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Abstract

Physicists such as Green, Vanhove, et al show that differential equations involving
automorphic forms govern the behavior of gravitons. One particular point of interest
is solutions to (A — A\)u = E,E3 on an arithmetic quotient of the exceptional group
Egs. We establish that the existence of a solution to (A — A)u = E,Es on the simpler
space SL9(Z)\SLy(R) for certain values of o and 8 depends on nontrivial zeros of the
Riemann zeta function (s). Further, when such a solution exists, we use spectral theory
to solve (A — Nu = EoEg on SLo(Z)\SL2(R) and provide proof of the meromorphic
continuation of the solution. The construction of such a solution uses Arthur truncation,

the Maass-Selberg formula, and automorphic Sobolev spaces.
This is an expanded version of:

K. Klinger-Logan, Differential equations in automorphic forms, Comm. in Number

Theory and Physics, Vol. 12.4: Dec 2018 (arXiv 1801.00838).
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Chapter 1
Introduction

L-functions can be derived from another class of functions on moduli spaces called
automorphic forms. Recently, physicists have discovered the behavior of gravitons (hy-
pothetical particles of gravity represented by massless string states) is closely related to
properties of automorphic forms |?, ?|. Kyoto Prize recipient E. Witten recently praised
this discovery in his Commemorative Lecture. A natural starting point for studying the
behavior of gravitons is examining what happens when two gravitons collide and then
go in different directions (see Figure ??7). This is investigated through the 4-graviton
scattering amplitude (the likelihood of a certain interaction between four gravitons oc-
curring). In fact, the 4-graviton scattering amplitude gives rise to a quantum correction
that could account for inconsistencies between general relativity and experiment. The
full string theory for the 4-graviton scattering amplitude is not known. Green, S. Miller,
Vanhove, et al. [?, 7] computed the expansions for the scattering amplitude and found
that coefficients in these expansions arise as solutions to PDEs involving automorphic

forms.
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Figure 1.1: Three string world-sheets (with genera h = 0, 1,2 respectively) as they
appear in the scattering of four closed strings.



In [?]|, Green, Miller, Russo and Vanhove study the low energy expansions of string
theory amplitudes that generalize the amplitudes of classical supergravity. In doing so
they derive differential equations that model the behavior of the 4-loop supergraviton.
Such differential equations govern the amplitudes of closed type II superstring theory.
These differential equations involve combinations of Eisenstein series in their expressions

and have the form [?]:

(A — Ayt =0

(A — Ap)uy =c

(A = Ap)uy = E,

(A = Xy)uw = Eq - Eg

on the exceptional group Eg where c is a constant and F, and FEg are maximal-parabolic
Eisenstein series. Solutions for the first three such equations are known. Furthermore,
spectral solutions to similar equations are understood (see the work of P. Garrett [?],
[?]). The last equation, however, is more challenging to solve. In |?|, [?] and [?], the
form of this last equation was given where e = 8. The Fourier expansion of an infinite
class of solutions has been worked out explicitly in the recent work of D’Hoker and Duke
[?].

As a precedent for solving such an equation, we will solve (A — A\,)uy = Eq - E

on T'\$) where I' = SLy(Z) and § is the upper half plane, A = 7?2 <68;2 + ;;2) is
the invariant Laplacian and A, = w(w — 1). There are of course many differences in
these domains but examining the simpler domain will illuminate some of the necessary
techniques for analyzing solutions elsewhere. Furthermore, this technique allows us to
compute the solution to the differential equation in many cases at once. In [?] Green,
Miller and Vanhove present a solution on I'\$) where o = 8 = 3/2 and A\, = 12 and
D’Hoker, Green, Giirdogan and Vanhove give a solution for integer values of o and 3 in
[?7]. Our solution will subsume these.

We will solve (A — Ay)uw = Eq - Eg on I'\$) using spectral theory. This involves
finding a spectral expansion for E,, - Eg; however, given that E, - Es ¢ L*(T'\$)) no such

expansion can be directly computed as methods for computing L?-spectral expansions
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do not directly apply. Thus, in order to guarantee convergence of the spectral integrals,
we will subtract a linear combination of Eisenstein series from F, - Eg and compute the
spectral expansion of this new function. We will then be able to solve the differential
equation in the usual way using global automorphic Sobolev spaces. The computation
of the spectral expansion for this new function implements ideas developed by Zagier |?]
and Casselman [?] related to the extending the Rankin-Selberg method for functions not
of rapid decay (explanation of this phenomenon can also be found in [?]). This method
makes use of Arthur truncation and the Maass-Selberg formula.

In Section 7?7 and 7?7, we will state our main results and prove the existence and
uniqueness of solutions to (A — A\y)uw = Eq - Eg on I'\$ for almost all values of « and
5. In Sections 77, 7?7 and 77, we will compute the spectral expansion of this solution.
After computing an explicit form of the solution, we will meromorphically continue the
solution in w to the left-half plane in section ?7. This proof relies upon the constructions
involving vector-valued integrals as presented by Gelfand, Pettis, and Grothendieck. A

brief summary of these constructions is provided in the appendix (Section ?7).

1.1 Physics

Quantum field theory does a good job of describing the interactions of elementary par-
ticles. However, it does not account for gravity. String theory is an attempt to solve
this problem. Instead of representing elementary particles by points and modeling their
interactions with Feynman diagrams, elementary particles are represented by vibrational
modes of a string. Not only does this representation consistently contain quantum field
theory, but it gives us a theory for gravity as well.

There are of course a few problems with the application of string theory to our
world. The first being that string theory is consistent only in (9+1) dimensional space-
time instead of the (3+1) dimensional space-time in which we live. The second being
that there are in fact, five different consistent sting theories in (9+1) dimensions. The
first problem is resolved via compactification (where we take six of these dimensions to
be small and compact) through work in mirror symmetry. There are of course many
ways to consistently compactify each of the five distinct theories to (3+1) dimensional

space-time. The second problem is then partially solved by the existence of duality
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symmetries which remains conjectural. (For more information on duality conjectures
see [?].)

Given the description above, string theory is the theory of one-dimensional ex-
tended objects propagating in a (9+1) dimensional space-times M. During this propa-
gation, strings sweep out to a two-dimensional world-sheet . Thus string theory can be
thought of as the dynamics of the embedding maps X : ¥ — M where both ¥ and M are
endowed with an additional structure (like a metric) that enter into the definition. In
superstring theory, this additional structure includes world-sheet supersymmetryﬂ and
thus the space of allowed world-sheets X is the space of all closed, orientable Riemann
surfaces. For the purposes of this investigation, we will considers type IIB superstrings;
otherwise we would have to include boundaries and non-orientable surfaces. Riemann
surfaces are first classified by their genus 0 < h € Z and for fixed genus there is a moduli

space.

1.1.1 Scattering Amplitudes

Strings interact by various joining and splitting processes. Figure 77 gives examples
with few splittings, corresponding to low genus world-sheets. Quantities we would like
to compute are scattering amplitudes. They are the likelihood of a certain scattering
process to occur.

The scattering amplitude depends on the data of the scattering states such as
string coupling (the measure of the strength of string-string interaction), the string scale
(which separates the masses), and other so-called moduli fields. These are realized as
aspects of the target space M in the form of additional scalar fields living on them and
this new space is called the moduli space M.

Much is known for flat target spaces of the type M = R (flat Minkowski space)
and M = RY974 x T (toroidal compactification). In both cases, retaining maximal
supersymmetry constrains to moduli spaces. The classical low energy moduli space is a

symmetric space of the form

Melass = G(R)/K(R)

1 Supersymmetry is a principle that proposes a relationship between two basic classes of elementary
particles: bosons and fermions.



| D | Ga(R) \ K \ Ga(Z) |
10 SLa2(R) S02) SLa2(2)
9 GLa(R) SO(2) SLo(Z)
8 [ SL3(R) x SL2(R) | SO(3) x 50(2) | SL3(Z) x SLa(Z)
7 SLs(R) SO0) SLo(Z)
6| SO0G.5.R) | (SOB) xS0B) 2| 500.5.2)
5 Es(R) USp(8)/Zs Eg(Z)
4 E7(R) SU(8)/Zs E7(Z)
3 Fx(R) SO(16)/Z3 Fs(Z)

Table 1.2: The duality groups of maximal supersymmetry in D = 10—d < 10 dimensions
for type IIB string theory on a d-dimensional torus.

where G and R are the lie groups listed in Table 7?. When passing to quantum theory,
the classical symmetries are generally broken and take values in some integral lattice I'.
The quantum symmetry is defined as the subgroup of G(R) that preserves the lattice
{g € G(R) | gI' = T'}. The correct moduli space of quantum string theory is not the

classical symmetric space but
M = G(Z)\GR)/K(R).

All observables, including the scattering amplitudes are functions of this space.

The low energy expansion of the scattering amplitude in D-dimensional space

time as the form:
AD(s,t,u) _ A%lalytiC(S’t’u) + Alg)nanalytic($7t’ u)

where we have separated the amplitude into analytic and nonanalytic functions of the
Mandelstam invariants, s, t and u (with s = —(k1+k2)?, t = —(k1+k4)?, u = — (k1 +k3)?

and s+t+u = 0 for k1, ko, k3, k4 the momentum of the incoming and outgoing gravitons).



The analytic part of the amplitude has the expansion

4 0o oo

analytic _ ~(D) R (D) 4

Ap™ = 5(07_1)(g)0_—3 + Zo Zo Epa)(9) 0305R
p=U g=

where g € M and the Mandelstam invariants above are in dimensionless combinations
of the form o, = (s" +t" +u")%? for /p the Planck length in D dimensions. The factor
R* indicated the contraction of four powers of the Riemann curvature tensors linearized
around flat space and contracted with a standard sixteen-index tension [?].

The interesting objects in this expansion are the coefficient functions 5((;2) (9)
((Zi;) (g) are in fact auto-

morphic forms. Not only do they satisfy the automophy condition, but they also satisfy

which are functions on the moduli space M. These functions &£

a growth condition due to the fact that string coupling ¢gs (and other limits in the mod-
uli space) gs goes to 0 at the cusps in G/K, and they satisfy appropriate differential
equations under the action of G-invariant operators.

The supersymmetry in string theory imposes such differential conditions on these

coefficient functions Séfq)) (9). Green and Sethi first analyzed this in the case of ten-
dimensional (D=10) type IIB string theory for p = ¢ = 0 [?]. In this case, they found

that 5((&%)) (g) is the non-holomorphic Eisenstein series on SLy(R) (see Section 2.4 of |?|

for a detailed explanation of this deduction).
The other coefficients £ (D)) (g) appears as solutions u,, to various differential

(pa
equations. Such differential equations, as presented in |?] and [?], are of the forms:

(A= Xs)uy =0

(A = Ap)uy =c

(A — A\p)uy = Eq

(A = Ap)uw = Eqy - Eg

on the exceptional group Eg where c is a constant and E, and Eg are Eisenstein series.

Solutions for the first three equations are known at least on SLy(R). Specifically, the
(10)

second term 8(0’1)

(g) satisfies the inhomogeneous Laplace eigenvalue equation

10) , \ (10) 2
(A =127 (9) = — (€0 (9))
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((é%)) (9) = Es3/2(g) on SLz(R). This solution is found 5((01(;)) (g) is found in [?]. In

our work we will find a general spectral solution for

where £

(A = Ap)uw = Eqo - Eg

on I'\$, show uniqueness of that solution and meromorphically continue it in the variable
w to the entire complex plane. Our solution provides rigor of via Sobolev spaces, and
provides a mechanism which one may hope to find a solution on higher rank groups

corresponding to other dimensions D.

1.2 Number Theory

In number theory, automorphic forms give rise to L-functions. The canonical example
being Riemann’s theta function, which he used to prove the meromorphic continuation
of the Riemann zeta function. My first exposure to differential equations involving

automorphic data was not through physics but through the following story.

1.2.1 The Story

The foundations for this work are provided by a project begun by Bombieri and Gar-
rett, originating in work of ColinDeVerdiére and Hejhal in the 1980s. Their project was
inspired by a story that begins in 1977 when Haas |?| miscomputed eigenvalues of the
invariant Laplacian A = y? (88—;2 + g—;) on I'\$ for I' = SLy(Z). In his Master’s the-
sis, Haas attempted to compute eigenvalues A\s = s(s — 1) by numerical solution of the
differential equation (A — As)u = 0. Since the invariant Laplacian A descends from the
Casimir element of the universal enveloping algebra Usly(R) and, furthermore, automor-
phic forms are eigenfunctions for such operators, solutions to such differential equations
had a natural significance to number theorists. Haas’ advisor Neunhoffer mailed the list
of parameters s to A. Terras in San Diego, but without detailed explanation of their
derivation. In this list, Stark observed some zeros of ((s) and Hejhal noticed zeros of

L(s,x-3)J

2 This list only went up to height 20.45578 and was quite short due to the restricted computing
power of the time. Only one zero of ¢ was initially observed; however, there is only one nontrivial zero
of ¢ below height 21. See [?] or [?].
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Though it was not surprising that the values had interest to number theorists,
it was unexpected that zeros of L-functions appeared as spectral parameters s. Given
Hilbert and Polya’s remarks about the possibility of proving the Riemann Hypothesis by
producing self-adjoint operators with eigenvalues s(s — 1) for zeros s of ((s), this finding
was quite exciting (since A is a non-positive self-adjoint operator, this would mean that
As € R and A\; < 0 and hence either s € [0,1] or Re(s) = 1/2). It follows then that if
all zeros of ((s) are on this list of parameters of As we have the Riemann Hypothesis.
The mere numerical artifact does not suggest a proof and, in particular, there is no
visible guarantee that all zeros of ¢ are on this list of spectral parameters. However,
given any strong correlation between zeros of ((s) spectral parameters for eigenvalues
of a self-adjoint operator one might hope to retrieve a definite percentage using such a
differential equation.
For instance, one hopeful route might be to show that all spectral parameters s
are zeros of ((s). In this case, using the fact that the number N(7T') of zeros of ¢ in the
critical strip below height 7" is

N(T) = %T -log (2T7T€) + O(logT)
one might check what percentage of zeros of ¢ are found on the critical line below any
given height T. In the best-case scenario, asymptotically 100% of zeros would appear
this way. Indeed, any fraction over 40% would be progress, and, furthermore, any
correlation between spectral parameters for a self-adjoint operator and zeros of ((s)
would give motivation for continued research |?].

