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I. INTRODUCTORY REMARKS

One o f the last few  y e a rs ’ m ost im portant developm ents in theoretical 
ph ysics  is the recogn ition  that it is  useful to extend to com plex num bers the 
definition  dom ain o f in trin sica lly  rea l variab les , such as energy o r  angular 
m om entum . This leads one to review  many subjects which were considered 
to be c lo sed . It should not have su rp rised  m e, th ere fore , when D r. Salam 
asked m e to report, at this sem inar, on equations fo r  elem entary particles 
which are not believed  to exist in nature, such as p articles  with im aginary 
m ass. Even though the equations which d escr ib e  such pa rtic les  will play 
no ro le  in the theory  as long as the variab les  such as energy o r  angular m o
mentum have ph ysica lly  meaningful values, that is , as long as they are real, 
they m ay play a significant ro le  when the definition domain o f these variables 
is  extended.

I was, at one tim e, greatly  in terested  in establishing all linear equations 
which are invariant under the inhom ogeneous Lorentz group and much of 
what I w ill talk about orig inates from  this in terest. The inhomogeneous L o 
rentz group contains displacem ents in space and tim e in addition to Lorentz 
transform ations; it w ill be ca lled  P oin care  group a fter the mathem atician 
who f ir s t  becam e convinced o f the b asic  sign ificance o f this group fo r  physics. 
It turns out that the representations o f a group essentia lly  determ ine all 
lin ear equations which are invariant under the group in question and one is 
thus led  naturally to the theory  o f the representations o f the Poincare group. 
The term  "rep resen ta tion " w ill mean, throughout this a rticle , a group o f 
lin ear op era tors  which is hom om orphic to the group to be represented; the 
space o f  the v e c to rs  on which 'these op era tors  act is  a com plex Hilbert space, 
usually infinite d im ensional, which w ill be ca lled  representation  space.

Only som e o f  the representations o f the P oin care  group w ill be d is 
cu ssed : those which are irred u cib le  and unitary. The fir s t  restriction  means, 
in the dom ain o f  rea l m asses and spins, that only equations fo r  elem entary 
p a rtic le s  w ill be con sidered , and these only on the Schrödinger, that is not 
second quantized, le v e l. In the extended domain o f  the variab les it should 
mean that the R egge p o les  to be con sidered  are p rim itive but at the present 
tim e this point has not been fu lly  elucidated. Naturally, it would be desirable 
to con sid er  a lso  the second  quantized form  o f the equations,but I am notable 
to do th is . My excuse fo r  con siderin g  only unitary representations is s im i
la r : the non-unitary ones present com plications which have not yet been sur
mounted, even though D r. F ro issa rt  has made significant p rog ress  in their 
investigation.
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T here  is  one other resp ect in which m y d iscussion  will be lim ited: by 
the v ery  fact that the P o in care  group w ill be the basic group throughout. It 
would be desirab le  to con sid er equations which are invariant under one of 
the generalizations o f the P o in care  group, in particu lar equations invariant 
under the usual de Sitter group . H ow ever, the d octora l thesis o f T . Philips 
shows that even the interpretation  o f the rea l m a ss -re a l spin representations 
o f the usual de Sitter group encounters seriou s d ifficu lties and I want to 
avoid th ese . H ence, the d iscu ssion  w ill be concerned so le ly  with the Poincare 
group and alm ost so le ly  with the unitary irredu cib le  representations o f this, 
o r  the lin ea r equations which correspon d  to these.

The relation  between representations and equations o f m otion justifies a 
few  rem a rk s. In one sense, the representation  g ives much m ore inform ation 
than the equations o f m otion: w hereas the equations o f m otion, as ordinarily 
con ceived , g ive only the change o f  the state v ecto r  (o r  whatever ch aracter
izes  the instantaneous state o f the system ) with the passage o f tim e, and 
this d ire ct ly  only fo r  an in fin itesim al increm ent o f tim e, the representation 
g ives the change o f the state v e c to r  fo r  arb itrary  P oin care  transform ations, 
and fo r  finite ones as w ell as fo r  in fin itesim al on es. The tim e displacem ent, 
the e ffect o f which is  given by the equations o f m otion, is  only one specia l 
type o f  P oin care  tran sform ation s. Hence, the representation is m ore inT 
form ative than the equation o f m otion in two regards: because it gives the 
e ffect o f finite, rather than only o f in fin itesim al,transform ations, and be
cause it g ives the e ffect o f  a ll P oincare transform ations, not only o f tim e- 
d isp lacem ents. It m ay even happen that it is , on the basis o f the equation 
o f m otion alone, not p oss ib le  to determ ine without further assum ptions how 
the state v ecto r  changes under a proper L orentz transform ation . Thus, to 
mention a rather tr iv ia l exam ple, the D irac equation in empty space is in
variant under L orentz transform ations not only if  the four com ponents are 
con sidered  to be sp in ors, but also if they are considered to be sca la rs .

In another le s s  m athem atical but much m ore  suggestive sense, the 
equation o f m otion is much m ore  inform ative than the representation from  
which it a r is e s . The reason  is  that it invites the application of the methods 
o f second quantization and hence the replacem ent of the particle  by a quantum 
fie ld . Once this is  accom plished , one may be led by analogies to assumptions 
concern ing in teraction s. Without any knowledge o f its interactions, the p ic 
ture o f a p a rtic le  is  rather em pty. A ll these rem arks apply, fo r  the present, 
only to representations o r  equations which d escr ib e  p articles  which exist 
in som e sense in nature. It does not apply to ch a ra cteristics  o f Regge poles 
o r  anything s im ila r ; fo r  these the relation between representations and 
equations o f m otion (if such exist) is  much le s s  c le a r .

It should be m entioned, finally, that the relation o f representations to 
equations o f m otion is  not o n e -to -o n e . W e shall see severa l exam ples for 
th is; one o f the p rin cipa l ob jectives  o f these lectu res being the establishment 
o f a gen era l method to obtain one equation o f motion fo r  every  representa
tion . This equation o f m otion w ill, in som e ca ses , not be the com m on and 
w ell-know n one. H ow ever, one exam ple fo r  the lack  o f uniqueness o f the 
corresp on d en ce  between representation and equation o f m otion is  already 
known to a ll o f  us: the e lectrom agnetic fie ld  can be described  either by the 
s ca la r  and v ecto r  potentials, o r  by the e le c tr ic  and m agnetic fie ld s . The
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representation  is , how ever, the sam e fo r  both: Oj in the usual notation.
In fact, the representation  is  always uniquely determ ined by the properties 
o f an elem entary p a rtic le  because it m erely  ex p resses  the relation  between 
the d eccrip tion s o f the p a rtic le  by ob serv ers  using different but equivalent 
fram es o f re fe re n ce . In particu lar, the two fram es o f re feren ce  whose re la 
tion g ives  the equations o f m otion are at rest with respect to each other, but 
their tim e sca les  have d ifferent starting points.

II. THE UNITARY REPRESENTATIONS OF THE POINCARtf GROUP

One further general observation  w ill be useful fo r  the understanding of 
the connections which w ill form  the subject o f these le ctu res . This o b se r 
vation rela tes to the g rea ter  e ffectiven ess o f invariance considerations in 
quantum than in c la ss ica l theory . The reason  fo r  this greater effectiveness 
was spelled  out already by C .N . Yang: the states in quantum theory con 
stitute a lin ea r  m anifold  w hereas th ere  is  no s im ila r  stru ctu re  o f  the states 
in c la s s ic a l  m ech a n ics . H ow ever, it w ill be  u sefu l to pursue som ew hat m ore  
in deta il the way this d iffe ren ce  m an ifests it s e lf . W e shall ch oose  fo r  this 
a v e ry  s im p le  and e lem entary  exam ple in which only rotational sym m etry  
is  p resen t.

H am el, K lein  and N oether have shown how the con servation  law s fo r  
angular m om entum , fo r  instance, can be derived  in c la s s ic a l  m ech an ics 
d ire c t ly  fro m  the in varian ce  o f  the equations with resp ect to rota tion s. How
ev er , the con sid era tion s  leading fro m  the in variance to the con servation  
law s are  ra th er subtle, being based  on the p r in cip le  o f lea st action . If one 
just co n s id e rs  a p o ss ib le  c la s s ic a l  tra je c to ry , such as a p lanetary  orb it , 
an unsoph isticated  app lication  o f the in variance p rin cip le  on ly leads to the 
con clu sion  that th ere  are o th er s im ila r  o rb its , obtained fro m  the given orb it 
by a rota tion . T h is is  not a v ery  fru itfu l con clu s ion . In quantum theory , 
given  one o rb it , one can a lso  obtain other o rb its  by rotation . H ow ever, all 
the o rb its  obtained in this way form  a lin ea r m anifold  and one can se le ct  
fro m  th is m anifold  a lin ea r ly  independent set in te rm s o f which a ll the 
" o r b i t s "  can be ex p ressed  lin ea r ly . If one then su b jects  the m em b ers  o f 
the se le c te d  set to a rotation , and e x p re sse s  these rotated o rb its  lin early  
in te rm s  o f  the or ig in a lly  se le cted  set, one obtains at once a rep resen t
ation o f  the rotation  grou p .

