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We enumerate the microstates in Higgs theories, addressing (i) the number of vacuum states and (ii) the
appropriate measure in the quantum path integral. To address (i) we explicitly construct the set of ground
state wave functionals in the field basis focusing on scalar modes 6(x). First, we show that in the limit in
which the gauge coupling is zero, we obtain an infinite set of degenerate ground states at large volume
distinguished by 6(x) — 6(x) + 6,, spontaneously breaking the global symmetry, as is well known.
We then show that at finite gauge coupling there is a unique ground state at large volume since the wave
functional only depends on V@ in the IR, and we explain this at the level of the Lagrangian. Since gauge
fields fall off exponentially from sources there are no conserved charges or symmetries in the Higgs phase;
so the Higgs mechanism is the removal of symmetry from the theory. We show how physical features of
defects, such as cosmic strings in the Abelian Higgs model, are best understood in this context. Since there
is a unique ground state, we address (ii) whether the path integral is a volume measure for the radial Higgs
field Dpp™~! from the N components of the Higgs multiplet, or a line measure Dp as the N — 1 would-be
Goldstones can be removed in unitary gauge. We prove that the need to avoid quartic divergences demands
a tower of counterterms that resum to exactly give the volume measure. So the size of the Hilbert space in
the zero gauge coupling case and finite gauge coupling case are in one-to-one correspondence, despite the
degeneracy of the ground state being lifted in the latter. As a cosmological application, we point out that the
volume measure can make it exponentially more unlikely in N (= 4) for the Standard Model Higgs to relax

to the electroweak vacuum in the early universe.
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I. INTRODUCTION

An important discovery in fundamental physics was that
of the Higgs particle [1,2], which completes the Standard
Model. Without the Higgs particle, the Standard Model
would violate unitarity at energies well above the electro-
weak scale. The presence of the Higgs provides better UV
behavior, allowing the Standard Model to make sense up to
much higher energies. Interestingly, at temperatures well
above the electroweak scale O(100) GeV the particles of
the Standard Model are massless. Furthermore, there is an
associated set of symmetries which become manifest.
In particular, we know that interacting massless spin 1
particles, must be coupled to exactly conserved charges,
which by the Noether theorem are associated with sym-
metries. At lower temperatures, these particles become
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massive due to interesting dynamics of the Higgs. This
affects the symmetry structure in dramatic ways and will be
examined rigorously in this paper.

Our primary interest is the Higgs mechanism in the
Standard Model of particle physics. Here the full gauge
group SU(3), x SU(2), x U(1)y is linearly realized at
high temperatures. Then, due to the Higgs acquiring a
nonzero vacuum expectation value (VEV), only the
reduced gauge group SU(3), x U(1),,, is linearly realized
at low temperatures. The physical consequences can be
stated more directly as follows: the 3 massless spin 1
particles W , 5 associated with the group SU(2), at high
temperatures become 3 massive spin 1 particles W=, Z at
low temperatures, while fermions acquire a mass too.
Beyond the Standard Model, there can be Higgs mecha-
nisms associated with other gauge groups. One interesting
possibility is associated with grand unification, such as
SU(5) [3] or SO(10) [4], etc., whose larger set of massless
spin 1 particles become massive at temperatures well below
the grand unification scale. Another possibility is associ-
ated with various hidden sector gauge groups, which are
suggested by ideas in fundamental physics, including string
theory and models of dark matter, etc., which may be
associated with other Higgs sectors. Furthermore, within
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condensed matter physics, the phenomenon of supercon-
ductivity is associated with the photon of U(1),,, acquiring
a mass at very low temperatures. This superconductivity
example carries some of the physics relevant to elementary
particle physics, despite the latter being expanded around
the Lorentz invariant vacuum. In fact we will study the
(Lorentz invariant) Abelian U(1) example often in this
paper to illustrate the underlying physics in the simplest
possible setting.

Now it is usually stated that the Higgs mechanism is
responsible for the “spontaneous breaking” of symmetries at
low temperatures. The definition of spontaneous symmetry
breaking (SSB) is that the theory is invariant under some
symmetry S, but the ground state (or the low temperature
phase) of the theory is not, i.e., 3‘|vac> = |vac’), where
|vac’) # |vac). While this is certainly true for some sys-
tems, such as ferromagnets, which spontaneously break
rotational symmetry, it is rather unclear that this is correct for
the Higgs mechanism where we need to deal with “gauge
symmetries.” For one thing, consider the so-called “small-
gauge” transformations associated with functions a(x) that
vanish at spatial infinity. These are not in fact actual
symmetries but are merely redundancies in the mathematical
description and can be entirely removed by gauge fixing.
Hence they can never be spontaneously broken since all
states in a theory are trivially invariant under a small-gauge
transformation |y’) = |y) (modulo an unimportant phase),
including the vacuum. This is summarized by the so-called
Elitzur’s theorem [5]. We will see this again later in this
paper.

So the interesting and nontrivial issue to focus on is the
fate of actual symmetries in a gauge theory. These are
always associated with functions a(x) that are nonvanish-
ing at infinity. The central example is when a(x) is a
constant. This is a “global” transformation, and is a
subgroup of the full gauge group. These are sometimes
referred to as “global-gauge” transformations. (In the limit
in which we send the gauge coupling to zero, these are
ordinary global transformations.) If the Higgs has not
acquired a VEV and so there are only massless spin 1
particles, these global transformations do in fact take
generic states to different states |y’) # |y) (at least for
weakly coupled theories). However the vacuum itself is
invariant under this symmetry transformation. (The vacuum
may not be invariant under other symmetry transforma-
tions, such as the so-called “large-gauge” transformations,
in which a(x) is nonvanishing at infinity but also non-
constant; we will return to these later in the paper.)

The important question then is: are the global sym-
metries spontaneously broken in the Higgs phase? The
answer does not seem obvious (and is not addressed by
Elitzur’s theorem [5]). These are real symmetries at high
temperatures in the regular phase (associated with con-
served charges), but appear to be hidden at low temper-
atures. But does it mean these symmetries were

spontaneously broken and there are many distinct vacua,
or could it be that these symmetries were removed
altogether from the theory and there is a unique vacuum?
The answer to this question does not arise trivially from
claiming that gauge symmetry is only a redundancy, as this
is ordinarily only true of the small-gauge transformations.
For the fate of global symmetries, it requires a clear
computation of the set of microstates of the theory; we
shall do this systematically in this paper. In particular, we
will (i) explicitly count the vacuum states of the theory by
finding the set of states |vac) that are orthogonal to one
another. We will also (ii) count all the states in the Hilbert
space by identifying the correct measure on the quantum
path integral.

There has been a long discussion in the literature on the
topic of SSB in the context of gauge theories. This includes
Refs. [6-15] and references therein. While there is broad
agreement on the physical character of the Higgs mecha-
nism and the resulting predictions for experiment, there
does remain some confusion on the important issue of
whether SSB in gauge theories is physical or just nomen-
clature. In particular, there does not appear to be a direct
computation of the overlap wave function between ground
states, and the associated complete characterization of the
interpolation between the global and gauge cases. This
overlap is the precise quantity required to sharply address
the question of SSB, and will be performed explicitly in this
paper (among other items).

