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Abstract

We study Bethe/gauge correspondence at the special locus of Coulomb moduli where the integrable
system exhibits the splitting of degenerate levels. For this investigation, we consider the four-dimensional
pure N = 2 supersymmetric U (N) gauge theory, with a half-BPS surface defect constructed with the help of
an orbifold or a degenerate gauge vertex. We show that the non-perturbative Dyson—-Schwinger equations
imply the Schrodinger-type and the Baxter-type differential equations satisfied by the respective surface
defect partition functions. At the special locus of Coulomb moduli the surface defect partition function
splits into parts. We recover the Bethe/gauge dictionary for each summand.
© 2018 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Supersymmetric gauge theories in various dimensions exhibit diverse connections with in-
tegrable systems. The four-dimensional gauge theory with N = 2 supersymmetry is one of the
interesting cases to consider. The common feature of this class of theories is that the low-energy
description achieved in [1,2] naturally reveals the structure of an algebraic integrable system
[3,4]. The correspondence was promoted to the quantum level in [10], by putting the N = 2 gauge
theory into the general framework of the Bethe/gauge correspondence [8,9]. When subject to the
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Nekrasov—Shatashvili limit of the 2-deformation (¢; = #, &5 — 0), the four-dimensional N =2
gauge theory effectively becomes a two-dimensional theory with N = (2, 2) supersymmetry. The
general Bethe/gauge correspondence states the chiral ring is the set of quantum Hamiltonians,
while the set of supersymmetric vacua is identified with the (Hilbert) space of the corresponding
quantum integrable system,

leigen) <— vac. (1.1)

In particular, the spectrum of the Hamiltonian is calculated as the gauge theory vacuum expecta-
tion value of the corresponding chiral observable in the Nekrasov—Shatashvili limit,

(eigen|Ho |eigen) = (O)]e,—0,vac- (1.2)

The chiral ring is spanned by the gauge-invariant observables O = Tr¢*, where ¢ is the complex
scalar in the N = 2 vector multiplet. In generic case, their vacuum expectation values are finite
in the Nekrasov—Shatashvili limit, since they reduce to the vacuum expectation values of the
twisted chiral observables in the effective two-dimensional N = (2, 2) theory. Therefore the right
hand side of the dictionary (1.2) is well-defined, providing a way to compute the spectrum of
the quantum Hamiltonian from gauge theory perspective. Note that the partition function of the

gauge theory shows the asymptotic behavior logZ = g + 0(83) in the Nekrasov—Shatashvili

limit, where W is the effective twisted superpotential of the effective two-dimensional theory.

The equations which describe the vacua in the low-energy theory correspond to the quan-
tization conditions on the integrable system side. The Nekrasov—Shatashvili limit of the four-
dimensional N = 2 gauge theory leads to several inequivalent quantization schemes, in particular,
the type A and the type B quantizations [10,12]. In the present work we mainly focus on the type
B quantization, in which we impose the condition

exp (2711"8’—‘1* - i9a> —1, 6y €l0,27). (1.3)

Note that the #-angles can be introduced in a gauge-invariant fashion. Namely, for given values
of the gauge-invariant coordinates on the Coulomb moduli space, (O;) = (Tr¢*), the Coulomb
moduli a, are determined up to the permutations with each other. Therefore in the real slice
that we are choosing in the type B quantization, £ € R, the §-angles are determined up to the
permutations with each other. For the quantization condition (1.3), we look for the eigenfunctions
which are quasi-periodic with the Bloch angles (6y). For example, for the pure N = 2 theory
and for the N = 2* theory with the gauge group U(N), the formula (1.2) under the condition
(1.3) computes the spectrum of the Hamiltonians of the N-particle periodic Toda system and the
N -particle elliptic Calogero—Moser system respectively, whose eigenfunctions are quasi-periodic
with the Bloch angles (6,). Note that the spectrum would have been (N!)-fold degenerate in the
non-interacting limit had we tuned all the Bloch angles to be the same. For generic values of
Bloch angles, the Sy-symmetry of the O-th order wavefunctions is completely broken, leaving
non-degenerate level for each spectrum.

We can revive some of the degenerate levels at the O-th order by tuning the corresponding
Bloch angles, e.g. as 6, = 6g. The integrable system is still well-defined, and the eigenvalues
are expected to be non-degenerate. However, we observe the missing link in the correspondence
with the gauge theory. According to the condition (1.3), tuning the Bloch angles as 6, = 6g
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. . . . . . . dgp 1
is equivalent to investigating the special locus of Coulomb moduli, {W ezZ\ {0}}. At the

locus, the formula (1.2) breaks down since the right hand side becomes divergent due to the
additional singularities in &2 — 0. The asymptotic behavior of the partition function is no longer

logZ = g + O(sg), and the effective twisted superpotential cannot be properly obtained by just

taking W= limg, 0 e2logZ. Inspired by the well-established correspondence for the generic
value of the Coulomb moduli, we now may attempt to recover the correspondence at the special
locus, especially by first investigating the perturbative series in the integrable system side. This
is the main subject of the present work.

We may try to approach the special locus of Coulomb moduli from the gauge theory with
partial 2-deformation and partial noncommutativity. Instead of turning on both 2-deformation
parameters and then taking the Nekrasov—Shatashvili limit, we can from the beginning turn on
one of the parameters ¢; only. When the noncommutativity along the ¢-plane is turned on, the
four-dimensional N = 2 theory can be described by a two-dimensional N = (2, 2) theory with an
infinite dimensional gauge group. The investigation shows that the only massless modes around
the trivial vacuum are the diagonal components of the gauge multiplet, which is consistent with
the expectation that the low-energy effective theory is in Coulomb phase without any matter.
However, when the Coulomb moduli assume the special values as %ﬁ € 7\ {0}, additional mass-
less matter multiplets seem to arise, signifying the failure of the effective description.

The surface defect provides a tool for the investigation. The four-dimensional gauge theory
with a half-BPS surface defect can be viewed as the theory on an orbifold. The equivariant local-
ization computation applied for the bulk theory immediately generalizes to compute the surface
defect partition function [14]. The gauge theory observables are also naturally generalized to
the theory in the presence of the surface defect. In particular, an important class of observables,
called the gg-character, has its fractionalized counterpart in the theory with the surface defect
[17]. In [19,20] the gg-characters with and without the surface defect were realized as the orb-
ifolded crossed instanton partition functions. The compactness theorem proved in [18] implied
a certain vanishing theorem for the expectation value of the gg-characters. The vanishing equa-
tions, called the non-perturbative Dyson—Schwinger equations, can be used to derive the KZ
equation satisfied by the surface defect partition function of quiver gauge theory [21]. In this
paper, we show that the Dyson—Schwinger equation in the presence of the surface defect pro-
duces a Schrodinger-type equation satisfied by the orbifold surface defect partition function of
the pure U (N) gauge theory. Therefore the surface defect partition function provides a construc-
tive approach to the eigenstate wavefunctions as well as the spectra of the Hamiltonians of the
corresponding quantum integrable system.

Another type of half-BPS surface defect in quiver gauge theories can be obtained by a 2d—4d
combined system [35,36]. In this construction, a half-BPS surface defect is constructed by
weakly coupling the flavor group of the two-dimensional gauged linear sigma model to the four-
dimensional gauge field. In the IR, the effective action gets the twisted F-term contribution from
the two-dimensional sigma model which has the Higgs branch as its target. This type of sur-
face defect was identified with the insertion of a simplest fully-degenerate field in the Toda CFT
side [35]. In the dictionary of [33,34], this is equivalent to tuning the mass of a fundamental
hypermultiplet coupled to a vector multiplet, in such a way that the contributions to the instanton
partition function only come from single-column Young diagrams (or single-row, depending on

1 We have excluded agp = 0 since in this case the splitting of the degeneracy at the 0-th order does not occur and (1.2)
works as it is.
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which plane we put the surface defect) [20]. For brevity, let us call a gauge vertex degenerate for
such cases. The Dyson—Schwinger equations can be used to derive the BPZ equation satisfied by
the partition function of the quiver gauge theory with a degenerate gauge vertex [21]. In this pa-
per, we show that the pure U (N) gauge theory partition function with this type of surface defect
satisfies a Baxter-type equation.

The main observation of this work is that the orbifold surface defect partition function at the

special locus i%ﬁ ezZ\ {0}} splits into parts, schematically,

U=>"V,. (1.4)
14

This behavior accounts for the level splitting on the integrable system side. Each part of the

surface defect partition function shows the proper asymptotic behavior of logW¥, = VZ—;’ + 0(8(2) ),
and the dictionary (1.2) is recovered to reproduce the spectrum of each split level. It should be
noted that each split part ¥, of the surface defect partition function shows the series expansion
in fractional powers of the gauge coupling, which correctly accounts for the series expansions of
the spectra of the split levels.

