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Abstract. We study the electromagnetic structure of the pion in terms of the quantum
cromodynamic (QCD) model on the Breit-frame. We calculated the observables, such as the
electromagnetic form factor. The priori to have a calculation covariant need to get the valence
term of the eletromagnetic form factor. We use the usual formalism in quantum field theory
(QFT) and light-front quantum field theory (LFQFT) in order to test the properties of form
factor in nonperturbative QCD. In this particular case, the form factor can be obtained using
the pion Light-Front (LF) wave function including self-energy from Lattice-QCD. Specifically,
these calculations was performed in LF formalism. We consider a quark-antiquark vertex model
having a quark self-energy. Also we can use other models to compare the pion electromagnetic
form factor with different wave function and to observe the degree of agreement between them.

1. Introduction

The dynamics of the internal structure of hadrons affects their observable properties, and the
electromagnetic form factor of hadrons is an example of such an observable [1, 2, 3, 4, 5, 6, 7,
8, 9, 10]. The interaction of a virtual photon with a meson probes its internal structure and
dynamics through the meson form factor [11, 12, 13, 14]. The study of their form factors will thus
allow us to extract information about the nonperturbative dynamics of its constituents [9, 14].
Specifically in this paper we treat only the pion meson internal structure. The theoretical
prediction of electromagnetic form factor Fy(q?) at experimentally accessible g2, below say
10 GeV?2, is a nontrivial task since the complex nonperturbative physics of confinement [1],
dynamical chiral symmetry breaking (DCSB), and bound state structure are highly dependent
on the modelling of the strong coupling regime that is not reachable using perturbative-QCD.

For our model we propose the inclusion of the self-energy of the quark at the quark-antiquark
vertex I'z(k) in the chiral limit [15], where the pion mass m, = 0. This account was used only to
define this vertex. Since the calculation of the form factor was conducted in the Breit-frame the
vertex must be out of the chiral limit to satisfy the momentum conservation. The form factor
was derived from the Feynman triangular diagram at impulse approximation. So we have only
one pion elastic form factor [9].

The valence wave function of the pion in our model comes from the projection of the Bethe-
Salpeter amplitude in the Light-Front (LF), and integrated in k= (energy in LF). The four-

vector momentum space in the LF, is defined as, k*, where u = —, 4, 1, energy, longitudinal
and transversal momenta respectively.
In the configurations space we have z#, where y = —, +, 1, longitudinal position, time and

transversal direction respectively [16]. Here we use the valence wave function for the purpose of
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showing only the pion form factor of valence whose is the square modulus of the wave function
less the quark-photon vertex I'*(k, P). It will be constructed from Ward-Takahashi identity
(WTI) [17] in order to ensure the momentum conservation for the electromagnetic current J#.
In order to minimize the zero-mode terms in LF [18] we calculate only the current component
JT. Since we have the electromagnetic current of the pion we can get the electromagnetic form
factor, as explained in the following sections.

2. Pion and its constituent quarks

Dynamical chiral symmetry breaking (DCSB) is one of the most important properties of low
energy QCD [19], and its breaking pattern has profound impact on phenomenological quantities,
e.g. the appearance of pseudoscalar Goldstone bosons [20] and the non-degeneracy of chiral
partners. The spontaneous breaking of chiral symmetry is a remarkable feature of QCD because
it cannot be derived directly from the Lagrangian [19] it is related to the nontrivial structure of
the QCD vacuum, characterised by strong condensates of quarks and gluons [15]. This is quite
different from the explicit symmetry breaking, which is put in by hand through the finite quark
masses, and appears in a similar way through the Higgs mechanism. There are two important
consequences of the spontaneous breaking of chiral symmetry. The first one is that the valence
quarks acquire a dynamical or constituent mass through their interactions with the collective
excitations of the QCD vacuum that is much larger than the seed mass present in the Lagrangian.
The second one is the appearance of a triplet of pseudoscalar mesons of low mass (7%, 7, 7%)
which represent the associated Goldstone bosons [21].

