
Prog. Theor. Exp. Phys. 2019, 083E01 (14 pages)
DOI: 10.1093/ptep/ptz074

Deformation of neutron stars due to poloidal
magnetic fields

K. Yanase1,∗, N. Yoshinaga1, E. Nakano2, and C. Watanabe1

1Department of Physics, Saitama University, Saitama City 338-8570, Japan
2Department of Physics, Kochi University, Kochi City 780-8520, Japan
∗E-mail: yanase@nuclei.th.phy.saitama-u.ac.jp

Received September 21, 2018; Revised June 7, 2019; Accepted June 8, 2019; Published August 11, 2019

... . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
The mass–radius (MR) relation of deformed neutron stars in the axially symmetric poloidal
magnetic field is calculated. The MR relation is obtained by solving the Hartle equations, whereas
the one for spherical stars is obtained by the Tolman–Oppenheimer–Volkoff equations. The
anisotropic effects of the poloidal magnetic fields are found to be non-negligible for a strong
magnetic field more than 3 × 1018 G at the center of a neutron star.
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1. Introduction

Recent observational studies of binary systems have revealed that there are at least two pulsars with
masses of around 2M�, PSR J1614−2230 [1] and PSR J0348+0432 [2], within errors of a few %.
These pulsars are remarkably massive compared to typical neutron stars with masses of 1.4M� on
average. The presence of such massive neutron stars can be easily explained if the neutron star matter
consists of only nucleons and some varieties of leptons. However, hyperons should appear naturally
in the high-density region of the neutron star where its density is a few times higher than the nuclear
saturation density. The appearance of hyperons softens the equation of states (EoS) of neutron star
matter, and makes it difficult to explain the presence of massive neutron stars. This problem is referred
to as the hyperon puzzle. Various kinds of EoSs have been developed in the Hartree–Fock method
[3,4], relativistic mean field theories [5–9], chiral effective field theories [10–12], and quantum Monte
Carlo approaches [13–15].

Other observational discoveries of soft γ -ray repeaters (SGRs) and anomalous X-ray pulsars
(AXPs) have indicated that these pulsars have strong magnetic fields of around 1014–1015 G on
the surface assuming that magnetic fields are radiated in a dipole manner. Pulsars with such strong
magnetic fields are called magnetars. Twenty-nine magnetars and their candidates are known so far
[16]. However, massive neutron stars may not be magnetars.

These observations motivate us to theoretically study the effects of strong magnetic fields on the
EoS of the neutron star matter, and eventually on the mass–radius (MR) relation of neutron stars.
There are a lot of preceding works on the effects of Pauli paramagnetism and Landau diamagnetism
on the EoS and the MR relations of neutron stars [17–20], quark stars [21,22], and hybrid stars
[23,24] in the presence of strong magnetic fields.
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In these studies they argued that the presence of strong magnetic fields makes the EoS of the neutron
star matter stiffer, so that neutron stars could have larger masses compared with the mass without mag-
netic fields. It was shown that the mass of a neutron star can exceed 2M� if the magnetic field strengths
at the centers of the neutron stars become of the order of 1018 G. They adopted isotropic forms of pres-
sure to calculate the MR relation of neutron stars using the Tolman–Oppenheimer–Volkoff (TOV)
equations, which might not be valid for anisotropic magnetic fields. In fact it is unrealistic that
magnetic fields generate an isotropic pressure since the energy–stress tensor components due to a
magnetic field depend on the direction of the magnetic field. An anisotropic energy–stress tensor
should be considered depending on realistic magnetic field configurations.

It has been shown that either toroidal or poloidal magnetic fields alone would become unstable in
non-rotating stars [25,26]. Moreover, recent studies on magnetic field configurations have indicated
that magnetic fields in neutron stars have both poloidal and toroidal components. The energy of the
poloidal component Ep as a fraction of the total magnetic field energy E is numerically evaluated
as Ep/E ≤ 0.8 [27,28]. The anisotropic configuration of magnetic fields affects the deformations
of neutron stars so that one should solve the Einstein equation in the presence of anisotropic fields.
There are a few numerical works calculating the MR relations with anisotropic magnetic pressures
[29,30]. For a magnetic field produced by a certain electric current distribution, they solved the
Einstein equation in axially symmetric space.

