (and D

(2)
VII) is small in

MB2 setting. It can also be understood from the θ23 perturbative formula for δ given in
Section 6.1.4; The difference between δ1 and δV is always suppressed by ϵoct.

As discussed above the energy dependence is very mild for most of the solutions V−VIII,
except for at low energies, E . 0.4 GeV, in SB1 and MB1 settings. Therefore, it may be
extremely challenging for experiments with the settings to lift the degeneracy. Because
of the likely difficulty in resolving the θ23 octant degeneracy several methods have been
proposed; the reactor-accelerator combined method [82, 96], the various ways to detect
solar ∆m2

21 scale oscillations, using atmospheric [92, 93, 94, 95] or accelerator neutrinos
[89, 90, 80], or both combined [98, 100]. The silver channel could be of help [99]. As in the
previous cases the behavior of degeneracy solutions are far more violent in MB2 setting.
It by itself might mean the great sensitivity to resolve the degeneracy. Or, it is a natural
way of thinking to combine it with the measurement at the first oscillation maximum.

We give here a brief summary of the characteristic features of the degeneracy in super-
beams, SB1, MB1, and MB2 settings.

• A prominent difference between the true and the clone solutions exists in RN defined
in (6.75) as the normalized difference of sin2 2θ13, in the intrinsic degeneracy, while

for the sign-∆m2
31 degeneracy it is in the phase difference D

(i)
N .

• The solutions III for the sign-∆m2
31 degeneracy appears to be difficult to resolve for

SB1 setting even if spectrum information is available, because energy dependences
are so weak for both RIII and D

(2)
III . The similar difficulty exists for MB1 if θ13 is

large, sin2 2θ13 & 10−2. For the same reason, the solutions V and VII of the θ23

octant degeneracy is difficult to lift.

• The short baseline SB1 option is unique among the three superbeam settings in the
sense that it by itself may not be able to lift the sign-∆m2

31 and the θ23 octant
degeneracies, but can provide a clean discovery of CP violation without confusion
with CP conservation. This is in accord with the basic motivation for low energy
superbeam [72].
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Figure 6.25: Plotted are the ratios RV = [sin2 2θV
13 − sin2 2θtrue

13 ]/ sin2 2θtrue
13 (top three

panels), RVI (next to top panels), RVII (next next to top panels), and RVIII (bottom three
panels) defined in (6.75) in sin2 2θ13 − δ/π space is presented for three typical cases of
energies and baselines, SB1 (left panels), MB1 (middle panels), and MB2 (right panels)
defined in Sec. 6.3.1. The regions of white color denote the regions of no degeneracy
solution.

72



0.4 0.6 0.8 1.0 1.2
0.00
0.02
0.04
0.06
0.08
0.10
0.12
0.14

energy�GeV�

si
n2 2Θ

13V

octant�D Solution

L�300km, sin22Θ13
true�0.05

0

2Π
Δtrue

1.0 1.5 2.0 2.5 3.0 3.5 4.0
0.00
0.02
0.04
0.06
0.08
0.10
0.12
0.14

energy�GeV�

si
n2 2Θ

13V

octant�D Solution

L�1000km, sin22Θ13
true�0.05

0

2Π
Δtrue

0.4 0.6 0.8 1.0 1.2
0.00
0.02
0.04
0.06
0.08
0.10
0.12
0.14

energy�GeV�

si
n2 2Θ

13V

octant�D Solution

L�1000km, sin22Θ13
true�0.05

0

2Π
Δtrue

0.4 0.6 0.8 1.0 1.2
0.00
0.02
0.04
0.06
0.08
0.10
0.12
0.14

energy�GeV�

si
n2 2Θ

13V
I

octant�D Solution

L�300km, sin22Θ13
true�0.05

0

2Π
Δtrue

1.0 1.5 2.0 2.5 3.0 3.5 4.0
0.00
0.02
0.04
0.06
0.08
0.10
0.12
0.14

energy�GeV�

si
n2 2Θ

13V
I

octant�D Solution

L�1000km, sin22Θ13
true�0.05

0

2Π
Δtrue

0.4 0.6 0.8 1.0 1.2
0.00
0.02
0.04
0.06
0.08
0.10
0.12
0.14

energy�GeV�

si
n2 2Θ

13V
I

octant�D Solution

L�1000km, sin22Θ13
true�0.05

0

2Π
Δtrue

0.4 0.6 0.8 1.0 1.2
0.00
0.02
0.04
0.06
0.08
0.10
0.12
0.14

energy�GeV�

si
n2 2Θ

13V
II

sign�octant�D Solution

L�300km, sin22Θ13
true�0.05

0

2Π
Δtrue

1.0 1.5 2.0 2.5 3.0 3.5 4.0
0.00
0.02
0.04
0.06
0.08
0.10
0.12
0.14

energy�GeV�

si
n2 2Θ

13V
II

sign�octant�D Solution

L�1000km, sin22Θ13
true�0.05

0

2Π
Δtrue

0.4 0.6 0.8 1.0 1.2
0.00
0.02
0.04
0.06
0.08
0.10
0.12
0.14

energy�GeV�

si
n2 2Θ

13V
II

sign�octant�D Solution

L�1000km, sin22Θ13
true�0.05

0

2Π
Δtrue

0.4 0.6 0.8 1.0 1.2
0.00
0.02
0.04
0.06
0.08
0.10
0.12
0.14

energy�GeV�

si
n2 2Θ

13V
II

I

sign�octant�D Solution

L�300km, sin22Θ13
true�0.05

0

2Π
Δtrue

1.0 1.5 2.0 2.5 3.0 3.5 4.0
0.00
0.02
0.04
0.06
0.08
0.10
0.12
0.14

energy�GeV�

si
n2 2Θ

13V
II

I

sign�octant�D Solution

L�1000km, sin22Θ13
true�0.05

0

2Π
Δtrue

0.4 0.6 0.8 1.0 1.2
0.00
0.02
0.04
0.06
0.08
0.10
0.12
0.14

energy�GeV�

si
n2 2Θ

13V
II

I

sign�octant�D Solution

L�1000km, sin22Θ13
true�0.05

0

2Π
Δtrue

Figure 6.26: The energy dependence of sin2 2θV
13 (top three panels), sin2 2θVI

13 (next to
top panels), sin2 2θVII

13 (next next to top panels), and sin2 2θVIII
13 (bottom three panels) are

plotted for the three typical cases of energies and baselines SB1 (left panels), MB1 (middle
panels), and MB2 (right panels) defined in Sec. 6.3.1. The true value of θ13 is taken as
sin2 2θ13 = 0.05, which is indicated by the horizontal solid line in the figure. The true value
of θ23 is 42◦.
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Figure 6.27: From top panels to bottom panels presented are in order: D
(1)
V ≡ (δV−δtrue)/π,

D
(2)
VI ≡ [δVI − (π − δtrue)]/π, D

(2)
VII ≡ [δVII − (π − δtrue)]/π, and D

(1)
VIII ≡ (δVIII − δtrue)/π

defined in (6.76) for three typical cases of energies and baselines in sin2 2θtrue
13 − δtrue/π

space. The regions of white color denote the regions of no sign-degeneracy solution.
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Figure 6.28: From top panels to bottom panels presented are in order: the energy depen-
dence of D

(1)
V , D

(2)
VI , D

(2)
VII, and D

(1)
VIII defined in (6.76) for the three typical cases of energies

and baselines.
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• In comparison with SB1 and MB1 settings, the features of degeneracy solutions are
always quite distinct at MB2 setting, where the energy region around the second
oscillation maximum is explored. It by itself, or combined with other settings, would
provide ways to help resolving the eightfold degeneracy.

