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Confinement and chiral phase transitions are remarkable non-perturbative phenomena emerging
from Quantum Chromodynamics, that is, the underlying theory of the strong interaction between
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of fundamental importance. While it is widely perceived that their dynamics arises from non-
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non-trivial holonomy. I present a comprehensive numerical study of the confining properties in
SU(2) Yang-Mills theory at finite temperature, obtaining important observables which are then
compared with available data from state of the art simulations of lattice gauge theory and are
found to be in substantial agreement. Furthermore, with the inclusion of dynamical quarks in
the system, I explore the non-trivial interplay between the confinement/deconfinement and chiral

symmetry breaking/restoration phase transitions.
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CHAPTER 1

INTRODUCTION

After decades since its first iterations, Quantum Field Theory is still regarded as the proper theoreti-
cal framework to describe elementary particles and their interactions; with Quantum Electrodynam-
ics and subsequently Electroweak theory, having remarkable success at elucidating the features of
the electromagnetic and weak nuclear forces. In similar fashion, Quantum Chromodynamics (QCD)
has been established as the fundamental theory of the strong nuclear force, with quarks and gluons
its main degrees of freedom carrying color charges. Asymptotic freedom, the feature where the
coupling strength decreases at asymptotically short distances [1, 2], enables the use of perturbative
expansions at high energy scales, proving to be outstandingly effective in its phenomenological pre-
dictions. Despite this success, in the low energy regime, the validity of the perturbative approach
fails and different techniques ought to be used for the understanding of phenomena such as the vac-
uum structure, the spontaneous breaking of chiral symmetry or the “confinement” of color charges,
namely, the absence of free quarks and gluons in the physical spectrum, which always appear to
be bound in color-singlet states. A very suitable approach to tackle non-perturbative phenomena
has been the lattice formulation of gauge theories, a framework which allows the computation of
physical observables from first principles via large-scale numerical simulations. Nevertheless, it does
not provide the physical insight necessary to understand the mechanisms behind such phenomena,
thus it is sensible to develop other methods which complement such calculations.

The discovery of the Yang-Mills instanton [3]|, marked a cornerstone in the development of
models of the QCD vacuum [4-9]. They successfully provided an explanation for the spontaneous
breaking of chiral symmetry [10-12] and were finally able to describe some other non-perturbative
features of the strong interaction such as the anomalous breaking of the Ui(1) symmetry due

to the non-trivial topology of the instanton, which consequently solved the well known n’-puzzle



[13]. Models such as the Instanton Liquid Model (ILM) [14-20], based on a statistical ensemble of
interacting instantons, also had phenomenological success in determining hadronic quantities via
numerical and analytical methods!.

The understanding of the QCD phase diagram and generally its thermodynamic properties,
have shown to be essential in the description of natural phenomena; from the early universe to high
energy physics in particle colliders. Since the early stages of QCD, later on verified in relativistic
collisions of heavy ions, it has been argued that at sufficiently high temperatures and densities, the
color degrees of freedom are deconfined into a so called “Quark-Gluon Plasma”. This change in state
suggests a possible phase transition from confinement to deconfinement. Since it is believed that
confinement originates from the gauge dynamics of the gluonic sector, examining the theory without
dynamical quarks, i.e., pure Yang-Mills, provides a good description of a deconfinement phase
transition where the expectation value of the Polyakov loop at spatial infinity (holonomy) is well
defined as the order parameter. Moreover, this quantity happens to be a topological characteristic of
gauge configurations, e.g., the finite temperature generalization of the instanton field, the caloron,
is said to have trivial holonomy, which is in sharp contrast to the confining vacuum where the
holonomy is maximally non-trivial; therefore, instanton configurations do not lead to confinement,
a well known issue of ILM noticed since its inception.

The KvBLL caloron solution [23-25], which by construction acquires the necessary non-trivial
holonomy for confinement, provided a promising new approach for the understanding of confine-
ment dynamics and its phase transition. Moreover, the particular property that the KvBLL caloron
is “made of” N, (for SU(N,) theory) constituent dyon-like fields, namely with chromo-electric and
-magnetic charges, is reminiscent of the idea that confinement may arise from chromo-magnetically
charged and topologically non-trivial gauge configurations, with the vacuum being a “dual super-
conductor” of such magnetic objects?.

The early success of instanton models and the emergence of such gauge configurations, led
to the development of the ensemble framework of instanton-dyons/antidyons®, arising from the

constituents of the KvBLL calorons. First attempts to uncorrelated ensembles of these objects,

!The instanton literature is quite extensive and we have only referenced a few of the works which seemed relevant
to this thesis; however, Schiefer and Shuryak [21] and Diakonov [22] have compiled very complete reviews on instanton
physics.

2See reviews in [26, 27] for more details.

3Also called in the literature instanton-quarks or instanton-monopoles.



already indicated that their contributions (alone) to the holonomy potential tends to push the
system toward confining holonomy [28-31]. Nevertheless, it was later found that such contribu-
tions would not be enough to overcome the one-loop perturbative contributions to the holonomy
potential (which favors the trivial holonomy). Shuryak and collaborators [31-33] have argued that
an effective dyon-antidyon interaction with a short-range repulsive core is a necessary condition to
enforce a confining holonomy at low temperatures. Moreover, via an effective mean field model
for a Coulomb plasma of such instanton-dyons, a reasonable qualitative description of the low
temperature properties of Yang-Mills theories was presented in [34, 35]*.

Similarly to the ILM, with the introduction of dynamical quarks into the Yang-Mills theory,
one can investigate chiral properties and see if the instanton-dyon ensemble indeed reproduces the
spontaneously broken chiral symmetry below some critical temperature and the expected restora-
tion of symmetry above it. In other words, the chiral phase transition should be reproducible in this
framework as well. This was also explored by Shuryak and collaborators via numerical simulations
[40-42] and mean field models [43-46].

In this thesis, in the framework of a statistical ensemble of correlated instanton-dyons, we first
present a systematic investigation of the confinement dynamics in SU(2) Yang-Mills theory, based
on extensive numerical simulations. We have obtained high precision results for quantities which
characterize confinement and the critical properties of the deconfinement phase transition, such
as the temperature dependence of the holonomy potential, the order parameter for deconfinement
transition, static quark-antiquark potentials, as well as spatial Wilson loops. In particular, we
study the influence of finite volume effects, the dyon-antidyon correlations as well as the screening
mass on the confinement dynamics. The results presented in this thesis, which are based on the
works published in [47, 48], are considerably improved compared with previous studies and we
provide many results which have not been previously reported. In addition, we present a precise
quantitative comparison with lattice data, showing a remarkable agreement between both results.
The second part of this study consists in the modification of the ensemble to include dynamical
quarks and investigate the fermionic effects in the deconfinement phase transition and observe the

chiral phase transition.

AThere are a variety of interesting alternative ideas about possible mechanisms and possible topological objects
that may drive the confinement dynamics, such as [36-39].



The structure of this work is thus organized as follows. In Chapter 2 we give some preliminaries
on field theories at finite temperature and the basic thermal properties of confinement and chiral
symmetry. In Chapter 3, we review the derivation of several classical gauge configurations leading to
the KvBLL caloron solution. Chapter 4 comprises the construction of the instanton-dyon ensemble
in SU(2) Yang-Mills, afterwards, details of the numerical simulations are explained thoroughly,
ending with the presentation and discussion of all the results relevant to confining dynamics. In
Chapter 5 we introduce one-flavor quarks into the ensemble, the main generalities of the fermionic
contributions are discussed with an explicit calculation of the matrix elements which approximate
the fermion determinant. We then analyze the influence of fermions to the deconfinement transition
and the chiral properties of the system. A summary and final conclusions are discussed in Chapter 6.
Finally, Appendices A, B and C contain detailed derivations of the topological charge in terms of

gauge fields and the fermion zero modes in the background of instanton-dyons.



CHAPTER 2

NON-ABELIAN GAUGE THEORIES AT FINITE TEMPERATURE

In this chapter we review the fundamental properties of finite temperature field theory needed
for the comprehension of the core material of this thesis. In addition, we present the general

characteristics of confinement and chiral symmetry, with their associated phase transitions.

2.1 EUCLIDEAN QUANTUM CHROMODYNAMICS

Quantum Chromodynamics or QCD for short, the underlying quantum field theory of the strong
interactions, is constructed as a non-Abelian gauge theory with SU(3) the corresponding gauge
group. Its Lorentz and gauge invariant Lagrangian® in Minkowski spacetime reads as

Ny
1 - .
Locp = —ZF:LLVF‘MV’G + E (o (ZV“DM —my) V. (2.1)
k=1

One may refer to QCD-like theories as quantum field theories with different gauge groups coupled
with fermions, in particular the special SU(N,) group, where N, defines the number of color degrees
of freedom. The study of such theories are not only of mathematical interest, but can produce a
great amount of physical insight and, in some instances, simplify the calculations significantly. For
that reason, in this work we will focus on SU(2) gauge theory, where the results can in principle
be generalized to the more physical theory of SU(3) by some embedding scheme.

The structure of the Lagrangian Eq. (2.1), clearly does not change with N, so let us examine

!Technically, £ is a Lagrange density with the actual Lagrangian defined as / d3z £; however, for the sake of
simplicity and tradition, £ will be referred to as Lagrangian.



each component in detail. The first term, identified as the Yang-Mills Lagrangian

1
LyMm = —ZFSVF‘“”“, (2.2)
contains the “color” dynamics of the gauge fields 4, = Ajjt%, with t* the gauge group generators

in the fundamental representation, normalized to Tr [t“tb] = 6%°/2 and satisfying the Lie algebra
[t“,tb} — 4 fabese, (2.3)

which, in the SU(2) case, t* = 7%/2 where 7 are the well-known Pauli matrices and the structure

b

constants of the Lie algebra are €%°°, namely, the Levi-Civita tensor.

Analogous to Electrodynamics, F,, = Fy,t* is the non-Abelian gauge field strength tensor
Fu =0,A,—-0,A, —ig[Au A, (2.4)

where g is the bare coupling of the theory.

The second term in Eq. (2.1) corresponds to the matter contribution, in particular, that of the
fermion/quark fields v, which are spinors in the fundamental representation with mass my and
total number of flavors Ny. The covariant derivative D), induced by local gauge invariance, has

the form
D, =0, — igAZta, (2.5)

which is multiplied by the Dirac matrices y*.

As mentioned earlier, fascinating phenomena take place in the non-zero temperature domain
of QCD. Hence, it is of the utmost interest to develop a method to study it. As it is known
from statistical mechanics, the thermodynamics of a system characterized by a Hamiltonian H at
temperature T, is best described through the canonical partition function

1
Z=Tre PH = —
re , I}



When dealing with field theories, a subject that has evolved into a complete area of study [49—
51]; it has been found that an Euclidean quantum field theory in R” x S! spacetime is equivalent
to quantum statistical mechanics in D-dimensional space (see [52] and references therein). The
connection is easier to appreciate through the path integral representation of the partition function.
Without exploring it in detail, let us see this by recalling that the generating functional of a free

scalar field theory in D + 1 Minkowskian space-time is given by
Z[O] = /DSO el'deJ"lxﬁ(go)? (27)

where Dy is the functional integration measure. On the other hand, the integral representation of

the partition function of a system with Hamiltonian H(q,p) is

Z = / Dge™ I dr L(q) (2.8)
a(0)=q(B)

where the trace enforces periodic boundary conditions along the “FEuclidean time” T and L(q) is
the Euclidean Lagrangian. The similarities between Egs. (2.7) and (2.8) lead to the conclusion
that the partition function for a field theory is analogous to the generating functional Z[0], but in
Euclidean space-time and with the appropriate boundary conditions.

Consequently, the recipe to write the partition function of any field theory, say in 3 4+ 1 dimen-
sions, consists of analytically continuing time as zo — —ixz4, also known as a Wick rotation, thus
mapping Minkowskian spacetime into Euclidean space, with x4 being the Euclidean time; and then
writing the corresponding Lagrangian in the path integral, accounting for the correct boundary
conditions: periodic for bosonic fields and antiperiodic for fermionic fields. Therefore, the general

SU(N,) QCD partition function, ignoring ghost and gauge fixing terms, will look like
B
Zqcp = /DAEDwED@ZJTE exp [—/ dm4/d3:v EgCD] , (2.9)
0

where the label E stands for Euclidean and Af(f, 0) = AE(:E’, B) and ¢ (Z,0) = —¢F (%, 3). The

explicit form of the Euclidean QCD Lagrangian is obtained by first noticing that the Euclidean

2Multiplied by some constant resulting from the integration [ Dp.



gauge fields are defined in terms of their Minkowskian counterparts as

AE — M

K3 (A

AF = —iA} (2.10)
leading to an Euclidean covariant derivative and field strength tensor
E (B E E E_ E 4E
D, =0, —1ig4,, F,, =0,A, —0,A —1ig [AM,AV] ) (2.11)
which are related to their Minkowskian counterparts as

DE - _pM

(2 7 )

D¥ = —iD}!,

F=F} FE

a3 L= —iFy. (2.12)

For the fermionic part, the Euclidean y-matrices, satisfying the Clifford algebra {v,,v,} = 26,.,

are defined (in the chiral representation) as

Y4 = , %= : (2.13)

with o; the well known Pauli matrices. To preserve Lorentz covariance, the Euclidean spinors are

written as

pE =M ylF =M (2.14)

such that under SO(4) rotations, 1/ ¥¢F transforms as a scalar and wTEvf VP as a vector [53, 54].

Finally, the Euclidean QCD Lagrangian is written as®

1 .
LEp = gT [FEFE] + Zw (—ivZDE —imy) wf. (2.15)

From this point forward, we will drop the E label and it should be understood that we are working

in Euclidean spacetime, unless otherwise specified.

3From the normalization Tr [tatb] = §°/2, it follows that Tr[F,, Fy..] = 2F% F2,. In addition, to simplify the

2 pvt -
notation in the following sections, we have absorbed the coupling g into the gauge field as gA,, — A,.



To conclude this section, let us make the simple topological remark that the periodic boundary
conditions imposed by the trace is actually equivalent to the compactification of the temporal
line into a circle of circumference 3, in other words, the manifold in which D-dimensional finite

temperature field theories are defined is R x S*.

2.2 THE POLYAKOV LOOP AND THE CONFINEMENT PHASE TRANSITION

For a while, it has been known that at low temperatures, quarks and gluons are confined to form
bound states, namely, hadrons. To unravel the nature of this phenomenon is quite challenging since
it requires a deep understanding of the non-perturbative dynamics of the quark and gluon fields.
In the absence of dynamical fermions, that is, pure gauge theory or Yang-Mills theory, one can
extract important information about confinement which can be further extended to the physical
picture of QCD. At finite temperature, there is a crucial quantity which helps define the meaning

of confinement in such a theory: the Polyakov loop [55, 56|

L(F) = Pexp {2 /0 Ao a2 m)] , (2.16)

where P stands for path-ordered product since A4 is an element of the Lie Algebra su(N.). Its
physical meaning is related to the excess free energy of a static quark in a Yang-Mills vacuum.?
To make sense of this, let us begin by first defining the operators ¥%(Z, z4) and ¥*(Z,z4) which

satisfy the equal-time anticommutation relation
{\If“(fi,u), qﬁb(fj,m)} = 5,0, (2.17)

Respectively, they create and annihilate a static quark, which transforms under the fundamental
representation of the gauge group, at position Z, time x4 and color component a. Let us consider a
system with a single static test quark coupled to Yang-Mills fields. The free energy F; of the test

quark is clearly defined by the difference in free energy between the system with the quark and

“See [57-59] for more details.



that of pure Yang-Mills. Therefore,
o ;; (e
S (s

s’ a=1

b’H\I;Ta( ,0)

s’> , (2.18)

with Z the partition function of the pure gauge system. One should notice that the |s’) states
correspond to those without the static quark, namely, the Yang-Mills vacuum states.

—x4H

In the imaginary time formalism, the time evolution operator e , generates time translations

on an arbitrary operator O(z4) as

A

PHO(24)e™PH = O(ay + B). (2.19)

Moreover, in the static limit, where the quark mass is infinitely large, the “heavy” quark fields

(in the appropriate gauge) satisfy the equation of motion

[01 A, )] U(F,24) = 0, (2.20)

whose solution takes the form

U(Z,x4) = Pexp [1/ day Ay(Z, xﬁl)] U(Z,0). (2.21)
0

Therefore, making use of Egs. (2.19) and (2.21), the anticommutation relations and inserting
the Polyakov Loop definition of Eq. (2.16), we obtain the free energy of the single quark as follows

/)

—PHge(z, B)wie(E,0)

SAEERS » W]’

s’ a=1
11
- *ﬁZZ@’ e=BH Lb(2)T(z, 0)TTe(z, 0) s’>
¢ s a=1
11
= 2N / <s’ e PHTYL(Z) s'>
S

_ <J$CT1~L(5)> . (2.22)

10



In a similar fashion, one could find the free energy of a quark-antiquark pair, Fyg, simply by
adding the corresponding charge conjugate creation and annihilation operators and use the right

equations of motion. The result is

¢ BFu — % (TeL@ Ll @) ), (2.23)

[

where & and ¢/ are the locations of the heavy quark and antiquark, respectively.

By examining Eq. (2.22), one can see that a vanishing thermal expectation value of the traced
Polyakov loop yields infinite free energy, excluding the possibility of having isolated color charges
in the system, i.e., the theory is in a confined phase. In contrast, a non-zero value results in finite
free energy, free color charges are allowed, meaning the system is in the deconfined phase.

Regarding the correlator of traced Polyakov loops (Eq. (2.23)), the clustering property deter-

mines that at large separations

(L@ TRL! () ) ——— (TeL(@) (TeLY (@) = | (TeL(@) [ (2.24)

#7100

If (TrL(Z)) = 0, the static quark-antiquark potential Fy will grow to infinity with the separation
of the quarks as Fy5 o< |& — ¢]. The emergence of such rising linear potential is thus another key

feature that a confining theory must satisfy.

2.2.1 Center Symmetry Breaking

The Euclidean Yang-Mills action, by construction, is invariant under gauge transformations of the

form
A, = UAUT +iU0,UT,  U(F, x4) € SUN,), (2.25)
where the Polyakov loop transforms as
L(Z) — U(Z,0)L(®)U(Z, B). (2.26)
Evidently, the trace of the transformed Polyakov loop is invariant when U is periodic; however,

11



for a certain type of non-periodic gauge transformations of the form
U(Z, x4+ B) = 2U(Z,24), z=e>Nel,  nel0,N,—1], (2.27)

with 2 an element of the center® of the gauge group (in particular z € Z(N,) for SU(N,)); the

traced Polyakov loop will transform as

TrL(Z) — 2TrL(Z). (2.28)

At low temperatures [60], a vanishing expectation value of (TrL(Z)) = 0, where we have already
defined the theory in a confined phase, points to the realization of the center symmetry. Increasing
the temperature above some critical value T, will lead to a non-zero expectation value (TrL(z)) # 0,
requiring the spontaneous breakdown of the symmetry. This defines the traced Polyakov loop as
the order parameter of the deconfinement phase transition, characterized by the breaking of the
Z(N.) center symmetry.

A very compelling feature conjectured by Svetitsky and Yaffe [61, 62] establishes that the
confinement /deconfinement phase transition in pure gauge theories, shares critical behavior with
other spins models. For instance, the SU(2) Yang-Mills theory in (34+1) dimensions will belong
to the same universality class as that of the Z(2) 3-dimensional Ising model, indicating that the
deconfinement phase transition should be second order. Several numerical studies, such as [63-68],
strongly support this reasoning. Similarly, SU(3) gauge theory would then be expected to have
a first order deconfinement phase transition such as that of the Z(3) Potts model, which has also
been observed on lattice simulations [69, 70].

The introduction of dynamical quarks of finite mass, such as in QCD-like theories, makes
the description of confinement much more intricate. The antiperiodic boundary conditions of the
fermion fields break explicitly the center symmetry Z(N.) and the trace of the Polyakov loop is
no longer an order parameter. Deconfinement changes from a non-analytic phase transition into
a smooth crossover. Despite these difficulties, the Polyakov loop can still be considered as an

indicator of confinement and thus a relevant observable to study.

>The center of a group G is defined as the subgroup whose elements commute with all other elements of G.

