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Abstract We perform a systematic study of the possible
molecular states composed of a pair of heavy mesons such as
DD̄, D∗D̄, D∗D̄∗ in the framework of the meson exchange
model. The exchanged mesons include the pseudoscalar,
scalar and vector mesons. Through our investigation, we
find the following results. (1) The structure X(3764) is not
a molecular state. (2) There exists strong attraction in the
range r < 1 fm for the D∗D̄∗ system with J = 0,1. If future
experiments confirm Z+(4051) as a loosely bound mole-
cular state, its quantum number is probably JP = 0+. Its
partner state Φ∗∗0 may be searched for in the π0χc1 chan-
nel. (3) Vector meson exchange provides strong attraction
in the D∗D̄ channel together with pion exchange. A bound
state solution may exist with a reasonable cutoff parameter
Λ ∼ 1.4 GeV. X(3872) may be accommodated as a molec-
ular state dynamically although drawing a very definite con-
clusion needs further investigation. (4) The B∗B̄ molecular
state may exist.

PACS 12.39.Pn · 12.40.Yx · 13.75.Lb

1 Introduction

Since the observation of Z+(4430) [1], the Belle Collabora-
tion reported two new resonance-like structures Z+(4051)

and Z+(4248) in the π+χc1 mass distribution in the ex-
clusive B̄0 → K−π+χc1 decay. Their masses and widths
are mZ+(4051) = (4051 ± 14+20

−41) MeV, ΓZ+(4051) =
(82+21+47

−17−22) MeV and mZ+(4248) = (4248±14+44+180
−29−35 ) MeV,

ΓZ+(4248) = (177+54+316
−39−61 ) MeV [2]. These charged hidden

charm signals are good candidates of either tetraquark states
or heavy molecular states if they are confirmed by future
experiments.

a e-mail: liuxiang@teor.fis.uc.pt
b e-mail: zhusl@phy.pku.edu.cn

Recently the BES Collaboration reported an anomalous
line-shape observed in the range of 3.650 GeV to 3.872 GeV
by analyzing the cross section of e+e− → hadrons. The
anomalous line-shape is composed of two possible en-
hancement structures around 3.764 GeV and 3.779 GeV
respectively [3]. The latter one is consistent with the well-
established ψ(3770) while the mechanism of the first struc-
ture is not clear now, which is denoted X(3764) in this work.

In the past five years, a series of observations of the
charmonium-like X,Y,Z states, especially those states near
the threshold of two charmed mesons have stimulated the
interest in the possible existence of heavy molecular states
greatly. The presence of the heavy quarks lowers the kinetic
energy while the interaction between two light quarks could
still provide strong enough attraction.

In fact, Voloshin and Okun studied the interaction be-
tween a pair of charmed mesons and proposed the possibil-
ities of the molecular states involving charmed quarks more
than thirty years ago [4]. De Rujula, Georgi and Glashow
speculated on ψ(4040) as a D∗D̄∗ molecular state [5]. Törn-
qvist studied the possible deuteron-like two-meson bound
states such as DD̄∗ and D∗D̄∗ using the quark–pion inter-
action model [6, 7]. Dubynskiy and Voloshin suggested the
possibility of the existence of a new resonance at the D∗D̄∗
threshold [8, 9]. Zhang, Chiang, Shen and Zou studied the
possible S-wave bound states of two pseudoscalar mesons
with vector meson exchange in [10]. The experimental ob-
servation of X(3872) and Z+(4430) motivated the extensive
discussion of X(3872) as a DD̄∗ molecular state [11–21]
and Z+(4430) as a D′

1D
∗(D1D

∗) molecular state [22–27].
It’s interesting to note that the Z+(4051) enhancement

announced by the Belle collaboration and the X(3764) sig-
nal reported by the BES collaboration are near the thresholds
of D∗D̄∗ and DD̄ respectively. One may wonder whether
they could also be candidates of heavy molecular states. In
this work we perform a systematic study of three types of
possible heavy molecular states: the DD̄/BB̄ system (P–P),
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the D∗D̄∗/B∗B̄∗ system (V–V), and the D∗D̄/B∗B̄ system
(P–V) using the formalism developed in [17, 18, 24–27].

This paper is organized as follows. After the introduction,
we introduce some notations and present the flavor wave
functions of the S-wave P–P, V–V and P–V systems con-
structed by two heavy flavor mesons. In Sect. 3, we collect
the effective Lagrangians in the derivation of the effective
potential. Sections 4–6 are for the P–P, V–V, P–V cases re-
spectively. The last section is the discussion and conclusion.

2 Flavor wave functions of heavy molecular states

We study the possible molecular states composed of two
pseudoscalar (P–P) heavy mesons, two vector (V–V) heavy
mesons, one pseudoscalar and one vector (P–V) heavy
mesons. The masses of the JP = 0−,1− heavy mesons are
taken from PDG [28] and collected in Table 1.

The P–P type is categorized as two systems, i.e. D − D̄,
B̄ − B. Here D, D̄, B and B̄ denote (D0,D+,D+

s ),
(D̄0,D−,D−

s ), (B+,B0,B0
s ) and (B−, B̄0, B̄0

s ) triplets
respectively. In the following, we illustrate their flavor
wave functions with the D − D̄ type as an example. Since
charmed mesons belong to the fundamental representation
of flavor SU(3), the D − D̄ system form an octet and a sin-
glet: 3 ⊗ 3̄ = 8 ⊕ 1. The corresponding flavor wave func-
tions are Φ+

s = D̄0D+
s , Φ+ = D̄0D+, Φ0

s = D−D+
s , Φ0 =

1√
2
(D̄0D0 − D−D+), Φ̄0

s = D−
s D+, Φ8 = 1√

6
(D̄0D0 +

D−D+ − 2D−
s D+

s ), Φ− = D−D0, Φ−
s = D−

s D0, Φ1 =
1√
3
(D̄0D0 + D−D+ + D−

s D+
s ). Through ideal mixing, we

have Φ0
8 = 1√

2
(D̄0D0 + D−D+) and Φ0

s1 = D−
s D+

s , where

Φ0
8 is an isoscalar while Φ0 is an isovector. The above states

are shown in Fig. 1 and collected in Table 2 together with the
B̄ − B type states. The flavor wave functions of the D∗D̄∗
and B∗B̄∗ systems are constructed similarly, which are de-
noted as Φ∗∗ and Ω∗∗ respectively.

Fig. 1 The molecular multiplets composed of charmed and
anti-charmed mesons

Table 1 The masses of heavy
mesons in the H doublet [28] JP Charmed-up(down) meson Charmed-strange meson

Charged Mass (MeV) Neutral Mass (MeV) Charged Mass (MeV)

0− D± 1869.3 D0 1864.5 D±
s 1968.2

1− D∗± 2010.0 D∗0 2006.7 D∗±
s 2112.0

JP Bottom-up(down) meson Bottom-strange meson

Charged Mass (MeV) Neutral Mass (MeV) Neutral Mass (MeV)

0− B± 5279.1 B0 5279.5 B0
s 5365.1

1− B∗± 5325.1 B∗0 5325.1 B∗0
s 5412.0

Table 2 The flavor wave
functions of the D − D̄ and
B − B̄ systems

State D − D̄ State B̄ − B
Wave function Wave function

Φ+
s D̄0D+

s Ω+
s B+B̄0

s

Φ+ D̄0D+ Ω+ B+B̄0

Φ0
s D−D+

s Ω0
s B0B̄0

s

Φ0 1√
2
(D̄0D0 − D−D+) Ω0 1√

2
(B+B− − B0B̄0)

Φ̄0
s D−

s D+ Ω̄0
s B0

s B̄0

Φ− D−D0 Ω− B0B−

Φ−
s D−

s D0 Ω−
s B0

s B−

Φ0
8

1√
2
(D̄0D0 + D−D+) Ω0

8
1√
2
(B+B− + B0B̄0)