To calculate this (i) we will construct the ground state
wave functionals in the theory in the field basis. To work
with a solvable system; we take the Higgs to be heavy, and
so it can be taken to be frozen at its VEV o, as it has
suppressed fluctuations. For the Abelian U(1) Higgs
model, this leaves a truncated theory with only a quadratic
Lagrangian in the transverse and longitudinal modes of a
single spin 1 particle (for simplicity we ignore fermions,
though their inclusion is straightforward). The longitudinal
mode can be examined in various gauges, such as in
Coulomb gauge V-A =0 in which we must track a
would-be Goldstone boson 6(x), or in unitary gauge
0(x) = 0 in which we must track the longitudinal part of
the vector potential A; (x) directly. We show explicitly that
in any gauge the ground state wave functional is trivially
invariant under small-gauge transformations, in accord with
Elitzur’s theorem. More interestingly, we then consider
global transformations. We show that if the gauge coupling
g is set to zero, we obtain a family of orthogonal ground
state wave functionals in the large volume limit and so there
is SSB. Conversely, for finite gauge coupling, we obtain a
unique ground state wave functional in the large volume
limit and so there is no SSB. We also show that for finite
volume, there is a smooth transition between these limiting
cases as we change the gauge coupling away from zero. In
particular, so long as the spin 1 particle’s Compton wave-
length A = 2z/m = 2x/(gv) is much bigger than the size
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of the system, we have SSB, but when it is much smaller
than the size of the system, we have no SSB, and when it is
comparable to the size of the system, we have partial SSB.

In order to explain these results, we consider the
structure of the global symmetry operator S.In the quantum
theory it is associated with a conserved charge operator Q
as § = exp(iQ6,). If the gauge coupling is taken to zero,
we note there is a good conserved charge. However, for
finite gauge-coupling the situation is more complicated.
Recall that in a gauge theory, the charge Q is given by a
closed surface integral of the electric field Q = §dS - E.
For massless spin 1 particles, the electric field falls off as
1/r* from point sources, leading to a conserved charge and
a global symmetry. In fact there is a family of other charges
defined at spatial infinity associated with large-gauge
symmetries. However, when the spin 1 particle acquires
a mass by the Higgs mechanism, the electric field falls off
exponentially from point sources and so these charges are
zero when the surface is taken to infinity and we show they
are time dependent for finite surfaces. So there are no good
conserved charges and no global (or large-gauge) sym-
metries. Hence the Higgs mechanism is in fact the removal
of conserved charges and symmetries from the theory,
rather than the spontaneous breakdown. By identifying
canonically normalized fields, we also show this clearly at
the level of the Lagrangian.

An interesting issue then is how to understand the
existence and structure of defects, which are often thought
to arise from SSB. For example, in the Abelian U(1) Higgs
model, it is known that cosmic string solutions exist, and
are usually ascribed to a phase-field that winds around the
central axis of the string continuously varying from one
vacuum to another. While this is the correct picture in the
limit in which the gauge coupling is taken to zero, we
explain that the basic properties of these cosmic strings at
finite gauge coupling are best understood in terms of fields
relaxing to a unique vacuum.

Another interesting issue is (ii) to count the full set of
states in the theory beyond the vacuum states. In particular,
since there is a unique vacuum and since in unitary gauge
the would-be Goldstone modes 6(x) are removed from the
theory, one might wonder what should be the measure on
the quantum path integral. Should it be a volume measure
DppN~!, for the N components of the Higgs multiplet, as it
is in the global case, or should it be a line measure Dp since
the angular modes can be removed? By demanding that the
theory is renormalizable, we prove that it is in fact the
volume measure. This shows that in a definite sense the size
of the Hilbert space in the global and gauge cases is in fact
the same; it is simply that a symmetry gets removed in the
gauge case.

An important application is to cosmology. We review the
well known idea that the Higgs potential of the Standard
Model turns over and becomes negative at very high
energies, perhaps around E ~ 10!" GeV, or so, depending

on parameters. We then utilize the volume measure to
estimate the probability that the Higgs began on the
favorable side of the potential in the early universe in
order to roll down to our electroweak vacuum. We find that
it is exponentially unlikely. However, this should be
understood more carefully in the context of inflation,
reheating, etc., which we comment on briefly.

Our paper is organized as follows: In Sec. II we construct
the Lagrangian for the vector and scalar modes in a simple
Higgs model. In Sec. III we explicitly compute the ground
state wave functional(s). In Sec. IV we determine the number
of vacua, comparing global to gauge cases. In Sec. V we
examine whether the global transformations are real or
redundant. In Sec. VI we discuss the spectrum of the theory.
In Section VII we discuss the behavior of charges in the two
phases. In Sec. VIII we extend our results to non-Abelian
theories. In Sec. IX we discuss large-gauge transformations.
In Sec. X we discuss properties of defects. In Sec. XI we
derive the measure on the quantum path integral. In Sec. XII
we apply this to the Standard Model Higgs in the very early
universe. Finally, in Sec. XIII we present an outlook.

II. SIMPLE HIGGS THEORY

Our interest is in general Higgs theories, which may
involve some non-Abelian gauge groups. In the Standard
Model this involves the non-Abelian gauge group
SU(2); x U(1)y at high temperatures (with the residual
gauge group U(1),, at low temperatures). A complete
analysis of this would involve the full treatment of the 3
massless bosons associated with SU(2),, which include
self-interactions. However, this involves additional com-
plications that are not essential for the main issues of state
counting that we wish to analyze in this paper. Instead we
will focus on a simple version of the Higgs mechanism,
which involves the Abelian gauge group U(1) at high
temperatures (with no residual group at low temperatures);
see Sec. VIII for the non-Abelian case. This in fact is an
accurate description of superconductivity, and will high-
light the important features of the Higgs in general settings.

Consider then a collection of identical spin 1 particles,
“photons,” that are massless at high temperatures. To
describe their features in a local way, we organize them
into a vector field A,, with associated field strength
F,, =0,A,—0,A,. Since massless spin 1 particles have
only 2 (transverse) polarizations, we must ensure that 2 of
the 4 components of A, are unphysical. This is readily
achieved by making A, nondynamical and by making
another component redundant, i.e., by introducing a “‘gauge
symmetry.” We minimally couple this field to a complex
scalar ¢ in the standard way with the following Lagrangian
density (units 2 = ¢ = 1, signature + — — —)

1
EZ_ZFMVF”D+|D;4¢|2_V(|¢|)’ (1)
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where the covariant derivative is
D, = aﬂ —igA,, (2)

and ¢ is the gauge coupling. The complex scalar ¢
implements the Higgs mechanism. It is assumed to have
a potential of the form

V(Igl) = =2l + Al (3)

where we have truncated all operators at the dimension 4
level (we will return to this issue in Sec. XII when we
examine the potential more carefully). Note that the form of
the Lagrangian density is unchanged under the familiar
Abelian gauge transformations with parameter a

A, = A+ 0, (4)
b= pe 5)

If a is a constant, this is a global transformation and will be
studied very carefully in this paper; if @ is nonconstant and
has support at infinity, this is a large-gauge transformation
and will be studied briefly in this paper; if « is nonconstant
and vanishes at infinity, this is a small-gauge transforma-
tion and is merely a redundancy.

In the regular phase x?> < 0 leading to a minimum at
¢ = 0. In the Higgs phase > > 0 leading to a minimum at
¢ #0. To expand around the nonzero minimum in the
Higgs phase, it is useful to decompose the field in terms of
polar variables, with radial field p and phase 6 as

p(x) = \%pme"@(x% (6)

Rewriting the Lagrangian density in terms of these polar
variables gives

L= —%FWF”” + % (0up)* + %pz(gAy = 9,0)* = V(p),
(7)
and the corresponding potential for the radial field p is
Vip) =~ + 1" (®)
2 4

Focusing on the Higgs phase with x? > 0, the minimum
energy configuration occurs at the vacuum expectation
value (VEV) py = v = u/\/A. We expand the radial Higgs
field around this as

p(x) = v+ h(x), ©)

and we refer to £ as the Higgs field, with associated quanta
“Higgs particles.” This expansion leads to a Lagrangian
density that decomposes into several pieces as follows

L=Lyo0+Ly~+ Line (10)
where
1 5 v? )
EA”,H = —ZFMDF” +?<gA” - 8”6?) N (11)
£—16h2 lﬂzhz 12
h_i( " ) ) ven-, (12)
1 2 2 3 1 4
Lint = §(2vh+h )(gA# —8ﬂ9) — Avh —Z/Ih . (13)

Here £ 4,0 18 the quadratic kinetic term for the photon and
the would-be Goldstone 0, L, is the quadratic kinetic term
for the Higgs, and L, is the cubic and quartic interaction
terms.

