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ABSTRACT: We show that tree level superstring theories on certain supersymmetric back-
grounds admit a symmetry which we call “fermionic T-duality”. This is a non-local redef-
inition of the fermionic worldsheet fields similar to the redefinition we perform on bosonic
variables when we do an ordinary T-duality. This duality maps a supersymmetric back-
ground to another supersymmetric background with different RR fields and a different
dilaton. We show that a certain combination of bosonic and fermionic T-dualities maps
the full superstring theory on AdSs x S° back to itself in such a way that gluon scat-
tering amplitudes in the original theory map to something very close to Wilson loops in
the dual theory. This duality maps the “dual superconformal symmetry” of the original
theory to the ordinary superconformal symmetry of the dual model. This explains the
dual superconformal invariance of planar scattering amplitudes of N = 4 super Yang Mills
and also sheds some light on the connection between amplitudes and Wilson loops. In the
appendix, we propose a simple prescription for open superstring MHV tree amplitudes in
a flat background.
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Figure 1: Relation between the amplitude and the Wilson loop. A planar scattering amplitude of
n gluons is related to a Wilson loop computation involving an n sided polygonal Wilson loop where
the sides are light like vectors given by the momenta.

1. Introduction

During the past year a surprising connection was found between planar scattering ampli-
tudes and Wilson loops in N/ = 4 super Yang Mills, for a recent review and a more complete
set of references see [[I] . This was first noticed in the strong coupling computation of the
amplitudes in . The connection that was found in [[J] was apparently valid only at
leading order in the strong coupling expansion. However, the same connection was soon
found in weak coupling computations [J-[d, based on previous amplitude computations
in [ﬂ, E] More recently an impressive check of this relationship was performed at two loops
for six gluons in [, [Ld].

The basic statement of the relationship is as follows. One considers the color ordered

amplitudes A(Py,- - ,pp), defined via a color decomposition of the planar amplitude

Alar,priaz,ps,--)= > Tr[T - T*)A(pr, - ,pa) (1.1)

Permutations

where a; are the group indices and p; are the momenta and we suppressed the polarization
dependence. We can then write the MHV amplitudes as

Avav = Amav, ree A1, 5 Pn) (1.2)

where Ap v, tree is the tree level MHV amplitude [[LI]] . Then the observation is that

A(pla"' 7pn) = (W(pl7”’ 7pn)> (13)

where W is a Wilson loop that ends on a contour made by n lightlike segments, each
proportional to p;, see figure . To be more precise, the left hand side in ([.J) is infrared
divergent and the right hand side is UV divergent. The structure of these divergencies is
known. The statement is really about the finite parts of the amplitudes, which can have a
complicated dependence on the kinematic invariants of the process.

A closely related fact is that scattering amplitudes display an interesting non-trivial
symmetry called “dual conformal invariance”. This symmetry was first found in perturba-
tive computations in [[J] , and it was recently also observed in next to MHV amplitudes
in [@] , where it was promoted to a full “dual superconformal symmetry”. One would also
like to understand the origin of this symmetry. If one accepts the relationship between am-
plitudes and Wilson loops, then this symmetry is the ordinary superconformal symmetry
acting on Wilson loops.



In this paper we show that one can understand this “dual superconformal symmetry”
using a T-duality symmetry of the full superstring theory on AdSs x S°. The T-duality
involves ordinary bosonic T-dualities, which were considered already in [J] , plus novel
“fermionic” T-dualities. These fermionic T-dualities consist in certain non-local redefini-
tions of the fermionic variables of the superstring. The fermionic T-dualities change the
dilaton and the RR fields without modifying the metric. After these T-dualities the sigma
model looks the same as the original sigma model but the computation of the amplitude
in the original model maps to a computation of an object very close to a Wilson loop in
the dual theory. The ordinary superconformal invariance of the T-dual model is the “dual
superconformal symmetry” of the original theory. The amplitude computation does not
map precisely to a Wilson loop computation but to a certain computation involving D(-1)
branes and strings stretching between them. For MHV amplitudes we expect, on the basis
of perturbative computations [, fl, B, [[(], that the difference should amount to a simple
prefactor which is equal to the tree level MHV amplitude ([.) . We will not derive this
factor in this paper, but we will give some plausibility arguments.

We will discuss in some detail the nature of fermionic T-duality for general back-
grounds. We will give some general rules regarding the transformation of the background
fields under fermionic T-dualities. Fermionic T-dualities are possible when we have a su-
percharge that anticommutes to zero, Q> = 0. In that case one can represent the action of
this supercharge as the shift of a certain fermionic coordinate of the sigma model 8 — 6+e.
The fermionic T-duality is a transformation of the fermionic variables rather similar to the
one we do for the case of bosonic T-dualities, in the sense that we redefine the field in
such a way that we exchange the equation of motion with the Bianchi identity. The T-
dual sigma model leads to a different background for the superstring. Thus a fermionic
T-duality relates the superstring on a supersymmetric background to the superstring on
another supersymmetric background. In general this fermionic T-duality is a valid sym-
metry only at string tree level for reasons similar to the ones that imply that a bosonic
T-duality of a non-compact scalar is only a symmetry of certain tree level computations.

A connection between amplitudes and Wilson loops in momentum space was discussed
in [[4, [(3]. One performs a Fourier transformation of an ordinary Wilson loop to obtain the
Wilson loop in momentum space. Then the amplitude is related to a particular momentum
space Wilson loop which looks exactly as the one in figure [ The important point we are
making here is that this momentum space Wilson loop can be computed by mapping it
to an ordinary position space Wilson loop with the same shape.

It was also expected that “dual conformal symmetry” should be connected to inte-
grability. In fact, in the simpler case of a bosonic AdS sigma model we show that the
non-trivial generators in the “dual conformal group” correspond to some of the non-local
charges that arise due to integrability. This conclusion has also been reached for the full
AdSs x S° theory in [[[q] .

In an appendix we also propose a simple prescription for computing MHV tree level
open string scattering amplitudes in flat space. This prescription is related to the self-dual
N=2 string [[7, [[§] and reproduces the amplitudes that have been computed previously
in [[9 using the standard formalism.



This paper is organized as follows. In section two we introduce the concept of a
“fermionic T-duality” and we explore some of its properties. In section three we perform a
set of bosonic and fermionic transformations that map AdSs x S°® back to itself which maps
the problem of amplitudes to a problem closely related to Wilson loops. In section four we
discuss in more detail what the computation of the amplitude maps into. In section five we
discuss the relation between the conformal symmetry of the dual theory and the non-local
charges associated to integrability. In section six we present some conclusions.

In appendix A we discuss a proposal for computing MHV amplitudes in flat space
string theory. This is disconnected from the rest of the paper and can be read on its own.

2. Fermionic T-duality

In this section, we discuss “fermionic T-duality” which is a generalization of the Buscher
version of T-duality to theories with fermionic worldsheet scalars.! We first show how
fermionic T-duality transforms background superfields in the Green-Schwarz and pure
spinor sigma models. We then translate these transformations into the language of Type
IT supergravity fields and show that fermionic T-duality changes the background values of
the dilaton and Ramond-Ramond fields. A simple example of fermionic T-duality relates
the flat background with the self-dual graviphoton background. In the following section
we will apply this transformation to the AdSs x S° case.

2.1 Review of bosonic T-duality

In the sigma model description of T-duality, one starts with a sigma model

S = /d22(gmn(a:) + b (2)) 0™ O™ (2.1)
and assumes that the background fields ¢, and b,,, are invariant under the shift isometry
et =2l e, 2™ g™ (2.2)

where ¢ is a constant and 1 ranges over all values except m = 1. Since z!' only appears
with derivatives, the action is

S = /d2z(gll(:i)8x18x1 + 115 (£)02202™ + 15,1 (£)02™ 02 + Ly (2)02™D™)  (2.3)

where L, = 9mn + bmn-
If g11 is nonzero, one can use the Buscher procedure [RI] to T-dualize the sigma model

1. This is done as follows. We first replace the derivatives of z! by a

with respect to x
vector field (A, A) on the worldsheet and we add a lagrange multiplier field ', that forces

the vector field to be the derivative of a scalar

S = / d*2[g11 AA 4 115, ADL™ + 151 02™ A + 1,302 0x™ + T (DA — DA)) (2.4)

!T_dualities involving fermionic fields were considered in [E] , but in their case they were T-dualizing
the phase of a fermionic field, which was essentially bosonic. Thus it is not obviously related to what we
are doing here.



If we first integrate out the lagrange multiplier !, we force 94 — A = 0 which can
be solved by saying that A = dz' and A = 0z' and we go back to the original model. On
the other hand, if we first integrate out the vector field we obtain the T-dualized action

S = / d*2[g1, 070" +1),;,07 0™ + 1,02 0T" + 1L;,, 02 O™ (2.5)
where

g1 = (g1) 7", U = (911) i, Ut = —(g11) o, (2.6)
Ui = b — (911) Ml

Furthermore, the measure factor coming from integration over the bosonic vector field will
induce a change in the dilaton ¢ by [R1], RJ]

¢ =¢— %bggll- (2.7)

In the above discussion we have not said whether z! is compact or not. In order for
the transformation to be valid on an arbitrary compact Riemman surface, it is important
that z! is compact. The reason is that on an arbitrary surface, the condition that the field
strength of the vector field is zero does not imply that it is the gradient of a scalar. The
vector field could have holonomies on the various cycles of the Riemann surface. If the
Lagrange multiplier field Z' is a compact field that can have winding on these circles, then
we find that, after integrating it out, it imposes that the holonomy of the vector field has
certain integral values. In this case we can still write the vector field in terms of a scalar
x!, which might wind along the cycles of the Riemman surface.

If we are considering the theory on the sphere or the disk, we do not need to worry
about this and we can perform this transformation even for non-compact scalars, as long
as the external vertex operators do not carry momentum. Note that in this case we can
always write a vector field with zero field strength in terms of the gradient of a scalar. If
we are on the sphere and the external vertex operators carry momentum, then the T-dual
problem does not correspond to anything we ordinarily encounter in string theory. The
situation is nicer in the case of the disk with external states that carry momentum only
at the boundary of the disk. In this case, after the T-duality these open string states
carry winding and we can interpret them as stretching between different D-branes that are
localized in the T-dual coordinate. In general we will get as many D-branes as insertions
we have on the boundary. In this case we need to treat the zero modes of the scalars
separately. The original model contains an integration of the zero mode of the scalars
which needs to be done before doing the T-duality. Correspondingly in the T-dual model
we do not integrate over the zero mode of the T-dualized scalar, we just set it to some
arbitrary value at some point on the boundary of the disk. This fixes the position of one of
the D-branes on the T-dual circle. The other D-brane positions are fixed by the momenta
that the vertex operators carried in the original theory.

In summary, even though a bosonic T-duality for a non-compact scalar is not well
defined to all orders in string perturbation theory, one can do it for the disk diagram (and
also for the sphere if none of the particles carries momentum in the original direction).



2.2 Sigma model in superspace and fermionic T-duality

Suppose one is now given a Green-Schwarz-like sigma model depending on bosonic and
fermionic worldsheet variables (z",60") such that the worldsheet action is invariant under
a constant shift of one of the fermionic variables §'. In other words, the action is invariant
under

o' — 0 +p, 2™ — ™, O — G- (2.8)

where p is a fermionic constant and fi ranges over all fermionic variables except for 1. Of
course such backgrounds preserve a supersymmetry, whose properties we will discuss in
more detail below.

Invariance under (B-§) implies that 6" only appears in the action with derivatives as
00! or 00!, so the worldsheet action has the form

S = /d2Z[BH(Y)891591 + LlM(Y)ﬁeléYM + LMl(Y)aYMéﬁl + LMNOYMéYN] (2.9)

where YM = (2™, 0%), M = (m, fi) ranges over all indices except for u = 1, and Ly (Y) =
Gun(Y) + Byn(Y) is the sum of the graded-symmetric tensor Gy and the graded-
antisymmetric tensor B .