Φ0
s1 D−

s D+
s Ω0

s1 B0
s B̄0

s
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Table 3 The flavor wave functions of the D − D̄∗ and B − B̄∗ systems

State D − D̄∗ State B − B̄∗

Wave function Wave function

Φ∗+
s /Φ̂∗+

s
1√
2
(D̄∗0D+

s + cD̄0D∗+
s ) Ω∗+

s /Ω̂∗+
s

1√
2
(B∗+B̄0

s + cB+B̄∗0
s )

Φ∗+/Φ̂∗+ 1√
2
(D̄∗0D+ + cD̄0D∗+) Ω∗+/Ω̂∗+ 1√

2
(B∗+B̄0 + cB+B̄∗0)

Φ∗0
s /Φ̂∗0

s
1√
2
(D∗−D+

s + cD−D∗+
s ) Ω∗0

s /Ω̂∗0
s

1√
2
(B∗0B̄0

s + cB0B̄∗0
s )

Φ∗0/Φ̂∗0 1
2 [(D̄∗0D0 − D∗−D+) + c(D̄0D∗0 − D−D∗+)] Ω∗0/Ω̂∗0 1

2 [(B∗+B− − B∗0B̄0) + c(B+B∗− − B0B̄∗0)]
Φ̄∗0

s / ˆ̄Φ∗0

s
1√
2
(D∗−

s D+ + cD−
s D∗+) Ω̄∗0

s / ˆ̄Ω∗0

s
1√
2
(B∗0

s B̄0 + cB0
s B̄∗0)

Φ∗−/Φ̂∗− 1√
2
(D∗−D0 + cD−D∗0) Ω∗−/Ω̂∗− 1√

2
(B∗0B− + cB0B∗−)

Φ∗−
s /Φ̂∗−

s
1√
2
(D∗−

s D0 + cD−
s D∗0) Ω∗−

s /Ω̂∗−
s

1√
2
(B∗0

s B− + cB0
s B∗−)

Φ∗0
8 /Φ̂∗0

8
1
2 [(D̄∗0D0 + D∗−D+) + c(D̄0D∗0 + D−D∗+)] Ω∗0

8 /Ω̂∗0
8

1
2 [(B∗+B− + B∗0B̄0) + c(B+B∗− + B0B̄∗0)]

Φ∗0
s1 /Φ̂∗0

s1
1√
2
(D∗−

s D+
s + cD−

s D∗+
s ) Ω∗0

s1 /Ω̂∗0
s1

1√
2
(B0

s B̄0
s + cB0

s B̄∗0
s )

We label the D − D̄∗ and B − B̄∗ systems as Φ∗ and Ω∗
respectively and list their flavor wave function in Table 3.
Here we need distinguish the C parity for Φ∗0, Φ∗0

8 and Φ∗0
s1

in the D − D̄∗ system and Ω∗0, Ω∗0
8 and Ω∗0

s1 in the B − B̄∗
system. The parameter c = ∓1 corresponds to C = ±1 re-
spectively as pointed out in [17, 18, 24, 25]. In this work we
label those states with the negative charge parity with a hat
such as Φ̂∗0, Φ̂∗0

8 , Φ̂∗0
s1 , Ω̂∗0, Ω̂∗0

8 and Ω̂∗0
s1 . The charge par-

ity of X(3872) is positive.

3 The Effective Lagrangian in the derivation
of the potential

In the derivation of the potential, we need the effective La-
grangians, which are constructed based on the chiral sym-
metry and heavy quark symmetry [35–40]:

L = ig Tr
[
Hbγμγ5 Aμ

baH̄a

] + iβ Tr
[
Hbv

μ(Vμ − ρμ)baH̄a

]

+ iλTr
[
Hbσ

μνFμν(ρ)H̄a

] + gσ Tr[HaσH̄a], (1)

where the field H is defined in terms of the (0−,1−) doublet

Hb = 1+ 
 v
2

[
P

∗μ
b γμ + iPbγ5

]
. (2)

A
μ
ab is the axial vector field with definition

A
μ
ab = 1

2

(
ξ†∂μξ − ξ∂μξ†)

ab
= i

fπ

∂μ
Pab + · · · (3)

with ξ = exp(iP/fπ) and fπ = 132. The octet pseudoscalar
and nonet vector meson matrices are

P =

⎛

⎜⎜⎜
⎝

π0√
2

+ η√
6

π+ K+

π− − π0√
2

+ η√
6

K0

K− K̄0 − 2η√
6

⎞

⎟⎟⎟
⎠

, (4)

V =

⎛

⎜
⎜
⎝

ρ0√
2

+ ω√
2

ρ+ K∗+

ρ− − ρ0√
2

+ ω√
2

K∗0

K∗− K̄∗0 φ

⎞

⎟
⎟
⎠ . (5)

The effective interaction Lagrangians at the tree level from
(1) are

L D DV = −igD DV

(
D†

a∂μDb − Db∂μD†
a

)(
V

μ
)
ab

,

L D Dσ = −2mDgσ Da D†
aσ,

L D∗D∗P = 1

2
gD∗ D∗Pεμναβ

(
D∗μ

a ∂α D∗β†
b

− D∗β†
b ∂α D∗μ

a

)
∂ν

Pab,

L D∗D∗V = igD∗D∗V

(
D∗ν†

a ∂μD∗
ν,b − D∗

νb∂
μD∗ν†

a

)
(Vμ)ab

+ 4ifD∗ D∗VD∗†
μaD

∗
νb

(
∂μ

V
ν − ∂ν

V
μ
)
ab

,

L D∗D∗σ = 2mD∗gσ D∗α
a D∗†

αaσ,

L D∗DP = −igD∗DP

(
Da D∗†

μb − D∗
μa D†

b

)
∂μ

Pab,

L D∗DV = −2fD∗DVεμναβ

(
∂μ

V
ν
)
ab

[(
D†

a∂
α D∗β

b

− ∂α D†
a D∗β

b

) − (
D∗β†

a ∂α Db − ∂α D∗β†
a Db

)]
,

where D(∗) = ((D̄0)(∗), (D−)(∗), (D−
s )(∗)). The relevant

coupling constants are

gD∗ D∗P = gD∗DP√
mDmD∗

= 2g

fπ

,

gD DV = gD∗D∗V = βgV√
2

,

fD∗ DV = fD∗D∗V

mD∗
= λgV√

2
,

gV = mρ

fπ

, gσ = gπ

2
√

6
,

(6)
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where g
V
,β and λ are parameters in the effective chiral La-

grangian that describe the interaction of heavy mesons with
light vector mesons [39]. Following [41], we take g = 0.59,
β = 0.9 and λ = 0.56 GeV−1. gπ = 3.73 [40].

In this work, we adopt the same formalism developed in
[17, 18, 24–27] to derive the effective potential. We com-
pute the amplitudes of the elastic scattering of two heavy
mesons using the above effective Lagrangians. In order to
account for the structure effect of every interaction ver-
tex, we introduce the monopole type form factor (FF)
[6, 7, 29–34]

F(q) = Λ2 − m2

Λ2 − q2
. (7)

Here q denotes the four-momentum of the exchanged me-
son. The quantity Λ is sometimes considered to have the
value of approximately 1 GeV, but it may depend on the
reduced mass of the system. It represents the inverse of
a length scale, and the length scale for two light mesons
differs from that for two very heavy mesons. The quantity
Lambda may also depend on the number and the nature of
exchanged mesons, as the heavier exchanged mesons probe
more of the short-distance behavior which interferes with
the effect of the Lambda cut-off. In this work we adopt a
universal cutoff to simplify the numerical analysis. The FF
also plays the role of regularizing the potential by imposing
a short-distance cutoff to cure the singularity of the effec-
tive potential. Then we impose the constraint that the initial
states and final states should have the same angular momen-
tum. After averaging the potentials obtained with the Breit
approximation in the momentum space, we finally perform
Fourier transformation to derive the potentials in the coor-
dinate space. In the following sections, we illustrate the ef-
fective potentials in detail for the P–P, V–V and P–V sys-
tems.

