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ABSTRACT

The so called Gell-Mann (decontraction) formula, that provides an
expression of the Lie algebra elements in terms of the elements of the
Inonti-Wigner contracted algebra, is of limited validity. Generaliza-
tion of this formula for sli(n,R) algebras, n > 2, contracted w.r.t. the
corresponding so(n) subalgebras was recently achieved. The gener-
alized formula holds for all representations: tensorial and spinorial,
unitary and non unitary, finite and infinite, with or without so(n) mul-
tiplicity, thus covering any possible physics application. Basic results
concerning the generalized Gell-Mann formula and its interpretation,
as well as a few of its physically interesting applications in the Affine
gravity context, are presented.

1. Introduction

The Gell-Mann, or decontraction, formula is a prescription aimed to serve
as an inverse to the procedure of Inénii-Wigner contraction. In some re-
cent papers on Gell-Mann decontraction formula in the si(n,R) case, we
established its domain of validity [1] and constructed a generalization of
this formula that is valid for all representations [2, 3]. The generalized
formula allows us to find matrix representations of sl(n,R) operators in all
representations, thus covering all possible physical applications. They are
given in the basis od compact subgroup — which is suitable for physical
interpretations. Important feature of the generalized Gell-Mann formula is
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that it directly provides generator representations also in the case of spino-
rial SL(n,R) representations (i.e. representations that contain spinorial
Spin(n) subrepresentations), as well as in the case of representations with
nontrivial Spin(n) multiplicity. These properties are essential for many
physical applications that the original formula failed to cover.

In this paper we endeavor to illustrate, through a few simple examples, how
the (generalized) Gell-Mann formula can be utilized in the realm of theory
of gravity. In particular, we shall concentrate on Affine models of gravity,
in which the space-time symmetry of the theory (prior to any symmetry
breaking) is given by the General Affine Group GA(n,R) = T" AGL(n,R)
(or, sometimes, by the Special Affine Group SA(n,R) = T" A SL(n,R)).
In the quantum case, the General Affine Group is replaced by its double
cover counterpart GA(n,R) = T™ A GL(n,R), which contains double cover

of GL(n,R) as a subgroup. This subgroup here plays the role that Lorentz
group has in the Poincaré symmetry case. Thus it is clear that knowledge of
GL(n,R) representations is a must-know for any serious analysis of Affine
Gravity models. On the other hand, the essential part of the GL(n,R) =
R, ® SL(n,R) group is its SL(n,R) subgroup, and that is where SL(n,R)
generator matrix elements, obtained by using the generalized Gell-Mann
formula, come into play (R4 is subgroup of dilatations). We will apply
expression for these matrix elements in order to obtain coefficients for some
of the gauge field—matter interaction vertices.

2. Gauge Affine action

A standard way to introduce interactions into Affine gravity models is by
localization of the global Affine symmetry GA(n,R) = T™ A GL(n,R).
Thus, quite generally, Affine Lagrangian consists of a gravitational part
(i.e. kinetic terms for gauge potentials) and Lagrangian of the matter fields:
L = L4+ Ly,. Gravitational part L, is a function of gravitational gauge po-
tentials and their derivatives, and also of the dilaton field ¢ (that ensures ac-
tion invariance under local dilatations). In the case of the standard Metric

Affine gravity [4, 5], gravitational potentials are tetrads e®,,, metrics gqp and
Affine connection I', , so that we can write: Ly = Lgy(e, Je, g, 99,1, L', ).
More precisely, due to action invariance under local Affine transforma-
tions, gravitational part of Lagrangian must be a function of the form

Lg = Lg(e797 T7 R7 N7 QO), Where TCLV - a,ueal/ + Fab,uebl/ - (/’L A V)7 Rablﬂl =
0., + I‘Cbufacy — (1 = V), Nyap = D,gap are, respectively, torsion, cur-
vature and nonmetricity. Assuming, as usual, that equations of motion are
linear in second derivatives of gauge fields, we are confined to no higher
than quadratic powers of the torsion, curvature and nonmetricity. Co-
variant derivative is of the form D, = 9, — i p 4", where Q" denote
generators of GL(n,R) group. The matter Lagrangian (assuming minimal
coupling for all fields except the dilaton one) is a function of some number
of Affine fields ¢! and their covariant derivatives, together with metrics
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and tetrads (Affine connection enters only through covariant derivative):
Ly, = Lm(¢la D¢Ia e,g).

