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Chapter O

Introduction

Searching for a quantum theory of gravity is the major challenge in today’s funda-
mental physics, which will merge the conceptual novelties of general relativity (GR)
and quantum mechanics (QM). As the two most great conceptual revolutions in the
physics of the twentieth century, GR and QM have reshaped our basic understand-
ing of space and time, and respectively, matter, energy and causality. And at the
same time, GR and QM have destroyed the single coherent picture of the world
provided by pre-relativistic classical physics, since each was formulated in terms of
assumptions contradicted by the other theory. In particular, in GR, the central les-
son is gravity is geometry, which means that there is no non-dynamical background
spacetime in nature, but the conventional quantum field theory relies heavily on the
existence of a fixed, non-dynamical background spacetime. We are still far from

having found the novel consistent picture of the world.

To find this consistent picture, if one takes the central lesson of GR seriously:
gravity is geometry, it leads to the direction of research investigated by background
independent approaches to quantum gravity, particularly, loop quantum gravity
(LQG) [1-5].

There are several different approaches to LQG. In the canonical quantization ap-
proach [1-4], the Hilbert space of kinematical states and the field operators that act
on it are obtained from classical GR following a rather standard canonical quantiza-
tion strategy, which provide a mathematically well-defined and physically compelling
description of the kinematics of quantum gravity. However, the Hilbert space of dy-
namical states, where the Hamiltonian solves, is not easy to obtain because of the

non-polynomial structure of the current Hamiltonian operator.

This problem can be solved by spin-foam formalism [5-13], which circumvents



the complexity of the canonical LQG Hamiltonian operator: the dynamics can be
expressed by a vertex amplitude of a spin-foam. Research in this direct is currently
moving ahead fast [14-18].

The topic of this thesis is some themes of spinfoam formalism. The focus is on the
imposing of simplicity constraint and the computing the Lorentzian propagator. The
former is to find the way to connect different aspects related to the EPRL spinfoam
model, and the later is to test the resulting model and try to extract physics from
that. The rest of the thesis is organized as follows. We first give a brief introduction
to the spinfoam formalism and kinematical space in chapter 1, then we derive the
spinfoam model from simplicity constraints and obtain the kinematical space in
chapter 2 and 3. In chapter 4, we calculate the two-point correlation function of
gravity from this model in the physical relevant Lorentzian signature. We conclude
in chapter 5.



Chapter 1

Spinfoam formalism and

kinematics

This chapter is divided into three sections. In section 1.1, we give a compact pre-
sentation of spinfoam formalism, which describe the dynamics of quantum gravity.
In section 1.2, we give the kinematics of loop quantum gravity, which is obtained
from canonical quantization. In section 1.3, we give the truncated kinematics from

polyhedral geometry and a outline of this thesis in the end.

1.1 Spinfoam formalism: a simple presentation

In this section, we will give a brief presentation of spinfoam formalism.

Let us start with the notion of spinfoam. Firstly, a foam is defined by an oriented
two-complex with or without boundary. We take a combinatorial definition of an
oriented 2-complex. An oriented 2-complex K := (V(K), E(K), F(K) consists of
sets of vertices v € V(K), edges e € E(K) and faces f € F(K), equipped with a
boundary relation O associating an ordered pair of vertices (s(e),t(e)) (“source” and
f, with t(ex) = s(exs1), t(en) = s(e1) and e.p = +1; here we call e™! the edge with
reversed order of e. We let 0f denote the cyclically ordered set of edges that bound
the face f, or (if it is clear from the context) the cyclically ordered set of vertices
that bound the boundary edges of f. We also write dv to indicate the set of edges
bounded by v, and of faces that have v in their boundary. Similarly, we write de
to indicate the set of the faces bounded by e. When e € 0f, we define €.y = 1 if

the orientation of e is consistent with the one induced by the face f and €.y = —1



if it is not. This oriented two-complex I is called a foam. A spinfoam is then a
foam “colored” with spins and intertwiners. To color the foam, let us consider the
group SU(2) and associate an irreducible representation j; (a spin) to each face of
the two-complex I, and an SU(2) intertwiner i, to each edge of the two complex.
The triple o = (K, j¢,4.) is called a spinfoam.

The dynamics is given by the spinfoam amplitude

Z, =Y T ArGp) [T Aoty de) (1.1.1)
Jfite f v
where the sum is over an assignment of an irreducible representation j; of SU(2)
to each face and of an intertwiner i. to each edge of the two-complex; A,(jr, )
is the vertex amplitude and Af(jy) is the face amplitude. In [19], Bianchi et al.
argue that the face amplitude is uniquely determined for any spinfoam amplitude
of the form (1.1.1) by three inputs: (a) the choice of the boundary Hilbert space,
(b) the requirement that the composition law holds when gluing two-complexes;
and (c) a particular “locality” requirement, or, more precisely, a requirement on
the local composition of group elements. For most models so far considered, these
requirements are implemented when face amplitude Af(jy) is fixed to be the SU(2)

dimension
Af(jf) =255+ 1. (1.1.2)

However, in section 2.6, we find some exceptions when the new degree of freedom
emerges. The vertex amplitude A,(jr,4.) is determined by the specific spinfoam
model, however, in this thesis, we concentrate on the most recent and studied EPRL

vertex, which we will show in detain in section 2.

1.2 The Hilbert space of kinematical states

In this section, we introduce the Hilbert space of kinematical states, obtained from
the canonical approach of LQG, which is closely related to spinfoam formalism.
In fact, the first spinfoam models ever constructed [20-22] were indeed directly
inspired or derived from the formalism of canonical loop quantum gravity. The
spinfoam formalism and canonical loop quantum gravity can ideally be viewed as
the covariant and the canonical versions, respectively, of a background-independent
quantum theory of gravity [13]. This scenario is nicely realized in three dimensions

[23], and there are recent attempts to implement it in quantum cosmology [24-28].



General relativity admits two different kind of formulations: the Lagrangian
formulation and the Hamiltonian formulation. Each formulation has its own merits.
The Lagrangian formulation makes the symmetries of the theory manifest, while
the Hamiltonian formulation yields insights into the nature of the dynamics. At the
classical level, in the Lagrangian formulation, general relativity can be presented
as a theory of metrics, while in the Hamiltonian formulation can also be recast as
a dynamical theory of connections. Such a reformulation brings general relativity
closer to gauge theories in the sense that, in the Hamiltonian framework, they now
share the same quantization procedure to obtain the quantum kinematics. Following
this standard quantization procedure, we obtain a quantum theory of gravity at the
kinematical level, however not a solution to the Hamiltonian constraint.

Now let us come to give an outline of the main features of canonical loop quantum
gravity. We refer to the beautiful textbooks [1, 2] and some other existing reviews
[3, 4] for more details.

Consider a four-dimensional manifold M, which has the product topology M =
Rx ¥, with ¥ a compact three dimensional manifold without boundary . The action

of the pure gravity is given by

Sle, w] :/MTr<(*e/\e+%e/\e) /\F(w)), (1.2.1)

where 7 is the Barbero-Immirzi parameter; the tetrad e! denotes metric via g, =
nr Jeéeé; F' is the curvature of so(1,3)-valued connection w. Upon the standard
3+1 decomposition, the phase space in these variables is parameterized by the pull
back to ¥ of w and e. In local coordinates we can express them in terms of the

3-dimensional connection A’ and the triad field E¢:

Al =K.+ T,

1 .
E’;z = §Eabc€ijk€i€]§ (122)
where a = 1,2,3 are space coordinate indices and i,j = 1,2,3 are su(2) indices,
with K! extrinsic curvature of 3 and I" a spin connection. The symplectic structure

is defined by
{AL(2), E}(y)} = 62630(x, y). (1.2.3)
In terms of (A, E), the action (1.2.1) can be rewritten as

S[A, E] = /dt/ EfAL — NH — N“H, — N'G; (1.2.4)
¥



with the constraints given by

G, = D,E}
Mo = EYF,,
e,V E¢EY o
M= qere Fav = (L7 )enn KT, (1.2.5)

which are, respectively, the SU(2) Gauss constraint, imposing the local gauge in-
variance on the states, the diffeomorphism constraint, generating 3-dimensional dif-
feomorphisms on ¥, and the Hamiltonian constraint, representing the evolution of
Y in the (unphysical) coordinate time. They are the first-class constraints.

Now we have derived the classical Hamiltonian formulation of general relativity,
with the canonical variables and the first-class constraints on the classical phase
space. At the quantum level the canonical variables will be replaced by operators
acting on the state space of the theory and the full dynamical content of general
relativity will be encoded in the action of the first-class constraints on the states.
Consequently let us focus on these states.

We introduce the notion of graph I' and show that a Hilbert space H(I') can be
associated to it. The kinematic Hilbert space Hrqgg of LQG is defined in terms of
this graph Hilbert space H(T'). We take a combinatorial ! definition of an oriented
graph. An oriented graph is an oriented 1-complex I' := (N(T'), L(T")) consists of
sets of nodes n € N(I') and links | € L(T'), equipped with a boundary relation O
associating an ordered pair of nodes (s(l),t(1)) (“source” and “target”) to each link
[.

Now let us consider the group SU(2) and associate an irreducible representation
Ji (a spin) to each link [ of the graph I', and an SU(2) intertwiner i,, to each node n
of the graph. The triple s = (T', j;, 4,) defines a spin network. To be more explicit,
now let us briefly recall the notion of intertwiner. Consider? L links entering a

node n . Intertwiners between L representations of SU(2) form a finite dimensional

!One can also start by defining a graph embedded in the manifold M, in the final picture,
however, one can get rid of the background manifold as well. And then the fundamental theory can
be formulated combinatorially. In fact, one can understand the states associated with combinatorial
graphs to be solutions to the diffeomorphism constraint on the states associated with the embedded
graph. One takes the diffeomorphism constraint into account by considering the equivalence class
of embedded spin networks, which we will introduce later, under the action of Dif f(M). Then

the stats, purely algebraic and combinatorial objects, are defined regardless of any embedding.
2The notion of graph, including link and node, is not necessary to define a intertwiner. However,

we consider intertwiner on a node here, for labelling simplicity.
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Figure 1.1: A simple spin network.

vector space. Consider L particles of spin 71, .., 7, . Simultaneous eigenstates of the
operators J7 and J7 with [ =1, .., L,

L
ma,om) = @) i, mu), (1.2.6)
=1

provide an orthonormal basis of the Hilbert space H,, = ®ics,H;, of the system. Now
we focus on singlet states, i.e. on the subspace HY of H,, of states that are invariant
under rotations. More explicitly, if one expands an element |i) of an orthonormal

basis of H? on the basis |my,...mp) of H,, and call /™™~ its coefficients,

|z> = Z iml"'mL‘ml,...,mL> (1.2.7)

M1,y ML,

then the tensors "L are invariant under the action of SU(2) on all their indices:
RUV™ L (hy). . RUP™ME L (hy)i™ ™ = ™ Wy by € SU(2) (1.2.8)

where DY (h) is the j-representation matrix of the SU(2) group element h. Here the
invariant tensors "L intertwine the representations ji, ..., j; labeling the links
that enter the node n, where the upper indices my,...m denote the node n is the
target of all the links [, while lower indices (if any) denote n the source, since we
have the oriented links. Now we have a spin network s as a triple (T, j;,4,) given
by: a one-dimensional oriented (with a suitable orientation of the links) complex I,
a labeling j; of each link [ of I' by an irreducible representation j; of SU(2), and a
labeling 4,, of each node n of I' by an intertwiner i,,.

A spin-network state 1s(h;), labeled by a spin-network s, is defined as

bo) = (Qin) - () V25 + 109 (1)) (1.2.9)

nel’ lel’



The linear space generated by spin-network states on the graph I' can be promoted

to a Hilbert space H(I") introducing the following scalar product:
(¢17¢2) == / dhl...dthl(hl,...,hL)1/J2(h1,...,hL) (1210)
SU(2)L

where dh is the Haar measure on SU(2). The resulting (gauge-invariant) graph
Hilbert space H(T') is the linear space of square integrable functions on SU(2)¥/SU(2)",

H(T) = LA(SU(2)*/SU(2)", dittaar), (1.2.11)

where the denominator means that the states in H(I") are invariant under the local

SU(2) gauge transformation on the nodes

D(h) = P(gshugst)- (1.2.12)

Spin network states on a graph I' provide an orthonormal basis of the Hilbert space
H(T).

On the set of graph Hilbert spaces {H(I')}, it is possible to define a uniform
measure and complete the construction to get the LQG Hilbert space Hiqe =

limp_m HF.

1.3 Polyhedral quantum geometry

In this section we consider the truncation of the LQG Hilbert space Hiqq con-
structed in section 1.2. We restrict ourself to a single graph Hilbert space H(I") and
decompose it in terms of SU(2)-invariant spaces H,, associated to each node n. Here
we will briefly review the state that this node space H, is the quantization of the
space of shapes of the geometry of solids figures (tetrahedra [29], or more general
polyhedra [30]).

Let us start with the classical phase space of shapes of a flat polyhedron in R?
with fixed area. A (classical) flat three-dimensional polyhedron can be described by

a set of L vectors ffl, [ = 1...L, satisfying the following closure constraint:

G=)Y A=0. (1.3.1)

I=1...L

Here the L vectors A; can be interpreted as the vectorial areas of the L triangles in

the boundary of the polyhedron, in the sense that the norm a; = |4;| is the area of



the polygon ! and normalized vector 7, = A;/|4,| is the normal when embedded in
to a R?® Euclidean space.

To introduce a symplectic structure, one can associate to each normal A} a
generator of the algebra of SO(3), s.t.:

{A;,A{/} = (5f,f/€ijk A?’, (132)

A quantum representation of this Poisson algebra is precisely defined by the genera-
tors of SU(2) on the space H,, for a 4-valent node n. The operator corresponding to
the area a; = |le| is the Casimir of the representation j;, therefore the space “quan-
tizes” the space of the shapes of the tetrahedron with areas j;(j; + 1). Furthermore,
the Hamiltonian flow of G in (1.3.1), generates the rotations of the tetrahedron in
R3. By imposing equation (1.3.1) and factoring out the orbits of this flow, one
obtains the intertwiner space KC,,.

In this way, one gives an intertwiner a geometrical interpretation in terms of
quantum polyhedron. In chapter 2 and chapter 3, we will show the relation among
spinfoam formalism, kinematical Hilbert space and polyhedral quantum geometry.
They are presented in a coherent picture. In chapter 2, we show the boundary space
of simplicial EPRL spinfoam model can be obtained from simplicity constraints,
which is the simplicial truncation of LQG kinematical Hilbert space and the bound-
ary state has a geometrical interpretation in terms of quantum tetrahedron geometry.
This consistent picture is generalized into arbitrary-valence spinfoam formalism in
chapter 3. In chapter 4, we compute the two-point correlation function of Lorentian

EPRL spinfoam model and show it matches the one from Regge geometry.
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Chapter 2
The simplicial Spinfoam models

In this chapter ! we will present the detail of simplicial spinfoam models: we obtain
the spinfoam model by imposing the simplicity constraints to the BF model. Here we
consider the most recent and most studied spinfoam model, which is called Engle-
Pereira-Rovelli-Livine (EPRL) model [14-16, 33]. This model, as well as the so-
called Freidel-Krasnov-Livine-Speziale (FKLS) model? [17, 18], can be considered
as a refined Barrett-Crane (BC) model, based on the vertex amplitude introduced
by Barrett and Crane [34, 35]. Both of the EPRL and FKLS models are motivated
by a desire to modify the BC model. The key problem of the BC model is the fact
that intertwiner quantum numbers are fully constrained by imposing the simplicity
constraints, which are second class, as strong operator equations. But imposing
second class constraints strongly may lead to the incorrect elimination of physical
degrees of freedom. It is therefore natural to try to free intertwiner degrees of
freedom by imposing the simplicity constraints more weakly: they must be imposed
in the quantum theory in such a way that in the classical limit the constraints hold,
but all physical degrees of freedom remain free.

Among the several procedures proposed to impose these constraints, are the
master constraint procedure [14-16, 33| originally used for construction the EPRL
model, and the coherent state procedure [17, 18] used to derive the FKLS model. In
addition, the EPRL model can be also obtained using the coherent state procedure
[36, 37] developed in the FKLS model. Here one presents the Gupta-Bleuler proce-

dure, namely asking the matrix elements of the simplicity constraints to vanish on

!This chapter is partly based on work done together with Carlo Rovelli. The results have been
published in [31, 32].
2The EPRL and the FKLS models are very closed to each other, in the sense that they are

equal to each other when Barbero-Immirzi parameter v smaller than 1 in the Euclidean signature.

11



physical boundary states [31, 32, 38]. In the Gupta-Bleuler procedure, we construct
a candidate physical boundary Hilbert space, and then we prove that in this space
the matrix elements of all the constraints vanish. In this sense, constraints are im-
posed weakly, rather than strongly as in the BC theory. The fact that the matrix
elements of the constraints vanish assures that the constraints hold in the classical
limit.

Following this procedure, one shows that the physical boundary space satisfies
the simplicity constraints weakly, and matches the kinematical state space of the
canonical approach, which we briefly introduced in section 1.2. A natural map be-
tween the two state spaces can be obtained by identifying eigenstates of the same
physical quantities. We consider this boundary space is physical, since it matches
the on of loop quantum gravity, with the same physical degree of freedom. Sur-
prisingly, however, this physical state space is not the maximal solution, where the
simplicity constraints hold weakly. This is just a subspace of the solution space
where the simplicity constraints hold weakly, which means there exist other states
in the complementary space of this physical boundary space, where the simplicity
constraints also hold weakly. In other words, one can obtain a larger (weak) solution
space to the simplicity constraints, which we call it enlarged boundary space. But
still, one is not sure if this enlarged space is the maximal solution. The enlarged
space includes an additional degree of freedom, described by a new quantum num-
ber, which affects non-trivially both the face amplitude and the vertex amplitude of

the spinfoam model. We comment more on this in section 2.6.

The model we construct contains in fact a slight modification with respect to the
original EPRL one introduced in [14-16, 33| (corresponding to a slightly different
factor ordering of the constraints). The same modification was already considered by
Alexandrov in [39]. We show that with the modification the matrix elements vanish
ezxactly, and not just in the large quantum number limit, as in previous constructions.
However, we still call this model EPRL if there is no confusion rise.

Surprisingly, however, the state space defined by imposing the simplicity con-
straint weakly is larger than the one of quantum gravity. It includes one additional
degree of freedom, described by a new quantum number 7. The quantum number 7
affects non-trivially both the face amplitude and the vertex amplitude of the model.
The quantum number 7 is frozen if in addition to the weak imposition of the (lin-
ear) simplicity constraint, we also impose strongly a diagonal quadratic constraint.
With a suitable operator ordering of this constraint, the state space can be reduced
back down to the LQG state space.

12



Does the r¢ quantum number have physical relevance? If we take the principle
that the quantum theory we are seeking has the same number of degrees of freedom
as the classical theory, then the answer is negative. This principle indicates that the
appropriate way of imposing the constraints is the one that gets rids of the extra
states. However, we think it is nevertheless interesting to keep in mind the existence
of these additional solutions to the weak simplicity constraints. We comment more
on this in section 2.6.

We work only on a fixed triangulation, and assume that the Barbero-Immirzi
parameter 7 is positive. The candidate boundary space is given in section 7?7, both
in the Euclidean and the Lorentzian signatures. In section 2.3 the Gupta-Bleuler
procedure is used to show that this boundary space does solve all the constraints in
the weak sense. In sections 2.4.1 and 2.4.2, the physical boundary space is shown to
be isomorphic to that of canonical approach and used to derive the (modified) EPRL
vertex amplitude from the BF' amplitude. In section 2.6, the enlarged boundary

space is obtained and the affection of the new degree of freedom is discussed.