Such an exciting prospect should naturally be met with skepticism. In 1979-1981,
Hejhal [?] recomputed the eigenvalues and found that all of these interesting parameters,
the zeros, were missing. He realized that Haas had inadvertently allowed for some non-
smoothness, misapplyng of Henrici collocation method at the corners of the fundamental

domain, and had found s-values that were solutions to the inhomogeneous equation
(A= Xj)u = 5ij (1.1)

where §2f¢ := > ver 6% 0 is the automorphic Dirac delta at the corner w = e2™/3 of the

fundamental domain of T'\$), as opposed to the homogeneous equation (A — A\s)u = 0.
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More relevant to the story of Haas and Hejhal, the implications of this new dif-
ferential equation (??) toward RH are not as initially hoped since values \s = s(s — 1)
admitting non-trivial solutions u are not genuine eigenfunctions for A. However, not all
is lost. Bombieri and Garrett, building on work of Hejhal and ColinDeVerdiére, have
clarified and made precise ideas from |[?] and proved some basic results showing the
relevance of operator theory to location of zeros and other periods of Eisenstein series.
More explicitly, Bombieri and Garrett make (necessarily) subtler operators related to A
to better exploit the that fact the constant term of wug is essentially 0F; .
The work of Bombieri and Garrett clarifies two promising observations initially
made by ColinDeVerdiére in 1982-3 [?]. The first was Lax and Phillips (1976) result [?]
that for a > 1, if we define

L2(T\%) = {f € LAT\9) | epf(2) =0 fory > af

for cpf(x) = fol f(x + iy) dz then the Friedrichs’ extension A, of A restricted to
C(T\$) N L2(I'\$) has purely discrete spectrum. Furthermore, A, is self-adjoint so
that the eigenvalues are real and for a distribution 7, at a defined by n,f = cp f(ia)

(Ag —X)u=0 <= (A= X5)u=c-n, and nu=20

for some constant c. If

(A, —XAs)u=0 <= (A—-X)u=c- 5250 and 62£Cu =0 (for some c)

afc

a pseudo-Laplacians AZO attached to the automorphic Dirac delta 6%

may contain
spectral parameters relating to zeros of . The issue then becomes that, in order to have
a Friedrichs extension attached to a distribution, that distribution must be contained in
H~Y(T'\$). However, 62fc ¢ g1,

The second relevant observation made by ColinDeVerdiére (1983) in [?] was (ap-
proximately) that projecting 5ij to the non-cuspidal spectrum would allow this new
distribution 6 be in H=3/4=¢(T'\$) € H-YI'\$) by the moment bound of Hardy and
Littlewood [?]. In 2011, Bombieri and Garrett made ColinDeVerdiére’s speculation pre-

cise and proved that the discrete spectrum A\s = s(s — 1) (if any) of Ay has parameters
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contained in the on-line zeros of (s)L(s, x—3). There is no guarantee that the spectrum
is non-empty.

In fact, the first purely new result of Bombieri and Garrett is their limitation
of the fraction of zeros which could occur as s-values for discrete spectrum Ag;. They
achieve this by showing a connection to the relatively regular behavior of {(s) on the
edge of the critical strip, leading to conflict with Montgomery’s pair correlation conjec-
ture [?]. This provides a strong reason to believe that the most optimistic version of
ColinDeVerdiére’s simplest formulation of a conjecture in the style of Hilbert-Polya is
false (barring significant failure of RH!). Further, the influence of the spectral theory
of self-adjoint operators on spaces of automorphic forms is more complicated than a
literal manifestation of Hilbert-Polya. However, given that there is an overall lack of
candidate operators that fit Hilbert and Poélya’s suggestion, any promising suggestion
in this direction progress. Furthermore, not all is lost — though this ‘simple’ case yields
a negative result, the hope is that given this jumping-off point, we can recover the lost
spectral parameters using more complicated boundary conditions. One virtue of this

approach is that the same set-up and conclusions can apply to much broader contexts.

1.3 Relevant background on Eisenstein series on GL(2)

Let E, and Eg be two Eisenstein series on I'\SLy(R) for I' = SLy(Z). Each Es can
then be described as

Bz = Y Im(y2)’

~yeP\T'
which converges absolutely and uniformly for Re(s) > 1 and z in compacts (where
P is the standard parabolic of SLs(R) restricted to I'). The following result of the
analytic continuation and functional equation is well-known and its proof can be found

many places including (but not limited to) Epstein’s [?] and Garrett’s [?]| explication of
Godement’s [?] 1966 work.

Theorem 1. For each z € $, s(s — 1)&(s) - Es(z) has an analytic continuation to an

entire function of s and functional equation given by

E(2s)Es = £(2 —2s)E1—4
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where £(s) = 7r_5/2f‘(§)§(8) is the completed Riemann zeta function.

£(2 —2s)

Note that we will employ the notation c; = W so that the function equation
S
for Ey is given by Fs = ¢5 - Fq1_s.
Furthermore, it is known (proof in [?]) that the Fourier-Whittaker expansion for

Es (for s # 1) is given by

. — 1 0'2371(|7”L|) /oo _1/2 (411 dt -
E.(z+iy) = v’ +c 1 Sy . 45 / e (+t)7r|n\y7_6 TinT
s( y) =y sY 7=5T(s)C(25) ; |n’5—% VY 0 7

=y e Y el s)  Wi(lnly) - 2
n#0
where
We(|nly) /oots‘lm —(t+L)rlnly
fry t —
sUny VY . e ;

is the Whittaker function — the unique (up to scalars) moderate-growth solution u of

/\s 1 025_1(|n|)
u"—<+47r2n2>-u:0for)\s:ss—1 —and p(n,s) = and
y? (=) () mI(s)¢(25) |p|s—2

025—1(|n]) is the sum of the (2s — 1) powers of positive divisors of n. We will use the

notation c¢pFs to refer to the constant term of the Eisenstein series at s.
Since g has a simple pole at s = 1, the constant term cp E7 for the a_; coefficient
of the Laurent expansion E, at s = 1 will not have the form y® + c,y'~°. Instead, the

Fourier-Whittaker expansion for EY is

. 3 A
Bi(z+iy) =y+C— _logy + > eln1) - Wi(lnly) - 27
n#0

where C' = % ((s —1)cs) and Wy is as above.
s=1
We will later also need the Fourier-Whittaker expansion of cuspforms. Indeed
the archimedean parts of that of the Fourier-Whittaker functions for a cuspform with
A-eigenvalue \s = s(s — 1) are the same as the Eisenstein series (see [?]). We then have

for f a cuspform on I'\$ that

e tin) = e Willnly) - 7ine
n#0
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for some constants ¢, with Ws(|n|y) as above.
1.4 Approach to the solution

In what follows, we solve
(A = Ap)uw = Eqy - Eg

0? 0?
on T\ where I' = SLy(Z) and $ is the upper half plane, A = 3? <82 + 82> is the
€ Y
invariant Laplacian and A, = w(w — 1). First we write out a spectral expansion for

Eo - Ep.
For 0 < k € Z, the k*-Sobolev norm on C®(T'\§) is given by

IR = (A= 25 ) reosy)

and we define the global automorphic Sobolev space H*(T'\$)) to be the completion of
C®(T'\$) with respect to | - |5. Ordinarily, for S in some Sobolev space H*(T'\$)) we
can write

S:Z:<S7f>f+M <SvEs>'Esd5

+ —
Fotm (L1) 4w Jay

(see Section ?7?, [?] or [?] for further explanation of global automorphic Sobolev spaces
and [?| for the spectral expansion). The problem is that £, - Eg is not in such a Sobolev
space so we cannot properly write this spectral decomposition for S = F, - Eg. The

device we use is subtraction of a finite linear combination of F, and Ejg so that
S=E, -Ez—>» B,
i

which will be in L? or even possibly in H* and we can give a decomposition for A.



Chapter 2

Results

We will use the spectral relation in Section ?? to solve (A—\,)u = E4-Eg on I'\SLy(R).
The automorphic Sobolev space H* in which this solution exists is also defined in Section

?7?. Furthermore, we will show that the solution we have found is unique.

2.1 Main Results

Consider the set
C = {(a,#) € (C—{1})? | Re(a) > 1/2, Re(8) = 1/2, Re(a+B) # 3/2, Re(8) # +1/2+Re(a)}.

The following guarantees the existence of a unique solution to (A—A)u = E,-Eg on I'\$
for all (a, B) € C. There are a few complex values eliminated from the set C. We will
address what happens with the solution when Re(a+3) = 3/2 and Re(8) = £1/2+Re(«)
in Section ?7?. However, it should be noted that the reason for the exclusion of the value
1 is that Fs; has a pole at s = 1.

Let £ be the vector space consisting of finite linear combinations of Eisenstein

series so that
E(T\H) : {Zaz L ( ‘ a; € C and Fy,(2) € {C, E}(2), E,,(2) for s; € (C\{l}}} .

This space has an LF-space structure as locally convex colimit of finite-dimensional

13
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spaces.

Theorem 2. In Re(w) > 1/2, for (o, 8) € C, (A—Nu = Ey-Eg on I'\$) has a unique
solution in H=°(I'\$H)DE(T\H) with spectral expansion which lies in H*(T'\$H)BE(T\H).

Proof. The existence of the solution can be seen in the computation of the spectral
expansion. First, we will subtract a finite linear combination of Eisenstein series E, so

that
S=E, Ez—) B,

which will be in L2(I'\$).

If S € L3(T\$), we can write a convergent spectral expansion

S=3 (s g S, ]

e <S, E3> . Es ds
fotm (L,1) 4w Ja

where this convergence occurs in L?. Furthermore, this expansion can be extended by

isometry to all of H~°°. It the follows that we can write

(5,11 1

Ey-Eg= CiEsi+ S,f f+ o
=2 2 (5.0) (L1) 4w Jqy

i f cfm

(S, Es) - Egds

which also converges in L?. Then, given that the spectral data in the expansions above
is given by eigenfunctions for A, the solution to (A —Ay)u = E, - Eg is given by division
by the corresponding eigenvalues.

It can be found in many sources such as |?| that the theory of the constant term

implies that E, = y® + cqy' ™ + R, where R, is rapidly decreasing. Thus
EoEs = (y* + cay' ™ + Ra) (¥’ + csy' ™7 + Rp)

— ya"rﬁ +C,8y1+a_ﬁ + cayl_a+6 + Cacﬂy2_a_ﬁ + R

where R is rapidly decreasing since y® +coy' ™ and 3% + c/gykﬁ are of moderate growth
(and rapidly decreasing times moderate growth is rapidly decreasing). Notice that differ-
ent values of o and 3 will imply different vanishing for terms of K, - Eg. Thus in different

regimes, we will be required to subtract different linear combinations of Eisenstein series
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as follows.
Assume that o # 1 and 8 # 1 since E; has a pole at s = 1. Also, without loss of
generality, assume that Re(a) < Re(f).
(I): Suppose that 1/2 < Re(a) < Re(a) +1/2 < Re(8). Then

ZCiESi = Eoyp+ca Eiatp
%

= ya+ﬁ + Ca-{—ﬂyl—a_ﬁ + Cozyl_OH_B + Coacl—a—i-ﬁya_ﬂ + Ra-‘r,@’ + CaRl—cx-‘rﬂ

Thus
S=E. Ez—)» B,
%

1+a—

= CpY p + Cacﬁy2_a_6 - Ca—‘rﬂyl_a_ﬁ - cacl—a—&-ﬂya_ﬁ +R— Ra+,8 - CaRl—a+B

Since 1/2 < Re(a) < Re(a) + 1/2 < Re(3),

of - Coz-‘rﬁyl_a_ﬁ - Cacl—a-i-ﬁya_ﬁ = L2(F\ﬁ)~

sy TP 4 cacay®T
(II): Suppose 1/2 < Re(a) < Re(f) < Re(a) +1/2 but that o # 3. This case yields
two subcases depending on Re(a + 5):
(ITa) Suppose also that Re(a+ 3) > 3/2. Then

Z Cills; = Eayp + 3 Eiya—p + Ca - E1—ayp

)

=y + Caypy' TP + Rosp + 5y TP + cgeirapy P + cgRiva s
+eay' " ¥ caci—arsy* " + caRi—ayp

Thus
S=Eq Es—> c¢FEy

7

a—p3 a—p3 a+p B

= Cacﬁy2_ - Coz-i—ﬁyl_ — CBCl4a—BY - Cacl—a+6ya_

+R — Rayp — cgRi1a—p — calRi—avp

Since 1/2 < Re(a) < Re(8) < Re(a) 4+ 1/2 and Re(a + 3) > 3/2,
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-8

Cacﬁy27a - Ca+5ylia7ﬁ - CﬁclJrafoiaJr/B - CaclfaJrﬂyai/B € LQ(F\:?))

(IIb) Now suppose instead that Re(a + 8) < 3/2. Then

Z CiEsi = Ea+ﬁ +ca - El—l—a—ﬁ + Ca - El—a+ﬁ + cacCp - E2—a—,3

i

A Ca—i—,Byl_a_ﬁ + Rosp+ 05y1+a_’3 + Cﬂ01+a—,3y_o‘+ﬁ + 8 R fa—reayi—ots

+Cacl—a+ﬁya_ﬁ + CaRl—oH—B + CacﬁyQ_a_ﬁ + CaCﬁCQ—a—,ByOH_'B_l + CaCBRQ—a—ﬁ

Thus
S=Eq Es—> By

]

a—p3 a+p B B-1

= _Ca+,3y1_ — C3C1+a—BY - Cacl—a+5ya_ - CozcﬁcZ—a—ﬁyCH_

+R — RaJrB - cﬁRlJraf,B - Calea%B - CaCﬁRQfafﬁ

Since 1/2 < Re(a) < Re(8) < Re(a) 4+ 1/2 and Re(a + ) < 3/2,

a—fB

—Catpy’ — Cﬁ¢1+a—ﬁy7a+ﬁ — Cacl—a+ﬂya7ﬁ — Cacﬁcz—a—ﬁywrﬁ*l € L*(T\$).

(TIII): Suppose that o = . This will again yield two different cases based on Re(«):
(IIIa) Suppose also that Re(a) > 3/4. Then

T 3 T
Z ¢ Es, = E2a+20aEf—§Ca = 2a+02ay1_2°‘+R2a—|—20a(y— - log y+C’—§C’a+R1)
7

where C, = d%cs . Thus
S=o

% m
S = (Ea)? — ZCE = (Ea)? — Bag — 2¢, B} + 3Ca
(2
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3 s
= c2yP 2 —conyt TP + 2¢a”logy +C + 3 Ca+ R

and 50 (E,)% — By — 2coE1 € L2(T'\$) for Re(a) > 3/4.

