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M1-1xo8 c.r. E2 • 12872 
Heni-1He~Ha~ pean1-13a~1-1~ KOH$opMHO~ cynepci-1MMeTPI-1H 

C noMO~b~ MeTOAa, paHee pa381-1TOrO An~ KOH¢oPMHO~ 
rpynn~, nony4eH Knacc Heni-1He~H~x pean1-13a~1-1~ cynpeKOH¢opMHO~ 

rpynn~. 3TI-1 Heni-1He~Hble TpaHc¢opMa~HOHHble 3aKOHbl np1-1 cy>Ke­
HI-11-1 Ha noArpynny flopeH~~ oKa3~8a~Tc~ ni-1He~Hb1MI-1. Bee oc­
TanbH~e npeo6pa3o8aHI-1~ cynepKoH¢OPMHo~ rpynn~ 8 Ae~CT81-1-
TenbHOCTI-1 ni-1He~Hbl, HO HeOAHOPOAH~, npl-1 3TOM ni-1He~Hble OAHO­
POAH~e 4neHbl 8 TpaHC¢OpMa~lo10HH~X 3aKOHax MOryT fi~Tb nony4e­
Hbl KaK 4aCTHble cny4al-1 paHee l-138eCTHbiX n1-1He~H~X npeACTa8ne­
HI-1~ cynepKOH¢0pMHO~ rpynn~ npl-1 HeKOTOp~x cne~1-1anbH~X 8bl-
6opax napaMeTpo8 npeACTa8neHI-1~. nony4eH~ TaK>Ke cynepKoH­
¢oPMHo-Ko8aplo1aHTH~e npOio1380AH~e KaK Heni-1He~HO, TaK 1-1 ni-1-
He~HO npeo6pa3y~~Hxc~ none~. 

Pa6oTa 8~nonHeHa 8 flafiopaTOPI-11-1 TeopeTI-14ecKo~ 
¢1-131-1KI-1 OHRH. 

Coo6weHHe 06bellHH8HHOrO KHCTKTyTa swepHbiX HCCneaOB8HHA, £ly6Ha 1979 

Mikhov S.G. E2 • 12872 
A Nonlinear Realization of the Conformal 
Supersymmetry 

In the present paper using a method originally develo­
ped for the conformal group a class of nonlinear realiza­
tions ofthe superconformal group is obtained. The trans­
formation laws for these realizaiions, ·when resiricted to 
the Lorentz group, are linear. All other transformations 
from the superconformal group are in fact linear but 
nonhomogeneous, which is known to take place in the con­
formal group also. It turned out also that the 1 inear ho­
mogeneous parts of the transformation laws can be op­
tained from the previously known linear representations 
of the superconformal group for a specific choice of the 
parameters labelling these representations. The supercon­
formally covariant derivatives of the nonlinear fields 
as well as the superconformally covariant derivatives 
of the previously known linearly transforming fields are 
constructed. 
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1. The aim of the present paper is to introduce a nonli­
near realization of the superconformal group. In several 
preceding papers 1 1,2,3 / were obtained two series of linear 
representations of the same group labelled by the set of re­
al numbers d , z , p , q. In what follows we shall make use 
of these representations, so that it is necessary to re­
call certain notations used there. By M~v, P~ , K~ and D 
we denote the generators of the conformal group (the gene­
rators of the Lorentz group, the translations, the special 
conformal transformations and dilatations, respectively), 
while S~ .T~ 

1 . 5 + + ± -S ± .!.. (1± iy 5)aJ3 S J3 - a 2 - (1 ± i y ) t:~ T Q = T-
2 a~ ~ a ( 1.1) 

are two sets of spinor generators and " is a pseudoscalar 
generator. The Y-matrices are taken in the Majorana repre­
sentation 

Y:J3 =(yo y~yo) a~v - (yoaP'V yo) t:la 
aJ3 ~ 

5 5 (y5)2--1 
( 1. 2) 

y =-y 
aJ3 J3a 

and the metric is g~~-<-.+++).For the commutation relations 
of the generators we refer to paper I l l . We shall construct 
the nonlinear realizations in the space of functions of 
(x~, (3;, (;; ), ~here x~ are the coordinates in Minkow­
ski space and ~.(a are two sets of anticommuting Grassman 
variables and satisfy 