4 The D − D̄ case

4.1 The potential of the P–P system

The quantum number of the S-wave D − D̄ system is
JP = 0+ and the C parity of the neutral states is positive. In
this work we consider the possible molecular states bound
by the force from light pseudoscalar meson, vector meson
and scalar exchange. Parity and angular momentum conser-
vation forbid the exchange of a pseudoscalar meson between
the D − D̄ pair. No suitable meson exchange is allowed for
the Φ±

s and Φ0
s (Φ̄0

s ) cases. For the other states, the effective
potentials in the momentum space from vector meson and σ

meson exchange are

V
V
(q)

[
I

VD1 D1
1 , I

VD2 D2
2 ,mD1 ,mD2 ,mV

]

= −g2
D DV

I
VD1 D1
1 I

VD2 D2
2

(
1

q2 + m2
V

+ q2

4mD1mD2m
2
V

)
,

(8)

Vσ (q) = −g2
σ

1

q2 + m2
σ

, (9)

where mD and mV denote the masses of charmed meson and
exchanged vector meson respectively. I

VD1 D1
1 and I

VD2 D2
2

arise from the coefficients related to the exchanged meson,
which can be read from the nonet vector meson matrix in (5).
After making the Fourier transformation, the three indepen-
dent structures in (8)–(9) read

q2 −→ X(Λ,m, r), (10)

1

q2 + m2
−→ Y(Λ,m, r), (11)

q2

q2 + m2
−→ Z(Λ,m, r), (12)

where

Y [Λ,m, r] = 1

4πr

(
e−mr − e−Λr

) − ξ2

8πΛ
e−Λr, (13)

Z[Λ,m, r] = − 1

r2

∂

∂r

(
r2 ∂

∂r

)
Y [Λ,m, r], (14)

X[Λ,m, r] =
[
− 1

r2

∂

∂r

(
r2 ∂

∂r

)
+ m2

]
Z[Λ,m, r] (15)

with ξ = √
Λ2 − m2. We have adopted the monopole FF in

(7) to regularize the potential in (8)–(9). Now the effective
potentials in the coordinate space read

V
V
(r)

[
I

VD1 D1
1 , I

VD2 D2
2 ,mD1 ,mD2,mV

]

= −g2
D DV

I
VD1 D1
1 I

VD2 D2
2

(
Y [Λ,mV, r]

+ X[Λ,mV, r]
4mD1mD2m

2
V

)
, (16)

Vσ (r) = −g2
σ Y [Λ,mσ , r]. (17)

The exchange potential for Φ± in coordinate space is

V (r)Φ
±

Total = VV(r)

[
1√
2
,− 1√

2
,mD0,mD+ ,mρ0

]

+ VV(r)

[
1√
2
,

1√
2
,mD0,mD+ ,mω

]
+ Vσ (r)

≈ −g2
D DV

[
Y [Λ,mω, r]

2
− Y [Λ,mρ, r]

2
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− X[Λ,mρ, r]
8m2

Dm2
ρ

+ X[Λ,mω, r]
8m2

Dm2
ω

]

− g2
σ Y [Λ,mσ , r]. (18)

The symbol “≈” means the SU(2) symmetry is assumed.
For the Φ0 and Φ0

8 states, the exchange potentials are

V (r)
Φ0(Φ0

8 )

Total = 1

2

{
VV(r)

[
1√
2
,

1√
2
,mD0,mD0,mρ0

]

∓ 2VV(r)
[
1,1,mD0,mD+ ,mρ±

]

+ VV(r)

[
− 1√

2
,− 1√

2
,mD+ ,mD− ,mρ0

]

+ VV(r)

[
1√
2
,

1√
2
,mD0,mD0,mω

]

+ VV(r)

[
1√
2
,

1√
2
,mD+ ,mD− ,mω

]

+ 2Vσ (r)

}

≈ −g2
D DV

2
(1 ∓ 2)

(
Y [Λ,mρ, r]

+ X[Λ,mρ, r]
4m2

Dm2
ρ

)
− g2

D DV

2

(
Y [Λ,mω, r]

+ X[Λ,mω, r]
4m2

Dm2
ω

)
− g2

σ Y [Λ,mσ , r]. (19)

Clearly the potential of Φ0 is the same as that of Φ± due to
the SU(2) symmetry. The effective potential of Φ0

s1 is

V (r)
Φ0

s1
Total = VV(r)[1,1,mDs ,mDs ,mφ]

= −g2
D DV

(
Y [Λ,mφ, r] + X[Λ,mφ, r]

4m2
Ds

m2
φ

)
, (20)

where only φ meson exchange is allowed.

4.2 Numerical results for the P–P system

The input parameters include the coupling constants in (6),
the masses of heavy mesons listed in Table 1, and the ex-
changed meson masses mπ = 139.5, mρ = 775.5, mσ =
600, mη = 547.5, mω = 782.7 and mφ = 1019.5.

We first plot the variation of the effective potentials of the
D − D̄ system with the cutoff Λ = 1 GeV in Fig. 2. For the
Φ±(Φ0) state, there exist ρ, ω and σ meson exchanges. The
ρ exchange force is repulsive while both the ω and σ meson
exchange forces are attractive. The ρ and ω exchange forces
cancel each other almost exactly. Thus the total potential is
attractive. For the state Φ0

s1, the φ meson exchange potential
is attractive. The exchange potentials of ρ, ω and σ mesons
all are attractive for Φ0

8 . Thus its total effective potential is
attractive.

We adopt the MATSLISE package to solve the Schrö-
dinger equation with the effective potentials of Φ±(Φ0),
Φ0

s1 and Φ0
8 states. MATSLISE is a graphical Matlab soft-

ware package for the numerical study of regular Sturm-
Liouville problems, one-dimensional Schrödinger equations
and radial Schrödinger equations with a distorted coulomb
potential. It allows for the fast and accurate computation of
the eigenvalues and the visualization of the corresponding
eigenfunctions [42–44].

The variation of binding energy E and the root-mean-
square radius rrms (in the unit of fm) of Φ0

s1,Φ
0
8 ,Ω0

s1,Ω
0
8

with Λ is presented in Fig. 3, if there exists the solution by
solving Schrödinger equation. For Φ±(Φ0), we can not find
bound state solutions in the range of Λ < 10 GeV, which in-
dicates Φ±(Φ0) does not exist. For both Φ0

s1 and Φ0
8 , there

exist bound state solutions with Λ around 0.5 GeV. When
the binding energy E becomes smaller, the rrms becomes
larger. Similar observations hold for the B − B̄ system. Now
the reduced masses of Ω0

s1 and Ω0
8 are heavier. Hence the ki-

netic term is smaller. Ω0
s1 and Ω0

8 states appear with a larger
Λ around 1.1 GeV. In Fig. 3, we increase and reduce both
the vector coupling constant and scalar coupling constant by
a factor of two to see the variation of the binding energy and
the cutoff parameter.