Note that the spin 1 mass and the Higgs mass are

my = gv, (14)
my, = 2. (15)

On the one hand, these are both set by the VEV u. On the
other hand, they are parametrically different from one
another, since the former is proportional to the gauge
coupling ¢ and the latter is proportional to the (square-root
of) self-coupling 4. Hence we can consider a situation in
which the Higgs is somewhat heavier than the spin 1
particle (in the Standard Model the measured mass of
the Higgs m; =~ 125 GeV [16] is only a little heavier than
the W boson my ~ 80 GeV [17]). In this situation it
suffices to consider the Higgs effectively frozen at its
VEV, ignoring the backreaction from its fluctuations. This
means that the interaction terms can be ignored, and we can
focus on the quadratic kinetic term £ 4,0 for the purpose of

understanding the symmetry structure of the theory. This is
precisely what makes the Abelian U(1) Higgs model so
simple. In non-Abelian cases, we would further need to
consider interactions among the spin 1 particles. However
we believe all our qualitative conclusions carry over to
these more complicated situations.

Now an important feature of any unitary theory is that
the time component of the vector potential Ay is non-
dynamical. By varying the above action with respect to A,
we obtain the local version of Gauss’ law

V-E=-V2A°-V.A = —q2(gA°—0). (16)
We can use this to solve for A°. Since the reduced theory

L4, ¢ 1s quadratic, we can diagonalize the theory in k-space.
We define the spatial Fourier transform of a function f as

Fult) = / P X f(x, 7). (17)
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Then the solution for AY is

ik - Ay + gv20
%, (18)

0 _
Ay =
Wy

where the dispersion relation is
wp =\ k> + g v?, (19)
with k = |Kk|.

Having eliminated A°, there are 4 dynamical fields
remaining in ﬁAM,e» namely A, A,, A;, 6. However there
are only 3 physical degrees of freedom (d.o.f.) as there is a
gauge redundancy between them. For these 3 physical
d.o.f., it is useful to isolate the 2 transverse vector modes,
and the 1 longitudinal scalar mode. To do so we define a
transverse vector Al and a longitudinal scalar Af, as

AT = A —k(k-Ay), (20)
Ak =ik - Ay, (21)

where k = k/k is a unit vector in the k-direction.
By using the solution for A° in k-space, we find that the

Lagrangian for the transverse (T) and longitudinal (L)
modes decouples and can be written as

Pk
Lp0= 2n) (Lrx + Lrx). (22)
where
1. 1
Lrx =5 |AL - o7 ALP. 23)

2. ) 2
Lix= Gy Ak + kOy > — —|gAL + kOi 2. (24)
wy, 2

Note that this Lagrangian is invariant under the (local)
gauge transformations Eqgs. (4) and (5), since the fields
transform as

Al — AL (25)
AII; d AII; - kak, (26)
Hk g Hk —|— goy, (27)

which trivially leaves £; unchanged and also leaves L;
unchanged as gAL + kO — gAL + k0. It will be useful to
analyze this theory in various gauges, especially unitary
gauge 6, =0 and Coulomb gauge AL =0 in which the
form of Eq. (24) appears quite different.

III. GROUND STATE WAVE FUNCTIONAL(S)

Among other things, we will be interested in the ground
state of the theory. Since the above theory is quadratic, it is
really a set of harmonic oscillators, whose ground state
wave function are Gaussians. To make the structure even
clearer, let us pass to the Hamiltonian. It again decouples
into a transverse (T) and longitudinal (L) piece as

Hyo=Hr+Hp, (28)
where
&Pk 1 - 1
Hy = [ o e+ Jotlale]. @9
&Pk [w? v?
H; = [ —— |5 T2 + —|gAL + kO, |, (30
L /(2”)3 |:21]2| k| + 2 |g k+ k| :| ( )

with momentum conjugates

M = AL, (31)
L 1]2 AL / *
T = = (gAk + k)" (32)

k

Since the Hamiltonian is additive in the transverse and
longitudinal modes, the ground state wave functional ¥
factorizes as

W(A,.0) = Pr(AL) YL (AL, O). (33)

Now recall that for a single harmonic oscillator with
standard Hamiltonian H = p?/(2m) + mw*x?/2, the
ground state wave function in the x-basis is y(x) o
exp(—mawx?). Similarly we can determine the ground state
wave functionals for the above Hamiltonians in the field
basis to be

waD weo|-3 [ Shoate]. o0

&k v?

Since it is not important, we will not explicitly report on the
normalization factors here, but they can be readily deter-
mined, and our final results will properly include this.
Note that under (local) small-gauge transformations
Eqgs. (25)—(27), the ground state wave functional is left
exactly invariant (in fact it does not even pick up a phase).
This is trivially expected, as all states in a theory are
invariant under (local) small-gauge transformations
(modulo an unimportant phase), as these are mere

1
i sl Lf
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redundancies in the description. This is in accord with
Elitzur’s theorem [5].

The nontrivial issue is the behavior of the ground state
wave functionals under a global transformation. In this case
we should take the function a(x) to be a constant. However,
understanding its behavior is somewhat confusing in
k-space. This is because in k-space, we would formally
have ay, « 6°(k), meaning we have to be extremely careful
about the infrared behavior of modes.

So in order to regulate the infrared in a clear fashion, it is
useful to define the theory in a box of volume V and study
the ground state wave functional in position space. To
illustrate the idea, it is convenient (though not necessary) to
pick a gauge. In unitary gauge € =0 and the wave
functional ¥; appears to obviously only have a unique
vacuum centered around (AL) = 0. On the other hand, the
situation is less clear in Coulomb gauge AL = 0, since it
may appear that there is a family of vacua labeled by
different choices of (0) = 0,.

So to address this confusion, let us proceed to operate in
Coulomb gauge, and compute ¥; in position space.
Starting with Eq. (35) we Fourier transform and the wave
function is readily found to be

W, (0) « exp [—% /V & /V BrOXM,(x — x)O(x) |,

(36)
where M, is the following kernel
&Pk kK
M(r) = vz/ s—eikreThe, (37)
(277,') (0%

Here € is a UV regulator that we take towards zero at the
end of the computation in order to have well-defined
quantities. If the field theory is defined on the lattice, then
€ roughly sets the lattice spacing.

For a compact angular variable, we should in fact sum
this wave functional to obtain the total wave functional
¥, as

PL(0) =) W0+ 27n), (38)
for integers n to ensure periodicity under 6 — 6 + 2zn.