Note that adding the constant §C, does not affect whether S is in L?; however,
this regime will aid computation later in the paper and arrises when taking the limit as
8 — « as seen in Lemma 77 below.

(IIIb) Instead suppose that 1/2 < Re(a) < 3/4. Then

. T
Z CiEsi = Foq + 2¢co By + C§E272a - gca

(2
_ 3 _ (o T
= y** +cony’ 20‘+R2a+26a(y—;10gy+C+R1)+Ci(y2 20t ey gqy' T 20‘)+R—§Ca

Thus

% s
S=(Ea)’ =) By, = (Ea)® = By — 2ca B} — c2Fp_20 + 3Ca
%

3 T
= —coqyt T2+ 2ca; logy — CiCQ,QQyQO‘_l +C+ gC’a + R

50 (Ea)? — Eaq — 2¢aF1 — 2 FEa 29, € L2(T\H) for 1/2 < Re(a) < 3/4.
We have shown that for each o and 3 there is a linear combination of Eisenstein
series ), ¢;E,, so that S = E, - Eg — ), ¢;E, € L?. We can thus write a spectral

expansion for each case for S and get

Eo-Ey=Y ciB, + Z<S,f>-f+%+ !

% f cfm

-— S, Es) - Esds
473 (1/2)< >

in L2(T\$) @ E(T\9H).

To establish uniqueness, suppose that there are two solutions u and v to (A —
Aw)u = Eq - Eg in HX(T\$) @ £(T'\$). Then (A —\)(u—v) = Ey-Eg— E, - Eg = 0.
Thus v — v is a solution to the homogeneous equation (A — A, )(u —v) =0 and A\, € R

but this cannot be the case if Re(w) > 1/2 and Im(w) > 0. O

Observe that for Re(s) < 1/2, the functional equation gives Es = ¢, - E1_5. Thus
it is sufficient to consider the case where Re(a) > 1/2 and Re(5) > 1/2. Many of
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the other values excluded from C are in fact problematic as will will see in Section 77?.
However, before we consider what is happening at these values, we will give a spectral

expansion for the solution .

Theorem 3. In Re(w) > 1/2, for a, f € C, (A — Nu = E, - Eg on I'\$) has a unique
solution in H=>°(T\H)DE(T\H) with spectral expansion which lies in H*(T\H)DE(T\H)

and is given by

o CiEsi %Ca A(Oé,? X Eﬁ) . f
Uy = Zl: )\Si _7)\11} — :H.Oz:ﬂ . 7)\1 — )\w + = )\sf — Aw
1 E
. A, E, x Eg) - A |
47 (1/2) (S’ x 6) )\5 — )\w iy
1 ifa=p

where lo—pg = { 0 fats and C,, = %CS )
if s=a

The proof of this result will be given in Sections 2, 3, 4, and 5 where we will
construct the solution. Theorem ?7 in Section ?? calculates the cuspidal spectrum,
Theorem 77 in Section 77 calculates the continuous spectrum and Theorem 77 in Sec-
tion 7?7 calculates the residual spectrum. In these sections, we will follow the regime
presented in the proof of Theorem ?? and the final solution will be obtained by division
in Section ?7?7. Finally, at the end of Section 5, we will prove that the solution can be
meromorphically continued in w to Re(w) < 1/2.

Before we turn to the derivation of the solution, we will address what appear to

be oddities at some of the borderline cases in C.

2.2 Limits in o« and

One would expect that the equality regimes (aw = ) presented in Theorem ?7 can
be recognized as a limits if those of Re(ar) = Re(8) and this is in fact the case due to
the addiction of the constant §Cl.

Lemma 4. lim coF1_q4p+cs- Fipa—p = —ECQ + 2¢o EY where Cp, = dics
B—a 3 $ s=a

Proof. Recall that Es has a simple pole at s = 1 and thus the Laurent expansion for F
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is given by
a—
E, = 8_11 +ap+ai(s—1)+ay(s—1)%+...

Using this we have

/61)1_r)r(11 Cab—avp + 3 Eiya—p

:ﬁli_I)I(llca. (;1&"‘“0"‘@1(6_“)""--)"'66 (;Llﬁ—kao%—al(a—ﬁ)—i-...)

= limca'<l8a_1a+ao+al(ﬂ_a)+--->+Cﬂ <_a:1a+ao_a1(6_a)_"'>

f—a - B
.oa_q(cqg—c T d T "
= Jim T aean = T+ 2ate = G Cat 20l
_d ~ . a_i(ca —cg) d _md
where Cy = 7-¢s . since él_)n; »BT = —a_1£05 s —§£CS . O

We can now express the equality case of (III) a limit of case (IT). Suppose as in
case (II), 1/2 > Re(a) < Re(B) < Re(a) + 1/2 where « # .
If we also suppose as in (IIa) that Re(a + 8) > 3/2 then

S=FE,- EB - (Ea+,3 + Ca - ElfoHrﬁ +cge E1+a75) .

As 8 — « the first two terms become E,2 — Fa,. Thus f — «, when Re(a) > 3/4, we
get that
S = (Ba)? — Es — 2caEf + gca.

Similarly, if we suppose as in (IIb) that Re(a + ) < 3/2 then
S=F,- Eﬁ - (Ea+5 + Cq - El—a—i—ﬁ +cs- El—i—a—ﬁ + Ca65E2_a_5) .
Thus 8 — «, when Re(a) > 3/4, we get that
2 x 2 T
S — (Ea) — Fon — QCQEl — CaEQ_Qa + gCa.

However, despite this nice continuity where near where o = 3, one can see that
we are not guaranteed the existence of the solution when o« = 5 and Re(a) = 3/4. In

fact, the strategy presented in Theorem ?? breaks down. When Re(«) = 3/4 we have
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E2 = /2 2me)i L oe 4 4 ciylﬂ_ﬂm(a)i + R and subtracting Fo_o, for example will
cause the first term to vanish but will also introduce a new non-L? term y!/2-2Im(@)i ¢
appear. In fact, we have the following results which only guarantee the existence of a

solution under certain conditions.

Theorem 5.

(i) In Re(w) > 1/2, for a # B, 1/2 < Re(a) < Re(f) < Re(a) + 1/2 and Re(a +
B) = 3/2, (A= XNu = E,Eg on I'\®) has a unique solution in H~>°(I'\H) &
E(T\$) when 2a — 1 or 23 — 1 is a nontrivial zero of ((s). If it is also the case
that Re(8) = Re(a) +1/2, (A — Nu = EoEg on I'\$) has a unique solution in
H=>°(T\9) @ ET'\H) when 2a — 1 is a nontrivial zero of {(s).

(i) In Re(w) > 1/2, for Re(a) = 3/4, (A — Nu = E* on T'\$ has a unique solution
in H-°(T'\$9) @ E(T'\H) when 2ac — 1 is a nontrivial zero of ((s).

Before we proceed with the proof, it should be noted that in the theorem above
(ii) is a special instance of (i). However, we will provided a proof of both for a few
reasons. One reason being that we will be using limits from the left and right of the
solutions previously found and the solutions appear to be slightly different for @ = 3
versus a # [ (since the S’s constructed are differently) even though there limits are
equal. However, the main reason is that it is easier to follow the argument in the o = 3

case and then see how it extends to the inequality case.

Proof. As shown in Theorem 7?7, to demonstrate the existence and uniqueness of the
solution, it suffices to construct appropriate S in L?(T'\$).

We will begin with a proof of (ii) since it is a simplified case of (i) and exemplifies
the same general phenomenon. Observe that in the regime where o = 3, the S given by
(IIIa) and (IIIb) differ only by one term c2 Es_a,. This implies that we cannot have a

simultaneous solution corresponding to both
2 * m
S = (Eqy)” — Eao — 2co B + gCa

and
2 * 2 T
S = (Ea) — Foo — 2CaE1 — CQEQ_QQ + gCa
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2By 24
)\27204 - )\w
neither of these contrived S’s will be in L?(T'\$) in general since:

at Re(a) = 3/4 since their difference is not in L2(T'\$). In fact, in general,

In regime (IIIa),

S = (Ea)? — Esq — 2caE} + gca

3 s
= c2yP 2 —conyt TP + 2¢a”logy +C + 3 Ca+ R

and y>72* ¢ L2(T'\$) for Re(a) = 3/4. Thus we would need ¢2 = 0 in order for
S to be in L2 Recall that c, = f(gz(gi)o‘) = 5(52((;;)1). For a = 3/4 + it, this yields
£(2a—1) = £(1/2+2it). Then S € L?(T'\$) when 2« — 1 is a nontrivial zero of £. Thus
a solution to (A — M\)u = E2 on T'\$) exists when 2 — 1 is a nontrivial zero of ¢.

In regime (IIIb),

" ™
S = (Ey)? — Eoq — 2¢oEf — 2By 9o + g(Ja

3 T
= —coayl T+ QCOJ; logy — cea_ouy** 1 4+ C + ng +R

and y?~1 ¢ L2(T'\$) for Re(a) = 3/4. Thus we would need either ¢2 = 0 or cy_g, = 0.
Observe that ca_2, = 0 when £(4ti) = 0 for « = 3/4 + it. Since £ has no zeros
on the imaginary axis, we need only consider where c2 = 0. As above, a solution to
(A = Nu = E2 on T'\$ exists when 2a — 1 is a nontrivial zero of ¢.

Since, as previously stated, these solutions, given by regime (IIIa) and (IIIb)
may not be distinct. In fact, for a solution to exist, we need c2F2 2, — 0 as Re(a) —
3/4~. This will happen when ¢2 = 0 or when Ey 5, = OE| When ¢2 = 0 we see that
the limit of the solution from each side of Re(a) = 3/4 will approach the above solution
at Re(a) = 3/4.

Now let’s turn to case (i). Observe that in the regime where o # § and 1/2 <
Re(a) < Re(B) < Re(a) +1/2, the S given by (IIa) and (IIb) differ only by one term

cacg - Fo_n_p. This implies that we cannot have a simultaneous solution corresponding

! Note that when F3_s4 = 0, the limits of S from the left and right of Re(a) = 3/4 will be equal
but that neither S will be in L*(T'\$).
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to both
S = Ea . E/B - EOH'B - Cﬁ . El"rOé—B — Cq * El—oc-i—ﬁ

and
S=FE, - Eg—FEqyig—cg-Eirap—Coa  Fi_atpg—cacg Eorq_p
cacg - Eo_q_p

)\2—04—6 - )\w
general, neither of these contrived S’s will be in L*(T'\$)) in general since:

at Re(a + ) = 3/2 since their difference is not in L?(I'\$). In fact, in

In regime (IIa),

S = Ea . E/B - Ea+ﬁ - Cﬁ . E1+a_6 — Cq * El—a—l—ﬁ

= ca05y270‘75 — CCH_@yl*a*B — clcha—ﬁy*aJrE — Ca61—a+ﬂya75 + R

and y?>~*=F ¢ L2(I'\$H) for Re(a + B) = 3/2. Thus we would need ¢, = 0 or ¢ = 0 in
order for S to be in L.
In regime (IIb),

S = Ea . EB - Ea+ﬁ —Cs- E1+a—ﬂ — Cq El—a—i—ﬁ

= —Ca+ﬂy17a7’3 - CBCHa—,BZ/*cHﬂ - Ca617a+ﬁya7ﬂ - CaCﬁCQfa—ﬁyaJrﬁ*l +R

and y*+A~1 ¢ L2(I'\H) for Re(a + B) = 3/2. Thus we would need either ¢, = 0, ¢ = 0
or ¢1—a48 = 0.

Thus solution to (A — A)u = E, - Eg on I'\$) exists when 2o — 1 or 25 — 1 is
a nontrivial zero of (. Furthermore, when Re(f) = Re(a) 4 1/2, we also have y*# ¢
L%(T\$). We will then need either ¢, = 0 or ¢;_n45 = 0. However, in this case, we also
have ¢1_q45 = c3/24i 7 0.

Since, as previously stated, these solutions, given by regime (IIa) and (IIb)
may not be distinct. In fact, for a solution to exist, we need cocg - Fo_q—g — 0 as
Re(a + B) — 3/27. This will happen when ¢, = 0, ¢cg = 0 or when Ey_,_g = 0. E|

When ¢, = 0 or when cg = 0 we see that the limit of the solution from each side of
Re(a + ) = 3/2 will approach the above solution at Re(a + 5) = 3/2. O

2 Note that when Ez_,_p = 0, the limits of S from the left and right of Re(a + 8) = 3/2 will be
equal but that neither S will be in L*(T'\$).
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The solution on these regions where say Re(a + ) = 3/2 will present itself as a

limit and will thus be identified with the corresponding limit of the solution in Theorem
??. Explicitly, when o # 3, 1/2 < Re(a) < Re(f) < Re(a) +1/2 and Re(a + ) = 3/2

and 2o — 1 is a zero of ((s) (i.e. ¢ =0),
S==FEq-Eg—FEarp—cs- Errap

is in L? for Re(ar 4+ 8) = 3/2. In this case, the equation (A — A\)u = E, - Eg on I'\§
has a unique solution in H~>°(I'\$) & £(I'\$) with spectral expansion which lies in
H2(T'\$) ® £(T'\$) and is given by

Eayp LG Eiiap N Ale, f x Eg) - f

e = AonrB - Aw )\1+a7,8 - Aw )\Sf - Aw

f cfm

1 )
A(?, FE, x Eﬁ) . ®

Ami (1/2)

We will conclude this section by showing that there are no solutions in H?(I'\$))®
E(I'\$H) on the lines Re(a + ) = 3/2 or Re(a) = 3/4 where neither ¢, nor cg are zero.
We will need the following preliminary results in order to establish the other direction

of the implied biconditional.

Lemma 6. Let &;,...,&, be distinct real numbers and o1,...,0, real. For non-zero
complez ¢y, ..., cp, the function f(y) = Zj cjyiTii s in L2([1, 00), ‘y%’) for if and only
if o5 < 1/2 for all j.

Proof. If p := max; oj < 1/2, then f(y) € L*([1,00), %).