6.3.5 Parameter degeneracy in neutrino factory setting

In this subsection, we display the features of various degeneracy solutions by taking a
setting which may be appropriate for neutrino factory. Though the two-detector setting
with baselines L = 3000 − 4000 km and L ∼ 7000 km seems to be considered as the
“standard” one [87] both for measurement of standard mixing parameters [55, 63], possibly
as well as for search for effects of NSI [83, 71, 64], we just use the setup with one detector
at L = 4000 km and E = 20 GeV, to illuminate the features of the degeneracy.

Note that we have used set of probabilities P (νµ → νe) and P (ν̄µ → ν̄e) to obtain
the degenerate solutions. Therefore, if we want to consider the more realistic setting of a
neutrino factory in which T-conjugate (golden) channels will be used, regard δ as 2π − δ.

In Figs. 6.29 and 6.30, the differences between the true solution and the fake degeneracy
solutions, RN and D

(i)
N (N=II−VIII, i = 1 or 2), respectively, are plotted. As can be seen

in these figures the differences between the true solution and the fake degeneracy solutions
are generically larger than the cases of superbeam type settings discussed in the previous
subsections. In accord with the expected higher sensitivities, we extend the region of
sin2 2θ13 to 10−4.

Figs. 6.31 and 6.32 are same figure of Figs. 6.29 and 6.30 respectively but with different

neutrino energy E = 5 GeV which is lower than the energy
∆m2

31L

4E
= π/2. One can realize

the difference of no-degenerate region between the case of 20 GeV and 5 GeV. For RII

plot, the difference can be regarded as δ → δ−π/2 and roughly speaking, difference of no-

degenerate regions have also similar feature. Meanwhile, D
(2)
II does not have such feature.

For 20 GeV setting, it has negative value in large θ13 region as sin2 2θ13 > 10−2 but 5 GeV
setting has large value on the same region.

In Figs. 6.33 and 6.34, the energy dependences of sin2 2θN
13 and D

(i)
N , respectively, are

presented. Generally speaking, the energy dependences of both of the quantities are sig-
nificant compared to those in the SB1 and MB1 settings. Notable exceptions are the
solution V (both sin2 2θV

13 and D
(1)
V ), and possibly sin2 2θIII

13 and sin2 2θVII
13 , all except for

the low energy region E . 10 GeV. Unless there is a sensitivity to the low-energy region it
would be difficult to resolve the degeneracy, in particular V, by the spectrum informations.
Therefore, it is extremely important to lower the threshold into E . 10 GeV to resolve the
degeneracy by spectrum analysis. An extensive effort toward this direction is in progress
[88].

It is possible to understand smallness and lack of strong energy dependence of the
solutions V and VII, at least qualitatively. Because the θ23 perturbation theory also applies
to NF setting, it can be expected that the difference between the true solution and the
clone one V is small. The similar statement holds for the solution VII given the smallness
of the energy dependent term in sin2 2θIII

13 . Then, the question is why sin2 2θIII
13 is small and

lacks the significant energy dependence despite that the matter perturbation theory is not
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valid for NF setting. Qualitatively, the answer is that pinning to a small value due to the
fact that the assumed true value itself is small, and lack of energy dependence because of
fast reach to the asymptotic behavior discussed in Sec. 6.2.3.

One notices that the intrinsic solution II in NF setting has the similar features as the
one in MB2 setting, as can be seen by comparing Figs. 6.29 and 6.30 to Figs. 6.12 and
6.13. It is because the value of θ13 taken is small and the atmospheric term is comparable
to the solar term. Parallelism is not so complete in the other types of degeneracies, but
some features can be understood in analogy to the case of MB2 setting.3 In doing so the
difference due to the much wider no-solution region of the sign-∆m2

31 degeneracy due to
long baseline must, of course, be taken into account.

Finally, we should note that abrupt termination of lines in the figures that appears
in Figs. 6.33 and 6.34 are either due to disappearance of the degeneracy solutions, or
switching phenomenon between solutions that takes place due to our convention of labeling
degeneracy solutions. See Secs. 6.1.3, 6.1.4, and 6.1.5 for discussion on this point.
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Figure 6.29: The ratio RII −RVIII are plotted in sin2 2θ13 − δ/π space for a typical baseline
and energy of neutrino factory setting. The ratio RN is defined as RN = [sin2 2θN

13 −
sin2 2θtrue

13 ]/ sin2 2θtrue
13 defined in (6.75)

3An example is that there is the region that RV is large in small θ13. This is for the same reason of
the case in MB2 setting, the difference between the true and V of order ∼ ϵoctZ, is negligible compare
with s1. Another example is much stronger energy dependence of sII in NF setting than SB1’s, which is
reminiscent of the feature of MB2 setting. It comes from larger effect of the solar-scale oscillation term.
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Figure 6.30: The normalized differences D
(2)
II , D

(2)
III , D

(1)
IV , D

(1)
V , D

(2)
VI , D

(2)
VII, and D

(1)
VIII are

plotted in order in sin2 2θ13−δ/π space for a typical baseline and energy of neutrino factory

setting. DN is defined in (6.76) as D
(2)
N ≡ [δN − (π − δtrue)]/π and D

(1)
N ≡ [δN − δtrue]/π.
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Figure 6.31: Same plot of Fig. 6.29 but with E = 5 GeV.
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Figure 6.32: Same plot of Fig. 6.30 but with E = 5 GeV.
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Figure 6.33: The energy dependences of sin2 2θII
13, sin2 2θIII

13 , sin2 2θIV
13 , sin2 2θV

13, sin2 2θVI
13 ,

sin2 2θVII
13 , and sin2 2θVIII

13 are plotted in order. The true value of θ13 is taken as sin2 2θ13 =
0.001, which is indicated by the horizontal solid line in the figure.
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Figure 6.34: The energy dependences of D
(2)
II , D

(2)
III , D

(1)
IV , D

(1)
V , D

(2)
VI , D

(2)
VII, and D

(1)
VIII are

plotted in order. D
(1)
N and D

(2)
N are defined in (6.76).
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Chapter 7

Analytic Solution of Parameter
Degeneracy in Various Measurement

In this chapter, we discuss analytic solutions of degeneracy in the T-conjugate measure-
ment (Section 7.1), the CPT-conjugate (Section 7.3) measurement, and the golden-silver
measurement combining the νe → νµ (golden channel) and the νe → ντ (silver channel)
(Section 7.2). In these measurements, several types of degenerate solutions are directly
determined by the symmetry of the approximate formulae of the oscillation probability.

7.1 Parameter degeneracy in T-conjugate measure-

ment

In this section, we discuss the problem of parameter degeneracy in P (νµ → νe) and its
T-conjugate measurement in neutrino oscillation as illustrated in Fig. 7.1.

Though measurement of T violation does not appear to be feasible immediately under-
standing its structure may be interesting theoretically. It may be worth to note that the
structure of the degeneracy with T-conjugate measurement is the simplest one among the
cases discussed in this paper.

7.1.1 The intrinsic degeneracy in T-conjugate measurement

The intrinsic degeneracy solutions (si, δi) (i=1, 2) are defined in νµ → νe channel by

P = X2
±s2

1 ± 2X±Zs1 (cos δ1 cos ∆31 ∓ sin δ1 sin ∆31) + Z2

= X2
±s2

2 ± 2X±Zs2 (cos δ2 cos ∆31 ∓ sin δ2 sin ∆31) + Z2 (7.1)

and in T-conjugated channel by

P T = X2
±s2

1 ± 2X±Zs1 (cos δ1 cos ∆31 ± sin δ1 sin ∆31) + Z2

= X2
±s2

2 ± 2X±Zs2 (cos δ2 cos ∆31 ± sin δ2 sin ∆31) + Z2 (7.2)
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Figure 7.1: P−P T bi-probability plot by using perturbative formula. sin2 2θ13 =0.05 (black
solid) with normal hierarchy, 0.061 (red solid) with normal hierarchy, 0.058 (blue dotted)
with inverted hierarchy, 0.069 (blue dashed) with inverted hierarchy.