L(l+iy 5 ) e+=e+ 
2 a{J J3 a ~ (1- iy 5 )aJ3 ( ~ = ( ~ ( 1. 3) 
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The class of nonlinear realizations is fixed by the condi­
tion that when restricted to the subgroup spanned over the 
generators MJ.Lv , PJ.L , S~ and T; one obtains the linear 
transformation law for a field from one of the series o f 
representations introduced in 1 1 ,2,3 < The method t hat is used 
is a simple generalization of a well-known technique 14 ·51 

For the purpose consider the quantity 

. D . . ,._jl K "+ - • + _ _ 1a + !T1T I'¥ J.L 
lj; (x,8 .~ ,a,r, <1>, ¢ , ¢ )-e e x 

(1.4) 

i¢ +y oT++i ¢ - y0 S- i 8+yo S++ i~-y0 T- i xllPf.l 
x e e e 

+ 
where a , r , lf>f.l , ¢ a and ¢ - are functions of the generali-
zed coordinates X A=( xJ.L ,(f)~, f;; ). It is obvious that 1/J belongs 
to the superconforma l group (more precisely to the quotient 
space of the superconformal group and the Lorentz group) 
and therefore (a,r,<ll,¢+, ¢ -) belong to a subspace of the 
group parameter space. So that under the action of the right 
regular representation of the group on 1/J , they t.ransform 
according to the group composition law. If one adopts the 
exponential parametrization with the ordering (1.4J and the 
convention that the elements of the Lorentz group should 
stay to the left to all other exponents one can define then 

lj;(XA;a(X),r(X),<Il(X),¢+(X),¢-(X))g = 
{1. 5) 

= exp [ i wf.lv M J.LV ] 1/J (X '; a ' (X ' ) , r ' (X ' ) , tf> ' (X ' ) , ¢ ' + (X ' ) , ¢ ' - (X ' ) ) , 

where 

w J.L v = wf.lV ( g ; X ; a , r , <1>, ¢ +, ¢- ). ( 1. 6) 

Formula (1.5) defines the transformation laws of the fields 
a , r , <I>fl , ¢; , ¢;; ·In order to obtain the explicit form 

of this transformation laws one must produce the necessary 
commutations in the l.h.s. of (1.5) (for the commutators 
of the exponents see Appendix). One can guess that this 
prfcedure keeps the arguments of the functions a , r , <I>Il 
¢a and ¢;; in the 1. h. s. unchanged. Let for simplicity 
denote by Hj the components of any of the latter fields 
and by 

(Tg X)A =X A ( 1. 7) 

the transformed coordinates. 
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It is readily seen that one can write down the 'transfor­
mation law., for the fields H j in the form 

Hj' (X) "' Fj [ g; H k ((T g-1X ))]. (1.8) 

where the function Fj(g;H) denotes the group composition 
law. Thus one has a correct transformation law. From the 
definition (1.4) for the quantity 1/J and the fact that PJ.L 
KJ.L , S~ , T~ , D and rr with respect to the Lorentz group 
are vectors, spino~s, a scalar and a pseudoscalar respecti­
vely, o~e can easily guess that so are XJ.L , <l>J.L , 8 ~ , ~; , 
¢ ~ , ¢a , a and r. It is evident also that the abelian trans-. . + . 
formations spanned over the ·generators PJ.L , Sa and Td 
should coincide with the linear transformation laws from 
papers 1 1·3 : So, in what follows attention is paid to the 
case when g is an element of one of the abelian subgroups 
corresponding to the generators D , rr , KJ.L , Ta: . an~ s; 
only. If one denotes the latter 'generators by 0 1 ,it appears 
then that the transformation law corresponding to the group 
element g-e laj Oj (there is no summation over the repeated 
indices) for the components Hj ' of any of the fields a, 

r , tf>J.L , ¢a+ and ¢; can be compactly written as 

H "' ~ H (a i ) V jk ( wJ.L v ) H k ( T g- dO+ R H , 
' j 

(1.9) 

'. 
where Vjk is unity for a and r and the vector and spinor 
matrix representation of the Lorentz group _ for <llf.l and ¢ "tt , 
respectively, whose parameter wJ.Lv is defined by eq. (1.5). 
~ H(a) is a weight factor. We shall not write down the 

transformations of x J.L , 8~ and ~;; · since they are well 
known 131 . In what follows the explicit expressions are written 
down for wf.lv, ~H· and RH .Thus, one has for -the dilata-
tions e lAD j 

w -0· 
J.LV ' R<ll - R ¢+ - ·R¢-. R,.. .o. 