2.1 The EPRL spinfoam models

In this section one present the EPRL spinfoam models, both in the Euclidean and
the Lorentzian signatures. One uses s = +1 to denote the signatures: s = 1 for
the Euclidean case and s = —1 for the Lorentzian case. The structure groups
in the two cases are the spin group Spin(4) (if s = 1) and the Lorentz group
SL(2,C) (if s = —1) respectively. Throughout this thesis, SL(2,C) refers to the
6-dimensional real Lie group of 2 x 2 complex matrices with unit determinant, and
is called simply the Lorentz group. It covers the group of proper orthochronous
Lorentz transformations, SO*(3,1), which is the component of the group O(3,1)
connected to the identity.

Consider a fixed 4-dimensional triangulation A, which is formed by oriented 4-
simplices, tetrahedra, triangles, segments and points. The cellular complex A* dual
to this triangulation A, is made by faces f, edges e and vertices v, dual respectively
to triangles f, tetrahedra ¢ and 4-simplices v of A. The new model is defined on the

2-skeleton of A*, by a standard spin-foam partition function:

Z = ZH (ij +1) H Av(J.f?ie)? (2.1.1)

jf7ie f

where the sum is over an assignment of an irreducible representation j; of SU(2)

13



to each face f, and over an assignment of an element ¢, of a basis in the space of
intertwiners to each edge e. The face amplitude is given by the SU(2) dimension
2j + 1, which is determined in [19] by the structure of the boundary Hilbert space
and the condition that amplitudes behave appropriately under compositions. We
recall that an intertwiner is an element of the SU(2) invariant subspace of the tensor
product of the four Hilbert spaces carrying the four representations associated to
the four faces adjacent to a given e. We use the usual basis given by the spin of the

virtual link, under a fixed pairing of the four faces.

In the Euclidean theory (s=1), the amplitude A, (jy, %) associated to each vertex

v is given by

fo<y<1
o i . 14+ 1—7. o
40710 = 3 (¥ G ( (57 574 ) s680)
idia €
Ify>1
o i . y+1., v—=1~v—-1 S
A>(]f726) = Z (Hy;ele_ (]f))1535pzn(4) (( 9 J+ 9 7 9 (] + 1) ;(ZZJn)
= e

ta la

(2.1.2)

where the coefficients Y}, ,_(j;) are given by the evaluation of the spin network

In the Lorentzian theory (s = —1), the amplitude A,(jy,%.) associated to each

14



vertex v is given by

]f’ze Z/dpe kz +p€ (H kepe ) 15JSL(2C) ((]f 7(]f + 1))7 (keape)>>

(2.1.3)

where the sum and the integral are over an assignment of an irreducible unitary
representation (k,p) of SL(2,C) , with & a nonnegtive integer and p real [40, 41];
15Js0c) is the Wigner 15j symbol of the group SL(2,C); fliipe<jf) is the fusion
coefficient obtained contracting SU(2) intertwiners and SL(2,C) intertwiners.

The boundary Hilbert space, satisfying all the kinematical constraints in a weak
sense, play a very important role in the construction of the vertex amplitudes (2.1.2)
and (2.1.3). Let us now come to give the boundary Hilbert space.

2.2 The physical boundary Hilbert space

2.2.1 The physical boundary Hilbert space: Euclidean the-

ory

Given a 3-surface Y intersecting no vertices of A*, let v := A* N 3. We start from

the Hilbert space associated with >:
HE = L2 (Spin(4)P09) dpingaa,) (2.2.1)

where we replace SO(4) with its covering group Spin(4) = SU(2) x SU(2) and pgaar
is the Haar measure on the group Spin(4); |L(ys)| denotes the number of links in
vs. Let J +(t)!7 denote the right-invariant vector fields, determined by the basis J!7
of su(2) @ su(2), on the copy of Spin(4) associated with the link [ = fNX determined
by f, with orientation such that the node n =t N X is the source of [.

By Peter-Weyl theorem, Hy, can be decomposed as follows

Hs = EB@ M, ®H;,) (2.2.2)

where j; is an assignment of a Spin(4) representation to each link [ and H; is the
carrier space of the representation j. The two Hilbert spaces associated to the
link [ are naturally associated to the two nodes that bound the link [, because

they transform under the action of a gauge transformation at one end of the link.

15



Regrouping the four Hilbert spaces associated to each node n, the last equation can

Hs =P Q) Ha (2.2.3)

Here the Hilbert space associated to a node n is

be rewritten in the form

Mo = Q) H,.. (2.2.4)

where a = 1,2,3,4 runs here over the four edges that join at the node n (that
is, the four faces of the boundary tetrahedron), and we have identified the Hilbert
space carrying a representation and its dual. We restrict our attention to a single
boundary tetrahedron ¢, and its associated Hilbert space H,,, which we call simply
‘H in the following.

The irreducible unitary representations of Spin(4) are labelled by a couple of
spins (j7,77) and are given by the tensor product of two SU(2) irreducibles. That
is H := ‘H,, has the structure

4 4
H=Q H+ - ® Hr OH,- (2.2.5)
a=1 a=1

The physical intertwiner state space K, is a subspace of this space, where the
constraints hold in a suitable sense.

As a first step to give the boundary space, let us restrict the representations
(j%,77) to the ones that satisfy [39]

(1+7)j =1—7)" if0<y<l (2.2.6)
v+ =0 +1) ify>1

Note that this relation is different from the original construction of the EPRL model
when v > 1, which is key for our structure. We call y-simple the Spin(4) represen-
tations that satisfy this relation. One might worry that this relation restricts the
value of Barbero-Immirzi parameter 7. However, one can find « free in the physically
relevant Lorentzian theory.

Next, the Clebsch-Gordan decomposition for the single component of H associ-
ated with a single boundary face f gives

T+

Hirai- =Hipr QH;-= P H, (2.2.7)

p=jT—j~|
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Consider the highest spin term in each factor for v < 1 and the lowest for v > 1

respectively; this selects the “extremum” subspace

4
HME = ®Hj++j—7 for v < 1,

a=1
4
H™ = ®Hj+_j7, for v > 1. (2.2.8)
a=1
The final physical intertwiner space KCpy, is given by the SU(2)-invariant subspace of
Hext:
leh = IHVSU(Q) [HeXt]. (229)

The total physical boundary space Hpy of the theory is then obtained as the span of
spin-networks in L?*[Spin(4))*/Spin’] with v-simple representations on edges and
with intertwiners in the spaces Kpp, at each node.

In section 2.3, we will show the physical boundary space Hpy, in the both signa-

tures solve all the kinematic constraints in a suitable sense.

2.2.2 The physical boundary Hilbert space: Lorentzian the-
ory
Now let us come to give the physical boundary Hilbert space in the Lorentzian

signature. Given a 3-surface X intersecting no vertices of A*, let s := A*N 3. We
start from the Hilbert space associated with ¥ [16, 33]:

Hs = L* (SL(2,C)*0=) dp,, Y, (2.2.10)

where (i, i the Haar measure on the group SL(2,C); |L(yx)| denotes the number

of links in ~y. We fix the orientation such that the node n = e N X is the source of
the link [ = f N X.
By Peter-Weyl theorem, Hy can be decomposed as follows

Hz—@@ (H, ©Hy,) (2.2.11)

where y; is an assignment of an SL(2,C) representation to each link [ and H,, is
the carrier space of the representation x. The two Hilbert spaces associated to

the link [ are naturally associated to the two nodes that bound the link [, because
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they transform under the action of a gauge transformation at one end of the link.

Regrouping the four Hilbert spaces associated to each node n, the last equation can

My =P Q) Ha (2.2.12)

The Hilbert space associated to a node n is

be rewritten in the form

4
Mo = Q) My, (2.2.13)
a=1

where a = 1,2, 3,4 runs here over the four links that join at the node n (that is, the
four faces of the boundary tetrahedron ¢), and we have identified the Hilbert space
carrying a representation and its dual. Here the nodes n label the tetrahedra ¢ in
the boundary. We restrict our attention to a single boundary tetrahedron, and its
associated Hilbert space H,,, which we call simply H in the following.

Consider the irreducible unitary representations of the principal series of SL(2, C)
(for details see [40, 41]), ‘H := H,, has the structure

4

H =) Hitpu)- (2.2.14)

a=1
with & a nonnegative integer and p real. The physical intertwiner state space Ky, is
a subspace of this space, where the constraints hold in a suitable sense.

As a first step to give the physical boundary space, let us restrict the represen-
tations to the ones that satisfy [39]

p=vk+1). (2.2.15)

We call y-simple the SL(2,C) representations that satisfy this relation. With this
relation, the continuous label p becomes quantized, because k is discrete. It is be-
cause of this fact that any continuous spectrum depending on p comes out effectively
discrete on the subspace satisfying the relation (2.2.15). Notice that the relation here
is slightly different from the one used in the literature [16, 33|, which is p = vk. We
will show later that this difference is very important for our construction.

Next, fix an SU(2) subgroup of SL(2,C), then the (k,p) representation for the
single component of H associated with a single boundary face f splits into the

irreducible representations H; of the SU(2) subgroup as

Hip) = EPH;. (2.2.16)
j=k
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with j increasing in steps of 1. Consider the lowest spin term in each factor, where

j in the decomposition (3.2.23) is reduced to
j=k (2.2.17)

this selects the “minimal” subspace

H" = () My, (2.2.18)
a=1
The final physical intertwiner space ICpy, is given by the SU(2)-invariant subspace of
Hmin:

Kon = Invsyg) [H™"]. (2.2.19)

The total physical boundary space Hpy of the theory is then obtained as the span of
spin-networks in L?[SL(2,C)*/SL(2,C)"] with ~-simple representations on edges
and with intertwiners in the spaces Kp;, at each node.

In section 2.3, we will show the physical boundary space H,y, in the both signa-

tures solve all the kinematic constraints in a suitable sense.

2.3 Kinematic constraints

Now let us come to introduce the kinematic constraints, including the simplicity
constraints and the closure constraint, and show all of them are satisfied on the
physical boundary space Hp,. We start from the classical formula. We study both
of the Euclidean and the Lorentzian theories. We use G to denote the structure
groups: G = Spin(4) in Euclidean case and G = SL(2,C) in Lorentzian case. The
corresponding Lie algebra is denoted by G.

2.3.1 The classical discrete constraints

Following [15, 16], we start with a Regge geometry [42] on a fixed triangulation.
Consider a 4d triangulation, which is formed by oriented 4-simplices, tetrahedra,
triangles, segments and points. We call v,t and f respectively the 4-simplices, the
tetrahedra and the triangles of the triangulation. For each simplex v, we introduce
a variable ei(v): a right-handed tetrad one-form, constant over a coordinate patch
covering the simplex v, with the determinant det(e) > 0 positive. Here u = (0, a)

and a = 1,2,3 are spacetime indices, while I = (0,7) and i = 1,2,3 are internal
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indices (the value 0 instead of 4 is for later convenience and does always not indicate
a Lorentzian metric, since we consider the both signatures here). Without loss of
generality, we can choose a linear coordinate system with basis vectors )_()u parallel
with four edges of v emanating from the same point, and where the (coordinate)
length of the four segments is 1. Consider in particular the tetrahedron ¢ spanned
by the three vectors )_()a. To each triangle f, (coordinate-)normal to the coordinate

basis vector )_5@, we associate a bivector *X,(t) defined by:
N
¥l = € ChCe (2.3.1)

Y¢(t) can be seen as elements in the algebra G, say so(4) in the Euclidean case,
and sl[(2,C) in the Lorentzian case; and * stands for the Hodge dual in the internal
indices, the completely antisymmetric objects €//5% defined as €123 = 1. If we
choose X(t) as independent variables instead of the tetrads, and n; denotes the
normal to the tetrahedron ¢, the simplicity constraints on ¥ ((¢), which assure that
a tetrad field exist, can be stated as follows [15, 16]:

Cf=n; (*Sp(t)" = 0. (2.3.2)
The usual quadratic diagonal

Crp="2¢t)-Xp(t) =0 (2.3.3)
and off-diagonal

Crpi="3s(t) - Xp(t) =0 (2.3.4)

simplicity constraints can be easily shown to follow from (2.3.2). Here the dot stands
for the scalar product in the Lie algebra. In addition, we should impose the closure
constraint
> E(t)=0. (2.3.5)
feot
Here the sum is over the four tetrahedra that bound the tetrahedron. The new
linear simplicity constraint (2.3.2) selects the solution of the quadratic constraints
where Xy = [ ; (e Ae). This reformulation is central for the new model [14-16, 33].
In particular, if we choose a “time” gauge where n! = (1,0,0,0), the simplicity

constraint (2.3.2) turns out to be

"BY(t) = 0. (2.3.6)
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The classical discrete action is [16, 37|

S =— Z Tr {Zf(t)Uf(t) + %*Ef@)Uf(t)]

feintA

- > Tr {zf(t)Uf(t,t') +%*Ef(t)Uf(t,t')1 : (2.3.7)
fean

where Uy(t,t') is the group element of G, giving the parallel transport across each
triangle f bounding ¢ and ¢ and Uy(t) := Uy(t,t) is the holonomy around the full
link, starting at ¢. We use here unites where 2k = 167G = 1 and ~ the Barbero-
Immirzi parameter. This action, plus the simplicity and closure constraints defines
a discretization of general relativity [15, 16]. From the action, we can read off the
boundary variables as X¢(t) € G, Us(t,t') € G. One can also see that the variable
conjugate to Us(t,t') is

1 *
Jf(t) ::Ef(t) + ; Ef(t), (238)
inverting which gives
() = - (SJ(t) *J(t)) (2.3.9)
f = S _72 N f f . 0.
Here s denotes the signature: s = 1 in Euclidean theory and s = —1 in Lorentzian

theory.

Thus to each boundary triangle f in the boundary of the triangulation, we have
a Lie group element Uy and, as conjugate variable a Lie algebra element Jg. It is
convenient to think these variables as associated with the links of the graph formed
by the one-skeleton of the cellular complex dual to the boundary triangulation.
Notice that these define precisely the same boundary phase space as the one of
lattice Yang-Mills theory. As in Yang-Mills theory, the symplectic structure can be
taken to be

{Uf7 Uf’} =0,
{(J) Up} = b5 Up 77, (2.3.10)
{7 (T} = b Mg “(T) MY,

where 77 and MJEL are, respectively, the generators and the structure constants
of G.
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In terms of the momentum variable J, the constraints (2.3.2) and (2.3.5) read

respectively:
simplicity constraints : C} = n; ((*Jl)” . l”) =0, (2.3.11)
g
4
closure constraints : G/ = Z JI=0. (2.3.12)
a=1

Here we shift the subscript f into [, which denote the link dual to the triangle f in
the boundary. These constraints will give the solution By = [ P (e(t) Ae(t)), where
e(t) is a tetrad one-form covering the tetrahedron ¢, and J; = By + %*Bf, with
triangle f dual to the link /. The usual

1 2
quadratic diagonal Cj := <1 — —2)*Jl S+ =S =0 (2.3.13)
Y Y
1 2
and off — diagonal Cy := (1 — —2>*Jl Sy +—=J - Ty =0 (2.3.14)
Y Y

simplicity constraints can be easily shown to follow from (2.3.11). This reformulation
is central for the new models [14-16, 33]. In particular, if we choose a “time” gauge

where n; = (0,0, 0, 1), the simplicity constraint (2.3.11) turns out to be
Cl=J)+~y*J) =0, (2.3.15)
which leads to the key constraint of the new model
Cl=K]+sy L =0, (2.3.16)

where L{ = %ej wJF and Klj = JZO 7 are respectively the generators of the SU (2)
subgroup that leaves n; invariant, and the generators of the corresponding boosts;
again s denotes the signature with s = 1 for Euclidean theory and s = —1 for

Lorentzian theory. In terms of these generators, the closure constraint (3.2.16)

becomes
4
P=Y Li=0 (2.3.17a)
a=1
4
and Gi=> K/ =0. (2.3.17Db)
a=1

To quantize the constraints (3.2.15) (2.3.17), one just need to replace the gener-

ators with the associated operators.
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2.3.2 The physical boundary space as a week solution to the

kinematic constraints: Euclidean theory

Given a carrier space H;+ ;-), the canonical basis is given by the basis diagonalizing
simultaneously the operators J*, J=, L- L and L? , which is noted as |(j %, 77); 4, m)
or simply as |j, m) if no confusion arises. Here J* denotes the self-dual/anti-self-dual

decomposition of J{”:

+)i 1 7 i
I =5 (Ly % k). (2.3.18)

On this canonical basis, the generators act in the following way ® [10]:

3This action can be obtained indirectly from the Lorentzian action (3.2.48). In fact, comparing
the Euclidean :

(La,Le]=+Ly  [Ly,L_]=2L4

(L, Ky]=[L-,K_]=[Ls, K3] =0

K3, Li] = Ky (Lo Ks] = £2K3  [Ly, Ky] = £K4

(K, Ky =+L.  [Ki K_]=2Ls, (2.3.19)

and the Lorentzain commutators:

(L3, L] =+Ly  [Ly,L_]=2L;

(L4, Ky]=[L-, K] =[Ls, K3] = 0

(K3, Li] = +Ky  [Le K] =4+2Ks  [Ly, K] = K.

(K K] = FLe  [Ky,K_] = —2Ls, (2.3.20)

one can find the only difference is the last two equations up to a negative sign. Considering the
Casimirs, one can obtain the action (2.3.21) from (3.2.48).
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L?|j,m) =m|j,m),
LFj,m) =/ (j +m+1)(j —m)|j,m + 1),
L7|j,m) =v/(j +m)(j —m +1)j,m — 1),
K%[j,m) =a)v/ j? —mzlj—lm +ygmli,m) — agenV/ (G + D2 —m2]j + 1,m),
K*|j,m) =agy/(j —m)(j —m —1)\J—Lm+1>
+y5) VG —m) G +m+1)]j,m+1)
+agVG+m+ DG +m+2)j+1,m+1), (2.3.21)

K~ |j,m)=—apvVGi+m)(i+m—1)j —1,m—1)
+)V G +m)(F —m+ 1D)]j,m—1)
—ag VG —m+ DG —m+2)j+1,m—1),

where

L*¥=L'+4L? K* = K' 4+ iK?

and e — L GG DA - G - 57)?)
GG+ -G+ )
V6) = Gt : (2.3.22)

From the action (2.3.21) of the generators on the canonical basis states, one can
find that the action of L is proportional to the second term of the corresponding

action of K, explicitly,
(K? =y L) g, m) =agyV/ 5% = m?|j = 1,m) — g/ (5 + 12 = m?|j + 1,m),
(K" =)L)l m) =a<j>\/(J—Tn)(J—m—l)lj—l,m+1>lj,m+1>
aGnV i +m+ 1) +m+2)j+1,m+1),
(K~ =) L)jm) = — o/ (i +m)(G +m—1)]j —1,m —1)|j,m — 1)
—agyV(Gi—m+1)(G-—m+2)j+1,m—1). (2.3.23)

We can see from (2.3.23) that the action of K — ;)L on the states |j,m) in H;

results in states orthogonal to H;. Namely,

Now let us come to show the physical Hilbert space H,, derived in section
2.2.1 solves indeed the constraint operators associated to the simplicity constraints

(3.2.15) and the closure constraints (2.3.17). Namely, we will show
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(i) the simplicity constraints (3.2.15) are satisfied in the “extreme” ~-simple rep-

resentation H,
(ii) the closure constraints (2.3.17) are satisfied in the intertwiner space KCpp.