IV. NUMBER OF VACUA

We wish to determine if there are in fact many ground
state wave functionals. Under a global transformation, 8(x)
gets shifted by a constant as

0(x) — 6(x) + 6. (39)

Such a transformation definitely leaves the Lagrangian and
indeed the Hamiltonian unchanged. Hence this transforms

the above ground state wave functional to another ground
state wave functional

W(A,.0) > W(A,.0) = WA, 0+0). (40)

However we must be careful to check if this is really a
new state or if it is just a rewriting of the old state. To check,
we need to compute the overlap between the original
vacuum |vac) and the transformed vacuum |vac’)

[ DOPL(0)PL(0+ 6))
[ DOPL(0)PL(0)

(vac|vac’) , (41)

where we have divided out by the appropriate normaliza-
tion factor and we have suppressed the integral over the
transverse modes as this trivially cancels out. Since the
wave functional is a Gaussian Eq. (36), this overlap integral
is straightforward to carry out and leads to a Gaussian in 6,
namely

{vac|vac’) « zn:exp [—%(90 + 27m)2VX/d3rM€(r)} :
(42)

We have simplified the argument of the exponential by
switching from x and x’ to center of mass coordinates,
integrated over the center of mass coordinate (x + x')/2
giving the volume factor V, leaving an integral over the
relative coordinate r = x — x’.

Note that if [, d*r M(r) was a constant, independent of
V, then Eq. (42) would say that the overlap between the
original state and the transformed state is exponentially
small in the volume of space. Hence we recover the well
known idea that SSB in a quantum theory is a large volume
effect, since (vac|vac’) - 0 in the large volume limit.
In fact if we were studying a double well potential, and
we were comparing the overlap between states built on each
of the wells, we would indeed find this was the case.

However we now need to study the integral [, d*r M (r)
carefully in the case at hand. This integral can be deter-
mined in the following way. The factor of k% in Eq. (37) can
be pulled out by acting with the Laplacian on a related
kernel J as follows

M (r) = =V2J(r), (43)
where
L ™
‘ -7 (2”)3 Wy ‘

Using Eq. (19) for the dispersion relation w, allows this
Fourier transform to be computed explicitly. For r > ¢, we
find it is
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K r
Jo(r) = L2090 Z;Q(fv ) s (45)
where K, is the modified Bessel function of the second
kind of order 1. Inserting Eq. (43) into Eq. (42) and using
the divergence theorem allows us to express the argument
of the exponent as the following boundary term

(vac|vac’) Zexp [ (6o + 27m)2V7§ ds - VJS}, (46)

where dS is an infinitesimal area vector on the boundary of
the spatial region. Note that since this is a boundary term,
so long as the size of the boundary is much greater than our
UV cutoff €, we can simply use the r > ¢ result in Eq. (45).

We can evaluate this explicitly by taking the spatial
region to be a sphere of radius R. Carrying out the integral,
taking € — 0, computing the derivative of J, and writing
out the normalization factor explicitly, leads to an important
result

(vac|vac’) :Z exp =% (6 + 27n)°g°v*R*K; (gvR)]
xp [—

>onexp [—3 (2zn)?g*v* R*K, (gvR)]
(47)

where K, is the modified Bessel function of the second
kind of order 2. This result can be rewritten in terms of the
elliptic theta function of order 3, but we suppress those
details here. The behavior is shown in Fig. 1.

We can analyze this overlap in two important cases
depending on the Compton wavelength of the massive spin
1 particle

—
o

o
©

o
o

o
~

o
o

Ground state overlap <vac|vac'>

o
o

0 1 2 3 4
Radius R [Ac]

FIG. 1. The value of the ground state overlap (vac|vac’) as a

function of radius R (in units of Ac =2x/my = 2x/(gv))

according to the result in Eq. (47). We have set g = 0.3 and
= /4 here.

2w 2
do=T_-"2 (48)
my gu

Case (a) is when A, is much larger than R, and case (b) is
when Ac is much smaller than R. In these two limits, the
value of the modified Bessel function is very different. In
case (a) K,(x) — 2/x*> leading to the overlap being
exponentially small
(vac|vac') = e ¥R ) >R, (49)
where we have used the fact that the n = 0 term dominates
when the argument here is large. This behavior is seen in
the left region of Fig. 1. While in case (b) K,(x) —

7/(2x) exp(—x) leading to the overlap rapidly approach-

ing unity

(vaclvac’) =1, Ac <R, (50)
(the correction from 1 is in fact doubly exponentially small
at large R). This behavior is seen in the right region
of Fig. 1.

Case (a) is that of an ordinary global theory, obtained by
sending the gauge coupling g to zero. In this limit 1 — oo,
guaranteeing that any finite size sphere trivially satisfies
Ac > R. We see that the overlap goes to zero as an
exponential in R?. This is not as fast as an exponential
fall off with volume V ~ R3, but is still rather fast. Hence
this recovers the well known idea that in an ungauged field
theory, with a global shift symmetry 6(x) — 6(x) + 6y,
there is an orthogonal set of vacua labeled by different
values of (6) = 6, in the large volume limit; which is SSB.

On the other hand, case (b) is that of an ordinary
gauge theory with finite gauge coupling g. For W and Z
bosons in the Standard Model, the Compton wavelength is
Ac~107" m. So as long as one is considering spatial
regions of size much bigger than 10~!7 m, which is usually
the case, then we are in this regime. Here the behavior is
radically different. Instead of the overlap wave functional
approaching zero exponentially fast, it approaches one
exponentially fast. This means that in the large volume
regime, all these wave functionals are in fact the same. This
means there is only a single unique vacuum and no SSB.

We note that the overlap result in Eq. (47) provides a
smooth interpolation between these limiting cases. There
is at least one situation in which this full result may
be important. Instead of heavy W and Z bosons, consider
the photon itself. Now it is likely that the photon is strictly
massless, but we do not know for sure. A claimed
observational bound on the photon mass is m, <1072°eV
from galactic magnetic fields [18] (though the validity of
this bound can be debated [19]). Suppose the photon does
indeed have a nonzero mass near this upper bound. This
corresponds to a very large Compton wavelength of
Ac ~kpc. So if we are interested in physics on scales
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much larger than ~kpc, then there is only a unique vacuum
(right region of Fig. 1). However, if we focus on physics on
scales ~kpc, then there is effectively many degenerate
vacua (middle-left region of Fig. 1). This is similar to the
case of having an ultra-light scalar, where depending on the
regime of interest, either it is sitting at its true unique
vacuum or it may be displaced away from its true vacuum
and could be sitting at one of many other effectively
degenerate vacua.

V. REAL OR REDUNDANT TRANSFORMATION?

Above we showed that at finite gauge coupling, there is
no SSB in the large volume regime. We can understand this
further by reexamining the kernel M (r) that determines the
ground state wave functional. Since the physics at large
volume is controlled by small wave numbers, we can gain
some understanding by Taylor expanding the factor k?/cw;
around k = 0 as

KK k*
LA A S (51)
@y, my 2mA

By interchanging the order of summation and integration,
we can readily compute M(r) as a series expansion. The
nth term will be proportional to the 2nth derivative of the
delta-function, i.e.,

v (o) V483 (r)
M(r) = - V25 (r) + 2 +... . (52
This is related to the above exact result for the kernel;
since the kernel is a modified Bessel function, it is large
near r — 0, but is exponentially small as r — oo, which is
similar to the structure of the delta function. By inserting
this into the wave functional in Eq. (36), integrating by
parts, and integrating over x’ using the delta function, we
obtain

TR Sy S A L

my 2m3

(53)

We have implicitly taken the box size to infinity here in
order to integrate by parts and throw away all boundary
terms.

In this limit we see that the wave functional is really only
a function of V@ and not 0. Therefore it is trivially invariant
under the transformation 6(x) — 6(x) + 6. This indicates
that such transformation are really just pure gauge trans-
formations (redundancies) in the gauged Higgs phase, even
though they are real (global) transformations in the regular
phase and in the ungauged Higgs phase.