On the other hand, suppose that ;= 1/2. Observe that
2 2

. b . d
oy o+ — lim Cs o+ 7y
Z 7Y b—oo Jq Z 7Y y2

! L3([1,00), %) !

b d
— lim E = o4&k yoitor BY
b—>100/1 ik kY Y 92

If ;o = 1/2 then all the terms c;cy, y" & =€) 473t are in L! except for possibly the sum
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over j, k with 0; = 1/2 = oy
Suppose now that ¢ =1/2 and o; = 1/2 = 0}, Among the tails for the improper

integral for the L?-norm-squared integrals are

T2
S e / i) W
ik T Yy
(T2)i(§j—§k) — T —¢k)

i(§5 — k)
The sum of the j # k is uniformly bounded in 7. The sum of the j = k term is a strictly

For j = k, the term is |c;|? - logT. For j # k, the term is c;cy

positive real multiple of logT and goes to oo as T — oo. Thus an expression of the
form 3 ¢;y'/?*% will be in L2([1, 00), %) only when ¢; = 0 for each j. Furthermore,
if 4 = 1/2 then f(y) cannot be in L?([1, 00), %)
Finally, in the case of u > 1/2, y'/27#. f(y) is in L?([1, 00), %) if f(y) is and this
reduces to the case where p = 1/2 just treated.
O

Lemma 7.

(i) For a # 8, 1/2 < Re(a) < Re(8) < Re(a) + 1/2 and Re(a + ) = 3/2, then
E.Eg ¢ LA*(T\H) @ E(T\H) unless 2a— 1 or 28 — 1 is a zero of ((s).

(ii) For Re(a)) = 3/4, then E2 ¢ L*(T\9) @ E(T'\H) unless 2a — 1 is a zero of ((s).

Proof. We will again first establish the result of (ii) first. Assume o =  and Re(«) =
3/4. We have E2? = y3/2+2lm(°‘)i+26ay+cgy1/2_21m(aﬁ + R. Subtracting Fs, and 2c, E}

will eliminate the first term terms and what remains will be in L? with the exception of

2q1/2=2m(a)i - Qubtracting ¢ Fa g, will cause the last term to vanish but will

also introduce a new non-L? term ¢2cy_gqy/2+2m(@)

the term ¢
¢ to appear. Furthermore, observe
that co_2, cannot be zero for Re(«) = 3/4 since ((s) has no zeros on the line Re(s) = 1.
More formally, the non-rapidly decreasing terms of £(I'\$)) can be written as linear
combinations of the form } ., ¢;y% +& and so by Lemma ?7? ¢2y!/2=2Im(@)i L 3~ ¢y +ig
is not in L? except when ¢, = 0. Thus the only way for E2 to be in L?(I'\$) ® £(T'\$)
is by ¢, being 0 and thus it is necessary that (2o — 1) = 0.
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For (i), assume a # 3, 1/2 < Re(a) < Re(f) < Re(a) +1/2 and Re(a+ ) = 3/2.

Then E,Ep = y3/2+Im(o¢+ﬁ)i + Cﬁyl-i-a—,é’ + Cayl—a-i-,é’ + Ca65y1/2_1m(a+6)i + R. Again,
the first three terms can be eliminated putting what remains in L? with the exception of

the term ca65y1/2_1m(0‘+6)i

. Subtracting c,cgFEa_o—pg Will cause the first term to vanish
but will also introduce a new non-L? term CQCgCQ,a,/gyl/ 2HIm(e+8)i to appear. Again
Ca—q—p cannot be zero for Re(a+ ) = 3/4 since ((s) has no zeros on the line Re(s) = 1.
Furthermore, by Lemma 77 CQCgCQ_a_gyl/QHm(a"'ﬁ)i + Zj cjy"j“fj is not in L? except
when ¢, = 0 or ¢z = 0. Thus the only way for E,Es to be in L*(I'\$) @ £(I'\$) is by

Cq OT Cg beln and thus 1t 1s necessary that a—1)=0or —1)=0.
5 being 0 and thus it i y that ((2a—1) =0 or ((28—1) =0 O

Lemma 8. If there exists a solution u to (A — AN)u = E, - Eg on T\ in H*(I'\$) @
E(T\$H) then E,Es € L*(T'\$H) ® £(T'\$).

Proof. Suppose u is a solution to (A—X)u = Ey-Eg on T'\$) and u € H*(I'\§)BE(T\H).
Say u= f+ Y., apFs, for f € H*(T\$) and Y, arFs, € E(T\$). Then

Ea'Eg = (A—)\w)uz (A—)\w) (f‘f‘zaszk)
k

= (A - )‘w)f + Z ak:()\sk - )\w)Fsk
k

Thus

Eo-Bs— 3 ar(he — M) Fy, = (A = A,)f € HUT\) = L2(T\)
k

since f € H*(I'\$).
g

Combining the last two results, we see that if there were a solution u in H2(T'\$)®
E(T'\H) it would be contrived as above and thus there is no such solutions on Re(a+3) =

3/2 where neither 2o — 1 nor 25 — 1 is a zero of .

Theorem 9.

(i) In Re(w) > 1/2, for a # 8, 1/2 < Re(a) < Re(B) < Re(a) +1/2 and Re(a+ ) =
3/2, (A=XNu = E,Ez on T'\$ has a unique solution in H*(T'\$H) @ E(T\$) if and
only if 2a — 1 or 23 — 1 is a nontrivial zero of ((s).
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(i) In Re(w) > 1/2, for Re(a) = 3/4, (A — Nu = E2 on T\$ has a unique solution
in H2(T\9) © E(T\H) if and only if 2a — 1 is a nontrivial zero of ((s).

The proof of this result follows directly from Theorem 7?7 in conjunction with

Lemma ?? and Lemma ?7.



Chapter 3

The Cuspidal Spectrum

We will now compute the cuspidal spectrum for the expansion of the solution. Let f

be a cuspform with Fourier expansion

f(2) = cn-Willnly) - 7
n#0

Theorem 10. For f a cuspform and (o, ) € C,

rf¥S-aD(UHS)D(a-fAS) (@bl 88 p(a- T
2T (ATG) (@)

<S) f>L2 = L(aa? X Eﬁ) ’

= A(a,f X Eg)

for each S proposed in Theorem ?77.

The proof of this result is given in the what remains of this section. Before we
investigate each case for each different .S, we will first perform two useful computations.
Many examples of the following computations can be found in relevant literature — for

example, in [?] or [?].
Lemma 11. For each o and (3,

Ea- Es 7 dx dy
IRY;) Yy

27
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71-,54*370( F(a+26—§)P(a—g-l—g)r(a-l-lgﬂ—?)r(a—l;—ﬁ-i-g)

2T(B)L(3) ()
= A(Oz,? X Eﬁ)

= L(Oz,f X Eﬁ) :

Proof. The computation that follows we can will begin by examining 1/2 < Re(a) <
Re(a) + 1/2 < Re(p) since fF\fJ E.-Es-f d’;g‘y is holomorphic on this region. Since it

extends to meromorphic function of « and § (since f is cuspform), we can evaluate it
via identity principle by moving a to Re(a) > 1 so that we can then unwind FE,,.

Thus, by unwinding, we have

—dzd dx d —dzd
Ea'E,B'f Qy:/ Z Im('yz f Y / ya'Eﬁ'f 2y
) 1*\5%1[,\F y? P\$H Y

o b —dzdy
S
0 0 Yy

since the fundamental domain of P\) is {z =z +iy € H | 0 < z < 1}. Now, writing

I\

out the Fourier-Whittaker expansions for g and f, we have

o0 1 )
/O /0 g | ecrBs+ Y pln, B) - Willnly) - €2min

n#0

dx dy
Y2

S - Willmly) - o727

m##0

where ¢, Wy and ¢, are defined in Section 7?7

00 1
:/ / ya |:CPEB Z W |m|y —2mimzx
0 0 m#£0

dx dy
Y2

Z(p n /3 Wg(\n\y e2mine Z Cm - W. ’m‘y o~ 2mima
n#0 m#£0
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o) 1
= / yOé |:CPEﬁ . Em . WS“m’y) . / e—?wzmx dx
0 0

3
BN
o

+

1
S eln Walnly) - eVamly) [ i e %

m,n#0 y

:/0 yoz [CPEBZ (‘m|y 6Om+ Z TL B Wﬁ(‘n‘y) Cm S(|m‘y)5n,m] Z:;/

m##0 m,n#0

We see that the sum is zero when n # m (furthermore, since f is a cuspform the

n = 0 term vanishes) and we get

/ S o(n, AW (Inly) - en V. <\mry>d—2
n#0
=3 . B) /0 Ty Walnly) wsun\y)ji

n#0
Replacing y by y/n, we have

7@(71,5)-@1‘ OOO‘. () Y a, f x Ooa. W () =2
5 S [ W W) G = e T X B [ Wl ) 3

_ ahts—a a+pB—35 a—B+35 at1— B 3 a—14+8+3 B
:L(a’fXEﬁ)éF(B)F(s)'F( . )iga) AN G = Ao, f x Ep)

Lemma 12. For anyr # 1, E. - f dwdy =0 and Er.f drdy —
'\$ \$ Y

Proof. Since the integrals extend to meromorphic function of r (since f is cuspform),
we can evaluate it via identity principle by moving r to Re(r) > 1 so that we can then
unwind E,. Thus
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where the fundamental domain of P\ is {z=z+iyeH |0z <1}

d d , d
_/ e ch/ Y- W(Inly) </ e2’”mdx>'g
P\Y) 0<z<1 Y

n>0

dy

=Zc/ Wo(nly)ono 2 = 0
n>0 y>0 Yy 0
Finally, we should note that constants (such as §C,) are orthogonal to cuspforms in

L*(I'\$) so
/ —C’ 7 dx ;iy _0
F\f) Yy

We can now quickly evaluate each case of S for each v and 3 presented above.

3.1 Regimes

Recall the regimes set up in the proof of Theorem ?7. Again, suppose that a # 1 and

B #1.
(I): When 1/2 < Re(a) < Re(a) +1/2 < Re(p),

_dxd
wwmzj (Fa - Ep — Basp — o Bi-asg) fos?
T\9 Y

(II): Suppose 1/2 < Re(a) < Re(f) < Re(a) + 1/2 but that a # .
(ITa) If Re(a + B) > 3/2 then

—dzd
(S, flrz = / (Ba - Eg — Eoatp — ¢g - E1ta—p — Ca " Er—atpg) - f 72?4
\$ Yy
_ —dxd
= /\ E, EB f - Ea+ﬁ f —Cp El—i—a—ﬁ f — Cq El—a+ﬁ f ygy
IV
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(IIb) If Re(a + B) < 3/2 then (S, f)

dx dy
72

= /\ (Ea - Ep — Eatp— 5 Erya—p = Ca Bioatp — caCs Bo—a—p) - f
9

:/\ Eo-Eg-f—Eaip-f—cs Eirap-f—ca-Erayp-f
I\$

—d:rd
— CaCp - Ey o B8 f Y

(III): Suppose a = 3.
(ITIa) Suppose also that Re(«) > 3/4 then

<S’ f>L2 = /1"\5’) ((Ea) Es, QCaEl + 3Ca) / y2

:/ (Ea)? T~ Baa F — 260§ -+ 2C fd"“"dy
9

(IIIb) Now suppose 1/2 < Re(a) < 3/4 then

_ 2 - « 2 T\ Fdrdy
<Sa f>L2 = /F\f) ((Ea) Esq QCaEl COCE27204 + 30a> f y2

= | (Ba)?* F-Fa-f—2aE F—Ey g0 f+ c fdxdy
\9
In each of the above cases, we can use Lemma 77?7 to evaluate the integral of the
first term and see that each of the remaining terms will integrate to be zero using Lemma
?7?. Thus for each S, we get

Bt+s—a F(a+§f§>r(a72,5+§)r(a+1;ﬁf§)1-w(a71;ﬂ+§)

2T(B)L(3) | I'(a)

<S’ f>L2 = L(aa? X Eﬁ) ’

= A(Oz,? X Eﬁ)



Chapter 4

The Continuous Spectrum

We want to compute

/ (S,Es) - Egds
(1/2)

for each case of S. Though we have designed S so that S € L?(I'\$), there is no
guarantee that S - B, is in L'(T'\$)). However, observe that on Re(s) = 1/2, (S, E)

exists as a literal integral since S is (’)(y%_e) for some € > 0. This can be seen by

observing that E, = y° + csy'~° + R, where R, is rapidly decreasing and so E, - S is

O(y'=¢). Thus

/ Es-de;lx < 0
'\$ Yy

Futhermore, in what follows we will show

Theorem 13. For each o, 8 € C,

o0 d
(S, Ey) 12 = L(5, Fa % Ea) - /0 U Waly)Waly) 2

for each S given in Theorem 77.

Knowing that these integrals converge and computing them directly are two dif-

ferent things. In the style of Zagier [?] and Casselman |?], we will use Arthur truncation

to compute these spectral integrals. To make proper use of the truncated Eisenstein

series, we will also need that the limit of these truncated Eisenstein series converges to

the Eisenstein series itself.

32
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4.1 Convergence of Truncated Eisenstein Series

Recall that Arthur truncation is defined as

Yy +ey™ y>T

ANE, .= E, — Ts(v2 where Ts(2) = .
s s Z s ) s( 0 y < T

~yeP\T'

For convenience we will label the sum 67 (2) := Z 75(72) so that ATE, := E,—07(2).

~yeP\I'
Let
Ve(z):= ) pe(lm(yz))
~yeP\T'
Cy>1
be the Eisenstein series where ¢¢(y) = { g Y . and define
y <

Bf = {f € LXT\D) | (L +[We))*f, f) 2 < o0}

for k € Z with norm [f[%, = ((1+ W)k f, f). Let B-* be the dual to BF for each k.
Lemma 14. For some ¢ >0, S € Bl

Proof. Recall that S is in L?(I'\$)) by design and in fact by examining the construction of
each S we see that S is (’)(y%_g). By design, |¥|-S-S is O(y'~¢) and ((1+|¥])S, S) 2 <

o0 as desired. O
Lemma 15. Given ¢ > 0 and s with Re(s) = 1/2, both Es and NTE; are in B7L.

Proof. Let s be such that Re(s) = 1/2. In the cases of (1 + |U14c(2)])" - Es, Es) 2

and (1 + |U14c(2))7 - ATE,, ATEL) 2, both integrands are of order O(y'~¢) since E

and ATE; are O(yl/ 2). When integrated against the measure d—g, these integrals will
y

converge. O

Now we must show that the limit of the truncated Eisenstein series approaches

the original Eisenstein series in this topology.