W hen ca rry in g  out the p roced u re  just outlined, one o f two situations 
m ay be en coun tered . If starting with one o rb it , the o rb its  obtained by d if fe r 
ent rota tion s a re  a ll lin ea r ly  independent, no s ign ificant con clu sion  resu lts . 
The rep resen ta tion  obtained in this ca se  is  the infinite d im ensional s o -  
ca lled  reg u la r  represen tation  o f the rotation  group , but even with a detailed 
an a lysis it is  c le a r  that, in th is ca se , no s ign ificant con clu sion  con cern in g  
the p ro p e r tie s  o f the orb its  can be a rr iv ed  at. In fa ct , the situation is  v e ry  
m uch the sam e as in c la s s ic a l  th eory . The m ost in terestin g  and sign ificant 
con clu s ion s  con cern in g  the p ro p e rtie s  o f  the " o r b it s "  w ill resu lt i f  there 
is  on ly  a fin ite num ber o f  lin ea rly  independent states in te rm s o f which aH 
states obtained by rotation  can be e x p re sse d . In the w ell-know n ca se  when 
th is num ber is  1, a ll states are  sp h erica lly  sy m m etric  and the con clu sion s 
are usually  on ly  litt le  le s s  strik ing .
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L et us now rev iew  b r ie fly  a way in-w hich the represen tations o f the 
P o in ca re  group can be determ in ed . The p roced u re  has actually  been given 
by F roben iu s long b e fo re  the P o in ca re  group was known. Its application  
is  based  on the fa ct that the P o in ca re  group has an invariant subgroup, con 
sis tin g  o f  a ll d isp la cem en ts . M atters b ecom e  p a rticu la r ly  s im p le  because 
th is invariant subgroup is  abelian (com m u tative). The m athem atics which 
w ill be used  is  not r ig o ro u s  beca u se  m em bers  o f the continuous spectrum  
w ill be  treated  as if  they w ere  bona fide v e c to rs  in H ilbert sp a ce . H ow ever, 
the p roced u re  can  be ju stified  r ig orou s ly , p rin cip a lly  on the b a sis  o f  the 
investigation s o f  M autner and von Neumann.

L et us c o n s id e r  states which belong to irred u c ib le  represen tations o f 
the group  o f  d isp la cem en ts . S ince this group  is  abelian, the unitary ir re d u c 
ib le  rep resen ta tion s  are  on e -d im en sion a l. Denoting the d isp lacem ent v ecto r  
by a, its op e ra to r  by T  , th ere  w ill be "s ta te s "  | p, ? >  fo r  which

Ta |p,S > = e ' ip-a |p, £>  (2 .1 )

w here p .a  is  the L orentz s ca la r  p rod rct o f  the two v ectors  p and a :

p . a = p t a t - px a x - py a y - p z ^ j .  (2 .1a)

The reason  fo r  the apparently arb itrary  sign convention adopted in (2 .1 ) will 
b ecom e evident soon . It a lso  fo llow s from  the unitary nature o f the rep re 
sentation that the com ponents o f p must be rea l. O therw ise, T a would not 
be unitary. H ow ever, the existence  o f v e cto rs  fo r  which (2 .1 ) holds would- 
be r ig orou s ly  assured  only if  the com ponents o f  p w ere d iscre te  variab les.
A s we shall see at on ce , this is  not the case  and it fo llow s that the "v e cto rs "
| p, ? >  are not n orm alizab le . This is  the point where the derivation is  not 
r ig o rou s . The variab le  ? was introduced because it is  possib le  that there 
are severa l v e c to rs  which tran sform , under the operations o f the d isp lace
ment group, accord in g  to the representation  ( e ‘ lpa); the index ? distin
guishes these v e c to rs . It can be assum ed to be a d iscre te  variab le  but if 
there are in fin itely many v e cto rs  which belong to the (e 'ip-a ) representation, 
it w ill assum e infinitely many values. Naturally, we do not yet know fo r  
which fo u r -v e c to rs  p there are H ilbert v e cto rs  |p, ? >  , i . e . ,  which r e 
presentations (e "lp-a) o f the d isplacem ent subgroup o ccu r  in the Poincare 
group ’ s representation  which is  being analyzed. A s a m atter o f fact, this 
representation  is  not yet specified .

It w ill be  shown now that i f  a represen tation  o f  the P o in ca r6  group co n 
tains the rep resen ta tion  ( e ‘ ip-a ) o f  the d isp lacem en t subgroup, it a lso  co n 
tains a ll rep resen ta tion s (e " ip' a ) o f  this subgroup if  p ' = Lp can be obtained 
fr o m  p by a p ro p e r  L oren tz  tran sform ation  L . The represen tation  ( e ‘ lp- a ) 
is  contained in a rep resen ta tion  o f  the P o in ca r6  group if  there is  a v e c to r  
| p, £ > in the H ilbert space  o f  the la tter  fo r  which (2 .1 ) is  va lid . S im ilarly ; 
(e -iLp.a) i s contained in  the sam e represen tation  i f  there is  a v e c to r  fo r  w hicl
(2 .1 )  with p rep la ced  by p 1 = Lp is  v a lid . S ince the v e c to r  |.p, 5 > is  expectei 
to d e s c r ib e  a state with four-m om entum  p, one w ill expect that the operatio:
O l , w hich co rre sp o n d s  to the L oren tz  tran sform ation  L , w ill tran sform  
th is state into one with m om entum  p' = L p. H ence, one w ill expect that
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Ta (O l | p, ? > )  = e ' iLp-a O l | p, ? > . (2. 2)

T h is is  indeed the con sequ en ce  o f  the equation

Ta O L = 0 LT L-ia. (2 .3 )

T h is  equation e x p re s s e s  the fact that a L oren tz  tran sform ation  L fo llow ed  
by the d isp lacem en t a is  iden tica l to a d isp lacem en t by L "1a, fo llow ed  by 
the L oren tz  tran sform ation  L . If (2 . 3) is  applied to the v e c to r  | p, ? > ,  the 
le ft  side  w ill be id en tica l with the le ft  s ide o f (2 .2 ) .  The right side b ecom es

O lTl - i J p , ? > =  O L e -iP -^  |p, ? > =  e 'ip L' l a OL|P; ? > .

The secon d  m em b er  is  a con sequ ence  o f  (2 .1 )  as applied to the d isp la ce 
m ent L _1a, the la st m em b er  fo llow s becau se  the exponential is a n u m erica l 
fa c to r  and O l is  lin e a r . F u rth erm ore , it fo llow s  fr o m  the p ro p e rtie s  o f  the 
L oren tz  s ca la r  p rodu ct that

p. L _1a = L p . a (2 .4 )

so  that indeed, (2 .2 )  is  estab lish ed . This then p ro v e s  that if  the H ilbert 
space  o f a rep resen ta tion  o f the P o in ca re  group contains v e c to r s  | p, 5 y  
with four-m om entum  p, it a lso  contains v e c to r s  with a ll the m om entum  Lp, 
w here L  is  any L oren tz  tran sform ation . A cco rd in g  to (2 . 2), O l | p, ? is 
such a v e c to r .

S ince the | Lp, rj^>, fo r  a ll p o ss ib le  va lues o f r), fo rm  a com p lete  set 
o f  v e c to r s  w hich tra n s fo rm  under the d isp lacem en t group accord in g  to the 
rep resen ta tion  (e iLP-a ), one can conclude that

° l |p , ? >  = ^ ci) |Lp , r j> . (2 .5 )

The co e ff ic ie n ts  c n can depend on p, and L . We shall use on ly a sp ec ia l 
ca se  o f  (2 .5 )  to define what has com e  to be ca lled  the "litt le  g rou p ".