In fact we can understand this further by returning to the
classical Lagrangian density for the longitudinal modes

Eq. (24). Again let us operate in Coulomb gauge AL = 0.
Then let us rewrite the Lagrangian density back in position
space. Since there are complicated powers of wave number
k, we need to utilize some formal operations involving
inverse powers of Laplacians, etc., as follows

v, 1
L; ==—V0————
L 2 —V2 + @02

. 1}2
Vo - - (Vo). (54)
This is indeed a peculiar looking Lagrangian for a scalar
field, which we now analyze.

First, note that in the limit in which we send the gauge
coupling to zero, we recover the standard Lagrangian of a
massless scalar field

1)2

2 .
L, - %92 -5 (Vo2 asg—o. (55)

since the spatial derivatives in the first term of Eq. (54)
formally cancels out. In this Lagrangian with g — O there is
obviously an ordinary global shift symmetry 6(x) —
0(x) + 0, that is real and physical. It is associated with
the existence of a massless boson, by the Goldstone
theorem.

On the other hand, for finite gauge coupling, the
Lagrangian density in Eq. (54) is rather different. Its radical
departure from that of an ordinary massless scalar arises
from the coupling to the gauge field and then solving and
reinserting for A°. If we focus on low momenta, or small
gradients, compared to the spin 1 particle’s mass, we can
Taylor expand in |V?| < ¢*v? = m? as follows

v? . (V20)? V2
=—[(VO)? - | ==(Ve)2
Ly e, (Vo) o~ + 5 (VO)". (56)

We now see that the Lagrangian density is trivially invariant
under 6(x) — 6(x) + 6, since every term is only a function
of V@. In fact the Lagrangian density is invariant under a
much larger set of transformations 6(x) — 6(x) + f(¢),
where f(7) is an arbitrary function of time. Such trans-
formations are not physical, but are in fact pure redun-
dancies. This is directly connected to the above ground
state wave functional being also only a function of V@ at
finite gauge coupling, and being mapped into itself under a
shift in 6.

VI. SPECTRUM

In fact we can understand the behavior of the longi-
tudinal mode much more directly by simply passing to a
canonically normalized field. We can do this in any gauge,
so let us now go back to a general gauge, and define the
gauge invariant variable
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0.(x,1) = / <d3k 9AK (1) + KO (1) e~kx - (57)

277,')3 Wy

This new variable @, is described by the manifestly Lorentz
invariant (as it is gauge invariant) Lagrangian density

1. 1 1
L= 07 =S (V02 - v (%)

for any value of the gauge coupling g. It is now clear to see
that it is only in the limit in which we take g = 0 do we
obtain a physical shift symmetry 6.(x) — 0.(x) + 6.
Furthermore from Eq. (57) we note that it is only in this
limit that . = 8. Otherwise the canonically normalized
field 0, is very different from 6. For nonzero gauge
coupling, the field 6. has a mass gv. This is of course
the mass of the longitudinal (and transverse) modes of the
massive spin 1 particle. This shows explicitly that for
nonzero gauge coupling there is only a unique vacuum at
0. = 0. If the gauge coupling is very small, and we focus
on scales R much less than the Compton wavelength of the
particle, there is effectively a set of degenerate vacua, as we
discussed in Sec. IV.

The key idea then is that in the gauged-Higgs theory the
degeneracy of the global theory has been lifted, leaving a
unique vacuum. We can see a direct connection between the
set of states in the global case and the gauge case. We have
illustrated a few of the low lying energy levels in Fig. 2. The
blue represents states of zero momentum, the red represents
states with the lowest allowed nonzero momentum
k =2n/L, and the green represents states of the second
lowest allowed nonzero momentum k = 4z/L. Solid blue

FIG. 2. A few of the low lying energy levels of the Hamiltonian.
Left is the global case with g = 0. Right is the gauge case with
g # 0. Note there is a one-to-one correspondence between the
states in the two cases, as indicated by the colors and the line
styles. In the global case there is degeneracy, while in the gauge
case the degeneracy is lifted.

curve represents the initial vacuum. Dashed represents
adding a particle of zero momentum. Dotted represents
adding another particle of zero momentum. There is a one-
to-one mapping between the states of the global and gauge
cases. So it is important to note that the reason there is only
one unique vacuum in the gauge case is not because we
have simply declared all the vacua to be equal and reduced
the size of the Hilbert space by hand. In fact the size of
the Hilbert space in the two cases is in some sense the same
(we shall return to this in Sec. XI). It is simply that the
eigenspectrum has been radically altered due to interesting
dynamics.

VII. CHARGES

The above analysis shows that while in the regular phase
there is a global symmetry, there is no such symmetry in the
Higgs phase; it is removed from the theory, as opposed to
being spontaneously broken. We can understand this
further by analyzing the behavior of charges in the theory.

Recall that Gauss’ law provides a boundary valued
representation of the enclosed charge in a gauge theory,
namely

O :/dev.E :j{dS-E. (59)
|4 S

In the regular phase of a gauge theory, the electric field
has a monopole piece from ordinary sources that satisfies
|E| o 1/R? at the boundary. This 1/R? fall off is counter-
balanced by the area of the boundary that scales as S « R?,
to give a total charge Q.. that is independent of R, finite,
and conserved (unless charges cross the boundary).

However, in the Higgs phase of a gauge theory, the
behavior of the electric field and charge is radically
different. First we need to check if Q.. is a conserved
quantity. To address this question, let us return to the form
of Gauss’ law in the case of the Abelian Higgs model.
Let us now include charged matter to act as a source, whose
contribution to the charge density we denote p,,. Suppose
the source is a classical point charge g located at position
X,; its charge density is

pm(X) = q53(X - Xq)' (60)
In unitary gauge the local form of the Gauss’ law becomes
V-E=-V2A"-V.A=-mA"+p,. (61)

where m, = gv. For very slowly moving sources v < ¢ we
can ignore the V - A term as it is a relativistic correction. In
this limit the solution for A? is simple to obtain

qe_m/\‘x_xq‘
Ax) i 62
() 4r|x — x| (62)
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with corresponding electric field is given by

a1+ malx = x,Je

E(x,0) =
(x,0) 4r|x - x,?

(x —x,). (63)

The exponential fall off |E| oc e /R for R > 1/my is
not counterbalanced by the area of the boundary S « R So
we now have a charge Q. that depends sensitively on how
close the source is to the boundary.

As a concrete example, we take the boundary to be a
sphere of radius R centered at the origin x = 0. By
integrating the electric field over the sphere using
Eq. (59) we obtain the enclosed charge to be

qe AR (1+m4R) sinh(myr,
q

r, <R

Q _ mar, ’ q ’ (64)
ene ge A" (sinh(myR)—m,R cosh(myR)) >~ R
mary ’ r‘] ’

(with r, = |x,|), where there is a change in behavior
depending on whether the point source is inside or outside
the sphere. Let us take the source to be moving very slowly
away from the origin on a straight line with constant speed
v as

ry = vt. (65)
So for times 0 < ¢ < R/v the source is inside the sphere,
then for times r > R/ the source is outside the sphere. The
corresponding enclosed charge is plotted in Fig. 3. For
nonzero gauge coupling m, = gv # 0 we obtain the solid
blue (m, = 10/R) and solid red (m,4 = 2/R) curves. In this
case the enclosed charge is time dependent both inside and

L1 AR R
%. 05 /
g
(0]
2
2
o 0.0
- 050 . . . £
0.0 0.5 1.0 1.5 2.0
Time t[R/V]
FIG. 3. The charge Q.. enclosed by a sphere of radius R

centered at the origin as a function of time 7 (Q.p, is in units of ¢
and 7 is in units of R/v). The source is a classical point charge ¢
that slowly (v < ¢) moves radially outwards at constant speed
with position r, = vt. The three curves represent different
choices for the spin 1 mass: solid blue is m, = 10/R, solid
red is m, = 2/R, and dotted green is m, = 0.

outside the sphere; so it is not conserved even when sources
are not crossing the boundary. For zero gauge coupling
my = gv = 0 we obtain the dotted green curve. In this case
we recover the usual result that the enclosed charge is
exactly conserved, except when crossing the boundary.