In this paper we consider the deformation of neutron stars due to poloidal magnetic fields (PMFs)
and calculate the MR relations of neutron stars. The anisotropic effects of the PMF on the energy–
stress tensor are assumed to be small compared to the matter components. Under this assumption,
a perturbative approach for the metric is adopted up to second order of the magnetic field strength.
The perturbative terms of the metric provide the additional mass and the eccentricity for deformed
objects. This perturbative approach was originally introduced for slowly rotating neutron stars by
J. B. Hartle and others [31–34]. R. Mallick et al. applied this formulation to the calculation of the
additional mass and the eccentricity of deformed neutron stars due to strong magnetic fields [35].
They used a few kinds of EoSs without considering Landau diamagnetism and anomalous magnetic
moments (AMMs). We take into account the above effects, which enable us to discuss quantitatively
the question of whether 2M� is realized in the realistic EoS or not. We discuss to what extent the
anisotropy and the magnetic effects on the EoS play important roles in the question of whether
neutron stars can exceed 2M�.

This paper is organized as follows. In Sect. 2, the frameworks of the calculation of EoSs and the
Hartle equations for a deformed metric in the presence of magnetic fields are presented. In Sect. 3,
numerical results are given. In Sect. 4, some discussions related to the treatment of magnetic fields
are given.Also a significant correlation between the neutron star radius and the slope of the symmetry
energy is discussed. Finally the results are summarized in Sect. 5.

2. Formulations
2.1. Equation of state

In this paper the neutron star matter is assumed to be static and uniform in the high-density region,
which is described in the relativistic mean field (RMF) theory based on the nonlinear Walecka model.
The Lagrangian is given as [5–7,9,17,20,24,36]

L =
∑

b

Lb + Lm +
∑

l

Ll + Lem, (1)
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where

Lb = ψb
(
iγμ∂

μ − mb + gσbσ + gσ ∗bσ
∗ − gωbγμω

μ − gφbγμφ
μ − gρbγμτ ·ρμ

−qbγμAμ − κbσμνFμν
)
ψb, (2)

Lm = 1

2

(
∂μσ∂

μσ − m2
σ σ

2)+ 1

2

(
∂μσ

∗∂μσ ∗ − m2
σ ∗σ ∗2)

+ 1

2
m2
ωωμω

μ − 1

4
�μν�

μν + 1

2
m2
φφμφ

μ − 1

4
�μν�

μν

+ 1

2
m2
ρρμ ·ρμ − 1

4
Pμν ·Pμν

− 1

3
bmn (gσ σ )

3 − 1

4
c (gσ σ )

4 + 1

4!ξ
(
g2
ωωμω

μ
)2 +�ω

(
g2
ωωμω

μ
) (

g2
ρρμ ·ρμ), (3)

Ll = ψ l
(
iγμ∂

μ − qlγμAμ − ml
)
ψl , (4)

Lem = −1

4
FμνFμν . (5)

Here b, m, l, and em indicate baryons, mesons, leptons, and photons, respectively. The field strengths
are explicitly given as

Fμν = ∂μAν − ∂νAμ, (6)

�μν = ∂μων − ∂νωμ, (7)

�μν = ∂μφν − ∂νφμ, (8)

Pμν = ∂μρν − ∂νρμ − gρρμ × ρν . (9)

Here, τ/2 represents the isospin operator and σμν = i
2

[
γμ, γν

]
. The baryon octet

{p, n,�,�0,�±,�0,�−}, the electron, and the muon are taken into account for fermions.
In this model, the scalar meson σ , the vector meson ω, and the vector–isovector meson ρ with

masses of mσ = 511.198 MeV, mω = 783.0 MeV, and mρ = 770.0 MeV are introduced. The
coupling constants of nucleons with these mesons, gσN , gωN , and gρN , and some self-interactions
among mesons are determined by fitting the physical quantities at the saturation density [5,6,36].
The obtained coupling constants are listed in Table 1. The coupling constants of hyperons with
these mesons and hidden-strangeness mesons, σ ∗ and φμ, are determined by fitting the properties
of hypernuclei in the quark model [9]. In the GM1 parameter set Rσh = gσh/gσN = 0.6, Rωh =
gωh/gωN = 0.653, and Rρh = gρh/gρN = 0.6 are adopted. As for other couplings of hyperons with
the vector and vector–isovector mesons, the SU(6) values are adopted in the TM1-a and TM2ωρ-a
parameter sets:

Rω� = 2

3
, Rω� = 2

3
, Rω� = 1

3
, (10)

Rρ� = 2, Rρ� = 1, (11)

Rφ� = −
√

2

3
, Rφ� = −

√
2

3
, Rφ� = −2

√
2

3
. (12)

In the TM1-b and TM2ωρ-b parameter sets, Rω� = 1 is adopted, which corresponds to the symmetry
breaking of SU(6). Recent studies on hypernuclei provide the single-particle potentials of hyperons
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Table 1. Coupling constants of nucleon–meson interactions.