IH. THE L IT T L E  GROUP

W e have seen  that the fo u r -v e cto rs  p fo r  which there are H ilbert v e c to rs  
sa tisfy in g  (2 .1 )  fo rm  a set which is invariant under a ll p ro p e r  L oren tz  tran s
fo rm a tion s . In an irre d u c ib le  represen tation , all such v e c to rs  can be o b 
tained fr o m  a s in g le  one by applying a ll p o ss ib le  L orentz  tran sform ation s 
to it. H ence, the L oren tz  length p .p  o f  the m om enta is  the sam e fo r  a ll 
state v e c to r s  w hich are  p resen t in the represen tation  space  o f  an irred u cib le  
rep resen ta tion . A ltogeth er, one has to distinguish  s ix  qualitatively  d ifferen t 
ca se s .
1. p .p  = m 2> 0 , p t > 0. The corresp on d in g  represen tations d e scr ib e  the 
tra n sform a tion  p ro p e r tie s  o f rea l p a r t ic le s  with finite rest m a ss .
2. p .p  = 0, p t > 0. T h ese  represen tations r e fe r  to p a rtic le s  with z e ro  re st 
m a ss . The equations which co rresp on d  to som e o f these represen tations 
are  w ell-know n,but we sh a ll d is cu ss  a ll o f  them .
3. p .p  = m 2 < 0 ,  i . e . ,  p is  sp a ce -lik e , m im aginary . In th is ca se  pt can
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assu m e a rb itra r ily  la rg e  negative (a's w ell as positive) va lu es . It is  a x io 
m atic  that no p a rtic le  can ex ist which corresp on d s  to such a represen tatio i 
b eca u se , if  it ex isted , it could  tra n sfer  any amount o f en ergy  to a p a rtic le  
o f  c la s s  1 by going o v e r  into a state with su ffic ien tly  la rg e  negative pt. Nev< 
th e le ss , the rep resen ta tion s o f this c la ss  w ill be d escr ib ed  and equations 
o f  m otion  given  which co rresp on d  to these rep resen ta tion s . A ls o , som e o f 
the p ro p e r t ie s  w ill be given  which p a rtic le s  corresp on d in g  to these r e p re 
sentations would have, i f  they ex isted . This con fo rm s to the p rog ra m  giver 
in the f ir s t  section .
4. p .p  = 0, p t < 0. A gain , p t can assum e a rb itra r ily  la rg e  negative va lues. 
H ow ever, the represen tations ' o f  this c la ss  are sim ply  con jugate com plex  
to the rep resen ta tion s o f  c la s s  2 and w ill not be d iscu ssed  fu rth er.
5. p .p  = m 2 > 0, pt < 0. T hese  represen tations are conjugate com p lex  to 
the rep resen ta tion s  o f c la ss  1 and w ill not be d iscu ssed  fu rth er e ith er. Agai 
pt can assum e a rb itra r ily  la rg e  negative va lu es .
6. pt = = Py = p t = 0. A ll states would be d isp lacem ent in varian t. A gain, i
is  ax iom atic  that no p a r tic le s  with these tran sform ation  p ro p e rtie s  can 
ex ist .

The p reced in g  enum eration  g ives the p o ss ib le  m om entum  v e c to rs  p fo r  
which states j p, ? ex ist in the irred u c ib le  represen tation  in question . Th> 
tra n sform a tion  p ro p e r tie s  o f these states with resp ect to tran slations are 
given  by (2 .1 ) ; we shall now d iscu ss  th e ir  tran sform ation  p ro p e rtie s  with 
re sp e ct  to (hom ogeneous) L oren tz  tran sform ation s L . T h is  d is cu ss ion  w ill 
be based  on (2 . 5),

L e t  us se le c t  in every  ca se , except the last one which w ill be d is r e 
garded , fr o m  a ll p o ss ib le  m om entum  v e c to rs  a defin ite one which w ill be 
ca lled  p ° . In the ca se  o f c la ss  1, p° is  best chosen  to be p a ra lle l to the tim« 
a x is , in ca se  3, p a ra lle l to the z ax is. In ca se  2, it wiH be the v e c to r  with 
com ponents 1, 0, 0, 1. The ch o ice  o f p° is  a rb itra ry , but it is  u sefu l to ma! 
it in o r d e r  to fix  the ideas.

W e next define the " litt le  group" as the group o f  a ll L orentz  transform ; 
tion s  w hich lea v e  p° in va ria n t.

Lp» = p°. (3. 1)

The L  which sa tis fy  (3 .1 )  evidently  fo rm  a group and this group does not 
depend essen tia lly  on the a rb itra ry  ch o ice  o f p ° . If another m om entum  
pi = Lj^p0 had been  chosen , the tran sform ation s L x L L j1 which leave  it in 
variant w ould have fo rm ed  a group which is  isom orp h ic  to the group o f L 
which lea ve  p" invariant. H ow ever, with the preced in g  ch o ice  o f p°, it is 
c le a r  that in ca se  1 the little  group is the th ree -d im en sion a l rotation  group 
in ca se  3 the 2+1 d im ensional Lorentz group, i . e .  the group which lea ves  
the fo rm  t 2 - x2 - y2 invariant. In ca se  2, the group is  not quite so obvious. 
It c le a r ly  contains the rotations in the xy plane and, as w ill be seen  at once 
it a lso  con ta ins two sets  o f com m uting operations T| (a) and T  ̂ (ß) which 
fo rm , togeth er with the rotations in the xy plane, a group isom orp h ic  to the 
tw o-d im en sion a l E uclidean  group, i . e .  the group o f rotations and d isp lace  
m ents in the p lane. T £ {a) and T n (ß) are :
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T t (a) =

T „(ß ) =

+ 2&2 a 0 - h 2

a 1 0 -a

0 0 1 0

a 0 l  - h 2

+ i ß 2 0 ß - i ß 2

0 1 0 0

ß 0 1 -ß

i ß 2 0 ß i  - i ß 2

(3 .2 )

(3. 2a)

T he f ir s t  row  (and colum n) re fe r s  to the t com ponent, the second , third and 
la st to the x, y and z com pon en ts. No sim p le  argum ent is  known to this 
w r ite r  to show d ire c t ly  that the group o f L oren tz  tran sform ation s which 
lea v e  a null v e c to r  invariant is  isom orp h ic  to the tw o-d im en sion a l E uclidean 
group , d e s ira b le  as it would be to have such an argum ent. C lea r ly , there 
is  no plane in the fo u r-sp a ce  o f  m om enta in which these tran sform ation s 
cou ld  be in terpreted  d ire c t ly  as d isp lacem en ts and rotations becau se  a ll 
tra n sform a tion s  con s id ered  are  h om ogeneous. The s im p lest g eom etr ica l 
p ictu re  known to m e u ses  two v e c to r s  p £ and p i, o f  length -1  and orthogonal 
to each oth er as w e ll as to p°. T hese  v e c to r s  could  be unit v e c to rs  p a ra lle l 
to the x and y a x e s . The Tg(a)then adds ffp °top 5, whereas T̂  (ß) adds ßp° to the 
p i .

In sum m ary, then, the little  groups fo r  the firs t  three cases are 
1.. p .p  = m 2> 0, pt > 0: the th ree-d im en sion a l rotation group
2. p .p  = 0, pt > 0: the tw o-d im ensional Euclidean group
3. p .p  = m 2 < 0: the 2+1 d im ensional Lorentz group.
The little  groups fo r  ca ses  4 and 5 are the sam e as fo r  2 and 1, but we shall 
not be con cern ed  with these ca se s .

The sign ifican ce  o f the operations o f the little  group becom es evident 
if  (2 . 5) is  sp ecia lized  to p = p° and L a m em ber o f the little  group. One then 
has

O l p" ,5 >-I D (L ) ,£ |p*,n >. (3 .3 )

The dependence o f the c n on the rem aining variab les, £ and L, is made ex 
p lic it  in (3, 3). The L  is , how ever, restr icted  to m em bers o f the little group. 
One now con clu des in the usual way, by applying another operation O ^of 
the little  group to (3 .3 ) , that the coe ffic ien ts  D(L)nCform  a representation 
o f  the little  group . This representation  w ill be unitary and irredu cib le  if 
the representation  o f the P o in care  group which we are analyzing is unitary 
and irred u cib le . It can be shown, further, that all the coefficien ts  c,, in (2 .5 ) 
are essen tia lly  determ ined once the D(L) are given. Hence, the unitary i r 
redu cib le  representations o f the P oin care  group are characterized  by two 
entities: (a) the set o f  mom entum  v ecto rs  which can be obtained from  a single
m om entum  v e c to r  p° by applying to it all p rop er Lorentz transform ations 
and (b) an irred u cib le  unitary representation  o f the little group, i . e .  the
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group o f  p rop er  L orentz  transform ations which leave p° invariant. We shall 
take up the three ca ses  o f  the preceding section  separately.

IV . INFINITESIMAL AND CASIMIR OPERATORS

The in fin itesim al op era tors  o f a unitary representation are skew h er- 
m itean; they becom e herm itean when m ultiplied by i and correspond  to 
con served  quantities. B ecause o f  (2 .1 ), the in fin itesim al operators fo r  a 
d isp lacem ent p a ra lle l to the t, x , y , z axes are -ip t , ipx, ipy and ipz. Hence, 
Pt. -Px> -Py> - p z are con served  quantities; they are the covariant com po
nents o f the m om entum . The covariant com ponents o f the angular momentum 
ten sor  w ill be denoted by M y  = -M ^ . The com m utation relations are, then.

and

^kl> ^mn.

= 0  M k*> Pm = K ftm Pk -  SkmPf) (4 - D

^(Sfim^kn " Skm^fin *  Skn ^fim “ £>Cn ^km^

where g is  the m etr ic  ten sor, g tt = - g xx = - g yy = - g zz = 1, all o th e rco m p o - 
nents o f g vanishing.

The sign ifican ce  o f the in fin itesim al op era tors  in the present context 
d er ives  from  the fact that the equation o f m otion g ives the change o f the 
state v e c to r  fo r  an in fin itesim al d isplacem ent o f tim e. Hence, the equation 
o f m otion w ill be  an equation which perm its the calcu lation  o f the in fin itesi
m al op era tor  fo r  such a d isp lacem ent.