Fig. 2 Diagrams (a), (b) and (c) give respectively the variation of potentials of Φ±(Φ)0, Φ0
s1 and Φ0

8 states on r . Here we take the cutoff
Λ = 1 GeV
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Fig. 3 (Color online) The dependence of binding energy E and the
root-mean-square radius rrms on Λ for Φ0

s1, Φ0
8 , Ω0

s1, Ω0
8 is marked

by the red shadow band with the coupling constants in the text. The

yellow and blue shadow bands correspond to the cases when both the
vector and scalar coupling constants are increased and reduced by a
factor of two respectively

5 The D∗ − D̄∗ case

5.1 The potential of the V–V system

The possible quantum numbers of the S-wave V–V system
are JP = 1+,1+,2+. The C parity is + for the neutral
states. The exchanged mesons include the pseudoscalar, vec-
tor and σ mesons. The exchange potential reads

V [J ]
P

(q)
[
I

PD∗
1 D∗

1
1 , I

PD∗
2 D∗

2
2 ,mD∗

1
,mD∗

2
,mP

]

= 1

4
g2

D∗D∗P
I

PD∗
1 D∗

1
1 I

PD∗
2 D∗

2
2 A[J ] q2

q2 + m2
P

(21)

for pseudoscalar meson exchange and

V [J ]
V

(q)
[
I

VD∗
1 D∗

1
1 , I

VD∗
2 D∗

2
2 ,mD∗

1
,mD∗

2
,mV

]

= −I
VD∗

1 D∗
1

1 I
VD∗

2 D∗
2

2

×
[

g2
D∗D∗V

4mD∗
1
mD∗

2

C[J ] q2

m2
V

+ g2
D∗ D∗V

C[J ] 1

q2 + m2
V

+ 4f 2
D∗D∗V

mD∗
1
mD∗

2

B[J ] q2

q2 + m2
V

]
(22)

for vector meson exchange. For σ exchange,

V [J ]
σ (q) = −g2

σ C[J ] 1

q2 + m2
σ

(23)

with

A[J ] ≡
∑

λ1λ2λ3λ4

〈1λ1;1λ2|J,m〉〈1λ3;1λ4|J,m〉 1

q2

× [
ε
λ1
1 · (q × ε

∗λ3
3

)
ε
λ2
2 · (q × ε

∗λ4
4

)]
, (24)

B[J ] ≡
∑

λ1λ2λ3λ4

〈1λ1;1λ2|J,m〉〈1λ3;1λ4|J,m〉 1

q2

× [
(ε1 · q)(ε2 · q)(ε∗

3 · ε∗
4 ) + (c.t.s)

]
, (25)

C[J ] ≡
∑

λ1λ2λ3λ4

〈1λ1;1λ2|J,m〉〈1λ3;1λ4|J,m〉

× (
ε
λ1
1 · ε∗λ3

3

)(
ε
λ2
2 · ε∗λ4

4

)
, (26)

where εi is the polarization vector, and c.t.s denotes the
cross-terms, i.e. −(ε1 · q)(ε∗

4 · q)(ε2 · ε∗
3 ), (ε∗

3 · q)(ε∗
4 · q) ×

(ε1 · ε2) and −(ε∗
3 · q)(ε2 · q)(ε1 · ε∗

4 ). When considering
the different systems with JP = 0+,1+,2+, we impose the
constraint on the scattering amplitudes that the initial states
and final states should have the same angular momentum.
Then we average the potential in the momentum space, i.e.,
making the substitutions q2

x,y,z → q2/3. The coefficients of
A(J ), B(J ) and C(J ) are listed into Table 4.

After Fourier transformation, we get the potentials in the
coordinate space

V [J ]
P

(r)
[
I

PD∗
1 D∗

1
1 , I

PD∗
2 D∗

2
2 ,mD∗

1
,mD∗

2
,mP

]

= 1

4
g2

D∗D∗P
I

PD∗
1 D∗

1
1 I

PD∗
2 D∗

2
2 A[J ]Z[Λ,mP, r], (27)
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Table 4 The values of A(J ), B(J ) and C(J ) for the cases of the JP =
0+,1+,2+ systems

J A(J ) B(J ) C(J )

0 2/3 4/3 1

1 1/3 2/3 1

2 −1/3 −2/3 1

V [J ]
V

(r)
[
I

VD∗
1 D∗

1
1 , I

VD∗
2 D∗

2
2 ,mD∗

1
,mD∗

2
,mV

]

= −I
VD∗

1 D∗
1

1 I
VD∗

2 D∗
2

2

[
g2

D∗ D∗V

4mD∗
1
mD∗

2

C[J ] 1

m2
V

X[Λ,mV, r]

+ g2
D∗D∗V

C[J ]Y [Λ,mV, r]

+ 4f 2
D∗D∗V

mD∗
1
mD∗

2

B[J ]Z[Λ,mV, r]
]
, (28)

Vσ (r)[J ] = −g2
σ C[J ]Y [Λ,mσ , r]. (29)

The total effective potentials for the Φ∗∗±
s and Φ0

s (Φ̄0
s )

states are

V (r)
Φ±

s [J ]
Total = V [J ]

P
(r)

[
1√
6
,− 2√

6
,mD∗0 ,mD∗

s
,mη

]
, (30)

V (r)
Φ0

s (Φ̄0
s )[J ]

Total

= V [J ]
P

(r)

[
1√
6
,− 2√

6
,mD∗+ ,mD∗

s
,mη

]
, (31)

where only η meson exchange is allowed. Considering the
SU(2) symmetry, one further gets

V (r)
Φ±

s [J ]
Total ≈ V (r)

Φ0
s (Φ̄0

s )[J ]
Total

= − 1

12
g2

D∗ D∗P
A[J ]Z[Λ,mη, r]. (32)

For the Φ∗∗0
s1 state, the potential is

V (r)
Φ∗∗0

s1 [J ]
Total = V [J ]

P
(r)

[
− 2√

6
,− 2√

6
,mD∗

s
,mD∗

s
,mη

]

+ V [J ]
V

(r)[1,1,mD∗
s
,mD∗

s
,mφ]

= 1

6
g2

D∗D∗P
A[J ]Z[Λ,mη, r]

−
[

g2
D∗ D∗V

4m2
D∗

s
m2

φ

C[J ]X[Λ,mφ, r]

+ g2
D∗ D∗V

C[J ]Y [Λ,mφ, r]

+ 4f 2
D∗D∗V

m2
D∗

s

B[J ]Z[Λ,mφ, r]
]
. (33)

For Φ∗∗±, the exchange potential reads

V (r)
Φ∗∗±[J ]
Total = V [J ]

P
(r)

[
1√
2
,− 1√

2
,mD∗0 ,mD∗+ ,mπ

]

+ V [J ]
P

(r)

[
1√
6
,

1√
6
,mD∗0 ,mD∗+ ,mη

]

+ V [J ]
V

(r)

[
1√
2
,− 1√

2
,mD∗0 ,mD∗+ ,mρ

]

+ V [J ]
V

(r)

[
1√
2
,

1√
2
,mD∗0 ,mD∗+ ,mω

]

+ Vσ (r)[J ]

≈ −g2
D∗D∗P

A[J ]
[

Z[Λ,mπ, r]
8

− Z[Λ,mη, r]
24

]
− g2

σ C[J ]Y [Λ,mσ , r]

+ 1

2

[
g2

D∗ D∗V

4m2
D∗m2

ρ

C[J ]X[Λ,mρ, r]

+ g2
D∗ D∗V

C[J ]Y [Λ,mρ, r]

+ 4f 2
D∗D∗V

m2
D∗

B[J ]Z[Λ,mρ, r]
]

− 1

2

[
g2

D∗D∗V

4m2
D∗m2

ω

C[J ]X[Λ,mω, r]

+ g2
D∗ D∗V

C[J ]Y [Λ,mω, r]

+ 4f 2
D∗D∗V

m2
D∗

B[J ]Z[Λ,mω, r]
]
. (34)

The potential for the Φ∗∗0(Φ∗∗0
8 ) state is

V (r)
Φ∗∗0(Φ∗∗0

8 )[J ]
Total

= 1

2

{
V [J ]

P
(r)

[
1√
2
,

1√
2
,mD∗0 ,mD∗0 ,mπ0

]

∓ 2V [J ]
P

(r)[1,1,mD∗0 ,mD∗+ ,mπ±]

+ V [J ]
P

(r)

[
− 1√

2
,− 1√

2
,mD∗+ ,mD∗− ,mπ0

]

+ V [J ]
P

(r)

[
1√
6
,

1√
6
,mD∗0 ,mD∗0 ,mη

]