If B11(Y) is nonzero, one can use the Buscher procedure to T-dualize the sigma model
with respect to §'. This is done by first introducing a fermionic vector field (A, A). We
replace the derivatives of 8 by the fermionic vector field. In addition we introduce the la-
grange multiplier field 6" which imposes that the vector field is the derivative of a fermionic
scalar via a term [ d2261 (DA — HA). The resulting action is

S = / d?2[B11(Y)AA + L1y (YYAIYM + Ly (V)oY MA + Ly yoyMoyy  (2.10)
+ 01 (DA — 0A)]

Integrating out # imposes that A = 89* and A = 99'. On the other hand, when we
first integrate out the fermionic gauge field we obtain the T-dualized action

S = / d?2[B},(Y)80'80" + L, (Y)80' Y ™M + L, (Y)Y M50 + L), yoYMIYN] (2.11)

where
B, = —(Bn)™}, Ly = (Bi) 'L, Ly = (Bi) ' Lan,
1
My = Lun — 5 LivLan (2.12)
11

Furthermore, the measure factor coming from integration over the fermionic vector field
will induce a change in the dilaton ¢ by

1
¢ = ¢+ 5 log Bu. (2.13)

since the integration of the vector field has exactly the same formal form as the one we had
for the bosonic T-duality, except that in this case we are integrating over an anticommuting



variable. Thus, the change in ¢ under fermionic T-duality has the opposite sign from the
change in ¢ under bosonic T-duality. Another difference with bosonic T-duality is that
fermionic T-duality does not change the relative sign of 96!/ 96! versus 99" / 851, and does
not change the relative sign of L,,/Lip versus L /Lyn. We can find the explicit on-
shell relation between the original and the T-dualized variables by computing the equations
of motion for (A4, A) and using the equation of motion for the field 6! which implies that
the vector field is given by the gradient of #'. We find

96" = B1106" — (—1)*ML1,,0YM | 96" = By180" + Ly 0YM, (2.14)

where s(M) = 0 if M is bosonic and S(M) = 1 if M is fermionic. On the other hand the
equations that relate a boson to the T-dual boson, coming from (R.4) , are

0Tt = —(g110x + 11;,02™), 07" = g1102 + 1;,,02™. (2.15)
In other words, we have dz' = g1 * daz! + --- for the boson while we have dot =
Bdf' + - - for the fermion. Notice the absence of the  for the fermionic case.

Note that the fermionic variables are morally non-compact. Our arguments here have
ignored the fact that the vector field can have non-trivial holonomies on the Riemann
surface. Thus our derivation is only justified in the case of the disk but not on higher
genus Riemann surfaces. Even on the disk, we will need to treat the zero modes of the
original and the T-dual fermion in a special way. We will integrate over the zero modes of
the initial fermion before doing the T-duality and we will not integrate over the fermion zero
modes of the T-dual fermions. (This is similar to the treatment of non-compact bosonic
zero modes on the disk.)

If one wanted to define fermionic T-duality on a higher genus Riemann surface, one
would need to introduce fermionic variables which are allowed to be non-periodic when its
worldsheet location z is taken around a non-trivial cycle on the surface. Note that the
usual Green-Schwarz 6 variables are defined to be periodic and satisfy

0(z+Cy) = 0(z) (2.16)

where C; is any non-trivial cycle on the worldsheet. If one wants to require that the
fermionic vector field (A, A) has trivial holonomies so that it can be expressed as the
gradient of §, one would need to use a Lagrange multiplier term [ d*z é(aA — 0A) where
é(z) is a non-periodic variable satisfying

0(z+Cy) = 0(2) + pi, (2.17)

and p; are Grassmann constants which need to be integrated over.

So if the original fermionic variable is periodic, the dual fermionic variable is non-
periodic and contains an extra zero mode for every non-trivial cycle on the worldsheet.
Similarly, if the original fermionic variable is non-periodic, the dual fermionic variable will
be periodic and the holonomies of the vector field around the non-trivial cycles will corre-
spond to the p; constants in () This T-dual relation between periodic and non-periodic
fermionic variables is analogous to the T-dual relation between non-compact bosonic vari-
ables and bosonic variables compactified on a circle of zero radius.



2.3 T-duality in pure spinor formalism

Although one normally does not expect two-derivative terms for fermions such as
i d?>2B1100'00", these terms arise in Green-Schwarz and pure spinor sigma models for
Type II superstrings in Ramond-Ramond backgrounds. To find how the T-duality trans-
formations of (R.13) act on the Type II supergravity background fields, one needs to know
the relation of Ly (Y') with the onshell supergravity fields. In the Green-Schwarz formal-
ism, this relation depends on the choice of superspace torsion constraints and can be quite
complicated. As recently discussed in [23], the most convenient method for determining
this relation is to use the pure spinor formalism where BRST invariance determines the
choice of torsion constraints and allows a straightforward identification of the background
fields.
In the pure spinor version of the Type II sigma model, the worldsheet action is

1
2ral

/Q%MMMZWTWMN+Pﬁ@mM%+E@@mJMM+E@@wz%%
08 (2)NwzdzM + O, (2)02M Mg + CIZ) N\ “wpds + CQV(Z)dVX&wB

5 a2 = A 1
+SI(Z) A waAis + wa DA™ + 50N + g / d?29(Z)R (2.18)

where ZM are coordinates for N=2 d=10 superspace, d, and d; are independent fermionic
variables, (A%, w,) and (5\‘5‘,12)@) are the left and right-moving pure spinor ghosts, and
R is the worldsheet curvature. BRST invariance implies relations between the various
superfields appearing in (R.1§) where the BRST operators are Q = [dz A\“d, and Q=
f dz 5\‘5‘&@. By comparing with the vertex operators for massless fields, one learns that the
6 = 6 = 0 component of P8 is PP locdo = —1e?F o8 where F*? is the Ramond-Ramond
field strength in bispinor notation,? the § = 6 = 0 components of E7, and E% are the
N=2 d=10 gravitinos, the § = § = 0 components of (25, (vab)g + an 4(7%)% are the spin

p R
connection and NS-NS three-form, the # = § = 0 components of CE’Y(wb)g and Cﬁg”’(v“b)g
are the N=2 gravitino field-strengths, and the § = 6 = 0 component of ngy(’y“b)g(’yc‘i)g is

the Riemann tensor and the derivative of the NS-NS three-form.
If (2.19) is invariant under the fermionic shift in (R.§), one can easily apply the Buscher

procedure of the previous subsection to the action of (B.1§). One finds that (R.1§) is T-
dualized to

1
2ma!
+P (V) dod+ B (Y)do 00"+ Ef (Y )do0Y M + B (V)00 da+ By (Y)OY Mds + .. ]

/ d?2[B},(Y)90'00" + L) ,;(Y)90'oy ™ + L' ;, (V)oY Moot + Ly oy Moy +

+% /szcb’(Y)R (2.19)

2The relation to the usual notation for the RR field strengths of type IIB string theory is FoB =
(v B + %(’ymlm?ms)aﬁlemzmg " %%(,yml...ms,)aﬁle...ms. The factor of e® in P = —ie¢F is
present since P has the kinetic term f dze=2¢p2.



where Y™ ranges over all bosonic and fermionic variables except for 8%, the superfields
(Bi1, L Ly Ly s @) are defined as in (2.19), and

plef — pof _ (311)_1E‘1)‘E157 E{* = (Bn) 'EY, E* = (Bn) 'EY,
EY; = E§; — (Bu) ' LimEY, Ef} = BYy — (Bu) 'E{ Ly,

B Az
Vg = (B11) Q)

1a°

Qf, = (Bn)~'9]

la

. NN 1
O =98 —(Bu) L Vs =08, — (Bi) O L,

la
C(/Xﬁ’? — Cg'y _ (Bll)_lEiYQﬁ): 0/27 = 6'57 — (Bll)_lﬁ?aEiya
s g 007 (2.20)

Note that the worldsheet variables in the BRST operators Q) = f dzA*d,, and Q = f dij\é‘cz@
are not affected by fermionic T-duality, so BRST invariance is manifestly preserved. Al-
though the fermionic T-duality transformations of (B.:20) are similar to the bosonic T-
duality transformations discussed in [RJ], there are some crucial differences. For example,
E{® has the same relative sign as E/® in(R-20). But in bosonic T-duality if one dualizes the
xP coordinate as in [R3],

EY = (Gpp)'ES, B =—(Gpp) 'ES. (2.21)

As will now be explained, this difference implies that unlike bosonic T-duality,
fermionic T-duality does not exchange the Type IIA and Type IIB superstrings and does
not modify the dimension of the D-brane.

As discussed in [24], the pure spinor Type II sigma model and BRST operators are
invariant under three independent local Lorentz transformations which transform

0B = Ly By, OEfy = M™(a)§ By, OEfy = M™ ()3 Eny,
(5da = Mab(’yab)gdg, 5dAd = ]\Z/“b('yab)gczg, . (2.22)

where M% and M% are independent of L% and ... denotes similar transformations on all
background fields and worldsheet fields with tangent-space spinor indices. Furthermore, it
was shown in [P4] that BRST invariance of the sigma model implies the superspace torsion
constraints

Tas =i fi vog Tos=1F8 s (2.23)

where f{' and fl‘f are 0(9,1) matrices.
To compare with the usual description of Type II supergravity which has the torsion
constraints

(87

one can use the local Lorentz symmetries of M and M® to gauge-fix fi and fg” After
gauge-fixing, only the combined Lorentz symmetry of all three types of indices together
is preserved, which is the usual local Lorentz symmetry of supergravity. If f;' and f{ are



SO(9,1) matrices with determinant +1, one can gauge f;' = fg” = dp and recover (2.24).
But to recover (2.24) when f (or flf) has determinant —1, one needs to flip the chirality
of the unhatted (or hatted) spinor.

After performing bosonic T-duality (say in a flat background) with respect to the
coordinates (z',...,2P), the relative minus sign in the transformation of Ef, versus EJO\‘4
in (2:21) implies that the components (fl,..., f}) of f& have opposite sign with respect
to the components ( fll, cee f;,’ ) of f{} So to return to the standard torsion constraints
of (224), one needs to perform local Lorentz transformations using M and M® which
cancel this change in relative sign in f versus f . These local Lorentz transformations modify
in the expected manner the D-brane boundary conditions which relate hatted and unhatted
spinors. Furthermore, if p is odd, the determinants of f and f will have opposite sign. So
to recover the torsion constraints of (R.24)), one will have to flip the chirality of either the
hatted or unhatted spinors, which switches the Type IIA and Type IIB superstring.

On the other hand, since in fermionic T-duality there are no relative minus signs in
the transformation of EY; versus Ej‘;z,, one does not need to perform local Lorentz rotations
to return to the constraints of (R.24). So there is no switch of Type ITA and Type IIB
superstrings, and no modification of the dimension of the D-brane.

2.4 Transformations of component fields

By considering the § = § = 0 components of the superfields in (220), one finds that the
fermionic T-duality transformations leave invariant the NS-NS fields ¢y and by,,, and
transform the Ramond-Ramond bispinor field-strength F*? and dilaton ¢ as

. . A A 1
—ied’ F'oP — —ie‘z’Fo‘ﬁ —ePol, =0+ 3 log C (2.25)

where C is the § = 6 = 0 component of By and (e%,é%) are the § = 6 =0 components
of (B¢, Ef). Although it is not difficult to also work out the T-duality transformations of
the fermionic fields, we will assume here that all fermionic background fields have been set
to zero.