By adding and subtracting two equations (7.1) and (7.2), respectively, we obtain (assuming
Z cos ∆31 ̸= 0)

s2 sin δ2 = s1 sin δ1

s2 cos δ2 = s1 cos δ1 ±
X±

2Z cos ∆31

(s2
1 − s2

2) (7.3)

Inserting (7.3) into cos2 δ2+sin2 δ2 = 1 gives the equation for s2 in a form (s2
2−s2

1)(s
2
2−s2

II) =
1. The intrinsic degeneracy solution is then written by

s2
II = s2

1 ± 2

(
2Z cos ∆31

X±

)
s1 cos δ1 +

(
2Z± cos ∆31

X±

)2

. (7.4)

Given the solution s2 = sII the solution for δ2 can be obtained by using (7.3) as

sII sin δII = s1 sin δ1,

sII cos δII = −
(

s1 cos δ1 ±
2Z cos ∆31

X±

)
. (7.5)

7.1.2 The sign-∆m2 degeneracy in T-conjugate measurement

We denote s13 variable for the opposite-sign ∆m2
31 solution as (s3, δ3), whose two (as we

prove) solutions will be denoted as (sIII, δIII) and (sIV, δIV).
The sign-∆m2

31 degeneracy is defined by the following two sets of equations:

P = X2
±s2

1 ± 2X±Zs1 (cos δ1 cos ∆31 ∓ sin δ1 sin ∆31) + Z2

= X2
∓s2

3 ∓ 2X∓Zs3 (cos δ3 cos ∆31 ± sin δ3 sin ∆31) + Z2 (7.6)
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P T = X2
±s2

1 ± 2X±Zs1 (cos δ1 cos ∆31 ± sin δ1 sin ∆31) + Z2

= X2
∓s2

3 ∓ 2X∓Zs3 (cos δ3 cos ∆31 ∓ sin δ3 sin ∆31) + Z2 (7.7)

By the similar procedure as in the previous subsection we obtain (assuming X±Z cos ∆31 ̸=
0)

s3 sin δ3 =

(
X±

X∓

)
s1 sin δ1,

s3 cos δ3 = −
(

X±

X∓

)
s1 cos δ1 ∓

1

2X∓Z cos ∆31

(
X2

±s2
1 − X2

∓s2
3

)
(7.8)

Inserting (7.8) into cos2 δ3 + sin2 δ3 = 1 leads to the equation for s2
3 as(

s2
3 −

X2
±

X2
∓

s2
1

)(
s2
3 −

X2
±

X2
∓

s2
II

)
= 0, (7.9)

where sII is defined in (7.4). Thus, the sign-∆m2
31 degenerate solutions are given by

sIII =
X±

X∓
s1,

sIV =
X±

X∓
sII. (7.10)

The solutions for CP phase δ can be obtained by inserting these solutions into (7.8) as

δIII = π − δ1,

δIV = π − δII. (7.11)

Figure 7.1 clearly exhibits the structure obtained in (7.11).

7.1.3 The θ23 octant degeneracy in T-conjugate measurement

The θ23 octant degeneracy in the same hierarchy is defined by the following equations,

P = s2
23X

′2
±s2

1 ± 2s23c23X
′
±Z ′s1 (cos δ1 cos ∆31 ∓ sin δ1 sin ∆31) + c2

23Z
′2,

= c2
23X

′2
±s2

5 ± 2s23c23X
′
±Z ′s5 (cos δ5 cos ∆31 ∓ sin δ5 sin ∆31) + s2

23Z
′2, (7.12)

P T = s2
23X

′2
±s2

1 ± 2s23c23X
′
±Z ′s1 (cos δ1 cos ∆31 ± sin δ1 sin ∆31) + c2

23Z
′2,

P T = c2
23X

′2
±s2

5 ± 2s23c23X
′
±Z ′s5 (cos δ5 cos ∆31 ± sin δ5 sin ∆31) + s2

23Z
′2. (7.13)

From these equations, we obtain

s5 cos δ5 = s1 cos δ1 +
(s2

23s
2
1 − c2

23s
2
5)X

′2
± + Z ′2 cos 2θ23

2s23c23X ′
±Z cos ∆31

s5 sin δ5 = s1 sin δ1. (7.14)
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The relation cos2 δ5 + sin2 δ5 = 1 gives the quadratic equation for s2
5 which results in the

similar solution

s2
V,VI =

1

c2
23X

′2
±

[
s2
1s

2
23X

′2
± + cos 2θ23Z

′2

±2c23s23s1X
′
±Z ′ cos δ1 cos ∆31 + 2s2

23Z
′2 cos2 ∆31 [∓] dT-oct-intr

±

√
DT-oct-intr

±

(dT-oct-intr
± )2

]
,

(7.15)

where the upper (lower) [∓] sign is for sV (sVI). The functions DT-oct-intr
± and dT-oct-intr

± are
defined by

DT-oct-intr
± ≡ (2s23Z

′ cos ∆31)
2 [

(±c23s1X
′
± cos δ1 + s23Z

′ cos ∆31)
2 − cos 2θ23(s

2
1X

′2
± − Z ′2)

]
dT-oct-intr
± ≡ lim

θ23→π/4
DT-oct-intr

± = (±s1X
′
± cos δ1 + Z ′ cos ∆31)Z

′ cos ∆31. (7.16)

Once the solutions sV and sVI are known one can readily obtain δV and δVI by inserting
(7.15) into (7.14).

As we discussed in Section6.2.1, we can easily obtain the solution of (sVII, δVII) and
(sVIII, δVIII), the degeneracy with both the ∆m2

31-sign and the octant flips, by using the
solutions obtained in this subsection as

sVII =
X ′

±

X ′
∓

sV, δVII = π − δV,

sVIII =
X ′

±

X ′
∓

sVI, δVIII = π − δVI. (7.17)

7.2 Parameter degeneracy with golden and silver chan-

nels

We discuss the parameter degeneracy for a given measurement in the νe → νµ (golden)
and the νe → ντ (silver) channels. The oscillation probability in the former and the latter
channels are given by P T in (5.33) and P S in (5.35), respectively.

7.2.1 The intrinsic degeneracy in Golden-Silver measurement

The intrinsic degeneracy is defined by

P T = X2
±s2

1 ± 2X±Zs1 (cos δ1 cos ∆31 ± sin δ1 sin ∆31) + Z2

= X2
±s2

2 ± 2X±Zs2 (cos δ2 cos ∆31 ± sin δ2 sin ∆31) + Z2 (7.18)

and

P S = cot2 θ23X
2
±s2

1 ∓ 2X±Zs1 (cos δ1 cos ∆31 ± sin δ1 sin ∆31) + tan2 θ23Z
2

= cot2 θ23X
2
±s2

2 ∓ 2X±Zs2 (cos δ2 cos ∆31 ± sin δ2 sin ∆31) + tan2 θ23Z
2 (7.19)
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Adding two equations (7.18) and (7.19) gives the solution of s2 directly as

s2
1 = s2

2. (7.20)

That is the degeneracy solution of θ13 is given by sII = s1.
Using this solution, we obtain

cos(δ2 ∓ ∆31) = cos(δ1 ∓ ∆31). (7.21)

Ignoring the trivial solution δ2 = δ1, the intrinsic degeneracy solution of δ is given by

δII = −(δ1 ∓ 2∆31). (7.22)

The structure of the solutions of θ13 and δ should be obvious from the form of the oscillation
probabilities in (7.18) and (7.19); The shrunk ellipse (Fig. 7.2) implies that there is no θ13

degeneracy and the two δ solutions must have the same values of cos(δ ∓ ∆31).
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Figure 7.2: P T − P S (Golden-Silver) bi-probability. The black solid (blue dashed) line is
varying δ : 0 → 2π with normal (inverted) mass hierarchy and sin2 2θ13 = 0.01(0.039).