The rest of the paper is organized as follows. In section 2, we review the instanton partition
function of the four-dimensional N = 2 quiver gauge theory, along with various gauge-invariant
observables including the gg-characters. The Bethe/gauge correspondence is then explained with
a description of two inequivalent types of quantization. In section 3, we study the special locus
of Coulomb moduli in the four-dimensional gauge theory with partial €2-deformation and partial
noncommutativity. The investigation reveals the emergence of additional massless modes, which
indicates a failure of the effective description of the theory. In section 4, we review the orbifold
and the degenerate gauge vertex constructions of half-BPS surface defects, and compute the
surface defect partition functions. We study the non-perturbative Dyson—Schwinger equations in
the presence of surface defects. We verify that the partition functions of the Aj-theory with a
regular orbifold surface defect and of the A,-theory with a degenerate gauge vertex satisfy the
Schrodinger-type and the Baxter-type equations, respectively. In section 5, we observe that at
the special locus of the Coulomb moduli, the surface defect partition function splits into parts,
recovering the correspondence with the quantum integrable system. We conclude in section 6
with possible generalizations and discussions.

2. Generalities

Let us begin by reviewing the general facts of the quiver gauge theory and the Bethe/gauge
correspondence. First we study the instanton partition function of quiver gauge theories. The
well-known correspondence between the pure N = 2 supersymmetric U (N) gauge theory in
Nekrasov—Shatashvili limit and the quantum periodic Toda system is also discussed. We refer to
[16,17] and their references for more general discussions of the N = 2 supersymmetric quiver
gauge theories.

2.1. Instanton partition function of quiver gauge theories

In this section, we generally follow the discussion in [17]. A quiver is an oriented graph. For
a given quiver y, let Vert, and Edge,, be the sets of vertices and edges, respectively. We define
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s, t : Edge, — Vert, as the maps sending an edge to its source and target, respectively. We also
assign two vectors of integers,

Vert. Vert
n= ("—i)ieVerty € Z>O 7, m= (mi)ieVerty € Zzo 7. (2.1

The quiver gauge theory for y is the four-dimensional N = 2 supersymmetric gauge theory
with the gauge group
Ge= X U(m), (2.2)
ieVert,

and the flavor group

Gr=| X U(m)x U()Ee / UYetr, (2.3)

ieVert,

where the overall U (1)¥*™ gauge transformation has been quotiented out,

(”i)ieVerty : ((gi)ie\/erty ) (Me)eeEdgeV> = ((”igi)ie\/erty ) (Ms(e)ueu,_(el,))eeEdgey) . (2.4)

In terms of the field content, we have the vector multiplets ® = (®;)icvert y in the adjoint rep-
resentation of Gy, the fundamental hypermultiplets Qpng = (Qiievert, in the fundamental
representation of G, and the antifundamental representation of G 7, and finally the bifunda-
mental hypermultiplets Qpifung = (Qe)eeEdgey in the bifundamental representation (7i5(e), 1/ (e))
of Gg. Given these fields, the action of the theory is fixed by the N =2 supersymmetry up to the
choice of complexified gauge couplings

% 4ri .
+—], 1ie€Vert, (2.5)

gi = exp(27it) (fi=§ .

and the masses of the hypermultiplets
m= ((mi)ieVerty ) (me)eeEdgey),
m; = diag(mi,l, ey, mlm,) S End((C”‘i), Mme € C, (2.6)

which are viewed as the equivariant parameters for the flavor group G y. The vacuum expectation
values of the complex scalars,

(q)i) =aj, aj= diag(ai,l y ottt ai,ni) € End((C”i), ie Verty, (2.7)

break the gauge symmetry to the maximal torus, leading to the Coulomb phase of the theory.
The Coulomb moduli a = (aj)ievert, parametrize the vacua of the theory. We also have the four-
dimensional rotation group

Grot =S50 (4), (2.8)

for which we turn on the 2-deformations with the equivariant parameters € = (€1, &2). We denote
the total global symmetry group as

H=Gyx Gy x G, (2.9)

whose maximal torus is denoted by Ty C H. The instanton partition function is a Ty -equivariant
integral over the framed noncommutative instanton moduli space, and therefore is parametrized
by (a,m, e) € Lie(Ty).



780 S. Jeong / Nuclear Physics B 938 (2019) 775-806

The ADHM moduli space is useful for the equivariant localization, which can be explicitly
written as

Bi»:K— K, [Bi, B2l +1J =0,

M(n, k) =
(n, k) {I:N—>K,J:K—>N (B, Bi" 1+ (B, By 1+ 11T —J T =¢

} / U(k),
(2.10)
(N=C",K =Ch

for given n and k. Here, the parameter { corresponds to the noncommutativity of Euclidean

spacetime. It is introduced to resolve the singularities of the Uhlenbeck compactification, on

which we do not elaborate further in this paper. Given the vector of instanton charges k =

(ki)iGVeny € Z>, the total framed noncommutative instanton moduli space of the quiver gauge
theory for y is

My(n, k)= X M(m, k). (2.11)
ieVert,

The Tpg-equivariant integration over the instanton moduli space (2.11) localizes on the
set of fixed points of Tpy-action, M, (n, k)TH, which is the set of colored partitions A =
(()L(‘*”‘))Z"Zl)ievmy, where each 10 is a partition,

(o) _ (4 () (i) (i,0) (i) — =
A = (}\1 > )\2 =z )\'l()\(i,a)) > )‘](A(i,a))+1 - 0) ’ (2.12)

: (i) i .
with the size [A0)] = Y1409 — & constrained by ki = Y, ki = AP [6,7]. There is
an one-to-one correspondence between partitions and Young diagrams,

200 = (G, L =i <105, 1< j <2 M), (2.13)

and we refer them interchangeably. For each element of A € M,, (n, k) TH we associate the char-
acter

TM= Y (MK + 192N Ki — (1 — q)(1 — @) KiK{ — M{ K;)

ieVert,

— Y P Wi Kl + 0102N] i Kie) — (1 — 1) (1 — g K1 Kie)  (2.14)
ecEdge,,

where g; = ePei fori =1,2 and

Ni=) efhe KiAl=) Y efo, M=) efmis. (2.15)
a=1 f=1

a=1gexl

Here we are abusing the notation so that the vector spaces and their characters under the
Ty -action are denoted by the same letters. Also we have defined the content of the box

co=aig+ei—)+e(—1) for 0=Gj)ert? — 1<j<it  (216)

Finally the instanton partition function of the quiver gauge theory for y is

2 aimiesq) = ] o le(—TTAD), (2.17)

A ieVert,
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where the €-symbol” converts a character into a product of weights

w(6)
ery = Huewaen 0O o Ty, R= Yo N e® 28
[Twewr- w®)

Therefore we can view the instanton partition function as the partition function of the
grand canonical ensemble on the colored partitions {A}, with the measure pu,(a,m,e) =

[Micver, @' 'e(~TTAD.

weRt weR™

2.2. qq-Characters

Let us first introduce the Y-observable, which is a local observable defined as the regularized
characteristic polynomial of the adjoint scalar field evaluated at 0 € C? [15,16],

o0
1
Yix) = XNCXPE [—mTr¢il|oi| , ieVert,. (2.19)

As we have seen in section 2.1, the supersymmetric partition function localizes on M, 7 =
LIk My (n, k)7H which is the set of all colored partitions. Therefore the Y-observable is also
reduced to an observable in this statistical model on M,, (n) T expressed as

1

Yo =[] [ —ae ] S t-cae) ) (2.20)

(x —cg)x—cy—e)

a=1 el

where we used the notation ¢ = ¢ + & for brevity. As observed in (2.19), the Y-observable is
the generating functional for the gauge-invariant chiral observables

Oix = Trgf o 2.21)

Therefore the statistical model expression for the gauge-invariant chiral observables can be ex-
tracted from (2.20) as

Hy
Oik[A] = Z aik’a + Z ((lel + Sl)k + (cgy + Ez)k — C]é — (e + 8)k> . (2.22)

a=1 el

The gqg-character is an observable defined as a certain explicitly computable Laurent polyno-
mial X(Y(x + ---)) in Y with possibly shifted arguments [17]. In [19], it was shown that the
ggq-characters can be obtained as the crossed instanton partition functions, which are the par-
tition functions of the low-energy effective theories on intersecting branes. For example, the
fundamental gq-character of the pure N =2 U (N) gauge theory is defined as,

2N

A
XD =Yx +¢e) + 90 (2.23)

From the compactness theorem proven in [18], it has been shown that the expectation value in
the gauge theory,

2 Not to be confused with &1,2 which are Q-deformation parameters.



782 S. Jeong / Nuclear Physics B 938 (2019) 775-806

(X)) =

Zm Z XYAD@)gHM s (@, e) =T (), (2.24)
is a polynomial in x. Namely, the gg-character provides the vanishing equations for the coeffi-
cients of the negative powers of x: the non-perturbative Dyson—Schwinger equations.

2.3. Bethe/gauge correspondence

It has been known that the low-energy effective theory of (un-deformed) four-dimensional
N = 2 supersymmetric gauge theories can be described by classical integrable systems [3,4].
A well-established example is the correspondence between the class-8 theories and the Hitchin
integrable systems [15,25,27]. Setting the 6-dimensional N = (0, 2) superconformal theory on
R3 x S! x Cg.n, Where Cg , is the Riemann surface with g genus and n punctures, and reducing
on ! x Cg,n in two different orders, we observe that the total space of the fibration of the
Jacobian of the Seiberg—Witten curve on the Coulomb moduli space of the class-8 theory is
identical to the phase space of the Hitchin integrable system on Cg ,,. The correspondence can be
extended to more general four-dimensional N = 2 gauge theories with less hypermultiplets by
taking proper decoupling limits. In this paper we are mainly interested in the pure U (N) gauge
theory. It is well-known that the corresponding integrable system is the N -particle periodic Toda
system [3,5].