To determine the relation of C' and (e, %) with the supergravity fields, note that the
torsion constraints imply that the superspace 3-form field-strength

Hape = EX EREEHynp = EY ER EEOpBypy (2.26)
has constant spinor-spinor-vector components [@]

Ha,@c = i(’yc)aﬁ, Hd@c = —Z‘(’yc)dﬁ, Haﬁc = 0, (2.27)

where A = (¢, a, &) denotes tangent-superspace indices, M denotes curved-superspace in-
dices, and Ei\([ is the inverse super-vierbein. (The relative minus sign in Hog. versus H fe
is because H — —H under a worldsheet parity transformation which switches z — Zz and
a— Q)

Since the fermionic isometry implies that 01 By, = 0 where 0 one finds that

— 0

- 8917
A B °C

OmC = OmBr1ly_j_o = Hitmly_j_o = E1 EY EyHapcly_g_

— Pl (o) ap — 1€9€0€C, (Vo) 5 = 1€YmE — 1ymé (2.28)

— 10 —



o c R . . . o R _ & . A
where e, = Ef; [,_;_, is the usual vierbein, EY|,_,;_, = ¢ and Ef'|,_;_, = €.
Under the fermionic isometry of (R.§),

E$6ZM = E¢p, E$6ZM = Efp (2.29)

where p is a constant anticommuting parameter. Since the 6 = 6 = 0 COIMPO-
nents of E]‘@&ZM and E%(SZM are the local supersymmetry parameters ], and since
E$0ZM|,_s_y = €¢“p and EY6ZM|,_s_ = é*p, the isometry of (E§) implies that the
component background supergravity fields are invariant under the supersymmetry trans-
formation parameterized by the Killing spinors ¢* = Ef'|,_;_, and é* = E{'|,_;_,. Note
that we are talking about one supersymmetry given by these two spinors, and not two
independent supersymmetries. So (R.2§) implies that the derivative of C' is related to the

«

Killing spinors € and é*. Note that the constant part of C' is unconstrained, as can be

seen from the fact that By;00'06! changes by a total derivative under a constant shift of
Since the fermionic isometry is assumed to be abelian (i.e. Q% = 0), one learns from
the supersymmetry algebra

(€9Qa + €%Q4)% = (ey™e + éY™€) Py, (2.30)

that
eY"e+eéey"eE=0 (2.31)

where (Qa,Q4s) are the supersymmetry generators and P, is the translation generator.
So (R.2§) implies that 9,,C = 2iey,e = —2iévy,€. Note that if €* and ¢% were Majorana
spinors, (B-31) would imply that ¢ = é% = 0 since (7°),p is equal to the identity matrix
in this basis. So the only non-trivial solutions to (R.31) involve complex Killing spinors
¢ and é%. In general, the T-duality transformation of (P.25) will therefore not map real
background fields into real background fields.

2.5 Supersymmetry of T-dualized background

As was shown in the previous subsection, the fermionic T-duality transformation of (2.17)
and (R.13) leaves invariant the component NS-NS fields g, () and by, (), and transforms
the Ramond-Ramond bispinor field-strength F*?(x) and dilaton ¢(z) as

o A .
—iab Frof = —ie‘z’FQﬁ — @0, ¢ =6+ logC (2.32)

where C(z) is the = § = 0 component of By; which satisfies
O C = 2ieyme = —2iéyné, (2.33)

and (e®(z),é%(z)) are the Killing spinors associated to the fermionic shift isometry of (B-§).
In other words, if one performs a local Type II supersymmetry transformation with Killing
spinors (€“(z), é%(x)), the original background is assumed to be invariant.

A useful check of the transformations of (PR.32) is that they should map a supersym-

metric Type II background into a supersymmetric Type II background. If the original
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supersymmetry corresponding to a constant shift of ' is described by Killing spinors (e, €),
the T-dualized supersymmetry corresponding to a constant shift of ! will be described by
Killing spinors ¢ = C~'e and ¢ = C~'¢. One can also consider backgrounds with n abelian
supersymmetries corresponding to constant shifts of 87 for J = 1 to n. In this case, the n
Killing spinors (€%,¢5) should satisfy the identities

6?’70%6[;( + é?v(%é?( =ey"ex + €M =0 (2.34)

for J, K =1 to n so that the n supersymmetries anticommute with each other.
After performing T-duality with respect to 87 for J = 1 to n, one finds that the
Ramond-Ramond field-strength F'*?(z) and dilaton ¢(z) transform as

(Y of3 i af3 a -1 AB 1 -
_ZeqﬁF’ﬁ:_ZéﬁF b eV ke, ¢':¢+§;(1ogc)” (2.35)

where Cyx(x) = Cgj(x) is the 0 = 0=0 component of By which satifies
OmCir = 2i€jYmex = —2i€ 7YmeK - (2.36)
Furthermore, the new Killing spinors after performing T-duality are
7= (C Nykel, &5=(C") ke (2.37)

Under N=2 d=10 supersymmetry transformations parameterized by (pse5,ps€9)
where py are Grassmann constants, the dilatino A, and gravitino %, transform in string

frame as R7)°

. . 1
5J>\a = mgb('ymeJ)a + ZZ(VmPVmEJ)a + EHmnp(anpeJ)aa (2'38)

. . 1
dﬂljran = Vmﬁ + 2Z(P7m€J)a + éHmnp(’aneJ)ay

where P8 = —%e¢F of and Hp,pp is the Neveu-Schwarz three-form field-strength. After
T-dualizing all fields and Killing spinors on the right-hand side of (R.3§), one finds

. . 1
5(/1)‘; = mﬁb/(VmEil)a + 22(7mp/'7m€il)a + gHmnp('anpeil)a

= (CYxdxAa + %(C_l)KL(amC)LK(’YmGM)a(C_I)JM
—2i(v"ex)a(C Ly ™ en)(C™ ) ynm

= (O yxdkAa +i(C™ ) kLlerymer) (Y err)a(C ™) om +
+2i(Y"ex)a(C Nk rlery™enm)(C N am = (C71) kS Aa

where we used the gamma-matrix identity

(eLymer)(Y"€r)a + (exymes) (V™ eL)a + (€1¥meL) (V" €Kk )a = 0 (2.39)

30ur conventions differ from the ones in [@] by a factor of 4 for the RR fields. Namely, we have P =
PR3, = — e B whete F2¥ = (4" Fpy o £ () Fr iy + £ () oy i
both cases.
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We also have

S = V€' G + 2i(Plymé))™ + %Hmnp(Wnpefj)a
(O Yt — (O OOV sk — 26 (O renErrmén ) (Coar
= (C_l)JK(SK’tb% + 2i(C_1)JM(éM’YméL)(C_l)LKe?‘(
_Zie%{(c_l)KL(éL’YméM)(C_l)JM
= (O b (2.40)

So if the background is supersymmetric before T-duality (i.e. if d;A\, = 695, = 0), it
is also supersymmetric after T-duality (i.e. 0\, = 8¢y, = 0).

2.6 Null Ramond-Ramond field strength

The simplest example of fermionic T-duality is in a flat background where the super-
symmetry parameters ¢* and &% are constants. One usually does not include the term
f d?2B1100'00" in the flat worldsheet action, but if By; is constant, this term is a total
derivative and can be included without affecting the equations of motion.

Since 9,,B11 = 0, () implies that the supersymmetry parameters must be chosen
to satisfy

ey"e=ey"e=0, (2.41)

i.e. € and é* are d=10 pure spinors. Since (P-41)) has no Majorana-Weyl solutions in d=10
Minkowski space, one needs to consider complexified supersymmetry parameters.

After performing the T-duality transformations of (2.32), one finds that the dilaton
shifts by a constant and the Ramond-Ramond field strength picks up the constant value

e? F'°P = gieneBo1, (2.42)

Since the stress tensor 7" for a bispinor Ramond-Ramond field strength is propor-
tional to VO%V%F o4 85 and since ¢ and & are pure spinors satisfying (2.41)), F 1ol g
a “null” bispinor which does not contribute to the stress-tensor and does not produce a
back-reaction.

A closely related example which will be discussed in the following subsection arises as
follows. Onme starts with a Calabi-Yau compactification to four dimensions which preserves
N=2 d=4 supersymmetry, and one chooses ¢* and é” to be the chiral N=2 d=4 supersym-
metry parameters. In this case, the resulting T-dualized background of (R.4) involves the
self-dual graviphoton field-strength of [R§—B(] which leads to non-anti-commutative N=1
d=4 super-Yang-Mills on a D3 brane. As predicted by T-duality, the closed superstring
spectrum in this self-dual graviphoton background is identical to the spectrum without
the self-dual graviphoton field-strength. But this example shows clearly that fermionic
T-duality changes the theory at higher loops since, unlike in a flat background, certain
F' terms in the effective action for a constant graviphoton background have been com-
puted [BI] and are non-zero in general.
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2.7 Self-dual graviphoton background

To explicitly derive the T-duality transformations for the sigma model in a flat d = 4
background with Calabi-Yau compactification, it is convenient to use the d = 4 hybrid
formalism for describing the worldsheet action. In a flat background, the worldsheet action
is

S = / A2 2[02 D2 s + PadB® + P08 + 200" + 200%] + Sc (2.43)

where a,a = 1 to 2 and S¢ is the action for the compactified sector of the superstring. As
discussed in [R9], one can choose a chiral representation such that ¢, = [ dzp, and g, =
[ dzp, are the chiral spacetime supersymmetry generators. In this chiral representation,
both the worldsheet action and the BRST operator are invariant under the shift isometries

0000y, B0 0 (2.44)

where p® and p* are constants and all other worldsheet variables are unchanged.
After adding to (P-43) the surface term

/ 22C[00°50" — 50" 90" (2.45)

where Cy, = C, is a constant symmetric bispinor, one can T-dualize the shift isometries
of (244) by introducing the fermionic gauge fields (A% A%) and (A% A%) to obtain the
action

5= / d22(02% D + puA® + PuA® + Cp(A A— A% AP) (2.46)

~ ~

4 0,(0A% — DAY 1 0,0 A— DA) + padf® + 200" + Se.

Integrating out the worldsheet gauge fields produces a constant shift of the dilaton and
the worldsheet action becomes

S = / d22[02% Dz e + (C1) 2 (0aBy + pa0fy + papy — 90200y + 0,00) (2.47)
+ﬁ(l59_a + ﬁdﬁéa] + Sc.

After dropping the surface term [ d?z(C —1)ab(aéa55b+ééaaé’b) and defining ¢* = (C _1)“b§b
and ¢% = (C~1)%g,, one obtains the action

S = /d2z[8$“a53:m + Padd® + Padd® + (C™1Ppapy + padd® + ﬁdaéa] + S, (2.48)

which is the worldsheet action of [B§-B(] in a background with constant self-dual field-
strength F® proportional to e=?(C~1)%.

The difference between loop amplitudes in the constant self-dual graviphoton back-
ground and loop amplitudes in a flat background comes from the presence of the term
(C~1yab S/ d?zpapy in the self-dual graviphoton worldsheet action. Since p, is holomorphic
and p, is antiholomorphic, this term can be written as (C~1)%( [ dzp,)([ dzpy) where the
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contours of [dz and [ dz go around the non-trivial cycles of the genus g surface. So
this term can absorb the higher-genus zero modes associated with the fermionic one-forms
Pq and pg. Again, higher genus amplitudes are sensitive to the presence of the constant
graviphoton field strength [B]] . This shows that fermionic T-duality is not a full symmetry
of the theory at higher genus.

3. Exact T-duality of the AdSs x S° background

In this section, we show that after performing bosonic T-duality with respect to the d = 4
coordinates (z°,z', 22, 2%) and performing fermionic T-duality with respect to 8 of the 32
fermionic coordinates 8%/, the original AdS5 x S° background is mapped to another AdSs x
5% background with constant dilaton. The transformation is an exact change of variables
in the path integral, with a unit jacobian. Thus this is an exact symmetry to all orders
in the o/ expansion and it is also expected to be an exact symmetry non-perturbatively in
o'. We will first show this by analyzing the transformations of the AdSs x S° background
fields, and we will then show it again by explicitly T-dualizing the Green-Schwarz and pure

spinor versions of the AdSs x S° sigma model.

3.1 T-duality transformations of the AdSs x S° background fields

A non-trivial example of fermionic T-duality arises in the AdSs x S° background which
has 32 fermionic isometries. These isometries can be identified with the N=4 d=4 su-
persymmetry transformations (g%, (j;’) and the N=4 d=4 superconformal transformations
(s?, 5%7), and one can choose 8 of the 32 fermionic symmetries to anticommute with each
other and to also commute with the four d = 4 translations. A convenient choice for the
abelian subset are the 8 chiral supersymmetry generators ¢ which will be associated with
(0% jale’]

the Killing spinors (eaj, eaj). After T-dualizing with respect to these 8 abelian fermionic
isometries, (R.39) implies that

) ’ 3 ) 3 3 - 1
—%e¢Fuﬁ::—ie¢Fm3—egﬁ§jC_5Wl*, ¢ = ¢+ ;TrlogC (3.1)

We can determine C' in two ways. We could use the explicit form of the Killing spinors
and use (R.36), or we could view C,; pi, as the § = 6 = 0 component of B,; pr,. We will
follow this second route.