With all these general remarks, we will consider a class of Affine La-
grangians, in arbitrary number of dimensions n, of the form:

L(eua, 8V€“a, Fbﬂa, 8VFb#“, Gab W4, 8,/\11,4, by, &,CI)A, @, 6Vgo)
=e|p’R — *T? — ¢’ N? + Vig™y,e,' D,V + L g%ete,” (D, ®)T(D,®)
+ 5 g fiey DupDyp — Ly(n) + Ln(n)] (1)

The terms in the first row represent general gravitational part of the La-
grangian, that is invariant w.r.t. Affine transformations (dilatational invari-
ance is obtained with the aid of field ¢, of mass dimension n/2 — 1). Here
T? and N2 stand for linear combination of terms quadratic in torsion and
nonmetricity, respectively, formed by irreducible components of these fields
(a discussion of available possibilities can be found in Appendix B of [5]).
For the scope of this paper, we need not fix these terms any further. This
is a general form of gravitational kinetic terms, invariant for an arbitrary
space-time dimension n > 3.

The Lagrangian matter terms, invariant w.r.t. the local GA(n,R), n > 3,
transformations, are written in the second row. The field ¥ denotes a

spinorial GL(n,R) field — components of that field transform under some
appropriate spinorial GL(n,R) irreducible representations. All spinorial

GL(n,R) representations are necessarily infinite dimensional [6], and thus
the field ¥ will have infinite number of components. The concrete spinorial

irreducible representation of field ¥ is given by a set of n—1 SL(n,R) labels
{o¥} together with the dilatation charge dy. The field ® is a representa-
tive of a tensorial GL(n,R) field, transforming under a tensorial GL(n,R)
representation (i.e. one transforming w.r.t. single-valued representation of
the SO(n) subgroup) labelled by parameters {o®} and dg. Since, as it is

argued in the following section, the noncompact SL(n — 1,R) Affine sub-
group is to be represented unitarily, the tensorial field ® is also to transform
under an infinite-dimensional representation and to have an infinite num-
ber of components. The remaining dilaton field ¢ is scalar with respect to

SL(n,R) subgroup, and thus has only one component.
Finally, the third row contains possible additional gravitational and mat-
ter terms, denoted respectively by Ly(n) and L, (n), that, due to restric-

tions imposed by the dilatational invariance requirement, can appear only
for some concrete values of n. (E.g., in [8] dealing with the four dimen-

sional case, authors take Ly(4) = alR[abcd]R[ade] + agR[ab[C}d}R[“b[C]d] +
a3 R0 RO + oy R pyea RO + a5 R gy RO, and Ly, (4) =
PIRT — Ao (BFD)2 — N(D+B)p? — A, iot)

Interaction of Affine connection with matter fields is determined by terms
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containing covariant derivatives. We write these terms in a component no-
tation, where the component labelling is done with respect to the physically
important Lorenz Spin(1,n — 1) subgroup of GL(n,R). Such a labelling
allows, in principle, to identify Affine field components with Lorentz fields
of models based on the Poincaré symmetry. Namely, the Affine models of
gravity necessarily imply existence of some symmetry breaking mechanism
that reduces the global symmetry to the Poincaré one, reflecting the sub-
group structure 7" ASO(1,n—1) C T* AGL(n,R). Therefore, we consider
the field ¥ (and similarly for ® field) as a sum of its Lorentz components:

o))
> Vst )
{J}

{k}{m}

Ket vectors in this decomposition are basis vectors of the {cY } representa-

tion of SL(n,R) group [3]. Sets of labels {J} and {m} determine transfor-
mation properties of a basis vector under the Lorentz Spin(1,n — 1) sub-
group: {J} label irreducible representation of Spin(1,n—1), while numbers
{m} label particular vector within that representation. The set of parame-
ters {k} enumerate Spin(1,n — 1) multiplicity of representation {.J} within
the {oY} representation of SL(n,R). These parameters {k} are mathe-
matically related to the left action of Spin(n) subgroup in representation
space L2(Spin(n)) of square integrable functions over the Spin(n) group
(for more details c.f. [3]).

: : : cd I ab {J} {Jl} iq
E(l)q;:mteractlon term connecting fields g*, e;", I'}?, ¥ (eH{m}> {k’}{m’} is

{kH{m} = {F"Hm {RHm ! TR Hm } K Hm (K Hm} >
{k//}{m//}

a J J J J"} J" J’
efTewll WS el S e e | Qanl S )
J/l

(2)

while the interaction of tensorial field with connection is given by:

o cd, p, vyab {J} {J'}
597eed TO ¥y Dol @l i)+ @
d vabg T{J} {J'} {J'} *
goteled TR, 10, q’{k/}{m'}<{kf}{m'}|Qab|{k}{m}> @
1 cd, 1 1/ ab a T{J} {7}
o {J“ "
> <{k}{m}|Qab|{k~}{m~}><{k”}{m~}|Qa’b’|{k'}{m/}>' (5)
{J"}
{k//‘;{m//}

The scalar dilaton field interact only with the trace of Affine connection:

%gabeauebl/(au - iraaudip)@(al/ - iraaydgo)§0> (6)
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where d, denotes dilatation charge of ¢ field.