+ V [J ]
P

(r)

[
1√
6
,

1√
6
,mD∗+ ,mD∗− ,mη

]

+ V [J ]
V

(r)

[
1√
2
,

1√
2
,mD∗0 ,mD∗0 ,mρ0

]

∓ 2V [J ]
V

(r)[1,1,mD∗0 ,mD∗+ ,mρ±]

+ V [J ]
V

(r)

[
− 1√

2
,− 1√

2
,mD∗+ ,mD∗− ,mρ0

]
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+ V [J ]
V

(r)

[
1√
2
,

1√
2
,mD∗0 ,mD∗0 ,mω

]

+ V [J ]
V

(r)

[
1√
2
,

1√
2
,mD∗+ ,mD∗− ,mω

]
+ 2V [J ]

σ (r)

}

≈ g2
D∗ D∗P

A[J ]
[

(1 ∓ 2)

8
Z[Λ,mπ, r] + Z[Λ,mη, r]

24

]

− g2
σ C[J ]Y [Λ,mσ , r]

− (1 ∓ 2)

2

[
g2

D∗D∗V

4m2
D∗m2

ρ

C[J ]X[Λ,mρ, r]

+ g2
D∗D∗V

C[J ]Y [Λ,mρ, r]

+ 4f 2
D∗D∗V

m2
D∗

B[J ]Z[Λ,mρ, r]
]

− 1

2

[
g2

D∗ D∗V

4m2
D∗m2

ω

C[J ]X[Λ,mω, r]

+ g2
D∗D∗V

C[J ]Y [Λ,mω, r]

+ 4f 2
D∗D∗V

m2
D∗

B[J ]Z[Λ,mω, r]
]

, (35)

where ∓ corresponds to Φ∗∗0(Φ∗∗0
8 ) respectively. As a

cross-check, the potential for Φ∗∗0 is the same as that for
Φ∗∗± by SU(2) symmetry. For the V–V systems, we need
only consider four independent types of potentials corre-
sponding to [Φ∗∗±

s ,Φ∗∗0
s , Φ̄∗∗0

s ], [Φ∗∗±,Φ∗∗0], Φ∗∗0
8 and

Φ∗∗0
s1 listed in (32), (34), (35), (33) respectively when we

consider the SU(2) symmetry. For states with different quan-
tum numbers, we simply change the values of A[J ], B[J ]
and C[J ] in Table 4.

5.2 Numerical results for the V–V system

The quantum numbers of the S-wave V–V system are JP =
0+,1+,2+. The variation of the oscillating effective poten-
tial of Φ∗∗±

s (Φ∗∗0
s , Φ̄∗∗0

s ) with r is shown in Fig. 4, where

only η meson exchange is allowed. The effective potentials
of Φ∗±(Φ∗0) and Φ∗∗0

8 with JP = 0+,1+,2+ are presented
in Figs. 5–6, where the exchanged mesons include π , η, ρ,
ω and σ . For Φ∗∗0

s1 , its effective potential is shown in Fig. 7,
where both η and φ meson exchange is allowed.

With the above effective potentials, we solve the Schrö-
dinger equation to find the bound state solutions for the V–
V system. Numerical results are collected in Fig. 8 and Ta-
bles 5–7. For the D∗ − D∗ states with JP = 0+,1+, a bound
state exists only for Λ much larger than 1 GeV. Especially
for Φ∗∗±

s (Φ∗∗0
s , Φ̄∗∗0

s ) and Φ∗∗±(Φ∗∗0) with JP = 1+, the
existence of a bound state requires the values of Λ be larger
than 8 GeV. For Φ∗∗±

s (Φ∗∗0
s , Φ̄∗∗0

s ) and Φ∗∗±(Φ∗∗0) with
JP = 2+, no bound states exists for Λ < 10 GeV. The cut-
off parameter Λ is a typical hadronic scale, which is gen-
erally expected to be around 1–2 GeV. If Λ is much larger
than 2 GeV or much smaller than 1 GeV in order to form a
bound state, we tend to conclude that there does not exist a
heavy molecular state for these systems. We find bound state
solutions for Φ∗∗0

8 and Φ∗∗0
s1 with JP = 0+,1+,2+.

There do not exist molecular states Ω∗∗±
s (Ω∗∗0

s , Ω̄∗∗0
s )

and Ω∗∗±(Ω∗∗0) with JP = 2+ since we can not find
bound state solutions for Λ = 0–10 GeV. Different from
the D∗ − D̄∗ system, there exist possible molecular states

Fig. 4 The effective potential of Φ∗∗±
s (Φ∗∗0

s , Φ̄∗∗0
s ) with the cutoff

Λ = 1 GeV

Fig. 5 The effective potentials of Φ∗∗±(Φ∗∗0) with different quantum numbers. The thick solid line is the total effective potential. Here we take
the cutoff Λ = 1 GeV
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Fig. 6 The shape of the exchange potential of Φ∗∗0
8 . The thick solid line is the total effective potential. Here we take the cutoff Λ = 1 GeV

Fig. 7 The variation of the effective potential of Φ∗∗0
s1 with r . The thick solid line is the total effective potential. Here we take the cutoff Λ = 1 GeV

Ω∗∗±
s (Ω∗∗0

s , Ω̄∗∗0
s ) with JP = 0+,1+ with more reason-

able Λ close to 1 GeV. We also find the bound state solutions
for Ω∗∗0

8 and Ω∗∗0
s1 . The reason is simple. The larger the re-

duced mass for B∗ − B̄∗, the lower the kinetic energy, the
easier to form a molecular state. With Φ∗∗

s as an example,
we illustrate the dependence of E on Λ in Fig. 8.

6 The D∗ − D̄ case

6.1 The potential of the P–V system

Figure 9 shows the general scattering channels in the deriva-
tion of the exchange potential. Different from the P–P and
V–V systems, we need consider two additional crossed scat-
tering diagrams for the P–V system, i.e. Fig. 9(b) and (c).

In terms of the effective Lagrangian in Sect. 3, the σ me-
son exchange potential in the momentum space is1

Vσ (q) = − g2
σ

q2 + m2
σ

. (36)

1We missed a minus sign in the sigma meson exchange potential in
[17, 18].

The pseudoscalar meson exchange potential reads [17, 18]

VP(q)
[
I

PD1 D∗
2

1 , I
PD∗

2 D1

2 ,mD1,mD∗
2
,mP

]

= − 1

12mD1mD∗
2

g2
D∗ DP

I
PD1 D∗

2
1 I

PD∗
2 D1

2

×
⎧
⎨

⎩

q2

μ2−q2 for π,

− q2

q2+μ′2 for η,
(37)

where μ =
√

q2
0 − m2

π , μ′ =
√

m2
η(K) − q2

0 and q0 = mD∗
2
−

mD1 . For vector meson exchange, there exist two types of
potentials from the direct and crossed scattering channels:

V Direct
V

(q)
[
I

VD1 D1
1 , I

VD∗
2 D∗

2
2 ,mD1,mD∗

2
,mV

]

= −gD DVgD∗ D∗VI
VD1 D1
1 I

VD∗
2 D∗

2
2

×
(

q2

4mD1mD∗
2
m2

V

+ 1

q2 + m2
V

)
, (38)

V Cross
V

(q)
[
I

VD1 D∗
2

1 , I
VD∗

2 D1

2 ,mD1,mD∗
2
,mV

]

= −8

3
f 2

D∗DV
I

VD1 D∗
2

1 I
VD∗

2 D1

2
q2

q2 + ζ 2
, (39)
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Fig. 8 The dependence of binding energy E and rrms on Λ for the V–V system

where ζV =
√

m2
V − q2

0 . One notes that mV is larger than q0

for the P–V case. After Fourier transformation, we obtain
the effective potentials in the coordinate space

Vσ (r) = −g2
σ Y [Λ,mσ , r], (40)