In an AdSs x S° background, one can choose a gauge where the only nonzero compo-
nents of Bag = E%EgBMN are the components

.0 01234
BO!B = Bﬁa = —z(’y )aﬁA' (32)

This gauge choice is not possible in a flat background, and it simplifies the Green-

Schwarz Wess-Zumino term in an AdSs x S° background BZ. In this gauge, Cy; p is the

a2

6=60=0 component of eajekaaB + eg‘jékaag, so one finds that

Caj ok = —2i€5;(Y"123) e (3.3)
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It is convenient to write the AdS5 x S® metric as
ds* = |y|~2(dz™dxzy, + dy,dy,) (3.4)

where ol for = 1 to 6 are the variables on S° and |y| is the fifth variable on AdSs.
It is also convenient to decompose the local spinor indices «, & into SO(3,1) x SO(5)
as a = (d'j’,d’j"). Note that j/ = 1,--- 4 is an SO(5) spinor index that can be raised
and lowered using (0°);4s where (¢”);s are the SO(6) Pauli matrices. In terms of this

(401234)aJ VR — jea'"(56)0'K n order to write the form of the

Killing spinors we introduce the rotation matrix M]k’( ) which is the SUE g matrix which

decomposition we have that

rotates the point (0,0,0,0,0,1) on S® to the point |y|~(y1,y2,¥3, Y4, ¥s5, ¥s). The Killing
spinors €,;* and éajé‘ can be written as

/1.0 / ’ 1./ N /1.0 . 1 ’ NN
e = 20 MF (1), ea™ =0, é" =ilyl2e M (y), E&F =0 (35)

Using (B.3) and the identity

/

M7 (23 s i ME = deqny (07 Yimly] "Ly, (3.6)

one finds that Cg; p1, = 2ieab0§kyr and (C~h)4 bk — —%e“b(a”)jkéﬁ. This formula for C

obeys equation (R.3() . In fact, we could have simply derived the expression for C' by
solving (2:36) . To determine the transformation of £/ in (B.I]), note that

/4! -1 i bk Ak 'y 6N\’ k! Z 1Al k!
af (CT)M ey” = Se*V (0?)) 7 = —5(701234)” - (3.7)

€

Note that we get the projection of the matrix 7°1234 to the part with definite four
dimensional chirality. Thus, we can write it in terms of a projection operator %[(70123 —

i)’m]aﬁ . This only has nonzero components when o = a’j’ and 3 = bk’ so that (o123 —
Z‘)’}’4][1,]‘, VK — (701234)a,j, b,k/, and one finds that

e FloB — gt pab _ 4zea]ebk(0_1)“j bk
af _

= (01231)*” = (Yo1231 — 174)*" = (i74)*° (3.8)

where the y-matrices appearing in (B.§) have tangent-space vector indices. The dual back-
ground therefore has an imaginary RR scalar field which varies only along the radial AdS
direction. Also, T'r(log C') = 8log |y| implies that

¢’ = ¢ +4logly|. (3.9)

If one now T-dualizes with respect to the four translation symmetries of 2™, it is easy to
verify that the one-form Ramond-Ramond field strength proportional to (iy,)*” transforms
back into the five-form Ramond-Ramond field strength proportional to (701234)0‘ﬁ , and
that the dilaton shifts back to ¢ = ¢/ — 4log |y|. Note that the factor of i in front of *
disappears again in Minkowski space when we T-dualize along the time direction 2" [@] .
So the AdS5 x S® background fields are invariant under the combined bosonic and fermionic
T-duality transformations.
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It is interesting to note that there is another combination of bosonic and fermionic
T-duality transformations which also leaves the AdSs x S° background invariant. If one
breaks SU(4) R-symmetry to U(1) x SU(2) x SU(2) by choosing a U(1) direction in the
SU(4), the SU(4) index j = 1 to 4 splits into an index r = 1 to 2 which carries +1 charge
with respect to the chosen U(1) direction, and an index r’ = 3 to 4 which carries —1 U(1)
charge. Under this subgroup of SU(4), the 32 supersymmetries split into (g7, ¢%, G5, (jfl/) and
(sh, sgl, 59, 5?,), and one can choose the 8 abelian supersymmetries to be ¢% and ¢, which
all carry +1 U(1) charge. Furthermore, under the breakup of SU(4) into U(1) x SU(2) x
SU(2), the SU(4) generators R;‘? split into (R, ani, Ry, R;,) where the four generators R,
all carry +2 U(1) charge. Together with the four translations of (z°, 2! 2% 23), the 8
supersymmetries (g%, q,) and 4 SU(4) transformations R}, form an abelian subgroup of
PSU(2,2|4) isometries with 8 bosonic and 8 fermionic generators. After performing T-
duality with respect to these 8 bosonic and 8 fermionic isometries, one finds using a similar
analysis as above that the AdSs x S° background is invariant.

Note that the translation generators R, that we chose in the five-sphere are not her-
mitian, so this choice will involve a complexification of the coordinates. An alternative way
to see this is to do an analytic continuation of the S° coordinates into dS® (five dimensional
de-Sitter space) and then write the metric of dS° as ds? = W. With this choice,
the four translation symmetries shift the four v coordinates.

This alternative choice of abelian isometries is related to harmonic N' = 4 d = 4
superfields in the same way that the previous choice of abelian isometries using gq,; is

related to chiral N' = 4 d = 4 superfields. As discussed in [B4] and [BF], harmonic N = 4
PSU(2,2|4)
PS(U(2]2)xU(2]2

d = 4 superfields are naturally constructed using the supercoset
denominator PS(U(2|2) x U(2|2)) consists of the generators

) where the

M2, M?, D, RS, RS, ¢, G sty 5% (3.10)

PSU(2,2]4)
PS(U(2]2)xU(2]2))
split into “upper-triangular” generators [Py, RS/, q%,q,] and “lower-triangular” generators

The 16 bosonic and 16 fermionic generators in the supercoset

(K&, Rgl, 32/, 5], and the “upper-triangular” generators are precisely the 848 abelian isome-
tries which are T-dualized in this approach. This is closely related to the decomposition of
PSU(2,2|4) that one performs when we consider a 1/2 BPS string state with large charge
(corresponding to an operator Tr[Z”]). The upper vs. lower triangular generators act as
creation vs annihilation operators for impurities along the string.

3.2 Invariance of AdS; x S° Green-Schwarz sigma model

This invariance under the combined fermionic and bosonic T-dualities can also be verified
by explicitly performing the T-duality transformations on the AdSs x S° sigma model. To
show this invariance, we will first consider the Green-Schwarz version of the sigma model
and will then consider the pure spinor version.
In an AdSs x S® background, the Green-Schwarz sigma model S = [ d?z[(Gyn(Z) +
Bun(2))0ZM0ZN] takes the form
R2

4red

S

/ Pl T4 — (1) (1P — o) (3.11)
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where R is the AdS radius, J¢ = (¢710g)¢ and J¢ = (g~'0g)¢ are left-invariant Metsaev-
Tseytlin [Bf] currents constructed from the supercoset g(Z) € % and C =
(¢, o, &) labels the PSU(2,2|4) Lie-algebra generators which are not in SO(4,1) x SO(5).

More precisely, ¢ = 0 to 4 labels the five AdS5 generators of S0(.2) - = 5 to 9 labels

SO(4,1)°
the five S° generators of Sogg;’ a = 1 to 16 labels the supersymmetries originating from
the “left-moving” half of the N' = 2 d=10 supersymmetry, and & = 1 to 16 labels the
supersymmetries originating from the “right-moving” half.

Splitting the SO(9, 1) indices into SO(3,1) x SO(5) indices, this action can be expressed
as

z[(Jp,, + JKm)(me + JKm) + JpJp +

471'04
+Jr, JR, + Jq;zz]q;l + qu qu + Jsgjsg + Jg?jgg;] (3.12)

where P, and K,, for m = 0 to 3 label the translations and conformal boosts, D labels the
dilatations, Ry for t = 1 to 5 label the SO(6)/SO(5) generators, and (q;‘,(jg,sgbjg) label
the fermionic supersymmetry and superconformal generators. Note that when written in
terms of SO(3,1) x SO(5) spinor indices, the (701234)03 matrix in (B.1I]) decomposes as
(Y1234 i bk = i€ap(0®) 5 and (701234)@‘ i = i€,(0%)jk. So the a and @ indices in (B.19)
are contracted with €4, and €,;, while the j indices are contracted with (06) k-

To compute the transformation of (B.13) under T-duality, it is convenient to use the

parameterization of the supercoset g(Z) in which
. 5 yt
00,5, 61) = expla™ P+ 0%y expB5 + 6150) l” oo (L) (313)

where |y| = +/>2%_, yy; and ¥ fy for t =1 to 6 are the S® coordinates. In this parameteri-
zation of g, k-symmetry has been used to gauge-fix to zero the eight fermionic parameters

associated with the ' = 4 d=4 chiral superconformal generators s%. But there are still
eight remaining x-symmetries which have not been gauge-fixed.
If one writes g = exp(z™ Py, + 0% qq4;)e? where

5
e — exp(09] + EJ57) [y” exp (Z % ) (3.14)

then the left-invariant currents g~'0g take the form

me = [e‘B(c‘)x"Pn + 89“jqaj)eB]pm, Jq; = [e‘B(axm m T aebkqbk)eB]q;z
Jp = [G_BaGB]D, Jr, = [e_BaeB]Rt, ij =le ~Boel ]q] Joa = [G_BaeB]gz;,
a J J
Tk, =0, Jy =0, (3.15)
where [ ]; denotes the component of [ | which is proportional to the Lie-algebra gen-

erator 1. To understand the structure of (B.I7), it is useful to note that the generators
(qa, s],D R ,M;) form an SU(2[4) supergroup where M_; are the anti-self-dual Lorentz
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generators. Under this SU(2|4) supergroup, the generators (Ppg,qq;) transform as a fun-
damental representation and the generators (K%, s%) transform as an anti-fundamental
representation.

One can now T-dualize with respect to ™ and % by introducing the bosonic gauge
fields (A™, A™) and the fermionic gauge fields (4%, A%), and adding the Lagrange multi-

plier term

m(OA™ — JA™) + 0,; (DAY — 9AY))] (3.16)

47Ta

to the action of (B.13). The action then takes the form

S = 4 A A ¢ AT A (DA™ — DA™Y 1 0,;(DAY — 9AY) +
o/
+JDJD+JRtJRt+quJqJ +J§31J§;1:| (317)
where
A™ = [eB(A"P, + A% qy5)ePp,,, A = [eTB(AM P, + A% gi)eP,,, - (3.18)
Writing A™ = [eB(A"P, + A'“q,;)e B]p, and A% = [eB(A"P, + A’bkqbk)e_B]qaj and
integrating out A’™ and A’*, one finds that the T-dualized action is
4m 2[Jp, b, + T 400, + I ID + TR, TR, + T J_J + Jg S ] (3.19)
where Jlle = [eB(0%,P)e B]p, + [eB(aéaij)e_ lq ¢a; and J/qaJ =[e B(E?:%nqaj)e_B]pn +

[eB(aékaaj)e_B]Qbk'

The integration over A’ and A’ gives a measure factor proportional to the superdeter-
minant of | I |. Since B is an element of SU(2[4), the super-Jacobian in the transformation
of (B.1§) is equal to one. For example, if one restricts to the dilatation transformation pa-
rameterized by |y|, A" = |y|A™ and A’ = |y|%A“j . Since there are four A™’s and eight
A%’s, the super-Jacobian cancels. So the measure factor is equal to one which implies that
the dilaton does not transform under the combined bosonic and fermionic T-duality.