The N-periodic Toda system is the algebraic integrable system of N non-relativistic particles
in one dimension with the interaction

N
Vxy, -, xy)= Azzexi_xi+l’ (2.25)
i=1

and the periodicity xy41 = x1. The Lax operator for this system can be written as

P1 Azexl_XZ 0 ANZ_I
1 )2 A2e¥2% 0 0
_ 0 ! p3  AleRTH 0
L@z)= 0 0 ’
0 PN-1 AZe*N-1—XN
AN exn=x1g 0 e 0 1 PN

(2.26)
from which we define the spectral curve
T(x,z): 0=Det(x —L(z)=—-AVG@+z D) +x" +uixV T+ upxN 2 4y,
(2.27)

The standard Lax formalism tells that the (classical) Hamiltonians,

N
=Y pi. wa==Y pipj+ Azzex""m--., (2.28)
i=1

l<]

mutually commute with respect to the Poisson bracket {p;, x;} = J;;, and thus establishes the
classical integrability. Note that the spectral curve (2.27) is precisely the Seiberg—Witten curve
of the pure U (N) gauge theory, in which {u; = (Ox)|k =1, ---, N} spans the Coulomb branch
of the vacua. Therefore we observe the correspondence between the low-energy description of



S. Jeong / Nuclear Physics B 938 (2019) 775-806 783

the pure U (N) gauge theory and the classical N-particle periodic Toda system. (See also [23,24]
for the earlier work in the case of Toda/pure N = 2.)

In [10] the correspondence between the vacua of N = 2 theories and integrable systems was
promoted further to the quantum level. Let us turn on the 2-deformation and take the Nekrasov—
Shatashvili limit (¢ # 0, &2 — 0). Since we have used one of the two orthogonal rotations to
deform the theory, the theory can be now effectively described as a two-dimensional theory with
N = (2, 2) supersymmetry. The low-energy effective action of this two-dimensional theory con-
tains the twisted F-term® from the effective twisted superpotential W(a, £1, q), which can be
computed by the supersymmetric localization for generic (a, £1) as

W, g1, q) = lim e2logZ(a. €. q). (2.29)
2>

The effective twisted superpotential becomes important for determining vacua and expectation
values of the twisted chiral observables, as we shall see below.

The space of vacua of the effective theory is a representation of the twisted chiral ring, which is
spanned by the gauge-invariant polynomials of the complex adjoint scalar, (2.21).* In [8,9], it was
shown that the twisted chiral ring of a two-dimensional N = (2, 2) gauge theory is identified with
the Hamiltonians of the corresponding integrable system. Namely, the problem of quantization
becomes the spectral problem, with the identification

<Ok>|£2—>0,a€vac = Ex(a, e1), (2.30)

the eigenvalue of the corresponding quantum Hamiltonian Hy. Here the equation for the vacua of
the two-dimensional effective theory corresponds to the quantization condition of the integrable
system. As noted in [10,12], the Nekrasov—Shatashvili limit of the N = 2 supersymmetric gauge
theory leads to several quantization conditions and correspondingly to different quantum inte-
grable systems. The choice of quantization condition becomes manifest in the topological sigma
model description of the quantization. We can interpret the Nekrasov—Shatashvili limit of the
Q-deformation as the cigar metric R x S' x Dg, in which the cigar has the asymptotic behavior
of Dg ~ I x S' with I = [0, R]. Then by reducing the four-dimensional N = 2 gauge theory on
R x I, the theory is reduced to the topological A-model with the worldsheet with the boundaries
and the target space being the complexified phase space. We can make use of the brane quanti-
zation picture from this topological A-model description [13]. In particular, the quantization is
realized by choosing the boundary condition at O € I to be the canonical coisotropic A-brane
and the boundary condition at R € I to be the Lagrangian A-brane. There are two classes of the
Lagrangian A-branes that can be chosen, which lead to two different types of the quantization:

CATA

Type A: exp|2r — —i6, | =1, (2.31a)
ddy

Type B: exp (27Tia—a — i9a) =1, 6,¢€]l0,2nr). (2.31b)
&1

3 In the reduction from the four-dimensional N = 2 to the two-dimensional N = (2, 2), we are choosing the convention
in which N = (2, 2) gauge multiplet is described by the twisted chiral superfield. Note that the complex adjoint scalar in
the N = 2 vector multiplet becomes the one in the N = (2, 2) twisted chiral multiplet under this reduction. See section 3.

4 See footnote 3 and section 3. The chiral observables in the four-dimensional gauge theory are reduced to the twisted
chiral observables in the effective two-dimensional theory.
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In the original four-dimensional gauge theory on R x ! x D, they correspond to the choices of
the supersymmetric boundary conditions at R € I. In particular, the type A condition corresponds
to the Neumann boundary condition for the vector multiplet. In this case the four-dimensional
vector multiplet is reduced to the two-dimensional vector multiplet in the effective theory on
R x §', whichis N = (2, 2) abelian gauge theory so that the vacua are determined by the effective
twisted superpotential as (2.31a) (we included the 6-shift). The type B condition corresponds to
the Dirichlet condition for the vector multiplet. The gauge symmetry is completely broken and
both vector multiplets and hypermultiplets of the four-dimensional theory are reduced to chiral
multiplets of the effective two-dimensional theory. We impose the vanishing condition for the
holonomy around the boundary d Dg to preserve the supersymmetry, yielding the quantization
condition (2.31b). See [12] for more detail.

For the case of the pure U(N) gauge theory, type A and B reality conditions correspond to
the following formulations of quantum periodic Toda system. In the type A quantization, we are
taking the real slice of x; € R. After decoupling the motion of the center of mass, we look for
the L?-normalizable eigenfunctions with real and discrete spectra. It was shown that the vacuum
equation (2.31a) precisely leads to the Gutzwiller quantization condition for this type of spectral
problem [26]. See also [28-32] for previous works on the type A periodic Toda system.

In this paper, we mainly focus on the type B quantization of the periodic Toda system, which
shows quite a different interesting feature. Here we have (quasi-)periodic eigenfunctions with the
period 2mi. The spectra of the Hamiltonians are complex but still discrete. With the 0-shift, the
quantization condition is

Oy
Ay = <na + —) g1, nNg€7Z, (2.32)
2

where 6, is precisely the Bloch angle for the shift of x, by the period 2wi. The spectra of the
Hamiltonians can be computed as the expectation value of the observables in the twisted chiral
ring, under the Nekrasov—Shatashvili limit with the condition (2.32) imposed:

Zq'“ok[x]uk(a ) : (2.33)

£2—0,(2.32)

Er(a, e1) = (Op)ley—0,032) =

Z’ll‘lit

where the statistical model form of the observable Ox[A] is given in (2.22). In particular, the
spectra of two lowest order Hamiltonians O, and O3 take simple form:
, (2.34a)

1 oW
E =Y a2-—en
2(a,61) = |: a2 N SA]
(2.32)

E3(a 81)—[2 3_3ﬁ M—6{;‘1 11m082<ZC|j>:|

Oek

(2.34b)

(2.32)

For example, in the case of N = 2 the type B quantum periodic Toda system is reduced to the
Mathieu system, whose discrete energy spectrum has been well-studied. For generic value of
the Coulomb moduli aj» = a; — az (on the integrable system side, generic value of 6; — 6,) the
gauge theory computation of the spectrum (2.34a) precisely reproduces the known perturbative
computation, order by order in the series of A*. We also checked that the perturbative spectra of
N = 3 periodic Toda system are reproduced by (2.34). The generalization of the computation to
the higher N is straightforward.
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However, when the Coulomb moduli assume special values %’3 € Z\ {0}, the correspondence
breaks down as we now describe. A relation among the equivariant parameters implies that the
maximal torus Ty used for the equivariant localization becomes smaller than generic cases.
When the torus becomes smaller, the set of fixed points M(N)”# in general becomes larger; as
noted in [17], one may find a copy of P!’s or a even more complicated subvariety instead of
isolated set of fixed points with the reduction of symmetry group.

It can be shown that for the specific case at hand, %’3 € Z\ {0}, M(N)T# actually contains

a product of P!’s. Recall that before taking %ﬁ € 7\ {0} the isolated fixed points M(N)'#
are classified by N-tuples of Young diagrams {A}. The boxes in these Young diagrams encode
the weights of linearly independent vectors in the space K[A] in terms of Coulomb moduli and
Q-deformation parameters, and these weights are all distinct. However, once we introduce the
new constraint asﬁ € Z\ {0}, the weights now may overlap (or in terms of the Young diagrams,
two boxes in different Young diagrams may collide). This implies two isolated fixed points dis-
appear into an emergent fixed point set P! (so that when the symmetry group action is refined by
an extra U(1) as it used to be, we recover two isolated fixed points on the emergent P1). Since
we get an emergent P! whenever this overlap occurs, the fixed point set M(N)”# now contains
a product of multiple P!s.