VP(r)
[
I

PD1 D∗
2

1 , I
PD∗

2 D1

2 ,mD1 ,mD∗
2
,mP

]

= − 1

12mD1mD∗
2

g2
D∗ DP

I
PD1 D∗

2
1 I

PD∗
2 D1

2

×
{

U(r) for π,

−Z[Λ,μ′, r] for η,
(41)
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Table 5 The numerical results for the D∗ − D̄∗ and B∗ − B̄∗ systems

State D∗ − D̄∗

JP = 0+ JP = 1+ JP = 2+

Λ (GeV) E (MeV) rrms (fm) Λ (GeV) E (MeV) rrms (fm) Λ (GeV) E (MeV) rrms (fm)

Φ∗∗±
s (Φ∗∗0

s , Φ̄∗∗0
s ) 4.80 −5.26 1.92 8.70 −1.60 2.56 − − −

4.85 −10.90 1.34 8.75 −4.59 1.93 − − −
4.90 −18.49 1.04 8.80 −8.83 1.47 − − −
4.95 −27.99 0.85 8.85 −14.36 1.17 − − −
5.00 −39.42 0.72 8.90 −21.21 0.96 − − −

Φ∗∗±(Φ∗∗0) 4.00 −5.21 1.99 9.80 −8.40 1.61 − − −
4.10 −10.93 1.40 9.90 −12.08 1.37 − − −
4.20 −19.02 1.08 10.00 −16.53 1.19 − − −
4.30 −29.73 0.88 10.10 −21.75 1.05 − − −

Φ∗∗0
8 0.51 −31.92 1.21 0.51 −37.61 1.18 0.50 −24.01 1.47

0.52 −18.32 1.48 0.515 −19.63 1.48 0.51 −17.23 1.63

0.53 −8.61 1.95 0.52 −15.03 1.63 0.52 −11.71 1.85

0.54 −2.57 2.76 0.53 −7.77 2.05 0.53 −7.36 2.14

Φ∗∗0
s1 0.62 −20.46 1.30 0.59 −24.74 1.27 0.54 −23.64 1.46

0.63 −12.91 1.55 0.60 −17.27 1.45 0.55 −17.87 1.60

0.64 −7.13 1.93 0.62 −6.56 2.11 0.56 −13.01 1.77

State B∗ − B̄∗

JP = 0+ JP = 1+ JP = 2+

Λ (GeV) E (MeV) rrms (fm) Λ (GeV) E (MeV) rrms (fm) Λ (GeV) E (MeV) rrms (fm)

Ω∗∗±
s (Ω∗∗0

s , Ω̄∗∗0
s ) 2.30 −0.57 4.76 3.80 −3.98 2.21 − − −

2.35 −5.52 1.89 3.85 −9.75 1.42 − − −
2.40 −14.90 1.17 3.90 −17.91 1.06 − − −
2.45 −28.50 0.87 3.95 −28.43 0.85 − − −

Ω∗∗±(Ω∗∗0) 1.45 −6.12 1.92 − − −
1.50 −10.17 1.53 2.70 −3.60 2.41 − − −
1.55 −15.35 1.27 2.80 −8.40 1.62 − − −
1.60 −21.75 1.10 2.90 −15.55 1.22 − − −
1.65 −29.46 0.96 3.00 −25.38 0.98 − − −

Ω∗∗0
8 0.57 −23.16 1.36 0.57 −32.70 1.23 0.61 −18.07 1.49

0.575 −13.34 1.68 0.58 −16.11 1.58 0.62 −12.66 1.67

0.58 −6.42 2.28 0.59 −5.65 2.39 0.63 −8.39 1.93

Ω∗∗0
s1 0.73 −23.67 1.19 0.71 −21.76 1.28 0.66 −20.11 1.49

0.74 −12.12 1.56 0.72 −12.68 1.57 0.67 −14.26 1.67

0.75 −4.48 2.37 0.73 −6.12 2.05 0.68 −9.50 1.91

V Direct
V

(r)
[
I

VD1 D1
1 , I

VD∗
2 D∗

2
2 ,mD1 ,mD∗

2
,mV

]

= −gD DVgD∗ D∗VI
VD1 D1
1 I

VD∗
2 D∗

2
2

×
(

X[Λ,mV, r]
4mD1mD∗

2
m2

V

+ Y [Λ,mV, r]
)

, (42)

V Cross
V

(r)
[
I

VD1 D∗
2

1 , I
VD∗

2 D1

2 ,mD1,mD∗
2
,mV

]

= −8

3
f 2

D∗DV
I

VD1 D∗
2

1 I
VD∗

2 D1

2 Z[Λ,ζV , r]. (43)
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Table 6 The numerical results for the D∗ − D̄∗ and B∗ − B̄∗ systems after increasing the coupling constants by a factor of two

State D∗ − D̄∗

JP = 0+ JP = 1+ JP = 2+

Λ (GeV) E (MeV) rrms (fm) Λ (GeV) E (MeV) rrms (fm) Λ (GeV) E (MeV) rrms (fm)

Φ∗∗±
s (Φ∗∗0

s , Φ̄∗∗0
s ) 1.90 −16.07 1.14 2.90 −14.48 1.18 − − −

1.85 −4.7 2.05 2.80 −1.14 3.74 − − −
Φ∗∗±(Φ∗∗0) 1.00 −5.42 2.06 1.80 −6.28 1.89 − − −

1.20 −36.75 0.92 2.00 −24.25 1.04 − − −
Φ∗∗0

8 0.58 −45.86 1.05 0.60 −15.53 1.62 0.65 −32.94 1.15

0.59 −13.02 1.73 0.61 −3.64 2.64 0.66 −27.10 1.21

Φ∗∗0
s1 0.76 −39.20 0.97 0.74 −38.98 1.01 0.70 −23.96 1.38

0.78 −7.90 1.82 0.76 −12.73 1.55 0.72 −11.31 1.78

State B∗ − B̄∗

JP = 0+ JP = 1+ JP = 2+

Λ (GeV) E (MeV) rrms (fm) Λ (GeV) E (MeV) rrms (fm) Λ (GeV) E (MeV) rrms (fm)

Ω∗∗±
s (Ω∗∗0

s , Ω̄∗∗0
s ) 1.20 −9.26 1.50 1.60 −6.27 1.79 − − −

1.30 −79.29 0.60 1.70 −44.38 0.73 − − −
Ω∗∗±(Ω∗∗0) 0.50 −17.96 1.41 0.80 −7.74 1.80 − − −

0.48 −16.36 1.48 0.90 −25.86 1.11 − − −
Ω∗∗0

8 0.60 −81.06 0.89 0.62 −46.66 1.15 0.70 −245.16 0.50

0.61 −10.73 2.15 0.63 −11.49 1.98 0.71 −352.21 0.49

Ω∗∗0
s1 0.83 −25.32 1.17 0.82 −34.93 1.06 0.80 −26.93 1.27

0.84 −5.08 2.18 0.83 −15.01 1.47 0.82 −11.66 1.69

Here

U(r) = − μ2

4πr

[
cos(μr) − e−αr

] − β2α

8π
e−αr

with β = √
Λ2 − m2

π and α =
√

Λ2 − q2
0 . The total effective

potentials of Φ∗±
s /Φ̂∗±

s ,Φ∗0
s /Φ̂∗0

s , Φ̄∗0
s / ˆ̄Φ∗0

s are

V (r)
Φ∗±

s /Φ̂∗±
s

Total = c
g2

D∗ DP

36√
mDmDs mD∗mD∗

s

Z[Λ,μ′, r]. (44)

For Φ∗±/Φ̂∗±, the total effective potential reads

V (r)
Φ∗±/Φ̂∗±
Total

= 1

2
gD DVgD∗D∗V

[
X[Λ,mρ, r]
4mDmD∗m2

ρ

+ Y [Λ,mρ, r]
]