To relate (B.19) to the original action of (B.13), note that

Jp = Tr[e? (0%, Py)e PK™ + P (80, Pn)e P59 = [e7P(02, K™ + 00,455)eP | im
(3.20)
where T'r denotes the trace over PSU(2,2|4) indices defined such that Tr(P,K") = 0},
and Tr(qq;5%) = 5{;5%. Similarly,

I 40; = Tr(eP (0% nqa;)e PK™ + P (0041,q05)e 2 s = [e 7P (02, K™ + 0015 )P a5
(3.21)
Suppose one parameterizes
9(%,0,9,0,8) = exp(Em K™ + 045" )e” (3.22)
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where e? is defined as in (B.14) and k-symmetry has been used to gauge-fix to zero the
eight fermionic parameters associated with g,;. Then the left-invariant currents g~ '0g now
take the form

Jrem = [ B8, K" + 00,45 )P gem, Jgai = [e7 B0, K™ + 9031.5") P as,
Jp = [G_BaGB]D, Jr, = [e_BaeB]Rt, qu = [e_B(‘)eB]qj Jeo = [e_BaeB]gz;,
a a J J
Jp, =0, Jaa; = 0. (3.23)

So the T-dualized action of (B.19) reproduces the action of (B.12) if one uses the parame-
terization of (B.29).

Finally, one can relate the parameterization of (B.22) with the original parameterization
of (B.13) by using the isomorphism of PSU(2,2[4) which switches

Py — K™, qo— s, @ —35% D-—-D. (3.24)

If one simultaneously switches the variables

Y
ly[>’

the parameterization of (B.29) is mapped to the parameterization of (B.13). So it has been
verified that after partially gauge-fixing the xk-symmetry, the Green-Schwarz version of the

(3.25)

m ~ aj n na &7
T — Tm, 0" _>9aj7 9] _>§¢'17 Yy —

AdSs5 x S° sigma model is mapped to itself under the combined T-duality with respect to
™ and 0%,

Since the argument above might have been too detailed, let us repeat the gist of the
argument using SU(2[4) invariant notation. We group the coordinates as Z% = (2%, %)
where [ is an SU(2|4) index. We also have the corresponding generators Gar = (Pag, qaj)
and their dual generators G¢ = (K% s%). We can then write the part of the action
depending on Z% as

S ~ / eaynrg MY M7 0210 2K (3.26)
where 77 is the supergroup invariant metric and M IL is given by
TriGYe BGyeP] = o¢ M7, TriGY Gy = 6867 (3.27)

After the T-duality we end up with dual variables Zaj and the action will be of a
similar form but it will involve the inverse of this matrix. This inverse can be written by
an expression similar to (B.27) but involving the inverse transformation

SE(M Y, =Tr[GYeBGye ] = Trle BGY PGy ] (3.28)

where in the last expression we noticed that the inverse matrix can be viewed as the
same transformation e? as in (B.27) but acting on the dual generators G%/. Thus, after
performing the transformation that exchanges the dual generators with the original ones
we end up with the same form of the action.
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At the end of the previous subsection, we discussed an alternative choice of T-
dualization which also leaves the AdS5 x S° background invariant. One can show invariance
of the Green-Schwarz sigma model using this alternative T-dualization by replacing the
above SU(2|4) subgroup of PSU(2,2|4) with the PS(U(2|2) x U(2|2)) subgroup of (B.1().
After gauge-fixing to zero the 8 fermionic parameters associated with sgl and 5%, one can
follow the same steps as above. One first groups the coordinates as Z7 D= (a0 0T 0%)
where I = (a,7) and J' = (a,r’) are U(2|2) x U(2|2) indices, and ! are four coordinates on
the (analytic continuation of) S°. The corresponding generators are Gﬂ, = (PR, 4%, Q)

. / . / /o
and their dual generators are G = (K2, R, s",5%). One can now repeat the procedures

of (B.24) - (B.29) to show that the action is mapped to itself under this T-duality.

3.3 Invariance of the AdS5 x S° pure spinor sigma model

In the previous subsection, it was shown that in the gauge £,; = 0, the Green-Schwarz
version of the AdSs x S® action is invariant under T-duality where &,; correspond to the 8
fermionic parameters asssociated with the chiral superconformal generators s%. In other

words, the general element of the % coset is

g = g(x7y797é7§) exp(fajsaj) (329)

where g(x,v,0,0,€) is the gauge-fixed supercoset used in (B.13). It will now be shown that
the pure spinor version of the AdS5 x S° action is also invariant under T-duality. Since the
pure spinor version of the action is quantizable, this proves that the sigma model action in
an AdSs x S° background is invariant under T-duality to all orders in /.

The first step is to use the fact that there is a unique prescription for constructing the
pure spinor action from any k-invariant Green-Schwarz action. This prescription was first
described by Oda and Tonin [B7] and involves relating the Green-Schwarz -transformations
with the pure spinor BRST transformations. So if the T-dualized Green-Schwarz action
could be written in a s-invariant form, one could use this prescription to prove that T-
dualization does not change the pure spinor action.

However, the T-dualized Green-Schwarz action was only shown to be invariant in the
gauge {; = 0. This means that the original and T-dualized pure spinor actions may differ
by terms which vanish when §,; = 0. It will now be argued using BRST invariance that
such terms cannot be present. Note that invariance under T-duality of the BRST operators
Q= f dzA\%d, and Q = f dij\dcz@ is manifest since the worldsheet variables (A%, 5\0‘) and
(de,dg) transform by local SO(4,1) x SO(5) Lorentz rotations under T-duality.

Suppose that the original pure spinor action is Sy and the T-dualized pure spinor
action is S7 where

Sy = So+ / d*z &,V (3.30)

for some V% . Then BRST invariance of Sy and S; implies that

/sz (Q + Q) (£, V¥) = 0. (3.31)
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Furthermore, as explained in [Bg], Q and Q act on the supercoset element § of (B.29)
by right multiplication as

(Q+ Q)7 = Gl + A)qa; + (Aaj — Aag)s™ + (\F = AD)gl + (X, + M)sh)]  (3.32)

where the j indices on A% and A% are SO(5) spinor indices which can be raised and lowered
using (0°) 5 and (0°)7%. Using (B:29) and (B.3), one learns that the only worldsheet field
which transforms into (Agj — Agj) is €; which has the BRST transformation (Q + Q)&,; =
(Aaj — Xaj) + ... where the terms in ... will not concern us.

Suppose one expands

Vo — V(‘ﬁh + Easjo V(L;jl " + §a2j2§a3j3v(g;jl 2z 1000 LIRS (3.33)

where V([:;)] L-anjn ig assumed to be independent of &, and is antisymmetric under exchange

of arjr and apj; indices. Then if one focuses on terms in (Q + Q)(fajvaj ) which are
proportional to (A — 5\)@]- and have no &,; dependence, (B.31) implies that
(A= 5‘)aljl V(%]l = 0. (3.34)

~

Furthermore, since V71 can only depend on (A — \A)g; in the ghost-number zero
combinations of the Lorentz currents Ay“%w and Ay“%b, it is not difficult to show that (B:34)
implies that V(%] t=0.

One can then focus on terms in (Q + Q)(£,;V%) which are proportional to (A — A)g;
and are linear in ,;, and use a similar argument to prove that Vé;j 1 6272
to higher powers in ,;, one proves that V% = 0 and therefore Sy = 57 in (B.30).

So it has been proven that T-duality invariance of the x gauge-fixed Green-Schwarz

= 0. Continuing

action implies that the pure spinor version of the action is also invariant under T-duality.

4. Amplitudes and Wilson loops

4.1 Generalities on the amplitudes

In order to describe the external Yang Mills states it is convenient to use an on-shell super-
space formalism where the superfields ®(z,6) depend only on the eight chiral superspace
variables . We also find it convenient to write four dimensional on-shell momentum as

koo = TaTq (41)

which obeys k2 = 0. An on-shell gluon supermultiplet is characterized by a momentum k
and fermionic variables x; such that [BY, [IQ]

By, (1, 0) = Foematn (4.2)

Different components of the supermultiplet correspond to different terms in the «
expansion. The + helicity gluons correspond to the x° terms and the — helicity gluons
correspond to the k* component.
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The corresponding vertex operators in string theory have the form
/A eiﬂaﬁamaa em,@bjnjv (43)

where V can contain only derivatives of 6 and z. Of course, in addition it could contain
other variables, such as 6, with or without derivatives. Thus the whole dependence on the
x and 6 zero modes of the vertex operators comes from the prefactor in (f.3) .

As we remarked above, before doing T-duality we should integrate out the zero modes
of 2% and #%. This implies that the amplitude contains a factor

A= (Z kfm> 68 (Z Wé/ﬁé) A (4.4)
=1 =1

We can extract physical amplitudes for individual polarization states from (f.4) by inte-

! we would be picking out the (x!)* term

grating over x!. Thus, if we simply integrate over s
which is the minus helicity gluons. If we multiply by (k!)* and then integrate, then the Ith
particle corresponds to a + helicity gluon. This is equivalent to setting ' = 0 in #E9) .
The presence of the fermionic delta function in (f£4) implies that the all + amplitude and
the almost all + and one — amplitude vanish. The first non-vanishing case is the MHV
amplitude with mostly + and two — helicity gluons. For MHV amplitudes we do not need
any further x dependence in .Z, but amplitudes with more — helicities will require that
we know the dependence of A on k. (A prescription for computing .Z| =0 at tree level in
string theory in flat space is given in appendix A.)

We introduce an infrared regularization as follows. We imagine starting from a U(N +
k) theory. We consider a vacuum breaking the symmetry to U(N) x U(k) by giving a scalar
field a vacuum expectation values pug which will play the role of an infrared cutoff. When
we take the 't Hooft limit we keep k fixed, so that the low energy U(k) theory becomes
free. We then scatter n gluons of the U(k) theory. We are interested in the regime where
all the kinematic invariants are much larger than the infrared scale, s;; > M%R' On the
strong coupling side, this infrared regularization corresponds to introducing k D3 branes in
AdSs x S°. In terms of the AdS metric ds® = dmzy%dyQ the branes are sitting at y = 1/ugR.
See figure 2. It is conceptually simpler for our purposes to say that k& = n and that the
n gluons are open strings that stretch among these n branes so that each portion of the
boundary of the disk diagram corresponds to each of the n branes.

4.2 Amplitudes after T-duality

After T-duality we can compute the quantity A in the T-dual theory. We explain below
what the corresponding computation is. The T-dual computation of A involves a number
of D(-1) branes and each external state maps to an open string stretching between the
D(-1) branes, see figure J. All the D(—1) branes are sitting at the same y position y =
uir- We can see that the open strings are stretched by looking at the original worldsheet
equation of motion for one of the R* bosonic directions near the insertion point of the
vertex operator ([.) . It has the schematic form

k16%(2) + 0[g1102' + - - -] + 9[g1102 + - -] = k10%(2) + (80 — DI)T1 (4.5)
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D3-brane

T—duality
\ - D(-1) brane
horizon boundary {
/ boundary horizon
y =1/, = y:
Mg y=0 y=0 Y=Hr
s
AdS AdS

Figure 2: The amplitude computation in the original theory involves the scattering of open strings
on n D3 branes living in AdS5. Under T-duality this maps to a different computation in the T-dual
AdS space. The T-dual computation involves strings stretching between n D(-1) branes. The D(-1)
branes are positioned so that the open strings between them are massless. We are computing the
interaction amplitude between these states in string theory which comes from a disk diagram.

where we have rewritten this equation in terms of the T-dual variable Z'. Integrating this
in an arc around the insertion of the vertex operator at the boundary we conclude that &'
has winding given by k!. In other words, the boundary condition for Z' changes from one
side of the vertex operator to the other by an amount proportional to k1 Of course this is
the familiar statement that momentum is mapped into winding under T-duality. Let us
now repeat this for the fermionic coordinates #%. We find that the equation of motion is

Taki0?(2) + O[Cin;00% + - -] — B[Cuin;00% + - -] = maki0?(2) + (00 — 30)0a;  (4.6)

Thus we see that the T-dual fermionic coordinate gm- has “winding” Agm- = myk; when
we go across the vertex operator insertion. Thus we can assign to each D(-1) brane also
a position in 6 which is consistent with these jumps. Notice that we will not integrate
over the overall § fermion zero mode, so we are allowed to fix the position of one of these
D(-1) branes arbitrarily. The same is true for the bosonic zero modes. One of the D(—1)
brane positions is fixed arbitrarily. We have n D(-1) branes, at specific separations given
by the momenta and the fermionic coordinates k; of the external gluons. We have open
strings stretching between them that are on-shell. Then we compute a disk diagram which
is the tree level contribution to the interaction between these open strings. The whole
computation is done in terms of the T-dual model, which is T-dual conformal invariant.
The information about the polarizations of the gluons appears as the information about
the particular open string state stretching between D(-1) branes that we are considering
and it is encoded by the x variables. We see that the theory, written in terms of the
T-dual variables, has manifest dual superconformal symmetry, up to a small subtlety. If
we consider the regularized amplitude, with a finite pr, as in figure ], then we map this
to a configuration of D(-1) branes at the same position of the radial variable of the T-dual
AdS space, §y = uir. However, a dual special conformal transformation will change their
relative radial positions. In the limit that uir — 0, these positions are formally all at § = 0,
which is the boundary of AdS space, and are unchanged by the conformal transformation.
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However, the action diverges. Fortunately the structure of the divergences is known. After
extracting the IR divergencies, one finds that the amplitude changes in a well defined way
under such conformal transformation. The change is completely fixed by the structure of
the IR divergencies. This was discussed in detail in [[j] (see also [[t]] for a string perspective
on the same issue.).