On the other hand, for nonzero gauge coupling the
charge is conserved in the limit that we send the size of the
system R — oo and consider only localized sources con-
tained within this infinite sphere. However, although the
charge becomes conserved in this limit, it only does so in a
trivial sense; the charge itself approaches zero exponen-
tially fast

0 -0, R — 0. (66)

Now recall that in the quantum theory, charges are the

generators of symmetries

§ = e, (67)

In the regular phase, or in the zero gauge coupling case, the
charge operator is nonzero and conserved, leading to a
nontrivial symmetry operator § that acts on a generic state
|w) and usually takes it to a new state

lw') = Slw) # y). (68)

Although for some special states, namely states of definite
charge, it maps the state to itself (modulo a possible phase).
However, in the Higgs phase of a gauge theory, since the
charge approaches zero at large R, it annihilates all states in
the theory. Hence we have
W) = Slw) = ). R— oo, (69)
and this includes the vacuum as a special case. This again
shows that there is no SSB, as there is in fact no good
symmetry to spontaneously break. Instead in the Higgs
phase of a gauge theory, the ‘“symmetry” operator has
become the identity operator S =1, which is a mere
redundancy. (Recall from Sec. IV that at finite, but large,
system size R > A, the overlap between the vacuum states
|vac) and |vac’) is exponentially close to 1, so the
symmetry operator S is t00.)

VIII. NON-ABELIAN HIGGS THEORIES

In the above sections, we considered the Abelian Higgs
model for simplicity. However, the actual Higgs in the
Standard Model is a doublet under the non-Abelian gauge
group SU(2). Such non-Abelian theories have interesting
self-interactions between the spin 1 particles, meaning that
we can no longer analytically construct the ground state
wave function, even in the limit in which the Higgs is taken
to be heavy, as we did earlier in Sec. III. Nevertheless we
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can be confident that the central result of only a unique
vacuum is still true even in this more complicated context,
as we now explain.

Consider some non-Abelian gauge group, such as SU(N)
(or SO(N)). We then have N> — 1 (or N(N —1)/2) spin 1
particles, which we label with an index a. Consistency with
Lorentz symmetry [20] (or just locality [21]) demands that
these spin 1 particles must be coupled to conserved currents.
Then in the Higgs phase, these spin 1 particles acquire a
mass. Suppose we again freeze the Higgs atits VEV, and that
it gives each spin 1 particle the same mass my, then the
equation of motion for spin 1 fields is

a”Fu;w — _gfahcAZFc;w _ m%Aau + Jﬁf, (70)

where f%°¢ are the structure constants and we have included
a current J¢; associated with matter on the right hand side.
Note that if J¢ is conserved, then we have a residual
“custodial” symmetry, which is not of importance here, as it
acts trivially on the vacuum.

By integrating the time component of Eq. (70) over all
space, we obtain a formally conserved quantity. This is one
of several color charges in the theory

0 = /d3xV-E“ = ]{ds-Ea. (71)

Now solving for E¢ from even a classical source can be
complicated due to the nonlinearities in Eq. (70) from self-
interactions. However this formula for the charge tells us
that it is once again only a boundary term. Near the
boundary we expect the fields to fall towards zero.
Hence in this regime the nonlinear terms can be ignored.
This leads to the usual exponential fall off of E¢ with
distance, i.e., we still have |[E“| oc e R /R for R > 1/m,.
This ensures that each of the non-Abelian charges is also
zero in the Higgs phase. Hence they each generate a trivial

symmetry §¢ = ], which ensures that the vacuum is unique.

IX. LARGE-GAUGE TRANSFORMATIONS

We would like to give a brief discussion of large-
gauge transformations (we again use the Abelian case for
illustrative purposes). In this case a(x) is non-zero at spatial
infinity, but is also non constant. Following the Noether
theorem, this corresponds to a family of currents
JH = 0,(aF*). The corresponding charges are

0, = /d3xV (a(x)E) = %dA (a(x)E),  (72)

where we have taken the integration volume to be infinite
here to ensure the charges are conserved. A family of
conserved charges arises from taking a(x) to be indepen-
dent of radius, but proportional to a spherical harmonic

(X(X) & Ylm(gm (0)7 (73)

where (¢, @) are polar angles on the 2-sphere at spatial
infinity. There is an associated set of large-gauge sym-
metries S, = exp(iQ,).

In the regular phase, these charges are nonzero and act
nontrivially on generic states in the theory. In particular,
these charge operators do not annihilate the vacuum (except
in the special case of constant a with / = m = 0, which is
the global symmetry.) Instead, these charges act on the
vacuum and generate new vacuum states, leading to SSB.
The Goldstone boson is plausibly interpreted as the mass-
less spin 1 particle itself; the photon, or gluons above the
QCD phase transition, or W , ;3 bosons above the electro-
weak scale.

In the Higgs phase, the exponential fall off of the electric
field once again ensures that all these charges vanish

O, = 0, (74)

for all spherical harmonics. (The only way to try to avoid
the vanishing of Q, would be to make a grow exponentially
at large radius to compensate. However this is not useful,
because then one cannot justify ignoring the boundary term
f d*xV - J,,, leading to a nonconserved charge.) Hence all
such corresponding “symmetry” operators have become
trivial S, =1 (i.e., redundancies) in the Higgs phase,
ensuring that the vacuum is unaltered.

Hence the SSB that leads to massless spin 1 particles in
the regular phase is completely removed in the Higgs
phase. In this sense, the Higgs mechanism is the precise
opposite of SSB (for discussion in 2+ 1 dimensions
see Ref. [22]).

X. DEFECTS

An interesting feature of SSB of global symmetries is the
existence of topological defects, such as domain walls
in the case of a spontaneously broken Z, symmetry, or
cosmic strings in the case of a spontaneously broken U(1)
symmetry. In the gauge case, we showed above that in fact
there is a unique vacuum and no SSB, so one might wonder
what is the fate of these defects.

To address this, let us again consider the Abelian Higgs
model, with no fermionic sources. We search for static
solutions, which readily requires A® = 0. Since there is in
fact only a unique vacuum, we can make this manifest by
operating in unitary gauge 6 = 0, leaving the radial Higgs
field p and the massive vector A as the only d.o.f. The
behavior of the Higgs away from its VEV will be important
here, so we will no longer keep the Higgs frozen.

Let us search for axisymmetric solitonic solutions of the
classical field theory, namely cosmic strings. A family of
solutions in cylindrical coordinates (r, ¢, z) is of the form
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p=p(r), (75)

where ¢ is a unit vector in the azimuthal direction. In this
ansatz, the energy (per unit length/radian) £ = E/(2zL) is

5=/°°drr lp/2+V(p)+l A, +ﬁ 2+lgzp2A2
0 2 207 r 2 7]

(76)

We need to introduce boundary conditions for these
fields. To obtain a cosmic string centered at r = 0, we need
A, to be as divergent as possible as r — 0. In order to avoid
infinite energy from the 3rd term in Eq. (76) we need A,, to
have the following special divergent behavior

Ag
A,—>—, ar—0. (77)

P
for some constant Ay. Then in order to avoid infinite energy
from the 4th term in Eq. (76) we need p to approach zero.
Lets parametrize its approach as

p—por", asr—0, (78)
for some power n > 0 and prefactor p, > 0. Furthermore,
we demand that the energy density falls off rapidly as
r — oo to ensure that the total energy of the cosmic string is
finite. This requires both p and A, to rapidly relax to the
unique vacuum

— 0,

p—>U:L A

Vit

By varying the Hamiltonian, the corresponding classical
equations for the fields p and A, are the following pair of
ordinary differential equations

as r — oo. (79)

1
PP i = Ap + g AL, (80)

1 1
Apt A= gt = g4, (81)

where we have put all linear terms on the left-hand side
(LHS) and all nonlinear (cubic) terms on the right-hand
side (RHS).

