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Abstract. We study a holographic model of an EPR pair at the boundary of bulk gravity, and use Bell inequality
as a sharp test of entanglement. By revealing how Bell inequality is violated by gravity in the bulk, our study
sheds light on the entanglement of the original ER=EPR conjecture.

1 Introduction

This proceeding is mainly base on [1], where the Bell in-
equality from holographic gravity is constructed. Correla-
tions in local classical theories are bounded by the Bell
inequality, however, it can be violated by the presence
of the non-local entanglement in quantum mechanics [2].
The violation of Bell inequality in the entangled Einstein-
Podolsky-Rosen (EPR) pair [3] indicates that two parti-
cles have an “instant interaction”, in contrast to the hidden
variable theories that preserve strict locality [2–6]. In ad-
dition to the Bell’s tests in laboratories, there are also dis-
cussions of detections in cosmological scales, to confirm
that whether the inflated primordial fluctuations are quan-
tum mechanical [7–9]. Recently, the ER=EPR conjecture
is proposed by Maldacena and Susskind [10, 11]. It stated
that the quantum entanglement of the EPR pair can be at-
tributed to the non-traversable Einstein-Rosen (ER) bridge
that connects the pair [12]. This conjecture was proposed
to resolve the black hole information paradox without re-
sorting to a firewall [13] surround the black hole horizon.

In this work, instead of working with the original
ER=EPR setup, we employ a concrete holographic model
of the EPR pair proposed by Jensen and Karch in Ref
[14] based on the Anti-de Sitter/Conformal Field The-
ory(AdS/CFT) correspondence [15] and the analytical so-
lution in [16]. The two particles of the boundary EPR pair
are connected by a string in the AdS background of the
bulk, with an effective ER bridge on the string worldsheet.
Therefore, this is a holographic realization of ER=EPR
conjecture.

We demonstrate that the Bell inequality violated by the
EPR pair living at the boundary can also be violated by the
gravitational theory with an ER bridge living in the bulk.
Although the holographic setting is different from the orig-
inal ER=EPR conjecture in which both ER and EPR live
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in the same spacetime dimensions, our study does shed
light on how entanglement can be captured by a classical
theory.

2 Holographic EPR Pair

In this section, we review the holographic model of the
EPR pair in Ref. [14]. The model proposed that an en-
tangled color singlet quark anti-quark (q-q̄) pair in N=4
supersymmetric Young-Mills theory (SYM) can be de-
scribed by an open string with both of its endpoints at-
tached to the boundary of AdS5. There is no confinement
in this theory and the pair can separate arbitrarily far away
from each other. Relevant studies of this model can also
be found in [17–23].

There are numerical solutions of the string shapes with
different boundary behaviors [24–26]. We will work with
the analytic solution for an accelerating string treated in
the probe limit at the AdS background [16]. In the ana-
lytic solution the open string is accelerated on the Poincáre
patch of the AdS5 with radius L,

ds2 =
L2

w2

[ − dt2 + dw2 + (dx2 + dy2 + dz2)
]
. (1)

The string solution in the bulk gravity is given by

z2 = t2 + b2 − w2. (2)

The quark and anti-quark live on the AdS boundary w = 0.
They are accelerating along the ±z direction, respectively,
with the solution z = ±

√
t2 + b2. Therefore, the two en-

tangled particles are out of causal contact with each other
the whole time.

String fluctuations.— To consider the string fluctua-
tions, we transform the solution to the co-moving space-
time (τ̃, r̃, x, y, z̃) of the accelerating quarks via

|z| = b
√

1 − r̃ez̃ cosh τ̃,

t = b
√

1 − r̃ez̃ sinh τ̃,
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w = b
√

r̃ez̃, x = b x̃, y = b ỹ. (3)

These two frames, which cover the regions z ≥ 0 and z ≤ 0
separately, are accelerating frames with a constant accel-
eration a = 1/b along opposite directions of z. And (3)
only maps the upper part of the string (0 < w < b) into the
proper frames of the accelerating quarks with 0 < r̃ < 1.
Plug this transformation (3) in the string solution (2), the
string configuration becomes z̃ = 0 for both frames of the
quark and anti-quark. Under this transformation (3), the
metric (1) becomes

ds2=
L2

r̃

[
− f (r̃)dτ̃2+

1
4r̃

dr̃2

f (r̃)
+e−2z̃

(
dx̃2+dỹ2

)
+dz̃2
]
, (4)

where f (r̃) = 1 − r̃. Furthermore, with respect to the time
τ=bτ̃, the Hawking temperature TH =

1
2πb matches with

the Unruh temperature Ta =
a

2π [16, 23] and we have set
the reduced Planck constant ℏ and Boltzmann constant kB

to be unit. Therefore, there is an event horizon at r̃ = 1
associated with the quark and another event horizon also
at r̃ = 1 associated with the anti-quark. As shown in Fig. 1,
the two horizons are connected by part of the string which
can be seen as ER bridge. Hence it is suggested to be
a holographic realization of the ER=EPR conjecture [10,
11].