Lemma 16. Given ¢ > 0 and s with Re(s) = 1/2, we have B;l—li%n NTE, = E,.
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Proof. Consider E; where Re(s) = 1/2 and 0, > Re(s). We have

1 1 dyd
| AT ES|Z,,1 = <'/\TES7/\TES> _/ —— ANTE, - NTE; y2a:
c L+ [Py 2 Jos L4 Wit Yy
1 dy dz
= ——(E, —0L(2) - (Bs — 0L(2)) ==
[, e (B -G (B -t
& 1 dy dx
_ B, 07 () (Bs — 01(2)) 24
/0 /|x|§1/2x221—y2 14 (W4 ( () ( ) y?

T

1 dx d
0 Jiwl<1/20251—y2 1+ [W1e| y
dy dz

oo
1 = —
S s T B = ) 0 e
T Jx|<1/202>1—y? 1+"I’1+e|( ° ° ) - (Fs E ) 2
1

N

_ - 1
— (By — v —cyt ™) - (Fs —y° — syt ™°) < — FE,FE< € L? thus b
OW1+|\I'1+EI( s =y —cy %) (Bs — vy — ey ) 7 B us by

Lebesgue’s Convergence Theorem as T° — oo, the second integralodisappears and this

becomes

e 1 dx d 1
/ / 'Es'E§2y=<'Es,Es> :|Es’%—1
0 Jjal<1/222>1-92 14 W1 Yy L+ Uyl L2 ¢

4.2 Integrals of Truncated Eisenstein series

It remains to compute

J
F\i)

Y
for each S.
We have that each S € L?. However, we will need something a bit stronger to
actually compute (S, AT E) 2. For instance, we may know that . N E,-S dg;;ix < 00
IRy}

but since each S involved many terms that we would like to be able to separate and
compute, we need that each integral exists term-wise. We will need a few results to
address each of the terms for each S.

In order to compute term-wise, truncated pairings we will need the following
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three results. Lemma 77 will give us the first for the part of S which consists of E,Epg
paired against AT E,. Lemma ?? and Theorem ?? will allow us to compute the integrals

corresponding to the part of S which consists of linear combinations of Eisenstein series.

Lemma 17. For o, # 1,

dy dx

/ N E, - EoEjp
s

1 = Ca c =
— Ts—l—a—l—ﬂ—l Ts a+ B Ts+a—ﬂ
S+a+p-1 +5—a+5 +s+a—5
CaCp 5—a—BH | I (5 / W) Waly) Y
+—FrT + L(5,E, x Eg) - :
e —— (5, Ea x Ep) ! (y) B()y

Cs -3 CaCs 5 CgCs 1—54+a—
T sta+p8 Tl s—a+p T sta—p
+—§+a+ﬂ +1—§—a+6 +1—§+a—5

CaCBCs —F—a— 5 —l=s
po—P 72 b~ o(n,a)p(n, B)n / y T Waly)Wis(y) dy
2—-5—a—p o y>T

Proof. In the first term, we will compute / NE,-FE obg —— dy d:n

T\9

d d _
/ N B, - BBy Ly Z/ Y Im(y2)° = ) 7s(y2) | - Eas dy;lx
9 9\ ep\r YEP\T y

= m Zg— Ts(VZ2 dydx: S Ts(2)) -
_/F\ﬁ Z (Im(vz) 5(v2)) - EaEp /P\sa (y 5(2)) - EaEg 2

~yeP\TI' y

by unwinding

= dyd _
:/ (v = 75(2)) - Bakly = x*/ (v° = 75(2)) - EaEp —
P\$Hy<T y? P\$y>T Y

dy dx _3
:/ BBy YT / csy' ™5 Bo B "L
P\y<T y? P\$y>T Yy
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(A) Examining / y* - EoEp —
P\$y<T
Recall that the fundamental domain of P\$)is {z=z+iy € H| 0 < x <1} so

_ du d 1 _
/ ys . EOlEﬁ 7y2$ s / / ’ys_2 . EQEB dy dm
P\$y<T Y o Jy<r

/ VY ey’ D wln ) Wallnly)e ™[y + cpy' 7
y<T n#0

we have

:/01

+ Y wlm, B)Wp(|mly)e*™ ™) dy do
m#0

= / VW et )W sy ) 17D e, a)e(n, B) - Wal|nly)Wa(|nly) dy
y<T n#0
since the product vanishes off the diagonal.

(1) Examining the first term / . Y2y + oyt (WP + gyt P dy:
y<

/<T Y2y + cay' )W + cpyt ) dy
y=

<T

:/ y§—2(yo¢+ﬁ + Cayl—a-i-,@ + ng1+a_ﬂ +cacgy2_°‘_5) dy
Yy

:/ y§+a+ﬁ—2 _|_Cay§—a+ﬁ—1 +Cﬁy§+a_ﬂ_1 +cac[3y§_a_5 dy
y<T

_ 1 S+a+4—1 Ca S—a+p cs S+a—8
“Sta+p-1Y Y 3 37

S—a—f+1 y=0

_ Tstatp-1 Ca T5—a+f s Tsta—p
S+a+p-1 +§—a+5 +§+a—ﬂ
CaCp S—a—pB+1 . ( 1 S+a+B—1 Ca S—a+8
— T —lim (———t¢ + —t
s5—a—fF+1 t—»0+t \S+a+ -1 s—a+p

s s5+a—p Calp E—a—ﬁ-i—l)
—t —t
+§+a—ﬁ +§—a—ﬁ+1
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For Re(s) > Re(a + ) > 1 where Re(a) > 0 and Re(8) > 0, this last term

lim <;t§+a+5*1 + _ Ca  s-aip + Ciﬂt§+a76
t—0t \S+a+ -1 S—a-+p s+a—p

Calp E—oc—ﬁ-l—l) _
—_—1 =0
+ Ss—a—pg+1

Thus, by the Identity Principle, we can meromorphically continue to get that

/ ., Y2y + cay )W+ cpyt ) dy
y=s

1 = c - c -
— TeraJrBfl « TsfaJrB B Ts+a7ﬂ
S+a+p-1 +§—a+ﬁ +§+a—5
CaCp s—a—LF+1
- —F T
+ S—a—pf+1

(2) Examining the second term /<T y* 2 Z @(n, a)p(n, B) - Wa(|nly)Wa(|n|y) dy:
Y= n#0

[ 5 elna)e(mn, 6) - Wallnly)Walnly) dy
y<T n#0

= n,a)p(n i n n ay
=3 etmaleton) [ Wllmiy Wity 2

replacing y by y/n we have

= ;}W /y<T v Waly)Ws(y) fé =L, EaXEﬂ>'/ Y Waly)Wily) 2

(B) Examining / csy' % B, Ep
P\Hy>T Yy
Recall that the fundamental domain of P\ is {z=xz+iy € H| 0 <z <1} so we

have

_ dud 1 - d
[ e Bam = [ e BaEs o
P\Hy>T Y 0 Jy>T Yy



/ sy [y cay' T+ ) p(n, ) Wal[nfy)e* ™™
y>T n#£0

dy dz

v +eay' P+ p(m, BYWs(|mly)e* 2

m##0

= / esy (Y + oyt ) (Y + eyt P)
y=>T

+esy ) p(n, a)p(n, B) - Wallnly) Wa(|nly) dy
n#0

since the product vanishes off the diagonal.

(1) Examining the first term . csy T (Y + cayt ) (WP + cpyt TP dy:
y>

/ sy (W + cayt ) (W + cpy' ) dy
y=>T

= / csy T 4ocesy T TP sy TP 4 cpcgesy T T P dy
y>T

= L —s+a+p L 1-5—a+p L 1-54+a—p3
(—E—i—a—l—ﬁy +1—§—a+5y +1—§+a—6
% o) |
Cs = CnCs — CARC= _
— i [75tfs+a+5 s yl-s—adp Ltlfﬁafﬁ
100 (—E—I—oz—i-ﬁ +1—§—a—|—ﬁ +1—§+a—5

38

CaCBCs tQ—E—a—ﬁ)

+2—§—0¢—B

Cs = CqCs S
- T sta+pB _tas mql-s a+B
<—§+a+ﬁ +1—§—a+,3

CBC§
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For Re(s) > Re(a + ) > 1 where Re(a) > 1/2 and Re(8) > 1/2 the first term

. Cs _3 CaCs 5 C3Cs 1—54ta—
1 t St+a+p tl s—a+p t +a—p
tggo(—E—ka#—ﬁ +1—§—a+5 l1-54+a—-p

CaCBCs

tQ—E—Oé—ﬁ =0
+2—§—a—6 )

Thus, by the Identity Principle, we can meromorphically continue to get that
/ csy Ty + cay' )W + ey’ ) dy
y=>T
_ _< Cs T-5tatB 4 CaCs Tl-5-ath | €5Cs Tl-5+a—p

—S+a+p 1-5—a+p 1-5+a-p

CaCBCs o 5 a- )
—T
R P

(2) Examining the second term />T csy 10 Z o(n, a)p(n, B)-Wallnly)Ws(|nly) dy:
yz n#0

sy Y p(n, a)p(n, B) - WalInly) Ws(Inly) dy

y=>T n#0

= | ey 'Y w(n,a)e(n, B) - Wallnly)Ws(Inly) dy
y=T n#£0

= Y elma)e(n) [ ey Wallaly) Wallnly) dy

n#0 y=T

replacing y by y/n we have

— s Y plna)pln A [y Wal)Waty) dy

n#0 y=T

Putting (A) and (B) together, we get:

— dyd
/ N Es-E.Eg ygx
\$ Y
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1 = c = c =
— Ts-l—oz-l—ﬂ—l « Ts—a—l—,@ B Ts+a—,6’
S+a+p-1 +§—a+5 +§+a—6
CaCp s—a—p+1 < s dy
— T L(5,E, x Eg) - - Wa(y)W, —
s—a—fA+1 + L(5, Eq 5) /ySTy a(y) B(y) Y2
Cs —5+a+f CaCs T1—5—a+8 CpCs Tl-5+a—8
+—§+a+5 +1—§—a+6 +1—§+a—ﬁ
CQCIBCE T2—§—a—6 o s —1-5 %% %% d
F—= cs Y p(n, a)e(n, B)n y ' Waly)Wa(y) dy
2-5—a-—-0 s y>T

O

We will also need the following two results for the parts of S which consist of

linear combinations of Eisenstein series.

_ dyd . dyd
Lemma 18. / N'E, - NTE, 2% — / N'E, - B, 2T
\H Y \§ Y

Proof. Recall that the fundamental domain for '\ is F = {z € | |2] > 1 & |Re(z)] <

1/2} so rewriting our integral we have

— dx d — dx d
/ N B, ATE, Y :/ / NE, - ATE, Y
9 Yy 0<y<oo J |z|<1/222>1—y? Y

_ dr d — drd
= / / /\T ES'/\TET 2y+/ / /\T Es'/\TEr Ty
0<y<T J|z|<1/202>1—y2 Yy T<y<oo J|z|<1/222>1—y? Y

Notice that since the first integral is only defined for y < T and on this region,
AT E, = E, by definition,

[ MBS - [ NTE, B,
S T - S T
0<y<T J|z|<1/202>1—y? y? 0<y<T J|z|<1/202>1—y? y?

Thus it remains to show this result for the second integral

dx dy
—

/ AN E,-
T<y<oo J|z|<1/222>1—y>
N'E,

For T' > 1, this domain of integration is a cylinder so that

/ / ATE,  ATE, Y —/ / AT B, . ATE, 423
S r - s r
T<y<oo Jja|<1/207 21— v Jrey<oo Jlui<iy y?
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Writing this in terms of Fourier expansions, we have

TINT TIMT dxdy

-[_ ] }jsons S(nl)e 2 || S g(m, s)Wi((mly)emime | L%
T<y<oo J|z|<1/2 0 Yy

17 —27inT 2mwimax dx dy

= >~ o(n, 5)Wa(Injy)e A D e(m, s)Wi(Imly)e —
T<y<oo JIz|<1/2 \ ;72 meZ y

since the integral will be zero when n # m i.e. when m = 0 (this computation was seen

previously as fol e2mi(=m)a g — d0,m and the 0" coefficient of the first Eisenstein series

has been truncated to be made 0)

_ dx d
o S
T<y<oo J|z[<1/2 Yy

as desired. Combining the domains as originally stated, we have

dy dz dy dx dm

/ N'Es - NTE, — :/ N'E; - E,
r\$ Y r'\$

O

We will use this to compute the pairing for the linear combination terms in S

with the truncated Eisenstein series. Lemma 77 allows for each of the terms in the
linear combination to become

dy dz dy dz

//\EE 2://\E/\TE
r'\$ Y r'\$

and then we will use Maass-Selberg and unwinding of A7 E.

Recall the following the Maass-Selberg relation (see Casselman [?] or Garrett [?]

for proof) states that

Theorem 19. For two complex numbers r,s # 1 with r(r — 1) # s(s — 1),

dyd
/ AT B, - ATE, Y%
I\ y?
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Tr+s—1 T(1=r)+s—1 Tr+(1-s)-1 T=r)+(1-s)-1
T rts—1 +CT(1—7’)+3—1 +Csr—l—(l—s)—l +CTCS(1—7“)+(1—3)—1'
. T dy dx
Observe that when we are computing N Es-S——5—, the last few terms of
IRY;) Yy

dygdm. Using the previous two results, for each 7 in our

S will appear as fF\f) N E, - E,

linear combination S, we will have something of the form

/ /\TE Edydx
9

yz
Tr+s—1 T(1=r)+5-1 Tr+(1-5)-1 T(1=r)+(1-5)-1
B e G e - STy ) S S G e Sy e g

The following is a version of the Maass-Selberg relation for when r = 1. We follow
the style of argument for the original Maass-Selberg relation, thus we will label it as a

corollary.