To show (i), let us consider the states in the “extreme” space H™* in equation
(2.2.8). Using the relation (2.2.6), v(;) in equation (2.3.22) turns out to be the
Barbero-Immirzi parameter . (In fact, this is the reason we use ;) to denote this
parameter in the action 4. ) Hence the matrix elements of the Lh.s of (3.2.15) hence

vanish on the “minimal” ~-simple space:
G| CLj,m) = G| (K = 7L, m) = 0. (2.3.25)

Notice that the slight difference of our relation (3.2.15) from the old one plays a
key role here. Notice also that what we obtain is that the matrix elements vanish
ezactly, and not just in the large spin limit.

To show (ii), observe that the Lh.s. of (3.2.16a) is the generator of SU(2) trans-
formations at the node and vanishes strongly on (2.2.19) by definition; the Lh.s. of
(3.2.16b) is proportional to the one of (3.2.16a) by (2.3.29) and therefore vanishes
weakly. Thus Ky is the intertwiner space as a solution of all the constraints: all
the constraints hold weakly.

Notice that the intertwiner space ICpy, is not Spin(4)-invariant, but only SU(2)-
invariant, since we impose the closure constraint weakly, instead of strongly. One
can impose the closure constraint strongly to get an Spin(4)-invariant Hilbert space,
as in [43], but we still prefer this construction, since the resulting space is naturally
isometric to the LQG one, while its projection on the Spin(4)-invariant states is not
[44]. (Canonical quantization in a fixed gauge, as the one used in LQG, is generally
reliable for determining the correct Hilbert space.)

Summarizing, we have introduced the kinematic constraints, in the FKuclidean
theory, and shown that all of them are satisfied on the physical boundary space
Hpn derived in section 2.2.1. Since we have not proven that the physical Hilbert
space considered is the maximal space where the constraints hold weakly, one might
worry that the physically correct quantization of the degrees of freedom of general

relativity could need a larger space. Also, it has been pointed out that imposing

“From the expression of v(j) in equation (2.3.22), we will see the requirement of j© > j~ in
~-simple relation (2.2.6). In fact, the sign of v represents the sign of j© — j~.

From (2.3.22) to obtain 7-simple relation, one can rewrite j7 (57 +1) —j7 (57 + 1) into (j© —
IG5+ ).
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second class constraints weakly might lead to inconsistencies in some cases [39]. And
unfortunately, there does exist a larger space of the weaker solution, which we will

discuss in section 2.6.

2.3.3 The physical boundary space as a week solution to the

kinematic constraints: Lorentzian theory

Given a carrier space Hp), the canonical basis is given by the basis diagonalizing
simultaneously the Casimir operators J - J,*J - J, L - L and L? | which is noted as
|(k,p);j,m) or simply as |j, m). On this canonical basis, the generators act in the
following way [41]:

L?|j,m) =m|j,m),

L*|j,m) =/ (G +m+1)(j —m)lj,m +1),

L™[j,m) =y/(G +m)(j —m+ 1)]j,m — 1),

K%|j,m) = = agv/52 = m?|j = 1,m) = Bgymlj,m) + agin v/ (G +1)2 = m?|j +1,m),
K*|jm) =—agpy(i—m)(G—m—1)j—1,m+1)

— BV (G —m)(j +m+1)]j,m+1) (2.3.26)
- 04(j+1)\/(.7 +m+1)(Gj+m+2)j+1,m+1),
K~ |j,m) =agV/ (G +m)(G+m—1)]j —1,m—1)
— BV G +m)(i —m+1)jm—1)
+ oV (i —m+ 1) —m+2)j+1,m—1),

where
L*¥=L'+iL? K* = K'+iK?
i \/ (j2 — k2)(j2 + p?)

and agj = j 121 )

By = : (2.3.27)

Now let us go to show the physical Hilbert space Hp, derived last subsec-
tion solves indeed the constraint operators associated to the simplicity constraints

(3.2.15) and the closure constraints (2.3.17). Namely, we will show

(i) the simplicity constraints (3.2.15) are satisfied in the “minimal” ~-simple rep-

resentation H™",

(ii) the closure constraints (2.3.17) are satisfied in the intertwiner space Kpp.
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To show (i), let us consider the states in the “minimal” space H™® in equation
(2.2.18). For these lowest spin states, equation (2.2.17) implies that the states are
of the form |(k,p); k, m), or simply as |k, m). The action (3.2.48) of the generators
on these states reads:

<K3 +B(k)L3)|]{j’m> = Ol(k+1)1/(k’+ 1)2 _ m2|(k + 1’m)>’
(Kt + By LY [k, m) = —agany/(k+m+ 1)(k +m+2)|(k + 1,m + 1)),
(K™ + By L™)k.m) = agryy/(k —m+ 1) (k —m +2)|(k +1,m - 1)).

It is straightforward to obtain
(k,m/| (K" + BuyL') |k, m) = 0. (2.3.28)

Using the relation (2.2.15), Bk turns out to be the Barbero-Immirzi parameter
v and the matrix elements of the Lh.s of (3.2.15) hence vanish on the “minimal”

~v-simple space:
(k,m|C"|k,m) = (k,m|(K* +~L") |k, m) = 0. (2.3.29)

Notice that the slight difference of our relation (3.2.15) from the old one plays a
key role here. Notice also that what we obtain is that the matrix elements vanish
eractly, and not just in the large spin limit.

To show (ii), observe that the Lh.s. of (3.2.16a) is the generator of SU(2) trans-
formations at the node and vanishes strongly on (2.2.19) by definition; the Lh.s. of
(3.2.16b) is proportional to the one of (3.2.16a) by (2.3.29) and therefore vanishes
weakly. Thus Kpp is the intertwiner space as a solution of all the constraints: all
the constraints hold weakly.

Notice that the intertwiner space Ky, is not SL(2, C)-invariant, but only SU(2)-
invariant, since we impose the closure constraint weakly, instead of strongly. One can
impose the closure constraint strongly to get an SL(2,C)-invariant Hilbert space,
as in [43], but we still prefer this construction, since the resulting space is naturally
isometric to the LQG one, while its projection on the SL(2, C)-invariant states is not
[44]. (Canonical quantization in a fixed gauge, as the one used in LQG, is generally
reliable for determining the correct Hilber space.) As we shall see in the next section,
Lorentz invariance is fully implemented by the transition amplitudes.

Summarizing, we have introduced the kinematic constraints, in the Lorentzian
theory, and shown that all of them are satisfied on the physical boundary space Hn
derived in the last subsection. Again we have not proven that the physical Hilbert
space considered is the mazimal space where the constraints hold weakly, and a

enlarged space is considered in section 2.6.

27



2.4 Dynamics

2.4.1 Dynamics: Euclidean theory

From the construction of the physical boundary space in section 2.2.1, we have the
remarkable result that Cyy, is naturally isomorphic to the SU(2) intertwiner space,
and therefore the constrained boundary space H,y, can be identified with the SU(2)
LQG state space Hgy () associated to the graph which is dual to the boundary of
the triangulation, namely the space of the SU(2) spin networks on this graph. In
this section, we exhibit this isomorphism by the embedding of the Hilbert space of
LQG Hsu 2y into the boundary Hilbert space Hpy,; we also use this embedding and
the BF amplitude of a single 4-simplex v to derive the (modified) Euclidean EPRL
vertex amplitude (2.1.2).

The way we construct the boundary space gives a projection, which maps simple
Spin(4) spin-network states to SU(2) spin-network states. The corresponding em-
bedding Y is defined as the hermitian conjugate of this projection, which is given
by

< .
, I+, 1—v\ .
[, m) ¢ ‘( 5 2‘0;am> (2.4.1)
fy>1 Y5: Hj — Hairjamt a1y,
: y+1l. y=1~y-1" .
|J,m>'—>‘( 2 J+ 7 3 G+1));75m) (24.2)

for the representations and

e fO<y<1
. 4 4
Y6+ IV gy (®ami M) — v (@ama H g 122)),

jrmamemama / dg < H D(%j,%j)(g)(jg,mg)(ja,ma)> Z-m1m2m3m47

(2.4.3)
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o [fy>1

. 4 4
Y(g>l) Inv SU(Q)(®a—1Hja) InVS'pin(4 (®a:1H(w7+1 J+7E, 5 (]+1)))
4
jmimemamy / dg H i jt+i—= 1(j+1))(g)(j&m&)(ja’ma))im1m2m3m4’

(2.4.4)

for intertwiners, where D) (g)(j/’m/)(j,m) denote the matrix elements of the irre-
ducible representation (j,77), with indices (j,m). The Spin(4) action can be
factorized into two SU(2) group elements, one acting one the selfdual, and the other
on the antiselfdual representations. One of the two factors can be eliminated by
virtue of the SU(2) invariance of the trivalent intertwiners and i. What remains is

an SU(2) integration over just one of the representations. Using the relation

/ dg D(9)™ 1y D(9)" sy D(9)™ s, D(G) ™ty = > i ™ st
SU(2) i
(2.4.5)

one can obtain

}/(Jl Z 7,+z jl ‘Z Z >7 (246)

iti—

where the coefficients Y}, ,_(j;) are given by the evaluation of the spin network

If we piece these maps at each node, we obtain the map Y : Hgy o) — Hpn of the

entire LQG space into the state space of the new theory. In the spin network basis
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we obtain

fo<y<1
, ] 14+~v. 1—7v ._
< . zn +
Yiy: lnin) — E: Y- ‘(_7?_%__5_]>”“ ”>
Ify>1

Y>

Gy lnin) = E:W"

'ln Yin

y+1. ~v—1~y-1 -
( 9 J+ 5 ' 9 (]—I'l) 7n7ln
(2.4.7)

Now let us use this embedding and the BF amplitude to give the new amplitude
(2.1.2). The BF amplitude of a single 4-simplex v for a given boundary state |V)
reads

A(Y /)fhw / H&qja A (24.8)
Spin(4)'0 Spin(4)°

where V., V/ are the two group elements around the perimeter of f, which is in the

4-simplex v and not in the boundary. The integral over g; gives

A(T) = /ﬁ [Tave w(v,,'ve,). (2.4.9)

Spin(4)°

In the new theory, for any boundary state W € H,y, according to the embedding
(2.4.7), there exist a LQG state ¢ € Hyqg, such that ¥ = Y(¢)). Let us consider
the specific case when ¢ is a spin-network state |¢)) = |j¢,i.) on the boundary. The
amplitude is then given explicitly by

fO<vy<1

. i - . 1+ 1- -
A=(jg,de) = Z (HY}@— (]f))15]5pm(4) ((Tfy‘% TVJ) ; (i Zn))

o i . y+1., v=1~v—-1, S
AGri) = X (TT ¥ G s ( (0 + 25 257G D) ) st

(2.4.10)
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2.4.2 Dynamics: Lorentzian theory

We have the remarkable result that /Cpy, is naturally isomorphic to the SU(2) inter-
twiner space, and therefore the constrained boundary space Hp, can be identified
with the SU(2) LQG state space Hgy(2) associated to the graph which is dual to
the boundary of the triangulation, namely the space of the SU(2) spin networks
on this graph. For completeness, let us repeat some materials in [16, 33] to exhibit
this isomorphism by the embedding of the Hilbert space of LQG Hgy(2) into the
boundary Hilbert space H,y, of the new model; we also use this embedding and the
BF amplitude of a single 4-simplex v to derive the EPRL vertex amplitude.

The way we construct the boundary space gives a projection, which maps sim-
ple SL(2,C) spin-network states to SU(2) spin-network states. The corresponding
embedding f is defined as the hermitian conjugate of this projection, which is given
by

fo) Hj — Hag+1)
lj,m) — |(4,7(F + 1)); j,m) (2.4.11)

for the representations and
4 4
f(jz) : Invsu(z) (®a:1Hja) - IHVSL(Q,(C)(®a=1H(jav7(ja+1)))7

4
jrmmemamy / dg (HD(jav’Y(jaJFl)) (g)(jt,z:m:z)(jmma)>im1m2m3m4, (2412)

SL(2,0) a=1

for intertwiners [16, 33], where D*P)(g)0"™)  denote the matrix elements of
the irreducible representation (k,p), with indices (j,m). Let indices (j,m) = «,
x*1@223% denote the SL(2,C) intertwiner defined by a virtual link carring the rep-
resentation y = (k, p), and dx the Plancherel measure on the spectrum. Then using
the relation

dg D(Xl)(g)ala’lD(X2) (g>a2a’2D(X3)(g)a3aé D(X‘l)(g)aélozﬁL - / dX Xala2a3a4Xa/1a’2agaﬁl7
SL(2,0)
(2.4.13)

one can obtain

mmz/wgmm, (2.4.14)
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where the coefficients f;( (7:) are given by

FLGn) = ™Y G ) (aims) (G ms) (asma)- (2.4.15)

If we piece these maps at each node, we obtain the map f : Hgy2) — Hpn of the
entire LQG space into the state space of the new theory. In the spin network basis

we obtain

fao + diin) H/dxn o (G01 GG+ 1), xn)- (2.4.16)

Now let us use this embedding and the BF amplitude to give the new amplitude
(2.1.3). The BF amplitude of a single 4-simplex v for a given boundary state |¥)
reads

A(T) = / [ dgr (gp) /HdVH5 gfv (2.4.17)

specyo | SL(2,C)5

where V., V/ are the two group elements around the perimeter of f, which is in the

4-simplex v and not in the boundary. The integral over gy gives

A(T) = / [Tave w(v've,). (2.4.18)
SL(2,C)5 €
In the new theory, for any boundary state ¥ € H,y,, according to the embedding
(2.4.16), there exist a LQG state ¢ € Hyqq, such that ¥ = f(¢). Let us consider
the specific case when ¢ is a spin-network state |¢)) = |jy,i.) on the boundary. The
amplitude is then given explicitly by

Aligi) = [ ax(T] 5001572 + D)) (2.4.19)

e

In terms of (k,p), the Plancherel measure dy can be expressed as (k? + p?)dp, which
gives the expression (2.1.3).

2.5 Geometrical observables

The kinematics of canonical loop quantum gravity is rather well understood; in
particular, the properties of the geometrical operators, including the area and the
volume operators [45-47] are well established. In this section, we study the geomet-

rical operators in the new spinfoam model and their relation with the SU(2) ones
in LQG.
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2.5.1 The area operator

The area operator of the new spinfoam model has been derived in [16, 37| and shown
to match the LQG one. Classically, the area A(f) of a triangle f is given by A(f)? =
s(*Bp)™ - (*By)ry. If we fix the time gauge, we have A3(f)* = $(*By)" - (*By)y;.
These two quantities are equal up to a constrained term. As shown in [16, 37], using
the constraints, the operator related to Az(f)? can be obtained as As(f)* = #*y*L7,
which matches three-dimensional area as determined by LQG, including for the

correct Barbero-Immirzi parameter proportionality factor.

2.5.2 The volume operator in Euclidean theory
The volume of the tetrahedron t is given by
1
V(t) = Bdet(e(v)). (2.5.1)

In terms of the variables *B defined in (2.3.1), the volume of a boundary tetrahedron
t reads V related to the tetrahedra ¢ as

1
V(t) = \/ 57 € Ti[* By By B.) (2.5.2)

To see this, let the gauge-fixed simplicity constraint (2.3.6) hold, then the *BY(t)

vanish and the above quantity is equal to

%(t) = \/ﬁeabc*B;]*ng*Bécz = édet(e), (253)

which is exactly the expression (2.5.1) of the discrete volume. Note that the SO(4)
volume Vso(q)(t) is gauge invariant, hence we can obtain eq (2.5.2) by the gauge-
fixed version (2.5.3) without loss of generality. Going to the variables .J, and using
(2.3.9), the volume reads

Vo= () ] () (b ) (R 0)] s

The volume operator V(£) of the tetrahedron ¢ is then formally given by (2.5.12)

with J!7 replaced by the corresponding operators:

P = () ] (1) (S a) (B )] ess
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However, the physical volume should be defined on the physical boundary space H,
satisfying the constraints. Since the volume operator does not change the graph of
the spin network sates, nor the coloring of the links, its action can be studied on
the Hilbert space associated to a single node. Consider the matrix element of the
square of the volume operator between two states in the physical Hilbert space (we
drop the hats):

2

Vt2 — abc ZJu _xJu\(Z gk I _sz_*sz )

<Z| () ’j> 27(1_,)/2)6 <Z|(”}/ a a)(/y b b)('7 c c)|j>
(2.5.6)

Writing this in terms of L and K components gives

| I T VS | 1 1 |
2 abc i k ki m m n n

@[V (t)°l5) = ﬂ(l_—vg) e e e p<Z|(;La - K )(;Lb - Kb)(;L’c’ — K?)5).

(2.5.7)

Notice that the intertwiner space is the subspace of the product of the space H,
associated to the link a, and the action of (K,, L,) is in fact on H,. Hence we can
use the form (2.3.29) of the simplicity constraint to simplify Eq. (2.5.7), although
the r.h.s seems a polynomial. Using the form (2.3.29) of the constraint, we can

rewrite it as

1 72 1

. . 3 3 abe TiT] .
(VO =55 (22)" ( — ) ePentiLinitl)  (258)
and a little algebra gives
GIVEP1) =7 Gile™ ey L LILE]). (2.5.9)
That is
3 i TITk
V(t) =~2 \/e“bceijkLszLc (2.5.10)

Now, the operator on the r.h.s. is precisely the LQG volume operator Viqc, as it

acts on Ky, including the correct dependence on the Barbero-Immirzi parameter +.

2.5.3 The volume operator in Lorentzian theory

Let us now turn to study the volume operator in Lorentzian theory. Following last
subsection, the volume of a boundary tetrahedron ¢ is V() = /|V2(¢)| where

1
V3(t) = 2—76“bCTr[*Ba*Bb*BC], (2.5.11)
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which in terms of J turns out to be
2

V2(t) = 2—17 (1 1 72)3eaf>CTr[(%Ja + *Ja) (%Jb + *Jb> (%J + Jﬂ (2.5.12)

The volume operator V(t) of the tetrahedron ¢ is then formally given by (2.5.12)
with J!7 replaced by the corresponding operators:
2

im@:%Qé%gimﬁugz+ﬁg@@+ﬁ06@+ﬁgy (25.13)
Since the volume operator does not change the graph of the spin network sates, nor
the coloring of the links, its action can be studied on the Hilbert space associated
to a single node. Consider the matrix element of the square of the volume operator
between two states in the physical intertwiner space (we drop the hats):

o~ 1 72
‘/2 —

3 abes (L gij ow gy L pik o ow piky (L gk w gkiy|

S JE e i) (2% Y (2R TR ).

) € <Z|(7 )(7 b b )(7 )|J>
(2.5.14)

Writing this in terms of L and K components gives
1 ( 72
27N + 2

(i[72]) = ﬂm&#%%mgmungw=Kwa—mw»

(2.5.15)

Notice that the intertwiner space is the subspace of the product of the space H,
associated to the link a, and the action of (K,, L,) is in fact on H,. Hence we can
use the form (3.2.15) of the simplicity constraint to simplify Eq. (2.5.7), although
the r.h.s seems a polynomial. Using the form (3.2.15) of the constraint, we can

rewrite it as

67 = () G+ ) e (2510
and a little algebra gives
(725 = (1) eelil L), (2.5.17)
That is
V(t) = (%)\/ |eabeey i, LI LE|. (2.5.18)

Now, the operator on the r.h.s. is precisely the LQG volume operator V(¢),qc of
the tetrahedron, as it acts on K, including the correct dependence on the Barbero-

Immirzi parameter ~.
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2.6 New degree of freedom

In this section, let us come to revisit the way we solve the simplicity constraints.
Since we have not proven that the physical Hilbert space considered is the mazimal
space where the constraints hold weakly, one might worry that the physically correct
quantization of the degrees of freedom of general relativity could need a larger space.
And a little bit unexpectedly, there does exist a larger space of the weaker solution,

which we will discuss in this section.