GM1 TM1 TM2ωρ

gσ 8.895 10.03 9.998
gω 10.61 12.61 12.50
gρ 8.195 9.264 11.30
b × 103 2.947 −1.508 −1.763
c × 103 −1.070 0.061 −0.790
ξ 0 0.0169 0.0113
�ω 0 0 0.03

Table 2. Baryon masses (mb) in units of MeV, anomalous magnetic moments (κb), and electric charges (qb)
for the baryon octet. κb is defined as κb = μb/μN − sgn(qb)mp/mb where μN is the nuclear magneton [43].

p n � �+ �0 �− �0 �−

mb 938.3 939.6 1116 1189 1193 1197 1314 1321
κb 1.79 −1.91 −0.61 1.67 1.61 −0.38 −1.25 0.06
qb +1 0 0 +1 0 −1 0 −1

in the symmetric nuclear matter. The values of U N
� = −30 MeV, U N

� = 0 MeV, and U N
� = −14

MeV are adopted to determine the value of Rσh. An empirical value of the binding energy in double-
� hypernuclei �B = 0.50 MeV is employed for adjusting the coupling of the � hyperon with the
σ ∗ meson [9]. Due to the absence of information on the double-� and double-� hypernuclei, the
coupling of the � and � hyperons with the σ ∗ meson is fixed to zero: Rσ ∗� = Rσ ∗� = 0. Masses
and charges of the baryon octet are given in Table 2. The experimental values of the anomalous
magnetic moments (AMMs) defined by κb = μb/μN − sgn(qb)mp/mb for baryons are also given.

The RMF EoS is used to describe the denser region, where its density is over the neutron drip
density ρND = 2.51 × 10−4 fm−3. The neutron drip density is predicted by the HFB-25 Brussels–
Montreal nuclear mass model [37]. The neutron drip density might be changed in the presence of a
strong magnetic field, but the MR relations of neutron stars are not so sensitive to the neutron drip
density. In order to describe the lower-density region, the Baym–Pethick–Sutherland (BPS) EoS is
used [38] with the atomic masses given in AME2012 [39,40] and HFB-24 [41].

In this paper we adopt a density-dependent magnetic field strength given by [24,42]

B(ρ) = Bs + B0

[
1 − exp

{
−α

(
ρ

ρ0

)γ}]
, (13)

where Bs indicates the strength on the surface and and B0 indicates that in a much denser region than
that of the saturation number density ρ0 (0.153 fm−3). Here the parameters α = 0.05 and γ = 2 are
adopted [24]. In the following the value of Bs is fixed constant at 1015 G. Details of how to obtain
the EoS in the presence of strong magnetic fields are given in Appendix A.

2.2. Hartle equations for deformed metrics due to magnetic fields

A theoretical method to calculate masses and eccentricities of axially deformed objects due to slow
rotations was first introduced by J. B. Hartle and others in Refs. [31–34] in the framework of general
relativity. The metric for such an object can be written as
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ds2 = −eν [1 + 2 {h0 + h2P2(cos θ)}] dt2 + eλ
[

1 + 2eλ

r
{m0 + m2P2(cos θ)}

]
dr2

+ r2 [1 + 2k2P2(cos θ)]
[
dθ2 + sin2 θ (dφ − ωdt)2

]
, (14)

where ω(r, θ) represents the local angular velocity of a rotating star, and h0(r), h2(r), m0(r), m2(r),
and k2(r) are the second-order perturbative terms with respect to the angular velocity�. The second-
order Legendre polynomial is given as P2(cos θ) = 1

2(3 cos2 θ − 1).
In this paper, non-rotating stars are treated so that only deformations are taken into account due to

the poloidal magnetic fields B = Bez, where the strength B is given by Eq. (13). This indicates that
ω(r, θ) = 0 and now the perturbative expansion parameter is the magnetic field strength B rather
than�. In the following all the physical quantities are treated up to the second order of the strength B.