The prominent role played by the pion as the Goldstone boson of spontaneously broken chiral
symmetry has its impact on the low-energy structure of hadrons through pion cloud effects in
the quark propagation [22]. In full QCD there are hadron contributions to the fully dressed
quark-gluon vertex. These effects are generated by the inclusion of dynamical sea quarks in the
quark-gluon interaction, and are therefore only present in the unquenched case. It is the aim of
this paper to introduce these pion cloud effects into the quark propagator through quark mass
function, and then all the way up into the meson Bethe-Salpeter amplitude (BSA) and the pion
electromagnetic form factor.

3. Self-energy into pion-quark-antiquark vertex
Due to the inclusion of quark self-energy at vertex we have a pseudoscalar pion vertex it is
given by [15]:

m3

(k) = iv°M(k) ; where M (k) = mg — vl (1)
where +° is the Dirac matrix, k is the relative momentum between the constituent quarks of the
pion. M (k) is the quark mass function that has been obtained from Schwinger-Dyson equation
(SDE) solutions [5, 23] who was able to fit the Lattice-QCD calculations [24, 25, 26]. The
mo = 0.014 GeV is the current quark mass and m? = 0.189 GeV3 and \?> = 0.639 GeV? are the
Lattice-QCD parameters [6]. The quark propagator also contains the quark mass function due
to the presence of the self-energy in the legs into pion-quark-antiquark vertex. So we have to
the quark propagator in the LF coordinates:

¥+ M(k) Fon + M(k) oAl
S(k) = k2_M2(k)+Z'€:kQ—MQ(/{:)+i6+2k+ ’ @

In the expression above, the ., subscript indicates the quark is on-shell.
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And that has been obtained by the separation g instant term in LF. The kg, = ~t—5—,

it is on-shell energy. The four-vector in LF is defined for the usual coordinates as: k* = k0 + k3
and k; = (k',k?) the same for the Dirac matrices. The consequence of this is that the dot
product k* = ktk~ — k2 [16]. The increase ie allows us to delocate the poles that contribute to
integration on £~ via Cauchy’s theorem [18]. This calculation makes the relative time between
quarks to be eliminated [9].

3.1. Quark-photon vertex
For the Dirac structure of the electromagnetic current, we make use of Ward-Takahashi
identity [17]. So we can extract the quark-photon vertex as follows:

g " (kPP = SN P —k)—SHP—k)
IH(k; PP = A"+ A'(k; P, P), (3)

where the correlation function, A*(k, P), is given by:

m3 (2k — P' — P)*

MU PP = (=R i (P W= N7 <4)

From the Feynman triangular diagram, we obtain the pion electromagnetic current J*:

pr e ot s p'r

Figure 1: Triangular diagram in impulse approximation.

Jh = zN;; - (;l:;" LT [S(k)Tx(P' — k)S(P' — k)T"(k; P, P')S(P — k)T'x(P — k)]
g Z_N2Nc d*k Tr[OF(k; P, P)]
12 (2m)4 [k2 — M2(k) + i€]

1
(P—RZ 0P — k) +id (P — 2 — M2(P — ) +id - (5)

M(P' — k)M(P — k)

Now we might writte the Dirac structure of this way:

O'(k; P, P') = (f+M(k)y" (' —§+M(P' — k) TH(k; P, P')
P —K+MP k), (6)
where ¢ = P/ — P, and using the Breit frame that is the transfered momentum in x-direction

q = (0,¢%,0,0). To the total initial momentum of the pion it is P = (P°, —¢*/2,0,0) and total
final momentum is P’ = (P, ¢%/2,0,0). We also made use of Drell-Yan condition, ¢g* = 0, when
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there no transfer momentum on longitudinal direction [18, 27, 28]. The Dirac trace structure,
is writing as,