Corollary 20. For all complex s with 0 # s(s — 1),
/ NTE, B W ;lx
9 Y

T§ T§—1 3 TE—I 3 TE—I TI—E T—§ 3 T—§ 3 T—E
—4C= ————logT+——=+cs ——C—+ ——logT+ — —5
5 s—1 ms—1 m(5—1)2 1-3 s TS T3

Proof.

dy dx - dy dz
N E, - Ef = / Im(y2)® — Ts(vz) | - B ——
/F \5 a2 ™6 Z Z L2

y veP\T' veP\T

= m(vz)® — T5(yz dydr _ 5 — 75(2)) - Bf =55
_/F\y) Z (I (vz2) 16 )) EY o) /I;\jﬁ(y 5( )) Ey 2

~yeP\I' y

s . dydx
:/ yS'Elz_/ W18E1 2
P\$y<T Yy P\$y>T Yy
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from the definitions of 7

- dyd
(A) Examining / y® - EY y72x:
P\§y<T Y

Recall that the fundamental domain of P\ is {z=z+iy € H| 0 < x <1} so

dyd 1 -
/ v By 5T :/ / y* - B dydz
P\sHy<T Y 0o Jy<T

1
:// y 2 cPEik+Zcp(n,1)W1(|n|y)62mm dy dx
0 JysT n#0

we have

|

1
- / / 2 ep B 42 S o, W (Inly)e™ e dy d
0 y<T n#£0

1
(1) Examining the first term / / y* 2. cpE} dyda:
0 Jy<T

_ . 3
/ Yy 2. cpErdy = / 2. <y +C - - log y> dy
y<T y<T

Y=
=L+ Ci’s_ll - 3”3_11 BV I 8_11>2 L
_ 2 st__l 2 8__1 log T + 3( 5_11)2
— Jm, ( +C 58:11 AL 11 log? + <t5—_i>2>

For Re(s) > 1, the second term

tg tg_l 3 t§—1 3 tg_l
lim (= 20 gt 42 _
S0 <+C 518 +7T(5—1)2> 0

t—0t \ S s—1 —
Thus, by the Identity Principle, we can meromorphically continue to get that
T§—1 3 T§—1

1 5 5-1
5 T T 3
s—2 *
cepEldyde = — + C - — logT + ———
/0/y<Ty CPELOYOT =g * 5-1 ns-1°° +7T(§—1)2
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1
(2) Examining the second term / / y 2. Z ©(n, 1)W1 (|n|y)e*™ ™ dy da:
0

n#0
1 _ .
[ [ v S et Wil dy da
0 JysT n#0
1 .
= [ e Wil dy- [ da
y<T n£0
= [ v Y e ) Wa(inly) dy b =0
y<T n£0
- dyd
(B) Examining/ csy % B y2x:
P\$y>T Yy

Recall that the fundamental domain of P\$)is {z =z +iy € H| 0 <z <1} so we

- dyd 1 - d
/ ngl_s . Eik 7y2x = / / ngl_s . Eik % dx
P\$y>T Y 0 Jy>T Y

1
_s * , dy dx
_ / / eyt [ epBr + 3 pln, )W (Jnfy)ezine | L
0 Jy>T 70 Y

have

- / / ey B 4 csy™ S p(n, WA (Jnly)e i dy de
0 Jy>T

n#0
since the product vanishes off the dlagonal
(1) Examining the first term / / 175 cp BT dy da:
y>T

- _ 3
/ csy 1 cpEf dy = Cs/ y 1o (y +C — —log y) dy
y=>T y>T m

_ _ 3 _
=5 y S+ Cy - ;y*H log y dy

y>T
y—§+1 y -5 Sy—§ By—g 00
=5 cf__2Y 2
cs<—5+1+ -5 m™ -5 0gy+7r 52 ) Ir

. s+l t=5  3t° 3t—°
= cg lim — —I—C——f—logt—l———
t—oo \ —S5+1 —5 -5 32
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75+ T 37°° 373
—cs< — +C - — 10gT+2>
—s5+1 —5 T —3 TS

For Re(s) > 1, the first term

t—stL s 3t 3t°
cs lim — +C————logt+—— ) =0
t—oo \ —5+ 1 -5 m-—5 TS

Thus, by the Identity Principle, we can meromorphically continue to get that

1 1-3 -3 -5 —3
= T T 3T 3T

/ / csy 10 cpEf dydr = —cs ( ——C—+——logT + —— >
0 Jy>T 1-5 s TS T3

1
(2) Examining the second term / csy 17E. Z ©(n, )YWi(|n|y)e*™™® dy d:
0 Jy=T n0

1
/ / ey 3 o, Wi (Infy)e2 ™ dy da
0 Jyzr s

1
- / ey 173, Wi (Inly) dy - / Tina gy
y>T

n#0 0

:/ esy - 3 o(n, )W (Jnly) dy - o, = 0
y2T n#0

Thus

- dyd T3 75 3T7°° 37T
/ csy 7% B y21::_0§< —C—+ ——logT+—-—; >
P\$y>T Y T™ S TS

1-5 5
Putting (A) and (B) together, we get:

— dyd
/ NE, . By T
'\$ Yy
TE TEfl 3T§71 3 T§71 Tlfg T*E 3Tf§ 373
= —+C —— logT+———+cs -C — logT + —
3 U5—1 ms—1°% +7T(s—1)2+cs<1—s 5 7 s 8 +7r2)
O

dy dz

Lastly, for when o = 3, we will need to compute fF\Y) Es - 3Ca <35
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Lemma 21. For each s,

3
|

Proof.
— dyd - dyd
/ ATES-gcay;’“’—gca/ 3 dm(ye) = Y myz) gt
T\ y T\ epyr ~EP\D y

dyd - dyd
vie 1o, [ (7 o) B

- T, /I‘\_ﬁ Z (Im(vyz2)* — 75(v2)) w2 3 P\&

3 ~yeP\T
by unwinding

sdyde Wca/ oyl dy 2dx
P\$Hy>T Y

™
=—-C,
3 % Jpoy<r” ¥ 3
from the definitions of 7
sdyd
(A) Examining zC’Ol y° yQ:E:
3 P\$y<T Yy
Recall that the fundamental domain of P\$ is {z =z +iy € H |0 <2 <1} so
we have .
T ~dydr w 59 T T
=C, 8 =—-C, Ay = -Cy -
3 “ P\$y<T y2 3 ¢ ygTy Y 3 ¢ s—1lo
T T?*l T t?*l
- 2o, . ~“To..
37051 3 % Sors—1

For Re(s) > 1, the second term

t§—1
=0

lim —
t—0+s—1

Thus, by the Identity Principle, we can meromorphically continue to get that

§dydx:fc ‘Tgf1
y? 3% 5-1

EC’Q
3 Jp\sy<r
oyl —F dy 2d$

(B) Examining EC’Q 5
3 P\$Hy>T Y
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Recall that the fundamental domain of P\$)is {z=xz+iy € H| 0 <z <1} so we

have
T _~dydx T« = T y S |infty
=Cq ngl 3 2 Ca/ C3Y ! sdy = -csCy - T—
3 P\$y>T y 3 y>T 3 —5lr
T St o7 T3
= gCgCa . tlggo TE — §C§Ca . 3
For Re(s) > 0, the first term
t*?
¢z lim — =0
t—oo —S§

Thus, by the Identity Principle, we can meromorphically continue to get that

- dyd TS
EC(;v C§y1_5 A )

P\$Hy>T y? 37 -5

Putting (A) and (B) together, we get:

— 7w, dydx 7 751 7 T—°
NE; =0y 2= ==Cp- —— 4 =5 Cy -
/I‘\.\"j s 3 «@ y2 3 o §_1+365 « 3

O
dy dz

Finally we can apply these results to compute each / NS E, 5—- We will
Yy

|YG)
now address each of the regimes presented in Theorem 77.

4.3 Regimes

Recall the regimes set up in the proof of Theorem ??7. Again, suppose that a # 1 and
B#1
(I): Assume 1/2 < Re(a) < Re(a)+1/2 < Re(8) 50 S = Eq-Eg—(Eq+8 + o - E1—a13)-
First assume that a # 1. Using the above Lemma ?7, Lemma 7?7 and Theorem

7?7 above, after canceling terms, we have
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dy dx
/\ NS . E, ?;2 = (EaEg, NTE) 12 — (Boip, ATEs) 12 — (Co - B1—arp, AT Es) 12
s

B Fta— CaCp F—a—fF+1 _ 5
_ B gpstapy B gs-aftli[s B xE / Wa () Waly) —=
Sta—f T a-p+1 +L(S, Ea x Ep) ez’ (y)Ws(y)

T—o—pB+s Tl-a—B-3 Ta—p+s5-1
—Catp - Ta—B+35 CotpCs 7 o = — =

Tehs 5 —1-5
—CaCl—a+BC5 * m - ng 80(”7 a)‘P(”; B)n Yy : Wa(?/)Wﬂ(y) dy
n#0 Yy

As T — oo, the polynomials will vanish on 1/2 < Re(a) < Re(a) + 1/2 < Re(8)

since Re(s) = 1/2. Furthermore, since

5 , ,B)n® 15 W (y)Ws(y) dy — 0
enZ#)W a)p(n, B)n /My (1) Ws(y) dy

as T — oo, we have that

o _ d
(S, B2 = B —lim(S, AT By = L(5, B x Es) - / v WalnWa(y)
0
7Ta+’8_§ 1—1(§+Oé—5)r(§—oc+5)F(§+1—a—ﬁ)r(§—1+a+ﬁ)
= L(5, E,x Eg)- : 2 2 2 2 =A(5,E,xE
(5 EoxEs) Srayrp) ) (5, Ex E)

(IT): Assume 1/2 < Re(a) < Re(8) < Re(a) 4+ 1/2 but that o # .
(ITIa) Suppose also that Re(a + ) > 3/2 so that
S = Ea : E,B — (EaJrﬁ + cs - E1+a75 + Cqo - E1,a+5) .

Using the above Lemma 7?7, Lemma ?7 and Theorem ?7 above, after canceling
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terms, we have

/ NS - B, @
r'\$ Yy

= <EQE5, /\TES>L2 — <Ea+5, /\TE'S>L2 — <CB . E1+a,5, /\TES>L2 — <Ca . E1,a+5, /\TES>L2

_ CaCp —a—B+5+1 = / s dy
= T + L(s, By X Eg) - - Waly)W, —
N B (5, Ea % Ep) Y o(1)Ws(y) )2
CaCBCs T7a757§+2 e —-1-5 %% 1%,% d
+ s +es Y p(n,a)e(n, B)n Y~ Waly)Wp(y) dy
—a—fF—-5+ ! y>T
T—a—p+3 T—a—B—5+1 T—at+pf+5-1
CCM“I‘B _a_ﬁ‘f‘g CCM“FﬁcS _Oé_ﬁ_g'f_l 0501+a_ﬂ _O[+/8+§_].
T—a+B-5 Ta—f+5-1 To—pB—3
—C3Cl4+a—pC5 * Tﬁ—g — Call—a+pB - m — CaCl—a+pC5 - m

As T — oo, the polynomials will vanish on 1/2 < Re(a) < Re() < Re(a) +1/2
where Re(a+ ) > 3/2 since Re(s) = 1/2. Furthermore, since

N , ,B)n® 1S W (y)Ws(y) d 0
a§¢<n a)p(n, B)n / L (W) Waly) dy —

as T" — oo, we have that

0o
<Sv ES>L2 = B_l - 11%11<S7 /\TES>L2 = L(E, Eq % Eﬁ) : / yg : Wa(y)Wﬁ(y) ng:;/
0
o83 1—1(§+a7,8)r(§704+,8)F(§+lfafﬁ)r(§fl+a+ﬁ)
= L(3,E,x Ej)- : 2 2 2 2 = A5, E,xFE
(5 B B 3@y (5) I (3 Fax )

(ITb) Now suppose Re(a + ) < 3/2 so
S=FE,- Eﬂ - (EaJr,B +cg- E1+a7,8 + Co - ElfaJr,B +caCp - E27o¢7,8) .
Using the above Lemma 7?7, Lemma ?7 and Theorem ?7 above, after canceling

terms, we have

[ ars.p i
r'\$ Yy
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_ T B T _ T B T
= <EaEﬁ, A ES>L2 <Ea+ﬁy VAN ES>L2 <Cﬁ : E1+a_6, A E5>L2 <Ca . El—a—i—ﬂu VAN ES>L2

— <Ca65 . Eg_a_/g, /\TES>L2

_ - dy
— L(5. Ba x Ep) - / U Waly)Waly)
y<T )

—cs »_ eln, a)@(n,ﬁ)ns/ y I Wa(y)Wa(y) dy

n#£0 y=T
-a—B+3 T—a—B-5+1 a—f—3+1
TS T TR ys WS T T s+l P a—p-s+1
T-a+B—3 Ta—B+5-1 To—B=s
—CBC14+a—pBCs * ot B3 Call—a+p I CaCl-a+pCs - a—pf—3
TotB+5-2 Tot+p—5-1
—CaCBCI—a—f - m — CaCBC2—q—BC5 - m

As T — oo, the polynomials will vanish on 1/2 < Re(a) < Re(8) < Re(a) +1/2
where Re(a+ ) < 3/2 since Re(s) = 1/2. Furthermore, since

S ) ) s s Wa W, d 0
) ;W a)o(n, B)n / L ()W) dy —

as T — oo, we have that

dy

(5. Bulpp = B~ (S, AT Ebin = LG5 Ba x By) - |- Walt) Wsla) 5
0

qotB—3 ‘ F(§+§_B )F(E—g-&-ﬂ )F(§+1—2a—ﬁ )P(E—l—;a—i-ﬁ)
2l (a)l(B) I'(s)
= A(g, FE, x Eﬁ)

— L(5,E, x Ep) -

(III): Suppose that o = 3.
(IIIa) Also assume Re(ar) > 3/4 s0 S = (E,)? — Eaa — 2¢o Ef 4+ 5C,. Using the

above Lemma 77, Lemma 77, Theorem ??7, Corollary 7?7 and Lemma 77 above, after
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canceling terms, we have
d d
/ TS E y x
\o

% v
= ((Bo)?, ATES) 2 — (B, NTES) 12 — (2ca Ef, NV E) 12 + <§Ca, ATES) 2

c? = dy
- o  gps=2a+l 1 E, x E, / S.W W, i
91 + L(5, B x Eq) - o’ a(y)Wal(y) 7
by S plmapma)n® [y W) Waly) dy
2—-5—-2«a >T
n#0 yz
T(1—20)+5-1 T(1=20)+(1-5)—1 T5-1 5—1
 Concs - —2q0—— — 264> log T
M o) 151 T A 20 1 (15 1 Y51 ers_1®
3 1571 T 3T°F 373\ m ., Tt & T
+2ca;7(§_ 2 —2cqCs (ZCQC’ — )+3C’a-8_ 1+§C§Ca‘ —
As T — oo, the polynomials will vanish on Re(a) > 3/4 since Re(s) = 1/2.
Furthermore, since
cs Y p(n, @)p(n, a)ns/ y T Waly)Waly) dy — 0
n#0 y=T
as T' — oo we have that
-1 . T _ e 5 dy
<S, ES>L2 =B — 11%11(5, A E5>L2 = L(S, Eq X Ea) ’ y - Wa(y)Wa(y) ?
0

(ITIb) Suppose that a = 3 and Re(a) < 3/4 so S = (E,)? — Eaq — 2co B} —

¢t E2_2q + %Cy. Using the above Lemma ??, Lemma ??, Theorem ??, Corollary ?? and

Lemma 7?7 above, after canceling terms, we have

/ AT E, dydx
'\$ y?