The bottom line is that the T-duality argument makes manifest the T-dual conformal
symmetry and explains why it should be a symmetry of the amplitude. We have not been
very explicit about the precise form of the vertex operators, but it seems clear that the sym-
metries are such that one should reproduce the structure described in [[J (and also [[J]).

4.3 The amplitude and the Wilson loop

Let us now turn to the Wilson loop computation. The Wilson loop computation involves
a string configuration very similar to the one that we get after performing the T-duality
and taking umr — 0. One difference is that in the Wilson line computation there is no
information about the polarization states of the gluons. This information arises in the T-
dual computation as the polarization information for the strings stretching between D(—1)
branes. In order to obtain the Wilson loop, we need to “forget” about these polarization
states and reduce the computation to one with fixed boundary conditions on the boundary
of the string. For example we will put Dirichlet boundary conditions for the fermions and
also for the AdS bosons. In the particular case of MHV amplitudes we expect that this
change will simply produce a factor proportional to the tree level MHV amplitude. In
other words, on the basis of the perturbative computations done in [{, [, f, [[(], we expect
that the relation is 1

A o m(W(kl, k) (4.7)
up to IR and UV divergent terms. We do not have a rigorous justification for the origin
of this prefactor on the string theory side. Of course, this factor accounts properly for
the right helicity weights of the amplitude. It was also argued in [[[J] that it is dual
superconformal covariant with weights one. So the only issue is whether one could get a
residual superconformal invariant factor.

In lieu of a derivation, let us give some plausibility arguments. From the field theory
side, as pointed out in [[5] , when we put in this regularization we have an outer loop in
the Feynmann diagram which consists of a massive supermultiplet. This particle mediates
the interaction between the external U(k) particles and the U(/V) internal particles. In the
limit that we turn off the Yang Mills coupling of the U(N) theory, then we simply have a
one loop diagram and we know that the result is equal to the MHV tree amplitude up to
terms that capture the IR divergences [i2] . From the string theory side, it is clear that
the only difference between the amplitude and the Wilson loop computation lies in the
detailed boundary conditions at the boundary of the worldsheet. (We explore the shape of
the worldsheet near the boundary for a finite pr in appendix B.) Thus, it seems natural
to expect that the worldsheet theory will contain some worldsheet excitations that are
confined to the boundary of the worldsheet that would give rise to the prefactor in ([.7) .
These could represent the massive particle we have in the field theory traveling around the
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loop. Then the difference between the amplitude and the Wilson loop would be whether
we do or do not include these degrees of freedom localized at the boundary.

It is also quite plausible that we need to consider a Wilson loop with some insertions
that take into account the polarization states of the particles. Studying the string theory
in more detail one should be able to give a definite answer to these questions. It is also
possible that one could understand this prefactor by computing precisely, as in [[f] , the
relation between MHV amplitudes and momentum space Wilson loops.

5. Dual conformal symmetry in the AdS sigma model

In this section we consider a bosonic sigma model with an AdS;., target space. Our
goal is to get some insight on the connection between the dual conformal symmetry and
integrability. The conserved currents associated to integrability in the original and T-dual
model were studied in [ and the flat connection of the T-dual model was written in terms
of the variables of the original model. Our goal here is closely related. We will first relate
the non-trivial dual conformal generators with the non-local currents that arise through
integrability. We will also show the gauge equivalence of the flat connection of the original
model and the one arising from the T-dual model.

As we mentioned above, writing the metric as

dx? + dy?
ds® = Lzy (5.1)
Yy
and performing T-duality in the x coordinates and an inversion of y
~ d ~ 1 dzx
dw:*—f, y=—, da::*N—:; (5.2)
Y Y

we can see that the equations of motion for  and y are the same as the ones we would
obtain for a sigma model on the T-dual AdS space, or %dﬂ space ds® = di’%df. The
new AdS space has an SO(2,d) symmetry group. Some of these symmetries are the same
as the symmetries of the original model. For example, the dilatation symmetry D of the
original model is related to the dilatation symmetry of the dual model, D = —D. On the
other hand, the special conformal symmetries of the dual model are not so obvious in the
original model. We would like to understand what these symmetries are in the original
model.

Let us consider first the simpler example of Euclidean AdSs or Hs. In this case we can
write the special conformal generator of the dual model as

K= /dajff(a) = /do [(:zQ —g2)a§f 4o %0Y (5.3)

Y

where 7 and ¢ are the time and space coordinates on the worldsheet. We can now use (p.2)
to replace the time derivatives of Z by sigma derivatives of x. We can then integrate these
by parts. In this integral there are boundary terms and we assume that we can ignore
these boundary terms (this will be true in the application we have in mind, where we will
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integrate on a closed contour and demand that x and # are periodic). We are left with
terms of the form £d,Zz. We now write #(0) = [ do’0,&, and we replace the derivatives
of & by derivatives of z using (f.J) again. In the end we are left with an expression of the
form

K= /da /0 do' 52 (03P (0) —I—/dajf =P (5.4)

where j© ~ %, GP ~ 7xdx;;ydy

are the the translation and dilatation currents of the original
model. Thus we see that the special conformal transformation in the dual model correspond
to one of the non-local conserved charges. It is the second non-local conserved charge which
is given by two integrals. Since the AdS model is integrable, we have an infinite set of non-
local charges.

Thus, the conclusion is that the conformal symmetry of the dual model maps to the
higher non-local charges of integrability. The same result is true in general AdS;,1 spaces.
Thus, when we demand that a certain quantity is invariant under the dual conformal sym-
metry we are demanding that it is invariant under some of the non-local charges associated
to integrability.

A simple way to think about these non-local charges is to construct a one parameter
family of flat connections C(\). This one parameter family can be used to write all the
non-local conserved charges as we will review below. We can do the same for the dual
model and construct C (A). We will then show that these two connections differ only by a
gauge transformation, so that the total set of charges is the same on both sides.

5.1 Integrability and the flat connection

We work in AdS4+q. This is described in terms of the coset manifold SO(2,d)/SO(1,d)
or G/H. We think of it as a right coset g ~ gh. The group G acts on the left and it
corresponds to the global isometries of AdS. We will now construct the conserved currents
for the model, following the discussion in [[f4] (see also 5] ), with some minor changes in
notation. We construct the left invariant (G invariant) currents

J=—g ldg (5.5)

and we decompose them according to the decomposition of the Lie algebra G = 'H + M,
where H are the generators in the subgroup H and M are the rest. We then find

J=H+M (5.6)
This transforms under ‘H gauge transformations. The quantity
m=gMg! (5.7)

is H-invariant. The lagrangian can be written as L ~ Tr[mom®| ~ Tr[M,M®"]. For two

1

quantities related as x = gX ¢~ we will use the lower case letter for the H invariant version

and the upper case letter X for the G invariant one. We also note that

dr=gdXg ' —jAhe—axNj (5.8)
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where j corresponds to J. Since H is a subgroup we have [H,H] C H. Since we are
performing a coset we also see that [H, M] C M. In our case we also have [M, M] C H.4
From the definition (f.5) we know that dJ = JAJ. Decomposing J as in (f.f) and equating
both sides we get

dH=HANH+MAM, AM =HAM+MAH (5.9)

This then implies that
dm = —-2mAm (5.10)

In addition we also have that m is proportional to the Noether current for the left G
action. So d*m = 0. Thus we construct the flat connection as

A
C = —2sinh? o M+ sih A xm (5.11)

where A is an arbitrary complex parameter. This obeys dC +C A C = 0. One can then
construct the holonomy
Q(\) = Pel €W (5.12)

Expanding this in powers of A we get an infinite set of non-local conserved charges.
The charge @, multiplying A" will contain a maximum of n integrals.

In the case of the cylinder we need to consider Tr[Q2"] where (2 is the holonomy around
the cylinder. These are then the conserved charges for a cylinder.

In the application to the amplitude we have a worldsheet which is a disk and thus we
can form the holonomy around the origin of the disk. Since this can be smoothly deformed
to the origin we conclude that the holonomy should be simply the identity matrix 2 = 1.
This is stating that the amplitude should be annihilated by all the charges, both the

5 We see that dual conformal symmetry corresponds to the

local and non-local charges.
statement that some particular charges annihilate the amplitude. Of course one needs to
treat IR divergences carefully (see [j] ), but this is the essence of the statement. It is
natural to expect that demanding that all non-local symmetries annihilate the amplitude

should determine the amplitude.

5.2 Relation between the flat connection in the original and the T-dual model

We now make a specific choice for the coset representative g as

g= e PelosyD (5.13)
where D is the dilatation operator and P; are the momenta, ¢ = 1,---,d. We have
[D,P;] = P,. We also have the special conformal generators Kj, [D,K;] = —Kj,

4This can be seen as follows. Up to an irrelevant change in signature the coset is the same as SO(1,d +
1)/SO(d 4+ 1). Then H are all the rotation generators and M are all the boost generators. We know that
the commutator of two boost generators is a rotation.

5This point of view was emphasized to us by A. Polyakov and A. Murugan.
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[K;, Pj] = 26;;D+rotation . Note that a combination of P and K, 2(P + K) is in
H = SO(1,d) while the other combination is not. We have that

Jz—[@Der; PZ-] =—[@D+d$ L o] L )

y y y 2 y 2
d dz' 1
M=— [—yDJr * —(PZ-—KZ-)]
Yy y 2
dz' 1

We can now construct the flat connection as in (f.11]) . It is now convenient to do a
gauge transformation of C — C' = g71Cg + g~'dg, where g is given in (5.13) . We then get

C' = —2sinh? %M+sinh/\>kM— (H+ M) =—coshAM +sinh A\« M — H
C = <cosh)\@ — sinh A % @>D+ (5.15)
Y Y

—H:oshi coshéda7 —sinhé*da7 P,-—Fsinhé —sinhidw —i—coshé*dx K;
2 2y 2 Y 2 2y 2y

We can now construct a similar current in the 7' dual model, 5, and then make a
similar gauge transformation but in the T-dual model. We then get

= dy dy
C = (cosh )\gy — sinh \ % %)D + (5.16)

+ cosh i (cosh édfjl — sinh é * d#)ﬂ- + sinh é < — sinh i dinl + cosh é * diﬂ)Ki
2 2 2 2y 2 g
In principle we could have introduced another parameter X here. But, anticipating
our result, we have set A = \. We can now express C' in terms of the original variables (z
and y) via (p.9) . We then make an additional gauge transformation of C’, this time by a
constant group element, which maps D — —D and P « K.
We then find

- d d
" = <cosh )\Ey — sinh \ % Ey>D + (5.17)

—Hioshé coshi*dx —sinhédw K,-—i—sinhi —sinhi*dx +coshédw P;
2 2"y 2y 2 2%y 5y

We now note that the original flat connection C’ can be related to C” via a gauge
transformation by a constant group element

C' = e HDC"erP (5.18)
where p is given by

A
el = tanh 3 R o o e MPKetD = et K (5.19)
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We can see that expanding (5.1§) in powers of A one obtains a relation between non-
local currents of different order. Notice that the gauge transformations we used prior
to (p.1§) were A independent.