− 1

2
gD DVgD∗ D∗V

[
X[Λ,mω, r]
4mDmD∗m2

ω

+ Y [Λ,mω, r]
]

− c

{
− g2

D∗ DP

24mDmD∗
U(r) − g2

D∗ DP

72mDmD∗
Z[Λ,μ′, r]

− 4

3
f 2

D∗ DV
Z[Λ,ζρ, r] + 4

3
f 2

D∗ DV
Z[Λ,ζω, r]

}

− g2
σ Y [Λ,mσ , r]. (45)

For Φ∗0/Φ̂∗0, Φ∗0
s1 /Φ̂∗0

s1 and Φ∗0
8 /Φ̂∗0

8 , we have

V (r)
Φ∗0/Φ̂∗0

Total

= 1

2
gD DVgD∗D∗V

[
X[Λ,mρ, r]
4mDmD∗m2

ρ

+ Y [Λ,mρ, r]
]

− 1

2
gD DVgD∗ D∗V

[
X[Λ,mω, r]
4mDmD∗m2

ω

+ Y [Λ,mω, r]
]

− c

{
− g2

D∗DP

24mDmD∗
U(r) − g2

D∗ DP

72mDmD∗
Z[Λ,μ′, r]

− 4

3
f 2

D∗ DV
Z[Λ,ζρ, r] + 4

3
f 2

D∗ DV
Z[Λ,ζω, r]

}

− g2
σ Y [Λ,mσ , r], (46)
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Table 7 The numerical results for the D∗ − D̄∗ and B∗ − B̄∗ systems after reducing the coupling constants by a factor of two

State D∗ − D̄∗

JP = 0+ JP = 1+ JP = 2+

Λ (GeV) E (MeV) rrms (fm) Λ (GeV) E (MeV) rrms (fm) Λ (GeV) E (MeV) rrms (fm)

Φ∗∗±
s (Φ∗∗0

s , Φ̄∗∗0
s ) − − − − − − − − −

Φ∗∗±(Φ∗∗0) − − − − − − − − −
Φ∗∗0

8 0.40 −18.40 1.57 0.40 −13.09 1.82 0.39 −10.14 2.10

0.41 −12.23 1.81 0.41 −8.43 2.12 0.40 −6.67 2.42

Φ∗∗0
s1 0.46 −6.43 2.21 0.40 −27.87 1.37 0.40 −12.05 1.95

0.47 −3.70 2.76 0.42 −16.15 1.63 0.41 −8.61 2.18

State B∗ − B̄∗

JP = 0+ JP = 1+ JP = 2+

Λ (GeV) E (MeV) rrms (fm) Λ (GeV) E (MeV) rrms (fm) Λ (GeV) E (MeV) rrms (fm)

Ω∗∗±
s (Ω∗∗0

s , Ω̄∗∗0
s ) 6.80 −9.33 1.43 − − − − − −

6.90 −23.17 0.93 − − − − − −
Ω∗∗±(Ω∗∗0) 6.10 −7.37 1.64 − − − − − −

6.20 −14.64 1.20 − − − − − −
Ω∗∗0

8 0.48 −26.88 1.31 0.48 −19.59 1.51 0.48 −11.34 1.92

0.50 −8.85 1.97 0.50 −6.57 2.25 0.50 −4.18 2.75

Ω∗∗0
s1 0.58 −11.18 1.68 0.53 −29.28 1.23 0.50 −18.73 1.60

0.60 −3.11 2.85 0.55 −15.49 1.54 0.52 −9.95 1.97

Fig. 9 The diagrams in the
derivation of the effective
potential of the P–V system

V (r)
Φ∗0

s1 /Φ̂∗0
s1

Total

= −gD DVgD∗ D∗V

[
X[Λ,mφ, r]
4mDs mD∗

s
m2

φ

+ Y [Λ,mφ, r]
]

− c
8

3
f 2

D∗DV Z[Λ,ζφ, r]

+ c
g2

D∗DP

18mDs mD∗
s

Z[Λ,μ′, r], (47)

V (r)
Φ∗0

8 /Φ̂∗0
8

Total

= −3

2
gD DVgD∗D∗V

[
X[Λ,mρ, r]
4mDmD∗m2

ρ

+ Y [Λ,mρ, r]
]

− 1

2
gD DVgD∗ D∗V

[
X[Λ,mω, r]
4mDmD∗m2

ω

+ Y [Λ,mω, r]
]

− c

{
g2

D∗ DP

8mDmD∗
U(r) − g2

D∗DP

72mDmD∗
Z[Λ,μ′, r]

+ 4f 2
D∗DV

Z[Λ,ζρ, r] + 4

3
f 2

D∗ DV
Z[Λ,ζω, r]

}

− g2
σ Y [Λ,mσ , r]. (48)

The parameter c is ∓1 for the P–V systems with the positive
and negative charge parity respectively. As expected, the po-
tential of Φ∗0 and Φ̂∗± are the same as that of Φ∗± and Φ̂∗0

respectively.

6.2 Numerical results for the P–V system

We show the variation of the potential with r in Fig. 10.
The total effective potential for Φ̂∗±(Φ̂∗0) and Φ∗0

8 is at-
tractive while the potential of Φ∗±(Φ∗0) and Φ̂∗0

8 is repul-
sive with Λ = 1 GeV. Especially the neutral states with pos-
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Fig. 10 The exchange potential of the P–V system with the typical value Λ = 1 GeV. The thick solid line is the total effective potential

itive charge parity are very interesting. The only candidate
of X(3872) with the attractive potential is Φ∗0

8 . There do
not exist molecular states Φ±(Φ∗0), Ω±(Ω∗0) and Ω̂∗0

8 be-
cause of the strong repulsive potential. Bound state solutions
exist for Φ∗±

s (Φ∗0
s , Φ̄∗0

s ) and Ω∗±
s (Ω∗0

s , Ω̄∗0
s ), Ω̂∗±(Ω̂∗0)

only with a very large Λ. We show the dependence of the
binding energy and rrms of P–V system in Figs. 11–12.
Moreover we collect the numerical results in Figs. 11–12
(see the results marked by a yellow shadow band) when all
coupling constants are increased by a factor of two. When
all the coupling constants are reduced by a factor of two,
the results are shown in Table Figs. 11–12 (see the results
marked by a blue shadow band).

7 Discussion and conclusion

We have systematically studied the P–P, V–V and P–V sys-
tems, which is composed of a pair of heavy meson and anti-
meson. We summarize our numerical results from Sects. 4–6
in Tables 8, 9 and 10. We use the symbols ‘�’ and ‘⊗’
to indicate whether a molecular state exists or not with the
coupling constants in Sect. 3. In the following two cases,

we tend to label the system with the symbol ‘⊗’: (1) there
does not exist a bound state at all because of the repul-
sive potential; (2) a bound state solution exists only with
either Λ > 3 GeV or Λ < 0.5 GeV. If a bound state ex-
ists when 0.5 < Λ < 0.9 GeV or 2.0 < Λ < 3.0 GeV, we
mark this state with ‘?’. In this case the result is so sen-
sitive to the cutoff parameter that we can not draw a defi-
nite conclusion. Only when a loosely molecular state exists
with 0.9 < Λ < 2.0 GeV, we tend to label the state with the
symbol ‘�’. We want to emphasize that the above criteria
may be biased due to the authors’ personal judgement. The
readers are encouraged to consult the numerical results in
Sects. 4–6 and draw their own conclusions.

It’s interesting to compare our results with those near-
threshold structures observed recently.