Functions o f  the in fin itesim al operators which com m ute with all in
fin itesim al op era tors  — such functions are ca lled  C asim ir operators — 
com m ute with a ll op era tors  o f  the representation. These are, after all, ex
ponentials, and products o f exponentials, o f  the in fin itesim al operators . 
Each C asim ir op era tor  o f an irred u cib le  representation  must be equivalent 
with m ultip lication  by a num ber, at least i f  the C asim ir operator in question 
is  herm itean. In other w ords, a ll v ectors  in the representation space o f an 
irred u cib le  representation  must be a ch a ra cteristic  v e cto r  o f every  herm ite
an C asim ir op era tor  and the correspon din g  ch a ra cter is t ic  value can depend only 
on the C a sim ir  op era tor  and the irredu cib le  representation, not on the vector  
in the representation  sp ace . In fact, the v e cto rs  which belong to a given 
ch a ra cte r is t ic  value o f  a C a sim ir  op era tor fo rm  an invariant subspace and 
the only non-em pty invariant subspace o f an irred u cib le  representation is  the 
whole representation  sp ace .

It fo llow s that the irred u cib le  representations o f any group can be char
acterized , at lea st partia lly , by the values o f  the C asim ir operators fo r  the 
representation  in question, i . e .  by the num bers with which the C asim ir 
op era tors  m ultiply the v e c to rs  in the representation  space o f the irreducible 
representation  in question . The P oin care  group has two C asim ir operators. 
One o f  these was im p lic itly  determ ined b e fo re : it d escr ib es  the m anifold o f 
m om enta
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P = m 2 = p. p (4 .2 )

by the com m on  length o f the mom entum v e cto rs  o f the states o f the rep re 
sentation. The second  C a sim ir  op era tor  is  Lubanski's invariant; this char
a c te r ize s  the representation  o f the little  group. It is  the square o f  the total 
angular m om entum  in the coordinate system  in which the p article  is at rest, 
m ultiplied with the square o f  the m a ss . M athem atically, Lubanski’ s in
variant is  the negative L orentz square o f a v e c to r  w

W = -w .w . (4 .3 )

The contravariant com ponents o f this v e c to r  are

wk = i ek£rnnp £ Mmn, (4 .3a )

e Mmn being the fu lly  antisym m etric ten sor and (3 .3a ) im plying summation 
o f the repeated in d ices .

W e shall not use the C asim ir op era tors  to derive  the various irredu cib le  
representations o f the P o in care  group . H owever, having derived  the i r 
redu cib le  representations, we shall ca lcu late the C asim ir operators and 
ascerta in  the extent to which they ch a ra cter ize  the representation o r  can 
even rep la ce  them .

V . CASE OF POSITIVE REST MASS

The resu lts  a re , in this ca se , w ell known. The irred u cib le  represen t
ations o f the little  group, which is  the th ree-d im en sion a l rotation group in 
this ca se , can be ch aracterized  by a quantity s which can assum e the values 
0» 2 . 1» 2 » • ••» it is  ca lled  the spin . The dim ension o f the representations 
is  2s+l so  that? can assum e 2s+l values and there are 2 s+1 states with the sam e 
four-m om entum . The representation  with p. p = m 2 = P and the s representation 
o f the little  group can be denoted byP , .E quations o f m otion fo r  the particles 
which belong to the representation  Ps have also been given; in fact, there are 
severa l fo rm s fo r  these equations. It should be noted, however, that the solu 
tions o f these equations do not all belong to the representation Ps . They all
have negative energy solutions which belong to the conjugate com plex of 
Ps, i . e .  to the fifth c la ss  o f the section  HI. These spurious solutions are 
then elim inated, o r  rather reinterpreted , when the transition  to the field 
theory  is  undertaken.

The fir s t  C a sim ir  invariant is  m 2, the second one, W, can easily  be 
calculated fo r  one o f the states | p°, ? y . F o r  these, p x = Py = pz = 0, pt = m ,
so that wx = inMyj, w y = m M a  wz = m M Xy and

W = m 2s (s + l) ,  (5. 1)

so that indeed P  and W su ffice  to ch aracterize  the representations with real 
re st m ass, except that fo r  the two conjugate com plex  representations — one 
o f c la ss  1 and the corresponding  one o f c la ss  5 — the C asim ir operators



6 8 E. P. WIGNER

have the sam e value. It was m entioned b e fore  that the equations o f motion 
a lso  perm it the v e c to rs  o f these two representation  spaces.

The equations fo r  positive  rest m ass have been discussed in the lite r 
ature repeatedly and w ill not be given in detail.

V I. CASE OF ZERO REST MASS

A . The representations o f the little  group.
The representations o f the little  group, that is the tw o-dim ensional

E uclidean group, are not as com m only known as those o f the three-d im en -
sional rotation group . They could be easily  determ ined, however, by the 
m ethod used fo r  the P o in ca re  group. The operators o f displacem ent, 
Tg(a) Tv{ß) = T n(ß) T j(a ), fo rm  an abelian invariant subgroup and one can 
ch oose  "v e c to r s "  in the space o f the Euclidean group ’ s representation which 
belong to an irred u cib le  representation  o f this invariant subgroup. If these 
are denoted by ] \ti', one has

T s (a) | |tt\ tt">=  e - ^ l  \w', ff" > ,  (6 .1a)

T „(ß ) | | jr ', tt" > =  e - ‘ »’ ß[ | T r * " > .  (6.1b)

It is  good to rem em ber that the "d isp lacem en ts" T| and T ,,a re  not d isp lace
m ents in any ph ysica l space, th eir  m ost visualizable interpretation in term s 
o f  ph ysica l quantities being given after equations (3 .2 ) . S im ilarly, the re 
presentation  space is  not a physica l space but the space o f the coordinate 
axes which w ere denoted b e fo re  by 5 (see (3 .3 )) . The argument proceeds from  
th is point just as in the case  o f the P oin care  group but is  s im pler because 
the group is much m ore  sim ple . The p oss ib le  values o f W , n") can all be 
obtained by an orthogonal transform ation  from  one such tw o-dim ensional 
v e cto r , i . e . , in an irred u cib le  representation  only such | | x 1, i r " y occu r  fo r  
which ir ' 2 + w" 2 = S 2 has a fixed value.

We shall not fo llow  this method but use the sam e one which w ill be used 
a lso  to determ ine the representations o f the little  group in the case o f im agi
nary rest m a ss . This m ethod is based on the solution o f the commutation 
relations o f the in fin itesim al op era tors . Since Garding’ s construction  o f an 
everyw here dense set o f v e c to rs  in representation  space to which all infini
tesim a l op era tors  can be applied, this is  entirely  legitim ate. The only d is 
advantage o f  this m ethod, as com pared  with the usual one, is,that it gives 
only the in fin itesim al op era tors , not those fo r  the actual group elem ents. 
H ow ever, the determ ination  o f  the in fin itesim al operators w ill su ffice for 
our pu rposes.

The in fin itesim al op era tors  o f the little  group are M*y, and, as can be 
seen  from  (3 .2 ) by setting a and ß infinitely sm all, w' = M zx- M tx and 
jr" =Mzy - M ty. The com m unication  relations between these operators are
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The ch a ra cter is t ic  values o f M xy can be either integer, o r  h a lf-in teger. In 
either ca se , these are d is cre te  num bers so that one can assum e a form  of 
the representation  in which M Xy is  diagonal. Let us denote the diagonal e le 
m ents by m a; the aß m atrix  elem ents o f the second and third equations of 
(6 . 2) are then

(m a - m ß)?r'aß= iJr"a8j (n^ - n o ß )/^  = - i f f^ . (6 .3 )

One easily  concludes that 7r'aß = ir'äß = 0 unless | ma - mg| =’ 1, that is , if  one 
arranges the diagonal elem ents o f M Xyin  increasing  o rd er , both jr' and jr" 
have non-vanishing m atrix  elem ents only between consecutive values o f the 
diagonal elem ents o f M xy One can then tran sform  all in fin itesim al elem ents 
by a unitary diagonal m atrix  in such a way that the m atrix elem ents o f ff' 
which are above the diagonal becom e rea l. Since ir' is  herm itean, all its 
m atrix  elem ents w ill then be rea l w hereas the m atrix  elem ents o f tT1""will be 
all im aginary. The f ir s t  o f the equations (6. 2) then shows that all the non
vanishing m atrix  elem ents o f tr’ are equal. Except fo r  this last point, the 
situation rem inds one o f the representations o f the rotation group in the 
form  in which M xy is diagonal.