12



2.3 CHIRAL SYMMETRY

In the chiral limit, where the masses of the Ny fermions are zero, the QCD Lagrangian possess and

additional symmetry under global transformations of the group
Uv(l) X UA(l) X SUL(Nf) X SUR(Nf). (2.29)

Roughly speaking, the Uy (1) symmetry results in the conservation of fermion number. The axial
U4(1) symmetry, despite being satisfied by the classical Lagrangian, is not conserved at the quantum
level, a phenomenon known as the azial anomaly. The chiral symmetry SUL(Ny) x SUr(Ny) is
satisfied by the theory; however, this is not manifested in the mass spectrum of hadrons. The
large mass difference between states with opposite parities and same quantum numbers cannot be
attributed to the current quark mass which already breaks the symmetry explicitly. Consequently,
the invariance of the vacuum state under chiral transformations suggests that the symmetry is

spontaneously broken, following the pattern
SUL(Nf) X SUR(Nf)%SUf(Nf), (230)

with SUf(Ny) often called the flavor group.

Contrary to the center symmetry breaking explored previously, the broken symmetry in this
case is continuous and, according to Goldstone’s theorem [71-73], N]% — 1 massless excitations
should appear in the spectrum, the so called Nambu-Goldstone bosons. In QCD, these particles
are the pseudoscalar mesons whose masses, although relatively small but non-zero nonetheless, is
a consequence of the current quark masses.

The spontaneous breaking of the chiral symmetry should then have an order parameter that
characterizes the chiral phase transition, namely, that it vanishes in the symmetric phase and is
non-zero when the symmetry is broken. Such quantity is the quark or chiral condensate <wTw>
(in Euclidean space). A very useful way to express the condensate is in terms of the density of

eigenvalues of the Dirac operator. For this, let us notice that the fermion propagator S(x,y) can
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be written in the spectral representation as

S(z,y) = <(le + im) > Z qb)\ i (2.31)

where ¢,, are the normalized eigenfunctions satisfying the eigenvalue equation iJ0¢, = \,®,. Since
the spectrum is chirally symmetric, i.e., for every ¢, with eigenvalue \,, there is a “companion”

state 72 ¢, with eigenvalue —\,, the quark condensate is thus given by

<1/}W}> —(Tr S(z,x)) = —% < > ¥ imm2> (2.32)

An>0 " "

where V is the spacetime volume. In the infinite volume limit, the sum over states can be replaced

by an integration, defining the density of eigenvalues per unit volume py(A) as

\) = <Z S\ — )\n)> : (2.33)

which is averaged over the total partition function of the system, leading to

<q,z)w)> - /dAm (2.34)

Finally, in the chiral limit where m — 0, one obtains the famous Banks-Casher formula [74]

(vy) = ~mpa(0). (2.35)

At high enough temperatures, there is evidence that the chiral symmetry is restored, with a van-
ishing chiral condensate <¢T¢> = 0. The order of the phase transition is arguably dependent on
Ny, rather than on N, [75], and based on universality arguments, it has been shown [76] that for
Ny = 2 the transition should be of second order and of first order for Ny = 3.

Since the Dirac operator i) is defined in terms of a background gauge configuration A, the
Banks-Casher relation hints that the physics of chiral symmetry breaking are encoded in A,,. There-

fore, it would be convenient that fields responsible of confinement can be linked to the mechanism of
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chiral symmetry breaking®. In the next chapter we will deal with the construction of classical gauge

fields which will be used for the study of confinement and chiral symmetry at finite temperature.

5See discussion in [59).
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CHAPTER 3

CLASSICAL GAUGE FIELD CONFIGURATIONS

In the first section of this chapter we introduce and discuss some topological properties of Euclidean
Yang-Mills theory. The following sections, contain an in-depth construction of some classical SU(2)
gauge configurations, starting with the BPST instanton in R?, followed by its finite temperature
generalization, the Harrington-Shepard caloron. Monopole solutions are reviewed later on and
finally, an essential ingredient for the construction of the instanton-dyon ensemble, the KvBLL

caloron with non-trivial holonomy solution is introduced.

3.1 TOPOLOGY OF YANG-MILLS THEORY

The gauge fields or vector potentials A, () are the dynamical variables of Yang-Mills Theory, with

a gauge invariant action defined in Euclidean space R* by

1
Sy = / d*zLyy = 52 d*z Tr [F, FL) . (3.1)

Variations with respect to the gauge fields A, lead to the classical equations of motion

dSvMm
oA,

—0 = DuF, =0 (3.2)

Solutions to these equations are required to have finite action. As a result, the field strength F},,
must decrease fast enough for the integral to converge, in fact, it should fall off faster than 1/|z|?
as |z| = /ZpZy — 00. This means, that F),, should vanish on the boundary of R?; in other words,
it should vanish all over the 3-sphere of infinite radius 5’%, where E stands for Euclidean space.

Clearly, if A, — 0 then F,,, — 0 as well; however, we can see that for pure gauge configurations,
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ie. A, =iU9,UT, with U € SU(N,), then
Fu (A =i08,U") = i0,09,U" — i9,09,U" ~ i9,U0,U" + i, U0,Ut =0,

where we have used the identity 8, (UUT) = (9,U)UT + U9, UT = 0.
Therefore, to have finite action configurations, the necessary boundary condition is that the
field approaches a pure gauge, i.e.

Ay (z) —— iUD,UT. (3.3)

|x|—o00

Lie groups have the interesting topological property that they can be viewed as manifolds. For
instance, SU(2) is the group of 2 x 2 unitary matrices with unit determinant whose elements are

defined as

SU2) ={asl +ia-7|a, € R, aya, =1}, (3.4)

where 7 = (71,72, 73) is the Pauli vector. The space of parameters which characterizes SU(2) is

topologically equivalent to that of a unit 3D sphere which we shall call SgU(Q)’ Formally, it is said
that SU(2) is homeomorphic to S3.

The boundary condition Eq. (3.3), requires that U is defined on S %, i.e., it describes the mapping
U: S?’E — Sg’U(2). Homotopy theory tells us that this mapping is characterized by the homotopy
group 73(S?), which is in a one to one correspondence (isomorphic) to the additive group of integers
Z.. In other words, these integers classify the “winding number” of U, meaning how many times one
of the spheres is wrapped around the other via the U-mapping. Therefore, we could say that there
is a discrete infinity of homotopy classes or sectors, each defined by an integer, often called the
Pontryagin index or topological charge QT, that uniquely characterizes the gauge transformations.

It is important to mention that elements belonging to a given sector ()T, can be continuously
deformed into another one of the same sector; however, they cannot be deformed into another one
of a different sector, namely, they are not homotopic to each other.

Since we demand that the vector potential A, approaches a pure gauge at infinity, it follows

that it must be classified into topological sectors with the same charge QT as that of U.
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The definition of the topological charge @, in terms of the gauge fields A4, is given by!

1

Qr = 1672

/ Az Tr F Fy = / d'z Fo, F! (3.5)

3272 s me

where F;w = %EuuaﬂFaﬁ is the dual field strength tensor.

At finite temperature, where the temporal direction is compactified into S', the gauge fields
should still approach vacuum configurations at spatial infinity. In addition to the topological charge,
there is an additional parameter which labels the vacuum states [23, 24, 77]: the holonomy, defined
as the traced Polyakov loop at spatial infinity

lim iTrL(f). (3.6)

|Z| =00 Ne

Loo

Gauge invariance of its eigenvalues allows it to be conveniently parametrized as
Nc
L(|#] — o0) = diag (627”“1, e ,eQm“NC) , Z,ui =0. (3.7)
i=1

The holonomy is said to be trivial if L is in the center group Z(N.). Because Z(N.) only has N,
one-dimensional complex irreducible representations, there are N, choices for the trivial holonomy:

k/N —1 when m <k
P, = , where £ =1, ..., N,.

k/N when m > k
For L ¢ Z(N.), the holonomy is non-trivial, the most relevant of this kind being the so-called

“mazimally non-trivial” where all u’s are equidistant [29]
(3.8)

It is straightforward to see that the latter holonomy leads to Lo, = 0, which recalling from the
previous chapter, is a signature of confinement. The thermal expectation value of the holonomy
(Loo) is then equivalently used as the order parameter for the confinement/deconfinement phase

transition. Gauge configurations with this feature are then of utmost interest since they suggest to

1See Appendix A for a detailed derivation.
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be relevant for the description of the confinement dynamics.
In the following sections we will discuss the construction of different gauge field solutions which
are historically and conceptually important, starting with the R*-instanton up to the caloron with

non-trivial holonomy.

3.2 THE BPST INSTANTON

The BPST instanton?, discovered in 1975 by Belavin, Polyakov, Schwartz and Tyupkin [3], is a
topologically non-trivial classical solution to the SU(2) Yang-Mills equations of motion in Euclidean
space Eq. (3.2). Despite the conveniently compact form of these equations, they constitute a highly
non-linear system of second order differential equations. In principle, obtaining solutions is a
highly non-trivial task; however, a clever way to do it was formulated by Bogomol'nyi [82], by first

examining the inequality (now known as Bogomol’'nyi bound)
4 a a 2 4 2 a 1a 2 2
0< [ d (FW ¥ FW> = [ d%z (2F ¥ QFWFW) = 8¢2Sy\ F 6472Qr, (3.9)

which assigns a lower bound on the action given by Sy > :lzsg“—;QT. This inequality is saturated if

and only if the (anti)self-duality condition Fy, = iﬁ;}u is satisfied; therefore, to find the instanton

solution let us recall that the SU(2) generators of the Lie algebra are t* = 7%/2, where 7% are the

Pauli matrices satisfying 797 = 6% + ie®°7¢, It will be convenient to define the matrix 4-vector
+

7,0 = (7, ¥i), which satisfies

T T, = O +in, T T, T = Opw + 11, T (3.10)
where 7, are the so called 't Hooft symbols defined as?

Mw = € T 0,004 — 050ua, Ty, = €4 — 03,004 + 0,0, (3.11)

2There is a plethora of scientific literature about instanton properties. Refer to [53, 78-81] for a good pedagogical
approach.
3See Appendix B for some formulas and properties of ’t Hooft symbols.
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which are antisymmetric and (anti)self-dual in the vector indices

1 _ 1 _
ﬁﬁy = §5uuaﬂngﬂ> UZV = *§€Wa,87)§57 ﬁfiy = *775#- (3'12)
The goal is to construct a solution which not only satisfies the boundary condition Eq. (3.3),
namely, that it approaches a pure gauge configuration at infinity, but that it also possesses a non-
trivial topological charge, Q1 # 0. To achieve this, we must find a suitable group element U which

meets the latter condition. Let us choose

U (z) = i : (3.13)

and use the surface integral expression of @ from Eq. (A.9), which we rewrite here for convenience:

Qr = fiﬂ j{dsu Evap 1T { (Ufra,/ (Ufr)T> (Ufraa (U1+)T> (Ufag (Ufr)’r) } . (3.14)

Sk

By substituting the explicit form of U;", we see that each factor in the trace is of the form

Tjﬂ:,, Ty Ta
oo, (or)! = (), ()

- (%) (- 5)
lz[ ) =] |2
_ v (T+7_— B TJTOT;Eanu)
X

(ingaTa + 51/01) Taly,
552

T a? (inzuTa + Ovp —

nd L) a
“71/;/7— Ty 4 @ . MyaT x,,LXxu _ QZVIVLUM

22 22 22 xt

_ —Qinlﬁy%ta, (3.15)

with 22 = |z|2. Therefore, the full trace in Eq. (3.14) can be reduced to

T { (U0, (U)) (U7 8a (U)) (U705 (UF)1) } = Simg nbn, 25 Traatee

26
TpXrT
= —25abc7ha/p772m-77,?37 ﬂx'g ! (316)
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Using identity Eq. (B.8) followed by Eq. (B.5), we expand the last term

X XL+
—2¢ abcnﬁpnmm%y Ty _pTe 5 Mop (Dapniny = Sayiys — Sramay + Orymys)
Xyl +T
=21 (608 (Our0py — by Opr + Evpry)

- 5(17 (51/7—5pﬁ - 51/,3507 + 81’,07'5>
— 678 (dvadpy — Ourdpa — Evpay)

+6T’Y (51/04505 - 6V,36pa + 5Vpaﬁ)] . (317)

Finally, we multiply the last result by €,,,8, which due to its antisymmetric nature, it is

straightforward to see that most terms will vanish, remaining only

L)L T €
-2, Epvap (—0ary0urdps + 07300y 0pa + OrrEvpap) = —2 N;Gﬁ (x xp51/pa6)
= 12”6“ (3.18)
where we have used the identity €,,0861p08 = —60,, in the last equality.

The integral Eq. (3.14) can now be easily computed by plugging-in the integrand, rewrite the
surface element as ds, = 2,2°dQ = z,22dQ and make use of the definition of the solid angle in

d-dimensions Q¢ = 27%/2 /T (4), leading to

1 N z,\ 1
Qr =31 %g% ds, (1225) = 55 /dQ — 1. (3.19)

Therefore, a gauge field A, which satisfies the boundary condition

T T _o.a Tv.a
|xlﬁinooA u(z) = iU 0, (U)' = 20 51", (3.20)
will have unit topological charge Q1 = 1. Analogously, for U; ", one obtains QT = —1 and
lim A,(x) = iU;8, (U7)" =270, 2 3.21
|x\11>noo u(z) =1iU; M(l)_nﬂl’ﬁ : (3.21)

The next in the construction of the full instanton field is to look for solutions of the self-dual
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equations Fy, = F i~ Our previous results, suggest taking the ansatz [78]
L 2
Aj(w) = 20,5 f (%) (3.22)
where f must satisfy the boundary conditions

lim f(z?) =1 and lim f(z?) o< 2 (3.23)

z2—00 220

The last condition ensures there are no singularities at the origin. Substituting the ansatz into

the field strength tensor one gets

Ff, = 0, A% — 0,A% 4 " Ab AS

Tof Tof draxsf
= 215,04 <;2> — 217,‘1&61, < ;2 ) + 03‘345 EabananIC/,B (3.24)

The last term can be expanded using identity Eq. (B.8), such that

40281 b b 412
0;4 e Npallp = Py (buvmatpnis — Tatung, + xQUZ,, — 2,231) - (3.25)

Therefore, since 9, f = 2z, f' with f' = df/0(x?),

2n, s x s x 2n ant 4t xyx
Fo=—51+ nc;zu - 776;4“ Cf - =R - S T

x
iy o NG TaTy o AuaTaly
Tf B 74f B 7410
x x x
4n & Ty To — N T,LT
= T g1 gy - g (Tt~ lvaTute
x z

xd xd

——a{ g ) - (Tt et [ gy - ). (3.26)

X

4 <772a33u»’va - Uﬁa$u$a> B 4f2 <nzaxuxoz - ngaxuxa>
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Similarly, the dual strength tensor takes the form

~ 1
Fﬁu = §€MV5”/FE’Y

— 4 {nﬁ,,f’ + (nz“x”x“ ;ngaw“%) [f(1 = f) —a*f'] } : (3.27)

X

The self-duality condition F}j, = F v leads to

- @ @ T, Lo — N T,T
FﬁV—FﬁV:—4{77x“2”—2<n“a - “xf”“ . a)} (A= f)—2*f] =0, (3.28)

which is only realized when f(1 — f) — 22 f’ = 0. The solution to this differential equation is easily

obtainable and found to be

2

f(z) (3.29)

::1:2+p2'

Here, p? is a constant of integration and p is usually called the instanton size or instanton
radius. The construction of the solution is now complete, so plugging the last result into the ansatz
Eq. (3.22), we obtain that the BPST instanton in the so called regular gauge is

Ty

AL(@) =245 el (3.30)

The field strength tensor of the instanton (in regular gauge) is straightforward to compute by

noticing that since the second term in Eq. (3.26) vanishes, it is reduced to

2

P
a _ A0
F,, = 47],1,/7(332 n p2)2‘ (3.31)
Direct calculation of the instanton action yields
1 4 pa pa 1 4 192p* |1 82

as expected for an object with topological charge (7 = 1 and minimal action.
On Fig. 3.1, the action density TrF),, F},, is plotted as a function of z and x4. The observed

lump in the z4-direction shows that the field is not only localized in space, but also in Euclidean
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Figure 3.1: Action density of the BPST instanton field for y = z =0 and p = 1.

time; this feature and its similarities with solitons were the motivation for the term “instanton”,
coined by 't Hooft [78].

The anti-instanton solution A, () is obtained from Eq. (3.21) and requiring an anti-self-dual
condition for its correspondent field strength tensor.

For the sake of completeness, we write the instanton field in the singular gauge by means of the

gauge transformation U; (see Eq. (3.13))
Ay = A5 =Ur A, (UD) T e, ()] (3.33)

taking the form

v Ty

S _ — x _
AN (IL’) = —QHZtha + 277;1/?750‘

2
Typ

Raldm— 3.34
z? (22 + p?) (339

= Qﬁfw

The anti-instanton flﬁ is simply obtained via the substitution 7y, — 7, i.e., the gauge trans-
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formation needed would be Ufr . The field strength tensor in this gauge is given by

4p?

Fo,=—"r
T @ )

(QﬁZax,jxa — 20y TpTa — ﬁZVxQ) . (3.35)
Despite the presence of a singularity at the origin (hence the name “singular gauge”) in AE and
F,u, the action density Fyj, Fyj, remains unchanged and smooth due to gauge invariance; therefore,

such singularity is unphysical and simply a gauge effect. Nevertheless, the interesting topological

properties are now located at the origin, rather than infinity [21].

3.2.1 Moduli Space of the Instanton

The moduli space or the set of collective coordinates is defined as the space of all solutions to the
self-dual equations, modulo gauge transformations, in a given topological sector (T and gauge
group. Collective coordinates are essentially the degrees of freedom of the instanton field, and are
of interest since they give rise to zero modes which are crucial for the calculation of the instanton
measure.

The Yang-Mills action has no dimensional parameters and is conformally invariant at the classi-
cal level [53]. This ensures that the instanton collective coordinates are determined by the conformal
group. One may say that each symmetry transformation belonging to the conformal group which
does not leave the instanton solution intact, gives rise to a separate collective coordinate.

The conformal algebra in 4-D has 15 generators: 4 translations, 1 dilatation, 4 special conformal
transformations and 6 Lorentz rotations (or SO(4) rotations in Euclidean space). Furthermore,
Yang-Mills theory is gauge invariant; however, as we have seen so far, local gauge transformations
transform the solution into a different gauge, thus global gauge transformations or color rotations
will have to be considered as 3 additional degrees of freedom (for SU(2)) leaving a total of 18
possible collective coordinates.

First of all, translational invariance is represented by shifting the instanton solutions Eq. (3.30)
or Eq. (3.34) to an arbitrary center xg, thus the new family of solutions is obtained through the
substitution x, = (z — 20),.

Under dilatations, space coordinates transform as x — Az with A € R. To find how A,

transforms we notice that at classical level, Yang-Mills theory is scale invariant, i.e., is invariant
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under dilatations; therefore, it is required that the equations of motion remain invariant under the

transformations
r—a =\ and Ay — A (2') = AR A (). (3.36)

By direct substitution of these transformations into the equations of motion D,F}, = 0, one
casily finds that A = —1 . For example, the BPST instanton in regular gauge* transforms under
dilatations as

1 /
v v___ (3.37)

. N N
A (z) — A7 (:c)—277w)\x2+p2 _2nuvx/2+()\p)2

The new family of solutions is characterized by the parameter Ap. Accordingly, the collective
coordinate associated to dilatations is p.

Special conformal transformations can be represented as combination of translations and inver-
sion. We already counted translations as the collective coordinate xg; however, under inversions

defined as
T, =T, = T and Ay(x) — 2 A, (2), (3.38)

the instanton in regular gauge transforms into the anti-instanton in singular gauge, meaning that
no new family of solutions is generated by special conformal transformations [83].