2.6.1 The weaker y-simple relation

Let us come to the Euclidean theory first. To solve the simplicity constraints weakly,
a sufficient condition is (j) in equation (2.3.22) equals the Barbero-Immirzi param-
eter v:

G+ =0T +1) -G+ 1) (2.6.1)
To satisfy this condition, it is not necessary that one only select the “extreme”
section of the the Clebsch-Gordan decomposition for the single component of H

associated with a single boundary face f

T+

Hirai- =Hr QH;-= P H, (2.6.2)

p=lit =i~
In other words, j can runs from j© — j~ to j© + j~, but not only j = j© + j~ for

v<landj=jt—j for~ > 1. Let us introduce a new quantum number r where
j=jt+j —r when0<~vy<1
j=jt —ji +r when~y>1. (2.6.3)
Here one find r is restricted as
0<r<25". (2.6.4)
There is a weaker y-simple relation than (2.2.6):
o jt>j"

e For 0 < v <1,

. . vj(j +1)
2T =j 44—
J J j+r+1
. vj(3+1)
297 =9 +r— =—2 2~ 2.6.5
J ST j+r+1 ( )
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e For v > 1,

25+ = —W;j_tl) +(—7)
2 — w’j(j_tl) (=) (2.6.6)

One can check the weaker v-simple relation (2.6.5) (2.6.6) satisfy equation (2.6.1),
hence for each r,, there exist an invariant subspace where the simplicity constraint

and the closure constraint hold weakly:

Jj+1) vi(G+1)

240 e
j{<ja,ra} _ IHVSU(Q) ®H .7+ + J+r+1 I+ J+r+1 )] fOI‘ 0 < /y < 1

1(’YJ(J+1)+ r)77j§j+1)_( i—

TR T”] for v > 1 (2.6.7)

T iura) = INVsU(2) ® H;,

If r is restricted to Vanish, this subspace goes back to the physical boundary space

Kpp in equation (2.2.9). Here, however, one obtain an enlarged boundary space:

Kih = B Tgura) (2.6.8)

{Jasra}
This is the enlarged boundary space in the Euclidean thoery where the simplicity
constraint and the closure constraint hold weakly. Now let us come to the Lorentzian
theory.

For the Lorentzian case, the weaker y-simple relation is

k=j5—r
_ G+
j=r

where the new quantum number r > 0. Again when r = 0, this weaker -simple

, (2.6.9)

relation goes back to (2.2.15) before. For each r,, there exist an invariant subspace

where the simplicity constraint and the closure constraint hold weakly:

’Y](]+1) r
Tijurat = Vst [@H =T )] (2.6.10)

a=1

If r is restricted to vanish, this subspace goes back to the physical boundary space

Kpp in equation (2.2.19). Here, however, one obtain an enlarged boundary space:

K= D Thura (2.6.11)

{jara}
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2.6.2 Dynamics from the enlarged boundary space

The weaker v-simple relation gives different embedding maps of the LQG space into
the enlarged state space and then the vertex amplitude as well. What’s more, it
also gives different face amplitudes.

The modified embedding maps to equation (2.4.7) (2.4.16) are given as

e In the Euclidean theory, if 0 < v < 1

Y e Y g D)
Ijz,anZ Y (i) (J L G+l Vi )),+ >

- yiny in
ann

2 20+r+1) 2 2 +r+1)

(2.6.12)

e In the Euclidean theory, if v > 1

i v+ i-r WG+ -\
n Yn 5 . - ; )
i 00| (55 + 5 R ) e

ln Yin

e In the Lorentzian theory,
(i + 1)
Jl |jlaln = /an Xn jl jl — T, ]—)7Xn> (2614)

Using these modified embeddings and BF amplitude, one can obtain the new vertex

amplitude:
e In the Euclidean theory, if 0 < v < 1

A<(pie) =Y (1] Y- G9)

idia €

. jH+r o v+l g+r o G +1) -
15 in . ) - . ; ' n
JSpin(4) (( 2 + 2+r+1) 2 2 +r+1) (i)

(2.6.15)

e In the Euclidean theory, if v > 1

A>(jf7ie) = Z (H)/z;"z; (]f))

it e

la ta

15 8pinta) ((é](gj _+r1)) 12 - 72‘7(2‘7 _Jr:)) ! 5 T) (it i ))

(2.6.16)
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e In the Lorentzian theory,

A(jyrie) = /dxe(Hfii(jf))wj((jz —n,w),xe). (2.6.17)

J—"n

Now let us come to see the face amplitudes and partition functions. It is argued
in [19] that the face amplitude of a spinfoam model is determined by three inputs:
(a) the choice of the boundary Hilbert space, (b) the requirement that the com-
position law holds when gluing two complexes K and K', (c¢) a particular locality
requirement (see [19] for the details of the three assumptions). These requirements
are implemented if the partition function has the form:

By inserting the vertex amplitudes that we have defined into this expression, we
complete the definition of an Euclidean and a Lorentzian model.

Expanding the delta function in representation, we obtain
ZE,L(’C) = Z HdE’L(jfarf) HAUEJ/(jf)Tfaie)
Jfrpsie f v

where the face amplitude is

e In the Euclidean theory, if 0 < v < 1
. ) (5 +1) ) vi(3+1)
F<Gr = (54 BTy (g, 20T
o) ={d+r (G+r+1) SR )
(2.6.18)

e In the Euclidean theory, if v > 1

Gy = (M g = 1) (3 + DG =) == +1)

(2.6.19)

e In the Lorentzian theory,
V57 +1)?

@ prs) = (= 7y)?

+ (jr —rp)* (2.6.20)

where the dimension factors A} := [2j++1] [2]"—1—1] and A} := |:]€12£+72]?<jf + 1)2/14;31]
are the face amplitudes for the Euclidean and Lorentzian theories. In the Euclidean
case, the face amplitudes is different from the one obtained in [19] and coincide
with the ones deduced from the BF partition function. In [19] the face amplitude
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obtained is the dimension of SU(2) unitary irrep i.e. 2jf 4+ 1. The origin of the
difference is the difference in the boundary Hilbert space. The one here, Hﬁj or va,
has additional degree of freedom with respect to the space L?(SU(2)Y) of [19].

We have studied the quantum theory following from imposing the constraints
(3.2.15) and (3.2.16a) weakly, and we have shown that this leads to a new degree of
freedom, represented by the quantum number 7;. Does this degree of freedom have
a physical interpretation relevant for quantum gravity? There are some reasons to
suspect a negative answer. Let us consider the Euclidean theory for simplicity.

First, we have seen that ry does not affect the boundary geometry. We expect
all gravitational degrees of freedom to be captured by the geometry. Therefore
the theory we have obtained has extra degrees of freedom with respect to general
relativity. This can also be seen as following. In the classical theory we have the

well known (“left area=right area”) relation
ISF)2 = |77 (2.6.21)
which implies
[1=Ali" =1+~ (2.6.22)

which in turns implies 7; = 0. This might indicate that the quantum theory of
gravity that has GR as a classical limit is the one with r; = 0. Alternatively,
however, we might require something weaker; for instance, we can still obtain states
compatible with GR in the classical limit by demanding that
) r
lim — =0 for 0<vy<1
ji—>oo j_

lim — =2 for 4> 1 (2.6.23)

jE—o0 j

in the large-7 asymptotic regime. This would make the quantum number relevant
for the microphysics and not affecting the classical limit. On the other hand, this
choice is a bit artificial.

Furthermore, in the classical theory the area of a face can be equally computed
in the time gauge as Ay = /(X)) (X;)rs or as A3 = v 343, Classically the
two areas A4 and As are equal after the simplicity constraint is imposed, and they
indeed equal in the large-j limit after quantization [16]. Let us denote the condition
Ay = As the consistency constraint. If we ask A4 and As to be equal as operators in
the quantum level on the boundary Hilbert space (as in the case of [16]), then again

this fixes ry.
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Notice that with an appropriate factor ordering r; could be fixed, but to to a
value different from zero. Doing so will reduce the role of ry from that of a quantum
number (different in each state) to that of a single fixed parameter in the definition
of the theory. The actual value of r; fixed would depend on how the operators
corresponding to A4 and Aj are ordered. In this sense 7 is related to the operator-
ordering ambiguities of the consistency constraint. Once an order is chosen, there is
no more independent quantum number r in the theory. With a suitable ordering,
we can fix 7y =0

For these consideration, it may be reasonable to suspect that the weak imposition
of the constraints (3.2.15) and (3.2.16a) alone may in fact be too weak to properly
define quantum general relativity, in the same sense in which the strong imposition
of these constraints in the old Barrett-Crane model was too strong. There is a simple
way out, which is to impose the (non-commuting) simplicity constraints weakly, and
the diagonal simplicity constraint (for instance in the form (2.6.21)) strongly. With
this choice of constraints, properly ordered, we obtain r; = 0, the boundary space
isometric to the LQG state space in the boundary °, and precisely the new models
amplitudes. Finally, the gluing conditions gives the SU(2) face amplitude. Thus, we
recover precisely the quantum gravity theory described for instance in [11].

Note that one could also take the point of view that the quantum numbers r;
label different possible definitions of the spin-foam models. In each of these spin-
foam models, the boundary Hilbert space solves the simplicity constraint weakly.
And for different choices of r; the boundary Hilbert spaces are isometric to each
other.

®Note that the boundary space with 7¢ = 0 of Euclidean theory is only isomorphic to a subspace
of the kinematical Hilbert space H;, of canonical LQG and cannot completely describe all the
quantum states for the fields on the boundary S, since the spins in the summation cannot cover
all the SU(2) spins, for some values of Barbero-Immirzi parameter . However, this situation only

appears in the Euclidean theory but disappears in the Lorentzian theory.
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Chapter 3

The generalized spinfoam models

The spinfoam theory introduced in [14-18, 33] can be derived starting from the
Plebanski formulation of GR [48] (including the Barbero-Immirzi parameter =),
and defined as a BF theory discretized on a simplicial cellular complex and con-
strained by the so called simplicity constraint. The constraint can be imposed using
the master-constraint technique [15, 16, 49-54], or, more simply, using the Gupta—
Bleuler procedure, namely asking the matrix elements of the constraint to vanish
on physical states [31, 32], which we introduce in chapter 2. The resulting model
has remarkable properties: (i) the boundary states have a geometrical interpreta-
tion in terms of quantum tetrahedral geometry [29, 34, 35, 55]; (ii) there are strong
indications that the semiclassical behavior of the theory matches classical general
relativity [28, 56-58], thus correcting difficulties of earlier models [59-62]; and (iii)
the boundary kinematics is strictly related to that of LQG, as we have shown in

chapter 2.
The relation with LQG, however, is limited by the fact that the simplicial-

spinfoam boundary states include only four-valent spin networks. This is a drastic
reduction of the LQG state space. In [63], Kaminski, Kisielowski, and Lewandowski
(KKL) have considered a generalization of the spinfoam formalism to spin networks
of arbitrary valence, and have constructed a corresponding vertex amplitude. This
generalization provides truncated transition amplitudes between any two LQG states
[11, 13], thus correcting the limitation of the relation between the model and LQG.
This generalization, on the other hand, gives rise to several questions. The KKL
vertex is obtained via a “natural” mathematical generalization of the simplicial
Fuclidean vertex amplitude. Is the resulting vertex amplitude still related to con-
strained BF theory (and therefore to GR)? In particular, do KKL states satisfy the
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simplicity constraint? Can we associate to these states a geometrical interpretation
similar to the one of the simplicial case? Can the construction be extended to the
physically relevant Lorentzian case?

In this chapter ! we answer several of these questions. We show that it is possible
to start form a discretization of BF theory on a general 2-cell complex, and impose
the same boundary constraints that one impose in the simplicial case (simplicity
and closure). Remarkably, on the one hand, they reduce the BF vertex amplitude
to a (generalization of) the KKL vertex amplitude, in the Euclidean case studied
by KKL. On the other hand, a theorem by Minkowski [64] guarantees that these
constraints are precisely those needed to equip the classical limit of each truncation
of the boundary state space to a finite graph, with a geometrical interpretation,
which turns out to be in terms of polyhedra [30].

These results reinforce the overall coherence of the generalized spinfoam formal-
ism. Also, we consider the new quantum number in this spinfoam formalism.

An outline for the chapter is as follows. In Section 3.1, we review the spinfoam
representation of the BF partition function on a general complex, and we discuss
the structure of the boundary Hilbert space of BF theory. In Section 3.2, we im-
plement the geometric constraint to the BF boundary Hilbert space. After solving
the constraint weakly, two new boundary Hilbert space are constructed for both the
Euclidean and the Lorentzian theory. We also show that the new boundary Hilbert
space carries a representation of quantum polyhedral geometry. In Section 3.3, we
derive the new spinfoam vertex amplitude and face amplitude from the new bound-
ary Hilbert space. In the last Section, we conclude and point out the open issues.

We assume that the Barbero-Immirzi parameter v is positive.

3.1 spinfoam Representation of BF Theory

We start with a brief review of the construction of the BF spinfoam partition function
and the structure of its boundary Hilbert space [65], which is the starting point of
the definition of the theory. The BF partition function is formally defined by the
path integral

Zpr ::/ DA DB exp (z/ Tr(B A F[A])) (3.1.1)

1This chapter is based on work done together with Muxin Han and Carlo Rovelli. The results
have been published in [38].
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Figure 3.1: A generalized spinfoam vertex.

where B is a 2-form field on the manifold M, with values in the Lie algebra g of a
group G and F' is the curvature of the G-connection A. Here we take the internal
gauge group G to be either G = Spin(4) (for the Euclidean case) or G = SL(2,C)
(for the Lorentzian case). A formal integration over B gives

Zpr = / DA [] s(F[A) (3.1.2)
zeM
which is an integration over the flat connections. In order to make sense of the
formal path integral (3.1.2), we discretize it. However, instead of discretizing the
path integral on an oriented 2-complex dual to a simplicial decomposition of the
manifold M as is usually done, we introduce here an arbitrary oriented 2-complex
KC (as in [44, 63]) with or without boundary.

We take a combinatorial definition of an oriented 2-complex. An oriented 2-
complex K := (V(K), E(K), F(K) consists of sets of vertices v € V(K), edges e €
E(K) and faces f € F(K), equipped with a boundary relation O associating an
ordered pair of vertices (s(e),t(e)) (“source” and “target”) to each edge e and a finite
and e.; = £1; here we call e~! the edge with reversed order of e. We let df denote
the cyclically ordered set of edges that bound the face f, or (if it is clear from the
context) the cyclically ordered set of vertices that bound the boundary edges of f.
We also write v to indicate the set of edges bounded by v, and of faces that have
v in their boundary. Similarly, we write de to indicate the set of the faces bounded
by e. When e € Jf, we define e.; = 1 if the orientation of e is consistent with the
one induced by the face f and e,y = —1 if it is not.

The boundary graph v = 0K is a 1-cell subcomplex of . An edge e € E(K)
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is an edge of the boundary graph ~ if and only if it is contained in only one face,
otherwise it is an internal edge. A vertex v € V(K) is a vertex of the boundary
graph v if and only if it is contained in exactly one internal edge of K, otherwise
it is an internal vertex of K. We assume boundary vertices and boundary edges to
form a graph, which is the boundary of the two-complex.

We introduce also the notion of the boundary graph +, of a single vertex v. This
is the graph whose nodes are the edges e in 0v and whose links are the faces f in Jv.
The boundary relation defining the graph is the relation e € df and the orientation
of the links is the one induced by the faces. The graph -, can be visualized as the

intersection between the two complex and a small sphere surrounding the vertex.

Figure 3.2: An oriented 2-cell complex K := (F\(K), E(K),V(K)), where F(K) =
{fi,-, fe}, E(K) = {e1, -+ e}, V(K) = {v1,--+ ,v14}. v; is internal vertex,
and ey, es, €3, ¢4 are internal edges, while all other edges and vertices belong to the

boundary graph v = K.

We discretize the BF partition function on the oriented 2-cell complex K, by
replacing the continuous field A with the assignment of an element of G to each

edge. By convention, g,-1 := g;'. Then equation (3.1.2) becomes

Zpr(K) = / dg. T o(]] o). (3.1.3)

f o ecof
where dg, is the product over all the edges of the Haar measure, the product over
f is over all the faces of K and the product over e is the product over the edges
bounding the face f of the group element associated to these edges, ordered by the
orientation of the face. This is the partition function of BF theory.
We now express this partition function as a sum over representations and in-

tertwiners. For this, it is convenient to treat the Euclidean and Lorentzian cases
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separately.

3.1.1 Spin(4) BF Theory

Consider the Euclidean case G = Spin(4). The delta function on Spin(4) can be

expanded in irreducible representations

5(U) = dim(p)x"(U) (3.1.4)

where p = (5T, j7) labels the unitary irreducible representation of Spin(4), dim(p) =
(2j741)(25~+1) is the dimension of the representation space, and ¥/, is the character
of the representation p. Irreducible representations can also be conveniently labelled
with the two half integers k = j© +j~ and p = 5+ — j~.

Expanding the delta function in representations, (3.1.2) becomes

Zpr(K) = / dg. ] (Zdim(p) x”(Uf)>
! P

- Z/dge L1 dim(oy) X" (Uy). (3.1.5)
pf f

This is the expression for the spinfoam amplitude in the group element basis. Let
us now translate this into the more common representations-intertwiners basis.
This can be obtained by performing the integrals, precisely as in the simplicial

case. We have one integration per edge, of the form

Kymn = /dge H Hg}fo(gzef) (3.1.6)
feoe

where I14,\(¢) is the matrix element of the Spin(4) representation p; M = My, , ..., My,
is a multi-index; and the product is over the n faces bounded by e (including repeated
faces). In the case where K is dual to a simplicial complex, n=4. It is immediate to
see that K~ is the operator in the tensor product (@,  pr) ® (Q;, p}) of the
ps representation spaces (where f;,, are the faces with the same orientation as e and

fout are the faces with opposite orientation.) that projects on its invariant subspace

He = v [( @) r) @ (R) o)), (3.1.7)

fout fzn

Let I label an orthonormal basis in H.. (These are called intertwiners.) Then

Ky~ =Y ImIL (3.1.8)
I
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For each internal edge e, the two intertwiners are associated to the two vertices
bounding the edge (see Figure 3), in the sense that their indices are contracted with

the other intertwiners at the same vertex. The result of the integration is therefore

Figure 3.3: Assign I, to the begin point and assign I to the end point of an internal
edge e.

Zpr(K ZHdlm pf ZHA pr, Le (3.1.9)

Here the sum over I. is over the assignment of one intertwiner to each edge e of
IC. The product over v is over the vertices of K. The vertex amplitude A,(py, I.) is
defined as follows. Say at the vertex v € V(K) there are n outgoing edges e,,; and

m incoming edges e;,. Then

Ay(py, L) o= Tr <® Lepe Q) I ) (3.1.10)

€out €in

The trace in eq.(3.1.10) is precisely the spinfoam trace defined in [44, 63]. The
contractions between the intertwiners in the spinfoam trace could be described by
the follows: For each edge e each index M; is associated with a face f bounded by
the edge e. The trace is defined by contracting the two indices associated with the
same face of the two intertwiners corresponding to the two edges bounding f. This
can be easily seen to give the character y” of (3.1.5). In the special case when the
complex K is dual to a simplicial complex, there are 5 internal edges joining at v
and each pair of edges determines a 2-face, the spinfoam trace is nothing but the
Spin(4) 15-j symbol.

Alternatively, the BF partition function can also be expressed in the form [44, 63]

Zpr(K ZHdlm py) Tr ® P, (3.1.11)

e€E(K)
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where P, := > e ® IT is understood as the projection operator projecting from
the product of the representations on the 2-faces bounded by e to its invariant
subspace. And the index contractions in Tr (®e€ E(;C)Pe) are the contractions between
intertwiners, as above.