We have recently learnt that similar results, including a generalization to the full

AdS5 x S° coset theory were obtained in [[[f] .

6. Conclusions

In this paper we have discussed the concept of “fermionic T-duality”. We have shown
that this is a symmetry of tree level string theory. At the level of the worldsheet we are
performing the same steps as the ones we perform for a bosonic T-duality. We select a
fermionic variable # which has a shift symmetry. This corresponds to a supersymmetry
that anticommutes to zero, Q? = 0. We then introduce the dual variable 8 via equations
that are similar to the ones we use for a bosonic T-duality. In target space this maps one
supersymmetric background to another supersymmetric background. The RR fields and
the dilaton are changed but the metric and the B field remain the same. In general, the
reality conditions are not respected because we need a complex Killing spinor in order to
have Q2 = 0 for the corresponding supercharge. If we restrict to fermionic variables which
are single-valued on the worldsheet, the T-duality will probably not extend to higher orders
in string loops. On the other hand we expect it to be exact in o/. In fact, the change of the
dilaton comes from a determinant that appears when we perform the change of variables
in the path integral, as in the bosonic case 1], P7). One example is the case of constant
graviphoton background. This results from performing fermionic T-duality on a flat space
background after adding a total derivative term to the action. Thus tree level string theory
on a constant graviphoton background is the same as string theory on flat space. At higher
string loop orders the two are different.

We have then applied this idea to the AdSs x S° background. We performed four
bosonic T-dualities along four translation symmetries of Ad.S5 as well as eight fermionic T-
dualities along the directions associated to the chiral Poincare supersymmetry generators
QQq; where a is a four dimensional chiral spinor index and 7 is a fundamental SU(4) R-
symmetry index. After the dualities, the string theory comes back to itself. But the initial
problem of computing scattering amplitudes translates into a problem involving a certain
D(-1) brane configuration that is very similar to a Wilson loop configuration, with the
D(-1) branes at the corners of the Wilson loop. The ordinary superconformal symmetry
of the dual superstring theory is what was called “dual superconformal symmetry” of the
original theory. Thus, this transformation makes this dual symmetry manifest. We have
argued this for the classical Green Schwarz sigma model and then for the full quantum
theory constructed using the pure spinor formalism. Our arguments amount to a change of
variables in the path integral. We expect that there should be no anomalies associated to
it. In particular, at one loop, we have checked that the Jacobian for this change of variables
vanishes. Thus, we expect that the symmetry should be a full symmetry for any value of
A = ¢?N. In other words, we expect it to be exact in /. This then explains the presence
of the dual conformal symmetry found in weak coupling computations [[3, [, [(d, [J]. It
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would also be nice to explain the emergence of this symmetry purely within the weak
coupling theory. The four bosonic T-dualities are essentially a Fourier transform. This
paper suggests that it would be productive to try to perform an additional transformation
of the fermionic variables in order to be able to see the duality.

In the context of the simpler bosonic AdS sigma model we have also shown that the
dual conformal symmetry amounts to some subset of the non-local charges associated to
integrability. This has also been recently been done, including the extension to the full
AdSs x S5 sigma model, in [[[§].

It has become clear that “dual superconformal symmetry” is very powerful in restrict-
ing the form of the amplitude. It even fixes the full amplitudes for four and five gluons
. Since this symmetry is simply a small part in the infinite set of conserved charges asso-
ciated to integrability one would hope that all the higher charges can similarly be put to
use in order to fully fix all amplitudes.

Fermionic T-dualities probably have many more applications that the one we used
in this paper. In particular, since fermionic T-duality is a symmetry of supergravity, it
seems that it might be possible to consider the continuous symmetry groups (e.g. E; [4] )
that arise from toroidal compactifications and extend them to supergroups. If the current
discussion of E1g and E1; models (see [A7, fig] for recent papers) could be generalized to
supergroup models, it might be possible to derive the d=10 and d=11 fermionic supergrav-
ity fields in the same manner as the bosonic supergravity fields have been derived in these
models.
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A. MHYV tree amplitudes in superstring theory

MHV tree amplitudes in flat space open superstring theory were studied in [[9 using
the RNS prescription. In this appendix, we propose a new prescription for computing
MHYV tree amplitudes in open superstring theory. Although our original motivation was
to compute MHV superstring tree amplitudes in an AdSs x S° background, up to now we
have only been able to develop this prescription in a flat background. Nevertheless, this
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flat space prescription for computing superstring MHV tree amplitudes is simpler than
previous prescriptions and has an interesting relationship with the self-dual N=2 string
of [[7, [[§. Such a relationship is not surprising since the self-dual N=2 string computes
self-dual d=4 Yang-Mills amplitudes which have many features in common with MHV

amplitudes [E9-F1]].
A.1 MHYV tree amplitudes in gauge theory

N-point tree-level MHV amplitudes have an extremely simple form when expressed in
terms of spinor helicities. If the d = 4 light-like momentum p,; = p,o7; of the rh state is
written as

pit = iz, (A1)

the color-ordered N-point tree-level MHV amplitude with N — 2 self-dual gluons and 2
anti-self-dual gluons is
 (mymr)?
Hivzl(ﬂrﬂr-i-l)
where J and K label the anti-self-dual gluons, mxyy+1 = w1, and the color factor
Tr(T ...T%) has been suppressed. In ([A3), the self-dual gluon polarization is 724 =

et and the anti-self-dual gluon polarization is nf* = mie? where € and € are normalized

(A.2)

such that em., = 1 and Effﬁm = 1.

The formula (A7) can be easily extended to describe the scattering of any N' = 4
super-Yang-Mills fields by combining the N'=4 super-Yang-Mills fields into a scalar chiral
superfield ®(z,0). For an on shell gluon the field has a special form characterized by its
momentum and some fermionic parameters s’ determining its various components. We
have

O, (2, 0) = e T emarif” (A.3)

Expanding in powers of k we obtain the various components of the superfield. We can
think about the amplitude as a function of 7%, 7%, k; for each gluon. By looking at the
(k")* term we extract the amplitude for the negative helicity gluon, while the (k")? term
corresponds to the positive helicity gluon.

The amplitude will contain an integral over 6 that will translate into an overall factor

A(r" 7" k) = 54(2 pr> 58(27%;)% (A.4)

The amplitude A could have additional dependence. However, the x independent
part of A is the MHV amplitude, up to the prefactor in (A.4) .
In field theory we find that this MHV part is given by

of the form

~ 1
A= — - A.
Hivzl(ﬂrﬂr+1) (4.5)

The numerator factor in (JA.9) comes from considering the § function in ([A.4) and inte-
grating over four of the x’s for each of the negative helicity gluons.
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A.2 MHYV tree amplitude in open superstring theory

The arguments leading to ([A.4) were completely kinematical and also hold for open su-
perstring theory. Namely, they also hold if we consider open string scattering for massless
open strings on a D3 brane, even in the case that the scattering occurs at energies higher
than the string scale. In that case the MHV amplitude will not be given by (A.§) and will
contain dependence on « . In this subsection we propose a way to compute A in flat space
open superstring theory.

We conjecture that the MHV superstring amplitude is given by

.Z(?Tr,ﬁ'r) = (7‘(’17‘(’2)_1(7'('271'3)_1(71'371'1)_1 X

Vi(a)Valea) Vi) [

z3

21

d2aUs(za) . . / denUn(zn))  (A6)

ZN-1

i Tz (2r)

where V,.(z,) = e and

Up(2r) = (€9780aq + athyril)elmmralen). (A.7)

The correlation function in (A.G) is defined in the usual manner where z4;(2) satisfies
the OPE 244 (y)z,;(2) — —deapey;(logly — 2| + log |y — z|) and (5,7;) are fermions of
conformal weight (3,0) satisfying the OPE ¢4 (y);(2) — /ey (y — )71 If (¢4, 1) are
relabeled as 44, the vertex operator [ dz U(z) of (A7) is the standard RNS vertex operator
for a self-dual gluon. Note that U,(z,) changes by a total derivative under the gauge
transformation def! = cm? for any constant ¢, so with the normalization elm,, = 1, the
amplitude is independent of 2.

The novelty of ([A.f)) is that the computation of the superstring MHV tree amplitude
is manifestly invariant under N = 4 d = 4 spacetime supersymmetry. Although one can
of course compute superstring MHV tree amplitudes using either the RNS or pure spinor
formalism, computations using these formalisms are more complicated and contain many
more fields. Note that ([A.f) depends only on 7,7, but not on . This is because we are
concentrating on MHV amplitudes and we are only giving a prescription for computing
MHYV amplitudes. We are not saying how to compute non-MHV amplitudes, which should
contain some k dependence.

We will not attempt to derive ([A.§) from a superstring formalism, however, there is an
interesting relation to the open self-dual string with N=2 worldsheet supersymmetry [[[7,
1§]. This open string theory has a single physical state in its spectrum corresponding to
a self-dual Yang-Mills gluon (in signature d = (2,2)). The worldsheet matter variables in
the self-dual string consists of (2%, g, ;) with ¢ = 2 N = 2 superconformal generators

T = %ax“daxaa + %(1/1"”81/?(1 FOvs), G = bt G = Gadat, T = i,
(A.8)
and worldsheet action

é/cﬂz [%8$“a5xm + P2 | . (A.9)
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The physical self-dual Yang-Mills state is associated with the N = 2 superconformal
primary field

V = exp(ipaax“d), (A.10)

and the integrated vertex operator is
/de_G+V = /dzw_ (T 02T + 1T (1he7®) (Y 7?))eP” (A.11)

where puq = m,7Tg. So if one chooses the gauge €™ = 0 and e~ = 7%, (A.11) is equal to
77~ [dzU(z) where U(z) is defined in (A7).

Using the “topological” rules of [F3] for computing self-dual open string amplitudes,
the N-point tree amplitude prescription is

N
An—z = ((GTV(21))(GTV(=22))V (z3) [ ] / dz Uy (20)) (A.12)
r=4

where the N=2 superconformal generators of (JA.§) have been twisted so that v carries
zero conformal weight and the zero-mode measure factor is (1;9%) = 1. As shown in [p,
these N-point amplitudes vanish when N > 3 as is expected for self-dual Yang-Mills tree
amplitudes.

The N-point tree amplitude prescription proposed here is slightly different from (JA.13)
and is

N
A= (7T17T2)_1(7T27T3)_1(7T37T1)_1<V(Z1) V(z2) V(z3) H/derr(zr» (A.13)
r=4

where the N=2 superconformal generators are untwisted. As shown below, this new pre-
scription is non-vanishing for N > 3 and reproduces the gauge theory result of (A.§) in the
limit when o/ — 0.

This suggests that there should be a superstring formalism which combines the world-
sheet variables of the self-dual string with another sector containing % worldsheet vari-
ables. One possibility for such a formalism is the self-dual super-Yang-Mills string theory
constructed in [5J], which is related to the Green-Schwarz self-dual string of [54]. It would
be very interesting if one could use this formalism to construct a prescription with manifest
N =4 d = 4 supersymmetry which reproduces superstring non-MHV tree amplitudes.

A.3 o/ — 0 limit of superstring tree amplitude

The first step in checking the validity of ([A.f) is to show that it reproduces the gauge
theory amplitude of (A.F) in the limit when o — 0. To evaluate ([A.G), it is convenient to
use N=2 notation and express the vertex operator of (A.7) as

U, (2) = / dy, / s Pl 20a(2) + X0 (Frth(2)) + X (Fr(2)) + Yoo €T 4T 00 (2)]
(A14)
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where x, and Y, are Grassmann parameters which are introduced simply as a technical
trick. Using the free-field OPE’s implied by (A.9), one finds

N
V) Vi) Vi) [T [ date) (A15)
r=4

N
= H/dzrdxrd)zr H |z — zs|a/p“”s X
r=4 r,s

; TrTs
X exp |«

P P (XT’XT(ETFS) + XsXs(Esﬂ'r) + XrXs + XSXT)
r s

T _ _ _ _
exp |:O/Z T_i (XTXT(ETT"S) + XsXs(EsTrr) + XrXs + XSX’I‘) (A‘16)
T S
/ 7_1-7‘77-3 — — — —
=l+a o (X?“Xr(erﬂ's) + XSXS(ESWT’) + XrXs + XSXT’)]
T S
and has no double poles when z. — z; — 0.

where we have chosen a gauge for the €,’s such that eles, = 0 for all » and s. Note that

Since each term in the exponential of (JA.16)) is proportional to o, these terms can only
contribute in the limit o/ — 0 if there appear factors of -
over z.. Such factors of -

7 coming from the integration
— can arise from contact terms when z,._; — 2z, since

a/
zZr—1+A ,
/ er |Zr _ Zr—1|a prpr—1—1 _ (O/prpr—1)_
Zr—1

(A.17)
for arbitrarily small A. So the terms in ([A.1() can only contribute if they are proportional
to (2 — z,_1) "%, i.e. if they involve neighboring vertex operators.