We now have to consider the 6 SO(4) rotations and the 3 SU.(2) global gauge transformations®.
For this, we notice that since SO(4) = SU(2) x SU(2), it can be proven [53] that transformations
from one of the SU(2) subgroups leave the instanton solution intact while the other ones are
equivalent to those of color rotations from SU.(2). Thus, from the remaining 9 possible collective

coordinates, we are left with only three which are chosen to be the orientation in color space defined

by the transformation

A, — MA,MT, (3.39)

4The same result is obtained with the singular gauge solution.
5The index ¢ is introduced to distinguish the color gauge group from the SO(4) subgroups.
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with M a global gauge transformation matrix. In terms of color coordinates, it can be parametrized

in terms of a rotation matrix as

a

As As A
At = ZEMeME = At = SEMreMte = A= AT (MM = RAL - (3.40)

In summary, the moduli space of the SU(2) instanton consists of 8 collective coordinates: 4
translations, 1 dilatation and 3 color orientations. The field A, in the regular and singular gauge

are thus generalized as

(v — xO)VP2
(x —20)? [(x — 20)* + p?]

a a T — Zo)v
AHZQRbUb ( )

_ b=b
uym and AZ = 2Ra nﬂl/

(3.41)

3.2.2 Multi-instantons and ’t Hooft Ansatz

It is possible to construct configurations with higher topological charge QT by “superimposing”
those with Q1 = £1. This was proposed by 't Hooft [13, 84] when noticing that the singular gauge

configuration from Eq. (3.41) (taking R = §% for simplicity) can be expressed as

2
a . __=xa p
Al (z) = 1,0, log {1 + o) xo)z] , (3.42)

which suggests the general ansatz®

Al (z) = —10),0, log W (), (3.43)

where the function W (z) is found by imposing the self-dual condition Fy, = F 4+ Direct substitu-

tion of the ansatz Eq. (3.43) into the definition of Fj,v and E},, leads to

_a aa aa w
77/1,1/ W °

a ra —a 2
Fo — F2 =18, [ (9alog W)? + 0ada log W] - (3.44)

SNotice we wrote A, instead of Aﬁ just for the sake of simplicity, nevertheless it is understood that the instanton
is expressed in the singular gauge.
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Hence, for self-dual fields, the function W (z) must satisfy

= 0. (3.45)

A solution to this equation associated with finite action was proposed by ’t Hooft and takes the

form
Z": o}
x)=1+ —_— (3.46)
1= (ZU - 1‘1)2

In [83] it is shown that a more general solution is given by

n+1 2

W) =3 (3.47)

Pt (x —x;)

which is conformally covariant and from which one recovers Eq. (3.46) in the limit when p,+1 — o0,
Tpy1 — 00 with p2_ /22 = 1.

This gauge field is known as a multi-instanton configuration, its topology is quite interesting
and can be appreciated by computing its topological charge Q. First, let us recall from Eq. (3.21)
that

(x —xp)y

TT— —\ 1 =a a
iUy 0, (Uy)' = 2178, o xl)2t , (3.48)

will allow to rewrite Eq. (3.43) with 't Hooft’s solution for W (x) as

A, = =70, log W (z)

27 pf (%
_Z n“”;)l_xl 1+Z x—xm ]

= ZZUl ) ou(x), (3.49)

-1

—1
Wlth QS[(CU) (CE 1‘1)2 [1 + Zm 1 (]J x'm) :| and ﬁMV = ’r]zyta_
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It is easy to see that ¢;(z) takes the limiting values

1 when o — x; )
Pi(x) = = lim ¢(z) = dj. (3.50)
0 when © — x;, for j #1 J
Therefore, in the neighborhood of any of the singularities z;, the gauge potential behaves as a
pure gauge configuration

lim A, = iUy (z — 2;)0, [Uf (v — ;)] (3.51)

T—Tj

At first glance, it may seem that the n singularities can cause issues in the integration for the
topological charge. However, as it was mentioned previously for the single instanton in singular
gauge, the singularities are a consequence of the choice of gauge and can be removed by a suitable
gauge transformation. This means that the action density (or topological density), being a gauge
invariant quantity, is non-singular everywhere and thus we are able to use Gauss theorem to calcu-
late Q7. First, we define the volume of integration in Eq. (3.5), denoted by V', as the volume of a
four dimensional sphere of infinite radius with n spherical “holes” each centered at x; and radius

e, where ¢ — 0. Therefore’

. 1 4 ~
Qr = ilg% 162 /Vd z Ty Fy F,
:glg(l] avdsuKM
:21_1}1(1] [7{9% dsuK#—jgl dsHKu—...—jgn dsuKu] , (3.52)

where each s; is the boundary of the four dimensional spherical hole and the minus signs appear
when taking all surface elements pointing outwards the surface.

The integral over the surface 5’% is computed by noticing from Eq. (3.49) that in the limit where
|| — oo, A, — 1/23. Since the integrand is proportional to Tr {4, A45A,}, it will fall as ~ 1/2°
and the integral will vanish when |z| — oc.

As already mentioned, A, is pure gauge in the neighborhood of the singularities x;, thus each

"See Appendix A for the definition of the Chern-Simmons current K.
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of the integrals over the surfaces s; can be written as Eq. (A.9). Analogously to the calculation

done for Ufr , we can obtain that for each s;

¢ dsuktu =515 fdsuewate{ (Uro, @0)") (vro. @0)') (vros 01)) )

s
s

= 1. (3.53)

Substituting all these results into Eq. (3.52), we found that the topological charge of the multi-
instanton configuration is given by

Qr=1lm[0—(-1)—...— (=1)] =n. (3.54)

e—0

To conclude this section on the BPST instanton, we want to address the fact that even though
we have seen that using 't Hooft ansatz, a configuration with arbitrary topological charge is easily
constructed, this is not the most general solution. A generalization can be obtain through the
ADHM formalism which will be discussed later on to obtain the KvBLL caloron. However, the
immediate step for a generalized solution is to obtain a field with arbitrary temperature; this will

be done in the following section.

3.3 THE HARRINGTON-SHEPARD CALORON

The study of the thermodynamics of Yang-Mills theory, evidently requires temperature-dependent
fields. On that account, it was natural to look for a generalization of the instanton field at non-zero
temperature. It was Harrington and Shepard [85, 86] who first found an analytic expression of the
periodic SU(2) gauge field, proposing the name “caloron”; eventually known in the literature as
the Harrington-Shepard caloron or H-S caloron for short.

In this section we will aim to derive such expression in detail and discuss some basic properties.
To begin, let us recall that in a finite-temperature field theory, bosonic fields are constrained to be

periodic in (Euclidean) time, such that

AIJ»(f7 .’IJ4) - A;L(fa T4+ /8) (355)
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where the period is the inverse temperature 8 = 1/7T. Recalling 't Hooft’s general ansatz for

multi-instanton configurations (see Egs. (3.43) and (3.46))

n

2
Ay = =00y log W, Wi(z)=1+ Z pil%
= (@ — )

the periodicity of the field is achieved by constructing a prepotential II(x) similar to W (x), where

the spatial locations and the instanton sizes are fixed to ¥ and p respectively, resulting in

_ —

with 2 = |Z — 9], T = 24 — ys and 0 < y4 < S. This can be interpreted as an infinite chain of
instantons along the temporal direction, all having the same orientation in color space [87].
The sum is usually evaluated with a similar approach to that of the Matsubara frequency sums

commonly found in thermal field theory texts. Therefore, it is useful to rewrite it as

]

p2
(t—1p

IV - N SRR S S

" 228 Lz_:oo (2+1i1)/B — il * l:z_:oo (2 —it)/B +il

2 o0

P > 27 27
:2/Lﬂ LZ g—iwl+ Z S* + 1wy
=—00 l=—00

2 1 2

- p RS p
ZOO¢2+(T—ZIB)2 B Qal;oo[aJri(r—lﬁ) =

l=—

(3.57)

where we have defined ¢ = 27(2+i7)/8 and w; = 27l. Each sum, although tedious, is rather simple
to compute using standard complex analysis techniques such as the Residue Theorem. We will not

attempt to derive it and will only show the final result which is®

2 *
p S S
(z) =1+ — h-= h—]|. .
(x) + 25 [cot 2—|—cot 2} (3.58)

Finally, after substituting ¢, 2 and some algebra manipulation, the superpotential II(x) takes

8The convergence value of the initial sum Eq. (3.56) can also be found in [88] (Series No. 858).
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Figure 3.2: Action density of the Harrington-Shepard caloron for y = z =0 and p = 1/T.

the form

2 . — —|
wp T sinh [277T'|Z — 9]
II(z) =1 3.59
(@) * |Z — 4] cosh [27T|Z — §f|] — cos 27T (x4 — ya)]’ (3.59)
with the H-S caloron being”
Afs(a:) = —7u 0, logII(x). (3.60)

One can clearly see that the periodicity in the temporal direction is coming from the cosine
term. Just like the BPST-instanton, the caloron has unit topological charge; however, one must
not forget that at finite temperature, the temporal direction has been compactified and x4 must be
integrated along the interval [0, 1/7].

In the zero temperature limit, we should expect the caloron field to be reduced to that of the

9The anti-caloron is simply obtained with the interchange . — .-
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instanton; which is indeed the case seeing that

2

lim II(z) =1+ P

Jim T (3.61)

The action density TrF),, F},, is shown on Fig. 3.2. It is periodic in Euclidean time, with a full
period being plotted, and symmetric in all spatial directions.

To conclude this section, let us examine the asymptotic behavior of the caloron, in particular
its fourth component [89]

lim A% (z) =0, (3.62)

|Z| =00

which leads to an asymptotic Polyakov Loop (see Eq. (3.6)) of L(|Z| — c0) = 12 € Z(2). Therefore,
the holonomy of the H-S caloron is trivial, and as pointed out in [29], since there is no cancela-
tion of the thermal average (L), the holonomy will never vanish, thus failing to reproduce color

confinement.

3.4 MONOPOLES AND DYONS

Historically, non-Abelian magnetic monopoles arise as static solutions [90, 91] to the equations of
motion of a Yang-Mills-Higgs theory, also known as the Georgi-Glashow model [92] described by

the following Lagrangian'?

L=~ JFL I 4 (D) (D7) — A (66" %)’ (3.63)

with ¢ a real scalar field in the adjoint representation of the SU(2) gauge group and where the
term A ((b“(b“ — v2)2 is commonly known as the Higgs potential.

Finiteness of the total energy of the system

= [ & [ingFw 45 (Dud®) (D) + A (66" —0?)’ (3.64)

ONotice the Lagrangian has been written in Minkowski metric.
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demands

Ifl‘iinoo PP = v?, (3.65)
thus fixing the vacuum expectation value of the scalar Higgs field to /¢%¢® = v. Interesting
topological properties can be explored by noticing that the degenerate Higgs field vacuum draws
a 2-D sphere of radius v in the 3-D isospace (color space), which shall be called S2,.. Moreover,
the asymptotic condition Eq. (3.65) implies that in every direction at spatial infinity, i.e., at the
boundary of the 3-D physical space, which is described by the 2-D sphere Sf)hys, the field lies on the

2
hys — Svac

2
Svac :

The mapping Sf) is characterized by the homotopy group 7m2(S?) = Z which, as was
in the case of the instanton, labels the winding number of the mapping to n = 0,£1,+2,.... The
trivial case with n = 0 corresponds to that when the asymptotic Higgs field is space-independent
and takes a particular direction in isopace, for instance, ¢ = (0,0,v). A much more interesting
situation is the topologically non-trivial case of n = 1 where the direction of the isovector is parallel
to that of the spatial vector, a so called “hedgehog” [90]

20

G

¢a — vna7 n® =

(3.66)

For this type of configuration, based on symmetry arguments, Polyakov and 't Hooft [90, 91]
proposed that the solutions to the equations of motion should have the form

1
oy

¢ (r) = vH(r)n®, Af(r) 1 —K(r)] aijng, Aj =0, (3.67)

where ¢ and A; are time-independent and H(r) and KC(r) are unknown functions with the following

boundary conditions

lim H(r) = 0, lim K(r) =1,

r—0 r—0
lim H(r)=1,  lmK(r) =0. (3.68)

The resulting system of nonlinear differential equations has no analytic solution; nevertheless,

Bogomol‘nyi, Prasad and Sommerfield [82, 93] successfully found one in the limit of vanishing
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Higgs potential, i.e. A = 0, which is now known in the literature as the BPS limit.

Despite QCD-like theories without Higgs fields are our main interest; looking at the Georgi-
Glashow model turns out to be quite illustrative when realizing the one-to-one correspondence
between the system described by this model (in the BPS limit) and the self-dual static equations of
Euclidean Yang-Mills theory [94, 95]. This feature, sometimes called the Julia-Zee correspondence

[96], translates to
Pt = Aj, D;¢* = Fj, (3.69)
where the (anti)self-duality condition must be satisfied
<%E%%kﬂ:i%. (3.70)
Consequently, the time independent Euclidean Yang-Mills field of interest, must then follow ’t

Hooft-Polyakov ansatz

A(r) = vH(r)n® and Al(r) = % [1— K(r)] €qijn;- (3.71)

To find the explicit forms of H(r) and K(r), rather than using the equations of motion of the
vector potential A, it is more convenient to work with the (chromo) electric and magnetic fields

defined as

1 ~
E¢ = F§, B = 5k % = Fi (3.72)

and use the self-duality constraint E' = B{. Substituting the ansatz into the field strength tensor

F},,, which we remember is given by

Fp, = 0,AL — 0,A5 + ™ AD AT, (3.73)
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the electric field reads

Ezq = 31AZ + 5abcA?AzCl

. (Za _ nam) H + vngnH' + Sabcgbij% (1= K)vHne

T T

= 7—[.7-"; (0ai — nani) + nanvH’, (3.74)

where r = |Z|, H' = 0,H and the identity eqpcepij = 0cidaj — 0cjdqi has been used. On the other

hand, for the magnetic field we have

5 , , :
B = 1&‘jk {Eakl K 2L nm]> 1(1 - K) - %(1 —-K) - %’C/}

2 T T T r
Ok mung ) 1 g N
N | LA LIS It s L s B
Fajl [( r r r( ) 72 ( ) r
1
+5abcgbjl50kmnlnmﬁ(1 - ]C)Z} . (375)

Making use of basic properties of the Levi-Civita tensor and after some straightforward algebraic

manipulation, the magnetic field is reduced to

K’ K2 -1
qu*éai_ ally Hg—5—- .
i= Nani) + Nifta— 5 (3.76)

Combining Egs. (3.74) and (3.76), we have that the self-dual fields must satisfy

2
—1
K —oHK, H =X . (3.77)
or

These are the differential equations found in the BPS system whose solution have the surprisingly

compact form

o
sinh(vr)’

HW:%—mWwL K(r) = (3.78)

One can use instead the anti-self-dual condition Ef = —B{, and the solution for IC(r) will
remain the same, whilst H(r) will have a flipped sign.

Of course, one of the most important properties of the field is its non-zero magnetic charge

36



which gives its name of BPS-monopole. However, because the A4 component is also a source of
charge, albeit an “electric” (scalar) one, the configuration is also named dyon. Following Diakonov’s
nomenclature [29], from now on, we will refer to this dyon field as an M-dyon, where its explicit

form in the so-called “hedgehog gauge” reads

r

v 1 v T¢
AZ{VLM(T) = ( - > Eaij”j?a (379)

r  sinh(vr)

Aiw’M(r) =+ (1 - coth(vr)> na%,

with the upper sign corresponding to the self-dual M-dyon and the lower sign to the anti-self-dual
M-dyon.

Even though the hedgehog gauge was found rather convenient to realize the topological structure
of the monopole, in the case where there are vacuum configurations with more than two dyons,
it is difficult to superpose them in this gauge. Choosing a gauge where all dyons have the same
A, asymptotics at spatial infinity, thus same color orientation, will prove to be useful later on.

Therefore, to “comb the hedgehog” we use the following gauge transformations

S+:€ ‘

BTl S T el (3.80)
which satisfy the identity S+ (naTa)STi = 473, and transform the dyon fields of Eq. (3.79) as
AMM G AMMGE 1 55,8t (3.81)
In spherical coordinates, the dyon solutions in the new gauge take the form

_ 3 1
AQ/I’M = % <v coth(vr) — > ,

r

4, =0,

Ay Y

L AMM _ = m (71 sin ¢ + 72 cos (b) )

(3.82)

- 2sinh(vr) (

3 [
. 72 tan 3
Tlcos¢—7251n¢)+— 2,

Ay 5
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One should notice that the A4 component is now Abelian and equal for both M and M with
Ay — v73/2 when r — co. Moreover, we have introduced a singularity along the negative z3-axis
in Ag; a so called Dirac string which is merely a consequence of the gauge choice, hence the name
stringy gauge. The nature of the singularity lies in the topological classification of the hedgehog and
stringy configurations, where in the latter the A4 corresponds to the trivial vacuum with winding
number n = 0 and the former to a non-trivial one with n =1 [91, 96].

It turns out, that we can construct another monopole-like solution out of the BPS monopole
field. Although often called a Kaluza-Klein monopole, according to the language used so far, we will
name them L and L dyons. These solutions are obtained from Eq. (3.82) by replacing v — ¥ and
then apply two gauge transformations: first the time dependent Uy = exp(—inTx47?), followed by
a global rotation Us = exp(in72/2) [25, 97, 98]. These will leave the asymptotics of A4 in the same
form as for the M type solutions with the caveat that the spatial components are no longer static;
nevertheless, in the large distance limit, neglecting exponentially small terms, the time dependent

terms will vanish. The L type dyon fields in the stringy gauge thus are

LL T 1
APt = 5 (27TT — v coth(vr) + r) ;
A = 0,
Ay =— 2 [7!sin(2nTzy — @) + 72 cos(2nTzs — ¢)]
. 2sinh(or) 7
+ AL = o
’ Ay = 3smh(or) [—7!cos(2nTzy — ¢) + T2 sin(2n Ty — §)]
3 tang
2 r

(3.83)

Although the gauge configurations presented here do have the needed non-trivial holonomy, a
simple superposition of dyons is not a saddle point of the Yang-Mills action and the semiclassical
approach to the partition function is rendered useless. There is merit to this section nonetheless, as
it will be seen shortly how these dyonic fields play a significant role in the structure of the KvBLL

caloron field.

38



3.5 THE KVBLL CALORON WITH NON-TRIVIAL HOLONOMY

In this section, we will show the generalization of the Harrington-Shepard caloron to a configuration
with non-trivial holonomy. Its constituent monopole-like fields, denoted “instanton-dyons”, will be
the main ingredient for the statistical ensemble described in Chapters 4 and 5. The construction
of the solution, based on the Nahm transform [99, 100] and the ADHM formalism [101], is quite
involved and goes beyond the scope of this thesis; however, we will first give a short overview on
how the latter'! is used to find the caloron field and then we will introduce the full solution and

discuss some of its properties.

3.5.1 The ADHM Construction

The “Atiyah-Hitchin-Drinfeld-Manin (ADHM) formalism” [101], is a very powerful method for
constructing all (anti)self-dual Yang-Mills fields in Euclidean space R*, through linear algebraic
methods. The construction of SU(2) gauge fields of topological charge k, requires to find the so
called ADHM data defined as the (k + 1) x k matrix

Ax) = , (3.84)

where A and B are 1 X k and k x k matrices, respectively, whose components are given by

Am = AT, By = B, T with A, BE € R, (3.85)
form,n=1,...,kand 7, = (¢7,1). Notice that each component is actually a 2 x 2 matrix, namely,

they are written with 7, as basis vectors; therefore, A\, B and z = z,0, are in fact quaternionic
matrices.
The (anti)self-duality of the solution is realized through the condition that Af(z)A(z) is non-

singular (invertible) and real (it commutes with the quaternions). Once the ADHM data is con-

HRefer to [23, 102, 103] for more in depth reviews on this matter.
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structed, the kernel of Af(x)
Af(z)v(z) =0 (3.86)
normalized to vf(z)v(z) = 1, defines the gauge field as
Au(z) = v (2)0,0(x). (3.87)

Although, naively the process may look simple, that is not the case in general. Information

about the moduli space of the target solution is needed and only a few cases are known.

3.5.2 The KvBLL Caloron Solution

The caloron field with non-trivial holonomy discovered by Kraan and van Baal [23, 24] and inde-
pendently by Lee and Lu [25] (therefore also known in the literature as the KvBLL caloron), is a
classical solution to the SU(N) Yang-Mills equations of motion in R? x S!. Tt is a self-dual field
with unit topological charge and most importantly, the A4 component can be gauged to be diagonal
and constant at spatial infinity, which leads to a non-trivial Polyakov loop or holonomy.

In the periodic gauge, the SU(2) KvBLL caloron field with period 1/T" is given by

ABVBLL _ 4UT—3 + T—SﬁS 0, log ®
12 124 9 9 v
P _ - . . -
+ ERe [(n}w - “LQW) (7‘1 + 272) (By + ivdpa) X (3.88)

where

r2 4+ 52 - 2 piT?

) = — cos(2nTx4) + cosh(tr) cosh(vs) + 5 sinh(or) sinh(vs),
s

N inh h(v inh(0 h

o= Tp sinh(5r) sinh(vs) + 7T [sm (vs) cosh(or) 4 Sin (vr) cosh(vs) 7
rs s r
5= 7p2T o—2mizy sinh(vs) N sinh(or) 7
P s r

o—Y (3.89)

G

and 7, the 't Hooft symbols, T" the temperature, and 7 the Pauli matrices. The meaning of the s
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3

Figure 3.3: Coordinates of the KvBLL caloron in terms of the center of mass positions of its
constituent dyon fields.

and r variables will be explained shortly. From this expression, it is not hard to see that at spatial
infinity, the fourth component is indeed diagonal and constant A4|z—0c = v?. This asymptotic
value is parametrized as v = 27Tv, with v € [0,1] and analogously, v = 277w with v = 1 — v.

Thus, the trace of the Polyakov loop at spatial infinity has the non-trivial form!?