Most gravitational spinfoam theories, constructed as constrained BF, have this

same structure (3.1.11).

3.1.2 SL(2,C) BF Theory

Let now G = SL(2,C). The derivation of the spinfoam representation of SL(2,C)
is as above, with a few differences. SL(2,C) unitary irreps (in the principle series)
can be labelled by the same quantum numbers (k, p) as the SO(4) ones, but now p
is a real number [40]. The unitary irreps of SL(2,C) are infinite dimensional and

can be decomposed into an infinite direct sum of SU(2) irreps, i.e.

o0

v — Qv (3.1.12)

i=k

where V}(k’p )~ V; is the carrier space of the spinj representation of SU(2). This
decomposition provides a convenient basis |j,m > in V(#P) obtained diagonalizing
L? and L* of SU(2). In this basis, for g € SL(2,C), we write the representation
matrices on VP ag H(l;p])m (9) where j € {k,k+1,--- joo}and m € {—j,--- ,j}.
As one might expect from the fact that p is a continuous label, the representation

“matrix element” Hgmp 18 distributional on the Hilbert space L*[SL(2, C)] defined

by the Haar measure. These matrix elements form a generalized orthonormal basis

and define a Fourier-like transform. That is, for any square integrable function f(g)
on SL(2,C),

9= g3 [ a0+ ) TR 1)
F(k,p) = /S e 1O TE29) ity (3.1.13)

which is known as Plancherel theorem [40]. Accordingly, we have an identity for

Fourier decomposition of delta function on SL(2,C)

i(g) = # ;/_:0 Tr [H(kﬂp)@)} (k2 + p?) dp (3.1.14)
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in analogy with eq.(3.1.4). Proceeding as in the Euclidean case, we find

Zor() = [ T]do. [T5(00 (3.1.15)
e f
Z/dpf H(kac—l—pfe)/dgeHTr [H(kf’pf)(Uf)]
ky f f

As in the euclidean case, each g, integral is of the form
Kjmjm = / dge [] Hﬁ-';f,;’;f}}m,f (ge') . (3.1.16)
fede
Formally, this is still a projector on the invariant component of the tensor product of
n irreducibles. However, since now one of the two Casimirs has continuous spectrum
p, then the trivial representation p = k = 0 is not a proper subspace of the tensor
product, but only a generalized subspace. This does not forbids us to introduce an

orthonormal basis of intertwiners I in this subspace, as we did in the Euclidean case,

and write
Jl‘nJ 'm/’ Z m’ (3117)

but we have to remember that the intertwiners are generalized vectors. Using this,
we can formulate the spinfoam representation of SL(2,C) BF theory in the same

way as we did for Spin(4) theory.
e The Fourier decomposition of the SL(2,C) delta function assigns an SL(2,C)
irrep labeled by (kf,ps) to each face f.

e Eq.(3.1.16) assigns an SL(2,C) intertwiner /¢ to each source of each edge e,

and a dual intertwiner I¢' to its target.

e At each vertex v with n outgoing edges e, - ,e%* and m incoming edges
e ... e the intertwiners 1¢° “and I¢"t are contracting on their j, m and

j/, m’ indices, according to how the faces neighboring the vertex are bounded by

the edges. The result of this contraction gives the spinfoam vertex amplitude

A, ((k; o)1 ) = Tr <(®1) ® <®1T>) (3.1.18)

€out €in

e Finally the partition function of SL(2,C) BF theory is

ZBF_Z/dpr K2+ p%) HA (¢k.p)s 1) (3.1.19)

kfle
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This expression, however, is ill defined, due to the fact that the intertwiners are
generalized vectors, and the trace (3.1.18) may diverge. This issue is addressed
and answered in [66, 67], where it is shown that the source o f the divergence is a
redundant integral over SL(2,C) in the definition of A,. It is then immediate to
regularize A, by removing one SL(2,C) integration per each vertex. The resulting
amplitude is proven in [66, 67] to be finite, except for some particular pathological
vertices, which we exclude here for simplicity. In what follows we always assume

that the vertex amplitude is so regularized that the redundant integral is removed.

3.1.3 Boundary Hilbert Space

Let us rewrite the partition function (3.1.3) in a slightly different form. Split each
edge e bounded by the vertices v and v into two half edges (ev) and (ev’), and
associate a group element g, to each half edge (oriented towards the vertex). Then

replace each integral dg. with the two integrals dg.,, dge,. This gives

Zpr(K) = /dgev H(S(H (ge_ulgev’)eef)a (3.1.20)
f e€dg

where there is one integration per each couple vertex/adjacent-edge. Next, let v be

a vertex in the boundary of the face f. For each such couple fv, introduce a group

variable gg. Then (3.1.20) can be rewritten in the form
Zpr(K) —/ dgpdges [ [0 Tos) [T (95 gevgrt) (3.1.21)
fvedf fv

where e and €' are the two edges in the boundary of f that meet at v, ordered by

the orientation of f. This can be rewritten in the form
ZBF(]C) = /dgfv H (S(Hva) HAv(gfv) (3122)
f vedf v
where the vertex amplitude A,(gy) is defined by
_ -1
Ay(gr) = / I 49 1] 0(9e;9190,) (3.1.23)
e€ov feov

is a function of one group element for each face in the boundary of v. Here the
integral is over one group element per each edge in the boundary of the vertex v
and, as before, e and ¢’ are the two edges in the boundary of f that meet at v.

This is a rewriting of the connection representation of spin-foam models, in terms of
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group elements and wedges [68], and is called the “holonomy” form of the partition
function in [69].
Let |F,| be the number of links f of the graph +,, namely the number of faces f

in 0v. The vertex amplitude (3.1.23) is a function in
H,, = Ly[GF]. (3.1.24)

We call this the (non-gauge invariant) boundary Hilbert space of the vertex v. It
is easy to se that the vertex amplitude (3.1.23) is an element of this space. More

precisely, it is an element of the (possibly generalized) subspace
K., = Lo[GIP/GIEA (3.1.25)

where |E, | is the number of nodes of ,, namely the number of edges in dv, formed

by the states invariant the gauge transformation

U(ge) = (As.geA,) (3.1.26)

where A € GG and s, and t, are the source and target of e.

A moment of reflection shows also that (3.1.10) and (3.1.18) are simply the
amplitude (3.1.23) expressed in the standard spin network basis of IC,,. Let us now
study the boundary space H., in more detail. (It is convenient to consider the
non-gauge-invariant Hilbert space H,,, besides the gauge invariant one because the
expressions of geometric constraints will not be gauge invariant, thus they can only
be represented as operators on H.,.)

The natural derivative operator defined on the Hilbert space Ls[G] is the left

invariant derivative that generates the right G' action:

iw(eaT” 9) (3.1.27)

1J _
JY(g) = o .

where T%/ (I,J =0,--- ,3) is a standard Lie algebra generator of Lie(G).

Fix an SU(2) subgroup of G, and choose a basis in Lie(G) such that the direction
I = 0is preserved by SU(2). Then we can split the six generators T/ of Lie(G) into
3 rotation generators and 3 boost generators, resulting from the choice of canonical
embedding of the rotation SU(2) group into GG, and thus basically corresponding to
the time gauge for the embedding vector. Accordingly, we define (7, j,k = 1,2, 3)

. 1. . , .
Ii— éeljk‘]]k> Kt .= Jo (3.1.28)
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which have the standard commutation relations

(L', L)] = €7, LF (3.1.29)
(K, K7 = s, LF, (3.1.30)
(K, L] = €', K" (3.1.31)

where s = +1 for Spin(4) and s = —1 for SL(2,C).
We denote by J;” the left invariant derivative operator acting on the variable gy
of ¥(gr) € H.,. Notice that the right invariant vector field

d IJ
RYp(g) = =(ge™ ) (3.1.32)

a=0

satisfies R!74(g) = J74(g~1). Therefore
Ji% = RY. (3.1.33)

The bivector operators J ]{J have a physical interpretation in terms of the BF' theory
we started from. They are the quantum operators that quantize the discretized
version of the 2-form field B!’ restricted to a 3-dimensional boundary. The reason
for this is the follows: Classically the Hamiltonian analysis of BF theory can be

carried out [70]. The resulting non-vanishing Poisson bracket reads
{e“chabU(a:), AffL(a;')} — 55015153, ') (3.1.34)

where a,b,c =1,2,3, z and 2’ belong to a 3-dimensional spatial manifold S. These
canonical conjugate variables can be discretized in analogy with Hamiltonian lattice
gauge theory. Given a graph v imbedded in &, there exists a 2-cell complex dual to
the graph «, such that given a link f in the graph there is a unique 2-face Sy dual
to the link f. This 2-cell complex defines a polyhedral decomposition of the spatial
manifold o. With this setting, we associate a group variable g; € G to each link f,
and associate a Lie algebra variable Bf‘] to each Sy (the Lie algebra variables are also
labeled by f because of the 1-to-1 correspondence between links and 2-faces). The

Poisson algebra of these discretized variables has the following standard expression

{gfygf'} =0
{B§J7gf/} = 5ff/TIJgf

{BY.BEFY = dpp /5 BN (3.1.35)
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where f77%" | denotes the structure constant of Lie(G). In our case, if we consider
our boundary graph +, and abstractly define the above Poisson algebra on ~,, we
find that the bivector operator JJ{‘] for each oriented link f (as a right invariant
vector) is the quantum operator representing the Lie algebra variable BJI;] (up to
—ih), because of the commutation relation between J{’ and gy on the boundary

Hilbert space.

3.2 Boundary Quantum Geometry

We now consider a modification of BF theory. The modification is obtained by re-
stricting the boundary space ‘H., by imposing a certain constraint. Let us first define
this constraint and then discuss the consequences and the motivation of imposing
it.

3.2.1 Geometric Constraints

Consider a vertex v and its boundary graph +,. For each link f, consider the Lie

algebra element ¥ given by

1
Bf:*Zf—f-—Ef (3.2.1)
Y

where the star indicates the Hodge dual in the Lie algebra. Consider a node e of

the boundary graph ~,, and let f € de be all oriented away from e. Then define

1. Simplicity Constraint: There exists a unit vector (n.); for each e such that,
for all f € de

(ne)r"SF = 0. (3.2.2)

2. Closure Constraint:

d i =o. (3.2.3)

f€oe

These are the two constraints on which we focus. The main motivation for consid-
ering these constraints is the fact that the action of general relativity in the Holst

formulation can be written in the form

Senle,w] = / B A Fl] (3.2.4)

o4



where w is an SL(2,C) connection,

1
B="Y+4+-% (3.2.5)
gl
and
N =el ne’ (3.2.6)

where e is the tetrad one form. The restriction %{/| - of ¥ to any space-like bound-

ary B satisfies the conditions:
n5'| =0 (3.2.7)
where n; is the normal to the boundary and
dx = 0. (3.2.8)

Equations (3.2.1), (3.2.2) and (3.2.3) can be seen as a discrete consequence of equa-
tions (3.2.5), (3.2.7) and (3.2.8). Here, however, we take the discretized equations
(3.2.1), (3.2.2) and (3.2.3) as our starting point, and study their consequences. A
full discussion on the relation of these equations with continuum general relativity
will be considered elsewhere.?

The key consequences of these constraints is that they allow ¥ to determine a
classical polyhedral geometry at each node e of the boundary graph =, (See also
[30]). The following is a straight-forward application of Minkowski’s theorem [64]

Proposition 3.2.1. Given an F-valent node e in v,, let F' bivectors ¥ satisfy
(3.2.2) and (3.2.83). Then there exists a (possibly degenerate) flat convex polyhedron
in R3 with F faces, whose face area bivectors coincide with Efcj . The resulting

polyhedron is unique up to rotation and translation.

Proof: Without loss of generality, we fix the unit vector (n.); = (1,0,0,0) (we
call this the time-gauge). The simplicity constraint eq.(3.2.2) reduces to

Y =0. (3.2.9)

2The Plebanski simplicity constraint implies the constraints given here. However the reverse is
not true in general, unless “shape-matching” conditions [30] are imposed on each face shared by
two polyhedra. We do not demand such shape-matching conditions here. There is some evidences
from the large-j behavior of the generalized spinfoam model that non-shape-matching amplitudes
are suppressed in the large-j asymptotic [71].
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Hence the surviving components of E}J are E}] We denote these nonvanishing

components simply by ¥ = L¢i B/ or ¥, in terms of which the closure constraint

— 2
(3.2.3) reads

> =0 (3.2.10)
f

Consider %, s as vectors in R3. Call |3;| the length of the 3-vector 5 7, and let
Ny = 5 7/|1X¢|. We first suppose the unit vectors 7iy are non-coplanar. Then we recall
Minkowski’s Theorem [64], which states that whenever there are F' non-coplanar unit

3-vectors 7y and F' positive numbers Ay satisfying the condition

> Agiip =0, (3.2.11)
!

then there exists a convex polyhedron in R?, whose faces have outward normals 7i;
and areas Ay. And the resulting polyhedron is unique up to rotation and transla-
tion.?

When we apply Minkowski’s theorem to our case, we see that the existence of the
unit 3-vectors 7y and the lengths |3¢|, as well as the closure constraint eq.(3.2.10),
together imply that there is a convex polyhedron in R3, unique up to translation
and rotation, such that each 7y is an outward normal of a face and each |¥y| is
an area of a face. Such a polyhedron can be concretely constructed via Lasserre
reconstruction algorithm [72]. Let € the natural triad in R3, then the 3-vector ) f

can be expressed as an oriented area:
Y = /fei Ael. (3.2.12)

Finally, the case of coplanar unit 3-vectors 77y can be obtained as a limit of non-

coplanar case, yielding degenerate polyhedra. a

This geometrical interpretation equips the variables e and f with a further new
meaning: they represent, respectively, polyhedra in a 4d space and faces of these
polyhedra. See Table 1.

The geometrical interpretation in terms of tetrahedra (and now polyhedra) has
raised a lively discussion and it is sometimes unpalatable to the more canonical-
oriented part of the community. Part of this discussion is based on misunderstand-
ing. The precise claim here is that if we take the Hilbert space of the theory and

3Imagine the polyhedron immersed in a homogeneous fluid. Eq.(3.2.11) multiplied by the pres-

sure is the sum of the pressure forces acting on the faces, which obviously vanishes.
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2-complex K | boundary graph 7, | boundary 3d geometry

e edge node polyhedron

face link face of polyhedron

Table 3.1: The different geometrical interpretations of the labels e and f.

we truncate it to a finite graph (so that the observable algebra is also truncated),
then the truncated Hilbert space (with its observables algebra) has a classical limit,
and this classical limit can be naturally interpreted as describing a collection of
polyhedra. This is well consistent with classical general relativity, because classical
general relativity as well admits truncations where the geometry is discretized. Also,
this is not inconsistent with the continuous picture for the same reason for which
the fact that the truncation of Fock space to an n particle Hilbert space describes
discrete particles, is not inconsistent with the fact that Fock space itself describes a
(quantized) field.

Let us now see how the constraints translate on the variable B given in (3.2.1).

We have easily:

Simplicity Constraint:

s
C{=ns (*B}J — ;B}J) =0, (3.2.13)
Closure Constraint:
Gl =Y Bj’ =0, (3.2.14)
fee

where s = +1 for Spin(4) and s = —1 for SL(2,C).

Consider a single polyhedron e, with the time-gauge (n.); = (1,0,0,0), and

introduce the rotation Li; = %ejle’Jil and boost K‘} = B?cj components of B}J.

Then the simplicity constraint (3.2.13) becomes simply
K;=sy Ly; (3.2.15)

the rotation generators are proportional to the boost generators. The closure con-
straint (3.2.14) can be written as
Y L=, (3.2.16a)
feoe

and Y K;=0. (3.2.16b)
feoe
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where the second, eq.(3.2.16b), is redundant, by eq.(3.2.15).
Let us now move to the quantum theory, and impose the two constraints (3.2.15)
and (3.2.16a) weakly [14-16, 31, 32] on the quantum states. This gives

Simplicity Constraint:
(. ') =57 (0, L"), (32.17)

Closure Constraint:

> <¢,I?fw’> =0, (3.2.18)

These equations give a subspace Hﬁ) (respectively Hﬁv in Lorentzian case) of the
boundary Hilbert space H,, of BF theory, where the constraints hold weakly. That
is, we define ny as the subspace where these equations hold for any two states v
and ¢’ in a dense domain, for all nodes s of v,. We do not mean va is selected as

the maximal weak solution to the geometric constraints; in fact, it may not.

3.2.2 New Boundary Hilbert Space:
Euclidean Theory

Let us now construct Hi . Here we first define Hi and then prove that it solves
the geometric constraint. We begin with some preliminaries on the structure of the
BF boundary Hilbert space. In the FEuclidean theory, this space has the following

decomposition

M, = Q) L?[Spin(4)] = (X) V, @V, (3.2.19)
! f pf

where V), denote the representation space for the Spin(4) irrep p and V. is the rep-
resentation space for the Spin(4) adjoint irrep p*. For each face f, V,, and V.
transforms in a gauge transformation (3.1.26) under the action of A, A;,, where s;
and t; are the initial and final points of the link f. By regrouping all representa-

tions space that transform under the action of the same A., namely by regrouping
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the representation spaces associated to the same vertex e of ~, we can rewrite the

decomposition in the form

H,, =P R R VD (3.2.20)

{pf} e [feoe

where
(s£,f)
Vo, = Vi
vy = v (3.2.21)

Therefore the sum over colorings p; associates a representation space

Q) vieD (3.2.22)

feoe

to each vertex e. This space can be seen as the quantization of the shapes of a
polyhedron with faces having fixed areas, determined by the coloring p; [30].

Since Spin(4) ~ SU(2)+ x SU(2)_, a unitary irrep of Spin(4) is given by a tensor
product of two SU(2) irreps. V,, = V;+ ® V- with spins j© and j~. The SU(2). sub-
groups of Spin(4) are its canonical self-dual and anti-self dual components, generated
by L+ K, and should not be confused with the (non-canonical) SU(2) subgroup gen-
erated by E, used to pick a time gauge. If we decompose V, = V1 ;- in irreducibles
of SU(2), we have

gt+iT
Vieg- =Vir@Vi-= @ V7' (3.2.23)
=it =i~

We now define Hﬁj . Firstly, we introduce a new quantum number, which is
denoted by a non-negative integer r, related to 5~ by 0 < r < 257. In the represen-
tation space Vj+ -, pick the ij i subspace (in the decomposition above), where j

is defined by the modified y-simple relation:

j+:j—|—?" 7?(]+)’ j_:]—i—?"_ ’Y?(]+) if0<~y<1
2 2 +r+1) 2 20 +r+1)
'+:’YJ(.J+) J 7” j—:fm(‘_j—i_)—j r if v>1
2(5 —r) 2 2(j —r) 2
(3.2.24)

j7r)7j7 (j7"")

By doing so, we obtain the subspace ij K in each Vj+ ;-. By restricting in

this manner all the V, subspaces in (3.2.19) we obtain a subspace of H,,. We define
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the non-gauge-invariant new boundary space to be this subspace. That is

P Qv iy (3.2.25)

{jgrs} e fee

where the sum is over non-negative half-integers jr and rs, and (57(4,7),7(4,7))
depend on j and r as equation (3.2.24) show. The possible coloring in ’Hﬁj are
labelled by the two non-negative half-integer quantum numbers j; and r;. The
quantum number j; characterizes the SU(2) spin of the representation and is easily
identified with the corresponding LQG quantum number which is associated to each
link of the graph. r; is a new quantum number, also associated to each link of the
graph.