In the vicinity of r — 0 we insert Egs. (77) and (78) into
Eq. (80). We see that the only way the terms can balance is
that the constant of proportionality is
n

=" (82)

Numerical evaluation of the above ordinary differential
equations leads to the field configuration given in Fig. 4.
Importantly, we note that the fields p and A, asymptote to

4. .........
21 P f e a .. w s n
V'T_‘ [ AV Y 2 b I S S T T
= A0 N N
) AP 2 S U W NN
~ 9 P Ad
c ‘*i* fffc
2 CANNNAT A A
‘B VNN NN A A
8 VNN NNy s At
_ol NN oa .
_4_ ,,,,,,,,,,,,,

Position x [(g V)"

FIG. 4. The vector potential A (multiplied by a factor of p for
convenience) as a function of position in the xy-plane. The
cosmic string is coming out of the page along the z-axis. We have
chosen solution n =1 and coupling A= 4¢> here. We are
working in unitary gauge in which it is manifest that there is
a unique vacuum at large radii from the core of the string. Note
that the field A asymptotes to zero exponentially at large radii.

the vacuum exponentially quickly at large r. This is
because there are only massive d.o.f., and so fields are
naturally driven to the vacuum. This is a clear signature of
having a unigue vacuum. In the global case, there are a
collection of vacua, and an associated massless Goldstone
boson 6 that slowly relaxes toward these vacua in different
parts of space. However, in the gauge case, there is no
Goldstone mode and so the fields approach the unique
vacuum exponentially quickly. So far away from the core of
the string there is no physical activity; the magnetic field
and the energy density are exponentially small.

An important issue to consider is the value of the power n
that parametrizes this family of solutions. In this unitary
gauge it appears as though any n > 0 is a valid solution. On
the other hand, there are other gauges, such as Lorenz
gauge in which there is a phase field 6, whose value is
readily found to be & = ng. Then by demanding the field
¢ = p exp(i0)/v/2 is well defined around a loop, one
infers that n must be an integer [23]. While this argument is
technically correct, it gives the impression there is some
physical field 6 that is interpolating between different
vacua at spatial infinity. However we know that when
analyzed properly, there is only a unique vacuum and all
physical fields are exponentially small at large radii; so this
interpretation is misleading.

Instead the discreteness of n can be fully understood
without any appeal to multiple vacua. To do so, let us recall
that the underlying theory of a solitonic solution is a
quantum mechanical condensate of bosons. It is well
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known that consistency with the quantum mechanical
particle description demands that the magnetic flux ®p
be quantized. If we integrate the B field over a large disk
whose axis is parallel to the cosmic string axis, the quantum
wave function leads to

2rm

d)B:/dS-B:—, (83)
g

where m is an integer.

Let us now compute the magnetic flux for the above
classical cosmic string solution. To do so we rewrite B in
terms of the vector potential A as

B:VxA:Vx(A—L@). (84)
gr

In the second step we have added the curl of a gradient
which is zero. This is a useful trick because this subtracts
off the singular piece of A. With only finite quantities, we
are now in a position to utilize Stoke’s theorem to rewrite
the magnetic flux as a boundary line integral

@Bzfd1-<A—£¢>. (85)

Since the vector potential relaxes to the unique vacuum
A, — 0 at large radius, we can ignore the first term here.
The second term is easily integrated to give

2nn
Oy =———. 86
B J (86)

Comparing Eqs. (83) and (85) we learn that n = —m is an
integer.

Hence we have derived that the parameter n that appears
in the classical field string solution must be an integer in
order for the classical solution to approximate a condensate
of quantum particles. Importantly, this derivation in unitary
gauge does not rely upon any appeal to a classical phase
field that is winding around the string, nor any reference to
multiple vacua. Instead there is manifestly only one unique
vacuum and the cosmic string is simply a condensate of
particles whose behavior is restricted by the quantization of
angular momentum.

In a cosmological context, defects can emerge in a phase
transition from the regular phase to the Higgs phase. They
can comprise a significant component of the energy density
of the universe. However, as the universe expands their
average energy densities u evolve as

1

u(t) X m N (87)
where a(t) is the scale factor, with w = —2/3 for domain
walls, w = —1/3 for cosmic strings, w = 0 for monopoles,

and w > 0 for textures. In all cases, since w > —1, the
average energy density u — 0 at late times, and the system
evolves toward the unique vacuum. So in much the same
way that matter and radiation at late times are understood as
excitations above the vacuum, defects in a gauged Higgs
model, such as cosmic strings, should be understood as
excitations above the (unique) vacuum too.

XI. PATH INTEGRAL MEASURE

Having shown that there is a unique vacuum in a gauged
Higgs model, it is important to ascertain the correct
measure on the quantum path integral for the radial
Higgs mode p. Let us again illustrate the issue within
the context of an Abelian Higgs model, before generalizing
to the non-Abelian case.

On the one hand, if we go to Coulomb gauge AL = 0, we
could use the cartesian variables for a complex Higgs field
¢ and ¢*, or switch to polar variables p and 6. It would
directly suggest that the partition function have the form

7 = /ngDqﬁ*DATeiSC = /DppDHDATeiSC, (88)

where S¢ is the Coulomb gauge fixed action. The integra-
tion f Dpp is a “volume” measure in the 2-dimensional
scalar field space. On the other hand, we know this
Coulomb gauge picture can be highly misleading. In
particular, it gives the illusion of many different vacua
labeled by different values of @, when in fact we earlier
proved that the vacuum is unique. A way to make this
manifest is to switch to unitary gauge in which 6 = 0. In
this case the field theory is described by a single scalar field
p (along with a massive spin 1 vector). From this point of
view it seems reasonable to suppose that the partition
function is

Z= / DpDATDAL ¢S, (89)

where S;; is the unitary gauge fixed action. Here there are
no additional factors of p; the integration [ Dp is a “line”
measure in an effective 1-dimensional scalar field space.
The additional factor of p that appears in the volume
measure in Eq. (88) appears to imply that one is counting
many different vacua labelled by different 8. While the line
measure in Eq. (89) arises from the idea that this volume
measure fails to take into account the redundancy of the
gauge theory in the @ direction, collapsing the effective
scalar field space to a line. It appears unclear which is the
correct measure.

Here we derive the correct answer by demanding
consistency of the quantum theory. Let us continue to
work in unitary gauge 6 = 0. We expand the Higgs around
its VEV as p = v 4 h, with (bare) Lagrangian density
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1 1
Lo=— 2 FuwF™ +3 GPAL + 3 (0,h)? — 2v*h?
1 1
+ gPvhA% + 3 Gh*A2 — Jvh® — Z/Ih“, (90)

where the quadratic terms are written on the first line and
the interaction terms are written on the second line.

To make progress we work perturbatively. Importantly, a
massive 1 particle has a peculiar form for its propagator. In
momentum space it is

k,k

Muw — o
P (k)= =i T 91
) = =i o1)

(with k% = k,k* here). What is interesting is that the
longitudinal mode contributes the additional term to the
numerator. This implies the propagator is not decreasing at
high momenta, but is instead constant

n*P, (k) = P as k — oo. (92)

1
© = "5 9>
921)2

This leads to strong UV divergences in loop integrals,
which we now compute.