The total pressure is given by

p = p0 + δp, (15)

where p0 is the matter contribution, and the angular dependence of the perturbative magnetic pressure
δp is given by

δp = δp0 + δp2P2(cos θ), (16)

δp0 = 1

3

B2

2
, δp2 = −4

3

B2

2
. (17)

If the magnetic pressure δp is much smaller than the matter contribution p0, the total energy density
ε(p) can be expanded as

ε(p0 + δp) = ε(p0)+ dε

dp

∣∣∣∣
p=p0

δp. (18)

It was shown that the magnetization of protons and neutrons for the neutron star matter is at most two
orders of magnitude smaller than the magnetic field strength in the strong magnetic fields of 1015–18 G
[19,20]. Thus the contribution of the magnetization to the magnetic pressure can be neglected.

The unperturbed part of the Einstein equation

Gμν ≡ Rμν − 1

2
gμνR = 8πTμν (19)

becomes the TOV equations

dM0

dr
= 4πr2ε(p0), (20)

dp0

dr
= −(ε(p0)+ p0)

(
M0 + 4πr3p0

)
r (r − 2M0)

, (21)

where the zeroth-order parts of the metric are given by

dν

dr
= − 2

ε(p0)+ p0

dp0

dr
, (22)

e−λ = 1 − 2M0

r
. (23)
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The Hartle equations [31,33,34] consisting of the second-order terms of the Einstein equation are
given by

dm0

dr
= 4πr2(ε(p0)+ p0)

dε

dp

∣∣∣∣
p=p0

δF0, (24)

d

dr
δF0 = −m0e2λ

(
8πp0 + 1

r2

)
− 4πreλ(ε(p0)+ p0)δF0, (25)

dk2

dr
= 4

r(r − 2M0)ν′ k2 + 4r

(r − 2M0)ν′

{
4

r2 + 4M0

r3 − 8π(ε(p0)+ p0)

}
δF0, (26)

where ν′ = dν/dr. Here δF0 is defined indirectly through

F(p) ≡ log (ε(p)+ p)−
∫ ε(p)

εc

1

ε + p
dε

= F0 + δF0 + δF2P2(cos θ), (27)

where δF0 and δF2 are second-order terms in B, and F0 is the zeroth-order term, independent of B.
The symbols F , F0, δF0, δF2 were originally denoted as P, P0, δP0, δP2 in Ref. [34], but to avoid
descriptive confusions, different notations are adopted here. This definition of F(p) is equivalent to

dF = 1

ε(p)+ p
dp, (28)

implying that δF0 and δF2 are given through δp0 and δp2 in Eq. (17) as

δF0 = 1

ε(p)+ p
δp0, δF2 = 1

ε(p)+ p
δp2. (29)

The Hartle equations and the EoS for the neutron star matter should be solved simultaneously,
but the strength of B can depend on the number density ρ in the EoS whereas dependence on r is
required in the Hartle equations. In this paper, a density-dependent form of the magnetic field (Eq.
(13)) is adopted instead of solving Eq. (25), so that Eqs. (24) and (26) are solved simultaneously.

The total mass of a neutron star up to the second order of B is the sum of the unperturbed mass M0

and the additional mass m0, which are calculated by the TOV equations and the Hartle equations,
respectively. The eccentricity is defined by [33,34]

e =
√(

Re

Rp

)2

− 1, (30)

where Re and Rp represent the equatorial radius and the polar radius, respectively. The coordinate
transformation r2 → r2 [1 + k2(r)P2(cos θ)] leads to an expression of eccentricity

e =
√

−3
(
ξ2(R)

R
+ k2(R)

)
, (31)

where the isotropic radius R is defined through p0(R) = 0, and ξ2(R) is given by

ξ2(r) = −δp2(r)/
dp0

dr
. (32)
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3. Numerical results

Figure 1 shows calculated mass–radius (MR) relations in the poloidal magnetic field (PMF) with a
large central magnitude of B0 = 3×1018 G for various EoSs. Here the radius indicates the equatorial
radius Re in the PMF case whereas the radius means the isotropic one R in other cases. Using the
TM2ωρ-b parametrization, which provides the stiffest EoS among all the EoSs in this paper, the
largest masses of observed neutron stars can be explained. For other EoSs, the mass hardly surpasses
twice the solar mass.