1. Z+(4051)

The charged broad structure Z+(4051) was observed by
Belle in the π+χc1. Its central mass value is slightly
above the D∗D̄∗ threshold. First we want to empha-
size that there exists strong attraction in the range r < 1
fm for the D∗D̄∗ system with J = 0,1 as can be seen
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Fig. 11 The dependence of E and rrms on Λ for the case of D D̄∗. Here a-2, a-3, a-5, a-6, a-7 and a-8 denote [Φ∗±
s ,Φ∗0

s , Φ̄∗0
s ], [Φ̂∗±, Φ̂∗0], [Φ∗0

s1 ],

[Φ̂∗0
s1 ], [Φ∗0

8 ] and [Φ̂∗0
8 ] respectively. The other conventions are the same as in Fig. 3

clearly from the shape of the total effective potential in
Fig. 5(a)–(b).

If this enhancement is a molecular state, the poten-
tial candidate of Z+(4051) is the Φ∗∗+ state with isospin
I = 1. Our numerical results indicate that there exists a
bound state solution (1) for Φ∗∗+ with JP = 0+ and Λ ∼
4 GeV; (2) for Φ∗∗+ with JP = 1+ and Λ ∼ 10 GeV. Un-
fortunately such a cutoff seems too large according to our
criteria.

If future experiments confirm Z+(4051) as a loosely
bound molecular state, its quantum number is very prob-
ably JP = 0+, which can be measured experimentally
through the angular momentum distribution of π+χc1.
Since Φ∗∗+ belongs to an isospin triplet, its neutral part-
ner state Φ∗∗0 may be searched in the π0χc1 channel.

2. X(3872)

In our previous work [17, 18], we explored the D0D̄∗0

molecular state by considering the π and σ meson ex-
change potentials only. Our numerical results showed
that it is impossible to form a D0D̄∗0 molecular state
with the coupling constants determined by experiment
and a reasonable cutoff around 1 GeV [17, 18]. Unfor-
tunately we missed a minus sign in the sigma meson ex-
change potential, although its contribution is not large.
Moreover we didn’t take into account the charged modes.

In this work, we consider both the neutral and charged
modes and include the exchange force from the π , η,
σ , ρ and ω mesons. The resulting total effective poten-
tial is attractive as shown in Fig. 10(f). Vector meson
exchange, especially rho meson exchange, provides the
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Fig. 12 The dependence of E and rrms on Λ for the case of B B̄∗. Here b-2, b-3, b-5, b-6 and b-7 denote [Ω∗±
s ,Ω∗0

s , Ω̄∗0
s ], [Ω̂∗±, Ω̂∗0], [Ω∗0

s1 ],

[Ω̂∗0
s1 ] and [Ω∗0

8 ] respectively. The other conventions are the same as that in Fig. 3

additional strong attraction. The Φ∗0
8 state corresponds

the X(3872).
Recall that the sigma meson exchange force is weak

and pion meson exchange alone does not bind the D∗D̄
into a molecular state with a physical pionic coupling
constant and a reasonable cutoff [17, 18]. In fact, a bound
state appears only with Λ ∼ 6 GeV there. With the ad-
ditional strong attraction from vector meson exchange,
our present numerical analysis shows that a molecular
state exists with Λ ∼ 0.55 GeV. If we arbitrarily in-
crease all the coupling constants by a factor of two,
there exists a molecular state with a slightly more reason-
able Λ ∼ 0.75 GeV. If we reduce all the coupling con-
stants by a factor two, there appears a bound state with
Λ ∼ 0.45 GeV. Such a cutoff value is below 1 GeV and
smaller than the exchanged vector meson mass.

The pionic coupling constant of the D∗D̄ system was
extracted from the decay width of the D∗ meson experi-

Table 8 Summary of the D − D̄ and B − B̄ systems. The symbols ⊗
and � denote “forbidden” and “allowed” respectively

D − D̄ B − B̄
State Remark State Remark

Φ±
s ,Φ0

s , Φ̄0
s ⊗ Ω±

s ,Ω0
s , Ω̄0

s ⊗
Φ±,Φ0 ⊗ Ω±,Ω0 ⊗
Φ0

8 ? Ω0
8 �

Φ0
s1 ? Ω0

s1 ?

mentally. Its value is known quite reliably. In contrast, the
vector coupling constant was estimated using the vector
dominance model in [41], which may be overestimated
according to a recent light cone QCD sum rule analy-
sis [45]. If we fix the pionic and scalar coupling con-
stants but reduce the vector coupling by a factor of two
only, there exists a very reasonable bound state solution
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Table 9 Summary of the
D∗ − D̄∗ and B∗ − B̄∗ systems D∗ − D̄∗ B∗ − B̄∗

State Remark State Remark

JP = 0+ JP = 1+ JP = 2+ JP = 0+ JP = 1+ JP = 2+

Φ∗∗±
s ,Φ∗∗0

s , Φ̄∗∗0
s ⊗ ⊗ ⊗ Ω∗∗±

s ,Ω∗∗0
s , Ω̄∗∗0

s ? ⊗ ⊗
Φ∗∗±,Φ∗∗0 ⊗ ⊗ ⊗ Ω∗∗±,Ω∗∗0 � ? ⊗
Φ∗∗0

8 ? ? ? Ω∗∗0
8 ? ? ?

Φ∗∗0
s1 ? ? ? Ω∗∗0

s1 ? ? ?

Table 10 Summary of the D − D̄∗ and B − B̄∗ systems

D − D̄∗ B − B̄∗

State Remark State Remark

Φ∗±
s ,Φ∗0

s , Φ̄∗0
s ⊗ Ω∗±

s ,Ω∗0
s , Ω̄∗0

s ⊗
Φ̂∗±

s , Φ̂∗0
s , ˆ̄Φ∗0

s ⊗ Ω̂∗±
s , Ω̂∗0

s , ˆ̄Ω∗0

s ⊗
Φ∗±,Φ∗0 ⊗ Ω∗±,Ω∗0 ⊗
Φ̂∗±, Φ̂∗0 ⊗ Ω̂∗±, Ω̂∗0 ⊗
Φ∗0

s1 ? Ω∗0
s1 ?

Φ̂∗0
s1 ? Ω̂∗0

s1 ?

Φ∗0
8 ? Ω∗0

8 �
Φ̂∗0

8 ? Ω̂∗0
8 ⊗

Table 11 The bound state solutions for the D∗ − D̄ system if we fix
the pionic and scalar coupling constants and reduce only the vector
coupling constant in Sect. 3 by a factor of two

Λ E (MeV) rrms (fm)

1.6 −12.86 1.47

1.5 −6.07 1.98

1.42 −2.41 3.09

1.41 −2.07 3.30

1.40 −1.75 3.53

with E = −1.75 GeV and Λ = 1.4 GeV as shown in
Table 11. Now the value of its root-mean-square radius
reaches 3.53 fm! In other words, such a molecular state
is bound very loosely.

In short summary, X(3872) may be accommodated as
a molecular state dynamically, although drawing a very
definite conclusion is very difficult especially when other
available experimental information is taken into account.
In our calculation, we assumed the SU(2) symmetry and
ignored the mass difference between the charged and
neutral mesons. Moreover we ignored the possible S–D
mixing effect completely since we impose the S-wave
condition in the derivation of the potential. These approx-
imations together with the sensitivity of the numerical re-

Fig. 13 The dependence of the potential V (r)
φ0

8
Total + 3/(2μr2) on Λ.

The solid, dotted and dashed lines correspond to Λ = 1,3,4 GeV re-
spectively

sults to the cutoff parameter should be considered in the
future investigation.

3. X(3764)

The broad structure X(3764) is close to the DD̄ thresh-
old and was observed in e+e− → hadrons process. Its
quantum number is JP = 1−−. In the present case, we
need consider the P-wave Φ0

8 by adding the centrifugal
potential �(1 + �)/(2μr2) with � = 1 into the potential
in (19). Here μ is the reduced mass of the system. In

Fig. 13, we show the variation of V (r)
φ0

8
Total + 3/(2μr2)

with several typical values of Λ. Our numerical analysis
indicates that there does not exist a P-wave Φ0

8 from such
a potential. In other words, the structure X(3764) is not
a DD̄ molecular state.
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