J.L a a 
Ra •-A 

. ( 1.10) 

~<I> -eA 
f.l 

~ + 1 \ 
¢± "'e- 2" ~a-~,-0. 

The corresponding quantities for the transformations e~ 77 

are 

w -0; R,... -R~+=R~-=R =0 
f.lV "'f.l 'I' a 'l'a a 

R, =-o 
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~ <f>fl. • ~a =!lr .. O; ~cp+"'!l,~.._ 
-a '~'a 

.. eta 
(1.111 

For the special ~onformal transformations exp{ia~Kplusing 
-the notatiens 

.2"2 ll ~ p (a , x) = 1 +-2 a •-X + a -x ; a y P. "' a 
-( 1. 12) 

one has 

-1/2 1 J}( )2 2 2 
w pv={(a.x)2 -a2x2] (a-JLxv -~l)L)ln +a.x + a-x -ax (1.13) 

v p(a,s) 
~<f> =p-l (a,x) fl. 4 ; • p ~~a.x) llcP.- "'PV2(a,x) 

a i 1.14) 

6. a•!lr .{) 

-R,... u-p-1 (a,x)(a +X a 2 ); 
'f!p. ll -p. Ra=R,=O -(1.15) 

-Rcp;·-(;cp- )a (.x',8'~~~- ); .R cp~ :0. 
a 

tf3-y0 S­
For the transformations e it is useful to i-ntroduce 
the notation 

"'£. 1-({F, (") .. 1 +16 if3-y° C 

in order to write down 

w --si~-y0~ ~-JI.V 1-' pv 

A<f> "'I-~. 
ll 1 • 

--1 

6. cp~ .. It ll -~ cp_-z11 ; 

R =R-~..+"'0; 
<1>1-L 'I'~ 

-1 -
-R ¢- ,._ 1 1 f3 a 

a 

Ra "'t ln I 1 ; R =-iLilni
1 r 4 

i\ a'"'llr "'0 

And at the end introducing the notations 

12 (f3~8+ )=1+16i,B+y 0 e+ 
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( 1. f6) 

( 1.-17) 

(1.1H) 

(1. f9) 

( 1. 20) 

and 

I a-<f3+,a.+.C} = I-z-~f3+.e+)+16if3-+yo ;c) (1. 21) 

on__e can ~:rte 
+ + +. ~- + ~ 

w "'8i[f3 y0 a 8 +f3 y 0 a x~ ) + 12S-e y 0 a X~ 
~ ~ ~ ~ (1. 22) 

~ =I-!f2. I · 
<'Pil 3 2 _. ll ¢+ .... I-~ ~ 

a :r 2 
ll - "' I-"h I -~h 

¢a 3 2 (1.23) 

ll a""ll r "' 0 

. 3/2 -~ + - -1 ~ + 
R<f>p.=-811 3 1z- f3y0yp.~; R¢;'"'1 3 (xf3 )a (1.24) 

R ¢: = 8i 1 ~~ ( ,g+yoyV ~ -)(yv¢-) a (x ', e-+. ~--) -1~"h 1 ;~,ga+ 

Ra ,. ~ ln 1 3 - In 1
2 

; R .. - ~iln ~ 
3

. 
r 4 

Thus one can see that the linear homogeneous terms can be 
obtained from the ordinary linear homogeneous representations 
described in paper / 3 / if one fixes the numbers d , z , p 
and q to be 

d<f>=-1, 

d¢+- ~ . 

d¢_·-{-. 