Hence the integral that provides the instanton partition function remains finite due to the
compactness of M(N)T# . Nevertheless, the integral over the emergent P! s gives additional poles
in &7, altering the asymptotic behavior of the instanton partition function in the limit &2 — 0.
Most importantly, the effective twisted superpotential is not properly obtained by taking W =
limg, 0 e2logZ since the expression becomes divergent. Therefore we see that (2.34) cannot
work as it is stated. The main subject of the present work is to recover the correspondence at this
special locus.

3. Gauge theory with partial 2-deformation and partial noncommutativity

To explore the gauge theoretical meaning of the special locus of Coulomb moduli, let us study
the pure N =2 U (N) gauge theory with partial $2-deformation and partial noncommutativity.
The four-dimensional N = 2 supersymmetry can be described by the super-covariant derivatives
in the covariant basis,

Vo, Vpe)=—i8"pVaq
(Vo Vi =ie'Pe,pd
{V A 633} =i€apes P, 3.1

where we are using the convention oé‘d = (Lyg, Tag). Here @ is the N = 2 chiral superfield

constrained by V4V g, ® = —Vgs Vfﬁi) due to the Bianchi identities. The action for the pure
N = 2 gauge theory can be written in the N = 2 chiral superspace as
1 1
L=—Im | d*0=1Tr®>. (3.2)
8 2

The partial 2-deformation (g1 # 0, &2 = 0) breaks the N = 2 supersymmetry, but preserves a
N = (2, 2) subalgebra on the (x, x3)—plane,

(VL. Vi) =—iV, i =—i(Vo+ V3)
(V2V} =—iV_- =—i(Vo—V3). (3.3)
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Let us choose the following convention for the reduced algebra

vi=v,, Vvi=v_,

Vii=Vy, Vy,o=V_, (3.4)
so that the restriction of the N = 2 chiral superfield ¥ = ®| = i{V4,V_} is a twisted chiral
superfield in the reduced N = (2, 2) supersymmetry. Note that X contains the complex scalar of

the N = 2 vector multiplet as its component field. Also it is important that we have the following
relations from the Bianchi identities,

[Vi,V_;]1=0. (3.5)
The N = 2 superspace action is reduced to the N = (2, 2) superspace,
1 - T . -
L= —ng/d“QTrEE —Im [Q/d29Tr (12[V+;, V_i]1-[V_,V_;][V4, V+;]):| .

(3.6)
Now let us turn on the noncommutativity on the (x!, xz)-plane, [x!, x2]=i ¢, while leaving the
(x%, x3)-plane commutative. Define the raising and the lowering operators:

c:L(x1 +ix?), cTzL(x1 —ix?), [c,c'1=1. 3.7)
V2t V28
The effect of the noncommutativity is that the covariant coordinate
1
d=—i—c— —=(A1+iAy) (3.8)
NI/

can act by commutator as the covariant derivative along the noncommutative direction [46].
Namely, we can make a substitution V_; — V/2® except in the commutator of two such covari-
ant derivatives,

- 2

where we have the extra term from the commutator of ¢ and ¢'. Note that ® is an adjoint chiral
superfield in the N = (2, 2) supersymmetry by the relation (3.5). The fields are now promoted
to endomorphisms of the Fock space H that represents the algebra (3.7), on which the depen-
dence of the fields on the noncommutative coordinates are encoded. The integration along the
noncommutative directions is replaced by the trace over the Fock space,

fdxlde(.--) =CTry( ). (3.10)

Thus, with the Wick rotation, we arrive at the Euclidean two-dimensional N = (2, 2) superspace
action of the four-dimensional theory with the partial noncommutativity

, ) L
L= 8’_ <‘L’/d29TI‘H®CN2+C.C) + %/d“eTrH@CN [—522+®ev®:|, (3.11)
T 8

with the following superfield contents’

5 Here we are denoting the complex scalar which descends from the N = 2 vector multiplet as o, which has been
denoted as ¢ so far. The convention may be confusing but is more traditional in N = (2, 2) context.
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Twisted chiral : ¥ = (o, A4, A_,iD + Fi3) (3.12a)
Adjoint chiral : & = (¢, ¥, F). (3.12b)

As is apparent from the definition of @ as the covariant coordinate, the U(1) = SO(2)12 C
Grot spacetime rotation becomes the flavor symmetry rotating the chiral multiplet ®. The partial
Q-deformation (g1 # 0, &2 = 0) is simply weakly gauging this U (1) flavor symmetry to generate
the twisted mass for the chiral multiplet,

Ve, =—£10767 — 51076 (3.13)
Thus the final form of the action is
. 3 1 . 5
[, = é <T/d29TrH®(CNE =+ C.C> + é/‘déleTrH@(cN [—522 + CI>€V+V51 q>i| s
(3.14)

which can be expanded to an x-space action,
L="S 1 L2 4 puotor +1D2—'D[ T]—1)+1[ P+ FFT
T g2 etV |57 po Dro+3 iD([¢, ¢ : slo.o

+Du¢ D" ¢+ [0, ¢l + 10> + |0, '] — 19"
+2iA  Day —2iA_Dzh_ +2iy Dy —2iy_ Dz
+ V204 [0, A1 — V20, A1y
V20 (o o1+ E1yo) + V29 (o, Y] + e19r4)
— V2 Ao 1 + V20 (A, 9] — iV209T Ay Ty
+iv2[¢", Hm]

150

The bosonic part of the action can be written as

it
Lpos = _ETI’HQZJ(CN Fy3

¢ ! qo 1Y 2 t i
+ 5 Tgon | 5 (Fa+19.071= =) +4ID:0P + Do Do + FF

1 . + 1 z 2 T T2
+§ D —i [¢,¢]—E +llo. ¢l +e1dl”+ o, ¢'] —e19']

1 12
taloe . (3.16)
from which we read off the vacuum equations
¥ 1 . 5 1
F43+[¢’¢]_E=0, DZ¢=O, D—i [¢,¢]—E :0’

Do =0, [0,06'1=0, [0,¢]4+e1¢=[0,¢"1—e1¢' =0. (3.17)

We focus on the trivial sector where F43 = 0. Then the vacuum equations are solved by
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D=0,

o=¢ictc @Iy + 1y ® diag(ar, az, - -, ay),
1 A

p=—c®1en, ¢ =—c @1cw, (3.18)
NG NG

where a, are moduli that parametrize the vacua. Since o is the complex scalar in the N = 2
vector multiplet, a, are nothing but the Coulomb moduli in the four-dimensional perspective.
The low-energy effective action is obtained by integrating out all the massive modes and high
energy modes around the vacuum (3.18). Thus we split the vacuum expectation value and the
quantum fluctuation,

o=00+6, ¢=¢o+9. (3.19)
and expand the action in fluctuation modes. We introduce the following gauge fixing term
2

Ly = %ZTrH@CN [BHA“ —ilo]. 61— ilo0. 61— ilg]. $1— ilgo, qST]] (3.20)

to cancel the mixing terms in the quadratic order. Then we are left with

£bos+£ﬁx
1
=§Tm®czv [5% +1[Au, 00l1* + 1[A L, ¢oll?
+ D,6"D"6 + D, d" D p + %(SMA“)Z + FF'
A A 1 A R 2 n 1
—iDI3. "1+ 5 (D =190 #1418 9D) +211. 41” + 516571
+16.67] ([ao,(}f]ﬂ&,ag])+2|[5,ag]|2
—[Ay, o IIA*, 61— [Ay, 6 T1TA*, 0]
—[Ay, §OAR, §1 — [Ay, §T AR, o] + llo, d1 + €101 + 1[0, '] — 167
106, gol> + 116, 11 + 15, Pl 671

+16", 6116, ¢ol + (6, ¢ 1[0, 671+ [, 616, ¢3]]

i
— 87'[—2TrH®CN F43 (321)
For generic values of Coulomb moduli, the only massless fluctuations are the modes of the
abelian twisted chiral multiplet,

S=6+-=1y@diag(T1, o, -, Tn). (3.22)

All the other modes are integrated out in the effective theory, possibly contributing to the effective
twisted superpotential W(X,). Therefore the effective two-dimensional theory is a pure abelian
gauge theory of rank N with a certain effective twisted superpotential.

However, we discover that additional massless modes emerge at the special locus of Coulomb
moduli, {aes =mey | m € Z\ {0}}. Namely, the mass term for the chiral multiplet mode
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s a i(c*)"ll@Eﬁ,a%ﬁ’ it m>0 (3.23)

) + ... = .
¢ (Y™ Q@ Ey pdap, if m<0

vanishes at the locus. Here, E, g is the N x N matrix whose elements are all O except 1 for the
element in the oth row and the Bth column. A massless mode of chiral multiplet is generated
for each such a pair of («, 8). The emergent massless modes signify the failure of the effective
description of the theory. In [22], it was argued that this failure is cured by the appearance of
solitonic particles, which prevent the massless modes to occur through the wall-crossing. It would
be nice to directly see how this wall-crossing phenomenon interplays with the insertion of surface
defects discussed in the following sections.