Notice also that (3.2.24) restricts also the possible values of j and r to those for

3 (G+1) vi(G+1)
which 261+ O 3G+t D)

disappears in the Lorentzian theory.

is half integer. This awkward feature of the Euclidean case

Next, we define the gauge invariant new boundary space. Consider the diagonal
actions of h € SU(2) on each product representation space eq.(3.2.22) at each e. We
denote the invariant subspaces under this actions by

. -4 "]" 7,7 '71”
397 = vy R Gir)dy (9 ))(e,ﬁ] (3.2.26)
fee
Explicitly,
e <yl
(<) _ S S R ()
31 = Invgp ®(V7f ) (3.2.27)
fee
o v>1
G+ | j—r vi(G+1) J'*T
ji>} _ InVSU( ®(V 5G-r T2 0301 )(evf)] (3228)
fee

The gauge invariant new boundary Hilbert space is defined by
HE = P QI (3.2.29)
{jrrst e
An orthonormal basis in Hi can be constructed as follows. Given a polyhedron

e with F faces, we assign at e an F-valent SU(2) intertwiner i14# associated

with F' SU(2) irreps j¢, f = 1,--- F. An orthonormal basis is then defined by the
following functions on [Spin(4)]/F0)l
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e <y«
, ir(jr+1)
TE<  (g2)— s U e
'yv,]f,rf,ze(gf) H\/[jf f jf+Tf+1 + ][]+T j+T+1

f
Ae1-Aep m:fm;f n+n+, n_.n,
[T it TICh™ | T [

e fee f
Sty Bty
1T [Dm+ B (gEyD 2 (gef)} (3.2.30)
(e7f) ef'’ef ef'vef
o y>1
G +1) WU+ .
TE> — m R 1
'yv,]f,rf,ze(gf) E[\/[]f‘i‘rf‘i‘l_‘_jf_'_?af—i_ H]—l—?“—Fl (]f‘{‘rf)“‘ }
+ .- _
H |:7;6A51“‘A6F HCZL;mef:| H |:6":fn:/f€”efne/f}
e fee f
W21'((jj1>) j;r N "YQJ'((qjl)),j;r B
H |iDm7ifn+f (gef)ijfn*f (gef>1 (3231)

(e,f)
where gey = (925, 9.;) € Spin(4), D’(g) is the representation matrix of the SU(2)
mrm>
irrep j, and C' A:ff “/denotes the Clebsch-Gordan coefficient (A; = —kg, -+, ky)

e <yl
. T o
<]+7" i +1) it 73 +1) i A@f‘ (3.2.32)
2 20 +r+1)" 2 2 +r+1)
jH+r (G +1) Lo l=. _
’ 5 T2 rraay e Ty JETen Mer )
o v>1
e+l  j-r G+l g1 ’
- C i Al 3.2.33
<2(j—7”) 5 2(]—7“) 9 y I f ( )

‘W'(J'Jrl) j=r oG+l gor
: , M : — , M ).
2(5—r) 2 20 —r) 2 of

+ *
¢'<1"<'s are the unique 2-valent SU(2) intertwiners with representations
e <y«

j+:j+r vj(j + 1) j_:j+7°_ vj(j + 1)
f 2 2(j +r+1)’ 2 20 +r+1)
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o v>1

4G+l o VR R

2 —1) M 2(j =) 2

respectively. Thus T@} g pie)

if we ask the quantum numbers r; to be some fixed integers, then the spin-network

is essentially a function over gy = gcrgse. Note that

functions TZ can be equivalently considered as an SU(2) spin-network func-

(’Yv,jf,'l“f,ie)
tions, thus the boundary Hilbert space is spanned by SU(2) spin-networks, as the

case of LQG kinematical Hilbert space.

We are now ready to prove our first main result.

Theorem 3.2.2. The Hilbert space Hi solves the geometric constraint (3.2.17-
3.2.18), with s = 1.

Proof: The closure constraint (3.2.18) follows immediately since the states
in HZ is invariant under the diagonal SU(20 gauge transformation (g:f, 9op) —
(hegiss hegzy) at cach e (the constraint is even solved strongly). The nontrivial proof

is for the simplicity constraint (3.2.17). Define the self-dual/anti-self-dual operators:
= 1 - -
J; ':Q(Lfin) (3.2.34)
then (3.2.17) reads
(1—=7) <w,ff+1//>E —(1+7) <f,J:;1//> = 0. (3.2.35)

The operators fff on L?(Spin(4)) act on individual Vp(fe’f) (see, e.g. Sec.32.2 of [2]).
Therefore we only need to show that in each Clebsch-Gordan subspace Vjp =G 7),

- gt GHD) g G i+ = WUt | o - =
with (j =5 +2(j+r+1), J 2 2(j+r+1)><07<1 and (] = 2(G-n) Tt =

yéfrl)) — J%”) , the following relation holds for all pairs ®, U of vectors
v>1

(1= )WL) — (1 +7) (] T[®) = 0 (3.2.36)

where ( | ) is the Hermitian inner product on the Spin(4) irrep V,—;+ ;).

To evaluate these matrix elements, we remind the action of generators of Spin(4)
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on the canonical basis:

L?|j,m) =ml|j,m),

LF|j,m) =/ (5 +m+1)(G —m)|j,m + 1),

L™|j,m) =/ (G +m)(j —m+1)|j,m —1),
m)
m)

K°|j,m) =a)v/§2 —m?|j — 1,m) +5gymlj,m) — agan /(G +1)2 = m?[j +1,m),
K™, —%\/( m)(a—m—l)lj—l,mH)

+y5)V G —m)G+m+1)]j,m+1)

+agV+m+ DG +m+2)j+1,m+1), (3.2.37)
K~|j,m) == apy/ (G +m)(G+m—1)i—1,m—1)

+y)V G +m)(G—m+1)]j,m—1)

— oGV —m+ 1) —m+2)j+1,m—1),

where

Q@) =

Y

1\/02 — T =D = G =)
g 452 — 1

ST =G+

16 = i +1) '

Using these actions, as in chapter 2, one can check that the modified y-simple relation

(3.2.38)

satisfy the simplicity constraint (3.2.17) and closure constraints (3.2.18). O
The proof is the same as the one in chapter 2, which means the weaker -simple

relation can be generalized into arbitrary-valence spinfoams.

3.2.3 New Boundary Hilbert Space:

Lorentzian Theory

Now we turn to the case of G = SL(2,C). In this case the decomposition of the
Hilbert space reads

H, = @ L2 (SL(z, 0), duH> (3.2.39)

- QD / dpy (p7 +k7) Vikrwp @ Vip)

fokp=N/2

where k; are still non-negative half-integers but py € R is now a real number. Here

i ® denotes a direct integral decomposition [73] (see also Chapter 30 of [2]). Vik.p)
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denotes the unitary irrep of SL(2,C) in the principal series, and V(}; ») denotes the
adjoint irrep. We can then proceed as in the Euclidean theory. The BF boundary

Hilbert space reads
®
M, =P H/R dps [T 07 +45) QQ Vi) | (3.2.40)
{ks} f f e fee

The representation space V(;p) is infinite-dimensional and can be decomposed into

SU(2) irreps (irreps of the subgroup generated by L), i.e.

View = P V. (3.2.41)
j=k
This time we introduce the two parameters j and r by
T+ 1
= (3.2.42)
j—r
= j—r (3.2.43)

and we define the new boundary space by restricting each V) to its ij’p subspace
satisfying (3.2.42). This time p does not need to be half-integer, therefore (3.2.42)
can be solved for any j. The new quantum numbers associated to each face are j;
and 7, each being a nonnegative half integer.

As before, we consider the diagonal SU(2) action at each e for all h, € SU(2).

The invariant subspace under this action is

. WG (e.f)
7 = Invey ® (V =y f) (3.2.44)

fee

The new boundary Hilbert space is defined by a product of these invariant subspaces

over all the polyhedra e, followed by a sum over all the possible j; and 7:

He= P QR (3.2.45)
{rrdst e
where j; and k; are non-negative half-integers with constraints (1) j > ry. Hﬁv is
a direct sum over a set of subspaces contained in the fiber Hilbert spaces of H,, (see
eq.(3.2.39)), thus has well-defined inner product.
An orthonormal basis is constructed as follows. Consider the oriented boundary
graph 7,. Given a F-valent vertex/polyhedron e, we assign it an intertwiner i41~4r

associated with F' spins j, f=1,---, F

eelv| & Vi, & Vi (3.2.46)

(e,f) outgoing (e,f) incoming
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An orthogonal basis in Hi} is given by the following functions (distributions) on

SL(2,C)

TGoiirsio95) = (3.2.47)

(’ij(jf+1) .

e )

iAc1Aer IfTF

Hzee ‘ H ijA€f7ije/f (gf)
€ (ese”)

here I1?»*) denotes the representation matrix in SL(2, C) irrep labeled by (p, k). All
the A, indices of the representation matrices are contracted with the A.; indices of

the intertwiners.

The new boundary Hilbert space H,’;JU is not a subspace of the BF boundary

. L
Hilbert space H,,, because T, dprp

tions. In order to check the geometric constraints Egs.(3.2.17) and (3.2.18) on H%
we have to compute the (dual) action of the bivector operator on the distributions
T(f;m ipikyie)- Yortunately the Hilbert space L?(SL(2,C)) has the structure of direct
integral decomposition (see eq.(3.2.39)). Then the (dual) action of the bivector op-

,) are constructed by II*?) which are distribu-

erators K and L gives the actions of Lie algebra generators L and K on each fiber

Hilbert space V().

We are now ready to prove our second main result

Theorem 3.2.3. The Hilbert space Hfm solves the geometric constraint (3.2.17,3.2.18),
with s = —1.

Proof: Closure constraint follows immediately and strongly by the diagonal
SU(2) invariance at each polyhedron e. We only need to consider a single irrep
View (0 = 25)

orthogonal subspaces in H%‘

because L and K leave it invariant and, different (p, k)’s label

A canonical basis in V() is obtained diagonalizing the Casimir operators J -
J,*J-J, L-L and L3. The basis can be denoted |(p, k); j, m) or simply as |7, m) since

we only consider a single irrep. On this canonical basis, the generators act in the
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following way [41]:

L*|j,m) = mlj,m),

L*jm) = (G +m+1)( —m)jm+1),
L7ljm) = V(@+m)(G—m+1)j,m—1),
K*jm) = —agy/§% —m2lj—1,m) — Bzmlj,m)

+aginy/ (G + 12 =m?|j +1,m),

K*|j,m) = —agpV/(G—m)G—m—1)i—1,m+1)
B/ (G —m)(G +m+1)j,m+1)
gV +m+ DG +m+2)j+1,m+1),

K~|j,m) = apV/(G+m)(+m—1)j—1,m—1)
BV (G +m)(G —m+1)[j,m—1)
+agV (i —m+ 1D —m+2)j+1,m—1),

where

LF¥=L'+iL? K* =K'+ iK? (3.2.48)
and

ag = T IREE T, By = it (3.2.49)

Using these equations, one can check directly that

(G, m/| (K" + By L") |j,m) = 0. (3.2.50)
which is nothing but
(G, m!| (K + L) |j,m) = 0. (3.2.51)
because pk = vj(j + 1).
O

3.2.4 Quantum Polyhedral Geometry

In this section we show that the boundary Hilbert space Hﬁj and 'Hfm carries a
representation of quantum polyhedral geometry, consistent with the classical poly-

hedral geometry that we have discussed in Section 3.2.1. Recall that we defined two
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different bivectors J!{ and Eg}c] related by

1 1J
B = (*Ef + —Ef) (3.2.52)

Y ef
Theorem 3.2.1 states that classically, the geometric constraint of B}Ic‘] implies that
BJ’;J is the area bivector of a face f of a polyhedron e. On the BF boundary Hilbert
space ‘H,, the bivector B}’ is quantized to be the left invariant vector field J;”.
Inverting the above equation, we can write the quantum operator corresponding to

Y (which we indicate with the same symbol) as

1J 7 1oy
Y= (*Je ——J; > (3.2.53)
;T e Ty e
Give a polyhedron/vertex e of the boundary, if we choose the unit vector (n.); =
(1,0,0,0) 4, then the simplicity constraint implies the vanishing of Z(}j for each face
f. That is, the matrix elements of the operators X% vanish on H% and HZ , thus
we consider them as vanishing operators on Hi or Hi- The nontrivial operator on

E L
H.,, and H is

2

o ~ 1.
eyt = L— Ky — =L 3.2.54

ik 7z_s(f 7f) ( )
Because of the quantum simplicity constraint (3.2.17), we can identify K;f with
s'yf/e 7 on the dense domain of the new boundary Hilbert space, as far as the matrix

elements of the operators are concerned. Thus, in the sense of their matrix element
Y, =5y Ly (3.2.55)
By the SU(2) gauge invariance, then

d %=0 (3.2.56)
feoe
(with all f’s oriented out of e.) Consider now a family of coherent states that makes
the spread of these operators small. These coherent states are then characterized by

expectation values of ¥ ¢ that satisfy the equation above. By Minkowski theorem,

4Although it seems the boundary states depend on the normal vectors to the polyhedra, the
partition functions are invariant under local gauge transformations in the bulk (see [74]). On
the boundary, there exists a manifestly Lorentz covariant formalism, given by a certain class of
“projected spin networks” [43].
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they determine a polyhedron e at each vertex. ief represents the normal to face
area of the polyhedron e, normalized so that its norm is the area of the face [30].

The area operator for a face f (in units that 872 =1 ) is then

Ap =\ LiLip = 9\/dr(is + 1). (3.2.57)

It is clear that the area operator doesn’t depend on the orientation of the face. Thus
the two areas of the two faces of the two polyhedra e and e’ that are determined
by the same face f are equal. (Recall that the one of the two is determined by the
left invariant vector field J and the other by the right invariant vector field R, since
Ry = J-1.)

At fixed values of the areas, the shapes of the polyhedra is described by the
intertwiner spaces at each e. We recall that an over-complete basis in these spaces

is formed by the Livine-Speziale coherent intertwiners [17]

i = [ dualo) [L D @lisn) (3:2:58)
SU(2) e
These can be labeled [75] by the elements in x ;S?/SL(2,C). Thinking of S? as the
compacted complex plane of z;, a coherent intertwiner is determined by F' quantum

area jr and F' — 3 complex cross-ratios Z

(Zh43 — 21) (22 — 23)

7, =
’ (243 — 23)(22 — 21)

(3.2.59)

which are invariants of SL(2,C). The space of these cross-ratio x 5?/SL(2,C) can
be identified [76] with the Kapovich and Millson phase space Sg [77], which is also
the space of shapes of polyhedra at fized areas j¢. Thus, we can label the coherent
intertwiner by ||j, 7 ), in variables that relate directly to the shape of the polyhedron.
The resolution of identity in the intertwiner space can be expressed as a integral over

the Kapovich and Millson phase space Sp, i.e.
Ly = | au@)15.2) (.2 3.2.60
F

where the explicit expression of the measure du(Z) is given in [75]. Finally the
volume operator for a polyhedron can be defined as in [30], in terms of the classical
volume of a polyhedron and the coherent intertwiner.

Notice that the quantum polyhedral geometry doesn’t depend on the quantum
numbers 7¢. The quantum numbers 7, don’t affect the quantum 3-geometry on the

boundary.
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3.3 Amplitudes

3.3.1 Vertex Amplitude: Euclidean theory

If we take BF theory and restrict all vertex-boundary spaces to va (or Hﬁv) we
obtain a new dynamical model. Here we give explicitly its vertex and face amplitude.
Let’s start with the Euclidean case. The BF vertex amplitude can be written in
the holonomy representation: (each edge joining at v is uniquely determined by a

vertex/polyhedron e on the boundary) reads

e 0<y<l1

+1 | i(j+ 1
A<(g)) ZH jf+r+7jf(Jf )_i_l][]_i_r_%?(] )+1]

Jrtry+1 J+r+1
Jf le
Av(]j 7]]? Z.e 7ie >T'va§?:,13: (gf) (331)

o v>1

Az () = > T/ W”er )+j +r +1][—7j(j+1)_(jf+rf)+1]

iif jf+rf+1 Jtr+1
A(G7 075, e)Tﬁ{ 1;;[ =(9r) (3.3.2)
Here
AU(]?v];a 22_72@_) =Tr <® ]!) (333)
ecv

where I = (i*,77) and we assume the valence of v is n. TBF € H,, is a Spin(4)

(vod 7 i)
spin-network function on the boundary graph -,

T a iz (99) =T a2 ()T, 5o iz (9) (3.3.4)

TvsJ g ote

where

T (97) HW H[ {mef}] (3.3.5)
11 {Dfnemef (ger) } (%9 {Enefne/f 1

(e.f) f
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The vertex amplitude eq.(3.3.2) is a distribution of the boundary Hilbert space H.,,,,
i.e. there is a dense domain of H,, spanned by the spin-network functions T( o i)’
such that A,(gee ) lives in the algebraic dual of this dense domain. After imposing
the geometric constraint, we restrict ourself to the subspace ny . Such a restriction

results in a (dual) projection of the vertex amplitude A,, i.e. we obtain
E E
A’U (gf) = Z <T'Yvajf77"f7ie7 A’U> T’ywjf,rf,ie (gf) (336)
.jf7rf77;€

where T, ;. » .. is a orthonormal basis of HZ (recall eq.(3.2.31)), and (, ) is the
inner product of the BF boundary Hilbert space H.,. The evaluation of AP is
straightforward:

AP =3 H\/zyf +1\/23f 1 (3.3.7)

]f Tf, le

Z A ]fv ]f ) e ’ e_) Hf;::k,lg qu,,jf,rf,ie(gee’)

ZE 718 €

where we jT, 7~ depend on (7, 7) as equation (3.2.24) and for each F-valent boundary

polyhedron /vertex
f;i = ZeAel AeFC elmel . CA epmeF
(i )m;...m;F(i; I (3.3.8)

Then in the (js, ry,i.)-spin-network representation, the vertex amplitude is

A7 (g s, de) ZA ifars il i) T s - (3.3.9)

te sle

ZE 77‘6 €

which nontrivially depends on the quantum numbers r; via the definition of j; .
There is another way to write this vertex amplitude in (js, 7y, 7 )-spin-network

representation. Define a map Igf ' from SU (2) intertwiners to Spin(4) intertwiners,

depending on the quantum numbers ry. Given an F-valent SU(2) intertwiner i,

with spins kq,--- , kp, let
e <yl

+ = +
L Tf (s — A1 Aer (Me1Mel ... NepTer
Tt e I (i) = il er Oy Cyr

+ +T+2A(U(+Jr++11)) jgrfﬂjjgrj:j% —
[astag 12,560 B2, 57 ) (3210

70



o v>1

- -
L Tf y _ ;A1 A Fe1el e NerTer
I, o e = Ig (ic) = i O] Car

N 'y27((3+1))+3 N 'YQJ'((j_-!-l))_j;r B
/dg VR | L U B e b U B CEREY

fee

Given an edge e € F(K), we associate an intertwiner I brs }( ¢) to the initial point
of the edge e, and a dual intertwiner ]{ f}( ¢)! to the final point of e. Then the

vertex amplitude AZ can be written a spinfoam trace of the intertwiners Igf }(ie)

AE(kp rpic) = Tr <® Igf}(@'e)f) (3.3.12)

ecv

where we have again assumed that all the edges joining at v are oriented towards v.