= ((Ex) , ATES) 12 — (Baa, NTES) 12 — (2¢a Ef, NTES) 12 — (2 By 90, NTES) 12

+ <gca, AT E,)
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—cs (n,a)p(n,a)n® I Wa(y)Waly) d
n%;)(p o /y>Ty ) Waly) dy

T(l—?a)—i—?—l T(l—?a)+(1—§)—1
Tl 2 151 ST A 2001 (1-3) 1

s—1 T§—1 s—1 T—§ 3 T—§ 3 T—§
—2¢,C———2¢,—— logT4+2¢cq———5—2¢qcs | C—— — ———logT + — —
s—1 Ts—1 m(5—1)2 -5 mw -3 TS
1—(2—2a))+5—1 1—-(2—2a))+(1-3)—1
ey T(1=(2—20a))+5 ey e T(1=(2-20a))+(1-3)
« 1-2-2a)+s5-1 ¢ 1-(2-20)+(1-3)—1

T 751 7 T3
gl gy tgele 35

As T' — oo, the polynomials will vanish on 1/2 < Re(a) < 3/4 since Re(s) = 1/2.

Furthermore, since

e elma)(maln® [y W) Waly) dyy 0
n#0 y=T

as T — oo we have that

(S,Eg)2=B7! — lim (s, ATEy) 2 = L(5,Eq x E,) / y* - Waly)Wa(y) Z‘Z
0

Finally, for each «, 8 € C, we have that

R d
(S, Es)r2 = L(5, Eq x Eq) - / y* - Wa(y)Wa(y) ?g = A(3, Eo X Eq).
0



Chapter 5
The Residual Spectrum

We will compute the residual spectrum (S, 1)2 for each S.

Theorem 22. (S,1);2 = 0 for each S presented in Theorem ?7.

We will prove this in what follows with the following Lemma and the use of trun-

cated Eisenstein series.

dx d
Lemma 23. For each f and a # 1, / Ey-FEg—FEyig—co-Ei_atp # =0
IYG) Yy
dxd
Proof. Eo-Ep— FEarp—Ca- Biag —52
\$ Y

_ dx d
= [ Ea Y Im(m2)’ — Y Im(12)° —car Y Im(ysz)iet? S5
\$ y1€P\I' ¥2€P\T 3EP\T Y

o dxd
=/ > ((vy)6~Ea — () —ca - (1) +’6) —
'\ ~yeP\I' y

by unwinding

_ dxd
_ / <yﬁ . Ea o ya-l-ﬂ —Cy - yl a—i—ﬁ) 2y
P\$ Yy

53
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Now, writing out the Fourier-Whittaker expansions for E,, we have

= / y’ - (yo‘ +eay' Y p(n,a)  Wa(|nly)e?™
P\H n#0

a+

—Co Y

—y 17a+,8) dz dy

yQ
— [ et Yl ) W) - g
P\H n#0
_ dxd
— Cp - yl a+5) Ty
Yy
dx dy
2

_ B 2mine
= Y- - E o(n,a) - Wa(In|zy)e

n#0

o) 1
mnxd‘rdy
=Y etna) [ [ Wl S o
720 0 0 Yy

5.1 Regimes

Recall the regimes set up in the proof of Theorem ??. Again, suppose that o # 1 and

B#1
(T): Suppose that 1/2 < Re(a) < Re(a) + 1/2 < Re(3) then

dzd
(S,1)2= | FEa-Eg—Farp—ca Eras—g2 =0
'\ Y
by Lemma 77.
(IT): Suppose 1/2 < Re(a) < Re(8) < Re(ar) + 1/2.
(ITa) Suppose also that Re(a + 8) > 3/2. Then

S=E,- Eﬁ - (Ea—i-ﬁ + o El—a—i—ﬁ +cg- El—i—a—ﬁ)
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which gives

dx dy

<Su 1>L2 = \ E, - EB - (Ea+,3 + Ca - ElfonrB +cge E1+a75) y2
"9

dx dy
= —¢g- Eiig g —2
g /1“\5 b y?

by Lemma 77.

We will again use Arthur truncation to compute this integral as well as a trick
which involves passing the computation of a residue outside of an integral. Given that
E, is a vector-valued holomorphic function, vector-valued Cauchy (-Goursat) theory, as
well as Gelfand-Pettis, implies that we can pass the linear functional outside the integral
(see |?] or [?]).

Since Res,—1(E,) = 3

T
(N"Erya—p1)12 :/ N'Eija-pg—5- :/ N'Eryo—p-Res,=1(Ey) - 7
r\$ ) 3

™ dy dx s T 7. dydz
= —-Res;—1 / AN'E a—p - EBr———] = —Res;—1 / N Fiia_g - N B, —
3 ( I'\$ trad y? ) 3 r\$ tra=s y?

by Lemma 77

T Tr+o—p Tl-r+a—pB Tr—l-a+p
— T Res,_ ( P
3 o=l r+a—B+CT1—r—|—a—B+Cl+a fr-1—a+p
T—r—a+p
+ CTCH_Q_Bm) =0

(ITb) Now suppose also that Re(a + 8) < 3/2. Then
S=FEy Eg— (Eo4p+ca-Ei_atp+cg - Eipra_p+cacsg - Er_qp)

which gives

dzd
<S7 1>L2 = \ Eo - Eg—Eqyp—Co E1—ayp— g E1ra—p — cacp- Ea—a—p y2y
\H
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dx dy

= —cg- / E1+a,3+ca E2a6
by Lemma 77.
As (IIa), we again have that (A\TEj,,_s,1)72 = 0. We will again use Arthur

truncation to compute the last integral

dy dz
Y2

(N'By_op, )2 = / N Ey qp—F = /F . AN'Ey_o_p-Res,—1(E,) -

wl

since Res,—1(F,) = %

=~ Res,—1 / N Erpas B W8} 2T Res, / NEy o g nTE, WE
3 I'\$ y 3 T\$ y

by Lemma 7?7

T T7'+1—a—6 T—r+2—a—ﬁ T'r—2+a+,8
~ T R T:< s
g o=l r+1—a—6+cr—r+2—a—ﬁ+62aﬁr—2—i—a+ﬂ
Tfr71+a+6
Ca— =0
torC2—a ’B—r—1+a+5>

(TII): Suppose that o = 8. Unlike the other spectral integrals, we will consider this
case as a limit of case (II). Since both the limit and the integrals converge nicely (as
already proven in Section 1), we can interchange the limit and the integral to get the
following.

(I1Ia): Also suppose Re(a) > 3/4 50 S = (Ey)? — Fao — 2o B — 2 By o0 + 5Ca
which gives

(S, 1) 2 = / (Ea)2 — Baq — 2co BT + C dx;iy
'\$ Yy

dzd
=/ lim (Eq - Bg ~ Fats — ¢ Bi_ats — 8 Birap — Cacg Baap) “g"
r\s B—a y?

by Lemma 77?7

dx dy

= lim Ey - Eg—Eqig—co Fi_ayg—cg  Eiya—p—cacg - Ea_qp =0

B—a \$

by part (IIa).
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(ITIb): Now suppose 1/2 < Re(a) < 3/450 S = (Ey)?—Fao—2¢a Ef — 2 Ey_90+

5Cq which gives

dz d
(S,1) 2 = / (Ba)? = Baa — 264 E] — AEs-9q + ~Co 2
I\$ 3 Yy

dx dy

= / lim (Eq - Eg — Eatp = Ca - El-atp = ¢5- Erya—p) —5
r

\H B—a Yy

by Lemma 77

0

dx dy
=1li E, Es—E — o E1_ —cg- Fiya_ =
/31—I>I¢11 r'\§ o ok T ot Bl s T 68 T Blra s y?

by part (IIb).
Putting these cases together we see that the residual spectrum (S,1);2 = 0 for
each S.



Chapter 6

Spectral Decomposition of the

Solution

Finally, putting everything together we have

<S, 1>L2 . 1 1
S = S, f S+ = S, Es - By ds
f%rf )12 1, 1)z dmi (1/2)< 12
= S M@ T xEp) f+—— [ A Fax Ep)- Eyds
f i Ami Jay)

where this S € L2(T'\H).

Recall that we have found the spectral decomposition for S = E,-Eg—) ", ¢;E; +
1 ifa=p
0 ifa#p

but we want to use this to solve (A —\g)u,, =

lo=p-5Ca where 14— = {

E. - Eg on T'\SL»(R).

— 1
Ea'EB = ZCZ’ESi_]la:ﬁ'gCa_‘_ Z A(a,fXE/g)-f—l—m/(1/2)A(8,EQXE5)-ESdS
% f cfm

where
Z Cz’Esi = Ea+,8 + CaEl—oH—B
A

on 1/2 < Re(a) < Re(a) +1/2 < Re(),

58
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Z Cils; = Eayp + cgErya—p + o E1—a+p
7

on 1/2 < Re(a) < Re(B) < Re(a) +1/2 and Re(a + ) > 3/2 but a # 3,

Z cills, = Ea—i—[@ + CﬁEl—i-oz—ﬁ + CaEl—a—i-,B + CaC,BE2—a—,B

)

on 1/2 < Re(a) < Re(f) < Re(a) +1/2 and Re(a + ) < 3/2 but a # 3,

> B, = E2 + 2c, B}

7

when a = and Re(a) > 3/4 , and

> By, = E% + 20 E; + 2224

2

when o = 8 and 1/2 < Re(a) < 3/4.

Now we can use this as well as the spectral relation in Section 77 to solve
(A= Ap)uy = Eq - Eg

on IN\SLy(R). In Re(w) > 1/2, for (a, 5) € C, the solution is given by

N ZC, Ao, f x Eg) - f
w = S .3 !
¢ ;Asl—)\ N e AT A
1 E
— A(3,E, x Eg) - *_d
4mi (1/2) (S’ X B) )\3 - )\w °

and lies in H2(T'\$) ® £(I'\$). Also, note that the automorphic Sobolev space H* in
which this solution exists is also defined in Section ??. This concludes our proof of

Theorem ?77.
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6.1 Meromorphic Continuation of the Solution

We will now meromorphically continue the solution

c;Es. 30, A(Oé 7 X Eﬂ) ) f
w = S 5 _ 37« ’
B zi:)\sz_A 7 Al_)\w—’_fcfm Sf_>\w
1 E
— A(3,Eqy x Eg) - ———d
+47T’i (1/2) (S’ x B) )\s - )\w ’

in V:= H?(T'\$) ® £(T'\$) which is initially defined on Re(w) > 1/2.

Observe that the first three terms of u, will have meromorphic continuation.
Since Eisenstein series (and also constants) are constant in w and we are only dividing
by at most a simple pole given by these discrete combinations of o and 3, the first two
terms have meromorphic continuation. In the third term of wu,,, again the L-function and
cuspform will be constant in w. Furthermore, we can see that the eigenvalues attached

to cuspforms are also discrete by examining the pre-trace formula:

Z |F'(20) | + M + i |Es(20)* ds < T?
Fi i o<t (1,1) 4mi J1/2)

For the fourth term, it is important to note that the visual symmetry on the con-
tinuous spectrum in misleading. More work must be done to meromorphically continue
this piece for the spectral expansion of u. These meromorphic continuations do not
exist in V' but in a larger space M of moderate-growth functions that includes Eisen-
stein series. For this reason meromorphic continuation is best described in terms of
vector-valued integrals. This will require a bit of topological set-up.

Define

M:={ feC’T\H) | sup ¢ -|[f(z+iy)| <oofor somereR
Im(2)>v/3/2

The topology on M is a an inductive limit of Banach spaces

M(’f:{feCo(F\ﬁ) | sup yr-]f(:v+iy)|<ooforr€R}
Im(2)>/3/2
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obtained by the completion of C°(I'\$)) with respect to norms
[flagg == sup " [f(z +iy)
Im(2)>v/3/2
for f € M. Thus M is a strict colimit in the locally convex category of Banach spaces
so is quasi-complete and locally convex.

Let ® : M — N be a continuous linear map to a quasi-complete locally convex

topological vector space N and consider the N-valued integrals

¢ ®E, TCq - ®(1) Ao, f x Eg) - @f
Q.3 N ’
@ VS W A VI W > Aer — My
v f cfm f
1 OF
+ — A(E, E, x Eg) - ®_ds
4mi (1/2) ( ﬁ) )\s - /\w

Of course, for ® the identity map M — M gives u,, itself and we anticipate that

D (Uy) = Uy -
Lemma 24. ®(uy) = uy,a in the region Re(w) > 1/2.

Proof. Observe that

D) = Y 2By 5Car0W) g~ AManS x By) 8

i )\si - )\w )\1 - )\w f ofm )\Sf - )\w

411

+ i@ ( A(5,Eq x Eg) - Es ds>
(1/2) As — A

In Re(w) > 1/2, the integral for u, is a v-valued holomorphic function in w. We
have In that region, due to the properties of compactly supported continuous-integrand
Gelfand-Pettis integrals [?],

E E
P A5, E, x Eg) - *_ds|=® lim/ A, E, x Eg) - __ds
( (1/2) ( ﬁ) As = Aw ) (T_)OO [Im(s)|<T ( /8) As — Aw >

E
= lim @ / A5, E, x Ejg) - ®__ds
T—oo ( [Im(s)|<T ( ,6) As — Aw )



dFE, DFE,
= lim A(5, By x Eg) - ds = A(5, Eqy x Eg) - ds
T—o00 [Im(s)|<T )\ — )\ (1/2) /\s - >\w
since the limit is approached in V' C M. O

Theorem 25. With continuous linear ® : M — N with N quasi-complete and locally
convex, the ®M-valued function w +— uy,e has meromorphic continuation as an N-

valued function of w. Fxplicitly, the function

5Ca-®(1) 5 Ao, f x Eg) - ©f

T N s
’ S; )\w - \w >\s - Nw
As, M- A = A
L1 A(L = s, Eq x Eg) - ®F, — A(1 — w, Bo x Ep) - OBy |
47 (1/2) )\S _)\w iy

has a meromorphic continuation to an N -valued function with the functional equation

Jl—w,@ = Jw,cb and

A1 —w, Ey x Eg) - ®E,,
2(1 — 2w)

Uy, d = Jwﬁb +

Proof. From Lemma ??, in Re(w) > 1/2 the expression for wu,, ¢ converges as an N-
valued integral. The meromorphic continuation of u,, e will be obtained through rear-
ranging the integral.