Two ca ses  have to be distinguished now. These are the analogues o f the 
six  ca ses  encountered in Section III fo r  the P oin care  group. If all the m atrix 
elem ents o f jr' are ze ro , the sam e holds fo r  n " . In these representations 
the unit elem ent corresp on d s.to  a ll the "d isp lacem en ts" Tg(a) T,,(ß) and the 
representation  is  faithful only fo r  the fa cto r  group o f this representation, 
i . e .  the tw o-d im ensional rotation group . The representation can be i r 
reducible  only if  it is  on e-d im ensiona l. It coord inates to a rotation by 0 in 
the xy plane the m atrix  (e ‘s0 ) where s can be an integer o r  a half integer, 
positive, negative o r  ze ro . T hese representations are denoted by 0S; they 
are the w ell-know n representations associated  with a null-m ass Klein- 
Gordon p a rtic le  (s = 0), neutrino o f positive  o r  negative ch irality (s = ±£), 
a right o r  left c ir cu la r  p olarized  light quantum (s = +1). The quantity | s| 
is  ca lled  the spin o f the p a rtic le . Both C asim ir invariants P and W vanish 
so  that they cannot be used to distinguish these representations. Since the 
representations ofrthe little  group are one-d im ensional, there is  only one 
state with any definite m om entum ; the doubling o f the num ber o f states for  
s f  0 is  a resu lt o f re fle ction  sym m etries . These representations have been 
adequately d iscu ssed  in the litera tu re .

The non -sin gu lar ca se , in which it1 and it" do not vanish, is le s s  well 
known. The non-vanishing elem ents o f 7r ' w ill be denoted by so  that it’ 
and it"  are  given by

. . . 0 1„2Ü 0 0 . . . . . .  0 ÜE 0 0 . . .

. . . u2G 0 2Ü 0 . . .
tl _ . . .  -H e 0 0 . . .

0 1^22 0 1„2Ü • • ♦
, 7T “ . . .  0 -iiE 0 (I] 

•1—1 
HPJ

0 0 1 „  2£ 0 . . .  0 0 -ÜE 0 . . .

(6 . 4 )
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3 can be assum ed to be positive because its sign can be changed by trans
form in g  a ll in fin itesim al elem ents with a diagonal m atrix whose diagonal 
elem ents are , alternately, 1 and -1 . C learly , these representations of the 
little  group are infinite d im ensional; they can be characterized  by the C asi
m ir  op era tor  ir'2 + it"2 = H 2 o f the tw o-d im ensional Euclidean group. How
ev er , this invariant does not ch aracterize  them com pletely : the diagonal 
elem ents o f  M Xy can be either the integers . . .  -2 , -1 , 0, 1, 2, . . . ,  o r  the 
half in tegers . . .  -§ ,  |, | , . . .  . I n  the fo rm e r  case , the representation
is  single valued, in the latter ca se  two valued. A s far as representations 
o f the tw o-d im ensional Euclidean group are concerned, the characteristic  
values o f M xy could be any arithm etic s e r ie s  with d ifference 1. However, 
unless these arithm etic se r ie s  consist either o f the integers, o r  o f the half 
in tegers , the representation  o f the Euclidean group w ill be m ore than two 
valued so that no one o r  two valued representation  o f the P oincare group 
can be constructed  from  these representations o f the little  group. There is 
a th eorem  accord in g  to which all representations up to a factor of the 
P o in ca re  group can be made one o r  two valued by multiplying the operators 
o f  the representation  by suitable fa c t o r s . Hence, the many valued rep re 
sentations are o f  no in terest.

Since the ch a ra cter is t ic  value o f the op era tor M Xy, fo r  a state in which 
the m om entum  v e c to r  is in the tz plane, can extend to infinity, these re 
presentations are a lso  ca lled  "infin ite spin" representations. The values 
o f the C a sim ir  op era tors  P and W are 0 and H2. The single-valued rep re 
sentation, 0 (H ), is  not distinguished from  the two-valued representation 
0 '( 3 )  by the values o f the C asim ir op era tors .

N um erous argum ents can be adduced to show that no real p articles  can 
ex ist which would tran sform  accord ing  to the representation 0(H) o r  0 '(H ). 
The sim p lest o f these argum ents is  that the heat capacity of vacuum due 
to the p oss ib ility  o f the form ation  o f p a rtic les , o r  o f pa irs of p articles , is 
p roportion a l to the num ber o f polarizations of the particle  in question. This 
num ber is infinite fo r  p a rtic les  with one o f the representations 0(H) o r  
O' (H ) becau se the representation  o f the little  group is  infinite dim ensional. 
H ence, the m ere  p oss ib ility  o f the existence o f any o f these particles  would 
g ive an infinite heat capacity  to vacuum .

B. Equations

The equations fo r  the w ell-know n zero  m ass cases  0S are adequately 
d iscu ssed  in the litera tu re . Again, all known equations perm it not only solu 
tions which belong to the representation  0S, but also solutions which belong 
to the conjugate com plex  o f 0S. These are the negative energy solutions which 
are then elim inated o r  rein terpreted  in the second quantized form  o f the 
th eory . H ow ever, equations fo r  the 0(H) and 01 ( H) cases  w ere obtained only 
a fter a gen era l p rocedu re  fo r  obtaining equations from  representations was 
dev ised . This w ill be describ ed  next and illustrated also on one o f the ea rlier , 
w ell established ca s e s . It should be admitted, though, that the procedure to 
be d escr ib ed  can be used only in conjunction with single valued representa
tions. The reason  fo r  this w ill be evident at on ce . If one wants to derive 
s im ila r  equations fo r  the two valued representations, one has to use a space 
appropriate fo r  these representations: a tw o-dim ensional com plex space



INVARIANT QUANTUM MECHANICAL EQUATIONS 71

in which the two valued representations o f the Lorentz group are isom orphic 
to unim odular m a tr ices . H ow ever, this w ill not be spelled out in detail.

The term  "equation fo r  a representation" is not c lea r ly  defined and, 
in fact, we have seen that severa l equations may correspond  to the sam e 
representation . The quantity to which the equation applies w ill be called 
wave function; it m ay have one o r  m ore  com ponents. The wave functions 
which satisfy  the equation, o r  equations, should transform , under the opera 
tions o f  the P o in ca re  group, accord in g  to the representation  in question, 
but this condition  does not yet determ ine the equation, not even the v a r i
ables on which the wave function depends. It is  always p ossib le , fo r  instance, 
to introduce extraneous, that is  unnecessary , variab les and then neutralize 
these by equations as a consequence o f which the wave function is either 
independent o f these u nnecessary  variab les , o r  depends on them only in a 
tr iv ia l fashion. We shall postulate, how ever, that the variab les be of such 
a nature that they c le a r ly  indicate how the wave function transform s under 
the operations o f the P o in care  group. This means that the variables are 
either the com ponents o f a four v e c to r  x, o r  o f  the d ifferen ce  o f two v ectors . 
A  fou r v e c to r  x goes ov er , under a d isplacem ent by a, into x+a, under a 
L orentz transform ation  L into L x . The d ifferen ce  o f  two v ectors  is invari
ant under d isp lacem ents and tran sform s like a four vecto r  under Lorentz 
tran sform ation s. Since I do not know a better expression  fo r  vectors  of this 
nature, I w ill ca ll them d ifferen ce  v e c to rs . The position  v ecto r  is  an ex 
am ple fo r  the fir s t  ca se  and one is  indeed inclined to interpret the com po
nents o f a v e c to r  which o ccu rs  in a wave equation as the position  vector . 
This m ay o r  m ay not be ju stified? The mom entum v ecto r  is  a d ifference 
v e c to r . It is  because o f this restr iction  o f the variab les which are admitted 
that the equations w ill always correspon d  to single valued representations.

We shall determ ine next the num ber o f v ectors  and d ifferen ce vectors  
which are needed as variab les  o f the wave function. One w ill be sure to have 
introduced enough variab les  into the wave function only if every  Poincare 
transform ation  changes the set o f values o f the variab les . If this is not the 
ca se , som e P oin ca re  transform ations w ill n ecessa r ily  leave the wave func
tion unchanged, w hereas it m ay follow  from  the representation that the wave 
function is  changed by the transform ation  in question. Hence, the variables 
should be able to d escr ib e  com plete ly  a fram e o f re feren ce . A fram e o f r e f
eren ce  can be given by an ord inary  v e c to r  which d escr ib es  the origin  of 
the coordinate system , and fou r d ifferen ce  v ecto rs  which give the direction  
o f  the four coordinate axes. T hese v e cto rs  have, together, twenty com 
ponents — su rely  too many variab les, but it w ill not be difficu lt to elim inate 
the u nnecessary  ones by restr ictin g  the variab ility  domain o f som e and by 
pointing out that the wave function is  independent o f the oth ers. Neverthe
le s s , we do not want to go too fa r  with such an elim ination because the final 
variab les  should be quadruplets o f  v e cto r  com ponents.