1 1/T
Lo = lim —TrPexp (z/ d:mAff"BLL) = cos(7v), (3.90)
|f|—>00 2 0
where v = % corresponds to maximal non-trivial holonomy (L., = 0) and v = 0 trivial holonomy

Lo =1). Therefore, v is naturally called the holonomy parameter.
The anti-self-dual caloron or anticaloron flu with negative topological charge is easily obtained

from Eq. (3.88) by

AEVBLL (f, 1,4) — AEVBLL(—f, .’E4),

AU (E, 3y) = — AP (=2, ). (3.91)

In the limit of trivial holonomy (v — 0), the KvBLL field consistently reduces to that of the

12For SU(2), in the notation stablished in Section 3.1, the Polyakov Loop at spatial infinity is generally written as
L(|Z] — co) = diag(e*™™, e~ 2™"). It is useful to define the holonomy in terms of the difference[29] vm = fim+1 — fim,

with pun,+1 = p1 + 1. Therefore, L(|Z| — oo) = diag(e™,e” ™) and the holonomy is simply Lo, = cos(mv).
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Table 3.1: Properties of the SU(2) dyons.

M M L L
Electric 1 1 1
charge
Magnetic 1 1 1 1
charge
Action v 89%2 v 8g%2 v % 7 %
Radius vl b Tl gl

Harrington-Shepard caloron. Furthermore, it becomes a standard BPST instanton of size p in the
zero temperature limit.

One of the most important properties of this solution becomes relevant when p > 1/T. In this
limit, the field is seen as composed of two monopoles separated by a distance mp?T. As p — o0,
the caloron becomes static and the monopoles are identified as the M and L dyons obtained
in Section 3.4; where its opposite electric and magnetic charges cancels out leaving the caloron
neutrally charged. In this context, the fields are distinguished as “constituents” of the caloron and
are therefore named “instanton-dyons”.

The emergence of such configurations suggests to express the caloron in terms of the instanton-
dyon’s positions. The coordinates used to write the caloron in Eq. (3.88) are then the positions of
the dyon’s center of mass denoted by 77 and 7, the dyon separation rpy = |7, — 7a| = 7Tp2T,
which for convenience is chosen to be along the x3-axis (see Fig. 3.3); i.e. 7y = rraés, and the
distances from the observation point & to the dyon centers: §=Z — 7y and ¥ = & — 7[.

This monopole picture is more evident when looking at the caloron in the vicinity of one of its
constituent dyons and far away from the other, namely at large separations. For instance, near the
L dyon center and far away from the M dyon (s > 1/v), the caloron field reduces to that of the L

dyon, whose asymptotic behavior is given by (see Eq. (3.83))

_ 3 _ 3 0
T 1 7° tan 3
Az%ﬂr—)oo = o <U + T) ) AéﬁL‘r—mo = :F? , 2

where ¢ and 0 are the polar and azimuthal angles in spherical coordinates centered at 7. The

other components vanish in this limit. Analogously, near the M dyon and far away from the L
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Figure 3.4: Action density of the KvBLL caloron for 4 = y = 0. Top: Dyon separation is fixed to
p = 1.5/T with different holonomy parameter values v = 1/2,1/4,0 (from left to right). Bottom:
For fixed holonomy v = 1/4, different dyon separations are shown p = (1.6,1.2,0.8)/T (from left
to right).

(r > 1/v), the field is that of the M dyon with asymptotics (see Eq. (3.82))

_ 3 _ 3 0
M.M T 1 M.M 7° tan 3
A ‘Hw=5(”‘§)’ Ay oo = £ =%

In the limits s > 1/v and r > 1/, but not necessarily at large separations rrs; the KvBLL

caloron field also becomes Abelian and takes the form

3
T _
AKVBLL _ 5 (v + 7,0, log @) , (3.92)

where ® in this limit reduces to

o TSTTIM (3.93)
r+8—1rLm
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The only non-vanishing components of Eq. (3.92) are

A?VBLL:T?’(UJ,»ll),

AL _ T3<1 1)\/(?“LM—7“+3)(7“LM+r—S)

r s (reve+r+8)(r+s—roym)

Finally, it can be quite enlightening to look at the action density of the KvBLL caloron, which

can be obtained with the simple formula [23, 103, 104]
TvF,, F, = —0°0* log ¥ (), (3.94)

where ¢(x) is defined in Eq. (3.89). As shown in Fig. 3.4, the constituent monopole picture is
clearly visualized in the two lumps whose separation is modulated by the instanton size parameter
p, indicating that the peaks location correspond to that of the instanton-dyons. As the holonomy
parameter decreases, v — 0, one of the dyons becomes larger and its contribution to the action
smaller.

Now that we have examined all the useful properties of the gauge configurations relevant to the
work presented in the rest of this thesis, we will conclude this chapter here and move forward to

the construction of the instanton-dyon ensemble.
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CHAPTER 4

THE INSTANTON-DYON ENSEMBLE IN SU(2) YANG-MILLS THEORY

In the framework of a statistical ensemble of correlated instanton-dyons, we present a study of
the confinement properties of finite temperature SU(2) Yang-Mills theory. The first section com-
prises the detailed construction of the partition function of the system and the numerical methods
employed for the simulations. In the following section, important physical quantities such as the
holonomy potential, the order parameter of the deconfinement phase transition, quark-antiquark
potentials, among others, are presented and thoroughly discussed. Finally, we present a series of
improvements to the ensemble, allowing to obtain results which are later compared to lattice data.

This chapter is based on works [47] (published) and [48] (under review).

4.1 CONSTRUCTION OF THE CORRELATED INSTANTON-DYON ENSEMBLE

4.1.1 The Quantum Weight of the KvBLL Caloron

In a similar fashion as it was done for the BPST instanton (at 7" = 0) [84] and for the Harrington-
Shepard caloron [77] (at T # 0), it is of interest to calculate the contribution of small quantum

oscillations of the KvBLL caloron to the Yang-Mills partition function

Z= / DA, e~ vuldu] — / DA, exp [_212 / d*z Tr FWFW] . (4.1)
g

In broad terms, this semiclassical procedure consists in taking the classical solution as a back-

ground field such that the gauge fields in the functional integral are

Au(z) = AP (2) + a(a), (4.2)
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where a(z) is a small quantum fluctuation of the classical solution (the KvBLL field). Then expand
the action around the saddle point up to the desired order in a,, and compute the functional integral.
In [105] Diakonov et al. obtained an analytic expression for the quantum weight of the SU(2)
KvBLL caloron in the one-loop approximation. They showed that in the limit of large separation
between the constituent dyons (in the temperature scale) rpy; > 1/T), it can be written as

22 5
872 4 ApyelE\ 3 1 3
ZruplL = —VP(V)/T/d3 Bro180ox (37
KvBLL = € rpd*ryT°C2m 7 T Trom

8v 8v
x (14 2nTvorpy) (14 20Tvrpy) ® (14 20Torpa) 3t (4.3)
where P(v) = (472 /3)T*1?0?|1mod 1 is the one-loop perturbative potential [77, 106], C' ~ 1.03142 is
a combination of universal constants and the linear term in 775 proportional to P”(v) from the
exponential factor has been ignored in this work.
This expression can be further simplified in the approximation where the separation between

27r1Tz7; taking the form

. . . 1
dyons is much larger than their core sizes rpy > 57,

2\ 4 A e\ B _
Zn, = VPO [ dSTLd?’rMTG(Qw)g(,“(ESgZ) (Za) I L

To obtain Eq. (4.3), one has to calculate the invariant measure of the moduli space metric of
the caloron field denoted as y/det(g). In the general case of SU(N), this is shown to be exactly

equal to the determinant of a N x N matrix G [28, 107], which for SU(2) is given by

Vdet(g) = det(G), (4.5)

where
1
dnv + -
R T T
G=| T T (4.6)
— 4
T’I’LM et TT’L]\/[7

which in the limit of large dyon separation reduces to det(é’) ~ 167?vp, and thus the partition
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function Eq. (4.4) is rewritten as

ZKvBLL = e_VP(”)/T/d3rL d®ryy TG@C det (@)

4
22
871'2 4 Apveny - 1-85_1
w« [ 22 e sv—lpsv—1 4.8
() Ci) e 4
The factor (%) ?, appears from the running of the coupling constant g, in the Pauli-Villars

regularization scheme. Namely
3 872
<A> Do eRm, (4.9)

where we have absorbed all constants into A. At the one-loop calculation, the ¢g—%

coupling in
Eq. (4.8) is not renormalized; however, a two-loop improvement (ignoring the effects on P(v)) will
give

22

) -G o

where

oo [210e (T
hT/A) = exp {—illog {2103; (iﬂ + 15313011 & ES’;&;A)] } (4.11)

As a first approximation, one can include the two-loop improvement by substituting Eq. (4.10)
and absorb the rest of the constant factors into a parameter I' which is modulated in the simulation
and fixed to be I' = 0.119.

Finally, the caloron quantum weight takes the form
ZKyBLL = GVP(V)/T/dgTL d3TM det(G)T6F254673V%V7117§1771, (4.12)

with the instanton action given by

ST = gy =5 1o <A> . (4.13)
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4.1.2 The Partition Function

The construction of the partition function of the dyon ensemble begins with rewriting the one-loop
quantum weight of a single KvBLL caloron in the limit of large dyon separation Eq. (4.12), namely

the contribution of a pair of L and M dyons, in the following way:

Z = VPW/T / (d®rp, fr) (dPrar far) T® det(G) . (4.14)

Here, the fugacities per dyon species are introduced as fy; = I'S2evS5y% 1 and fr= I'S2e7Sp% 1,
Extending this result to arbitrary number of L and M dyons requires the inclusion of the appropri-
ate metric of the moduli space which has not yet been found. Nevertheless, Diakonov and Petrov
[28] proposed an approximate metric by merging that of a neutral cluster of dyons of different kind,
namely, an L-M pair, with that of dyons of the same kind (originally proposed in [108]). Therefore,
the full measure is approximated by the square of the determinant of a symmetric matrix G like
\/m ~ det(@). Despite not being an exact solution, it possesses the interesting property that in
the limit of K well separated L-M pairs, the measure factorizes into det(G) = det(G)X, i.e., as the
product of K individual KvBLL caloron measures. It is thus straightforward to see that for a single
L-M pair, the G matrix reduces to G (Eq. (4.5)). In the SU(2) case, when the number of L and
M dyons are N, and Ny respectively, the dimension of this matrix G is (N + Nys) X (N + Nay)

and its components are given by:

2 2
Gminj = Omn0ij | 47V — - — + ~ —
mi,nj = Omn0ij m kz#z T|Fm; — Ty | ; T| P, — 71, |

m#£l
2

T, — iy

20mn

+ = R 4.15
TP, — T, (4.15)

i#£] m#n
where 7, is the position vector of the i'" dyon of kind m (either L or M). Furthermore, it should
be clear that similar results can be obtained for antidyons.

As pointed out in [29], dyon—antidyon configurations are not saddle points of the Yang-Mills

action. The inclusion of anti-self-dual fields in the ensemble is done by factorizing the measure

into uncorrelated parts det(Gp)det(Gp) (D for dyons and D for antidyons) times a correlated
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contribution e~Vrp | where Vpp is the action corresponding to dyon—antidyon interactions. Classical
interactions between dyon—antidyon of the same kind was recently introduced in a gradient flow
study in [32]. Using the parametrization found in [33] and defining (; = 271,773, the potential

takes the following form

1
Vi = —20S (q - 1.6326—0-704<L> ,

L
1
Vair = —2vS ( — 1.63260~704<M> : (4.16)
Cm
for ¢; > ¢§ and r;; = |5 — 7| . Below the limit {; < (5, the interaction is repulsive and the

proposed core potential for this region is given by

c__ vV
Vii 71 G (4.17)

where V. and (f are the two key parameters that quantify the strength and range of the repulsive
correlations between dyon—antidyon pairs.
Other interactions that have to be accounted for include the long-range forces due to the Abelian

electric and magnetic charges and the nonlinear terms in the field strength tensor Fj,,, given by

S

Vij=
Y 27TT7"ij

(eiej +mym; — 2hihj), (418)

where e; and m; are the electric and magnetic charges (see Table 3.1) and h; = 1 for the M-type
(anti)dyons while hj = —1 for the L-type ones. As expected, this gives exactly cancelled classical
interaction between the L and M dyons (as well as L and M) that together make a KvBLL caloron
(owing to their BPS nature). On the other hand, there is repulsive interaction for the LM and ML
pairs, while attractive interaction for the LL and M M pairs.

In the construction of the ensemble, one has to sum over different number of (anti)dyons and
also take into account the many-body screening effect which is introduced by means of a Debye
screening mass Mp. In doing so, all Coulomb terms appearing in the partition function (including

those in the G' matrices) are modified into r=! — r~te=p" Combining Egs. (4.16) to (4.18), the

49



contribution from the inter-particle interactions to the action in the partition function is given by:

- Z 20,5 ( —1.632¢7° 704@) “Mprii i ¢ > (¢, for LL, MM

o _ LL,LL, MM,
ZVU if G <5, for -

Vop=1{ 7 MM, LLMM )
Z 5 e Mprij for ML, LM
wl'r;

Z’J
0 for LM, LM.

With all the above elements, one finally writes down the following form for the full partition function

of the dyon—antidyon ensemble:

_ 1
Z = VPWIT Z NNy NN /HfLTBd?’T’Ll H T3 Bryy
Nn,Np,

NLvNJVI

NL N]W
< [T f27° &rz, [ fuT? Prig,, det(Gp) det(Gp) e Vo, (4.20)

=1 m=1

where the factorial terms are needed to avoid duplicate counting of identical configurations with
given numbers of dyons and antidyons. By requiring neutrality condition, i.e., equal number of

dyons and antidyons of the same kind, the above expression can be further simplified into:

_ VTNL (fyVTHN s

2 _ o VPW)T [(fL ) 191

P e (421)
where V is the 3D volume available and
Np,Numo 3 3 a3
_yms y d T d T ri. d3r
v <[] S e S S e {log [det(G ) det(Gip)] — V)

I,m,l,m

(4.22)

is obtained after performing integrals over all dyon positions. Finally, using Stirling’s approximation

log N! ~ Nlog N — N 4log /27N and defining the dimensionless dyon densities as np = Np/VT3,
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we rewrite Z as a sum of weights running over number of dyons as

4 2
Z = Z exp [VT3 (7;1/17 + 2np log <?§> + 2nps log (7;]‘];)

Np,Npy

log (472N N
+2(ng +nar) + 5 ( VT; v) +]-'(T,y)>

= > Zum (4.23)

Np,Np

In this framework, there are three key parameters as theoretical inputs: the screening mass Mp,
as well as the strength parameter Vo and range parameter (7 for the dyon-antidyon interaction
potential. In principle these parameters could be constrained by comparing relevant observables
from the dyon ensemble with lattice simulations. Such quantitative comparison will be shown in
Section 4.4, while the present section focuses on qualitative question of demonstrating how the

confinement is driven to occur in the correlated dyon ensemble.

4.1.3 The Monte-Carlo Simulations

Let us now discuss the details of the Monte-Carlo simulations to be used for evaluating the dyon
ensemble partition function. Different from the implementation in [33, 40, 41], in our simulation
we used a flat geometry, namely a box with periodic boundary conditions which shall be a more
“realistic” approach and a more direct way to compare the results with e.g. lattice simulations.
From Eq. (4.23), it can be seen that all explicit dependence on the temperature 7' can be
absorbed by rescaling rT — r, VT3 — V, Mp/T — Mp and the free energy F/T = —log Z — F.
Since this simplifies the calculations, all the simulations are done using such scaled dimensionless
variables. In doing so, the temperature T' superficially disappears from the explicit simulations.
However, the temperature dependence implicitly affects the system properties through the running
coupling constant in the caloron action S, which as was discussed in the previous section, at the

one-loop level is given by

872 22 T
S(T) = (T = glog <A> , (4.24)

where A is the scale parameter in the regularization. Therefore, by varying S as a parameter in
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the simulation, one is essentially varying the system temperature. It is straightforward to convert
S into T'/A. To further put temperature in e.g. MeV unit, one would then have to make a physical
choice for the value of A. For example, one may choose A such that the critical temperature 7T,
matches the lattice obtained value for SU(2) Yang-Mills theory. Once T is fixed, one can then
measure temperature 7" in terms of T'/T, (note this is equivalent to specifying the ratio T./A).
The computation of all the observables are performed through Monte Carlo simulations using
the well known Metropolis-Hastings algorithm [109, 110]. Each configuration is generated by first
randomly varying the 3-D positions of a single dyon or antidyon of each kind (and accounting for
the periodic boundary conditions), then applying the acceptance algorithm, and moving to the next
set of dyons/antidyons by repeating the same procedure. Once all positions have been swept, we
then move to compute the observables with this new configuration and repeat all over again until
the ensemble has been thermalized with enough statistics. It has been found that after about 2000
Monte Carlo configurations, the system is typically stabilized, after which the ensemble average
would be calculated with the 10000 subsequent new configurations. The determined autocorrelation
time was close to 5 configurations; therefore, the observables are averaged over 2000 configurations.
On Fig. 4.3 we compare the free energy density calculated with a smaller number of Monte Carlo
configurations for both confined and deconfined phases. The results are obviously consistent with
each other and the small discrepancy between the two data sets is merely at a level of approximately
0.54% in the order parameter calculation (L..). This comparison clearly demonstrates that with
12000 configurations one obtains very reliable results with rather small statistical uncertainty.
One technical issue in the Monte Carlo sampling process is about the measure factors det(G). As
it is an approximation to the actual moduli space metric, it may happen that some of the eigenvalues
of the G matrices become negative thus violating the positive definiteness of the metric. This issue
has been addressed in detail by [29, 34, 111]. To avoid configurations with negative eigenvalues in
the simulations, the approach taken was to use the Metropolis-Hastings algorithm to reject such
“wrong” configurations by assigning them a small statistical weight, i.e. if either Gp or G has at

least one negative eigenvalue, then the weight exp(logdet(G)) is substituted by e~109

, which was
found to be enough to suppress these and to ensure an ensemble of sufficient configurations with
all positive eigenvalues. It may be noted that this procedure effectively introduces a modification

of the action, the impact of which is currently not well controlled and requires further investigation
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in the future.

One of the most important quantities to be calculated from the simulations is the holonomy
potential or free energy density F/V at a given temperature. Due to the way it is defined, the
calculation through Monte Carlo is not straightforward. However, there is a common method to
evaluate it [32] which we will adopt here. Note that the only term that needs to be evaluated from

V7 since it is the only one depending upon spatial positions

the Monte Carlo configurations is e~
of the dyons/antidyons, while all other terms do not have such dependence. In the calculation,

according to the standard thermodynamic integration, one introduces an auxiliary parameter £ as

_fsr
_VF (5) . fD'I”e
€ = V2(Np+Nun)’ (4.25)
where
Sy = Vpp — log [det(Gp) det(Gp)], (4.26)

and Dr is just the integration measure over all dyons’ and antidyons’ positions (for a total of
2(NL+ Nr) of these particles in the simulation). It should be emphasized that for £ = 1, the above
Eq. (4.25) is exactly equal to Eq. (4.22). The normalization factor V2(Ne+Nm) in the denominator
above, is not introduced arbitrarily but rather comes directly from the construction of the partition
function by correctly counting the “1/V” factors in the Eq. (4.22). This proper normalization factor
also automatically gives F¢(0) = 0. Then, via standard Monte Carlo simulation procedure, one can

compute the ensemble average of the following quantity:

_ IDTST e85 B O0F¢
(5r) (§) = TDr 6 —V(% : (4.27)

Lastly, by integrating out the £ dependence of the above, one arrives at the desired free energy:

1

1
Feg [ acis)© =7, (4.25)

given that F¢(0) = 0 by definition. We emphasize again that for £ = 1, Eq. (4.25) reduces to

Eq. (4.22), where the denominator V2(NL+Nm) appears naturally from the construction of the
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partition function (Egs. (4.20) to (4.22)), allowing to set F¢(0) = 0 unambiguously, regardless of
the dyon numbers N;, and Ny,.

Finally, we discuss the choice of the parameters in this framework. For most of the results to
be presented, we use a (dimensionless) spatial volume of the box to be V = 43.37. After several
tests, it was determined that the optimal range of (anti)dyon density of each kind was np € [0, 0.5]
(corresponding to Np € [0, 22] number of (anti)dyons). Configurations with larger np were found to
have a rather small contribution to the partition function; therefore, discarded in the simulations
(— see Section 4.3.1). We choose the three key parameters as Debye mass Mp = 2, the core
potential strength V. = 20 and size CJ‘? = 2; however, in Sections 4.3.1 to 4.3.3, we will vary these

quantities to explore the finite volume effects as well as the influence of the three key parameters.