In Fig. 2 various results are given in the two cases of spherically symmetric magnetic pressure
(SSMP) and the poloidal magnetic field (PMF). MR relations without hyperons are also plotted in
green. It is seen that maximum masses without hyperons surpass 2.23M�. The cases without any
magnetic fields are also shown for comparison. Here in the SSMP treatment, TOV equations are
solved without considering the deformation, whereas in the PMF treatment the Hartle equations are
solved by considering the axial deformation. As for the SSMP, the perpendicular component of the
magnetic energy–stress tensor, pB,⊥ = B2/2, is employed. The maximum masses for all the cases
considered are listed in Table 3. It is apparent from Fig. 2 and Table 3 that the magnetic pressure
hardly contributes to the MR relations up to B0 = 1018 G. In the SSMP cases, neutron stars are
enlarged due to the overestimated magnetic pressure, and masses for all the EoSs exceed twice the
solar mass with B0 = 3×1018 G. However, in the PMF case, the contribution to the maximum mass
from the poloidal magnetic field is suppressed in comparison with the SSMP case. In fact the mean
value of the magnetic pressure arising from the PMF case is smaller by a factor of three than that
obtained in the SSMP case [44,45]. In the SSMP case, the radius of a neutron star with a typical mass
of 1.4M� is 13.3 km in the case of B0 = 1018 G, and 13.7 km for B0 = 3 × 1018 G, respectively. In
contrast the equatorial radius in the PMF case hardly depends on the magnitude of magnetic fields.

Figure 3 shows the eccentricity defined in Eq. (31), which represents the degree of deformation
of a neutron star. For a deformed object with e = 0.6 (almost the largest value in our calculation),
Rp/Re = 0.86.

Finally, we conclude this section by discussing the validity of the perturbative approach in the PMF
case. Figure 4 shows the ratio of the perturbative mass m0 to the unperturbed mass M0 in the radial part
of the metric. The central baryon number density is ρ = 1.0 fm−3, which gives almost the maximum
mass in each case. Figure 5 shows another perturbative term −k2 in the angular part of the metric.
These figures imply that the perturbative prescription is well applicable at least for B0 = 3×1018 G.
As seen from Figs. 4 and 5, we obtain the small perturbative terms as m0(R)/M0(R) ∼ 0.1 and
| − k2| ∼ 0.15, so this perturbative treatment is justified.

4. Discussions

As described in the previous section, a density-dependent form of magnetic fields (Eq. (13)) was
adopted instead of solving Eq. (25). We avoided solving Eq. (25) simply because in that case we
should solve the EoS as a function of both baryon number density ρ and the magnetic field strength
B. Numerically this is extremely difficult to carry out.

Here we adopt an eclectic method where the EoS is given in terms of the magnetic field in Eq.
(13), but nevertheless the Hartle equations are solved without assuming Eq. (13). After solving the
Hartle equations, we obtain the magnetic field strengths as a function of radius through Eqs. (17)
and (29). In the following the magnetic field thus obtained is called the PMF-δF0 field, while the
field in Eq. (13) is called the PMF-B(ρ) field. For the EoS, we have used TM2ωρ-b parametrization.
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Fig. 1. MR relations for deformed neutron stars in the poloidal magnetic field (PMF) with B0 = 3 × 1018 G
for various EoSs. The masses of two observed massive neutron stars are illustrated by the shaded area.

Fig. 2. MR relations with the TM2ωρ-b parametrization in the poloidal magnetic field (PMF) case, and in the
spherically symmetric magnetic pressure (SSMP) case. MR relations without hyperons are plotted in green
(nucleon). The central magnitudes of the magnetic fields are B0 = 3 × 1018 G (left panel) and B0 = 1018 G
(right panel), respectively. MR relations without any magnetic fields (without) are shown for comparison.

Table 3. Maximum masses in the PMF and the SSMP are listed in units of M�. Applied magnetic field
strengths are shown in the first row.