The measurement of the quarks’ states will introduce
fluctuations to the world lines of quarks which set the
boundary conditions for the worldsheet of the string fluc-
tuations. Let (τ̃, r̃) be the new worldsheet coordinates in
the current frame, then the string fluctuation is Xµ(τ̃, r̃) =(
τ̃, r̃, q̃i(τ̃, r̃)

)
, with i = (x̃, ỹ, z̃). When q̃i ≪ 1, the Nambu-

Goto action of string with tension Ts becomes

S ≃ −TsL2
∫

dτ̃dr̃
2r̃3/2

{
1 +
[
2r̃ f (r̃)q̃′i q̃

′
j −

1
2 f (r̃)

˙̃qi ˙̃q j

]
hi j
}
,

(5)

where q̃′i ≡
∂q̃i
∂r̃ , ˙̃qi ≡ ∂q̃i

∂τ̃
and hi j = diag[1, e2z̃, e2z̃]. The

equations of motion for the fluctuations on the string are

∂r̃

(2 f q̃′i
r̃1/2

)
− ∂τ̃
( ˙̃qi

2 f r̃3/2

)
= 0. (6)

Focusing on the transverse fluctuations i = x̃, ỹ,

q̃i(τ̃, r̃) =
∫

dω
2π

e−iωτ̃q̃i(ω)Yω(r̃), (7)

where q̃i(ω) is the Fourier transform of fluctuation on the
boundary. With these we can study the Green’s function
holographically.

3 Constructing Bell’s inequality

The retarded Green’s function of the quark under effec-
tive random force F i(τ) can be defined as iGi j

R(τ) =
θ(τ)⟨[F i(τ),F j(0)]⟩ [16]. In the AdS/CFT correspon-
dence, F i(τ) is the operator conjugate to the fluctuations
qi(τ), where the dimensionful quantities are τ = bτ̃, qi =
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Figure 1. Schematic diagram for the quark(q)-antiquark(q̄) EPR
pair in holography at a fixed time t > 0. The trajectory of
left(right) worldsheet horizon is on w = b, which depicts the
intersection of the string with the world volume horizons seen by
q(q̄) in its co-moving frame. The world volume horizons are the
two vertical boundary of the gray region. The Bell inequality test
is performed by the measurements at Alice and Bob’s locations.

bq̃i. In the low frequency limit ω → 0, it can be obtained
analytically as

Gi j
R(ω) = −2TsL2

b2r̃1/2 f (r̃)Y−ω(r̃)∂r̃Yω(r̃)δi j
���
r̃→0

= −a2
√
λ

2π
iωδi j + O(ω2), (8)

and we have used the fact that TsL2 =
√
λ

2π .
What we need for the Bell’s test is the contour time

ordered Schwinger-Keldysh (SK) Green’s function,

iGi j
AB(τ, x) = ⟨F i

A(τ, x)F j
B(0)⟩, (9)

where F i
A and F j

B are separately defined on the causally
disconnected left and right wedges of the Penrose diagram,
corresponding to the boundaries of different patches of the
AdS space. This off-diagonal SK propagator is examined
in the Supplemental Material and found to be related to the
holographic retarded Green’s function

Gi j
AB(ω) =

2ie−ω/(2Ta)

1 − e−ω/Ta
ImGi j

R (ω) , (10)

similar to what was found in Refs. [27–29] but with dif-
ferent settings.

For fluctuations coming from two causally separated
quarks of an EPR pair along x, y directions, and in the low
frequency limit ω→ 0,

iGxx
AB = iGyyAB =

√
λa3

2π2 , iGxy
AB = iGyxAB = 0, (11)

which indicates that the spatial correlator Gi j
AB ∝ δi j. The√

λ factor is consistent with the observation that the entan-
glement entropy of the entangled pair is of order

√
λ [14].

It is also interesting that this SK correlator does not van-
ish when the quarks are separated at long distance. This is
consistent with the non-local nature of entanglement.