4.2 CONFINEMENT-DECONFINEMENT TRANSITION

4.2.1 The Holonomy Potential

It is known from lattice simulations that the SU(2) pure gauge theory has a certain critical tem-
perature T, with a confined phase at T' < T, a deconfined phase at T' > T., and a 2nd order phase
transition connecting the two phases at T' = T,.. The relevant order parameter is the expectation
value of the Polyakov loop at spatial infinity Lo, (see Sections 2.2.1 and 3.1) which is related to
holonomy parameter v by (L) = cos(mv). An expectation value of Lo, = 0 or v = 1/2 would
correspond to the low temperature Z5 center-symmetric, confined phase.

A first important check is to examine whether such expected phase transition indeed occurs
in the dyon ensemble. In order to see that, one needs to compute the holonomy potential, that
is, the free energy density as a function of the holonomy F(v) = —T'log Z at varied temperature.
Such holonomy potential determines the Polyakov loop dynamics and is a crucial input for a class
of chiral models to incorporate confinement dynamics [112-115]. For any given temperature, the
minimum of the holonomy potential determines the thermodynamically realized expectation value
of the holonomy value which as order parameter thus tells us about the different phases of the
theory. As mentioned earlier, the temperature dependence of all the observables in the ensemble

comes from the instanton action S (Eq. (4.24)) which is an input parameter in the simulation.
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Figure 4.1: Free energy density F'/V as a function of holonomy v at various values of temperature.
The corresponding action parameters, from bottom top, are S = 5,6,7,8 (top plot) and S =
9,10,11,12,13 (bottom plot).

Fig. 4.1 shows the free energy density for S = 5,6,...,13. It is found that for S = 5 ~ 7, the
minimum of the free energy density lies at vy = 0.5, namely maximal non-trivial holonomy
corresponding to the confined phase. For S > 7, the shape of F//V becomes that of a symmetric
double well potential with two minima located at vy, < 0.5 and vy, > 0.5 in a symmetric way. It
shall be mentioned that as expected for an SU(2) pure gauge theory, F'/V is symmetric under the

interchange v — v = 1 — v, and this feature has indeed been validated explicitly in the numerical
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Figure 4.2: Free energy density F'/V as a function of holonomy v at several values of temperature
near the phase transition point, with the corresponding action parameters S = 7.00,7.25, 7.50, 7.75,
from bottom to top.

calculations. So the results clearly reveal a confined phase at low temperature while a deconfined
phase at high temperature.

To more accurately locate the critical action (or equivalently the critical temperature 1), we
further run the simulation for S = 7.25,7.5 and 7.75. As shown on Fig. 4.2, for S > 7.5 the Zs
symmetry is clearly broken and the minimum of the free energy density is shifted away from the
v =1v = 0.5. For § = 7.25, more points were necessary to examine the minimum, and despite the
potential on Fig. 4.2 exhibits a very flat dependence around v = 0.5, the minimum was actually
found around vy, ~ 0.453. Thus, at the present numerical precision, we determine the critical
temperature at S. = 7.25, which fixes our scale parameter from Eq. (4.24) at A = 0.3737, and
allows us to express all temperature dependent quantities in terms of the ratio 7'/T.

We next come to the expectation value (Lo,) = cos(mv), which can be determined from the
position of the minimum of the holonomy potential. This is done by fitting the free energy density
near the minima to a quadratic function with 9 to 15 points and then, through a derivative test on
the fit, finding its minimum accurately.

As an important and insightful check of the role of L., as an order parameter for the expected
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Figure 4.3: Free energy density F//V as a function of holonomy v computed with different choices
for the number Nyc of the Monte Carlo configurations in the simulations, in the confined (bottom)
and deconfined (top) phases.

2nd order phase transition, we quantitatively examine whether its dependence on temperature near
the transition point follows the proper universality class. As already discussed in Chapter 2, the
well known Svetitsky-Yaffe conjecture [61], relates SU(2) pure gauge theory in (3 + 1) dimensions
to the 3-D Ising model of ferromagnetism by categorizing both in the same universality class. In
this sense, Lo, becomes the analog of the magnetization, thus its critical behavior must follow the

same universal power law
(Loo) = b(T/T. — 1) [1 + d(T/T. - 1)?] , (4.29)

with b and d the fitting parameters.

Using the well established values of the critical exponents of the 3-D Ising model 5 ~ 0.3265(3)
and A = 0.530(16) [116], on Fig. 4.4 we show the fitted curve obtained from the numerical results
of the dyon ensemble in the near-T, region, namely 1 < T/T, < 1.274. The very low value of

2 = 1.44 x 10~ of the fit (which is partly due to the sizable error bar because of limited statistics)

suggests an almost perfect agreement between the confinement/deconifnemnt phase transition be-
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Figure 4.4: Lo, as an order parameter of the 2nd order phase transition with b = 0.858(142) and
d = —0.017(348) as the fitting parameters to the power law Eq. (4.29) and b,y = 1.094(33) the
corresponding one to the mean-field fit.

havior with the anticipated critical behavior of the 3-D Ising model’s 2nd order phase transition. It
also demonstrates qualitative agreement with the lattice results from [117, 118]. For completeness
and comparison, we also show the fit using the mean-field critical exponent S, = 1/2, which
shows a qualitatively similar trend but a significantly larger value of x> = 0.13. The comparison
favors the former fitting and implies that the transition from the dyon ensembles captures the
beyond-mean-field critical behavior of a 2nd order phase transition.

We now report the results for the expectation values of dyon densities, shown in Fig. 4.5. One
can see that at T' < T, the L and M type densities are equal as expected. In the confined phase, the
preferred holonomy corresponds to the maximally non-trivial one where both dyon types have the
same core radius as well as equal action share and therefore equal weight in the partition function.
For T" > T, the prefered holonomy starts to shift away from the symmetric point towards the
trivial holonomy (v — 0 in this case) and the M dyons become larger and larger. Recalling from
the KvBLL caloron solution, in the limit of trivial holonomy, the L dyon disappears and the field
becomes that of the Harrington-Shepard caloron. A similar situation is observed in the ensemble as

temperature is increased, with the L dyon density decreasing much faster than M type. The total
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Figure 4.5: Temperature dependence of the ensemble average of dyon densities.

density of all these magnetically charged objects demonstrates a strong temperature dependence
with very rapid increase from high temperature toward near T, regime, in consistency with the

magnetic scenario.

4.2.2 The Dyon and Antidyon Spatial Correlations

The interactions between dyons and antidyons are essential for the properties of the ensemble and
in particular for driving the system toward confinement at high dyon density (i.e. low temperature)
regime. The effect of such interactions can be illustrated by examining the spatial density density
correlations among various pairs of dyons/antidyons, as defined in the following:

Np Npy
v <Z > O (rij — |f|)>

i=1j=1

Gop(|7)) = (4.30)

npnp g (1% + 6z)3 — [Z]

which is normalized to that of an uncorrelated ideal gas and where the step function Os,(¢) = 1
for 0 < £ < §z and 0 otherwise. A value of unity for the Gpp would indicate a situation without

correlations as is characteristic for a free gas ensemble. The numerical results are shown in Fig. 4.6
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Figure 4.6: 2-particle spatial correlations for dyon—dyon and dyon—antidyon pairs at 7' < T, (left)
and T' > T, (right).

for all different (anti)dyon pairs combinations, each computed at one temperature value below
T. and another one above T,.. These results are obtained under equilibrium conditions for given
temperature, i.e. with holonomy parameter v being the one at minimal free energy and the number
of dyons Np fixed at the ensemble averaged values.

The presence of the repulsive core is clearly observed for all the dyon pairs, besides the LM
for which there is none. At distances right above the core size CJC/ 27v; the correlation functions
seem to have a small bump that rapidly goes to unity at larger distance, indicating at a short-range

correlation pattern arising from the repulsive core.

4.2.3 The Polyakov Loop Correlator

Besides the Polyakov loop expectation value itself, another important “indicator” of the confine-
ment/deconfinement transition is the static (quark-antiquark) potential which essentially is eval-
uated from a temporal Wilson loop or equivalently the spatial correlator of the Polyakov loop.

In particular the so-obtained static potential is expected, at large spatial separation, to exhibit
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a linearly rising behavior in the confined phase while to level off in the deconfined phase. It is
important to evaluate this observable in the dyon ensemble.

The computation is however technically tricky in the present framework. In the large distance
limit (|Z] — o0), the Ay component of the dyon fields becomes Abelian. However, the total Ay
of the ensemble (far away from their individual cores) cannot be given by a superposition of the

3 must be satisfied,

individual fields of all dyons yet. Since the asymptotic condition A4|z o = 77
one has to eliminate the holonomy parameter term in the gauge field associated with individual
dyon by means of the time dependent gauge transformation U = exp(—imvxs7?), after which one

can then superimpose all dyonic fields and finally restore the asymptotic term with the inverse

gauge transformation UT [32]. This procedure leads to

7_3

Ay(%) = 5 2mv + 1(Z)], (4.31)

where [(Z) is the sum of all Coulomb terms of dyons and antidyons

NL, N
1 1 1 1
l(f)EE <ﬁﬁ -t T > (4.32)
o B o 1 VA B e B e v

lm

At finite temperature, the color averaged heavy quark-antiquark free energy F;qyg is defined
through the expectation value of traced Polyakov loop correlators. For quarks in the fundamental
representation, from Eqs. (4.31) and (4.32) and the definition of the Polyakov loop, it is straight-

forward to see that

1 Fra 1. .

iTrL (&) = cos |mv + il(x) . (4.33)
Thus, the color averaged static quark-antiquark potential in the dyon ensemble is given by

e Fu® = i <Tr L (@)1 Lf (g)> (4.34)
~ (o o+ i s o+ )

The above static potential, though, is different from a color-singlet static potential which is

the one relevant for linear behavior at large separation. According to the color decomposition
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Figure 4.7: The color-averaged static quark-antiquark potential as well as its decomposed singlet
and triplet channel components in the confined phase at T'/T, = 0.970 and v = 0.5.

2®2=1®3, an SU(2) quark-antiquark pair can interact through a singlet and a triplet channel

[119], meaning that Fj;® is decomposed into

av, 1 3
quég == Ze_Fqlq + Ze_thi’ (435)

where the singlet free energy is obtained from the following:

1
einfi

<Tr [LTf (@)L’ (g)b - <cos [WD (4.36)

N | =

and the triplet contribution follows trivially from Eq. (4.35).

Due to the periodic boundary conditions imposed in our geometry, the maximum allowed dis-
tance is |# — y] < R/2, where R ~ 3.51 is the size of the box of volume V' = 43.37. To compute
these observables, a total of 3000 Monte Carlo configurations are used for each combination of
number of dyons (N, Ny = 0, ...,22). To account for isotropy, for each interquark separation we
averaged the contribution to the Polyakov loop correlator from 13 different orientations. At each

temperature, the holonomy parameter v is fixed to be the equilibrium value that the one which
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Figure 4.8: The color-averaged static quark-antiquark potential as well as its decomposed singlet
and triplet channel components in the deconfined phase at T'/T, = 1.674 and v = 0.250.

minimizes the ensemble free energy. In Figs. 4.7 and 4.8, we show the color averaged potential and
its singlet and triplet contributions for the confined and deconfined phases at T'/T, = 0.970 and
T/T. = 1.674 respectively. In Fig. 4.9 we show the singlet channel free energy alone as a function of
interquark separation |Z — ] for several temperatures below and above T,. It may be noted that the
color-averaged static potential above T, appears not fully saturated at large distance, due to two
factors. The first is the finite volume effect (as will be discussed later in Section 4.3.1) which would
limit the largest possible distance we could explore. The second is that in the high temperature
deconfined phase, the perturbative thermal gluons (which are absent in the current framework)
would contribute more and more importantly with increasing temperature to the screening of the
static potentials.

An interesting comparison is with the static potential of quarks and antiquarks in the adjoint
representation, in which case no linear rising at large distance is expected as the gluons (themselves

being adjoint) can screen out the potential. Following [114], one can obtain the adjoint static
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Figure 4.9: The singlet channel of the static quark-antiquark potential for the fundamental repre-
sentation in both confined and deconfined phases for v = 0.5, 0.5, 0.5, 0.35, 0.3, 0.275, 0.25, 0.225
and 0.225, in order of increasing temperature.

potential via the following relation with the fundamental one L:
L = fIT LirL/ 4.37
’L] 2 r (Ti Tj ) ) ( * )

where 7; are the Pauli matrices. Given that L € SU(2), the fundamental representation is generally

defined as
L' = apl +ia;, (4.38)

with a,a, = 1. Thus Eq. (4.37) can be rewritten as

1
Lij =2 [aoakeiﬂc + aia; + 0y <a3 B 2)] ’ (4.39)

and it is easy to see that its trace is expressed in terms of the fundamental one as

Tr L4(F) = | Tr L (f)‘z -~ (4.40)
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Figure 4.10: The static quark-antiquark potential for the adjoint representation in both confined
and deconfined phases for v = 0.5,0.5,0.3 and 0.25, in order of increasing temperature.

Therefore, the adjoint static quark-antiquark free energy is then given by

pe <Tr L1%(#)Tr L“(?j)> .
(1T z20))

e (4.41)

Notice we have included a normalization factor <|Tr L*(0) ]2> in the correlator such that Fj; =0
at |Z — ¢y] = 0. The resulting potentials are shown in Fig. 4.10 for different temperatures.
As pointed out already, at large separation in the confined phase, one expects the (fundamental

representation) singlet static potential to have a linear rising behavior of the following form:
Fygljz—g1—00 = 01T =1, (4.42)

where o is the so called string tension. This is clearly observed in the fundamental representation
(Fig. 4.9) at T/T. < 1. However, at temperatures above T, the slope o drops toward zero, as
expected. In Fig. 4.11, we show the extracted string tensions for the singlet potential for several
temperatures. In extracting the slope, we use linear fits for the large distance part but ignore the

“curved” tails observed at the largest distances, which are most likely due to finite volume effects
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Figure 4.11: Temperature dependence of the string tension o extracted from the singlet static
quark-antiquark potential Fqlq in the fundamental representation.

(see Section 4.3.1 for an extended discussion). It may also be mentioned that our results show a
relatively slow decrease of o above T, an effect which may also be due to finite volume issues. In
contrast, the adjoint static potential does not show any linear rising at large separation. In short,
our results from the dyon ensemble for the static quark-antiquark potentials in both representations

are consistent with the expected behavior of an SU(2) pure gauge theory.

4.2.4 The Spatial Wilson Loop

Another interesting quantity to explore is the spatial Wilson loop. It is known that the spatial
Wilson loop at finite temperature shows area law behavior with a finite spatial string tension
os both below and above T, and thus by itself does not serve as an “indicator” of confinement
transition [120-123]. Nonetheless, the restoration of Lorentz symmetry (Euclidean O(4)) at T'— 0
suggests that in this limit, o should coincide with the string tension of the static potential Eq. (4.42)

extracted from Polyakov loop correlators. The SU(2) traced spatial Wilson loop is defined as
1 .
We = 5Tr7’exp [z% daziAi(x)] . (4.43)
C
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Figure 4.12: The spatial Wilson loop (in the form of its negative logarithm) for the fundamental
representation in both confined and deconfined phases.

In the gauge where A4(x) is diagonal, the only non-vanishing spatial component of the dyon

fields, in the asymptotic limit, is

o tang7'3
Aé(l‘) = m] r . ?a

(4.44)

where m; = %1 is the corresponding magnetic charge (Table 3.1) and r = \/z;z;. The Dirac string
singularity along the negative xs-axis, although a gauge artifact, might be an inconvenience for the
numerical simulations. Therefore, for computing W it is more suitable to use the corresponding
magnetic field (instead of the gauge potential). For this, the Abelian Stokes theorem can be used

to rewrite the spatial Wilson Loop in the so called “Abelian dominance” approximation [124]

1
We =~ §Tr exp [z/ daiBi(ac)] , (4.45)
A

C

where B; = %ijij and Ac is the area enclosed by a rectangular contour C. Therefore, the

67



1.2 ‘ ‘ ‘ ‘ S E——
1 | i
X 0.8+ i
=
~ 0.6 1
oY)
2
T 04) :
/T.=0.970 &~
02+ T/T=1274 e~ 1
T/T=1.674 —2-
O ! !

0 03 06 09 12 15 18 21

Figure 4.13: The spatial Wilson loop (in the form of its negative logarithm) for the adjoint repre-
sentation in both confined and deconfined phases.

corresponding magnetic field to Eq. (4.44) is

3
; mj T
and By = By = 0. The total field strength from the whole ensemble will thus be
Ni,N .. oL S Lo
Bi(7) = IS @) (F = Ta)i @7 (@ =g, )i (4.47)
W T N YR R e P |

It is interesting to examine whether the spatial Wilson loop computed from the dyon ensemble

will follow the area law in both confining and deconfined phases, i.e.

(We) o e~7s4c (4.48)

In Fig. 4.12, the negative logarithm of (W¢) in the fundamental representation is plotted as a
function of the spatial loop area A, which indeed demonstrates an almost linear rising behavior

at large contour areas.

68



Recalling the units used in this work, the string tension obtained here is dimensionless after
rescaling all quantities by temperature. To restore physical units, one makes the change o, —
os/T?. As has been established before [122], o, increases with increasing T, however, og/T?
should decrease with increasing temperature. Such a trend is consistent with our results from
dyon ensemble. Finally, we’ve also examined the spatial Wilson loop for the adjoint representation,
shown in Fig. 4.13. It is observed that the curve rises rapidly with loop area and reaches a plateau

much faster than that of F¢

g @gain an indication of the screening effects for adjoint sources.

4.3 DISCUSSIONS

4.3.1 Finite Volume Effects

A rigorous study of all thermodynamic quantities in principle requires an infinite volume limit,
which is obviously impossible for any realistic numerical simulations. In the case of the present
study on the dyon ensemble, using a larger volume requires an increased number of dyons/antidyons
in the simulations thus costing significantly more computing power. A practical approach would
be to examine the finite size effect by perform tests with increasing volume of the box. In this
Subsection we compare results obtained with two and three times the originally used volume,
denoted as V; = 43.37.

One important feature to check is the (relative) contribution from various terms Zpy in the
partition function Z Eq. (4.23). Note that for different volumes, each term with fixed number of
dyons/antidyons Ny, ps would have different density. The better way to compare results computed
with different volume would be to examine the contribution from given dyon/antidyon densities. In
Fig. 4.14, we show how the contribution to partition function (from individual fixed-density terms
in the ensemble sum) is changed with the increased volume. As expected, the maximum peak of the
distribution becomes sharper around the most probable densities. Most importantly the location of
the maximum does not change much with increased volume. Table 4.1 summarizes and compares
numerical values of ensemble averages of the dyon densities at different temperatures as well as the
free energy density for vy, obtained at the three different volumes. It can be seen that going from
Vo up to 3Vp, there is a small shift (at few percent level) of the free energy density while small

changes in the dyon densities. Such comparison clearly demonstrates that our thermodynamic
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Figure 4.14: Dyon density dependence of Ziy/Z at different volumes (from left to right:
Vo, 2Vp and 3V}). Top: confined phase at T'/T,. = 0.970 and v = 0.5. Bottom: deconfined phase at
T/T,=1.274 and v = 0.3.

results are quite stable with increasing system volume, which is an indication that our results shall
be a very good approximation to the thermodynamic limit.

The finite volume also bears influence on the evaluation of spatial correlation observables, in
particular the static quark-antiquark potential. As mentioned in the previous section, it exhibits
unnatural behavior near the largest distances that are allowed by the finite volume. To test if this
could indeed be a consequence of the finite volume, we’ve computed these observables with enlarged
volume for comparison. In Fig. 4.15 we show the results of the singlet channel potential calculated
in a box twice the volume of the original volume V. For comparison, we also include the results
from the original volume. One can see that indeed, the curved tails only appear at the edge of
the box and at intermediate distances both potentials match substantially well. This comparison

justifies our previous extraction of string tension via linear fit in intermediate distance regime and
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Table 4.1: Volume dependence of the free energy density and ensemble averages of dyon densities
at several temperatures, for V' =V}, 2V, and 3V, (with Vj = 43.37) respectively.

T/T, Vo 2Vo 3Vo

o 0970 -0.7077(7)  -0.7782(6) -0.8271(7)
1.274 -0.3713(10) -0.3977(8) -0.4227(9)

(ny) 0970 0.253(11)  0.260(19) 0.289(3
1274  0.063(4)  0.066(7)  0.069

(1
(nar)  0.970  0.253(11)  0.264(19)  0.259(3
1.274  0.165(10)  0.165(16)  0.172(2

5)
2)
1)
9)

1.8 w w
T/T.=0.738, V=V,

e
T/T=0.738, V=2V, o~
A
=

9}

9}

LS\ or = 1274, v=v,
(T/T,=1.274, V=2V,
12171 =1.673, V=V,

o

(9

9}

~ | T/T.=1.673, V=2V,
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Figure 4.15: Volume effects on the singlet static quark-antiquark potential in both confined and

deconfined phases.

do suggest that for such spatial correlations, a significantly larger volume may be needed for their

accurate evaluation.