7.2.2 The sign-∆m2 degeneracy in Golden-Silver measurement

The sign-∆m2 degeneracy is defined by

P T = X2
±s2

1 ± 2X±Zs1 (cos δ1 cos ∆31 ± sin δ1 sin ∆31) + Z2

= X2
∓s2

3 ∓ 2X∓Zs3 (cos δ3 cos ∆31 ∓ sin δ3 sin ∆31) + Z2 (7.23)

P S = cot2 θ23X
2
±s2

1 ∓ 2X±Zs1 (cos δ1 cos ∆31 ± sin δ1 sin ∆31) + tan2 θ23Z
2

= cot2 θ23X
2
∓s2

3 ± 2X∓Zs3 (cos δ3 cos ∆31 ∓ sin δ3 sin ∆31) + tan2 θ23Z
2 (7.24)
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By adding two equations (7.23) and (7.24) we obtain

s2
3 =

X2
±

X2
∓

s2
1. (7.25)

Thus we have the solution of sign-∆m2
31 degeneracy,

sIII = sIV =
X±

X∓
s1 (7.26)

The relationship of sIII = sIV is nothing but a copy of true and intrinsic solution; sII = s1.
By using (7.25), one can easily obtain the sign-∆m2

31 solution for δ which satisfy the
equation

cos(δ3 ± ∆31) = − cos(δ1 ∓ ∆31), (7.27)

Therefore, we obtain

δIII = π − δ1,

δIV = π − δII = π + δ1 ∓ 2∆31. (7.28)

7.2.3 The octant degeneracy in Golden-Silver measurement

Now, we discuss the θ23 octant degeneracy in Golden-Silver measurement. The θ23 octant
degeneracy solutions (s5, δ5) satisfy

P T = s2
23X

′2
±s2

1 ± 2X ′
±Z ′s1 (cos δ1 cos ∆31 ± sin δ1 sin ∆31) + c2

23Z
′2,

= c2
23X

′2
±s2

5 ± 2X ′
±Z ′s5 (cos δ5 cos ∆31 ± sin δ5 sin ∆31) + s2

23Z
′2, (7.29)

and

P S = c2
23X

′2
±s2

1 ∓ 2X ′
±Z ′s1 (cos δ1 cos ∆31 ± sin δ1 sin ∆31) + s2

23Z
′2,

= s2
23X

′2
±s2

5 ∓ 2X ′
±Z ′s5 (cos δ5 cos ∆31 ± sin δ5 sin ∆31) + c23Z

′2. (7.30)

By adding two equations (7.29) and (7.30), it gives the simple solution of s5 as s2
5 = s2

1

which leads to

sV = sVI = s1. (7.31)

To obtain δ5, we proceed as usual which leads to the result

cos(δV ∓ ∆31) = cos(δ1 ∓ ∆31) −
cot 2θ23(s

2
1X

′2
± − Z ′2)

s1X ′
±Z ′ (7.32)

Because of the intrinsic relation of the solution V and VI, δVI is given as

δVI = −(δV ∓ 2∆31). (7.33)

As in the case of T-conjugate measurement described in Sec. 7.1.3, the solutions (sVII, δVII)
and (sVII, δVII), which is the solution of sign-octant degeneracy, can be obtained as

sVII = sVIII =
X ′

±

X ′
∓

sV,

δVII = π − δV, δVIII = π − δVI. (7.34)
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7.3 Parameter degeneracy in CPT-conjugate measure-

ment

We discuss in this section the problem of parameter degeneracy in P (νµ → νe) and its
CPT-conjugate measurement.

7.3.1 The intrinsic degeneracy in CPT-conjugate measurement

The intrinsic degeneracy solutions (si, δi) (i=1, 2) are defined by

P = X2
±s2

1 ± 2X±Zs1 (cos δ1 cos ∆31 ∓ sin δ1 sin ∆31) + Z2,

= X2
±s2

2 ± 2X±Zs2 (cos δ2 cos ∆31 ∓ sin δ2 sin ∆31) + Z2, (7.35)

and in CPT-conjugate ν̄e → ν̄µ channel by

PCPT = X2
∓s2

1 ± 2X∓Zs1 (cos δ1 cos ∆31 ∓ sin δ1 sin ∆31) + Z2,

= X2
∓s2

2 ± 2X∓Zs2 (cos δ2 cos ∆31 ∓ sin δ2 sin ∆31) + Z2. (7.36)

Assuming X± ̸= 0, subtracting two equations (7.35)/X± and (7.36)/X∓ gives

s2
2 = s2

1. (7.37)

Thus we obtain the intrinsic degenerate solution of θ13 as sII = s1, that is consistent with
the expectation from the bi-probability plot Fig. 7.3. Inserting (7.37) into (7.35), the
solution of δ is written by

δII = −δ1 ∓ 2∆31. (7.38)

7.3.2 The sign-∆m2 degeneracy in CPT-conjugate measurement

We next discuss the sign-∆m2
31 degeneracy in CPT-conjugate measurement. The clone

solution (s3, δ3) with ∆m2
31-sign flipped satisfy the following equations. In the νµ → νe

channel,

P = X2
±s2

1 ± 2X±Zs1 (cos δ1 cos ∆31 ∓ sin δ1 sin ∆31) + Z2,

= X2
∓s2

3 ∓ 2X∓Zs3 (cos δ3 cos ∆31 ± sin δ3 sin ∆31) + Z2, (7.39)

and in the CPT-conjugate channel

PCPT = X2
∓s2

1 ± 2X∓Zs1 (cos δ1 cos ∆31 ∓ sin δ1 sin ∆31) + Z2,

= X2
±s2

3 ∓ 2X±Zs3 (cos δ3 cos ∆31 ± sin δ3 sin ∆31) + Z2. (7.40)

Combing (7.39) and (7.40) by the similar manner in the previous subsection, we obtain

(X∓ − X±)s3
3 =

s2
1(X

3
± − X3

∓) ± 2s1Z(X2
± − X2

∓) cos(δ1 ± ∆31)

X±X∓
, (7.41)
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Figure 7.3: P − PCPT bi-probability plot. The black and the blue solid (dashed) lines,
which correspond respectively to the normal and the inverted hierarchies, are for sin2 2θ13 =
0.01(0.001). The region with small probabilities P ≤ 0.0007 is magnified into the sub-panel
to show more clearly the crossing of the two shrunk ellipses in the region.

and then

sIII = sIV =

√
−s2

1(X
3
± − X3

∓) ∓ 2s1Z(X2
± − X2

∓) cos(δ1 ± ∆31)

X±X∓(X± − X∓)
. (7.42)

If the inside of square root is negative, sign-∆m31 degenerate solutions do not exist. In
Fig. 7.4 shown as the shaded areas are the region of absence of the degeneracy. As we can
imagine from bi-probability plot in Fig. 7.3, degeneracy exists at small values of θ13. Upon
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Figure 7.4: Parameter region with shade where sign-∆m2
31 degeneracy in CPT measurement

does not exist. The neutrino mass hierarchy is taken the normal one.