4. Surface defect
4.1. Construction

As non-local gauge-invariant observables, the surface defects enrich the study of N = 2 super-
symmetric gauge theories and Bethe/gauge correspondence. There are two ways of constructing
the half-BPS surface defects in the context of the N = 2 gauge theory. One of them is orb-
ifolding the four-dimensional spacetime with respect to the action of the cyclic group Z, as
Cey x (Cy,/Zp). This type of surface defect is referred as the orbifold surface defect. The sec-
ond way is inserting a degenerate gauge vertex in the quiver which defines the quiver gauge
theory of interest. Even though these constructions seem to be distinct, there is an IR duality (at
least in the A case) between the two types of surface defect that descends from the M-theory
brane transition [39]. We introduce them both constructions below, although we mainly utilize
the orbifold surface defect for our purpose. More general discussions on half-BPS surface defects
on quiver gauge theories are in [20].

4.1.1. Orbifold construction
Throughout the discussion, let us restrict our attention to the pure U (/N) gauge theory. The
orbifold surface defect Dz, , is constructed by specifying the embedding
p:Zp— H=Gg x Grot, 4.1
from which we define the surface defect as the prescription of performing the path integral over

the space of Z,-invariant fields. The rotation group part of the embedding is always chosen to be

2mi
Q(¢) : (z1,22) = (21, ¢z2), for CZGXP<7)- 4.2)

To fully characterize the surface defect we need to further specify the gauge group part of the
embedding p. It is assigned by the coloring function

c:[N]={0,---,N =1} — Zp, 4.3)

from which we define the gauge group part of the embedding p such that the vector space N
decomposes as

N=Y eP“Rwy= > NoRy == No= ) e, (4.4)
o weZ, aecH(w)

where R,, is the one-dimensional irreducible representation of Z, of weight w,
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Z, —> End(R)
L%, 4.5)

Then we also decompose

K= Z K,R,, where K, = Z Z ePlateari=Dre(j=1) (4.6)
o

W€y i, j)er@®
c(a)+j—1=w mod p

We can identify the spacetime C? with the orbifold C?/Z p through the map (z1,z2) = (21 =
71,22 = zg ). This map is singular along the surface z; = 0. Therefore the path integral over
the space of the Z-invariant fields on (z1, z2)-space is interpreted as the path integral over the
(z1, 22)-space with the insertion of a defect along the surface z> = 0.

An orbifold surface defect is called regular for the special case when p = N and ¢ € Sy,
where Sy is the permutation group of [N] = {0, - -- N — 1}. This special kind of surface defects
plays an important role in constructing the eigenstate wavefunctions of the integrable system in
section 4.2.1 and section 5.

4.1.2. N =2 supersymmetric gauge theory with orbifold surface defect
We now investigate the N = 2 gauge theory in the presence of the orbifold surface defect. In
the presence of the surface defect, the coupling constant is fractionalized

1 qo=A2"2 wel,, 4.7)
Zw—1

with z,4p = z,. The surface defect partition function is the path integral over the space of

Zp-invariant fields, which can be easily obtained from the bulk partition function. From (2.17),

the instanton part of the surface defect partition function is immediately obtained

\IlicnSt(a’ £,(,2) = Z l_[ q];)“’e(—T[}.]ZI”C), (4.8)

A weZp

where k,,[A] = dimK,[A] is the fractionalized instanton number and (- - ~)ZP*C is the prescription
of keeping the Z ,-invariant piece for the given coloring function ¢ only. The Z,-invariant piece
of the character (2.14) is given by

TN =Y [NoKi+q12Ni Ko 1 — (1 — q) KoKl + q2(1 — ) KWK, ] (4.9)

welyp

In the special case that the coloring function ¢ : [N] — Z, is chosen to be surjective, (4.8) is
identical to the computation from the chain-saw quiver [14]. Note that the instanton part of the
surface defect partition function also defines a statistical model on the set of colored partitions

{1}, with the measure ;L%”'C(a, &) =Tlyez, ko e (—TAZr©).

4.1.3. Degenerate gauge vertex construction

For the A,-quiver gauge theory with the gauge group SU (N), the first gauge factor couples
to a fundamental hypermultiplet which contributes to the partition function with its masses (see
Fig. 1). Let a; o be the Coulomb moduli for the first gauge vertex as before, and ap , be the
mass of the hypermultiplet that couples to the first gauge vertex. If we tune the mass of the
hypermultiplet as
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r r+1

Fig. 1. A,-quiver with a degenerate gauge vertex.

ap,1 =ay1 t+é&
aoe =a1,e aF1, (4.10)

it is apparent from (2.14) that the contributions to the instanton partition function from all the
fixed points vanish except the ones from single-column Young diagrams [20],

A = d, o, o |=20w), d=o. (4.11)
[]

Let us call a gauge vertex degenerate in this case. In the BPS/CFT correspondence, the degenerate
gauge vertex corresponds to inserting a simplest fully-degenerate primary field in (r 4+ 3)-point
chiral block of Ay_;-Toda CFT,° which was identified in [35] with a half-BPS surface defect
in the gauge theory. Hence the surface defect partition function is just the Nekrasov partition
function (2.17) of the A,-quiver gauge theory under the degenerate condition (4.10). Now the
qg-characters play an interesting role in connecting the gauge theory, the CFT, and the integrable
system. The non-perturbative Dyson—Schwinger equations of the A,-quiver gauge theory can
be used to derive the BPZ equation with a simplest fully-degenerate field [21]. The Nekrasov—
Shatashvili limit (the semi-classical limit of the CFT) of the equation yields the Fourier transform
of the Baxter equation for the corresponding integrable system. We elaborate on the derivation
for the non-conformal A,-theory with SU (3) gauge group in section 4.2.2.

4.2. Consequences of the non-perturbative Dyson—Schwinger equations

We now derive the differential equations that surface defect partition functions satisfy, using
the non-perturbative Dyson—Schwinger equations. For generic quiver gauge theories with half-
BPS surface defects, the non-perturbative Dyson—Schwinger equations derived in [20] can be
used to prove the KZ equation and the BPZ equation satisfied by the partition functions [21].
In this paper, we study the surface defects on the pure U(N) gauge theory which is relevant
to the periodic Toda system. The orbifold surface defect partition function is shown to satisfy
the Schrodinger-type equation, while the degenerate gauge vertex partition function satisfies the
Baxter-type equation. Note that those differential equations are valid for all values of € = (g1, £2),
as the fact will be crucial for investigating the special locus of the Coulomb moduli.

4.2.1. A-theory with orbifold surface defect

Let us consider the A;-theory with the gauge group U (N) in the presence of the regular orb-
ifold surface defect Dz, ,, with the coloring function s € Sy . With respect to the representations
of Zy, the Y-observable factors as:

6 If we impose ag,1 = aj,1 + €1, it corresponds to the other simplest degenerate field in the Ay _j-Toda CFT and
the surface defect on the other orthogonal plane. Here we choose to insert the degenerate vertex of type (4.10) to be
consistent with the convention for the Nekrasov—Shatashvili limit, e — 0, as we shall see.
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Yy = ] Yo, 4.12)
weZN
where
X —cp— €] X —cp—8&
Yo (A= (x —ay-1(,)) -~ 40 - - o = (4.13)
’ l()Dl;[({u X —cp Del;([ulx—clﬁ—a

In terms of these Y,,’s we also have the fundamental refined gg-characters, which are obtained
as the orbifolded crossed instanton partition functions [19],

1
2ZwZ

o
Xp(X) = Yopi1(x + &) + T;)_l’ (4.14)

whose expectation value in the gauge theory in the presence of the surface defect,
1 zZ
(Yo (0)s = L > XD M (@, €) = Ty o (), (4.15)
Y

is a polynomial in x by the compactness theorem proven in [18]. In particular, we have the
vanishing equations,

[x 7" X (x))s =0, neZsyo. (4.16)

We study the coefficients of x~" of the fundamental refined gg-character in the large x limit.
The lowest order coefficients are given by:

2 2
_ o a.—1 1 1 _
0 =5 (kw — ka1 — %) = 3 ) T E162K0 + A2z, L
e1
t+ o (ko = kopi1) + €1 Yoeg— D el (4.17a)
0ekKy 0eKyt1

3 3
& £
[x 21X, = gl(kw —kpy1) — Elacw —kpt1)? + ee2ko1 (ke — kot 1)

2 2
&€ &
+ (e = ay1an) | 5 Ko = kot1)? = 5 (ko = kos1) +e162ko 41

ter| Yoca— D oca ||+ A0zt G0

0ek, O0€Kyt1

+e1ko — ko)) +6Tke —kor) | Y ca— D s

0ek, OeKyit1
8? 2 2 2
+?(kw_kw+l)_‘91 Z a — Z ¢y | e Z ‘g — Z s
oek, 0eKyt1 0eky, 0eKy+1
— 1628k +20182 Y cp. (4.17b)

O€Kp+1
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The expectation values of (4.17) yield the vanishing equations. We take the sum over w € Zy,
while simplifying (4.17b) using (4.17a), to get the following differential equations,

2
€] J as ‘(w+1) 2 a2

0= Z tog T T +A ZZwa 17 5 2% 1wt
2 ~ 024

w

1 8 inst
+ —c182A— |V, (a,¢e,q,2), (4.18a)

0 0 a.—1 a.—1
+AZZZwZ;£1 (_81 (ng + 201 R o (a))) +82>
w

0Zp—1 €1 1

0 e
—— Z s T 818281\8— + 28182< Z C\:\> :| Ui™'(a, e, q,2z). (4.18b)
s

Oek

Note that (4.18a) is the one-line rederivation of the results of [23,24]. In the Nekrasov—Shatashvili
limit (e — 0), these differential equations produce the spectral equations for the Hamiltonians
O3 and O3 of the periodic Toda system, as we shall see shortly in section 5.