4.3.2 The Influence of Dyon—antidyon Short-Range Correlation

A key ingredient in the confinement mechanism of dyon ensemble is the repulsive core potential
VE As defined in Eq. (4.17), there are two parameters which quantify such interaction: V. is the
strength and (j the size of the core. It is important to understand the influence of these parameters

on the various observables. In Fig. 4.16 we show the free energy density as a function of v for
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Figure 4.16: The free energy density versus holonomy for several different values of core potential
strength V.. Top: T'/T,. = 0.970 (S = 7). Bottom: T'/T, = 1.274 (S =9).

different values of V. at both low and high temperatures. A general observation is that a larger
core strength V. always favors more the confining holonomy v = v = 1/2. A smaller V., on the other
hand, weakens the correlation and makes confinement harder to occur. Indeed for the V. = 10 case,

even with the lowest temperature we explore, the system is still in the deconfined phase. These
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Figure 4.17: The free energy density versus holonomy for several different values of core potential
range (7. Top: T/T. = 0.970 (S = 7). Bottom: T//T, = 1.274 (S = 9).

results also imply that the critical action S, needed for the confinement transition will shift toward

larger values with increasing V..

In a similar fashion, a change in the core size parameter (7, will also result in considerable effect

on the behavior of the free energy density.
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To investigate the influence of this parameter, we have computed the v dependence of the free
energy density for ¢ = 1.5,1.75 and 2.5 (in comparison with the standard choice of G = ) with the
results shown in Fig. 4.17 for both low and high temperatures. (Due to the finite volume limitation,
it is technically difficult to explore even larger core size values.)

As can be seen, when the core size is decreased, the free energy density’s minimum shifts further
and further away from the confining holonomy value v = 7 = 1/2. If the core size is too small
then the system would be in deconfined phase even at the low temperature value computed here.
With a large core size, the system could maintain a holonomy value near the confining one even
at high temperature. The comparison clearly demonstrates the importance of the repulsive core.
It is a strong repulsive core that drives the system toward favoring the confining holonomy at low

temperature.

4.3.3 The Debye Screening Mass

Finally, we investigate another important parameter for the ensemble, namely, the Debye mass Mp
used to regularize the large distance behavior of the Coulomb terms and therefore to account for
the screening effect. This parameter plays an important role in controlling the contributions to
the free energy from the long range Coulomb interactions among the dyons/antidyons. To see its
effect, we compare the free energy density versus holonomy from dyon ensembles with three different
choices of the Mp in Fig. 4.18 at both low and high temperatures. The results show that a smaller
screening mass would disfavor the confining holonomy while a larger screening mass would help
strengthen the confinement. This could be understood as follows: with a large screening mass the
contribution to the free energy from many-body long-range Coulomb interactions get suppressed
and thus the contribution from the short range correlations via the repulsive core, which essentially

drives confinement, become relatively more important.

4.4 NEXT-TO-LEADING ORDER CORRECTIONS AND OTHER IMPROVEMENTS

After successfully reproducing some of the expected behavior of a confining SU(2) theory, we are
prompted to improve the instanton-dyon model in order to explore its viability to describe such

features in a more quantitative way, by comparing the consistency of its predictions with those
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Figure 4.18: The free energy density versus holonomy at for several different values of Debye
screening mass Mp. Top: T/T. = 0.970 (S = 7). Bottom: T'/T, = 1.274 (S =9).

from first-principle calculations such as lattice gauge theory.
The first refinement to the model consists of a better introduction of “two-loop” effects in the

quantum weight. Let us recall from Section 4.1.1 that the one-loop contribution of the KvBLL
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caloron is given by Eq. (4.8)

ZKyBLL = G_VPI(V)/T/dsTL dgT’MT6C

22

4 22
N (87T2> <APV€7E> I
— _ .
g AT
22

The factor (%) ?, appears from the renormalization of the coupling at one-loop precision,

namely

2 one-loo T A " -5 11
gi?T) OO, 81 (T) = by log <A> = <) =e M, b =N, (4.49)

8

where A = Apye 2 /4w, However, the factor ¢~° in Zkypr corresponds to the bare coupling and

it is renormalized for two-loop corrections. We previously handled this issue by taking

2\ 4 22
() (4)" e

and introducing the constant factor I' = 0.119 and with 8; equal to the instanton action parameter
S, acting as a control parameter for the temperature dependence. According to Diakonov et al
[105], a proper way to introduce the running of the coupling in the ¢g~® factor and hence determine

the two-loop quantum weight of the caloron, is achieved by the replacement

gn2 \*Ne _se2 o { < b1> by log B <1>]
) e @@ — Neexp |- B+ (2N, - - ) = +o0(=)], 451
<92(T)> 5[ p BII 2b2 2b2 B[ B[ ( )
where
by 2B/(T 34
51[(T):51(T)+ilog Béf ), b2:§N3. (4.52)

For the instanton-dyon ensemble, we include such two-loop contribution (for N, = 2) as

gr2 \*! s
<92(T)> e 70 = §eTH(S), (4.53)
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Figure 4.19: I'-factor of the two-loop improvement as a function of the action parameter S. The

plotted function contains the constant factor /C (27)% /4.

with

17 /35\ 170log S

and the action parameter S(T') = 5;(T) = 23—210g (%) Therefore, the mapping between S and

temperature is the same as before; however, I' is not constant anymore, it is temperature dependent
(see Fig. 4.19) and it portrays more accurately next-to-leading order effects. For simplicity, we

redefine I' by absorbing the constant /C (27‘()% /4 into it and rewrite the caloron partition function

as
ZKvBLL = B_VPI(V)/T/ (d®ry fr) (dPras far) TO det(G) (4.55)
with

fu =T(S)S2e™Sy5 L, f =T(8)S2% "o L. (4.56)
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Furthermore, for this set of calculations, the interaction term Vpp, in particular, the dyon-
antidyon interaction between L-L and M-M pairs, is simplified in such manner that all classical
interactions are of the Coulomb-type (see Eq. (4.18)) with a screening effect carried out by a Debye

mass parameter Mp. Therefore, Vp is reduced to

Z ie_MDrﬁ for ML, LM
1/7j

=S , _ _
Z e~ Mbri; if Cj > (S, for LL, MM
— T J
17]

Vbp = (4.57)
> v if ¢; < C¢, for LL, MM, LL, MM, LL, MM
i>j
JJ
0 for LM, LM.

with Vﬁ the already introduced repulsive core potential (see Eq. (4.17))

c _ viVe

oo B AL R

Notice then, that the full partition function of the ensemble will have the same form as in
Eq. (4.20), with the replacements of the dyon fugacities Eq. (4.56) and the V5 potential defined
above.

The instanton-dyon ensemble contains a set of parameters which are free to be tuned in the
simulations and, in principle, might produce different results. These are the screening mass Mp,
the strength parameter of the repulsive core potential V., and the range parameter that separates
the long and short-distance regions, namely, the core size (.. Our goal here is to characterize the

set of parameters which will give the most accurate description of the computed quantities.

4.4.1 Temperature Dependence of the Order Parameter

One of the main observables of interest is the order parameter of the deconfinement phase transition,

i.e., the thermal average of the holonomy (L), which as we know, it follows the power law (see
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Figure 4.20: Free energy density of the instanton-dyon ensemble for V., =5, Mp = 3.0 and (. =2

Eq. (4.29))

(Loo) = b(T/T. — 1)? [L + d(T/T. — 1)*],

with 8 = 0.3265(3) and A = 0.530(16) the critical exponents of the universality class.

As previously described in Section 4.2.1, for a fixed value of S, it is determined by the minimum

of the holonomy potential. An example of this potential is shown in Fig. 4.20 for the particular case

of V. =5, Mp = 3.0 and (. = 2; however, the observed behavior which characterizes the second

order phase transition, is observed in all the parameter combinations explored in this section.

Since the temperature dependence is extracted via the control parameter S, this entails to fix
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Figure 4.21: Linear approximation to the instanton action S(7") near T..

the scale A as

A 3
T exp (—2250> , (4.58)

rendering the specification of the critical action S, essential. As opposed to the previous set of
calculations, where the critical action was found up to a precision of 0.25; this time, the process of
determining S, consists of first narrowing the range of S from the confined (below) and deconfined

(above) phases, and then to extrapolate its value, following the ansatz
(Loo) o (S — S.)P. (4.59)

This assertion would only be true if close to T, the action parameter is proportional to T, i.e., if

the linear expansion around the point T' =T,

22 T 22 (T
S(T) = 3 log <T0A> 3 <Tc - 1> + const. (4.60)

proves to be a good approximation. That is the case for the temperature range explored in this
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Figure 4.22: Fit of the holonomy as a function of S to determine the critical action S..

work, and a clear example for A = 0.32 is depicted on Fig. 4.21. Therefore, it is safe to expect the
critical scaling of Eq. (4.59). On Fig. 4.22 we show an example of the fit used to determine the
critical action.

The instanton-dyon ensemble predictions for the temperature dependence of (L) will be com-
pared against two independent calculations on the lattice, which to our knowledge, are the most
recent and state of the art simulations. Throughout the plots, the data points extracted from
[117] are referred to as Latt.[DFP,2003] and those from [118] as Latt.[HP,2008]. It should be no-
ticed that only the data points from Latt.[DFP,2003] are shown with error bars, since those from
Latt.[HP,2008] were significantly small to be extracted from the available plot figure. Given the not
so small discrepancy between both lattice simulations, the grey shaded area on the plots shows the
desired region where we want our results to lay in. The borders of the mentioned area correspond
to their respective critical scaling fit, which is showed in each of their sources [117, 118].

The reference curve used for the quantitative comparison corresponds to the average fit between

the two lattice ones, which is denoted as “Latt. Avg. Fit”. To quantify the accuracy of our results,
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Table 4.2: Fit parameters corresponding to results shown in Fig. 4.23.

V. b d Se X3/dof. x2/dodf.
5 1.381(50) -0.312(92) 8.591(21)  0.196 17.713
10 1.325(47) -0.232(86) 9.210(36)  0.643 12.177
15 1.286(42) -0.160(85) 9.477(29)  0.636 8.780
20 1.115(38) 0.151(106) 9.479(32)  0.978 5.392
0.7
0.6
0.5}
- V=20 e~
.48 0.4 V=15 o
~ 03 V=10 e |
V=5 e
0.2 Latt. Avg. Fit - - |
0.1 Latt.[DFP,2003] ~—e— -
0 Latt.[HP,2008] <
1 1.03 106 1.09 1.12 1.15 1.18 1.21
/T,

Figure 4.23: The Polyakov loop at spatial infinity with {, = 2.1 and Mp = 3, for different core
strengths V.. Continuous lines correspond to fits from critical behavior.

we follow the standard procedure of minimizing the x? statistic, defined as

d.o.f. (<Loo>PE - <Loo>?t>2

Y= ) , (4.61)
0;

=1

fit the

where d.o.f. stands for degrees of freedom, (Lo)P" are the dyon ensemble data points, (Loo)
fit used for comparison, and o7 the variance of the <LOO>DE data points.

We will now show the effects of the three key parameters of the ensemble in the deconfinement
phase transition. Tables 4.2 to 4.4 contain the details of the fitting parameters, the corresponding

critical action S., as well as the x? associated to their fitted function x% and that to the lattice

average fit X%-
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Table 4.3: Fit parameters corresponding to results shown in Fig. 4.24.

Mp b d S, X3i/dof. x3/dod.

2.5 1.201(38) -0.271(70) 8.737(18)  0.283 0.429
3.0 1.381(50) -0.312(92) 8.419(25)  0.196  17.713
35  1.357(39) -0.334(65) 8.442(41)  0.795 9.178

0.7}
0.6}
05}
:8 041 Mp=35 o
~ 0.3 Mp=3.0 i |
Mp=2.5 e~
0.2 Latt. Avg. Fit - - |
0.1 Latt.[DFP,2003] —e— |
0 Latt.[HP,2008]

1 1.03 106 1.09 1.12 1.15 1.18 1.21
/T

c

Figure 4.24: The Polyakov loop at spatial infinity with (. = 2.1 and V. = 5, for different screening
masses Mp. Continuous lines correspond to fits from critical behavior.

We explore first the dependence on the core strength V. portrayed on Fig. 4.23. At fixed
screening mass and core size (Mp = 3 and (. = 2.1), the phase transition is enhanced as V.
decreases; however, it was found that around V. = 15 the enhancement effect is saturated. As
the core strength decreases, the dyon densities must increase to balance the necessary repulsion
to generate confinement and the critical action gets smaller. Therefore, we conclude that the core
potential should be strong enough to generate confinement and simultaneously weak to have the
faster growth in the order parameter observed in lattice simulations.

Next, fixing the core strength and size to V. = 5 and (. = 2.1, we dive into the effects produced
by the screening mass Mp. As seen in Fig. 4.24, a larger mass enhances the phase transition. Given
that Mp regulates the long range interactions of Coulomb terms such as in a Yukawa potential, a

small increase will make the exponential term sufficiently small, thus suppressing its contribution
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Table 4.4: Fit parameters corresponding to results shown in Fig. 4.25.

Ce b d Se Xfc/d.o.f. X2 /d.o.f.
1.7 1.048(53) 0.009(138) 8.200(7) 0.089 24.363
1.8 1.163(37) -0.140(86) 8.271(7) 0.098 18.924
2.0 1.277(33) -0.272(60) 8.419(25) 0.443 0.850
2.1 1.381(50) -0.312(92) 8.591(21)  0.196  17.713
2.2 1.465(32) -0.444(47) 8.681(35)  0.647  40.155
2.4 1.705(37) -0.659(49) 8.879(41) 0.584 192.594
0.7 & P -
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Figure 4.25: The Polyakov loop at spatial infinity with V., =5 and Mp = 3, for different core sizes
(.. Continuous lines correspond to fits from critical behavior.

faster. This suggests that there is a saturation point for large enough Mp, which we set up to be
approximately at Mp = 3.0. The curve obtained for Mp = 2.5, remarkably agrees with the lattice
average fit, having the lowest X% /d.o.f. of all the results presented. Regarding S, it was observed
that the more the phase transition is enhanced, the smaller the value, i.e. the critical action grows
as the screening mass decreases.

To finish cover the parameter space, we now look at (. with the screening mass and the core
strength being fixed at V., = 5 and Mp = 3. Asshown in Fig. 4.25, the dyon ensemble is significantly
more sensitive to this parameter than the previous ones. It is clearly seen that the phase transition

is enhanced with larger core sizes, even above the Latt.[DFP,2003] curve; which is no surprising
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Figure 4.26: The Polyakov at spatial infinity in a higher temperature regime.

given that larger core sizes result in configurations with more repulsive interactions, hence favoring
confinement and reducing dyon densities. On the other hand, with increasingly strong coupling, it
costs less action to create these objects; as a result, the ensemble would eventually become dense
enough so that the short-range repulsive force becomes important.

From the standard x2-test, it was found that the points (5, 2.5, 2.1) and (5, 3, 2) of the parameter
space (V., Mp, (.) had the best agreement with our target function, i.e. the lattice average fit, with
remarkable X% values of 0.429 and 0.850, respectively.

Using those two sets of optimal parameters, we explore the behavior at higher temperatures.
Depicted in Fig. 4.26, it is observed that as temperature grows larger than 7, the order parameter
appears to grow slower than what it is observed on the lattice. Nevertheless, one must have in
mind that this is a non-perturbative approach, namely, the validity of this ensemble relies on a
strong coupling; therefore, it does not take into account higher temperature phenomena such as
thermal gluons, whose contribution to the partition function becomes more relevant as temperature
increases. Moreover, as discussed in the following section, the dyon density is small at higher

temperatures and so the dyon’s contribution to the dynamics of the system.
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Figure 4.27: Temperature dependence of the total instanton-dyon density for different core sizes (.
and fixed Mp = 3.0, V. = 5. Latt.[AE,2008] points correspond to the thermal monopole density
on the lattice from [125].

4.4.2 Instanton-Dyon Density and Correlations

With the key parameters of the instanton-dyon ensemble being characterized above, we now ex-
amine its consistency with other relevant information. One such example is the density of chromo-

magnetically charged objects, which in this framework is defined as the total dyonic density

_ Ny + Np

= (4.62)

This quantity has been studied on the lattice for SU(2) Yang-Mills theory and in Fig. 4.27,
we compare such density from our instanton-dyon ensemble with that from a lattice calculation in
[125]. As one can see, in the same parameter range for (. where the confinement transition can
be quantitatively described, we also see excellent agreement for the magnetic density with lattice
results. It may be noted that recent phenomenological studies of jet energy loss observables and
heavy flavor transport at the RHIC and LHC, provide interesting evidence for the presence of
a chromo-magnetic component in the near-T, region [126-131]. The density of magnetic charges

extracted from those studies in the vicinity of T, [131] is about pT~3 ~ (N.—1)- (0.4 ~ 0.6), which
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is also in consistency with the instanton-dyon ensemble results.
Finally, we have also computed the spatial density-density correlations between dyons and

antidyons in the ensemble (see Fig. 4.28). These correlations feature a typical liquid-like behavior
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in the near-T, region, with a correlation length on the order of (0.5 ~ 1) - 1/T. Such observations,
again, appear to be viable with experimental observations of the quark-gluon plasma as a nearly
perfect liquid at the RHIC and LHC [132-135] and with phenomenological studies that suggest the
chromo-magnetic component to play a key role in such observed transport property [126, 136, 137].

In summary, in the framework of a statistical ensemble of correlated instanton-dyons, we have
presented an in-depth study of the thermodynamical properties of the deconfinement phase transi-
tion in SU(2) pure gauge theory. Such objects, with non-trivial topology, not only have proven to
be relevant in the qualitative description of confinement, but have successfully been able to produce
quantitatively accurate results which were found in outstanding agreement with data obtained from
first-principle lattice calculations. It is worth mentioning, that this work was based on an extensive
numerical analysis consisting of more than 3.5 million independent Monte Carlo simulations which
required over 7 million CPU hours; a task which clearly would not have been possible without the

use of a high-performance parallel computing system, such as Indiana University’s Big Red II.
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CHAPTER 5

FERMIONS IN THE INSTANTON-DYON ENSEMBLE

Incorporating fermions into a Yang-Mills theory constitutes the next logical step towards the study
of full Quantum Chromodynamics. In this chapter, we continue our focus on the SU(2) gauge
group and present an analysis on how fermions in the fundamental representation are introduced
in the instanton-dyon ensemble. In the first section, we will present an analytic formula for the
matrix elements T7; used for the calculation of the fermion determinant. The following sections
contain the details of the numerical simulations and a discussion of the results obtained for the
particular case of Ny = 1, regarding the fermion effects in the deconfinement phase transition and

their role in the chiral symmetry restoration.

5.1 THE FERMION DETERMINANT

Let us recall that the general Euclidean action of a QCD-like theory is given

S = Symi + Sp = /d% ﬁFﬁnyjl, + Zw b (=i — i) b | (5.1)

where Sy is the Yang-Mills action which describes the dynamics of only color degrees of freedom

and S is the corresponding action of the dynamical fermion fields 1 of Ny flavors. Naturally, in

the particular case where the gauge group is SU(3), S becomes the Euclidean QCD action.
Integrating out the fermion fields in the general partition function yields

Z = / DA, DyDyie=Sm=5F

= / DA, [det (ilp + imy,)] ™ exp [— / d4x412F/‘ijﬁy] , (5.2)
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where we have ignored all terms associated to gauge fixing and Faddeev-Popov ghosts. The
fermionic determinant can be quite difficult to compute due its non-trivial dependence on the
gauge field A,. Nevertheless, similarly to the Instanton Liquid Model [21] (ILM), where the back-
ground field in the Dirac operator i) = Yu(Op — ©A,) is assumed to be a superposition of self and

anti-self-dual pseudoparticles, the determinant is approximated to
det (i) + imyy) ~ det T, (5.3)

by truncating the functional fermionic space to that spanned only by the zero modes. When
antiperiodic boundary conditions are imposed on the fermion fields, only the L and L dyons have
zero modes with right and left chiralities, respectively'. Hence, in the instanton-dyon ensemble,

the background field in the Dirac operator is written as

Np N
Au() = Al(x —2)+ ) Al(z — x3), (5.4)
i=1 j=1

with #; and #; denoting the locations of the i*" and j™ dyons.