PHBPP) = 4 [ (an = bo = )+ (P + o)
4mom® [(cn P'* + b, PT) an + (—2k* + P+ P') by
mo [4 (k2 +m2) + 2 (P~ P+ + P~P*) + ¢*] x
an (2K — P — P )m?
anbney { [~4 [k (k* = PH) (KT — P'F)
K2(PY 4 PY)] — 2k, (P — PH)g
KT (4k2 + ¢2)] + 4m? [kT — PT — P'*]}
{[~2k* P~ ancp + 2kpq(cn — bp)an — 2k P~ a,by,
42 (an (bn + ) — bnen) + 2k bpcn (P~ + P7)
Ami(an (bp + cn) + bucy)
bpcn(—2P'~ Pt — 2P Pt — %) m?
2k [(— P ancn = Ptapbn) + 2k (an(bo + cn) = bacs)
(P + P")bnen] m® — 4m® [m® —mo (an + bn + ¢a)]
2%t — Pt — PI)m?

bncn

+ + 4+ + x + +

+ o+ +

— 4m0k;k+anbncn} (

Py (ks P, P')

anbncy,

Tr(O; (k; P, P')]

I
—~
~J
S~—

Thus we have the electromagnetic current this way:

P Z,NQNC d*k mSTr [OF (k; P, P")] a2b?c?
N JE: (2m)* (a2 (k2 + ie) — (moa, — m?)2)) buey,
1
(03 (P — k)2 + i) — (mobn, —m?)?))
1
(2 (P = k)? +ie) — (mocn, — m3)?))
B Z,NQNC d*k mSP*(k; P, P")(y — A2 + ic)
2 ) ent -y — )y —vs)
1

(z—21)(z — 22)(z — 23)(w — w1 ) (w — wo) (w — ws)

(8)

Now we have written the quark mass function below, in order to obtain an expression for the
pion electromagnetic form factor:

3 _.
M) = mo—m—,an:k+<kn—f“ “),

an, kt
MP -k = m _m (Pt — ity (P — = i
= 0 bn Y n — n (P+_k+) b
3 .
/ _ m _ pl+ + /— - fe — e
M(P _k) = Mo — cn 7Cn—(P —k )(P _kn _(P/+—k+)> ) (9)
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where:

fi = kP +Rely1], fo=k2 + Relya] , f3=K + Relys] , fo=kT + )\

fi = (P=k)3 +Relz], fs = (P — k)3 + Relz], fo=(P—k)?3 + Relzs]

fi = (P'— k)i + Relw], fs=(P—k)7 + Re[wy] ,

fo = (P'=k)7 +Refws], fu=(P—k)7+XN, fe= P —k)7 +\. (10)

where z; = wy = y1, 29 = wy = Yo and z3 = ws = ys3 are the denominator roots of the
electromagnetic current and they are derived of propagators when including the self-energy in

legs at pion vertex. We identify the poles in k= when we perform a change of variable k? = y,
(P —k)? =z and (P’ — k)?> = w, and the roots are:

e = —6m*mg—2\*mi +mj ,
f o= —18\2m3mgy — 6A*m3 + 18m3m + 6)\*mg — 2mS |
g = 3622m%mg + 8\'mOmd — 4m®m3 — AN mSmy |
d = {'/2A6 —27m8 + 3v3\/—4N6mS + 2Tm12 + g + f |
2 m2 2 d
= 2240 () - —=—1
W 3 —|-3 3d( —i—e) 573 i€,
2 m3  (1+iv3) (1—iv3)d .
= N4+ 2= (M) e,
vo= N E T gy VOt
2 m2  (1—1iV3) (14+iv3)d
= N4+ 2= (M) —ic. 11
The electromagnetic current,J ™, is also, writting like,
o N2N, [ d®k, dktdk=  mSPr(k; P, P)a, (12)
- T 2(21)* D1 DyD3DyDsDgD7DsDy
here, are,
T (Y i B WP NIy R | e A
Dy = k (kn— = >7D2—/<: </<:n— e >7
R U i A W ~ = Ja—ide )
Ds = k <kn— e >7D4—(P —k)(P —kn—ﬂ>,
_ ot - - fs —ie | _(pt _ 1t — - Je—ie
Ds = (P —k)<P —kn—m>,1)6_(19 —k:)<P —kn—w>,
_ ot - _ - fr—ie \ o _(p+_ o+ — - _fs—ie )
_ +_ 1t - _ 71— fo — e