obtaining the s3 solution one can readily obtain δ3 by solving (7.41) for cos(δ3 ∓∆31). The
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solutions of δ read

sIII cos(δIII ∓ ∆31)

=
∓s2

1(X± + X∓)(X2
± + X2

∓) − 2s1Z(X2
± + X±X∓ + X2

∓) cos(δ1 ± ∆31)

2X±X∓Z
, (7.43)

and

δIV = −δIII ∓ 2∆31 (7.44)

7.3.3 The octant degeneracy in CPT-conjugate measurement

The θ23 octant degeneracy is defined by the following two sets of equations:

P = s2
23X

′2
±s2

1 ± 2s23c23X
′
±Z ′s1 (cos δ1 cos ∆31 ∓ sin δ1 sin ∆31) + c2

23Z
′2,

= c2
23X

′2
±s2

5 ± 2s23c23X
′
±Z ′s5 (cos δ5 cos ∆31 ∓ sin δ5 sin ∆31) + s2

23Z
′2. (7.45)

PCPT = s23X
′2
∓s2

1 ± 2s23c23X
′
∓Z ′s1 (cos δ1 cos ∆31 ∓ sin δ1 sin ∆31) + c2

23Z
′2,

= c2
23X

′2
∓s2

5 ± 2s23c23X
′
∓Z ′s5 (cos δ5 cos ∆31 ∓ sin δ5 sin ∆31) + s2

23Z
′2. (7.46)

Following the similar procedure as before it is not difficult to obtain the equation which
involve neither δ5 nor δ1. We obtain

sV = sVI = tan θ23

√
s2
1 −

cos 2θ23Z ′2

s2
23X

′
±X ′

∓
. (7.47)

Then, the phase δ5 is determined as

sV cos(δV ± ∆31) = s1 cos(δ1 ± ∆31) ∓ cot 2θ23
Z ′

X ′
±

(7.48)

As in the previous section the intrinsic degeneracy partner δVI is given by using (7.38) as

δVI = −δV ∓ 2∆31. (7.49)

Fig. 7.5 shows the region that (7.47) is not a physical solution, i.e. no sign-∆m2
31 degeneracy.

If θ23 lives in second octant; cos 2θ23 < 0, octant degeneracy always exist unless the special
case X±X∓ < 0 which is close to vacuum oscillation minimum.

As in the previous cases, the solutions of sign-octant degeneracy, (sVII, δVII) and (sVII, δVII),
are given by the general argument as

sVII = sVIII = ξCPT
±

(
sV, δV, π/2 − θtrue

23

)
δVII = ηCPT sign

± (sV, δV, π/2 − θtrue
23 ), δVIII = ηCPT sign

± (sVI, δVI, π/2 − θtrue
23 ),(7.50)

where ξCPT sign
± and ηCPT sign

± are defined in (7.42) and inverse function for δIII in (7.43),
respectively, as a function of (s1, δ1, θ

true
23 ).

89



10-110-210-310-4
0.0

0.5

1.0

1.5

2.0

sin22Θ13

∆
�Π

L=300km, E=0.7GeV, Θ23=40°
CPT : No Octant-D Region

10-110-210-310-4
0.0

0.5

1.0

1.5

2.0

sin22Θ13

∆
�Π

L=1000km, E=0.78GeV, Θ23=40°
CPT : No Octant-D Region

10-110-210-310-4
0.0

0.5

1.0

1.5

2.0

sin22Θ13

∆
�Π

L=4000km, E=10GeV, Θ23=40°
CPT : No Octant-D Region

10-110-210-310-4
0.0

0.5

1.0

1.5

2.0

sin22Θ13

∆
�Π

L=300km, E=0.7GeV, Θ23=50°
CPT : No Octant-D Region

Figure 7.5: Parameter region with shade where θ23 octant degeneracy in CPT measurement
does not exist. As indicated in the rightmost panel, the octant degeneracy solutions always
exist for true θ23 in the second octant, as explained in the text.
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Chapter 8

Parameter Degeneracy with
Non-Standard Interaction

In this chapter, we show the parameter degeneracy caused by the non-standard neutrino
interaction (NSI) [5, 65, 66, 67, 68] with matter. Especially, we consider the NSI only in
propagation as the non-standard neutral-current interaction like

LNSI
eff = −2

√
2εfP

αβ GF (ν̄αγµPLνβ)(f̄γµPf), (8.1)

where GF is the Fermi constant, f stands for the index running over fermion species in the
earth, f = e, u, d, and P stands for a projection operator which is either PL ≡ (1 − γ5)/2
or PR ≡ (1 + γ5)/2, and α, β = e, µ, τ .

This type of interaction affect on the Hamiltonian as the direct flavor changing effect in
off-diagonal elements or non-universal neutral-current in diagonal elements. To summarize
effects on neutrino propagation it is customary to introduce the effective εαβ parameters

which are defined as εαβ ≡
∑

f,P
nf

ne
εfP

αβ , where nf(e) denotes the f-type fermion (electron)
number density along the neutrino trajectory in the earth. The Hamiltonian in flavor basis
is given by

HS+NSI = U

 0 0 0
0 ∆m21

2E
0

0 0
∆m2

31

2E

 U−1 + a

 1 + εee εeµ εeτ

ε∗eµ εµµ εµτ

ε∗eτ ε∗µτ εττ

 . (8.2)

note that off-diagonal elements of εαβ have a complex phase as non-standard CP-phase like
εαβ = |εαβ|eiφαβ .

If we consider the possible existence of NSI, it is known that accuracy of determination
of parameters θ13 and δ become worse by so-colled confusion problem [97] [83, 71]. In this
chapter, we discuss the degeneracy caused by NSI. First, in order to take similar way to
previous chapters, we prepare the approximate formula of oscillation probability with NSI.
Perturbation formula in ϵ2 order which small parameters are

s13 ∼
∆m2

21

∆m2
31

∼ ∆m2
21

2Ea
∼ εαβ ∼ ϵ, (8.3)
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is given by [70]1. The value of s13 in (8.3) is reasonable one for the setting of neutrino
factory. Remembering εαβ parameters are normalized by weak scale, if the new physics
scale is about 1(10) TeV we can naively consider εαβ as order 10−2(10−4).

With the definition of modified θ13 and solar parameter as

Θ± ≡ ±∆m2
31

2Ea
s13e

−iδ + s23εeµ + c23εeτ (8.4)

Ξ ≡ ∆m2
21

2Ea
s12c12 + c23εeµ − s23εeτ , (8.5)

approximate oscillation probability of νe → νµ can be written as

P (νe → νµ) = 4
∣∣s23X±|Θ±| + ei(ξ−θ±∓∆31)c23Z|Ξ|

∣∣2 (8.6)

where θ± and ξ are the phase of Θ± and Ξ respectively and

X± ≡ A

A ∓ ∆
sin(A ∓ ∆31) (8.7)

Z ≡ sin A (8.8)

(See Appendix A.2 for derivation).
Therefore, P (νe → νµ) with NSI depend only εeµ and εeτ in this order; i.e. other ϵαβ

can be ignored. The most important point of perturbation formula is that one can easily
imagine that NSI confuse with the non-zero θ13 and CP-violation from (8.4).

8.1 Intrinsic, sign-∆m2
31, and octant degeneracy with

NSI

First, we discuss familiar degeneracy as intrinsic, sign-∆m2
31 and octant degeneracy. As

we can see the form of perturbation formula of oscillation probability with NSI (8.6), it
remains that the simple structure of dependence of unknown parameters,

|Θ±|, |Ξ|, χ± ≡ ξ − θ± (8.9)

|Θ±| can be regarded modified θ13 and χ± is as modified complex phase δ and |Ξ| is
additional unknown parameter caused by NSI. Note that CP-conjugate measurements,
|Θ̄±|, |Ξ̄|, and χ̄, can not be written by the simple relation of neutrino channel’s because
they are the independent parameters from |Θ±|, |Ξ|, χ±.