L et us con sid er fir s t  the d ifferen ce  v e c to rs . One o f these may be iden
tified  with the m om entum  v e c to r  and it is  convenient, then, to give it the 
length o f the m om entum  v e c to r . This is purely a m atter o f convenience,

* In a recent article,(Dubna report P 939), M.I. Shirokov criticizes the replacement of the variables 
of the wave equationby other position operators, as proposed byT.D.Newton and the present writer. 
Unfortunately, his considerations contain a serious error.
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giving the final equations a slightly s im p ler  form ; the fram e o f re ference 
could be sp ecified  a lso  if a ll the d ifferen ce  v e cto rs  w ere norm alized  in 
som e other fashion . The other d ifferen ce  v ecto rs  can be assum ed to be 
m utually orthogonal, orthogonal to the momentum vector , and o f length 1 
o r  -1 , w hichever is  p oss ib le . Since these conditions com pletely  specify  the 
last d ifferen ce  v e c to r  in term s o f the firs t  three, the com ponents o f this 
are  su re ly  u nnecessary  variab les  and can be om itted. Even the third d iffe r 
ence v e c to r  contributes only one independent variable — since it is  norm al
ized  and is  perpendicu lar to two other v e c to rs . It turns out, although this 
is  not evident at this point, that it is  also "u n n ecessary", i . e . ,  its om ission  
does not autom atically entail the invariance o f a function o f the remaining 
va ria b les  under a P o in care  transform ation  under which it should not be in
variant. H ence, we are le ft with two d ifferen ce  v e cto rs , one o f them p. The 
other w ill be denoted by g ; its condition o f norm alization  and perpendicu
la r ity  to p give the wave equations

(p. p)ip = m2i£ , (6.5)

( g . ? ¥  = - 0 ,  (6-6)

(p . f  V  = 0. (6. 7)

At this point, ip depends on the eight com ponents o f two d ifferen ce vectors , 
p and g, and the fou r com ponents o f a norm al v ecto r  which will be denoted 
by x and which w ill perm it ijj to change under d isp lacem ents. The equations 
(6 .5 ), (6 .6 ), (6 .7 ) are com m on to the equations o f a ll representations; the 
rem aining equations with one exception  w ill be ch a racteristic  of the rep re 
sentation accord in g  to which the solutions o f the equation should transform . 
O ur rem aining task is , th ere fore , to exp ress the equations o f the rep re 
sentation in term s o f  the variation  o f the wave function. We shall ca rry  
this out in detail at this point fo r  only two ca ses : the K lein -G ordon equation 
fo r  a finite m ass Po, and the ca se  of present in terest 0(H).

The f ir s t  representation  equation, still com m on to all representations, 
is  (2 .1 ) . A ccord in g  to this, an in fin itesim al displacem ent by ha changes 
the state v e c to r  by a fa cto r  1 - ih p .a . H ence, if  we use a v ecto r  notation 
fo r  the variab les  o f ip

0(x  + h a , p ,? )  = (1 - ihp .a) (x, p ,| ) (6 .8 )

o r , s in ce  this is  valid  fo r  a ll a,

-| ^ -. = - i p ^ .  (6 .9 )
o Xk

It fo llow s from  (6 . 9) that the com ponents o f  x  are "unnecessary  v a ria b les". 
If ip is  given  as function o f  p and 5 fo r  one v e c to r  x, say x=0, it is  deter
m ined by (6. 9) fo r  all other x . One has

^(x, p, |) = e ' ip-x^(0, p ,| ) . (6 .10)

H ence, ip can be con sidered  to depend only on p and f .
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A lternately , one can integrate (6 .10 ) ov er  p and obtain a function of x 
and f  only:

F rom  $ (x , 5), the orig in a l ^ (x , p, 5) can be recovered  by F ou rier  inversion,

The relation  between ^ (0 , p, 5 ) = ^ ( p , f )  and $ (x ,5) is ,excep t fo r  a p ro p o r 
tionality  factor, the usual one. It fo llow s from  (6 .5 ) and (6. 7) that ip (x, p,£) 
contains the fa ctors  6 (p .p  - m 2) and 6 (p .f )  (as w ell as 6 ( 5 . 5  + !))> but 
these do not in terfere  with the integrations in (6 .1 1 ). It fo llow s, however, 
from  these equations fo r^  that

The relation  betw een ^(p, 5 ) and $  (x, 5 ) is  so sim ple that it makes little 
d ifferen ce  which o f these wave functions one u ses. In the present note 
the m om entum  space representation , tp( p , f ), w ill be p re fe rred .

L et us now con sid er  a representation  with finite rest m ass. Equation
(6 .7 ) re s tr ic ts  5 to a th ree-d im en sion a l sp a ce -lik e  m anifold which is  p e r 
pendicu lar to p. In particu lar, i f  p = p°, i . e . ,  is  para lle l to the tim e axis, 
5t' = 0 and (6. 6) fu rther re s tr ic ts  the spatial part o f 5 to the unit sphere,
5x + ?y + ? !  = 1. It = 0. If we apply an elem ent o f the little group to the 
two v e cto rs  p °an d  5 , the fo rm e r  w ill rem ain  unchanged, the latter point 
to another point o f the unit sph ere. H ow ever, if  the representation is Po, 
the representation  o f the little  group is  the identical representation, tp has 
the sam e value fo r  any two positions which can be transform ed into each 
other by an elem ent o f the little  group . Since the little  group is  the group of 
a ll th ree-d im en sion a l rotations, tp has the sam e value no m atter to which 
point o f the unit sphere 5 po in ts . It fo llow s that ip is independent o f 5 within 
the dom ain o f  this variab le , as restricted  by (6 .6 ) and (6. 7). Hence, 5 is 
an u nnecessary  variab le  in this ca se  and can be dropped. Thus, fo r  the 
representation  Po, the wave function depends only on p and obeys the single 
equation (6 .5 ) . T h is, o r  rather the F ou rier  tran sform  o f this, is  theusual 
K lein -G ordon  equation so that our proced u re  led , in this case , to the usual 
equation.

It would be quite interesting to derive  the equations fo r  the other r e 
presentations Ps , and also fo r  Os . Instead, we proceed  at once to 0(H). In 
this ca se , (6 .6 ) and (6 .7 ) re s tr ic t  the variab les f  to a cy lin d er-lik e  stru c
ture the axis o f which is p. At f t = 0, the spatial com ponents o f f  are re 
stricted  to a unit c ir c le  in the plane which is perpendicular to the d irection  
o f  the spatial part o f p. If we denote by 5 ' and 5“ two perpendicular purely 
spatial v e c to rs  ( i . e . ,  whose t com ponent is  0) which are orthogonal to p, 
the gen era l purely  spatial f  v e cto r  w ill be cos  0 + f "  s in 0 . The other 5

e ' ip x d4p. (6 .11)

ip(x, p ,5 ) = $ ( 0 , p ,5 ) e nP x = (2tt)‘ 2 /d V  ^ (x 1, 5 ) e ip-(x "x) . (6 .11a)

(6 .5a)

9 *
= °-

(6 .7a)
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v e cto rs  w hich,are consistent with (6. 6) and (6. 7) can be obtained by adding 
to one o f the purely  spatial f  v ectors  an arb itrary  multiple o f p. This, then, 
fo rm s the aforem entioned cy lin d er-lik e  structure. Since p is orthogonal 
to itself, the v e cto rs  just obtained are a lso orthogonal to p . It follow s sim i
la r ly  that the length o f a ll v e cto rs  g1 cos  6 + f "  sin0 + cp is -1 .

We yet have to exp ress the condition that the representation o f the little 
group is  given by (6 .4 ) so that W = S 2. In o rd er  to express this condition, 
we re ca ll that the in fin itesim al operators o f the Lorentz transform ations 
o f  the wave function are

M m n - i(pm 0  pn “ Pn 0  pm"*" q gn " Cn g"|m) • (6 .1 2 )

Both p and £ a re  v e c to r s , hence both change upon a Lorentz transform ation. 
On the other hand, (6. 9) shows that the in fin itesim al operator o f d isp lace
ment is  sim ply  m ultip lication  by - ip . Hence, the wk o f (4. 3a) will have two 
types o f  term s: those arising  from  the fir s t  two term s o f (6 .12 ), involving 
only p, and those arising  from  the last two term s. However, because of 
the antisym m etry o f  the e, all the term s vanish which involve only the p. 
This is natural since a ll w vanish if there is  no spin variable as in the case 
o f the representation  Po. H ence, we have

W k = i i  e kimn( _ ± _  5m |n)p£

= i ektan- ^ r  Cmft- <6 1 3 )

If one now ca lcu lates W

W = -w* wk = imps ? m' PJ' (6 .14)

one can make use o f the identity

^kEmn - _ figji ( 6mmi6nni- 6tnn‘ ^nm') ~ ( ^m' n ^ n'f - ^m'c^n'n)

- ^i'n ( n̂'m ” ^m' n’ t ) • (6 15)

If one in serts  th is into (6 .14) and applies both sides to ip, the first two term s 
give ze ro  because both pl pe ijj and p£ \jj vanish. Hence one can set in any 
sca la r  product:

One can now push the a cro ss  the 9 /9  and obtain using again (6. 5), 
(6 . 7), and also (6. 6)
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(6. 16)

where

(6. 16a)

It now fo llow s from  W (// = H 2 ip that the linear space of the \p can be decom 
posed  into two su bspaces. In one o f these subspaces

in the oth er subspace (6 .1 7 ) holds with the opposite sign. Evidently, both 
subspaces are re la tiv istica lly  invariant — and also equivalent as the rem ark 
a fter (6 .4 ) show s. Hence, we may adopt as w ell (6 .17 ) as the last equation 
fo r  \p (p, f ) .  It determ ines the variation  o f f  along the lines in ? space which 
are paraU el to p. We re ca ll that | is confined to a cy lin d er-lik e  structure 
the axis o f  which is  para lle l to p . It fo llow s that tp can be free ly  chosen only 
on a line around this cy linder, fo r  instance on the line |t = 0. This is , as 
was a lso  m entioned b e fo re , a unit c ir c le  in the plane perpendicu lar to the 
d irection  o f  the spatial part o f  p. The reason  why tp is  defined not only on this 
c ir c le  — where it can be chosen a rb itra rily  — but all over  the cylinder is, 
that the re la tiv istic  invariance is m anifest only i f  the variab les o f f  are 
restr icted  only in a re la tiv istica lly  invariant fashion . This is done by (6 .6) 
and (6 . 7). On the con trary , (6. 5) is  m ore  prop erly  an equation o f m otion.