3.3.2 Vertex Amplitude: Lorentzian theory

The Lorentzian vertex amplitude can be defined in the same manner. The SL(2,C)

BF vertex amplitude is expressed in the holonomy representation as a distribution

Algy) = Z/Hdpr k3 + %) (3.3.13)

ky,le

A, (pf, k‘f; ]e> T%,(k,p)f,a,n)e (gf)

where
A, <pf,kf, )_ <®IT> (3.3.14)
and
Tﬁi’f kgl (9r) = H Loy dmesyile 1;[ Hfjf’;{ef el prme ’f(gf)

Recall that we always assume the vertex amplitude is associated with an integrable
spin-network graph, thus is finite after regularization [66, 67].
We can project A, on the new boundary Hilbert space Hi,’ in the same way as

the Euclidean case

Algr) = Y H(vjf]ﬁl) +(J'f—7“f)2)

-r
G pie (s 7)

L L
<T%7jfme , AU> TE i (Ger) (3.3.15)
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where ( , ) is the inner product on the BF boundary Hilbert space. The states

vig(p+1) .

S SJfF—Tf
L el Ak Jf=Tf
T%Jf T sie () 1_[Z H JfAesiifAecty ()
(e,e)

form an orthogonal basis in Hﬁv. By using the orthogonality relation

7k l7k/
/ dg Hyfn l)n( ) H§?m’,2’n’ (g) =
SL(2,C)

5%/5(]9 — )8 1 O Ot (3.3.16)

k2 + p?

it is straightforward to show that in the (jf, 7y, i.)-spin-network representation, the

resulting vertex amplitude reads
AL (jkafai ) = <T(€/yv,jf kfyie) 0 Av> (3317)
’VJ (s + , i
_ZA< — f) f—Tf);[e>er
where

e . AAcs} v +1)
= e Iiinqa, 0 (,—,j —r (3.3.18)
I, {gr}{Aer} jr—ry f f
As expected, the vertex amplitude AL obtained in this manner is divergent, and
we need a regularization procedure. To this aim, rewrite the vertex amplitude in
terms of spinfoam trace as we did for the Euclidean theory. We define a formal map
I/ from SU(2) intertwiners into SL(2,C) intertwiners, depending on the quantum

numbers 7

'mf(Jf+1) .

s ) A
Iy (i) gjy.0473 / dg Hﬂj}jff,]ﬁAef (g) ~ie

fcCe
which gives AL by a spinfoam trace
AL (psrprie) = Tr <® f{rf}(zef)T> (3.3.19)
fee

To regularize the vertex amplitude AL it is sufficient to removing one of the dg
integration (which is redundant) at each vertex. With this, the vertex amplitude
AL is finite.
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3.3.3 Face Amplitude and Partition Function

It is argued in [19] that the face amplitude of a spinfoam model is determined by
three inputs: (a) the choice of the boundary Hilbert space, (b) the requirement
that the composition law holds when gluing two complexes K and K'; (¢) a partic-
ular locality requirement (see [19] for the details of the three assumptions). These
requirements are implemented if the partition function has the form (3.1.22). By in-
serting the vertex amplitudes that we have defined into this expression, we complete
the definition of an Euclidean and a Lorentzian model.

Expanding the delta function in representation, we obtain

Zpr(K) = Y [[d" Grrp) [1AS"Grorsie)

Jfarfite f v

where the Euclidean face amplitude is

e <yl

. . i(j+1) . vi(j+1)
d¥<(jg,r ——[ +r+—7‘7(‘7 +1H +r————
(rsrr) J J Srr+1

P + 1} (3.3.20)

o y>1

ﬂﬂhmﬂz[WU+LLHj_”+q[ﬂﬁiil_@_@+4]@&m)

j—r
the Lorentzian one is

0%j7 (s +1)?

Gy =) + (jr —rp)% (3.3.22)

dL(.jfa Tf) =

where the dimension factors A}k = [j—i—r—i—%j%] [j +r— % + 1] ) A}b =

%—l—(j—r)j%} [% —(j— 7’)+1} and A} = |:k']2c+g2j]2£(jf + 1)2/k‘ﬂ are the
face amplitudes for the Euclidean and Lorentzian theories. In the FEuclidean case,
the face amplitudes is different from the one obtained in [19] and coincide with the
ones deduced from the BF partition function. In [19] the face amplitude obtained is
the dimension of SU(2) unitary irrep i.e. 2j;+ 1. The origin of the difference is the
difference in the boundary Hilbert space. The one here, Hi or Hgv, has additional

degree of freedom with respect to the space L*(SU(2)") of [19].

73



3.4 Summary

By imposing the simplicity constraints on a quantum BF theory defined on an ar-
bitrary cellular complex, we have obtained a theory which: (1) is well defined both
in the Euclidean and the Lorentzian context; (2) generalizes the existing spinfoam
model to general 2-cell complexes, along the lines suggested by [63]; (3) has bound-
ary state that have a natural interpretation in the semiclassical limit as a polyhedral
geometry on the boundary. In particular, we have shown that the KKL extension
of the spinfoam formalism still satisfies the simplicity conditions weakly.

The weak simplicity constraint allow a space larger than the one of LQG to
emerge. The physical interpretation of the additional degree of freedom is unclear.
It can be eliminated by imposing the non-commuting simplicity constraints weakly

and the diagonal one strongly.
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Chapter 4

Correlation functions of

Lorentzian spinfoam model

Spinfoam amplitudes provide a covariant definition of the dynamics of Loop Quan-
tum Gravity. A basic test the amplitude has to pass is that, in the semiclassical
limit, it reproduces the classical action for gravity. Recently, the Lorentzian vertex
amplitude has been shown to correctly determine the Regge action for discrete grav-
ity restricted to a 4-simplex. Given this result, the next test for the theory regards

the behavior of small quantum fluctuations around a classical solution.

! we compute two-point correlation functions for the Penrose

In this chapter
metric operator. The setting is the one introduced in [78] and developed in [62, 79—
85]. In particular, we restrict to a single spinfoam vertex and compute correlations
on a semiclassical state peaked on the spacelike boundary geometry of a Lorentzian

4-simplex.

Our main result is the following. We consider the limit, introduced in [86], where
the Barbero-Immirzi parameter is taken to zero v — 0, and the spin of the boundary
state is taken to infinity j — oo, keeping the size of the quantum geometry A ~ ~j
finite and fixed. This limit corresponds to neglecting Planck scale discreteness and
twisting effects, at large finite distances. In this limit, the two-point function we
obtain exactly matches the one obtained from Lorentzian Regge calculus [42]. We

therefore extend to Lorentzian signature the results of [86].

IThis chapter is based on work done together with Eugenio Bianchi.
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4.1 The EPRL amplitude in Lorentzian theory

In this section, we give a brief introduction to the SL(2,C) EPRL amplitude of a
coherent spin network. Throughout this thesis, SL(2,C) refers to the 6-dimensional
real Lie group of 2 x 2 complex matrices with unit determinant, and is called simply
the Lorentz group. It covers the group of proper orthochronous Lorentz transfor-
mations, SOT(3,1), which is the component of the group O(3,1) connected to the
identity:.

The principal series of irreducible unitary representations of the Lorentz group
SL(2,C) are labeled by two parameters (k, p), with k an integer and p a real number
[41]. Given a carrier space H ), the canonical basis is given by the basis diagonal-
izing simultaneously the Casimir operators, which is denoted as |(k, p); j, m).

The SL(2,C) EPRL amplitude of a single 4-simplex for a boundary coherent

spin network state |j, ®(77)) reads

(W1, (1)) = / [Tdge ][ P9, (4.1.1)
L2,cp @ )

(ab
with
Puy(9) = (avs —11a0(E) Y92 06Y | b Tiba (€)). (4.1.2)

Notation is as follows. The indices a,b = 1, ..., 5 label the tetrahedra on the boundary
of the 4-simplex and (ab) labels the triangles between the corresponding tetrahedra;
the integral is over one group element of SL(2,C) per each tetrahedron. We re-
strict ourselves to the spacelike tetrahedra. We use g to denote the group elements,
as well as the corresponding representations. The EPRL embedding map Y em-
beds the spin-j irreducible representation H; of SU(2) to the irreducible unitary
representation H ) of SL(2,C), given by

Yj,m) = [(j,77); j,m). (4.1.3)

The notation |7,7(£)) denotes an SU(2) coherent state [18, 87] in the spin-j repre-
sentation on the boundary, labeled by the spin-j and a unit vector 7i(£) defining a
direction on the sphere S?, associated to a normalized spinor ¢ € C2. In fact, one can
obtain these coherent states starting from the maximal weight vectors |7, j), when
m = j on the basis states |j, m), which minimize the (SU(2) invariant) uncertainty
A = [(J2)—(J)?] in the direction of J,. Starting from the highest weight, an infinite
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set of coherent states on the sphere SU(2)/U(1) ~ S? are constructed through the
group action, |j,7) = n|j,j), where 7i is a unit vector defining a direction on the
sphere S? and n an SU(2) group element rotating the direction 2 = (0,0,1) into
the direction 7. Just as |j,j) has direction z with minimal uncertainty, |j,7) has
direction 7 with minimal uncertainty. One can go further to use a normalized spinor
¢ € C? to label an SU(2) group element

[ & &
we) = (51 & )

and the corresponding vector 7(§). The antipodal vector —7i(&) is associated to J¢,

ie. —i(&) = n(JE), with
J (Z’) = (f:;) . (4.1.4)

There is simplicial interpretation of these states: the vectors 77 are associated to
unit-normals to triangles of a tetrahedron, and j areas of the triangles. We assume

all the normals outward to the tetrahedron, which satisfy
J1mty + Jamla + Janiz + Jatia = 0, (4.1.5)

thus we associate to each triangle (ab) normals —7i,, and iy, when a is target of
the triangle and respectively b is the source. That is why we have a minus sign in
the bra coherent state in the definition of P, in equation (4.1.2). The coherent spin

network state |jup, Pa(77)) of a semiclassical tetrahedron a is given by

o @) = [ A0l ) (4.1.6)
up to a normalization, where j,p denotes the collection of all the j,;’s for the given
tetrahedron a and b # a. And the boundary coherent spin network |jap, ®4(7)) is
given by the tensor product of coherent spin network states the form (4.1.6), one for

each tetrahedron on the boundary:

5 5
|jAB7 (I)A(ﬁ» = ® |jaB7 q)a<ﬁ)> = ®/S ( )dh® h|jab7ﬁab>7 (417)
a=1 a=1 U(2

b#a

where jap, ®4 denote all the collections of j,’s and ®,’s, when a,b runs over
1,2,3,4,5. Note that we use the small letter a = 1,2,3,4,5 to label the coher-

ent spin network state |j,p, P,(77)) of a semiclassical tetrahedron a, and the capital
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letter A = {1,2,3,4,5} to label the boundary coherent spin network |jag, (7)),
the tensor product of the five coherent spin network states on the boundary. For
simplicity, we will omit the subscripts, and denote the boundary coherent spin net-
work |jap, ®a(77)) as |j, (7)) if there is no confusion arising. And the Hermitian

inner product is (z,w) = Z,w, + Zjw;.

To see this amplitude (4.1.1) explicitly, one can turn to a representation of the
Lorentz group SL(2, C) on the space H ) of homogeneous functions of the complex
affine plane C* — {0, 0},

f(az)®P) = g=tripthg=1t=k £y (kD) vo € C — {0}, (4.1.8)
with the group transformation

g: f(z)— flg"2). (4.1.9)

The canonical basis is denoted as f7 (z)*?). The inner product is given by

(f.9) = /deg (4.1.10)

with dz = $(20dz; — 21dz) A (ZdZ; — Z1dZ). This integral is invariant under the
scaling z — az, according to the homogeneity (4.1.8). To modulo this equivalence
relation, one can choose ¢(z) = f(z,1) associated with each f(z,,21) € H,p); the
functions ¢(z) forms a realization of H p), which we can still call H ;). Functions
¢©(z) can be considered as the homogeneous functions on the complex projective
line P, the subspace of the complex affine plane, modulo the equivalence relation
az = z. For calculating simplicity, we will still keep the formulae of f(z) on the

complex affine plane in the following and reduce to ¢(z) € P when necessary.

In this representationthe of homogeneous functions, SL(2,C) coherent state
|(k,p); k,7(£)) with lowest spin k can be written as [57]

PP = 4% gz, i (2 g (1.1.11)
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And hence equation (4.1.2) can be rewritten [88] as

Pab :<jab7 _ﬁab(§)| YT ga_lgb Y|jab7 ﬁba(§)>
=((Jabs Viab); Jabs —Tab(E)| g5 G | (Gabs Vab); Jabs Tba(€))

:/ dZ ga f]ab (Z)(jabvvjab) gb fg:b (Z>(ju.b»'7jab)
cp! e

:/ dZ fﬁzbb( TZ)(jabijab) fg:b(gng)(jabijab)
(CIP’I a

=do / (da (glz, ghz) T gy, glz) M (g7, gl2) 1T (g2, €, )P
Cp

T
- _ ﬂ/ dz <glz, glz>_1_(1+l’7)]ab<J§ab7glz>2]ab <ggz7ggz>_1_(1_7/7)Jab <g227§ba, >2]ab
T (C]Pl

. i'Vjab 2 2 jab
:% / dzab <<Zbaazba>) ((Jgalnzab) <Zba7€ba> ) ’ (4112)
<Zab7 Zab> <Zab7 Zab> <Zba> Zba)

where dZy, = —((Zap, Zav) (Zbay Zva)) "2z, Zgp = gl 2z and Zy, = ggz; &pe and JE&, are
spinors associated respectively with 7iy, (§) and —7i(§), as introduced in equation
(4.1.4); note that g is used to denote the group elements, as well as the corresponding
unitary representations; the property of unitary representation is considered in the
3rd step ,equation (4.1.11) used in the 5th step and in the 6th step, the integral
variable z is changed into its complex conjugate z, where the minus sign comes from

the integral measure.
Let

o <Zba7 Zba> Wb <J§ab7 Zab>2<Zba7 fba>2 Jab
Kab(g, Z) B (<Zab7 Zab>> ( <Zab7 Zab> <Zba7 Zba> > ’ (4113)

P, in equation (4.1.12) is simply expressed as

d.;
Py = / It 070 Kap. (4.1.14)
m

Thus the EPRL amplitude (4.1.1) can be written as

(Wi, @ /Hdga / ( d”‘”’d ab) %, (4.1.15)

<b

where the “action” S, is given by

<Zba7 Zba>
<Zab7 Zab> .

Z]ab log Jé.alh > <Zba7£ba>2

4.1.16
(Zabs Zav)(Zbar Zba) ( )

+ iy Jay log

a<b
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This expression, however, is ill defined, due to the fact that the integral may diverge.
This issue is addressed and answered in [66, 67], where it is shown that the source of
the divergence is a redundant integral over SL(2, C) in the vertex amplitude (4.1.15).
It is then immediate to regularize the vertex amplitude by removing one SL(2,C)
integration. The resulting amplitude with an integral over Hi:l dg, is proven in
[66, 67] to be finite.

4.2 Lorentzian two-point function and its integral

formula

Following [86], the connected two-point correlation function G%4 on a semiclassical

boundary state |W,) is defined as
Gobed — (E*.E* B¢ .EY — (E*-E") (ES,-E%) | (4.2.1)

where (E%); is a flux operator through a surface f,, dual to the triangle between the
tetrahedra a and n, parallel transported in the tetrahedron n. Here the dynamical

expectation value of an operator O on the state |V,) is defined via

(W|Olw,)

9 = Ty

(4.2.2)

The semiclassical boundary state in the literature [18, 36, 57, 89] is given by a

superposition of coherent spin networks:

= > joo, ()5 D(A)) (4.2.3)

]ab

with coefficients v;, . (j) given by a gaussian times a phase,

(ab)(cd) .]ab (jO)ab de - (jo)cd
Vel eXp( c;la \/<]0)ab \/(jo>cd >X

X exp ( Z ¢ab (]ab (jo)ab)) . (424)

ab

where ¢, labels the simplicial extrinsic curvature, which is an angle associated to
the triangle shared by the tetrahedr; the 10 x 10 matrix a(®(® is assumed to be

complex with positive definite real part.
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Thus the two-point function (4.2.1) can be also written as a superposition:

Coa S (VBB 5 4, ()
o 22 VW1, @ (7))
> i WIES-Eplj, @) 32,4 (WIES, - E7lj, (1))
225 Vi (W1, @ (7)) 225 Vi (W, @ (7))
To see this explicitly, let us go first to derive integral expressions for (W |E? -
Eylj, ®(i)) and (W|E} - Ey By, - Ef|j, ®(i)).

As in [86], if one introduces

(4.2.5)

Qip = Uabr —Tas(E) Y 9, 96 Y (B abs a (€)), (4.2.6)

one can obtain
5 ) . !
wIE;-Exlj. o) = [ T[d.6,0.@0] P
a=1 cd
5 3 . !
OWIE;-E} BBl 0() = [ ] dou65Qhu Q@i @] [P, (427
a=1 cd

where the product []" is over couples (cd) different from (na), (nb), (mc), (md).
Now let us come to express the insertion Q%, in (4.2.6) as a group integral. Using

the invariance properties of the map Y
YJ;bUaba mab) = JébY‘jab; mab> (428)

and the fact that the generator J!, of SU(2) can be obtained as the derivative

0
oo

l

(e7'm) = Ji ., (4.2.9)

al=0
we have that
Qib E<jaba _ﬁab(€>| YTga_lng(El?)anba ﬁba(£)>

9 : — e
/ dz g, f}z’;b (2)Gabrdab) g T fgj;: (Z)(]ab7'7.7ab)
OAiZO (CIPI

=N o0
0
N 780&

/ dj,, —dzq,
=0 Jcpt T <Zab>Zab><vaa72ba>

<Zba7 Zba> e <J£ab7 Zab>2<2ba7 fba>2 o (4 2 10)
<Zab7 Zab> <Zab7 Zab><2ba> 2ba> -
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where
Zya = (gy €77 20 = €77 2, (4.2.11)
Using

<Zba7 Zba> = <Zba7 Zba) (4212)

7 Z d]ab/ di < )iﬁyjab 8
@ = o da (Zabs Zab)(Zvas Zba)
)mab (<J§ab7 Zav)*(Z, §ba>2)jab
(Zabs Zab){Zbay Zpa)
2jab [ P

- 10T Za, .

<Zba7§ba> aaZ 0‘220(6 ’ §b>
:%/ 7., ((Zba>Zba>)W”b ((Jfab,Zab>2<Zb,fba>2>]ab 27jab<7—iZbaa€ba>‘

CP!

equation (4.2.10) turns out to be
. i Jab
((Jfab, Za)(e™" ™ Zpa, Sba>2>
a; =0

™ <Zab7 Zab> <Zab> Zab> <Zba> Zba> <Zba7 gba>
(4.2.13)
Let
i . <O-iZba7§ba>
Al = ryj, AT ZbarSba/ 4.2.14
ab Vab <Zba7£ba> ( )
we have
) d.: )
- / Lt 7, K (A7)’ (4.2.15)
with K, given by equation (4.1.13).
If let
= A". AL (4.2.16)
one has
d.
a b Ja'b 15 ab S
(W|E® - E"|j,® /Hdga/<H . dza,b/) e (4.2.17)
a’<b
d.
(W|E®- Eb ES, - E%|®(7) / Hdga / (H J;T"”dia/b) Pt e®  (4.2.18)
o' <b’
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Here we remove a redundant dgs integral, as discussed in Sec. 4.1. Then the two-
point function (4.2.5) can be reexpressed in terms of group integrals:
Zj "/Jj f54g5102 qzbqggeso - Zj ¢j f54g5102 qzbeSO Zj wj f54g(510z qfrtLiGSo
)i [64g 810z eSo )i [ 64g 810z eSo )i [61g 610z eSo
Jj i 5 ¥
(4.2.19)

where the group integral is over §*g = Hi:l dg, and 1%z is short for the integral

abed __
Gnm -

di o~
measure [ [ ~ab Az, over P.

a<b

4.3 Lorentzian geometry and time reversal

Before going to asympototic analysis of the two-point function, we consider in this
section the Lorentz geometry of a simplex and introduce the corresponding time
reversal transformation 7. We also make a slight modification of the boundary
coherent spin network (4.1.7) by time reversal T', as well as the corresponding vertex
amplitude (4.1.1).