We can consider the degeneracy with NSI as expansion of familiar degeneracy. But
it require careful attention that the number of unknown parameters increase. Therefore
we need enough measurements to it, for example, the measurements at different baseline
distance or energy, or different channel of oscillations.

Next, we show some characteristic parameter degeneracy of existence of NSI.

1[70] gives the perturbation formula also in ϵ3 order for P (νe → νµ), but in this thesis, we consider up
to ϵ2 for simplicity.
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8.2 φ-degeneracy

In this subsection, we would discuss the φ-degeneracy in CP-conjugate measurement with
one ε (εeµ or εeτ ) which degenerate solutions are characterized only by distinct values
of non-standard complex phase φ. The φ-degeneracy is discovered by [71] in numerical
simulation of neutrino factory. The oscillation probability P (νe → νµ) and P (ν̄e → ν̄µ) can
be written by

P = F + G cos(φeβ + α)

P̄ = F̄ + Ḡ cos(φeβ + ᾱ), (8.10)

where φeβ is φeµ or φeτ depending on which εeβ we consider, over-line of symbol means anti-
neurino channel. Though we do not show the manifest expression of F , G, or α because
it is not important to discuss the degeneracy, one can easily obtain it from (8.6) and note
that they does not depend on φeβ.

One can realize that if there is a condition that α = ᾱ, φ′
eβ = 2π−φtrue

eβ − 2α duplicates
the true oscillation probabilities which made by φtrue

eβ .
This degeneracy can be understood by analogy of intrinsic degeneracy at oscillation

maximum without NSI. Namely, the bi-probability plot (P, P̄ ) varying only φ have a shape
of“line” like Fig. 7.2 which is the special case of ellipse in the condition α = ᾱ. Therefore,
holding other parameters, there are discrete degenerate solution in the complex phase φ.

8.3 Solar-Atmospheric degeneracy

In this section, we show the simple and characteristic degeneracy in NSI. The approxi-
mate formula of oscillation probability relating νe → νµ or ντ have 6 unknown parameters,
θ13, δ, |εeµ|, φeµ, |εeτ |, φeτ . In order to determine these parameters, let us have 6 independent
measurements like

P (νe → νµ) = 4
∣∣s23X±|Θ±| + ei(ξ−θ±∓∆31)c23Z|Ξ|

∣∣2 (8.11)

P (νe → ντ ) = 4
∣∣c23X±|Θ±| − ei(ξ−θ±∓∆31)s23Z|Ξ|

∣∣2 (8.12)

P (νµ → νe) = 4
∣∣s23X±|Θ±| + ei(ξ−θ±±∆31)c23Z|Ξ|

∣∣2 (8.13)

P (ν̄e → ν̄µ) = 4
∣∣∣s23X∓|Θ̄±| + ei(ξ̄−θ̄±∓∆31)c23Z|Ξ̄|

∣∣∣2 (8.14)

P (ν̄e → ν̄τ ) = 4
∣∣∣c23X∓|Θ̄±| − ei(ξ̄−θ̄±∓∆31)s23Z|Ξ̄|

∣∣∣2 (8.15)

P (ν̄µ → ν̄e) = 4
∣∣∣s23X∓|Θ̄±| + ei(ξ̄−θ̄±±∆31)c23Z|Ξ̄|

∣∣∣2 . (8.16)

where Θ̄± and Ξ̄ can be given by a → −a and taking complex conjugate of Θ± and Ξ
respectively.

One can immediately realize that (8.11-8.16) is invariant under the transformation as
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exchanging the coefficient of the solar and the atmospheric scale term like

|Θ±| →
Z
X±

|Ξ| , |Ξ| → X±

Z
|Θ±|

|Θ̄±| →
Z
X∓

|Ξ̄| , |Ξ̄| → X∓

Z
|Θ̄±| (8.17)

under the maximal θ23.
Therefore, even though we have enough measurements to the number of unknown pa-

rameters, it remains the degenerate solution (ΘII, ΞII, Θ̄II, Ξ̄II, ξII − θII
±) for true (Θ1

±, Ξ1,
Θ̄1, Ξ̄1, ξ1 − θ1

±). Furthermore, considering the oscillation probabilities with the inverted
mass hierarchy, the transformation as

|Θ∓| →
Z
X∓

|Ξ| , |Ξ| → X±

Z
|Θ±|

|Θ̄∓| →
Z
X∓

|Ξ̄| , |Ξ̄| → X±

Z
|Θ̄±|

ξ − θ∓ → −(ξ − θ±) , ξ̄ − θ̄∓ → −(ξ̄ − θ̄±) (8.18)

duplicates the 6 measurements with the normal mass hierarchy.
This type of degeneracy occur only with complex NSI. For example, the coefficient of

the solar scale terms can not be modified in the case without NSI or if there is no more
complex phase than standard one, one can not take solar-atmospheric exchange because
less of the number of free parameters.

8.4 Various degenerate solutions and analytic solu-

tions

At the end of this chapter, we show some example of analytic solutions which reproduce the
results of the numerical simulation displayed by [71] using the measurements at different
energy.

Fig. 8.1 and 8.2 show the allowed regions produced by numerical simulation of the
neutrino factory considering the existence of a element of NSI (εeµ or εeτ ).

The setting of the simulation : parent muon energy is taken at 50 GeV, two detectors
at 3000 km and 7000 km, oscillation channels are P (νe → νµ) and P (ν̄e → ν̄µ).

Fig. 8.1 show the result with only |εeµ| and its phase φeµ, Fig. 8.2 is same one for εeτ .
Upper two rows are the results of the measurements only at 3000 km, the third row is the
result of only at 7000 km, and last row show the result of combining the measurements of
two detectors. For the case where only a single detector at 3000 km is taken into account,
allowed regions exist not only in the (input) normal mass hierarchy but also in the inverted
one, as shown in the panels in the second row.

We note that for a given true solution, it is possible to obtain the degenerate solutions
using analytic expressions as follows. We denote P (νe → νµ) in (8.6) with the notation
P (νe → νµ) ≡ Peµ(δ, θ13, |ϵeα|, φeα; E) (α = µ, τ). Since the number of unknown parameters
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only a single detector at 3000 km (7000 km) is taken into account, whereas the ones in the
4th row correspond to the case where results from the two detectors are combined. The
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(indicated by the green asterisk), and the mass hierarchy is the normal one.