B0 = 0 G B0 = 1018 G B0 = 3 × 1018 G

PMF SSMP PMF SSMP

GM1 1.784 1.802 1.836 1.945 2.135
TM1-a 1.614 1.627 1.672 1.753 2.038
TM1-b 1.738 1.750 1.791 1.866 2.119
TM2ωρ-a 1.715 1.731 1.773 1.874 2.111
TM2ωρ-b 1.888 1.902 1.895 1.988 2.192

In Fig. 6, the PMF-δF0 field is shown by a red line, and PMF-B(ρ) (B0 = 3×1018 G, Bs = 1015 G,
α = 0.05, and γ = 2) is also shown as a reference by a black line. We have chosen the central baryon
number density as ρ = 1.0 fm−3. From this figure, it is seen that there is little difference between the
two cases shown in PMF-δF0 and PMF-B(ρ) from the center to 5 km, but a substantial difference is
seen from 5 km to 12 km, where the PMF-δF0 field is stronger than the PMF-B(ρ) field. This figure
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Fig. 3. Eccentricities e in Eq. (31) as functions of the central baryon number density ρc for GM1 and TM2ωρ-b
EoSs with two kinds of magnetic field strengths (B0 = 3 × 1018 G and B0 = 1018 G).

Fig. 4. Ratios of the perturbative mass term m0(r) to the unperturbed mass term M0(r) as a function of the
distance from the center r for GM1 and TM2ωρ-b EoSs with two kinds of magnetic field strengths.

shows that magnetic fields obtained by solving Eq. (25) sustain strong magnetic fields continuously
from the center to the surface, but they drop down suddenly only near the surface.

Figure 7 shows the MR relations with and without magnetic fields. In the presence of the magnetic
fields, the mass given by the PMF-δF0 field is shown by a red dot-dashed line and the mass obtained
by PMF-B(ρ) is shown by a red solid line. The dashed line indicates that without magnetic fields.
The maximum mass given by PMF-δF0 is 2.15M�, while that by PMF-B(ρ) is 1.99M�. Due to the
strong magnetic fields continuing to the surface in the PMF-δF0 field, the perturbative term m0 gets
larger. As a result, the total mass M = M0(R) + m0(R) in the PMF-δF0 field becomes bigger than
that by the PMF-B(ρ) field.

It is interesting to investigate what properties of EoSs actually decide the radii of neutron stars.
The basic nuclear properties at saturation reproduced by five EoSs are given in Table 4. These
parameters refer to the binding energy B/A, the nuclear normal density ρ0, the incompressibility
K , the incompressibility of symmetry energy Ksym, the symmetry energy at saturation J , and the
symmetry-energy slope parameter L, respectively. It is seen in Fig. 1 and Table 4 that the slope of the
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Fig. 5. The perturbative term −k2 in the angular part of the metric as a function of the distance from the center
r for GM1 and TM2ωρ-b EoSs with two kinds of magnetic field strengths.

Fig. 6. The red line indicates the PMF-δF0 field, and the black line indicates the PMF-B(ρ) field (B0 =
3 × 1018 G, Bs = 1015 G, α = 0.05, and γ = 2). The TM2ωρ-b EoS is adopted.

Fig. 7. MR relations using magnetic fields solving Eq. (25) (red dot-dashed line, PMF-δF0) and the magnetic
field in Eq. (13) (red solid line, PMF-B(ρ)). The TM2ωρ-b EoS is adopted. The dashed line indicates the one
without magnetic fields.
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Table 4. Basic nuclear properties for each EoS. Data are taken from Refs. [9,48].

GM1 TM1-a TM1-b TM2ωρ-a TM2ωρ-b

B/A (MeV) −16.3 −16.3 −16.3 −16.4 −16.4
ρ0 (fm3) 0.153 0.146 0.146 0.146 0.146
K (MeV) 300 281.2 281.2 281.7 281.7
Ksym (MeV) 18.1 33.8 33.8 −70.5 −70.5
J (MeV) 32.5 36.9 36.9 32.1 32.1
L (MeV) 94.4 111.2 111.2 54.8 54.8

symmetry energy L has a significant correlation with the radius of a neutron star. Namely, TM2ωρ
gives the smallest radius for the smallest L and TM1 gives the largest radius for the largest L among
the present models. This is in accordance with the results in Refs. [46,47].