Recall that we work on a vertex of a four-simplex, which has all its tetrahedra
space-like. For each triangle (ab), there is a corresponding “wedge” composed by the
two tetrahedra which meet at the triangle. Since all the tetrahedra are space-like,
the tetrahedron comes in two types: the outward normals are either future-pointing
or past-pointing. The wedges are then classified into tow types: it is called in [57, 90]
thick wedge if the incident tetrahedra are of same pointing type, otherwise called
thin wedge. We introduce I, to denote the Lorentzian geometry of the 4-simplex
in the following way:

0 thick wedge
Hab =

s thin wedge.

Now let us come to construct a future-pointing boundary coherent spin network
|7, T(71)); here we use Y(i7) to denote the intertwiner instead of ®(7i), to show it
related to the Lorentzian geometry. Since one has the closure condition for the 4-
simplex and all the tetrahedra are space-like, with outward normals, there is at least
one tetrahedron with past-pointing outward normal. To disguise the tetrahedra are
future-pointing or past-pointing, we use a to denote the future-pointing tetrahedra,
and a for the past-pointing ones. We obtain the new future-pointing boundary spin

network |7, Y(77)), by time reversing the normals of past-pointing tetrahedra:

5. 0) 1= (R L () () Tl Pul 1) (4.3.1)
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where the minus sign in the past-pointing tetrahedra |j,p, ®,(—7)) comes due to

the gluing condition of tetrahedra, and the effect of time reversal T" given by
Tljap, ®a(i)) = (=1)2070 7 jug, B (—1)). (4.3.2)
Thus one obtains
5, (7)) = e 2z Trden |, D(i7)). (4.3.3)

The future-pointing boundary coherent spin network |j, Y(77)) is the original one
|7, ®(7)) times a phase e~? 2at avdes - We will use this new boundary data to study the
vertex amplitude and also correlation function. The vertex amplitude (W|j, T(i7))

for the future-pointing coherent spin network |j, Y(77)) is then given by
(W5, Y (7)) = e o TTerder (W], (7)) (4.3.4)

The corresponding integral form, analogue to equation (4.1.15) and (4.1.16), is

(W15, 7 /Hdga /( d“bd ab> e, (4.3.5)

with S is given by

Jfab; > <Zba7 gba>2 .. <Zba, Zba> ..
=> jalo + iy jap log ~2222 2000 4 T, (4.3.6
T o8 = s Zny T Vb 108 7 F el (4:3.6)

where II,, is related to Lorentzian geometry by

0 thick wedge
Hab =

s thin wedge.

The corresponding integral form of correlation function can be obtained by replacing
S, by the new S in (4.2.19):

Zj¢jf5495102 ngq%i S Zj¢jf5495102 qnb S Z w]f54 5102, q’frtl,i S

Zj Y [6%g 010z €5 B Zj Y [6%g 610z €5 Zj Y [6%g 610z €S 7
(4.3.7)

In the next section, we will study the asymptotic expansion of this two-point

abed
Gnm -

function.
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4.4 Asymptotic expansion of the two-point func-

tion for large spin

In this section we study the large-j, asympototics of the correlation function (4.3.7).
We use the technique developed in [86]. The idea is rescaling the spins j,, and
(Jo)ap by an integer X so that ju, — Ajap and (Jo)ap — A(Jo)as, thus the two-point
function (4.3.7) can be reexpressed as G(A). To study large-spin limit turns then
to study large-A limit, via stationary phase approximation. In Sec. 4.4.1 we give
a brief framework of this technique. Then in Sec. 4.4.2-4.4.3 we give the detailed

calculation.

4.4.1 The rescaled correlation function and stationary phase
approximation

As in [86], let jup — Ajap and (Jo)ab — A(Jo)an, We rescale the correlation function
(4.3.7) as

Gade()\) _ Zj f d4g 510, q;lbquge)\é’tot B Zj f d4g 510, nge)\swt Zj f d4g 510 qf,fe)‘stot
nm Zj f d4g 510 5 eAStot Zj f d4g 510 5 oAStot Zj f d4g 510? eASw;
4.4.1

where the “total action” is defined as S, = log® + S or more explicitly as

. 1 jab - (jo)ab jcd - (jo)cd . b . .
Siet(J,9:2) = —5 »_ al?) ‘ =22 i) 92 (Jab — (Jo)aw) + S(j. 9, 2)
! 2 C%j \/(]o)ab \/(]o)cd %:

(4.4.2)

Using Euler-Maclaurin formula, one can evaluate the sums over spins j using inte-

grals in the large A\ limit:

D et = / A% ¢? e+ OAY) YN >0, (4.4.3)
J

so that the rescaled correlation function (4.4.1) can be approximately expressed in
the large A\ limit

B f (510]- d4g 5102 ngque)\smt f 510]' d4g 5102, q;zlbekStot f 510]' d4g 5102 qg;ieAStot
- f 510j d4g 5105 AStot f (510]' d4g §510 5 eAStot f 510j d4g §510 5 eAStot
(4.4.4)

G (M)

We will study the large-\ asymptotics of expression (4.4.4).
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Let us rewrite the two-point function (4.4.4) formally as

[dz p(z)g(z) @ [dz p(z) @ [da g(z) @

then the asymptotic expansion of G(\) for large A is given by
1
G = 5 (H)7 pi(wo) gj(wo) +O(55) - (4.4.6)

Here z, is the critical point, i.e. the stationary point where the real part of the
action vanishes, ReS(z,) = 0; p, = dp/0x', H is the Hessian matrix at the critical
point H = S”(x,). Our task is to obtain the critical point, the derivative of the
insertions in Sec. 4.4.2 and the Hessian in Sec. 4.4.3.

4.4.2 The critical point and the derivative of insertions

The critical point is the one where the real part and the derivatives of the total

action Sy, vanish. The real part of the total action (4.4.2) is given by

.a o)a C 0)cC Ja7 a Za’ a
ReSin = = > (Rea) 0 2 UoJat Jei = o) d+2gab1 avs Zar) | Zia, o)

ab,cd V jo ab V ]o cd Zaba Zab><Zba7 Zba>

(4.4.7)

Having assumed that the matrix « in the boundary state has positive definite real
part, we have that the real part of the total action is negative or vanishing, ReSiq; <
0. In particular the total action vanishes for the configuration of spins j,, and group
elements g satisfying

jab = (jo)ab y (448&)

l¢ab 7’¢ba

JEap = Zap, and &= 50
Il Zas Il | Zba ||

(4.4.8D)

where || Zgp || is the norm of Z,, induced by the Hermitian inner product, and ¢,
and ¢y, are phases.

The requirement that the variations of the total action with respect to the spinors
Zap and Z,, vanishes, 0, S = 055 = 0, lead both to

€_i¢ab gat]gab _ —idpe gbgba

—e (4.4.9)
| Za | | Zbal

86



evaluated at the maximum point (4.4.8b). For the group variables, , Sioy = 0 leads
to

> Jarhay =0 (4.4.10)
b:b#a

evaluated at the maximum point (4.4.8b). In fact the normals 7, in the boundary
state are chosen to satisfy the closure condition at each node. Therefore the critical
points in the group variables are given by all the solutions of equation (4.4.8b).

The variations of the total action with respect to the spins j turns out to be

ab)(cd — (1
OSiot _Z (Jed = Uo)ea) i + 95 . (4.4.11)

ajab ed V ]o ab\/ ]o cd ajllb

Imposing the maximal-point equation (4.4.8) and the critical-point equation (4.4.9),

equation (4.4.11) is reduced into

aS‘cot

. .ab .
- SRegee, 4.4.12
s 10y + 111 Regg ( )

crit

where the parameter u = +1 measures the discrepancy of the orientations of the
4-simplex o: there are two orientations of the 4-simplex o, one inherited from the
Minkowski space where o is embedded, the other induced from the boundary data;
i = 1 if these two agree and p = —1 otherwise. The requirement that equation
(4.4.12) vanishes selects g = 1, which means we only consider the case when the
orientation of the boundary data agrees with the one induced from the Minkowski
space.

We end this subsection by the first derivative of the insertion ¢%°(g, 2) evaluated

at the critical point:

0o’ =0 (4.4.13)
crit
. . gaaifan i gagan - —
Ozan’| =7 (Go)naldo)mb ( Npy — S g - nbn> (4.4.14)
crit HZanH ”ZanH
. . i > Z
57” ab . :,yzjnajnb (nbn<§an7 LUiéan) — §<nan . nbn)nan) (4415)
. . i iy 1 — — —
6zang - :,}/QJnajnb <nbn <£anKO'2£an> — §<nan . nbn)nan> (4416)
6jcdq;;b . :/725de ) (janﬁan 'jlmﬁlm) (4417)
crit (40)ab
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4.4.3 Hessian matrix of the total action

Following the stationary phase approximation introduced in section 4.4.1, once the
Hessian matrix is obtained, one can get asymptotic expansion of the two-point func-
tion (4.3.7) by using equations (4.4.6) and (4.4.13). Now let us come to calculate
the Hessian matrix.

The Hessian is defined as the matrix of the second derivatives of the total action
where the variable g5 has been gauge fixed to the identity. We split the Hessian
matrix into derivatives w.r.t. the spins j,w.r.t. the group elements g and w.r.t. z.
The Hessian will then be a (10 4 24 + 20) x (10 4 24 + 20) matrix

Q]] 010><24 01O><20
Stot = 024><10 Hgg ng (4418)
020><10 Hzg sz

as
0,058, =0 0;6,Ss,, =0. (4.4.19)
We will now describe the non-vanishing blocks of this matrix. @);; is a 10 x 10

matrix containing only derivatives with respect to the spins j,;, with elements

a(ab)(cd)

crit T A/ (jo)ab\/ (jo)cd

Hg,,is a (4 x 6) x (4 x 6) matrix containing only derivatives with respect to the

+ 5jab5jcd

Q(ab)(ed) = 0joy0jq Stot

SRegge- (4.4.20)
crit

group elements g,. Note that due to the form of the action, derivatives with respect

to two different group variables will be zero and it will be block diagonal

Hy 0 0 0
H,, = 0 H» 0 0 (4.4.21)
0 0 Hs 0

0 0 0 Hy

Each H,, is a 6 x 6 matrix. The variation has been performed by splitting the

SL(2,C) element into a boost and a rotation generator. This gives

HT., . Hr. .
H, = ( e a0la) ) (4.4.22)
(ai)eg) H(ai)(as)
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with 3 x 3 matrices

1 . L .
H{gi)ai) =3 Z Jap(—67 + n'n? + i€ n") (4.4.23)
b:b#a
H(Tcl:i)(aj) =~3 Z Jap(—67 4+ n'n? + i€ nk) (4.4.24)
b:b#a
H(bgi)(aj) =~3 Z Jap(—67 4+ n'n? + i€ nk) (4.4.25)
b:b#a
Hgll)i)(aj) =2 Z Jan(1+ 57)( — 0 +n'n! + ze”knk>. (4.4.26)
b:b#a

H.. is a matrix containing only derivatives with respect to the spinors z,, and

Zab-
S// S”7
H.. = ( 2 U2 ) (4.4.27)

Since each spinor z,, has two compononts (z, z1), each block S” of H,, seems to
be 20 x 20 matrix and thus H,, seems to be 40 x 40; however, this 40 x 40 matrix
is degenerate due to the homogeneity of the representation functions (4.1.8) which
we discuss in section 4.1. Remind that although we still keep the formulae of f(z),
we have chosen a section for (2, =z1) as (z,/z1 1). Hence the matrix H,, reduced
to be 20 x 20 and non-degenerate, by removing the derivatives with respect to the

second component, z;:

O S/l_
HZZ:< 1010 Paz ) (4.4.28)

1/
Sz, 010x10

with S, and S, vanishing, S., and S, diagonal matrices. The diagonal elements

are first components of the matrix

(2090 T6w) (90T €)' + (iv = Dgagh _ (i + Darg)
HzabzabZJab< (9aT€ab)(gaSEar)" + (17 = 1)gagy _ (1 )gbgb)

(4.4.29)
[ Zal [ Zal

Hy. = (S, S

gz
to spinor z, and group element g,. Again, we consider the reduced matrix, by

1

) is a 24 x 20 matrix, containing derivatives with respect

removing the derivatives with respect to the sencond component of spinor z,,. The
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non-vanish elements are the first components of

H{zo o) = e've Jab (1 —iy) (Ligajfab)T —i(1+ 7)nab(gaJ£ab)T
(a6){ad) | Zas||

2z i jab . i .
Hf)ai)(ab) = ¢'%u 1 Zos| ((1 —iy)(K ganab)Jf —i(1+ V)Hab(gaJéabﬂ)

—7,¢a ]ab . i
H(az)(ab) —€ ’ ”ZabH (1 + 27)(nab + L ga)t]gab

—i jab . i
H{Zy o) = —€ %bm(l +i7)(Map + K'ga) Jat

Now we obtain the Hessian matrix. Substituting (4.4.13)-(4.4.18) into (4.4.6) we
obtain the asymptotic expansion of the correlation function

Gard(@) = (7o)’ (Rym(a) + O()) + O(j2) (4.4.30)
with
aq“b 8q
abed O
B = ) 5 D Qg o (4.4.31)
p<q r<s

We consider the limit, introduced in [86], where the Barbero-Immirzi parameter is
taken to zero v — 0, and the spin of the boundary state is taken to infinity 7 — oo,
keeping the size of the quantum geometry A ~ ~j finite and fixed. This limit
corresponds to neglecting Planck scale discreteness and twisting effects, at large
finite distances. In this limit, the two-point function (4.4.30) we obtain exactly

matches the one obtained from Lorentzian Regge calculus [42].
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Chapter 5
Conclusions and perspectives

In this concluding chapter we will take a look back and review what we have been

able to understand while at the same time pointing out the problems left open.

In this thesis we studied two themes of spinfoam formalism, the imposing of
simplicity constraint and the computing the Lorentzian propagator. The former is
to find the way to connect different asides related to the EPRL spinfoam model, and
the later is to test the resulting model and try to extract physics from that.

To this end, the first chapter give a brief introduction to the formal structure
of spinfoam formalism, and also the Kinematical Hilbert space from the canonical
quantization procedure and as well from polyhedral quantum geometry. These three

are what we connect in the second and third chapters.

In the second chapter we study the simplicial EPRL spinfoam model. Since the
simplicity constraint is secondary class, we use Gupta-Bleuler procedure to impose
the simplicity constraint weakly, namely asking the matrix elements of the simplicity
constraints to vanish on physical boundary states. In this way, we find a weak solu-
tion to the simplicity constraint, as the Hilbert space of the boundary state, match-
ing the kinematical Hilbert space obtained from the canonical approach. Also, the
boundary states have a geometrical interpretation in terms of quantum tetrahedral
geometry. In this way, we connect the three introduced in the first chapter. What’s
more, we give a slight modification of the vertex amplitude, with respect to the
original EPRL spinfoam model, in Euclidean theory when v > 1 and in Lorentzian
theory, corresponding to a slightly different factor ordering of the constraints. In
Euclidean theory when v < 1, we obtain the exact EPRL vertex amplitude. With
the modification (the matrix elements of) the simplicity constraint hold ezactly, and

not just in the large quantum number limit, as in previous constructions.
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Surprisedly, however, the “perfect” solution we find is not the maximal subspace
where the simplicity constraint holds weakly in our sense. There exist a larger
subspace with a new quantum number as a Gupta-Bleuler solution of simplicity
constraint. This new quantum number affects non-trivially both the face amplitude
and the vertex amplitude of the spinfoam model. The quantum number is frozen if in
addition to the weak imposition of the (linear) simplicity constraint, we also impose
strongly a diagonal quadratic constraint. With a suitable operator ordering of this
constraint, the state space can be reduced back down to the LQG state space. If we
take the principle that the quantum theory we are seeking has the same number of
degrees of freedom as the classical theory, then the answer is negative. This principle
indicates that the appropriate way of imposing the constraints is the one that gets
rids of the extra states. However, we think it is nevertheless interesting to keep in
mind the existence of these additional solutions to the weak simplicity constraints.

In the third chapter, we generalize the simplicial spinfoams to the polytopal
spinfoams, where there can be arbitrary-valent vertex. Thus we bring the model
closer to the canonical kinematics and also the polyhedral quantum geometry. In
fact, our polytopal spinfoam model is strictly related to the polyhedral quantum
geometry, since the discrete simplicity constraint is obtained from the polyhedral
geometry.

As last, we compute the two-point function for the Penrose metric operator from
the simplicial EPRL spinfoam model, with a single vertex, in Lorentzian theory. We
consider the limit, where the Barbero-Immirzi parameter is taken to zero v — 0,
and the spin of the boundary state is taken to infinity j — oo, keeping the size of
the quantum geometry A ~ ~j finite and fixed. This limit corresponds to neglecting
Planck scale discreteness and twisting effects, at large finite distances. In this limit,
the two-point function we obtain exactly matches the one obtained from Lorentzian
Regge calculus.

More work is needed to properly understand and test the spin-foam model. The
calculation of two-point correlation functions for the metric operator on semiclassical
states provides support for the existence of an effective field theory (see chapter 4).
It is important to extend these calculations to n-point functions, and to compute
next-to-leading order corrections. Also, the calculation needs to be extended to the
generalized spinfoam models, where the vertex is arbitrary valent (see chapter 3).

We leave these questions listed above to future research.
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Abstract

In this thesis we study the implementation of simplicity constraints that defines
the recent Engle-Pereira-Rovelli-Livine spinfoam model and two-point correlation
functions of this model. We define in a simple way the boundary Hilbert space
of the theory; then show directly that all constraints vanish on this space in a
weak sense. We point out that the general solution to this constraint (imposed
weakly) depends on a quantum number in addition to those of loop quantum gravity.
We also generalize this construction to Kaminski-Kisielowski-Lewandowski version
where the foam is not dual to a triangulation. We show that this theory can still
be obtained as a constrained BF theory satisfying the simplicity constraint, now
discretized on a general oriented 2-cell complex. Finally, we calculate the two-
point correlation function of the Engle-Pereira-Rovelli-Livine spinfoam model in the
Lorentzian signature, and show the two-point function we obtain exactly matches

the one obtained from Lorentzian Regge calculus in some limit.

Résumé

Dans cette these, nous étudions 'implémentation des contraintes de simplicité dans
le nouveau modele de mousses de spin d’Engle-Pereira-Rovelli-Livine, ainsi que les
fonctions de corrélation a deux points de ce modele. Nous définissons d’une maniere
simple ’espace de Hilbert limite de la théorie, puis montrons directement que toutes
les contraintes s’annulent faiblement sur cet espace. Nous observons que la solution
générale a cette contrainte (imposée faiblement) dépend d’un nombre quantique, en
plus de ceux de la gravitation quantique a boucles. Nous généralisons également cette
construction pour la version de Kaminski-Kisielowski-Lewandowski, ou la mousse
n’est pas duale a une triangulation. Nous montrons que cette théorie peut aussi étre
obtenue comme une théorie BF satisfaisant la contrainte de simplicité, cette fois
discrétisée sur un 2-complexe cellulaire orienté. Enfin, nous calculons la fonction de
corrélation a deux points du modele de mousses de spin Engle-Pereira-Rovelli-Livine
avec la signature lorentzienne, et nous montrons que la fonction a deux points que
nous obtenons correspond dans une certaine limite a celle obtenue a partir du calcul

de Regge lorentzien .