After integrating over [J2_, dx,dX, and taking the limit o’ — 0, one finds that (f.19)
is equal to

N
. / /
lim H /er|Zr — 2| PP |2y — | ¥ PPN
a’'—0

r=4

N-3

N=s "meme—1) (epmi—
Z |: H ( 1)( 1)

(A.18)
ﬁ o (Myoy1)(€4Te11) ]
iy} 2t — Zt—1

Zt — &
t=N—s+1 t T <l

N—-s ,_ _ N _
_ (Tem—1)(€mi—1) (Temey1)(€miy1)
B [ 4 bipi—1 H }

t=N_st1 PPl
N-3 ¢ N N
_ { HSM I M}
s=0 L t=4 (meme—1) t=N_st1 (Te417)
N
= (m3m1) H(ﬂ'rﬁr+1)_l.

(A.19)
Finally, multiplying (A.19) by the first line of ([A.g), one reproduces the MHV gauge
theory amplitude of ([A.§).
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A.4 Comparison with four-point and five-point gluon amplitudes

A second check of the conjecture of ([A.G) is that it correctly reproduces the four-point and
five-point gluon scattering when all polarizations and momenta are four-dimensional.
For four-point scattering, the correlation function in ([A.f) contributes

z1 3 = = , o
/ dzy Z (eams)(TaTs) H 2 — 2|® (mr7s ) (RrTs) (A.20)

y 4 — Z
3 s=1 4 $ 7,5

1 _
— dz4w H 2, — 2 (T (71 s)

o (24— 1D(mm) 3

where £¢ has been gauged to ¢§ = m¢(m3ms) " and (21, 22, 23) have been set to (1,00,0).
Multiplying by the first line of (A.6), one obtains the amplitude

./Ztv _ (77'177'4) F(—a’s + 1)F(—a’t)

(m3my)(moms)(m172) M(du+1)

= 's —o
Ezlymmﬂrﬁ“aﬂjfg)“*) (A.21)

which is the correct open superstring four-point amplitude.
For five-point scattering, the correlation function in (JA.€) contributes

21 21 , o
/(m/’wqp%_%wwmwﬂ> (A.22)
23 24 7,5

[Z (64::)_(72@) T (e57s) (FsTs)  (TaTws)” (6465)(7_747?5)]

-yl porp 25 — Zs (24 — 25)%2 /(24 — 25)?

- / a4 / dzs H |zr - Zs|a/(7rr7rs)(ﬁfﬁ8)
! & 7,5

4

[(((ﬂ%)(ﬂsﬂs) o (FaT2) (7sm2) ><((7_757_T4)(7T37T4) o _(5T2)(ms72) >_ (757a)? ]

myma)(za—25)  (mama)(2a—22) ) \(mams)(25—24)  (mams)(25—22) ) (24 — 25)?
B / dZ4 / d25 H ’ZT - Zs‘a/(wrws)(ﬁTﬁS)
! Z4 r,s

(m372) [(W47T5)(7T57T2)(7T3775) N (TaT2) (T5T) (T374) N (7T47T2)(775772)(7T37T2)]
(mama)(mams) | (24 — 25)(25 — 22) (24 — 22)(25 — 24) (24 — 22)(25 — 22)

where £4 and ¢ have been gauged to € = 7$(m3my) ! and e¢ = 7§ (m375) L, and (21, 22, 23)
have been set to (—o0,0,1).
Defining zy = 71 and 25 = (zy)~! as in [[[9, the integral

/ d24/ dzs H |z — zs\a/s” (A.23)
1 7 s

[ A N B N C ]
(20 —25)(25 — 22) (22— 22)(25 — 24) (24 — 22)(25 — 22)

:A835f2_315f1+B<f1—835f2_315f1>—|—C’f1

845 545
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where s,5 = (m,7s) (7, 7s)

/dyw y (2, y),
/ y(1 — 2y) " I(,y),

=
ih

Z(x, y) 823 o S51 _ x)a 834(1 _ y)a'845(1 _ xy)a’(812—834—845)' (A.24)

Plugging in

A (mama) (TaTs ) (T572) B (m3ma) (Tata)(T5T4) _ (FaTte) (F5 o) (myma)?
(mama) ’ (m3ms) ’ (mama)(mams)
(A.25)

using the identity ) (m,7s)(7s7) = 0 which follows from the momentum conservation of
> ps = 0, and multiplying by the factor in the first line of (A.§), one obtains
~ 1

A= —————][s515 75T ) (T172) (mams) (T3 7 A.26
Hi\[::ls(ﬁsﬂsﬂ)[ 51523 f1 + (m571) (T172) (m273) (W375) f2] (A.26)

which agrees with the five-point gluon amplitude of [Ig].

A.5 BRST operator

Since the form of the unintegrated operators V and integrated operators U look very
different in ([A.G), it is far from obvious that the superstring formula of ([A.g) is invariant
under cyclic permutations of the N states. In the following subsections, we will give an
argument for this cyclic symmetry which involves picture-changing operators. However,
these arguments are not rigorous and it would certainly be useful to better understand this
point.

To argue that the prescription has cyclic symmetry, it is convenient to first define the
nilpotent operator

= / dz( AP 0204 + eath® + FAYON) (A.27)

where \“ is a bosonic spinor of conformal weight (—%, 0) and e and f are conjugate fermions

of conformal weight (0,0) and (1,0) which satisfy the OPE e(y)f(z) — o/(y — 2)~!. This

nilpotent operator will be called a BRST operator for reasons that will become clear shortly.
Using the free-field OPE’s of (19%,4),,14), one can verify that QU, = 0.5, where

S, = (&) (T, 1) el™r e (A.28)

satisfies QS, = 0. Furthermore, under §¢¢ = cr%, 65, = QS where Q, = ™ 7Tre,

Naively, one would compute BRST-invariant tree amplitudes by evaluating the correla-
tion function of 3 unintegrated vertex operators S, and IV — 3 integrated vertex operators
[ dzU,. However, this would give an inconsistent result for two reasons. Firstly, the 3
unintegrated vertex operators would contribute three factors of 1, whereas 1% has no zero
modes since it has conformal weight (%, 0). And secondly, the —% conformal weight of A\
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implies that it has bosonic zero modes on a disk. As will be explained below, A% has 3
bosonic zero modes on a disk and integration over these non-compact bosonic zero modes
would give a factor of (00)? if the correlation function were defined using the above vertex
operators.

To obtain the appropriate zero mode factors, one needs to replace the vertex operators
Sy of (JA.2§) with vertex operators in a lower “picture”. These picture-lowered vertex
operators W,. will be defined as

W, = (Ae,)6( A, )e™ e (A.29)

where §(A7,.) denotes a delta-function which constrains one of the three zero modes of A®.
It is easy to check that QW, = 0 and that W, is invariant under the gauge transformation
oe, = cmy.
To understand the relation between W,. of (A.29) and S, of (A.2§), note that S, = QX,
where
= ) imure (A.30)

" ()

So if ¥, were a well-defined state, S, would be BRST-trivial. This situation has
an analog in the RNS formalism since any BRST-closed state Vgns can be written as
Vans = QrnsErNs Where Yrns = c€0€e™2?Vans and (ne?, dée~?) is the bosonized version
of the (v, 8) RNS ghosts. In this case, ¥gns is not a well-defined state since it depends on
the £ zero mode, i.e. ng = fdzn does not annihilate Y¥gng. However, Wrng = moXrNs =
cOte 2 Vs is a well-defined state and defines the picture-lowered version of the vertex
operator. Note that Wrng = Y VeNg where Y = cc‘){’e_%5 is the picture-lowering operator
satisfying Y X = 1, and X = {Qgrns, £} is the picture-raising operator. [F5]

To mimic this situation in RNS, suppose that A\,7¢ is bosonized as

(A7) = ne?. (A.31)
This means that 3, of ([A.3() can be expressed as

¥, = e ?(\e, )™, (A.32)

Defining the picture-lowered vertex operator as W, = noX, = e~ ?(\e,)e™ ™% one

obtains the operator of ([A.29) if e~ is identified as §(A7). This identification is very
natural and is analogous to the identification of e=? = §(v) in the RNS formalism [6].

A.6 Cyclic symmetry
In this subsection, it will be shown that the amplitude of ([A.f)) can be expressed as
~ 21 21
A= (Wl(Zl)WQ(ZQ)Wg(Zg) / dZ4U4(Z4) . / dZNUN(ZN)> (A33)
z3 ZN—1

where the vertex operators W, and U, are defined in (A.29) and (A.7) and the corre-
lation function in ([A.33) includes functional integration over the A* zero modes. Since
the unintegrated vertex operators W, and the integrated vertex operators U, are related
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by picture-changing operators, one expects to be able to use the usual picture-changing

arguments of [b5] to prove that (JA.33) is invariant under cyclic symmetry.

Since A* has conformal weight —%, each component of A* has two zero modes on a

disk, i.e. A%(z) = A%+ zB* where A® and B® are zero modes. However, the BRST operator
and all vertex operators are invariant under the rescaling

A ON, P O, gt O, e — C,  f— O3, (A.34)

so one of the four zero modes can be gauged away. The integral over the remaining three
zero modes can be easily performed using the result that

/ dAYdAZAB N (2) N (22) A (23) 8 (A(21)m1 )8 (A(22)m2 )0 (A(23)73)
= Wfﬂgwg(mwg)_l(7T2773)_1(7T3711)_1. (A.35)

After plugging ([A.35)) into (A.33), one easily verifies that ([A-33) reproduces the amplitude
prescription of ([A.6). So assuming that the picture-changing manipulations of [Fg] can be

applied to this situation, (A.§) has been shown to be invariant under cyclic permutations
of the vertex operators.

B. Cusp solution for the brane regularization

In this appendix we find the classical solution describing a string ending on a cusp that is
sitting at z = €, near the boundary of AdS space. This is a generalization of the solution
in [p7 which describes the case € = 0.

We focus on an AdSs3 subspace of AdSs which is parametrized by z+ and the radial
coordinate z. We want to find the surface that ends on the cusp given by zTz~ = 0 (only
the part in the forward lightcone) and at z = e.

We assume boost invariance so that the solution depends only on one variable. Let us
define variables so that 2% = ¢ and z = ¢"w(7). Then the action is [pg]

S = /dT G 12”)2 -1 (B.1)

The first integral is given by

ww+w)—1
‘T (W +w)? -1 (B2)

Solving for w’ we get

2 2,4

- 1= 1 — w? 294

w,:_(w ccw*) 4+ cwv'1l — w? + cw (B.3)
w(Rw? — 1)

The usual cusp solution is w = v/2 and ¢ = 1/2. We want a solution where z = ¢ at
T = —o0. In this case
w=¢€e  +1+4--- (B.4)
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should be the behavior as 7 — —oo. It is possible to see that one can find a solution which
obeys these boundary conditions and asymptotes to the usual cusp solution for large 7 only
for ¢ = 1/2. In this case the equation (B.J) simplifies and can be solved as

e’ (w—F\@)‘}E 1 (B.5)

w—/2 14w

We get the solution in an implicit form. We do see that as 7 — —oo, then w — 400
and we recover (B.4) . On the other hand as 7 — oo, then w — /2. The range of w is
(v/2,+00). w becomes /2 when e” > e. Thus the solution with boundary conditions at
z = e differs from the solution with boundary condition at z = 0 only for e” of the order
or smaller than e.
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