There are 3-point and 4-point interactions between the
Higgs and the spin 1 particle given by the first two terms on
the second line of Eq. (90). The Feynman rules are

:2ig2vn,uVa (93)

=2ig* Nuy- (94)

These interactions generate nontrivial correlation functions
involving N external Higgs particles (there are also
corrections from Higgs self-interactions, but such effects
will not contribute to the leading UV divergences).

Let us focus here on divergences that arise at one-loop.
The 1-point amplitude for the Higgs has the contribution

d*k A4

1 . (95)
_ E(zigzv)/ana,,v(/<> w, A

To regulate the integral we have introduced a UV cutoff A,
defined by

d*k 4
2 A*. (96)
There are subleading terms to the integral in Eq. (95) that
are not of direct importance here.

Similarly, it can be shown that all the higher N-point
functions have a leading quartic divergence too. For the
2-point amplitude iM, we find two contributions

= L %:% (97)

A4

2

uv

1
=% —(2ig )A4Pw+2(21vg VPAYP2 =

| —

The 3-point amplitude iM5 also has two contributions

o]

V

21g V) 21g A4P2 21vg A4P3

N\U)

(98)

With similar behavior for all higher order functions. The
contribution to the amplitude iM y for the general N-point
function is found to be

uv

ity v =

% (59)

In order to cancel each of these quartic divergences we
need to add a tower of counter terms to the Lagrangian
density. These must be powers of A" with appropriate
coefficients to achieve cancellation, namely

A CAY CAY
Ect:_ljh—i_lz_hz_lﬁllﬁ_'—
A4
i(—1)N —_pN 4 100
FiCY (100)

Note that this series sums to infinity for # < —v (while it is
absolutely convergent for |k| < v, conditionally convergent
for h = v, and can be regulated to a finite answer for
h > v). So the unitary gauge theory is telling us that
p = v+ h > 0 for finiteness. In this domain we can resum
this tower of terms to a logarithm

L. =—iA*In(v+ h) = —iA*Inp, (101)
(up to an irrelevant constant).

Now the physical meaning of the cutoff A in physical
space is that we are effectively defining the field theory on a
space-time lattice with spacing 1/A. So the corresponding
correction to the unitary gauge action Sy = Sy + S, is
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(102)

S, = /d“xﬁct =—iy Inp.

lattice

By exponentiating and inserting this counter term into the
unitary gauge partition function Eq. (89), we obtain

= /DppDATDALeiSO. (103)

Hence we obtain a factor of p in the path integral measure
in order to ensure renormalizability. We have also checked
that this is maintained at two-loop order. This implies that
indeed the volume measure for the Higgs is correct.

This is not too surprising given that earlier in Sec. VI
we explained that there is a one-to-one correspondence
between the states in the global case and the gauge case. It
is obvious that in the global case we need a volume measure
since we evidently have a pair of cartesian fields, without
any gauge ambiguity to contend with. So one should
anticipate there must also be a volume measure in the
gauge case, it is simply that the degeneracy of the vacuum
has been lifted in this case.

We note that this result has a simple generalization
beyond the Abelian U(1) Higgs model. If we have an

SU(N) (or SO(N)) model, with the Higgs transforming in
the fundamental representation of SU(N) (or SO(N)), then
the Higgs multiplet is comprised of N = 2N (or N = N)
real scalars. Of these we can identify one as the radial
Higgs field p, along with the remaining N — 1 would-be
Goldstones that may be removed in unitary gauge or
maintained in other gauges such as Coulomb. In any case,
the path integral measure d M, for the radial Higgs field p
is found to be

dM, & DppN~! (104)

in order for the theory to be renormalizable.

XII. APPLICATION TO COSMOLOGY

The measure in Eq. (104) has potentially interesting
ramifications for cosmology. Consider the Higgs of the
Standard Model, which is a complex doublet, transforming
in the fundamental representation of SU(2), x U(1),.
Suppose the Standard Model is valid up to very high
energies. In this case the classical potential for the Higgs
V(p) (Eq. (8)) undergoes significant corrections from
renormalization. At one-loop the beta-function for the
Higgs self-coupling 4 in the Standard Model is well known
to be (e.g., see [24])

P = [241 —6ny 2 26t + (@ + 7P|

(105)

with ; =dA/dInE. Here y; are the fermion Yukawa
couplings, g is the SU(2), coupling, and ¢ is the U(1)y
coupling. Due to the large top quark Yukawa coupling
y; ~ 1, and using measured values for 4, g, ¢, one finds
f, < 0. So even though 1 ~ 0.1 > 0 below the electroweak
scale (giving m;, = v/2Av ~ 125 GeV) it becomes negative
at much higher energies due to this logarithmic running.
This means the renormalized potential V., (p) turns over
and goes negative, rendering our vacuum metastable.
Precise renormalization group computations at high loop
order reveal that the turn over is around E* ~ 10'! GeV, or
so, depending on the precise value of parameters. This is
the zero temperature result. There are corrections at very
high temperatures, which may be relevant to the early
universe. But within the framework of the Standard Model,
the finite temperature effective potential still has a turn
over, albeit at even higher values, and so this is still
important.

An important question then is: what is the probability
that in the very early universe the Higgs began on the
favorable side of the potential p < E* in order to relax to
our electroweak vacuum? If one thought the measure is a
line measure d M,  Dp, since there is gauge redundancy,
one would infer the probability is p;, where p; is the
probability of one scalar field having an initial value <
10" GeV (or the corresponding high temperature turn over
value). This may be a small probability (p; < 1) during the
very early universe (perhaps near the Planck era) where
typical field values may have been Planckian ~10'® GeV.
On the other hand, since we proved that the correct measure
is actually the volume measure dM,, « Dpp™~!, the correct
probability for the Higgs scales roughly as

Py~ pf = e NI, (106)
where N =4 for the Standard Model Higgs doublet.
Hence the probability for the Higgs to have begun on
the favorable side is exponentially small in N(= 4). This
rigorously justifies the probability estimates that were used
in Ref. [25] which also addressed this issue.

XIII. OUTLOOK

We have rigorously shown that the ground state of a
gauged Higgs theory is unique. To do so, we showed that
the overlap between vacuum states rapidly approaches one
at finite gauge coupling in the limit in which the volume of
space is taken to infinity, leaving a unique vacuum. It is
only in the limit in which the gauge coupling is sent to zero,
does one have a small overlap and obtain multiple vacua.
This counting of ground states is the precise way of
addressing the question of whether the Higgs mechanism
leads to spontaneous symmetry breaking, which we have
answered in the negative. We showed that this is reinforced
by the energy spectrum, the structure of the canonically
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normalized Lagrangian, the triviality of conserved charges
in the Higgs phase. We noted that it is consistent with the
existence of defects.

However, despite the presence of only a unique vacuum,
the correct measure on the quantum path integral is
dM, « Dpp"~! in accord with having N — 1 would-be
Goldstones. This is a gauge independent statement, regard-
less of whether they are described as scalars in Coulomb
gauge, or described more directly as longitudinal modes of
massive spin 1 particles in unitary gauge. This measure on
states has potential ramifications for cosmology.

Important investigations would be to determine the
probability p; for the Higgs to begin on the favorable
side of the potential in the context of inflation, both low
scale and high scale, and eternal inflation, or other
scenarios for the early universe. A much more detailed

treatment of probabilities in the early universe will be
addressed in a forthcoming paper [26]. One should also
consider this issue in the context of grand unification,
where one has N = 10 in SU(5) and SO(10) models, as
well as string models with large gauge groups, in which this
exponential change in probability is even more extreme.
We leave these topics for future work.
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