In the above interaction terms we note an appearance of matrix elements of
GL(n,R) generators, written in a basis of the Lorenz subgroup Spin(1,n—
1). The dilatation generator (that is, the trace Q%) acts merely as multi-

plication by dilatation charge, so it is really the SL(n,R) matrix elements
that should be calculated. (An infinite dimensional generalization of Dirac’s
gamma matrices also appear in the term (2); more on these matrices can be
found in papers of Sijacki [9].) However, before we illustrate how to evalu-
ate these matrix elements, and thus how to calculate vertex coefficients, we

must make some additional general remarks on GL(n,R) representations
that correspond to physical fields.

3. Deunitarizing automorphism

We will briefly discuss the matter of unitarity of the representations cor-
responding to fields in Affine models. In standard, Poincaré symmetric
models, gauge and matter fields have finite number of components and this
fits well the experimental data. However, since the Lorenz group is a non
compact one, this is made possible by the fact that the fields transform
under the non-unitary representations of the Lorenz group. Note that it is

only the compact SO(n — 1) part of the Lorentz group that is represented
unitary. If the unitary, so called Gelfand-Naimark, representations of the
Lorenz group were used [10], the boosts would mix infinitely many field
components, in contrary to observations.

For the same physical reasons, the Lorenz subgroup of GL(n,R) should

act in an analogous way on GL(n,R) fields: boosts should be represented
non unitarily and the Lorenz subgroup should reduce in finite dimensional
subspaces of field components. On the other hand, much in the same way as
spatial rotation part of the Lorenz group acts unitarily on Poincaré fields,

it is physically favorable that the spatial ”little group” GL(n — 1,R), a
subgroup of GL(n,R), acts unitarily on field components.

This can be elegantly accomplished by using a so called deunitarizing
automorphism. Namely, there exists an inner automorphism [6], which
leaves the R, ® SL(n — 1,R) subgroup intact, and which maps the Qo)
Q[ok) generators into iQox), iQ o) respectively (k = 1,2,...n —1). Here
Qlab) = %(Qab — Qpe) denote the antisymmetric operators that generate the
Lorentz subgroup Spin(1,n — 1), whereas Q) = %(Qab + Qpa) — %gachc
are the symmetric traceless operators that generate the proper n-volume-
preserving deformations (shears).

The deunitarizing automorphism thus allows us to start with the unitary
representations of the SL(n, R) subgroup, and upon its application, to iden-

tify the finite (unitary) representations of the abstract SO(n) compact sub-
group with nonunitary representations of the physical Lorentz group, while

the infinite (unitary) representations of the abstract SO(1,n — 1) group
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now represent (non-unitarily) the compact SO(n)/SO(n — 1) generators.

4. Gauge Affine symmetry vertex coefficients evaluation

Now we return to evaluation of vertex coefficients for interaction between
various Lorentz components of the GL(n,R) fields. The nontrivial part is
to find matrix elements of SL(n,R) shear generators in expressions (2)-(5).
We will do that by using formula:

— 1\/ aim({7}) ¢ {7317}

J J
< %k’}%{m’} ‘Q(ab) }k;{m} > 2\ dim({77}) ~ {m} ab {m'}

n c— - D:‘ n—c+1 !
X g/ (Calso(e) ) = Calsole)wy) + 62 ) C (G
(7)
that was directly derived from the generalized Gell-Mann formula [3]. Cap-
ital C here denotes Clebsch-Gordan coefficients of Spin(n) group and Co
are certain second order Casimir operator values - for a detailed account of
the used notation, please refer to [3].

However, formula (7) is given in the basis of the compact Spin(n) subgroup,
and not in the basis of the physically important Lorentz group Spin(1,n —
1). On the other hand, it turns out that taking into account deunitarizing
automorphism exactly amounts to keeping reduced matrix element from
(7) and replacing the remaining Clebsch-Gordan coefficient of the Spin(n

[gr]oup by the corresponding coefficient of the Lorenz group Spin(1,n — 1

7].

Now, as a concrete example, we will consider tensorial Affine field ® in
n = b dimensions. For all n = 5 notation we adhere to that of our paper
[2]. As a basis for Spin(5) representations we pick vectors:

Ji J2 \ 1 o
Jl JQ ,JZ‘ZO,*,...;JlZJQ;mZ'Z—JZ‘,...JZ‘ . (8)
my Mma 2

with respect to decomposition so(5) D so(4) = so(3) ® so(3). Basis of
SL(5,R) representation space is then given by vectors [2]:

Ji o Jo
Ky Ky Ji Jo . 9)
kl kQ mi1 Mo

The reduced matrix elements of the sl(5, R) shear (noncompact) operators,
derived from an alternative form of Gell-Mann formula that we have given
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in the paper [2], read:

71/7’%
KK, (|Q
Ky kg
T1Jy 11 7, J2

X (01+i\/%(71 (T4 4+2)+ T (To+1) =T 1 (J1+2)— T2 (72+1)))C’£<1£<2 00 £< K
1r2 172

- ]
k1 ko dim(J1,J3)

{51{82 >: \/dim(ZLZQ)

T1T2 11 T\ T4

+ i(ag+K{(K1+1)+K§(Ké+1)fK1(K1+1)7K2(K2+1))CiﬁkKQ 11 kK kK; (10)
1 ko 00 2
JiJd2 11 T4 12 T1Jda T 177
i(61+k1—k2)C KaKa 11 KGR — (86— k1+k2)CK1K21 1K1K2
k1ko 1—1 ki K, k1 ko —11 ki K}
T1d2 11 7 T4 TJ1Jo 1T 1T J1J2
1(52+k1+k2)CK1K2 11 Kle +i(ba—k1—k)C KiK2 1 1 KK ],
ki ko 11 Kf K kiky —1—1 ki k)

where dim(Jq, J2) = (2J1 — 2J9 + 1)(2J1 + 2J2 + 3)(2J1 + 2)(2J2 +1)/6
is the dimension of the so(5) irreducible representation characterized by
(J1,J2). In this notation, SL(5,R) irreducible representations are labelled
by parameters o1, 09,01 and d2, that appear in the formula (10).

For example, let the field ® correspond to an unitary multiplicity free
SL(5,R) representation, defined by labels oo = —4,6; = 02 = 0, with
o1 arbitrary real. The representation space is spanned by vectors (9) sat-
isfying J, = Jo = JENO—F%;K} =Ky,=0;J1 =Jo=J < J. Thisis a
simplest class of multiplicity free representations that is unitary assuming
usual scalar product. If we denote ®%,a = 1...5 the five & components
with J; = Jo = 3 (in this sense ® corresponds to a Lorenz 5-vector)
then the interaction vertex (3) connecting fields ®°f, 9,®¢ and Affine shear
connection I'% is

i . V5 2
3 gete; ‘b“TFﬁC@uq)dﬁ 01(Mabde + Nactlds = Tadlee)- (1)

To obtain this result we used an easily derivable formula for Clebsch-Gordan
coefficient connecting Lorentz vector and symmetric second order Lorenz
tensor representations:

2
C* 309 d =\ atra (Mablie + Naciias = —aatle) 12)

where we labelled Spin(1,n — 1) irreducible representations by Young di-
agrams, as in [3]. More importantly, we also used value of the reduced

matrix element:
Tl BN\
3 00 )=1/= o1, (13)
00 7

that we obtained by using formula (10) (based on this formula, a Mathemat-
ica program was generated that directly calculates si(5, R) matrix elements
[7], taking into account Spin(5) Clebsch-Gordan coefficients found in [11]).

ik
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It is no more difficult to obtain coefficients of the vertices of the form (5).

Lagrangian term (5) connecting Lorenz 5-vector ® components P, <I>Jf and
Affine connection component I'(55), i

1
5 (07 — 25) g*%e e/ TOTS0LE,B;. (14)
Next we will consider an example where ® field corresponds to a repre-
sentation Wlth multiplicity. Let us, again, consider 5-vector component

J1 = Jy = 5 of ®, only this time Wlthout any restriction to the values of

01,02,01,02. In general, this will correspond to a representation with non
trivial multiplicity. Quantum numbers {k} = (Ki, Ko, k1, k2), that label

L1111y 111 1y (11 11
multiplicity, now can take values : (3,3,5,5), (3:3:3:—3)s (3,3 =35> %)

(%,%,—%,—%) and (0,0,0,0). Therefore, this a priori corresponds to 5
observable 5-vector fields, differentiated by the {k} values, and these five
vector fields mutually interact by gravitational interaction. Part of the
Lagrangian term (3), responsible for this interaction, has the form:

1 I

§gef ,LLe {k,}Fbca (I){k‘}<§ K

o

T T
17 2
K1 1Ko >\/\/5%(nab77dc+77ac77db_57]ad77bc)'

(15)
The reduced matrix element is obtained from the generalized Gell-Mann

formula:

1 1ol 101 171 11
2 2 2
201C'3k, 01<;’C3k; 0%, +150’203k 0% C3k2 i

4\F
1
— 1502 i ((k:1+l<;2—62)03k 2k,+( k1+k2+51)c

Tl =]

[N

TN

01|
Q
ol —0l-|
=
SN
N}
~—
Il

/
2

;TNM—‘ ??‘w\»—‘
— =
??.l\)h—l
S
N—

where C5 denotes an usual Spin(3) Clebsch-Gordan coefficient.
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