10
-3

10
-2

|ε eτ
|

10
-3

10
-2

|ε eτ
|

2 σ
3 σ

0.0 0.5 1.0 1.5 2.0
φ

eτ/π
10

-3

10
-2

|ε eτ
|

0.0 0.5 1.0 1.5 2.0
φ

eτ/π

0.0

0.5

1.0

1.5

δ/
π

0.0

0.5

1.0

1.5

2.0

δ/
π

0.0

0.5

1.0

1.5

2.0

δ/
π

10
-4

10
-3

10
-2

sin
2
2θ13

10
-3

10
-2

|ε eτ
|

0.0

0.5

1.0

1.5

δ/
π

sin
2
2θ13 = 10−3, δ = 3π/2

|ε
eτ| = 2x10

-2
, φ

eτ = 7π/4

3000 km
7000 km

3000 +
 7000 km

normal

inverted

3000 km

normal normal

inverted inverted
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nature of the solution hierarchy sin2 2θ13 δ |εeµ| φeµ

input (Fig. 8.1) normal 0.001 0 0.005 3
4
π = 2.4

solution of (8.19) normal 0.001 0 0.005 3.9
approximate solution inverted 0.0035 1.5 0.0046 3.4
approximate solution inverted 0.0025 1.4 0.0048 5.1

Table 8.1: Presented are solutions of the degeneracy equation (8.19) for input parameters
corresponding to Fig. 8.1 given in the first row. See the text for explanation of what
“approximate solution of (8.19)” means in the first column of the Table.

are four, (θ13, δ, |ε|, and φ), we need four observable quantities. Therefore we take the
oscillation probabilities P (νe → νµ) and P (ν̄e → ν̄µ) at two different energies E1 and E2

for these four inputs. Taking the assumed input values of the four parameters given in the
caption of Fig. 8.1 and Fig. 8.2, we can solve the equations

Peµ(δtrue, θtrue
13 , |ϵtrue

eα |, φtrue
eα ; E1) = Peµ(δD, θD

13, |ϵD
eα|, φD

eα; E1)

Peµ(δtrue, θtrue
13 , |ϵtrue

eα |, φtrue
eα ; E2) = Peµ(δD, θD

13, |ϵD
eα|, φD

eα; E2)

P̄eµ(δtrue, θtrue
13 , |ϵtrue

eα |, φtrue
eα ; E1) = P̄eµ(δD, θD

13, |ϵD
eα|, φD

eα; E1)

P̄eµ(δtrue, θtrue
13 , |ϵtrue

eα |, φtrue
eα ; E2) = P̄eµ(δD, θD

13, |ϵD
eα|, φD

eα; E2) (α = µ, τ) (8.19)

numerically to obtain the degenerate solutions attached the superscript “D”. For degenerate
solutions, we allow the mass hierarchy can be taken different from input (normal) one like
sign-∆m2

31 degeneracy. But θ23 is taken maximal (=π/4) for the sake of shorthand, i.e. we
ignore the octant degeneracy. In order to solve (8.19) we take two reference energies as
E1 = 10 GeV and E2 = 20 GeV.

The first column of Table 8.1 is to specify the nature of the solutions. The label
“approximate solution of (8.19)” implies the following situation: By solving (8.19) with
the input parameters in the second column we obtain a complex solution which cannot
be regarded as the physical one or it seems that mathematically there is no degeneracy in
the Equations (8.19). But the solutions given in Table 8.1 in real numbers which are close
enough to the complex solutions reproduce the allowed region of numerical simulation.
It should also be noticed that the degeneracy equations (8.19) sometimes have solutions
which do not survive in a form of allowed regions as a results of numerical simulation of
neutrino factory only with measurement at L = 3000 km. For example, there is a solution
sin2 2θ13 = 0.0028, δ = 3.5, |εeµ| = 0.008, and φeµ = 5.1 for the same input as given in
Table 8.1. We confirm that this solution indeed solves the equation (8.19) at E = 10 GeV
and E = 20 GeV, but the oscillation probabilities deviate from the input ones at other
energy. Therefore, the degenerate solution was lifted by the spectral informations used by
our numerical analysis.
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nature of the solution hierarchy sin2 2θ13 δ |εeτ | φeτ

input (Fig. 8.2) normal 0.001 3
2
π 0.02 7

4
π

solution of (8.19) inverted 0.0016 2.77 0.022 0.51

Table 8.2: Presented are solutions of the degeneracy equation (8.19) for input parameters
corresponding to Fig. 8.2 given in the first row.
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Chapter 9

Conclusion

In this paper, we have analyzed the structure of the parameter degeneracy in neutrino
oscillations. We derived the degenerate solutions of the eightfold parameter degeneracy
in various settings, CP-conjugate, T-conjugate, CPT-conjugate measurement, as well as
the one combining the golden and the silver channels. We have used the approximate
forms of the oscillation probabilities derived by Cervera et al., which are widely used in
the literatures. Apart from the case of CP-conjugate measurement, the exact solutions are
derived by our work for the first time. We also obtain the perturbative formulas of the
degenerate solutions, the sign-∆m2

31 solution by the matter perturbation and the octant
degeneracy solutions by the the maximal θ23 perturbation theories. These formulas make
features of the degenerate solutions transparent.

We have revealed a transparent structure of the parameter degeneracy. That is, we
uncovered the discrete transformations of the mixing parameters by which the eightfold
degeneracy solutions can be related with each other. The transformations consist of the
three basic mappings, the intrinsic, the sign, and the octant transformations as defined in
Section 6.1. The feature of the relationships between the degeneracy solutions is illuminated
in Fig. 1.1. Thanks to the structure of the degeneracy, we can easily understand that, for
example, the solutions of the sign-∆m2

31, the θ23 octant, and the sign-octant degeneracies
come with intrinsic degeneracy pairs. Moreover, one can make predictions on the properties
of degenerate solutions by using the solution network.

We mainly treated the degeneracy in νµ → νe and its CP-conjugate ν̄µ → ν̄e channel
because they may be the most feasible ones from experimental point of view. To give
an overview of the parameter degeneracy, we presented the plots of difference between
the true and the degenerate solutions in the sin2 2θ13 − δ/π plane utilizing the analytic
expressions of the degeneracy solutions. Using the plots, we illuminated some significant
features of the degeneracy for the three typical superbeam settings and a neutrino factory
setting. Overall, the octant degeneracy solutions are close to the true one independent
of the baseline settings. The difference between the true and the intrinsic degeneracy
solutions of θ13 is relatively large compared to those of the other types of the degeneracies,
and it becomes larger at smaller values of θ13. In addition, though the sin-∆m2

31 degenerate
solution of θ13 is close to the true value at short baseline distances, it is very far from the
true one at the baseline distance L = 4000 km with broadened region of no degeneracy
solution.
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Furthermore, we analyzed the energy spectra of degenerate solutions. The energy de-
pendence of the sign-∆m2

31 solution is weak in short baseline distances. It can be also
understood by perturbation formula for the degenerate solutions. But near the second os-
cillation maximum, the feature is completely different from that of near the first oscillation
maximum, showing a strong energy dependence. On the other hand, intrinsic degeneracy
solutions have strong energy dependence even at near the first oscillation maximum. The
energy dependence of the octant degeneracy solutions are always weak independent of base-
line setting except for region near the second oscillation maximum. These results illuminate
which type of degeneracy would be difficult to lift by using the spectrum analysis.

In chapter 8, we have discussed the problem of parameter degeneracy for systems in
which NSI exist in addition to standard model interactions. Even if we rely on the approx-
imate form of oscillation probabilities (8.6), we need to determine all the six parameters in
the game, θ13, δ, εαβ; We must have six independent measurement, or the spectrum analysis.
Because of the existence of wealth of the NSI parameters, we have shown that there exists
a nobel type of degeneracy associate with exchanging the solar and the atmospheric scale
oscillation variables. We have also shown that degeneracy of the conventional type, the
intrinsic, the sign-∆m2

31, and the octant ones, have natural extension to the systems with
non-standard interaction, in which non-standard interaction variables are actively involved.
Finally, we presented some examples of analytic treatment of degeneracy in systems with
non-standard interaction. They reproduce well the result of the numerical simulation of
the neutrino factory measurement.
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Appendix A

Oscillation Probability Formula in
Matter with and without
Non-Standard Interaction

A.1 Exact formula of oscillation probability in matter

In this section, we would derive the exact formula of oscillation probability in matter which
worked by Kimura-Takamura-Yokomakura[8].