In this context, T is thus an (Ny, 4+ N;) x (N + N7 ) matrix defined as [54]

Kn ... Kiv Ty ... Ty

. Ky Knn  Twi T

- NT NN (5.5)
Th Tin  Kig Kiy
TNI “ e TNN KNT PR KNN

where T} ; is often called in the literature “hopping matriz element” or “overlap matriz element”.

! Appendix C contains a detail derivation of the fermion zero modes in the background of instanton-dyons fields.
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For 17 the zero mode corresponding to the I*" dyon, the overlap integral is?

T;5= /d4x ¢}($ — )il j(x —x5) ~ /d4CL‘ Q,Z)}(x —z)idj(x — x5), (5.6)

and, under the assumption of equal mass for all quark flavors,

KU:im/d‘ixw}(:r—xj)wj(m—xj)%iméu. (5.7)

For the sake of simplicity, the T matrix is then often written in the more compact and familiar
form
po [ T (5.8)
Ty im
The T} 7 matrix elements are non-vanishing only between fermions of opposite chirality, which

in the chiral representation will take the form
T 5= —/d4$ XEUI(%XL and Ty = /d4x XEU;aMXR' (5.9)

As discussed in Appendix C, while examining the asymptotic behavior of the zero modes, it
was found that its chirality is such that for antiperiodic boundary conditions, there is only one

right-handed zero mode on the self-dual dyon L

7—€—i7I'T.Z’4TLiTi6 (510)

2Let us take the simple example of a dyon-antidyon pair. The total gauge field, according to Eq. (5.4), is
A, = Aﬁ + Aﬁ, then the overlap integral will take the form

Ty; = /d‘*w} (i+ A"+ A7)y = /d‘*a:w}Aij - —/d“a: (i) ws = /d“ww}i@lﬁm

where we have used the equations of motion of the zero modes (zé? + Ai) F= 1/1} (z@ + AI) = 0. When extending

the calculation to arbitrary number of dyons, the cross terms of the form zp}AKwJ with [ # J # K, are too small
and can be conveniently neglected [138]. The covariant derivative in 777 can thus be approximated to an ordinary
partial derivative.
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and a left-handed one on the anti-self-dual L

(@) _ _ vtanh (%)

XL — ei7rT1‘4'r‘L7;Ti€’ (511)

8mr sinh (0r)

where € = i7? satisfies ede = &7 and 5l e = 7.

Moreover, one should notice that these solutions were obtained in the hedgehog gauge which
happens to be inconvenient for superimposing the dyon fields as in Eq. (5.4); therefore, we must
change the gauge to the so called stringy gauge, where all dyons have the same asymptotics in the
A4 component. This is achieved by using the gauge transformations St defined in Section 3.4,

rewritten here for convenience

(4 in 8e—i¢
COS 5 sin 5€

Sy =e"2"¢

—gin Zei¢ 0
sin ge CoS 3

ineie  — 0
sin 5e COS 35

T = : (5.12)

(4 in 2e—i¢
coss  singe

and the transform the zero modes of the L-dyon with S_ and S, for the antidyon L. Since they
satisfy the relations S (naT“)SjE = 473, the holonomy in this gauge is thus oriented in the third
direction of color space.

Hence, the matrix elements that need to be computed are

Trj=-— / dax (7= 7) ST (01, ¢1)0, 0, (S (0. 6 )X (F = 7))

Ty = /d490 X4 (7= 77) ST(07,6.7)0,, 8, [S—(01, p1)XR(F — 71)]. (5.13)

To simplify the calculations, we are free to choose the frame of reference where one of the dyons
sits at the origin (see Fig. 5.1). Keeping in mind that (r, 6, ¢) are the integration variables, we then
have r; = r, § = 0; and ¢; = ¢ and the unit vector 7 = (sin 6 cos ¢, sin  cos ¢, cosd). In order
to properly handle the color and spinor indices, one must be careful when dealing with the spin

matrices o, and recall that they satisfy the identities efe = 7 and e5le = &. With this in mind
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X

Figure 5.1: Coordinate system for the calculation of T;;, where 7 is the observation point, 67 and
¢ 7 are the polar and azimuthal angle between the J antidyon center and the observation point.

and defining v = 7nT'x4, we obtain

0,20, [S— (8, 6)xr(P)] = (07,)*°0, [séB (EBB cos Y — inm (7™€)B sin ’y) g}
=0, { [(S’,eag)Aa cosy — inm(S,Tmeag)Aa sin 7] 5}
= i0y [(S,E)Aa cosy — i [S_ (7 - &)e] A sin fy] £

+0,€ { [S_e(h- E)T] Aa cosy — i [S_(f- &)e(n - E)T] Ao siny} , (5.14)

") [8r sinh (or)] V2. After some careful

where we have used ¢'0; = (7 - 3)9, and £(r) = v tanh (%

algebra, its explicit form is found to be

cos ge”T“ sin gei(”T””ﬁ‘i’)
0, 0u [S—(0, 9)xr(M)] = (0,€ — 7€) : (5.15)
sin ge—i(meH-d)) — cos %e—iTI'TLB4
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Figure 5.2: The T} 7 matrix elements as a function of the dyon’s position.

Let t 5; be the integrand in 7’77, then

tr = Tr {xd, (7= 77) 84005, 0.0, 0, 15-(0,6)xr(7)] |
_ 207
T

[&«5(1”) _ WT&(,«)] £ (|7=‘— Fj|) {<e2i¢j — 1> Ccos g sin %

v B7 .0
—2ie'?7 cos ?‘] sin 3 sin ¢:|

= 4i[0,&(r) — mTE(r)] € (|7 —75]) [cos g sin%]sind{j - cos%’ singsinqﬁ . (5.16)

Interestingly, not only has the temporal dependence disappeared, but we have found that ¢z,
is purely imaginary.

The integration over t¢j; is quite intricate and requires numerical approximations. For the

94



general case, since 57 and ¢ ;7 depend non-trivially on the integration variables 6 and ¢, the best
way to do the numerical integration seems to be in Cartesian coordinates. However, as usual, one
needs to be careful with the definition of the azimuthal angle ¢ = tan=!(y/z), since it is clearly
undefined at x = y = 0. In Fig. 5.2 we show the numerical results as a function the dyon’s position

for different values of holonomy.

5.2 CONSTRUCTION OF THE INSTANTON-DYON ENSEMBLE

Similarly to what was done in Chapter 4, the general partition function Eq. (5.2) for SU(2), is

approximated by that of an ensemble of instanton-dyons which takes the form

Ny

_IP(v 1
Z = POIERONIT S 7 NLINyININ /HfLT3 d®ry, H T3 d3ryy,
Ny, N,
LtVmr
NL N]\/[ ;
x [ f27? &ri, ] furT® &y, det(Gp) det(Gp) (detT) " e=Vop, (5.17)
=1 m=1

The first thing to notice is that the exponential factor outside the integrals, now contains two
functions: the already considered perturbative potential from the Yang-Mills contribution [77, 106]

7T2
—T%*(1 = )| mod 1 (5.18)

P) ==

and the new fermionic perturbative potential [139-141]

2

Pe(v) = —Nf%T4 [(1 —2)7 - 1} o (5.19)

The total perturbative contribution, as shown in Fig. 5.3, is no longer symmetric under the
substitution ¥ — 1 — v, an indication that the center symmetry is now broken.

The most important element for the fermion dynamics is of course det 'i‘, which as we just saw,
is the approximation to the full fermionic determinant coming from the functional integration of
the spinor fields. The T-matrix of dimension (N7, + Nz ) x (N, + N ) is antisymmetric® and depends

on the L and L dyons positions.

3We only explore the case of massless fermions.
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Figure 5.3: Perturbative contributions from the pure Yang-Mills fields P(v) and from fundamental

quarks Pp(v). For the latter, Ny =1 has been used.

The rest of the components in the ensemble remain the same as for the pure Yang-Mills case,

namely, det(Gp) and det(G ) are the many-dyon measure approximation referred to as Diakonov’s

determinant. The V5 term regulates the classical interactions between instanton-dyons: at long

distances, via a Coulomb-like potential with screening effects implemented through a Debye mass

Mp (see Eq. (4.57))

S :

Vij = +———e Mp7ij

J )
wl'r;

and a short-range core-like interaction defined as

yo— il

3T 4 elGi—¢e)’ Ji

5.3 NUMERICAL SIMULATIONS

Cj = 27r1/jT7" i

(5.20)

The ensemble is once again simulated using a 3-D box with periodic boundary conditions. The

definition of parameters and observables is simplified by eliminating the explicit dependence on
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temperature via the rescaling »T — r, VI® — V, Mp/T — Mp, and F/T — F. However, there
is an implicit temperature dependence controlled by the instanton action parameter S, which at

one-loop level, is now Ny-dependent, and given by

S(T) = (232 - 2]3Vf> log <D . (5.21)

Therefore, analogously to the pure gauge simulations, variations in S are essentially variations
in temperature.

The free energy density F/V = —log(Z)/V, a pivotal quantity in the ensemble, is first computed
at fixed number dyons Np, holonomy v, and integration parameter £, by means of a Monte Carlo
simulation. The configurations are generated with the random variation of the spatial position
of a single (anti)dyon of each kind, followed by the implementation of the acceptance criterion of
the Metropolis-Hastings algorithm [109, 110], and then proceed to update the next set of dyon
positions. Once all dyons have been swept by the algorithm, which is regarded as a single Monte
Carlo configuration, the value of the free energy F(Np,v,&) is saved to be averaged afterwards.
Fach Monte Carlo simulation consisted of 15000 sweeps with 5000 thermalization steps and 5 of
autcorrelation, leading to a total 2000 generated configurations used for averaging.

In principle, since the T} ;7 matrix elements depend explicitly on dyon positions, they should
be calculated at each one of the Monte Carlo sweeps, thus prolonging substantially the required
computing time. Instead, we followed the more economical approach of computing each 7T} 7 in-
dependently by discretizing the 3-D volume into cells, place an L-L dyon pair in distinct cells,
and using a standard low-dimensional numerical integration method, calculate the matrix element.
Spanning the discretized volume will generate an array containing the dyon-antidyon positions (or
cell location) and its associated 17 7. Therefore, during the Monte Carlo simulation, the matrix ele-
ments are simply read out from the array by identifying the dyon-anitdyon pair in their respective
cells.

After the Monte Carlo average has been obtained, using the standard technique of thermody-
namical integration (described in Section 4.1.3), the & parameter is integrated out and the free
energy is averaged over the dyon numbers Ny and Nyy.

The characteristic parameters of the ensemble used in the simulations correspond to those

97



/T

C

0.84 0.9 0.97 1.05 1.13 1.22

0.8 ‘ —
| e -4
0.7} o--0 T
, & o0& 8 |
0.6+ o G_D_,@' |
0.5} 2 % :
0.4} pr 2 :
03Lo--o-o--¢) 7 aras — |
| (L) [Nf: 1] o
027 (L) [YM] o |
0.1} .-' :

7.5 8 8.5 9 9.5 10
S

Figure 5.4: The holonomy L, from the instanton-dyon ensemble with Ny = 1 quarks. The pure
Yang-Mills points and its critical scaling fit are added for comparison.

optimized for the Yang-Mills case, namely Mp = 3.0, V., = 5.0, and (., = 2.0; this will allow a direct
comparison of the physical results and identify the influence of dynamical fermions in the system.
We will limit this study to a single quark flavor, i.e. Ny = 1, and zero quark mass. In contrast with
the pure gauge simulations, a larger density of L-dyons was needed, resulting in a reduced volume

of V' = 30.36 and optimal range of dyon numbers Ny, € [2,26] and Ny € [0,22], in increments of 2.

5.3.1 Holonomy and Dyon Densities

In pure gauge theories, the confined and deconfined phases are characterized by the spontaneous
breaking of center symmetry, with the Polyakov loop at spatial infinity, or holonomy, acting as
the order parameter of the phase transition. However, adding dynamical quarks to such theories
causes the symmetry to be explicitly broken and the phase transition becomes a rapid crossover, a
phenomenon that has been observed in lattice simulations, e.g. [142].

The ensemble average of the holonomy, defined as (Loo) = cos(mvmin) With vy the holonomy
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Figure 5.5: Dimensionless spatial densities of the L and M instanton-dyons. Subplot contains the
Yang-Mills results from Section 4.4.1, for comparison.

parameter which minimizes the free energy density, is depicted in Fig. 5.4 as a function of the action
parameter S.

As expected, Lo, no longer behaves as an order parameter; the non-analytic phase transition
observed in pure Yang-Mills (blue circles), is now a smooth crossover with a non-vanishing holonomy
in the confining region of pure gauge theory. The latter is physically consistent, since a static test
quark can now bind to a dynamical quark to form a meson-like system; therefore, its free energy
is finite and the holonomy non-zero. Such behavior makes the definition of the critical action S,
somewhat vague; nevertheless, for the sake of completeness, we define the temperature dependence

of our results by extracting a crossover action with a non-physical fit of the holonomy of the form

Gt a1 8% +b15% 4+ ¢S+ d;
1983 4+ baS? 4 28 + dy’

(5.22)

and simply computing its inflection point, leading to S, = 8.689. The solid orange line in Fig. 5.4
is included to show such point as the local maximum of the curve. The mapping to 7'/T, is then

done via Eq. (5.21).
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Figure 5.6: Total density of instanton-dyons for the Ny = 1 case and pure Yang-Mills theory.

The dyon densities, portrayed in Fig. 5.5, show an interesting difference with the Yang-Mills
results. In the latter case, the dyon densities were equal in the confinement region since the
holonomy, at its confining value v = 1/2, sets equal dyon sizes such that the core potential is
equally likely to be triggered by any type of dyon. When fermions are added to the ensemble, the
holonomy never vanishes and the dyon cores are always different between dyon kinds. Moreover,
dynamical quarks contribute to the action via the fermion determinant defined in the zero-mode
basis of only L-dyons (for antiperiodic fermion fields), this asymmetry seems to trigger the increase
in L-dyon density in order to compensate the determinant contribution. It is quite surprising,
however, how the total density pT—2 = (np) + (ny) seems to be quite similar between the two
cases, in other words, the density of chromo-magnetically charged objects is found to be the same

between Yang-Mills and 2-Color-QCD with a single quark flavor.
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5.3.2 The Chiral Phase Transition

The state of chiral symmetry is determined by the quark condensate* (gq), which is conveniently
related to the spectral density of the eigenvalues of the Dirac operator by the Banks-Casher relation

[74] (see Section 2.3)

(qg) = —mpx(0), (5.23)

where py(A) = (3_,, 6(A = Ap)) is the spectral density and should not be confused with the total
dyon density discussed above. In the instanton-dyon ensemble, this quantity is computed at fixed
dyon density and holonomy, using the optimal values which minimize the free energy density at a
given action parameter S. The important features of chiral symmetry are observed in the region
of near-zero eigenvalues; therefore, the simulations were set up to run 1005000 total Monte Carlo
sweeps with 5000 of thermalization. Autocorrelation effects were avoided by saving configurations
every 100 steps. The goal was to obtain a total of 5000 eigenvalues in the range 0 < A < 1.

Our results are presented in Fig. 5.7 for different temperatures, namely, different action pa-
rameters. We only show the positive eigenvalues since py(A) = pr(—A). The normalization was
chosen such that fol dA pa(A) = 1. The first thing to notice is that the behavior of the eigenvalue
distribution is relatively similar among the range 7.5 < § < 8.5: the spectral density appears to
have a near-linear rise as the eigenvalues become smaller, then at A = 0.2, a rapid fall-off yields to
a vanishing py at A = 0. Such steep drop is attributable to finite volume effects since the lowest
eigenvalues are bounded from below by A oc 1/V [40, 42].

The famous result by Smilga and Stern [143], which gives the approximate slope of the spectral

density near zero eigenvalues, namely

_ N2 —4 _ 2
) = =2 S (2 W+ 0w (5.24)

is derived under the assumption that Ny > 2; however, an analytic continuation of the above

formula [144] will result in a negative slope just as the one observed in our results for 0.2 < A < 1,

4We use here the standard notation found in the literature, defining the Euclidean quark condensate as (qq) =

().
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Figure 5.7: Normalized distribution of the positive eigenvalues of the Dirac operator, py, in the
near-zero region.

a feature that was also verified in instanton liquid model simulations [145, 146].

For S > 8.75, the shape of the spectral density is observed to start changing until, above
S = 9.25, the almost vanishing of p) as A — 0 is no longer a finite size effect, but likely a signal
that chiral symmetry is being restored. In Fig. 5.8, we plot the full range of eigenvalues generated
with the purpose of showing, in a qualitative way and without clear volume effects, the overall

change in the spectral density pointing towards a possible restoration of the chiral symmetry.
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Figure 5.8: Full range of the eigenvalue distribution of the Dirac operator.

54 SUMMARY AND DISCUSSION

In this chapter we have presented a qualitative analysis of the instanton-dyon ensemble with Ny =
1 quarks. As observed by the calculated holonomy, there is no longer a deconfinement phase
transition; rather a smooth crossover. It is quite interesting that, at the available precision, the
dyon density plot showed a similar inflection point around the crossover action S, = 8.689 extracted
from the holonomy. Moreover, the qualitative behavior of the spectral density also has a clear
change at S = 8.75 where py — 0 as A — 0. All this suggests that deconfinement and chiral
restoration crossovers, happen around the same temperature. The crossover behavior has also been
encountered in analytical approximations of instanton models such as in [147].

Finally, one should notice that for Ny = 1 there is no spontaneous symmetry breaking, the
only chiral symmetry left is the axial Uy (1) which is always broken by the anomaly and there are
no Nambu-Goldstone bosons in the theory. In spite of not seeing a clear vanishing of the quark
condensate, i.e., there is no gap in the eigenvalue spectrum near A = 0, our results may point to
a slow restoration of the axial symmetry at high enough temperature, a phenomenon which has

recently spiked some interest in lattice studies of QCD with Ny > 2 [148, 149].
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CHAPTER 6

CONCLUSIONS

The understanding of the confining mechanism in non-Abelian gauge theories has been a difficult
challenge through out history due to its non-perturbative nature. For a while, it has been suggested
that topological non-trivial gauge configurations are responsible for such phenomenon but none of
the available configurations at the time had the required mathematical properties to back that
statement. The discovery of the KvBLL caloron solution with non-trivial holonomy, whose unique
feature of having instanton-dyons as constituent fields, have provided a concrete and promising path
of study. In what constitutes the first part of this work, we have constructed a statistical ensemble of
the aforementioned instanton-dyons and performed a series of sophisticated numerical simulations
to study a wide range of properties of SU(2) Yang-Mills theory at finite temperature. The overall
conclusion is that various characteristic features of the confinement dynamics can be reproduced
with such an ensemble, namely, the temperature evolution of the holonomy potential, the critical
behavior of the order parameter (expectation value of the Polyakov loop) characterizing the second
order nature of the deconfinement phase transition, the linear rising quark-antiquark potential at
large separations, and the area law of spatial Wilson Loops. Finite volume effects and the influence
of the free parameters of the ensemble where thoroughly investigated with the Debye screening
mass and the short-range interaction playing a crucial role for the accurate description of physical
observables. The optimization of such parameters have allowed the model to quantitatively describe,
for the first time, lattice data with satisfactory accuracy, such as the temperature dependance of
the order parameter and the total chromo-magnetic charge density.

In the second part, the ensemble was modified to include one-flavor quarks. The fermionic
interaction was introduced via the matrix elements 77y, which were fully computed without ap-

proximations. The conclusion here is that the deconfinement second order phase transition becomes
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a smooth crossover in the presence of quarks, having a non-vanishing holonomy even at the lowest
temperatures explored. We also computed the spectral density of the Dirac operator, since it is
intimately related to the order parameter of the chiral phase transition. In a qualitative fashion,
we were able to appreciate a chiral crossover, which is in agreement with instanton model results,
happening around the same temperature as the deconfinement one.