5. Summary

In this paper we solved the Einstein equation in axially symmetric space due to the strong poloidal
magnetic field in a perturbative approach, which was first introduced by J. B. Hartle. In this work, we
used EoSs given in various relativistic mean field theories in the presence of strong magnetic fields.
The introduction of Pauli paramagnetism and Landau diamagnetism makes the EoSs considerably
stiffer. The mass–radius (MR) relation of neutron stars was calculated by solving the TOV equations
with isotropic EoSs (SSMP), or the Hartle equations in the deformed case (PMF). In the PMF case
the amount of incremental mass due to the magnetic pressure is suppressed compared with the mass
in the SSMP case.

It was previously reported in the calculations of the SSMP case that neutron stars could achieve
twice the solar mass for sufficiently strong magnetic fields of the order of 1018 G. In the PMF
prescription the maximum mass increment is largely suppressed. Therefore twice the solar mass
is not achieved even in such strong magnetic fields. Only in the case of TM2ωρ-b does the mass
become 1.99M�. The PMF treatment imposes a strong constraint on the EoSs and a restriction on
the strength of the magnetic field.

In this work we treated magnetized neutron stars in a perturbative treatment. N. Yasutake et al.
[49] discussed rotating neutron stars in the full treatment in an unperturbed method. In future work,
this kind of unperturbed method should be tested to investigate the MR relations of neutron stars in
the presence of strong magnetic fields.
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Appendix A. Energy spectra in strong magnetic fields

Energy spectra for charged baryons, neutral baryons, and leptons with σ ,ω, and ρmesons are derived
from the Dirac equation and given by

Eb
ν,s =

√(
kb

z

)2 + (
mc

b

)2 + gωbω
0 + τ3bgρbρ

03, (A.1)
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Eb
s =

√(
kb

z

)2 + (mb)
2 + gωbω

0 + τ3bgρbρ
03, (A.2)

El
ν =

√(
kl

z

)2 + (ml)
2, (A.3)

respectively. Here, the effective masses are defined as

mc
b =

√
m∗

b
2 + 2ν|qb|B − sμNκbB, (A.4)

mb = m∗
b − sμNκbB, (A.5)

ml =
√

m2
l + 2ν|ql|B, (A.6)

for charged baryons, neutral baryons, and leptons, respectively, where

m∗
b = mb − gσbσ . (A.7)

ν represents the Landau levels

ν = n + 1

2
− sgn(qb)

s

2
= 0, 1, 2, . . . , νmax, (A.8)

where n implies any integer greater than or equal to zero, and s = +1 for spin-up and s = −1 for
spin-down, respectively. Namely, we should vary the lowest values of ν, which takes 0 or 1, depending
on the signs of charges and the spin third components. The maximum values of the Landau levels
are given by

νmax = (Eb
F + sμNκbB)2 − m∗

b
2

2|qb|B , (A.9)

νmax = (El
F)

2 − m2
l

2|ql|B . (A.10)

The Fermi wave numbers kb
F,ν,s, kb

F,s, and kl
F,ν are given by the usual relations

(Eb
F)

2 =

⎧⎪⎨
⎪⎩
(kb

F,ν,s)
2 + (

mc
b

)2
(kb

F,s)
2 + (mb)

2
(A.11)

for baryons and

(El
F)

2 = (kl
F,ν)

2 + m2
l (A.12)

for leptons. We then obtain the scalar density and the vector density

ρs
b = |qb|Bm∗

b

2π2

∑
s

νmax∑
ν

mc
b√

m∗
b

2 + 2ν|qb|B
ln

∣∣∣∣∣
kb

F,ν,s + Eb
F

mc
b

∣∣∣∣∣ , (A.13)

ρv
b = |qb|B

2π2

∑
s

νmax∑
ν

kb
F,ν,s (A.14)

for charged baryons,

ρs
b = m∗

b

4π2

∑
s

[
Eb

Fkb
F,s − m2

b ln

∣∣∣∣∣
kb

F,s + Eb
F

mb

∣∣∣∣∣
]

, (A.15)
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ρv
b = 1

2π2

∑
s

[
1

3

(
kb

F,s

)3 − 1

2
sμNκbB

{
mbkb

F,s +
(

Eb
F

)2
(

arcsin

(
mb

Eb
F

)
− π

2

)}]
(A.16)

for neutral baryons, and

ρv
l = |ql|B

2π2

∑
s

νmax∑
ν

kl
F,ν (A.17)

for leptons, respectively.
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