4.2.2. Ajp-theory with degenerate gauge vertex
The fundamental gg-characters for the A>-quiver gauge theory can be written as [17,19],

Yo(x)Ya2(x + &) Yo(x)d3(x + &)

X = , 4.19
1) =Y%1(x+¢e)+q 91 00) + 9192 Yo () (4.19a)
3Cz(x):,ZJZ(X_i_g)_i_q;él(x)%(x+8) +qlq290(x—8)93(X+8)’ (4.19b)
Y2 (x) Yi(x —¢)

whose expectation values are polynomials (X;(x)) = T;(x) [18]. Here Yo(x) = ]_[gzl(x —ap,«o)
and Y3(x) = ]—[fj:l(x — a3,4) by definition, Y1 2(x) are Y-observables (2.20) for the two gauge
vertices, and qj 2 are the respective gauge couplings. Note that some of the terms are simplified
if we start from the non-conformal A;-theory with the gauge group SU (3), in which the second
hypermultiplet decouples

3
@ =0, a34—>00, q][asa=A"fixed (4.20)

a=1

In the A>-Toda CFT side, this is equivalent to studying the irregular 4-point block (one irreg-
ular puncture, one full puncture, and two semi-degenerate punctures). Now we replace one of
the semi-degenerate fields by a simplest fully-degenerate field, making the degenerate irregu-
lar 4-point block. As we have seen in section 4.1.3 this replacement corresponds to degenerate
gauge vertex, which we choose to be the left-most one (see Fig. 2). When the first gauge vertex
is degenerate in the sense of (4.10), it contributes to the instanton partition function only through
the single-column Young diagrams (4.11), and the first Y-observable is simplified,
—ap,1 + & —dej

Y1 AD@)] = Yo () - . (4.21)

—ao’l —d€1
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Fig. 2. non-conformal A,-quiver with a degenerate gauge vertex, SU (3) gauge group.

Then the two gg-character equations (4.19) can be combined to yield a degree 4 equation

0 0
0= (x —ap,1 —81q1—) (Th(x)Z) + q1A3 (x —ap,1 — €& — €1 (1 + q1—>> Z

a9 941
B a
—q, ! (x —ap,1 té& —¢&1 (—l + C[la—ql>> (T1(x)Z)
ad
+a;7 Yo(x +¢) <x—ao,1 +2e — ¢ (_1+qlﬁ>> Z. (4.22)
1

All the coefficients of positive powers of x actually yield trivial equations. The coefficient of x°
gives the following differential equation for the partition function with respect to q; and A,

3 3

_ 9 5
O=1—q 1 l—[ ("OJ — a0« +51q18—q1> + 1_[ (ao,1 — a2t €] <1 +q18_ql))
a=1

a=l1

a1 9
A A 1
+8152<8+81+ao,1+81maq1>3 oA (I—q1)

+ 28182< > cﬁ> Z(a, &, q1, A). (4.23)

0eks

In the context of the BPS/CFT correspondence, this is the BPZ equation [47] for the degenerate
irregular 4-point block in the A;-Toda CFT. Note that it is valid in the full quantum regime of
the CFT.

For our purpose of investigating the periodic Toda system, we can subject (4.23) to a further
degeneration limit. First we make a change of variables,

dlog(z(q1))  — _
are @), —o e =g @ =7 (424)
q1
introduce a prefactor,

2(a, e, q1, A) =e/Z(a, e, 2, K), (4.25)

.. df(q)  —2ao1 +ao2+ao3 —e1+3(ao,1 +e1)q1
with = 73 ,

da 3e1q,""(q1 — D3

to bring the equation into the canonical form in which the coefficients of the highest order differ-
ential is 1 and of the second-highest order differential is 0. Then we get the degenerate irregular
3-point block (two irregular punctures and one fully-degenerate puncture) by taking the limit

A—0, apq— 00, (— 00,

3
N [Ja0a =2 —— =z fixed. (4.26)
a=1 1_[()(=1 aO,oc
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Even though the result is fairly complicated in general case, only a few terms survive in the
degeneration limit. The final result is

e 1 3\ e[ 1~ )
0={A%+-+e (2= ) -5 (D ate—ze1828A—= ) (2=
z+ - + & (Z32> ) (a: ay .y 38182 YN zaz

3
I s 1~ @ ~ -
_§E a2,a+6818281\a—x+28182< E C|j> Z(a, e, z, A).
a=1 Oeks

4.27)

Thus we have derived the BPZ equation for the degenerate irregular 3-point block in the A,-Toda
CFT. Note that this equation can be interpreted as the double quantization of the Seiberg—Witten
curve (2.27) for the pure N =2 SU(3) gauge theory. Under the Fourier transform

Rae,z. M= Qw)z i, (4.28)

xel

where I’ is a lattice with the lattice spacing &1, the equation becomes the Baxter-type equation
RPQ(x + 1) + Q(x — 1) = T (x)Q(x), (4.29)

where we have defined the spectral polynomial

1 1
T(x)=x>— 5(02)): + g<o3), (4.30)

whose coefficients are precisely the expectation values of the gauge-invariant chiral observables
(2.22). Note that (4.29) indeed has the form of the Baxter equation for the periodic Toda sys-
tem’ [29], except it is more general since it is valid for generic values of € = (¢1, €2). In the
Nekrasov—Shatashvili limit £ — 0 (the semi-classical limit of the CFT, h%FT =¢18 — 0), the
equation (4.29) is obviously reduced to the ordinary Baxter equation for the 3-particle periodic
Toda system.

5. Splitting of the surface defect partition function

Finally we study the splitting behavior of the regular orbifold surface defect partition functions
and its relation with integrable systems. A crucial remark is that the differential equations (4.18)

are still valid even at the special locus of the Coulomb moduli, {%ﬁ e 7\ {0} ] Thus the surface

defect partition function can be used as a probe for the special locus, where the bulk partition
function does not provide a simple picture for the correspondence. Meanwhile, on the integrable
system side the special locus still gives the well-defined spectral problem of mutually commuting
Hamiltonians, except that the spectra become degenerate at the 0-th order due to the specially
tuned Bloch angles. In particular, the differential equations that define the spectral problem are
still the same. Therefore the surface defect partition function is expected to detect such a splitting
behavior of the corresponding integrable system. In particular, we will observe that, while the
surface defect partition function still has the additional singularities in the limit ¢, — 0, it splits
into parts in such a way that those extra singularities are resolved in each split part.

7 Since we have started with the gauge group SU (3) instead of U (3), the total momentum O has been decoupled.
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First note that for generic values of Coulomb moduli the surface defect partition function
exhibits the typical asymptotic behavior in e, — 0,

_ Sl Wa,ep,A)

‘Al;s(a’ st’z)El_[ZCU . ‘I’_iYnSt(aveaA’z)ze K (ws(a,gl,A7Z)+o(32))7
w

6.D

up to some prefactor. Therefore the differential equations (4.18) realize the Schrédinger equa-
tions for the periodic Toda system

2 2
£ d
[7‘ > <zw§> + A7) 2,2, — Ea(a, e, A)] Us(a &1, A,2) =0, (5.2a)
) @ 3
3 3
& 3 5 ) ) )
- — ) —&A — _
3 ~ (Za) aZw) €1 ;szw—l (Zw aZw + Zw lawal
- E3(a7817A) wS(a7817Asz):Oa (5.2b)
where
1 1 aW@, e, A)
Exa.e1.A)=5) as— el A———, (5.3a)
2 & 2 A
1 1, W@, e, A) .
Ex(@,e1, ) =3 > a) - EE%AT —2¢; 812151082 > eq (5.3b)
%) Oek s

are nothing but the eigenvalues of the Hamiltonians (2.34) we have derived in the theory without
the surface defect.®>” Note that even though the meaning of the expectation values in (2.34b) and
(5.3b) are different, the final results agree in the limit &, — 0. Thus the surface defect partition
function provides a constructive way to obtain both the eigenfunctions and the eigenvalues of the
Hamiltonians of the corresponding integrable system.

Now we attempt an analogous construction at the special locus of the Coulomb moduli. The
investigation reveals the splitting behavior of the surface defect partition functions.

51. N=2

Let us first consider the simplest case, N = 2, in which there are two choices for the regular
orbifold surface defect corresponding to the elements of S> = {id, (01)}. The Schrodinger equa-
tion (5.2a) is precisely the Mathieu equation up to some change of variables. At the special locus
{ag = me1 | m € Z \ {0}}, we observe that the surface defect partition functions split into two
parts,

8 The relative factor N in the second term is due to the map (z1,22) = (21, zév ) in the orbifold construction of the
regular orbifold surface defect, which shifts the equivariant parameter as e — Ne&j.