If the electron number density is constant, MSW matter effect does not depend on
time. The oscillation probability can be written by the effective eigenvalues, λi, and mixing
matrix, Ũ , of the Hamiltonian in matter,

Hmatt =
1

2E

U

 m2
1 0 0

0 m2
2 0

0 0 m2
3

 U−1 +

 2Ea 0 0
0 0 0
0 0 0

 , (A.1)

a =
√

2GF ne, (A.2)

as

P (νe → νµ) = |
∑

i

Ũ∗
eie

−i
λi
2E Ũµi|2. (A.3)

This is simple exchange of mixing matrix and mass eigenvalues in vacuum to matter.
Considering the oscillation probability in vacuum can be written by the products of el-
ements of mixing matrix as U∗

αiUβi, if we have the products of effective mixing matrix,
Ũ∗

αiUβi, and effective eigenvalues, λi, expressed only by oscillation parameters in vacuum
and matter effect, a, it is also possible that oscillation probability in matter can be written
by them. The effective eigenvalues can be obtain by solving the eigenvalue equation of
(A.1).

First, considering the effective Hamiltonian have a same form as the case in vacuum
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except for the elements Hmatt
ee , p and q determined as

p

2E
≡ Hmatt

eµ (A.4)

q

(2E)2
≡ Hmatt

eτ Hmatt
τµ − Hmatt

eµ Hmatt
ττ (A.5)

have a simple relation like ∑
i

Ũ∗
eiŨµi =

∑
i

U∗
eiUµi = 0 (A.6)∑

i

λiŨ
∗
eiŨµi =

∑
i

m2
i U

∗
eiUµi = p (A.7)

cyclic∑
(i,j,k)

λjλkŨ
∗
eiŨµi =

cyclic∑
(i,j,k)

m2
jm

2
kU

∗
eiUµi = q, (A.8)

where cyclic (i, j, k) means sum over (1,2,3),(2,3,1),(3,2,1).
These are the simultaneous equations for three unknown parameters ŨeiŨµi(i = 1, 2, 3)

and can be solved like

Ũ∗
eiŨµi =

pλi + q

∆λji∆λki

, (A.9)

where ∆λij ≡ λi − λj.
Moreover, expressing the oscillation probability in matter barely,

P (νe → νµ) = −4

cyclic∑
(i,j)

Re(Ũ∗
eiŨµiŨejŨ

∗
µj) sin2

(
∆λijL

4E

)
− 2

cyclic∑
(i,j)

J̃ sin

(
∆λijL

2E

)
(A.10)

Re(Ũ∗
eiŨµiŨejŨ

∗
µj) =

|p|2λiλj + |q|2 + Re(pq∗)(λi + λj)

∆λij∆λ12∆λ23∆λ31

(A.11)

J̃ = − Im(pq∗)

∆λ12∆λ23∆λ31

. (A.12)

Putting the parameters of mixing matrix in vacuum (2.26) into p and q, we take

p = p1e
iδ + p2 (A.13)

q = q1e
iδ + q2 (A.14)

p1 = (∆m2
31 − ∆m2

21s
2
12)s23s13c13 , p2 = ∆m2

21s12c12c23c13

q1 = −∆m2
31∆m2

21c
2
12s23s13c13 , q2 = −∆m2

31∆m2
21s12c12c23c13

Therefore the products of (A.11) and (A.12) is given as

|p|2 = p2
1 + p2

2 + 2p1p2 cos δ (A.15)

|q|2 = q2
1 + q2

2 + 2q1q2 cos δ (A.16)

Re(pq∗) = p1q1 + p2q2 + (p1q2 + q1p2) cos δ (A.17)

Im(pq∗) = (p2q1 − p1q2) sin δ (A.18)
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Herewith, we have the oscillation probability in matter in the form of separating CP
phase as

P (νe → νµ) = D cos δ + B sin δ + C (A.19)

where

D =

cyclic∑
(i,j)

Aij sin2

(
∆λijL

4E

)
(A.20)

B =

cyclic∑
(i,j)

B′ sin

(
∆λijL

2E

)
(A.21)

C =

cyclic∑
(i,j)

Cij sin2

(
∆λijL

4E

)
(A.22)

Dij = −4 [2p1p2λiλj + 2q1q2 + (p1q2 + q1p2)(λi + λj)] (∆λij∆λ12∆λ23∆λ31)
−1(A.23)

B′ =
2(p1q2 − p2q1)

∆λ12∆λ23∆λ31

(A.24)

Cij = −4
[
(p2

1 + p2
2)λiλj + (q2

1 + q2
2) + (p1q1 + q2p2)(λi + λj)

]
×(∆λij∆λ12∆λ23∆λ31)

−1 (A.25)

A.2 Approximate formula with non-standard interac-

tion by KTY

In this section, we derive the approximate formula of P (νe → νµ) with non-standard
interaction(NSI) using KTY method.

The Hamiltonian with NSI is given as

HS+NSI = U

 0 0 0
0 ∆m21

2E
0

0 0
∆m2

31

2E

 U−1 + a

 1 + εee εeµ εeτ

ε∗eµ εµµ εµτ

ε∗eτ ε∗µτ εττ

 . (A.26)

Using the following parameters,

s13 ∼
∆m2

21

∆m2
31

∼ εαβ ∼ ϵ, (A.27)

let us obtain the approximate formula up to order ϵ2.
On the condition that matter effect with NSI are constant, KTY method as discussed

before can be used to take the oscillation probability. Modifying p and q in (A.4) and (A.5)
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for the case with NSI,

p′

2E
≡ HS+NSI

eµ

= a(
∆m2

31

v
s23s13e

−iδ +
∆m2

21

v
s12c12c23 + εeµ + O(ϵ2)) (A.28)

q′

(2E)2
≡ HS+NSI

eτ HS+NSI
τµ − HS+NSI

eµ HS+NSI
ττ

= −a2 ∆m2
31

v
(
∆m2

21

v
s12c12c23 + c2

23εeµ − s23c23εeτ + O(ϵ2)) (A.29)

where v = 2Ea.

p′ = v

[
s23

(
∆m2

31

v
s13e

−iδ + s23εeµ + c23εeτ

)
+ c23

(
∆m2

21

v
s12c12 + c23εeµ − s23εeτ

)]
+vO(ϵ2) (A.30)

q′ = v2 ∆m2
31

v

(
∆m2

21

v
s12c12 + c23εeµ − s23εeτ

)
+ v2O(ϵ2) (A.31)

Remembering the form of Ũ∗
eiŨµi that is (A.9), we can ignore the terms proportional to

order ϵ2 in p′ and q′ and the correction proportional to order ϵ in eigenvalues λi because it
yield higher order term for our interesting in oscillation probability.

Therefore, one can consider the presence of NSI as just the transformation of s13 and
∆m2

21 like

∆m2
31

v
s13e

−iδ → ∆m2
31

v
s13e

−iδ + s23εeµ + c23εeτ ≡ Θ (A.32)

∆m2
21

v
s12c12 → ∆m2

21

v
s12c12 + c23εeµ − s23εeτ ≡ Ξ (A.33)

in ϵ2 approximate formula of P (νe → νµ).
Inserting the modification (A.32) and (A.33) into standard approximate formula gives

the simple expression for the oscillation probability with NSI [70] as the absolute square of
superposition of two amplitudes like

P (νe → νµ) = 4

∣∣∣∣∆m2
31

v
s13e

−iδs23X + e−i∆31
∆m21

v
s12c12c23Z

∣∣∣∣2
→ 4

∣∣s23ΘX + e−i∆31c23ΞZ
∣∣2 (A.34)

where X ≡ A
A−∆

sin(A − ∆31),Z ≡ sin A.
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