z<f>"' 0, P<f>=q<f>=1 

zcp+=-1, p¢+ -1, 

z¢_ --1, p¢_,. 0, 

q cp+ = 0 

q¢_- 1 

d "'z .. p = q - d = z = p - q =0. aa a a r r r r 

(1.25) 

+ 
Considering formulae (1.15) and (1.24) one can see that ¢a 
and <P;; transform according to a triangular representation 
of the special conformal transformations and the transfor­
mations spanned over the generator Ti. One may hope, at 
first, that a substitution t/I;i = cp~ - <f>1l (yJ.L cp- )a can 
change the situation. However, this substitution is equiva­
lent to a reorderin~ of the initial form (1.4) and it would 
then appear that t/I a and <f>p. shall transform according 
to a triangular representation in that case. 

2. Having constructed a nonlinear realization it is na­
tural to try to introduce covariant derivatives. However, 
one can not follow the explicit procedure of paper 151 in the 



case of the superconformal group, since there would appear 
technical difficulties. In what follows a simple modifica­
tion of the technique described in paper 171 is used. Consider 
the differential form ( drf; )if; - 1 , where if; is the quantity 
(1.4). If now Oj denotes any generator of the conformal 
superalgebra one has then 

(drf;)rf;- 1 = i l W. {a,r,<l>,¢ ±; da,dr,d<l>, d¢± )Oj 
j J 

where Wj are certain differential forms of the 
m -1.+ -1.- d h II d" II r.>+ r , '*'ll , 'f'a , 'f'a an t e coor 1nates xll , ~!loa 

Having in mind the transformation law (1.5) one 
see that (drf; )if; - 1 is transform~d as follows 

(2 .1) 

fields a , 
and ~a- . 
can easily 

. ji.V . JLV flV . /lV 
-IW J..M iW M" -iw v M IW flVM 

(drf;' )if; ,-l=e ll (drf;)rj;-le flV + (de ll ) e (2.2) 

So, except for the differential form W flV corresponding to 
the Lorentz generators, all other forms Wi are Lorentz co­
variant quantities. One can calculate the explicit expres­
sions for the forms W j using the formulae of the Appendix. 
Then the differentials of the fields da , dr , d<l>ll , d¢± 
can be _expressed in terms of the differentials dx ll, dEl~ a 
and d~a of the generalized coordinates. It turns out how­
ever that these differentials are not superconformally co­
variant. Nevertheless one can introduce implicitly the co­
variant quanti ties, dY ll , d 7J ~ and d (~ by means of the 
formulae 

dx ll = d Y ll - 8 i d 7J + y 0 y ll ¢ (2. 3) 

+ - + ll -
dEl =(1+16i¢-y0 ~ )d7J -dY {y ~) 

a a fl a (2.4) 

- - ll + 
d ~a = d (a + <I> ( y ll d 7J )a . (2. 5) 

Then it is obvious that each of the differential forms W. 
can be decomposed as follows J 

wi =dYilw +{dr,+y0 ) w+. +(dCy0 ) w-
f.!;J a a;J a a;y (2.6) 

where W f.!; j, Wa~ j and Wa~ j are certain forms that contain 
field+ derivati~es. One can then see that the forms W/J· (F') 
W ;i (S ) and Wa (T) corresponding to the generators P ll , 
s+ and T- coincide withe-a dY e-ia-ird +and e -b;a -ir 

a a ll' -z TJa 

•8 

·1 

• -l 

respectively. Field derivatives are contained in the 
forms Wi corresponding to the rest of the generators of 
the superconformal group. The stand point :now is to con­
sider the forms W f.!; J , W;i; i and w;;;j (introduced by eq. 
(2.6) corresponding to the generators D , rr , Kll , S~ 
and T~ to be the corresponding· covariant derivatives of the 
fi-elds a , r ' . <l>ll , ¢a- and ¢~ , ·respectively. 