9 Although the eigenvalue (5.3b) seems to depend on the choice s € Sy through the expectation value (- - )y, it turns
out not to. This is consistent with the computation in the absence of the surface defect, (2.34b).
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- - Wik (e1.0)
Wia(aor =mey, €, A, z) Y1) (aor =mer, e, A, z)=e 2 (W,:,If(el A, 2) +O(2)).
5.4)

Note that (4.18a) guarantees the wavefunctions T/f,f (e1, A, z) to be the split eigenfunctions of the
Schrodinger equation (5.2a) with the split energy spectrum
2.2 oE=
E;fmzmggl _%SIAW‘ (55)

We decoupled the irrelevant center of mass contribution and rescaled by a factor of 2 for con-
venience. The splitting behavior exactly accounts for the broken degeneracy due to the quantum
tunneling effects on the integrable system side. Note that (5.4) is not obvious in the sense that
the split twisted superpotential W,j,i is non-divergent and is independent of the fractional gauge
coupling z. Also, it should be emphasized that the split twisted superpotential Wﬁj shows the
series expansion in A2, as opposed to the A*-expansion of the generic twisted superpotential.

We have checked that the split eigenfunctions ¥ and the split eigenvalues Eim in (5.4) and
(5.5) precisely match with the well-known results of the half-periodic and the periodic solutions
for the Mathieu equation, for various m € Z \ {0} to some order of A. Therefore the splitting
of the surface defect partition functions accounts for the splitting of the degenerate levels in the
integrable system, and the correspondence between the gauge theory and the integrable system is
recovered for the special locus of the Coulomb moduli space. We present some specific examples
of the computation in Appendix A.1.

52. N=3

In the case N = 3, the Hamiltonians are no longer Hermitian and the eigenvalues are not nec-
essarily real, yet the perturbative series is well-defined including the degenerate case. Therefore
we can still compare the spectra and the wavefunctions obtained from the gauge theory with the
quantum mechanical computations. As mentioned in section 2.3, for the non-degenerate cases
the known dictionary of the correspondence works as stated. Let us turn to the degenerate cases.
There are three types of degeneracy possible, which are 2-fold, 3-fold, and 6-fold respectively.
Without loss of generality, those degeneracies occur at the loci

2-fold: {ao1 =mey,apy is generic | m € Z \ {0}}
3-fold: {ap1 =apxy =mey |meZ\ {0}}
6-fold : {ag1 =mer,amn =le1 |m,l € Z\ {0}, m #£1}.
There are some subtle issues for the 2-fold and 6-fold degeneracies that obstruct our understand-
ing of the splitting of the surface defect partition function, so we leave them to future work. Here
we discuss the splitting of the surface defect partition function for the 3-fold degeneracy.
We have 6 different regular surface defects corresponding to the elements s € S3. Due to the

residual symmetry, only 3 out of 6 are independent of each another in the case of aj; = 0. We
form the split surface defect partition functions as

[‘T’(on)(a, €N, z)+ C‘T’(ozl)(a, e, A7)+ Wg(a, &, A, Z)]

agl=an=me|

W (1.0
=e 2 (Y51, A, 2) + O(e2)),
(5.6)
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where ¢ is any third root of unity, £> = 1. Therefore each surface defect partition function splits
into three parts, accounting for the level splitting of the 3-fold degeneracy. The wavefunctions
w,,i (e1, A, z) are the common split eigenfunctions of O and O3 by (4.18) with the split eigen-
values

2.2 014
¢ m¥ 1 9Wh(er A)
Eyw=—73" 5010 —— (5.7a)
2mied &2 3\7\7{ (e1, N)
¢ 1 1 m(€1, ¢
Esm=—r — 5 A —2eci(en ), (5.7b)

where we have decoupled the irrelevant center of mass contribution and defined the split expec-
tation value

c§ (e, A)
<ZD6KCE|> CI}(012)+C<Z\:\5K06> ‘T’(021>+§2<Zmez<c‘a> Wig
= i 012) 021) id
m &2 ~ ~ zq}
£2—>0 Yo12) + & W021) + ¢ Wid dor=aopme]

(5.8)

It is not obvious that clg (e1, A) neither diverges nor depends on the fractional coupling z; in
those cases the split eigenvalue (5.7b) would not be well-defined. The computation shows that
ci (e1, A) indeed behaves as desired. Note that the split twisted superpotential W,g, and the split

expectation value cf have the series expansions in A2, as opposed to the A%-expansion of the
generic twisted superpotential and expectation value. We present some examples of computation
in Appendix A.2.

6. Discussion

In this paper we have studied the Bethe/gauge correspondence for the special locus of the
Coulomb moduli of the gauge theory, where the integrable system becomes degenerate in the
non-interacting (free) limit. The analysis on the gauge theory with partial noncommutativity and
partial 2-deformation revealed the emergence of extra massless modes of matter multiplet at the
special locus, which makes the generic effective description without matter multiplet inappli-
cable. We used half-BPS surface defects, which are constructed out of orbifold and degenerate
gauge vertex, to investigate the problem. The orbifold surface defect provided a constructive
approach for the common eigenfunctions as well as the spectra of the Hamiltonians of the inte-
grable system. Namely, the non-perturbative Dyson—Schwinger equations can be used to show
that the surface defect partition function satisfies the Schrodinger-type equations, which indeed
reduce to the spectral equations for the Hamiltonians in the Nekrasov—Shatashvili limit. The de-
generate gauge vertex partition function was shown to satisfy the BPZ equation of the dual CFT
by the non-perturbative Dyson—Schwinger equation. In the Nekrasov—Shatashvili limit, the equa-
tion was reduced to the Fourier transform of the Baxter equation for the corresponding integrable
system. We have seen that at the special locus of the Coulomb moduli the orbifold surface defect
partition functions split into parts. Each split part assumes the desired asymptotic behavior in
the Nekrasov—Shatashvili limit so that the degenerate perturbative series for the eigenfunctions
and the eigenvalues could be precisely reproduced from the gauge theory perspective. We have
presented some examples of the splitting.
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There is a natural generalization of the investigation, i.e. adding various flavors to the theory.
It is manifest from the instanton counting procedure that the theories with various types of flavor
share the same denominator in the effective twisted superpotential. Thus U (N) gauge theories
with flavors show the same divergent phenomena at the special locus of the Coulomb moduli
space, which are expected to correspond to the splitting of degeneracies in the integrable system
side. We may introduce the regular surface defect in those theories, with some proper assign-
ment of the colorings for the flavors, and investigate the splitting behavior at the special locus.
Some theories with fundamental hypermultiplets have non-Hermitian Hamiltonians even in the
simplest case N = 2. It would be a nontrivial check to see how the splitting works for those
theories.

Another interesting issue to be considered is the 5d uplift. While d = 4, N = 2 gauge theories
correspond to the non-relativistic integrable systems realized on the Seiberg—Witten geome-
try, the d =5, N = 1 gauge theories compactified on a circle correspond to their relativistic
cousins [11]. The main difference is that the spectral equations become difference equations
instead of differential equations. It was checked in [42] at some low instanton numbers that the
codimension-two surface defect partition function satisfies those difference equations, for the ex-
ample of N = 1* theory. It would be nice to construct a rigorous analytic proof of those relations
as done in this work for the four-dimensional case, using the 5d version of the gq-characters
[17]. The algebraic engineering of codimension-two defect partition functions a la [44] can be
useful for this study. The splitting of degeneracies would persist in those relativistic integrable
systems, and the insertion of codimension-two defects is expected to detect this splitting through
their partition functions.

The study of resurgence in integrable systems can have a connection with our story. For ex-
ample, let us consider the Mathieu system which corresponds to the pure N =2 SU(2) gauge
theory. The exact spectrum of the Mathieu system around a minimum of the Mathieu poten-
tial V (x) = A2cosx exhibits the trans-series expansion, which can be computed by the exact
quantization condition [40]. In [41], it was argued that this exact quantization condition can be
regarded as the Nekrasov—Shatashvili quantization condition in the strong coupling regime. The
analysis showed that the prepotential at the strong coupling regime gets non-perturbative cor-
rections (in the sense of quantum mechanics). Using the connection between the weak and the
strong coupling regimes described in [43], we may look for the gauge theoretical understanding
of a nontrivial relation between the aforementioned non-perturbative effect in the strong coupling
regime and the non-perturbative effect in the weak coupling regime, i.e. the splitting of the degen-
erate levels studied in this paper. The topological string point of view on the exact quantization
in [45] can also be related along these lines.