T here are altogether fou r equations fo r  ^ (p , f ) :  (6 .5 ) with m=0, (6 .6 ),
(6 .7 ) and (6 .1 7 ). The com m on  solutions o f these equations actually give two 
invariant lin ear m anifolds: the positive  energy solutions belong to 0( E ), the 
negative energy solutions to the conjugate com plex  o f 0( 3 ) .  These can be 
obtained from  the positive  energy solution by com plex  conjugation and r e 
p lacem ent o f $ by - f  . It is  o f  in terest to apply the com patibility cr iterion  
to the fou r equations fo r  \p which postulates that the com m utator o f the 
op era tors  o f any two o f them shall vanish if  applied to and that this shall 
be a consequence o f the orig in a l equations. Evidently, (6. 5), (6 .6 ) and (6 .7 ) 
com m ute so  that these do not-lead to any condition. However, the com m uta
to r  o f (6 .6 ) and (6 .1 7 ) g ives just (6. 7) w hereas the com m utator o f (6. 7) and
(6 .1 7 ) g iv es  (6 .5 ) with m =0. H ence, the com patibility  cr iterion  is satisfied
— but it would not be satisfied  fo r  s im ila r  equations with a non zero rest 
m ass.

It is  c le a r ly  p oss ib le  to tran sform  the equations from  momentum space 
into coord inate sp ace . The in fin itesim al opera tors  o f  the little group in (6 .4 ) 
use the coord inate system  in which the f  dependence o f ip, on the unit c ir c le  
d escrib ed  b e fore , is  expanded into harm onic functions e ime, 0 being the polar 
coord in ate . A ctually , had we determ ined the representations o f the two- 
dim ensional Euclidean group by the method outlined at the beginning of this 
section , using equations (6. 1), the cru c ia l equation (6 .17) would have ap
peared as a m ore  d irect translation of the little  group ’ s representation. How
ever, the method here used is  somewhat qu icker.

(6 .17)
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VII. CASE OF IMAGINARY REST MASS

A . The representations of the little  group.
T he case  of im aginary rest m ass w ill not be treated in as much detail 

as the ca se  o f z e ro  rest m ass. It is believed that the general princip les are 
adequately illustrated  in the preceding section  and their detailed application 
should not be too  d ifficu lt. The little  group in this ca s e  is  c learly  the 2+1 
dim ensional L orentz group, the group of th ree-d im ensional linear tra n s
form ation s which leave  the form  p 2 - p 2 - p 2 invariant.*y

The representations of the 2+1 dim ensional Lorentz group can be d e 
term ined in the sam e way in which the representations of the tw o-d im en 
sional E uclidean group w ere determ ined in the preceding section. Actually, 
even the representations of the 3+1 dim ensional Lorentz group w ere deter
m ined by L .H . Thom as, using this m ethod. The representations of the 2+1 
dim ensional L orentz group w ere investigated in m ost detail by V . Bargmann. 
At the tim e he ca rr ie d  out this investigation it was not c lea r  that he obtained 
all representations because he used in fin itesim al operators in his calculation. 
H ow ever, G ard ing 's  construction  subsequently fully justified Bargmann’ s 
w ork .

The 2+1 dim ensional Lorentz group has three infinitesim al elem ents. 
T h eir  com m utation relations are

They d iffe r  from  the com m utation relations o f the rotation group only in 
the sign s. S ince the representations in which we are  interested are either 
single o r  double-valued, the ch a ra cteristic  values of Mxy are either integers 
o r  half in tegers . At any rate, they are d iscre te  num bers so that we can 
assum e, as in the preced in g  section, that M xy is  diagonal. Since the equations
(7 .1 ) are the sam e as the last two of equations (6. 2), with it' and 7t”  r e 
p laced  by Mxt and Myt, we can in fer again that Mxt and My, have non-vanish
ing m atrix  elem ents only just above and just below the main diagonal and 
that it is  p oss ib le  to tran sform  M xt into a rea l m atrix . My, w ill then be purely 
im aginary and both w ill have the form  illustrated in (6 .4 ) except that the 
| S w ill be rep laced  by num bers which are in general different from  each 
oth er. W e denote the diagonal elem ents of MXy by m ; the non-vanishing e le 
m ents of Mxt and My, w ill be denoted, then

[Mxy, Mxt ] = i M y,, [M xy, My,] = - i  Mx, , (7 .1 )

[M xt> Myt] -  - i  M Xy. (7 .1a)

(M xt )jn,m+l= (M x, )rm-l,m = , (7.2a)

(Myt )ni,ni+l= "(M yt )nwl,m “  i  N^n. .̂

The last com m utation relation  (7. la ) now gives

(7.2b)

Nm+i - 2m J (7 .3 )
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Nm = U m *  + c . (7 .4 )

Since Nmmust be rea l, only such m must occu r  as a diagonal elem ent of 
M xyfor which m 2 + c > 0. This w ill be autom atically satisfied  if m2 + c > 0 
fo r  a ll m and this g ives r is e  to the firs t  type of representations o f the 2+1 
dim ensioned Lorentz group. F rom  (7 .2 ) and (M Xy)mm' = m 6mm' one can c a l 
culate the C a sim ir  op era tor of this group;

Q = Mxt2 + Myt2 - Mxy2 = c + i .  (7 .5)

In the present ca se , the ch a ra cteristic  values o f MXy are either a ll the in 
teg ers , positive , negative, and ze ro , o r  a ll half in tegers, positive and nega
tiv e . In the latter ca se , c  > 0, Q > £. In the fo rm e r  case , c need^not be 
p ositive  but only la rg e r  than - j ,  the sm allest p oss ib le  value of -m 2. Hence, 
Q >  0 holds fo r  single-valued representations o f this c la ss , Q >  {  holds fo r  
the tw o-valued representations of th is c la s s . The fo rm er  are ca lled  Cq, the 
la tter Cq .

It might appear, f ir s t , that this exhausts a ll the representations. This 
is  not so, how ever, because if  an Ns.^ vanishes, the m atrices  whose rows 
and colum ns are  labeled  by m =s, s+1 , s+2, . . .  a re  disconnected from  the
row s and colum ns with low er m^and provide in them selves a solution of the
com m utation re la tion s. H ence, if

c = - ( s  - |)2

so  that

Q = c + \ = - s ( s  - 1) (7 .6 )

we have a second  c la ss  of solutions of the com m utation relations. F o r  these, 
the ch a ra cter is t ic  values o f Mxy are  s, s+1, s+2, . . .  so that s is  the lowest 
ch a ra cte r is t ic  value. C learly , s > 0  must hold, otherw ise would b e 
com e negative. H ence, s can assum e the values 1, § , . . .  and the values 
o f the C a sim ir  op era tor a re  quantized in this ca se . The representations 
o f this su bclass are  denoted by D f . (The ca se  s=0 w ü l be treated separa
te ly .)  S im ilarly , if m assu m es only the values -s , -s -1 , - s -2 ,  . . .  and

= 0, the m a tr ices  Mxt, Myt given by (7 .2 ), (7 .4 ), and the diagonal m a
tr ix  MXy, w ill satisfy  the com m utation re lations. The representations of 
this su bclass  are  conjugate com plex  to the representations o f the previous 
su bclass . The value o f the C a sim ir  operator 9 . and of the param eter c , w ill 
be the sam e as fo r  the representations just d iscu ssed . The representations 
o f th is su bclass are  denoted by D j.

The ca se  s=0 rem ains to be d iscu ssed . It fo llow s that, in this case , not 
only Ns.$ = N.$ but a lso  Nw$ = N$ van ishes. The m atrices  with the single row 
and colum n m=0 th ere fore  separate from  the rest and we obtain the trivia l 
solution M Xy = Mxt = Myt = 0 o f the com m utation relations and the triv ia l r e 
presentation in which every  group elem ent is  represented by the unit op era 
to r . This representation  w ill be denoted by D^.

The preced ing  d iscu ssion  assum es, im p licitly , that the 2+1 dim ensional 
Lorentz group has only one and two-valued representations up to a fa ctor .
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This is  a p erm iss ib le  assum ption because only these representations o f the 
little  group can be used to form  a representation  of the P oin care  group.