Then introducing the notations 

tJ. a ~:- o o a 
ll=ll-srrllra 8 + (2.7) 

!J. ~ =(1 +16 i¢- y°C)(y0 a!+ )a + 8 i (yll ¢-)a all -<l>iYY0 a~~) a (2. 8) 

- a 
!J.a =(yoac)a (2.9) 

one has for the covariant derivatives explicit~y 

Dlla =!J.Ila + 2<1>/l 

Dllr ,.!J.Ilr 

D ll <I> v = !J. ll <I> v - 2 <I> ll <I> v + gflV <I> 2 

+ + v - v + + 
Dll¢a =!J.Il¢a -<1> !J.Il(yv¢ )a + 2 <1> (allv¢ )a-<l>f.!¢a 

Dll¢;;=!J.Il¢;; + (yll¢+)a 

D~a =!J.~a +8i¢~ +8i<~Jil (yll¢-)a 

+ + + ll -
Da r = !J. a r - 12 ¢ a + 12 <I> ( y ll ¢ ) a 

+ + . v + .+ 
D a <I> ll = !J.a <I> ll + 16 1 <I> (a flV ¢ ) a - 8 1 ¢a <I> ll -

-16i<l> <I>A(y, ¢-) +8i<I> 2 (y ¢-)a 
ll " a ll 

o;¢~=!J.;¢~-~!J.~(yll¢-)f3 + 16i<l>ll (yll¢-)a¢~-

-4 i(aflV ¢+)a (aflV ¢+ )f3 +4 i¢a+ ¢ ~ -

-16 i<l>ll (yll ¢-)a <I>A(yA ¢-)f3 

D + ¢- = !J. + ¢- - 16 i <1> ll ( ¢-) ¢-
a f3 a f3 Yll a f3 

D~ a =!J.;;a - 8i ¢; 

(2.10) 

(2. 11) 

(2 .12) 

(2.13) 

(2 .14) 

(2. 15) 

(2 .16) 

(2.17) 

(2 .18) 

(2. 19) 

(2. 20) 
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o; r ~ 11-;,. - 12 ¢ ~ 

- - . v -
!Ja~j,L =Aa-<1>/l+lfii(aJ.LV cp-)a~ + 8i:cp 14 <f!/b-

o-; ¢ {1 .. 11; ¢~ - #s: ey" ¢ -}f3 + 1s 14>/¢'~ -

-4i¢-!ltJl(y rp-)f.). -4l(cf~-'¢-) (y,-o. ¢--)()._!fl.\ 
a 11· ,_._ a " pv ,.-

D-; c,6 ~ = 11: c,6 {3 - 4~ c,6-y 0 c,6- y 0 (1 + i y 5} a{3 , 

(2. 21) 

(2. 22) 

(£.23) 

(2.24) 

+ 
where Dll denotes vector covariant derivative and B~ are 
spinor covariant derivatives and 

1 ( 1 + . 5) D ± D ± 2 - Iy af3 {3 = a (2.25) 

It must be noted that these derivatives are superconformally 
covariant with respect to both indices despite the fact 
that <1>/l and ¢J- are not covariant themselves. 

Now in order to obtain the superconformally covariant 
derivatives of a superfield uj with arbitrary Lorentz struc­
ture that transforms according to a representation of one 
of the series introduced in papers 1 1,2,3 / we make use of the 
differential form Wllv that corresponds to the generator M . 
According to formula (2. 2) the quantity W pv Mllv transform~v 
as follows Ap Ap 

j.LV -lwAp M iw.\p M 
w;,VM ~ w e M e 

r j.LV j.LV 

-iw, ~p iw:\nMAp 
+(de "P )e "f' 

+ 
(2.26) 

The transformation law of an arbitrary superfield uj can be 
written again in the form (1.9) but with different values 
for d , z , p and q, But then since the matrix V ij appearing 
in (1.9) is a representation of the Lorentz group, one can 
see that the transformation law of the differential of 
a superfield acquires an additive term that is quite alike 
the second term in (2.26) except for the fact that instead 
of MAp one has the generators of the corresponding repre­
sentation of the Lorentz group. So one can use the diffe­
rential form W j.LV in order to cancel this additive term 
in the latter transformation law. 