It would also be interesting to clarify the implication of the other eigenfunctions for the split
eigenvalues. For example, it is well-known that for the Mathieu system the second solution for the
split eigenvalue includes a logz term. Actually the second solution for ag; = 0 (where the split-
ting does not occur) can be obtained by taking a derivative of the surface defect partition function
with respect to the Coulomb moduli. When ag; = me; this procedure is not available since the
surface defect partition function has discontinuity at the special locus. However, we may insert a
’t Hooft line operator on top of the surface operator to get a &;-shift of the Coulomb moduli [35,
37,38], which becomes infinitesimal in the Nekrasov—Shatashvili limit. Since the configuration
is expected to have a well-defined effective twisted superpotential in the Nekrasov—Shatashvili
limit, its partition function may produce the second solution with log. Unfortunately, the su-
persymmetric localization for such configuration of non-local observables is not available as of
yet.
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Appendix A. Examples of split surface defect partition functions
Al. N=2

For N = 2 case we can compare the results from the gauge theory with the well-known Math-
ieu functions with half-period and whole-period, in [48] for example. We observe the precise
match between the two.

i) apl = ¢€1
Wig(ao1 = €1, €, A, 7) £ ‘T’(m)(am =¢1,6,M,2)

2 4 6 8 10
L(i“—ﬂ’l—ﬁ"—ﬁ“—i”“ +O(A12)>
‘1 1

_ eé”z € 126 96&:{ 7205?
A2 73247732
|:Zl/2:|221/2+ =
1
N A_4 52 4 77572 ~ /24,7172 ~ 7732 4 732
et 12 8 12
N A_6 Z7/2 :I:Zf7/2 N :FZ5/2 _Z75/2 B Z3/2 :I:Zf3/2 N :|:Z1/2 +Z71/2
£ 144 18 48 8
A_8 Z9/2 :l:z79/2 :FZ7/2 _277/2 N 49(iZ3/2 +Z73/2) B 37(Z1/2 :|:Z7]/2)
el 2880 192 28 1152
A—IO Z11/2 + Z711/2 N :F29/2 _ 279/2 Z7/2 + 277/2
g? 86400 3600 5760

41224+ 31722737 1212+ 71/
1152 2304 1728

+O(A") + 0(82):| (A.1)

Using the dictionary (5.5) we compute

et AT AT A AP 1A LoD B2
2m=1 TR T T 42 T sl 486l T 28868 ' '
These split eigenvalues and split eigenstate wavefunctions exactly match with the known results
for the Mathieu function.
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ii) ag1 = 2¢
Wiq(ao1 =2¢1, €, A, z) = Y1) (ao1 =2¢1,€, A, 2)
4 8
_ (e oun)

A2 (272 A (P 51
+ (= -1 (= (2t )t
[z z +—8% ( 3 ( ))-+ o ( 54 <9 2>(Z z >)

AR T Y gy B
6 2T1s) T 0T

6\ 360
+A8zﬂu4 Ll PEN I %“5i83(i'ﬂ
S\ 78640 \120 576)° T° 10368~ 54 ) °
A (64776 11 1 s 91283 |, 37
PR _ + '—4 4+ 20 ,2:|: -2
+8P<3mmo <25920$14400>(Z ¢ )+<w$m 6%%2 Z7)
134855
— 1+1 oA +o A3
5184 ( )>+ (A + (82)} (A.3)
2 4 8
N e (1 1\A 379, 8\ A 1
E2,m—2=?+(§i§)¥— mig E‘I‘O(A ) (A4)
iii) ag; = 3¢
Wig(aor = 3e1, 8, A7) + ‘T’(01)(a01 =3¢e1,6,A,2)
| A4 6 13A8 10
VIV A_2 512 5 77512 - 212
8% 4 2
A_4 P22 ~ 532 1 773/2) ~ 2512
et 40 32 4
. AS (9257792 1152 577577 . =32 4 7732 . 2 g2
e 720 640 8 64
A8 (1212 (TR 512y 52 4 5
£} 20160 11520 64

1621(z32 2732 21(£Z1/2 — 77172
51200 128

A0 [713/2 5 132 ~ 2247792 3724 777/2) - 12329(z5/2 + 775/2)
806400 32256 3200 1843200

+9(:|:Z3/2 _ 273/2) 14061(Z1/2 ¥ Z71/2)

12
178 102200 >+mA)+O@ﬁ (A.5)
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o _9sf  A* A 13A8 5AT0

4
2,m=3= > T oa 6 8
8ey  8e]  640¢] 128¢7

+0O(A1?) (A.6)

A2. N=3

In the case of N =3 we do not have a known result to compare to. Although the degenerate
perturbative expansion can be done in principle for the non-Hermitian Hamiltonians, it quickly
becomes tedious for increasing orders. The following results from gauge theory provides an
alternative way to compute the split eigenfunctions and the split eigenvalues.

i)apr =apy = €1
(W12 (@ e, A, z) + LW o1y (a, &, A, 2) + L2 Wig (@, &, A, 2)]|ag —agr—e,

L 02 2a% A 348 10 aq ag ay
a({?"r( ;+E_CW+O(A ) —a _a_;,_] _;J’_l
1 1 1 ZO Zl ZZ

z 20 Az z 202 3 Bz
142420 S (e 2 (22 2 2 o+
Z1 2 & \220 z1 2z 22 2z; 22

S B U/ N TN (B NN NS}
4 2 2 4722 420 471z 22

€] 221 12z5 4z 220
1 z 32021 22 z?
2 12z 4z; uz2 42022
+A_6 1 3 _§_3ZOZ1_ 523 B 2 2022 | 2122 2 3
e \8 14473 3 423 dnzm 6022 477 623 4zom 36z
(2_d, 4 4,3
821 18z% 362113 423 422z

521 521 3z Z%Zz_i 2023
4z 4zn dzo 670 627 144zf

S 33« z4 2321 z 2 20 3 522
T\ T2 T PP I L R N T
4z7  4zo0  144z;  6z;  6z1z5  4z; 8z5  36z5z2 41

B 2023
1827

A_8 (_ % 21 21 z4 723z 25z 723 z
472
1

e 4z0 ' 288073 192 3623 72112k 243 48z

1320 S5z} 523 2023 523 N 2
8z1 28873 7222 2470 14dzoz? 576z

e (25 523 z z; z 523 _ 3z0z1 1325

JR— + — i
16 72z? l92z(3) 576z zg 2413 144z%z% 4z% 82122
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258wz Tan Snn 15 5 2023
722022 422 3673  288z1  24z0z1 48z 2880z)
2 +25z() _ 2 zg 52321 B zg 5202 i
1621 24z 2880z 288z 482123 T2z3 4z
55 Tx | 13z 2 3z Tzm 255 205
1442022 2473z, 822 57673z 40 36z 7223 192z
+O(A") + 0(82)} (A7)
From the dictionary (5.7) we compute
2 4 6 8
¢ a1 2 A A 3A 10
ES = A2 T L OA A8
2,m=1 3 ; ; 8% 48‘1‘ é’ 28? ( ) ( )
2¢3 2(ap —e1)A*  (ag + 1) A°
¢ _ & 2 22(ap — &1 0+ el
E3,m=1 —E'f'{[\ (—2ap+¢€1)—¢ g% - 4341‘
3(4ag — 3e1)A®
% +O"). (A.9)
4e}
ii) ap1 = agy = 2¢
[‘T’(mz)(a, e, A, z)+ C‘T’(ozl)(a, e, A, z)+ ¢ Wq(a, e, A, 2)]|ag =agp=2¢
é(—(fs—i—%ﬂz%#ﬂAm)) S )
=e 1 1 1 ZO Zl ZZ
2 2 2
Z Z A z Z Z
[1+§—3+§2—2 —2(3—1——0 2
1 7 & \320 22 u
3 2 3 2
20 Z Zp<2 Z 2021 Z
+ol-Z+ 2+ )+ B+ 5 -
FAR < B4 3z, 7z 2
A 3 2z1 4z 2 1 43z 22072 732
vy 3 52 o to  Taati 5T os 22 22 4
e \24z5 2z 22 Y920 4z 2 9zy  4ziz; 3z3 24z,
2 4 2 3 2
42 %, % Ymn 2%
272 2473 973 3zizd 47
1 2 2 123 2
AS (14 5 zm | 3% 3%z, wn | Sun
e9 \27  360z5 18z3 6z5 2ziz2 2ziz2 8z0z2  4zd 727
523 2 br 1475z 3 z 320
362021 3623 2722 18z0 3673z 472173 2.
523 5Z(3)Zz - 2023 . z%z% e 320 zg 5z821
6 3 2 4 6 3 5 ¢ 2 5 2 4
36z7z2 72z Z1 8z7  360z) 21 360z 72z,
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82123 3623 2723 362023 6ziz2 4z 18z 8z
A® 3522 29z 7 B zg 22321 Tz B 2 44z
ed \3223 16279 864075 57625 27z3 97123 9623 27z
_ z 6lzz iz 523 2023 2 23
90z2z>  S4z1 180z3 19222 1820 S54z0z 5767}
e 5z§ 44z 23 z§ zg 3522 z
192z} 2721 57673 5762325 18ziz3 3223 547373
6lgg T 22 | 9% | 7 L 0% | LG5
5422z 972 2720 16277 180z) 9622 90z} 864078
PRYECE I SR N - - I
32 27z 864075 180z 90ziz3 19273 16273 54z
zg 6120z zt 4473 2 7022 %%
962222 ' 5422 5762222 27mizz 18z | 972 57677
+O(A') + O(e) (A.10)
2 4 6
e A* 2A 5A8
E} s Tl §—+—4 Cz +O(A1°) (A.11)
81 9¢
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(A.12)
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