To study the correlators, we normalize the operators
such that only the dependence on the spin wave function
remains:

AF = (cos θAF x
A + sin θAF yA )/⟨F x

AF x
B ⟩1/2,
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Figure 1. Schematic diagram for the quark(q)-antiquark(q̄) EPR
pair in holography at a fixed time t > 0. The trajectory of
left(right) worldsheet horizon is on w = b, which depicts the
intersection of the string with the world volume horizons seen by
q(q̄) in its co-moving frame. The world volume horizons are the
two vertical boundary of the gray region. The Bell inequality test
is performed by the measurements at Alice and Bob’s locations.
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BF = (cos θBF x
B + sin θBF yB )/⟨F x
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The mixed measurements for correlators in CHSH corre-
lation formulation become

⟨AF BF ⟩ = cos(θA − θB) ≡ cos θAB. (13)

Together with the similar normalization of the operators
A′F and B′F , the CHSH correlation formulations becomes

⟨CF ⟩ = ⟨AF BF ⟩ + ⟨AF B′F ⟩ + ⟨A′F BF ⟩ − ⟨A′F B′F ⟩
= cos θAB + cos θAB′ + cos θA′B − cos θA′B′. (14)

For example, when θAB = θAB′ = θA′B = π/4, and θA′B′ =
3π/4, we can reach the maximum value 2

√
2.

In this derivation, we see the bulk string fluctuations,
which come from classical gravity, reproduce the quantum
entanglement of an EPR pair on the boundary. The equa-
tion of motion of the classical string, Eq.(6), has no cou-
pling between q̃x and q̃y such that Eq.(11) follows. This
can be obtained as long as the string does not experience
a force to propagate the fluctuation in the x-direction to
the y-direction which breaks parity in general. It seems
once these two conditions are satisfied, it does not mat-
ter whether there is an ER bridge in the bulk. Hence it
is conceivable Bell inequality can still be violated in a
holographic model where the EPR pair does not acceler-
ate, similar to how holographic entanglement entropy is
computed in a static system [30, 31].

qA

AdS Black Brane

B
De-coherent in Thermal Background

q

Figure 2. Schematic diagram for the decoherence of quark(q)-
antiquark(q̄) EPR pair in holography at late time. The string
breaks after it fell into the black brane. This process correspon-
dends to the decoherence of the quark and anti quak pairs induced
by thermal background.

4 Time Evolution and Discussion

It is interesting to consider the decoherence of the EPR
pair in the environment. If the environmental effect can
be described by thermal fluctuations, then we can add a
black brane to the bulk of our model. When the distance
of the EPR pair increases with time, the ER bridge also
approaches the black brane horizon and then enters the
horizon [32]. We expect the ER bridge breaks after it en-
ters the horizon which might shed light on the decoherence
process in the boundary field theory. As shown in Fig. 2,

We would also like to comment on the finite temper-
ature effects on the accelerating string solution in AdS5
black brane spacetime. Although there is no analytical so-
lution of the string expansion, qualitatively the string will
touch the horizon of the black hole at late time. There
is a semi-quantitative discussion in the small temperature
limit [32], that the Hawking temperature of the black hole
is much smaller that the Unruh temperature of the accel-
erating particle TH ≪ Ta. An external electric field is im-
posed to accelerate the quark-antiquark pair from t = 0 to
t = ∞. It is expected at late time energy is flowing into the
system from the top of the string to the bottom part, and
then being absorbed by the black brane. As time increases,
the acceleration slows down and the string trajectory starts
to evolve towards the trailing string solution. This corre-
sponds to that the Einstein-Rose bridge is broken up by
the horizon of AdS black brane. And for the static string
solution in the AdS black brane where two straight strings
is hanging down to the horizon, there is no entanglement
in the dual state [24]. Other approach to describe quantum
operations in holography can also be found in [31].

For future work, it is interesting to consider the back
reaction by the measurements and see whether the ER
bridge is broken due to the energy injected by measure-
ments. This might provide an opportunity to study the
“wave function collapse" typically used to describe how
measurements change the states. For our case in pure
AdS, if we consider the back reaction after the measure-
ments, the ER bridge might be broken due to the energy
injected by measurements, similar to the case with black
brane. This is aligned with the fact that the wave func-
tion of the EPR pair will collapse after the measurements.
Since the string is in probe limit, it is not explicit that the
bridge will break due to the string perturbations.

The ER=EPR conjecture is proposed to resolve the
black hole information paradox without introducing a fire-
wall in the black hole. The conjecture implies that entan-
glement of the EPR pair, which is thought to be a quan-
tum mechanical effect, can be captured by classical grav-
ity through the ER bridge. Using Bell inequality as a sharp
test of entanglement, we study a holographic model with
an EPR pair at the boundary and an ER bridge in the bulk.
By revealing how Bell inequality is violated by classical
gravity in the bulk, our study sheds light on the possi-
ble conditions needed for the entanglement of the original
ER=EPR.
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