We can identify nine propagators in electromagnetic current equation, JT, with the following
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poles:
_ f1 1€ _ f2 1€ _ f3 1€
ky = - ky =T ok = —
k+ kT kKt kT kKt kT
— _ p- Ja i€ — 5 i€
ky = P _P+_k++P+_k+’k5_P _Pl+_k++Pl+_k+’

6 i€ - e J7 i€
_p+_k++p+_k+’k7 =P _p/+_k++p/+_k+’

_ _ /8 i€ _ - fo i€
O I A e (13)

To valence range of the electromagnetic current, we verified the poles contribution, Fig. (2).

(i) O0<kt <Pt
b Im[k~]

ky ks ke kr ks kg

[ ] [ ]
ki ky ks

Relk™]

Figure 2: Poles position in Argand-Gauss plane for valence term of the electromagnetic current.

We have the valence contribuition term for the electromagnetic current, J+V, which
correspond the interval integration, 0 < k™ < PT in the light-front energy, k~, (see the Fig.(2)
above), is given below,

JV = (14)

N2N, & /d%ﬂuﬁ méPrD,
fz2 =) 20@2n) ktDiDyD3DyDsDsDrDsDy

From the electromagnetic current, we can obtain the pion space-like electromagnetic form
factor, with the expression below:

(P JT|PT) =e(P" + P)Fr(q%) . (15)

where e is the elementary charge, and Fj(¢?) is the electromagnetic form factor; the constant
normalization N is obtained from the condition of charge, Fy(¢* = 0) =1, [7, 8, 18, 29, 30].

4. Numerical results

For analysis of our model we present the results we obtained for the electromagnetic form
factor of the pion. In the Fig. (3) on the left we can see the form factor as a function of the
square transfer momentum. And on right we find the same function multiplied by ¢. Also
we compare our results with two other models, they are Light-front symetric vertex [30] and
non-symetric vertex [29]. Since the technique used in our calculations is also based on these
models have drawn analytical valence wave function to separate the instant terms in LF. We
compared our model for the form factor with the experimental data according to the references
[31, 32, 33, 34]. These data are for describing the structure of the pion at low energies. In this
case ¢* for values lower than 10 [GeV/c]?.
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Figure 3: Pion electromagnetic form factor in terms of momentum transfer, ¢2, with the light-
front symmetric model, point line [30], dashed line, light-front non-symmetric vertex [29], solid
line, present work, with the parameters from Lattice-QCD [6] and the experimental [35]. In this
work, we use the following values parameters from the lattice-QCD, i.e, A2 = 0.639 GeV?, my =
0.014 GeV and m?3 = 0.189 GeV3.

5. Conclusion

In this paper, we show how to describe the electromagnetic structure of a particle
pseudoscalar, pion. Through a constituent quark model, we obtained some of the pion
observable, but using the formalism in light-front we see across terms that are not invariant
under Lorentz transformations. In our case we do not find non-valence terms to form factor
when it is in Breit-frame and on Drell-Yan condition.

We study the electromagnetic current in respect to the valence term which we can extract the
wave function of two fermions system, the quark-antiquark pair that composes the pion structure.
From the wave function at the center of mass of the system, technique that has identified valence
wave function in our model, we get the observable of pion, like the electromagnetic form factor.
The electromagnetic current is decribed by constituent quarks model with a self-energy at pion
vertex as expected. The form factor decreases with increasing of the transfer momentum. In
relation to the form factor multiplied by square transfer momentum, it increases with increasing
of ¢>. The quark mass function describes the system in which particles dynamically gain mass,
according to the constituent quark model. From the contribution of the photon we can study
the internal structure of the pion as pion electromagnetic structure.
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