The success in reproducing the confinement features of pure gauge SU(2), naturally suggests to
extend this work to SU(3) and verify the validity of the ensemble by comparing them once again
with the available lattice data. The fermion study, must be explored in depth, by first investigating
the flavor number dependence, which arguably defines the critical properties of the chiral phase
transition, and then move on to higher rank gauge groups. An interesting property that this
framework might allow to examine is the phenomena related to magnetic catalysis, namely, how
the chiral phase transition changes in the presence of strong magnetic fields. This is just an example
of how this approach may be extended to study further phenomenological properties of QCD and

perhaps provide more satisfying answers to the remaining unsolved questions.
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APPENDIX A

TOPOLOGICAL CHARGE

In this appendix, we will show that the topological charge Q7 of a Yang-Mills field A, (x) is defined

as

QT

= 162 /d4a: Tr FF. (A.1)

We begin by examining the integrand and rewriting it using the fact that the dual strength

tensor satisfies the equation of motion DMFW = 8MFW —i[Ay, FW] = 0, therefore

(OuAv) Fp — aV(AuFW>} . (A.2)

Making use of the antisymmetry of €,,,3 and the cyclic property of the trace, it is straight

forward to obtain the following identities

F,uz/ = 5uuaﬁFa6 = 5uuaﬁ(aaAB - iAaAﬁ)? (A3)

N |

and

Tt (s (A AaAs)} = Tr {2 [(0uA) Aads + (0uAa) AgAy + (A5 Ay Ao}

= 3Tr {ewap(OuAL)AaAs} . (A.4)
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which allow to write the integrand as a total derivative of the form

Tr Fly By = Tr {euvas [(0440) (0ads — iAaAg) — 0,(Au00As —iA, Ay Ag)]}
= Tr {e 05 [04(Av0aAg) — i(0uAL) Aads + 0,(AyDads — 1A, AgAg)]}

=Ty {gwﬂ |:8M(AV8QA5) - %au(AyAaAﬁ) + 0, (A0 Ay — iAVAaAB)} }

2
= 9,Tr {25#,@5 <A,,aaA[3 - 3iAl,AaA5> } : (A.5)

The definition of @ is thus rewritten as

1 -
Qr =15 / 'z Tr F, Fy = / d*z 0, K,,, (A.6)
where
1 2.
KN = @EMVQIQTI' AyaaA/j - gZAl/AOéA,B (A?)

is called the Chern-Simmons current!. According to Gauss’ Theorem, the volume integral over the
4-dimensional Euclidean space is equal to the surface integral of the K, current over the boundary
surface S%, that is
Qr = jédsu K,. (A.8)
Sk
As it is mentioned on Section 3.1, the boundary condition on the gauge field A,, demands it

to behave as a pure gauge configuratioin along the surface Si’;, leading to a vanishing F},,, thereby,

1 Just for the sake of completeness, we notice that using Trt*t® = 5‘“’/2 and Trt%tbt® = izsabc/éic7 K, can be easily
expressed in terms of color components as

1

K, =
B 16w

Euvap (AZ(%AZ + %c‘:abcAZAl‘;A%) .
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from Eq. (A.3) we have that €,,,300 A48 = i€asAaAs and so

i

@r = 2472

f dsu 5uuo¢6Tr {AVAQAQ}

Sk

_ flﬂ-2 deM 5ul,a/3Tr{<UauUT) (U@aUT) (Ua,BUT)}

Sk

— 51 P Az {UT @) UT 0.0 UT @50} (A.9)

Sk

The topological charge @t thus only depends on the gauge group element U evaluated on S%.
This suggests that the integration above can be carried out over group space, so we must find the
measure of the group; formally speaking, the measure for the manifold of the group, known as Haar
Measure (see [80, 150]).

In general, the measure is denoted by du(U). Since U can be expressed in terms of a set of
parameters {&;}, then du(U) will be an integration over the &;’s multiplied by a weighting function
p(&) which leaves the measure invariant under the group algebra, in the sense that for V' also an

element of the group, then for U’ = VU

Qu(U) = p(€1, - Em) A€ A = dp(U”) = plE), .., ) dE) ... dEe (A.10)

In the specific case of SU(2); let us notice that another way of parametrizing SSUQ) is by using
a set of three Euler angles, which by obvious reasons will be denoted as (£1,&2,&3). And propose

as weighting function for the Haar measure

oUu_.oU __.oU
p(€1. 62, 65) = i Tr {UT%UT%UT%} | (A11)

which we can see it satisfies Eq. (A.10) by taking once again V' as a fixed group element, such that

1ol o ¢ u = VTU/’
U(§17£2a£3) - U (£1a£27£3) = VU(€17£27£3) g (A12)
Ut =u'tv.
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Substituting these into Eq. (A.11) yields

ou’ ae! ou’ o¢! o’ o’
— . 1t T2 YSUrm 1 mrr/t } n
D61, 60, E5) eUkTr{U vV Syt S Sty S o
06] 08, 06, { L OU' DU ,TaU'}
. ot &gt 8y . A3
ik D, O, Oy ) (A.13)

However, since the Jacobian determinant of the transformation {’ — E is given by

o¢| _ 1 0g] 08, 0¢; og| _ 980, 0
= ) mn = mn =& eyl A.l4
det 65k G, D, gy Ctmn et T o¢; o€ 9 (A-14)
And since
35
d&; dé d&z = det Py dgj dg; dés, (A.15)
the weighting function takes the form
ou'__.ou’__.oU’ 85’
p(&1,€2,€3) = €mnTr {U,T a€] u" o€l vt o¢, } det
8_7
(€1 65, €4) det | 2] (A.16)
29
Therefore,
p(&1,62,63) &y d&a d&s = p(€], &5, &3) d€y dEy dEs. (A.17)

Once the group measure has been defined, we want to express ()T as an integral over group
space. This is achieved by transferring the spatial dependence of U(z) to the set of parameters &;,
such that U(z) = U(&1(2), &2(x),&3(x)). Eq. (A.9) thus takes the form

1 oUu _.oU _ .oU\ 0¢ 0& O
Op = ——— 7{ 8y, papTr {UT Ut —ut— } i 965 0% (A.18)

2472 o0& 08 ) Oz Oz G:EB
S%

The integral is easier to calculate by taking the Gaussian surface S% as an infinite hypercube,
since it is written in Cartesian coordinates x,,. The integral will split into 8, corresponding to the

integration on the surface of each one of the 8 sides of the hypercube. Let us take, the side located
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at x4 = co. Its contribution to Q7 is given by

1 OU LOU LU\ 9& 9 04,
_ 10U 110U 140U i O
Y /dxl dxo dxs 5lmnTr{U 3£2'U ang agk} I
1 oU LU . OU
_ ; 10U 140U 140U
242 /dg1 dcz d&s %kTr{U 3£¢U 3€jU 3§k}
1
— 51 [ 46 de dap(6r. €a.60)
1
= —W/dM(U)a (A.19)

where Eq. (A.14) and Eq. (A.15) have been used.
Since the contributions from all sides of the hypercube are equal, we conclude that the topo-

logical charge is

Qr / au(U), (A.20)

i.e. is the integral of the group measure over the group space. This means, as pointed out by
Rajaraman in [80], that Qr is proportional to the volume of group space spanned by U as it
varies on S%. Homotopy theory tells us that when we integrate over S% once, the group manifold
SgU(Q) may be spanned some integer number of times and that number is Q7. The proportionality
constant, is chosen such that Q1 € Z.

It is important to mention that since the quantity Tr FWFW is gauge invariant, therefore Qr

must be as well.
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APPENDIX B

PROPERTIES OF °'T HOOFT SYMBOLS.

€ pv=1,23,
_63 m= 47
M = (B.1)
o v =4,
0 p=v=4
My = 46 (B.2)
UZVUZa = 30va (B3)
MMy = 12 (B.4)
nzungﬁ = 5ua5Vﬁ - 5uﬁ5uo¢ + Euvap (B5)
UZVn;bwc = 5ab51/a + 5abc77§a (B.6)
Evariy = 08uMa — 0puua + SapTljw (B.7)
N Np = Opallis — Ouptlie — Ovatlis + Oupmfia (B.8)
a zb _ a b B.9
T = Muplpa (B.9)
Moo T = 0 (B.10)

The dual tensor 77, satisfies the same relations with the only exception that the substitution

Euvpo — —Euwvpo has to be made when applicable.
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APPENDIX C

FERMION ZERO MODES

The fermion zero modes are defined as the solutions to the differential equation

iy =0, (C.1)

with i) =, (8, —i4,,) the Dirac operator defined in the background of the gauge field A,,.
Our goal here is to derive the zero modes in the background of the instanton-dyon fields, which

in the hedgehog gauge are given by (see Sections 3.4 and 3.5)

A%’M — H(T)na%, H(r)=+ <i — vcoth(vr))
A = Alr)eaijny 2 Alr) ~ 7 sinh(vr) (C2)

where n, = x,/r and the (lower)upper sign corresponds to the (anti)self-dual solution. We take

the Euclidean Dirac matrices in the chiral representation as
Yo = ) with Jff = (7, F1), (C.3)

such that, in the chiral basis, we may write the time dependent spinor field in terms of its left
and right-handed components as (7, x4) = (XL,XR)T exp(—iwx4). The antiperiodic boundary
condition for physical fermions, constraints the Matsubara frequencies to w = (2N +1)7T, for N €

IN. Consequently, Eq. (C.1) splits into two independent set of equations, namely Weyl equations,
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corresponding to the right and left-handed components

i0,Dyxr =0 = [(04—1iA4) 1 —io; (8; —iA;)] xr =0
(C.4)
ia,j_DuXL =0 = [(84 — ’LA4) 1+ 0 (81 — ZAZ)] XL = 0.

In a basis rooted in the algebra of angular momentum addition', both the left and right-handed

solutions are commonly assumed to follow the radial ansatz

Xﬁ = [(g(r)]l +n(r) nﬂi) e] oA e wre, (C.5)

where x2 is clearly a 2 x 2 matrix with color (4 = 1,2) and spinor (o = 1,2) indices entangled;

and where € = i72 satisfies the relations
_ I
ede=7", edle=47. (C.6)

Writing explicitly the background dyonic fields from Eq. (C.2), the Weyl equations take the
form

. & « H a S\« ‘A a ]
(10 D) gy (xym) ) = {5 P05 01 — iy (nar®)*?) £ (0" [5ABaZ- — i (Eaijng )" }

X [eBﬁf + (Tme)Bﬁnmn}

= |:_ZW77ni —1 <2 + A) ni€ + 5 Cikm kT 1) F 10i€ F €ilemOk(nmn)

x (o'e)h + [—iw{ —1 <ZI F A) nF iai(nin):| el

=0, (C.7)

where upper and lower signs correspond to the left and right-handed components, respectively.

Since 1 and £ are only functions of r, it is easy to see that the right-handed fermions satisfy the

!See [81, 96] for a thorough discussion on this topic.
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equations
H 2
wé + <+A>n&«n:0,
2 r
H
wn+<2—A>§—8r§:O (C.8)
while the left-handed

H 2
w£+<2—A+r>n+8m=0,

wi + (IZ + A) £+ 0,6 =0, (C.9)

C.1 RIGHT-HANDED SOLUTION
To simplify our notation, let us define 9,1 = 1’ and 9,£ = £ and notice that Eq. (C.8) can be

expressed in matrix form as

= . (C.10)
'3 w ZT-A)\¢

Following [151], we see that the coefficient matrix M (r), can be split into a diagonal matrix

My (r) plus a non-diagonal M (r), i.e. M(r) = My(r) + My(r), where

i-1 o A-Lw
My(r) = , Mi(r) = . (C.11)

o
vz
|
= =
S
= =
|
=~

: (C.12)

where u; and wugy are the solutions to the system @' = M (r)d, which will turn out to be easier to

solve. Before that, let us examine the exponential factor. When the background field is a self-dual
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M-type dyon, H(r) = 1/r — v coth(vr) and

exp [/0 ar’ Mg(r’)} ~ exp {;/ﬁ ar’ (7}, +vcoth(vr’))] _ mih(m) (C.13)

On the other hand, for an anti-self-dual field, namely an M antidyon, H(r) = v coth(vr) — 1/r

exp | [ dr ao(r)| = exp | [ ar' (weoth(ory — 2| = (/SR g
[/ ] [2/0 ( T)] r

0

and

Once the exponential factors have been determined, let us look at the functions u; and wo,

which satisfy the equations

, 1 v
up=(A——|u +wup =—— u1 + wug
T sinh vr
, 1 v
Uy =wuy + | — — A ) ug = wuy + — U, (C.15)
T sinh vr

where we have used Eq. (C.2). To solve the coupled system of equations, we can decouple one

equation by obtaining a second order differential equation of us, for example.

o= cosh(7) o+ 1 i+ o
sinh?(7) ~  sinh(F) 2 %
1 — cosh(7) 9
_ + &%us, C.16
sinh?(7) 2 e ( )

with 7 = rv and @ = w/v defined for simplicity. After some basic manipulation, the equation is
reduced to

- - U = —w U2, (C]‘?)

and can be identified as the 1D Schrodinger equation of a particle in the modified Poéschl-Teller

potential

L <k2+/\()\+1) )> v =0, (C.18)

da? a2 cosh? (%

whose two (odd and even) independent solutions [152-154], expressed in terms of the hypergeomet-
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ric function F'(a,b;c; z), are given by

o= o ()] (o s (3)).

)}Hlsinh (g)F<a+;,B+;§g;—sinh2 (9) (C19)

where & = (A + 1+ ika) and 8 = (A + 1 — ika). It is straight forward to see that Eq. (C.18) is

N8

reduced to Eq. (C.17) when k? = —@2, a = 2 and A\ = 1; therefore, making use of the symmetric

property F'(a,b;c;z) = F(b,a;c; z), the solutions to Eq. (C.17) are simply

u¥(r) = {cosh(wr) - % tanh (%) sinh(wr)} ,

uf(r) = (1 - 4“2>1 [—2;” sinh(wr) + tanh (%) cosh(wr)] . (C.20)

Combining Egs. (C.13), (C.14) and (C.20), we have that

— (CEqu(r) + COUQO(T)) , for M-dyon
£(r) = m (C.21)
Sh0) (Cpul (1) + Cou§ (1)), for M-antidyon,

where Cg and Cp are constants to be determined. It can be shown that the M solution diverges
in the limit 7 — 0, hence we must have Crp = Cp = 0. As for the M dyon, [r simh(vr)}*l/2 Coua is
the only non-divergent term at the origin and thus Cg = 0, resulting in

—Cc (1 — 41%22)71 [ 20 sinh(wr)

rsinh(rv) v
§(r) = + tanh (%) cosh(wr)] , for M-dyon (C.22)

0, for M-antidyon.

As for uy, we can use the general solution uy = Cgu¥ (r) + Cou§ (r) and plug it into the second

line of Eq. (C.15), obtaining

ur(r) = Cp |sinh(wr) — cosh(wr) (2 Cschg)j) +w?tanh (%)) ]
2w ur .
+Co [_v cosh(wr) + coth (?) Slnh(wr):| . (0.23)
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When multiplied by Eq. (C.14), we see that the first and second terms in brackets are divergent
in the limits » — 0 and r — oo; therefore, Cp = Co = 0 for the M solution, consistently with the
result previously obtained. When multiplied by Eq. (C.13), namely, the corresponding factor to
the M-dyon, both limits approach zero and the 7n(r) is normalizable.

c AR Y o
1 I cosh(wr) + coth (%) sinh(wr)],  for M-dyon

rsinh(rv) v

n(r) =
0, for M-antidyon.
(C.24)

The normalization constant C' is easily obtained by noticing that

AT =207+, (C.25)

where x4 is of course given by Eq. (C.5). Therefore

t 81 C? 4w?\ v 4?

A simple look into the asymptotic behavior of the solutions will give us some insight on the con-

straints on the Matsubara frequencies. From Eq. (C.8), in the large distance limit, the differential

equations are reduced to

W= (5 +A=2)n+uwt, = F5n +wé

r—00

(C.27)
¢=H-A)t+wny ¢ =FYE +wn

where the upper and lower signs correspond to the M and M dyon equations, respectively. The

solution is found by plugging in the function p+ =7 + &, thus obtaining

£(r) = CrelFator _ o Fa—wr, (C.28)

with C4 some normalization constants. In the case of the M dyons (lower sign), the term in the

exponential becomes v/2 4w, meaning that in order to have finite n and £ at r — oo, the frequency
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must simultaneously satisfy w > v/2 and w < —v/2, thus ruling out the existence of a right-handed
zero mode for the anti-self-dual dyon M, as previously observed.

Analogously, for the self-dual M dyon, the normalizability requirement constraints the frequency
to —v/2 < w < v/2. Since v = 27T with v € [0, 1], the antiperiodic boundary condition implies
that —v < 2N +1 < v for N € IN, which clearly cannot be satisfied; therefore, the M dyon must
not have an antiperiodic right-handed zero mode.

From the index theorem, it is known that the KvBLL caloron has one zero mode; moreover, as
it has been discussed extensively in the literature [87, 155-157], its location depends on the imposed
boundary conditions, being that a periodic zero mode will only exist for a background M-dyon field
while an antiperiodic one for an L-dyon. Since this work focuses on physical fermions, i.e. with
antiperiodic boundary conditions, we must look at the zero mode of the latter background field. For
this, we must recall that the Aﬁ field can be obtained from Aﬁ/l by first replacing v — v = 2aT — v
and then apply the time dependent gauge transformation U = exp (—z’meniTi) (see Appendix C
of [47] and references within). The asymptotic zero mode is then obtained from Eq. (C.28) simply

by replacing v — v and w — w — 7T’

n(r) = C+e[¥(WT*%)+W*WT}T + C_GF(WT*%)waer}r

£(r) = O FET— Dol o JFGT—g) 4wl (C.29)

Now the frequency is constrained to w € (v/2,27T — v/2) and the antiperiodicity of the zero
mode can only be satisfied when w = #n'T.

Finally, recalling that the right-handed spinor associated to the M-dyon X%M) is given by the
radial ansatz Eq. (C.5) with £(r) and n(r) shown in Egs. (C.22), (C.24) and (C.26). To obtain the

full zero mode solution corresponding to the L dyon, we then make the replacement v — v and

multiply by U from the right to obtain

Xf = UxE (v — o)
—iWTyg

= exp (—inTzan;7") (€1 + nn;T") ee

- %e"'“(“‘m (€ — (L —nir')e + %e‘”““*m (€ +m) A +nith)e. (C.30)
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It should be clear that in order to satisfy the antiperiodicity and finiteness at large distances,
taking w = 0 in the above equation is completely analogous to w = 77T in Eq. (C.29); therefore,

the shift in the frequency w — w — 7T is simply a consequence of the the gauge transformation U.

Given that
tanh (%
friw=0) = b (5)
\/8mrsinh (vr)
n(r;w =0) =0, (C.31)

vtanh (% . ,
XS‘%L) —_ ( 2 )7 [€z7rTx4 (]1 o TLZTZ) T €—z7rTa:4 (]l + nﬂ_z)] €
24/8mrsinh (vr)
_ v tanh (%) —iTI'TZ‘4’VLiTi

€ (C.32)

C.2 LEFT-HANDED SOLUTION

Let us now first begin by looking into the asymptotics of the left-handed equations portrayed in
Eq. (C.9)
n=—(5-A-2)n—we, = +5n—we

T—00

(C.33)
g=—(HF+4)¢—wn ¢ =+86—wn.

Once again, by rewriting the equation for p1 = £ + 7, the equations are easily solvable and one

obtains

D(r) = CyelE—r 4 C_ 5o

£(r) = CpeF2=9r — o_elFatwr, (C.34)

For the M dyon case (upper sign), the condition of finiteness at large distances, imposes the
simultaneous restriction w > v/2 and w < —v/2, now ruling out the existence of a left-handed
zero mode for the self-dual field. On the other hand, for the M antidyon, the frequency restriction

is given by —v/2 < w < v/2; therefore, completely analogous to what was done in the previous
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section, we find that the only antiperiodic left-handed zero mode corresponds to the anti-self-dual
field L, where w € (v/2,27T — v/2).
To find the general solution of the left-handed zero mode, let us look at the full differential

equations (Eq. (C.9)), which in matrix form are

- . (C.35)
¢ —w 24 \¢

Since we are only interested in the M case, to later be transform into the L one, the general

solutions are given by

n 1 w1
= , (C.36)
7 sinh(rv)
£ 2
where wy 2 satisfy the equations
w) = Y — ww
'™ “sinhor 2
, v
= — C.37
w2 win sinhor ( )

As with the asymptotic case, it is clear that Eq. (C.37) is the same system as Eq. (C.15) with

the substitution w — —w; consequently, w 2(7;w) = w1 2(r; —w) and so

&(r) = 87rrsinh(rv) [—QZJ sinh(wr) + tanh (%) cosh(wr)] ,
n(r) = W [2:) cosh(wr) — coth (%) sinh(wr)} . (C.38)

Once again, similarly to what was done in the preceding section, the zero mode associated
to the L antidyon is obtained by the substitution v — @, followed by the gauge transformation

Ut = exp(inTxyn;7"), resulting in

P vtanh (% , , : .
X(LL) _ v tan ( 2 )_ [eng:4(11 + nirl) + efme4(]l _ nﬂ'l)] €
2/8mrsinh (or)
— v tan}.l (%2 eiﬂ'Tx4niTie (C39)
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where we have used w = 0 to preserve the antiperiodic boundary conditions.
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[11]
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