Let us return b r ie fly  to the P oin care  group in o rd e r  to calculate the 
C asim ir invariant W, defined by (4. 3). Since this invariant has the same 
value fo r  all v e cto rs  which belong to an irred u cib le  representation, we may 
as w ell ca lcu la te d  fo r  a state o f mom entum p°. Hence, we set pt  =px = p y  = 0, 
pz = m in (4 . 3a) and obtain

wl = nj MXy, wx = m Myt, w? = -m  M xt, w z = 0.

It fo llow s that

B . Equations.
It would seem  offhand that one should be able to obtain the equations 

fo r  the im aginary m ass case  by replacing m by im  in the equations for  p os i
tive rest m a ss . Thus, one can rep lace  the K lein -G ordon  equation by

It is c lea r , on the other hand, that this p rocedure cannot work because it 
would y ield  equations with a finite num ber, 2 s+1, o f polarizations (linearly 
independent states o f the sam e m om entum ). Since the representations of 
the little  group are, with one exception, infinite dim ensional, there will be, 
except fo r  that single case , infinitely many "d irection s  o f polarization ".

A s a m atter o f fact, the replacem ent o f m by im  gives a self-ad join t 
expression  fo r  the in fin itesim al operators o f the P oincare group only in case 
o f the K lein -G ordon  equation — and this correspon ds to the representation 
o f  the P oin care  group fo r  which the little  group ’ s representation  is the iden
tica l one, D 0. Thus, if  one rep laces m by im  in D ira c ’ s equation, the ex 
p ress ion  fo r  i 8 /8 t  w ill not be se lf-ad jo in t any m ore . This reso lves  the 
paradox o f the preceding paragraph but shows, at the sam e tim e, how 
strongly the resu lts derived in these notes depend on the assumption o f the 
unitary nature o f tne representations.

It is  o f  som e interest to investigate the behavior o f the solution o f the 
equation (7. 8a) and to contrast it with the solutions o f the equations with 
positive  rest m ass. We can further sim plify  the situation by assuming that 
there is only one sp a ce -lik e  dim ension x . The positive rest m ass Klein- 
Gordon equation is  then

W = -w . w = m 2Q. (7 .7 )

(P? - Px - Py - P z ^  = (7 .8 )

o r

(7 .8a)

(7 .9 )

It is  w ell known that if, say, at tim e t=0, the wave function and its t im e d e r i-
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vative vanish outside the in terval (a, b), they w ill vanish, at tim e t (or have 
vanished at tim e -t ) , outside the in terval (a - | t| , b + 11|). This expresses 
the finite propagation v e lo c ity  o f d isturbances and can be proven  in a 
variety  o f w ays. The p roo f which is  perhaps sim plest starts from  a D irac 
equation

and identifies the f ir s t  com ponent o f <p, that is <Pj, with the solution o f (7. 9) 
which van ishes, together with its tim e derivative, outside the interval (a, b) 
at tim eO . The second com p on en t^  w ill then be equal to m _1( i9 /9  t + i 3 /3  x) cpx 
and have the sam e p rop erty . Hence, the tim e com ponent o f the D irac current 
| tpi |2 + | cp2 12 vanishes at tim e 0 on the half line x > b . Applying now the 
d ivergen ce  theorem  to the shaded region  in F ig . 1, one sees that the

9 x cp = me

b b' 

F ig.l

in tegral o f  the current a cro ss  the tilted line, which goes through the point 
b ',  t, a lso  van ish es. If the tilted line is  sp a ce -lik e , the current a cro ss  it 
is  positive  defin ite. H ence, it vanishes at every  point. F rom  this, the van
ishing o f both com ponents o f cp fo llow s, just as both com ponents o f cp vanish 
on a t = const line if  the cu rrent a c ro s s  this line, | q>x |2 + | cp2|2, vanishes. 
T his, then, p rov es  the theorem  on the finite propagation velocity .

Interchanging now x and t in (7 . 9), we note that if  tJj, together with its 
x derivative, is  z e ro  at x=0 outside an interval (a, b) o f t, it w ill be zero 
at x a fter b + | x|, and was zero  b e fore  a -  | x| . H ence, ifr w ill be zero  this 
tim e in the shaded area  o f F ig . 2. Instead o f the maxim um  velocity

Fig. 2

o f propagation, one has a m inim um  v e lo c ity  o f propagation. This is , 
o f  cou rse , what was to be expected . A ctually, one is  m ore  interested in the 
in itial condition  which underlies the fir s t  figu re : that tp and dip/d t a re  zero
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fo r  a fixed t, say t=0, in an in terval o f x . In this case  it is  not true that ip 
is  ze ro  in the shaded area  o f F ig . 3. How ever, as t in crea ses , ip goes to 
z e ro  in this area fa ste r  than any pow er o f t.

A s was m entioned b e fore , the equations fo r  all other representations 
w ill g ive an infinite num ber o f polarizations so that the introduction o f a 
second  v e c to r  f  as a variab le  into the wave function is  quite appropriate.
The equations (6 .6 ) and (6 .7 ) define in this case  a hyperboloid as the domain 
o f the variab les  This is  u nn ecessarily  com plicated  as there are nuH v e c 
to r s  which are perpendicu lar to the sp a ce -lik e  vecto r  p . We th erefore r e 
p la ce  (6 .6 ) by

( M )  i, = 0 with ^ = 0 fo r  |t < 0 , (7 .10)

retain  (6 .7 )

(p .5 )tf = 0 (7 .11)

and in o rd e r  to denote a rea l num ber by m , we set

(p .p )^  = -m 2 ip (7 .12)

instead o f (6 .5 ) . The ca lcu lation  o f the C asim ir operator W then becom es 
very  s im ila r  to that in the p reced ing  section, with the ro les  of f  and p in ter
changed. The only d ifferen ce  is  that the non-com m uting nature o f and 
9 /3?ro  has to be taken into account. The resulting expression  is

= ^ <7-13)

The variab ility  dom ain o f ip is now a light cone in the th ree-space  of 
£ which is  perpendicu lar to p. We can transform  (7. 13) in such a way that 
it contains on ly the op era tor  £ d/d%t which is  the derivative along the 
straight n u ll-lin es o f the cone. Further, we can express by ( 7 . 7 )  the C asim ir 
op era tor W ö f the P o in care  group in term s o f the C asim ir operator Q o f 
the 2+1 dim ensional Lorentz group . This gives
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(7 .14)

V = V ? { 9 / a ? r ( 7 .14a)

This V is  d ifferent from  that defined by (6. 16a) fo r  the equations fo r  theO( H ) 
representations. H ow ever, we can conclude again, just as we did when 
deriv ing the equations fo r  the 0( H) representations, that the linear set of 
wave functions fo r  which (7 .1 0 ), (7 .1 1 ), (7 .12 ) hold and fo r  which the second 
C asim ir op era tor  has the value W, d ecom poses into two invariant linear 
su bsets. F o r  the fir s t  o f  these

We re ca ll that Q = W /m 2 is  a function o f the two C asim ir operators W and 
m2. These equations are quite s im ila r  to (6. 17) but w hereas the latter gives 
the change o f ip fo r  an increm ent o f the vecto r  5 which is  para lle l top , (7 .15) 
g ives the change o f ip fo r  an increm ent o f | which is paraH el to f  itself.
Both increm ents are , how ever, along the straight lines o f the developable 
surface which is  the definition  dom ain o f f  . The resultant set o f equations, 
(7 .1 0 ), (7 .1 1 ), (7 .1 2 ), (7 .1 5 ), was not d iscu ssed  in detail.

VIII. PROBLEM S WHICH REMAIN

The preced in g  d iscu ssion  o f the equation fo r  representations with im a
ginary m ass is  even m ore  perfunctory  than the d iscussion  o f the 0(H) equa
tions. F urtherm ore , apparently, no m ore  com plete d iscussion  is avail
able in the litera tu re . W hereas fo r  the 0(H) equations severa l equivalent 
fo rm s o f the re la tiv istica lly  invariant s ca la r  product are known, the p re 
ceding d iscu ssion  g ives no exp ression  th ere for . This should be supple-

A m ore  seriou s om iss ion  is our fa ilu re to give equations fo r  the two
valued representations, that is fo r  the representations which d escribe  par
t ic le s  with half in teger spin. In o rd e r  to do this, one should again introduce 
a space in which a re la tiv istic  transform ation  can be defined. Such a space 
is , in this ca se , a tw o-d im ensional space with com plex coord inates. In that 
space then the total m anifold o f functions must be lim ited by as many re - 
lativ isticaH y invariant lin ear equations as p oss ib le . A "re la tiv istica lly  in
variant" equation in this ca se  is  invariant under com plex  unim odulartrans
form ation s. The statem ent "as many as p oss ib le "  m eans that the elim ination 
o f  a single fu rther function, by a new equation o r  otherw ise, together with

(7 .15)

holds, fo r  the second

( 7 .15a)

m ented.
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the postulate o f re la tiv istic  invariance, elim inates a ll functions from  the 
lin ear m anifold so  that this b ecom es vacuous. The task o f obtaining equa
tions fo r  the tw o-valued representations in this way has not been carried  
out.