So one can write down the covariant differential for 
the field in the form 

10 

(D.u) 1 -a.uj +iWjl.v(Xp.vu)j +(Ru)j, (2.427) 

.h -~ p.v 
w ere ~ denotes the .generators .of the corresponding re-
presentation of the Lor~tz group, while the last term (Ru j) 
must be chosen in 1>uch a way that the differ~ntials of the 
weight factors in the transformation -iaw ( 1. 9) shoul.d be 
~ancell~d. !~traducing ~nee more the covarian1t quantities 
.(ry P. , i!J:t: and d.,.; ana f~llowing exactly the same pro­
cedure as in the preyious case ·one can final.ly obta-in the 
.covariant ~erivatives of the superfield 11 j i~ the form 

'Up u 1 -·,\p.U(+2i., 11 \I. 11~.~~)J -~du..,.p.u j 
~2.28) 

n;u,-A+Uj+ !H(cf"'q,~ CI. .. ,, u}.-
-J a a -.- J 

-8if1>A(yA a1L"'q,-}a { I.ttv~) j -Sifd..u +312z.)cp~uj (2 .29) 

---8i{d u -.3/2.z u).,p.(y/1-¢-}a uj 

if~u J ~ a-;u j + 8i{d""'.p-)s{l:p11 u)j + 
('2. 30} 

,._ .fH('d u -:3/2 z;u. )..p;-u .j • 

where d.u and "Z u ar~ the values of the ·nUI!lbers d and z 
for the fie1.d u J ;:One can prove by direct computation that 
formulae .!2. 28) determine i.ndeed superconformally covariant 
quanti-ties. 

The author is grateful .to .Prof. D.T.Stoyanov and B.L.Ane­
va for ·the usefu1 discussions. 

-APPEND'! X 

Her~ we give ~ list of necessary formulae for the commu­
-tators of the exponents. For brevity we write .down expl.icit­
ly only those commutators, wbich can not be easily written 
down from general considerations. 

+ + +t + -t t~-y"s- iz" 1z1r le- Z·8-y0s-
e e '!' e e 

e 

+ 
i(-y0 T ± 

iz7T 
e iz7T 

"'e 

- . + 
i e + l.Z (- y 0 T ± 

e 
(A. 1) 
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' i0+yo S + 
e e 

- - + + - +II i0 Y0 s- 10 y 0 S- i0 y 0 S -80 Y0 Y. 0 pr-
~e e e IL 

. . 
~~-Y6 T- te-yos-

e e 
1(1+16i0-y0~-)- 1 0-y0 S-
- X =- e 

- 8~~;,;ap.v 0- M - {-1ri (1 + 16 i ~-y 0 0 -)(D. - 3/ 2 ITT) 

x e · IL"'e ' '' 
X 

(A:2) 

x e 
i(l+ 16 ~~-y 0 0-)-10-y0 T- tl. 

ix pll Ia KIL 
· e IL e IL ,.e 

all +xlla?- . ' 
p(a,x) Kp. 

e 
-I lnp (a,x)D 

X 

(A. 3) 

[ 1+a•x+V(a•x) 2 -a2x 2 ] aJl:xv-3vXp. p.v . u + flx2 
I In _ M . •· i X' a p 

· x e p (a ,x) y (a·~- a2x 2 ---pta,xr Jl 
e 

12 

10±yos± iafLK 1aiLK ,[ + + + 0 A +] 
e a IL ,. e IL 1 0-y0 S-- 8 -y aT 

e •. . . 

ix pll 
e IL e 

+ + 1 -~Yo T-

r 

= e 

+ . 
~~-yoT± + A -

1~-y0 xs+ 
e 

i xll P· 
e /l 

....; 

1Cy0 T if3+y0 T + 1{3+yoT+ ' i~y0 T-
e e = e e {3+ 0 1/ t:­

-8 y y c, Kv 
e 

10+yos+ 1{3+yoT+ i(1+16if3+y 0 8+)- 1{3+y 0 T+ 
e e ,. e x 

. + + 
tln(1+161{3 y 0 8 )(D+312irr) 8{3+y0 a 9+ Mp.v 

x e e p.v x 

1 (1+ 16 if3 \oe +) -1 0+yos+ 
x e 

(A.4) 

• 

All these formulae can be proved using the commutators of 
the generators of the superconformal group. 
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