First, in Re(w) > 1/2 we add and subtract to obtain

c;®E,, IOy - ®(1) Ao, f X Eg) - @f
wd = S B PP R S ’
D WD W D T +fch;n A — Mo
1 A1 —s,E, x Eg) - ®E,
+7‘ ( 87 X B) dS
47 (1/2) )\S_Aw
_Z Clq)Esz TrC (P( )+Z A(Oé,?XEﬁ)(pf
VD W D WD A A
L1 A(L— 5, By X Bp) - @By — A1 —w, By x Ep) - ®Ey
47T’L' (1/2) As*)\w ’

1 1
Al —-w,E, x Eg) - PE,— d
+ ( v X ﬁ) 47TZ /(71/2) AS - )\w y
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1 1
= Jua + A1 —w, Eq x Ep) - OE, - —— d
2 + ( v % B) 473 /(1/2) )\s - )\w N

By residues,

1 1
Al —-w,E, x E -@Ew-,/ ds
( ﬂ) 473 (1/2) >\s — )\w

1 )_ A(l —w, E, X Eg) - ®E,
> -

=A1l—-w,E, x Eg)-PE, - <—1 - Ress—q S 201 — 2w)

Since A(1 —w, E, x Eg) is a meromorphic C-valued function and w — ®E,,
is a meromorphic N-valued function, A(1 — w, E, x Eg) - PE,, is a meromorphic N-
valued function with a meromorphic continuation from the meromorphic continuation
of Eisenstein series and A(w, E, x Eg). Observe that although the Eisenstein series is
invariant under w — 1 — w, the denominator is skew-symmetric.

We will now meromorphically continue the integral J,, ¢. First constrain w so
that is lies in a fixed compact set C' and take T large enough so that 7' > 2|w| for all
w € C. First, for Re(w) > 1/2 and s = % + it, we make an attempt to cancel the

vanishing denominator when s is close to w by rearranging

C7;<I)ES ECa : (I)(l) A(Oz Y X Eﬁ) : (I)f
T o— S g 37« A/ )
L DN s w s Vs WD Dl ey w
) * f cfm f
1 AL~ 5, Bo x Ey) - By — A(1 — w, Ba x Ey) - ®E,
N 471 (1/2) )\5 — >\w y
1 A1l—s,E, x Eg)-®E, 1 1
= — ( 5 x Ep) dsA(lw,EaxEﬁ)-Q)Ew-,/ ds
47 [t|>T )\s — /\w 473 [t|>T )\5 — )\w
1 A(L— 5, Ba x Ey) - ®B, = A(1 = w, Eo x Ey) - ®B,
47 [t|<T AS - )\w y

The meromorphy of the leading integral is understood via the Plancherel Theorem
on the continuous automorphic spectrum. Up to constants, the Plancherel Theorem for
L? states that A(t) € L?(R) the spectral synthesis integral

1 oo

B=— [ A(t) E,dt

dr J_o
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for z € $ produces a function in H° and the map the A — B gives an isometry.
Observe that A(1 — s, E, x Eg) € LZ(% +iR) since S € L2(T'\$) and A(3, E, x

Al—-s,E,x E 1
Eg) = (S, Es)r2(r\s)- Hence for w in a fixed compact, ( )\8’_ 3 < Bp) € L? (2 +iR>.

Composition with Plancherel isometry shows that

1 A1 —s,E, x Eg) - Es
/ (1—s,Eq x Eg) ds
[t|>T

|_>7
Y A X — A

is a meromorphic LZ(% + iR)-valued function in w in the fixed compact. Now, since
|w| < T the meromophic continuation is given by the same integral, the invariance of
the integrand under w +— 1 — w remains.

In the second summand,

1 1
A1l —-w,E, x Eg) - ®E,, - — —ds
( “ 2 Y 4 /t|2T As — Aw
the leading coefficient A(1 — w, E, x Eg) - ®E,, has meromorphic continuation and is
invariant under w — 1 —w. Since |w| < T the meromorphic continuation of the
integrand is given by the same integral and the invariance under w + 1 — w remains.

Finally, in the remaining summand,

1 A(l—S,EaXEg)'q)Es—A<1_vaaXEﬁ)'(I)Ew

— d
ami Jyyer s — M ’

is a compactly-supported vector-valued integral. In order to show that the integral
is a meromorphic N-valued function of w, we will use the Gelfand-Pettis criterion for
existence of a weak integral.

Let Hol(€2, V) be the topological vector space of holomorphic N-valued functions
on a fixed open €2 which avoids the poles if F,, and has compact closure C'. It suffices to
show that the integrand extends to a continuous Hol(2, N)-valued function of s where
Hol(€2, N) has the natural quasi-complete locally convex topology from Corollary ?7.
To show that the integral extends to a holomorphic (and hence continuous) Hol(Q2, N)-
valued function of s, it suffices to show that the integral extends to a holomorphic
N-valued function of two complex variables s and w.

By Cauchy-Goursat theory for vector-valued holomorphic functions (see Appendix),
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near a point s,, the N-valued function s — ®FE has a convergent power series expansion
OE, = Ag + A1(s — 50) + Aa(s — 80)* + ...
with A; € N and so A(1 — s, Ey x Eg) - ®E, has power series expansion
A1 —5,E, x Eg) - ®Es = By + Bi(s — 50) + Ba(s — 50)* + ...
for some B,, € N. Then we have
A1—s,Ey X Eg)-®PEs — A(1 —w, Ey x Eg) - PE,,

= Bi((s — 50) — (W — 55)) + Ba((5 — 55)2 — (w — 55)%) + ...
=((s—80) — (W—50)) - (B14+ Ba((s —80) — (W —50)) +...)
=(s—w)-(B1+ Ba((s—8,) — (w—8,)) +...)

where (B + Ba2((s — so) — (w —s,)) +...) is a convergent power series in s — s, and
w — So. Thus the integrand, initially defined only for s # w extends to a holomorphic
N-valued function F(s,w) including the diagonal s = w = 1 +it with [¢| < T. Thus the
Hol(€2, N)-valued function f(s) given by f(s)(w) = F(s,w) is holomorphic in w. Thus
there is a Gelfand-Pettis integral f\t|<T f(3 +it)dt in Hol(Q, N) as desired. Thus we
have shown the meromorphic continuation. The w — 1 —w symmetry is retained by the

extension of the integral to the diagonal.

O



Chapter 7

Future Directions

I will expand upon these reults by computing the coefficients of the scattering am-
plitude of supergravitons on a broader class of domains. Different target spacetimes
present varying domains on which to solve the differential equation (??). For a target
spacetime M = R19~4 x T? where T is a torus, we get moduli spaces by attaching an
additional C-scalar field to M. These moduli spaces are of the form G(Z)\G(R)/K for
the duality groups of maximal supergravity in D = 10 — d < 10 dimensions as in Table
7?7 [?]. My prior work covers the cases of D = 10 and D = 9, but it remains to prove
even the existence of a solution for smaller D.

To approach the subtleties of this domain I will first strengthen the machinery so that
it can be used to solve differential equations on higher rank groups beginning with GL(3)
and GL(4). Luckily, the application to the scattering amplitude that we are considering
is really only concerned with solutions to (??) where E, and Eg are mazimal parabolic
Eisenstein series with degenerate data. As the rank of the group G increases, this will

cut down drastically on the amount of cases that need to be considered.

7.1 GL(2) over number fields and congruence conditions

Before moving on to the more complicated cases of higher rank groups, I should note that
there are other cases involving GL(2) that we could examine in more detail. Specifically,
we could examine the case of G = SLy(k) where k is a number field or choosing the

discrete subgroup of G = SLy(R) to be a congruence subgroup of I' = SLs(Z) (as

66
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opposed to I' itself). At present, there is no immediate tie to the physics application in
either of these two cases.

Furthermore, the computation and results found in this work will vary little in
either of these cases. In the case of G = SLa(k), this will introduce a summation
over the central characters. When looking at different congruence subgroups of SLo(Z),
the spectral solution will only change by the need to sum over the different cusps that
are introduced. The scattering matrix for the Eisenstein series will also have a higher
dimension. The subtleties introduced by these two cases are something we could address

in more detail; however, the essential analytic issues have already been addressed in the
case of SLy(Z)\SL2(R)/SO(2).

7.2 GL(3) case

In the GL(2) case there is just one parabolic subgroup and there are no Eisenstein series
made from cuspidal data because GL(2) is too small. The first thing to note in the case
of GL(3) is that there are now many types of Eisenstein series associated to the different
parabolic subgroups.

While functions on GL(3) have a spectral expansion similar to those on GL(2),
this case will inform our approach for Eg in that there are three types (instead of one) of
Eisenstein series that occur depending on the parabolic subgroup chosen. Furthermore,
examining GL(3) will give us a solution in the case of D = 8 above. The main issue to
address is that the root space for SL(3) contains two distinct positive roots and thus,
the positive Weyl chamber will not become compact when truncating with respect to
only one root. S.Miller specified the proper form of Arthur truncation on SL(3) in his
PhD thesis so he will be very helpful in this regard [?]. The higher rank analogues of the
Maafs-Selberg relations will provide helpful insight into which type of truncation may
leave computation of the spectral integrals manageable.

The application to physics which we are are considering is mainly concerned with
maximal parabolic Fisenstein series with maximally degenerate data. In this case there
are only two maximal parabolic Eisenstein series and their parabolics are associate to one
another, P>! and P%2. For f; and f» cuspforms on GL(1) and GL(2) respectively (of

course there are no cuspforms on GL(1) so this condition is vacuous), their corresponding
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Eisenstein series will be of the form

2,1 det(ms)?|’
E  fyop (znmk) = Z dot(my) - fa(ma)
yePZI\G
and e )1 .
1,2 - et(mq
B hop, (znmk) = Z dot(ma)2 - fa(ma).

~ePL2\G

Recall from Theorem ?? in the Appendix that cQEsf = 0 unless @ = P or @ is the

associate of P. From Theorem 77, we have

1B = O e = ﬂ#f) - fa(m2) f1(ma)
c1 2ES hof = 1:;2®f1¢fs,f1®f2 1,12«2®f1 SEEEZ;;; . fi(m1) fa(ma2)
c12EY2 e = aps,ﬁ@h % - fi(m1) fa(ma2)
o1 B et = 2,]101®f230% - Fafs = 2,]1”1®f2 % o fa(m2) fi(ma)

Observe that again the constant terms of these Eisenstein series do not allow them to
be in L2. We will employ the same trick of subtracting a linear combination of Eisenstein
series (depending on the value of the real part parameter s) to construct some SelL?
in order to decompose it spectrally.

As in the previous case of SL(2), in order to compute the spectral integrals of
this new S , we will need to use truncate these Eisenstein series. However, there is no
longer one notion of height that we need to consider. S. Miller’s choice of truncation in
[?] will not only serve well on SL(3) but will also work well as a generalization for other

higher rank groups.

7.2.1 Truncation

In order to compute the spectral integrals we will need the appropriate notion of trunca-

tion of SL(3). For the parabolic subgroups of SL(3) we have the following truncations
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for T € R.

Recall that for §° the modular function of Py

mp 0 | (detmq)™
([ o))l

we can extend this to a height function aligned with P by making it right Ks-invariant

hP (nmk) = 6° (nm) = 6% (m)

forn € N, m e Mfg and k € K. Furthermore, for fixed large real T, the T-tail of the
P-constant term of an automorphic form F is

cpF(g) for h¥(g)>T
cpF(g) = -
0 for "' (g) < T
Then for P = P?1,

etm 2
. e21F(g) for B (g) = |\t > 7
CZ,IF(g) - 21 (det m1)2
0 for h*"(g) =

(det ma)! <T
and for P = P%2,

etmq)?!
T e21F(g) for B3 (g) = |{Gomi | > 71
CLQF(g) N 1,2 (det mq)?
0 for A+ (g) =

(det mg)2 <T

Thus in the case the SL(3) we have the following truncated Eisenstein series for
TeR:

/\TEE’} — EQ} — \Ile(c{lEi’}) - @172(c{2E§;})

TElj _ El 2 _ gl 2(61 2E1 2) \1,2,1(C2T’1E;:]%)
where U (¢) = WL for the pseudo-Eisenstein series attached to the data w so that these

truncations are automorphic. Then for ‘Ejet m1)?
et ma)!

det mo



70

2,1 2,1 : 2,1 : 2,1
/\TEs,f =B — 2 1(62,1E3,f) _yl 2(6172E8’f)

s

det(ma)*

det(m)!

2,1 2,1
=E -V <

- f2(m2)f1(m1)>

det(mq)! 1=s

_ypl2 <Ci:)2°2®f1 . fl(ml)fz(m2)>

— 2,1 det(’me)Q
- Es,f - Z < - =

det(ymq)!
WGPz’l\Gk (’Y 1)

1,2
- Z CS,fQ@fl

VEP*\Gi

S

- falymz) i (’yml))

det(7m1)1 1=s

: f1(7m1)f2('ym2)>

and

ATE;:]% = E;Jg — \1:1,2(6172E;:Jg) _ W2,1(6271Ei7,?)

s

det(mq)*

= E172 — \111,2 SVRTML)
® det(m2)2

h (ml)fQ(m2)>

det(mg)?|' "

— 2l <C§:]1‘1®f2 . f2(m2)f1(m1))

det(ym )1
1,2 .
—p2- ¥ ( det(ymq)!

2
vEP,*\Gy,

_ Z 2,1
Csvfl®f2

vePP Gy,

S

| - sim)toama))

det(yma)?|' ™

W : f2(7m2)f1(’ym1)) )

For the purposes of the higher rank Lie groups with no simple matrix model (i.e.
Eg) it will be helpful to have a characterization of truncation in terms of the roots. The
following is adapted from S. Miller’s dissertation [?]. Let A be the connected center of
M for P = NM and a be its Lie algebra. Let ag be the a associated with the minimal
parabolic P™™", In the case of the rank 2 group SL(3), there are two positive simple

roots o = {1, a2} C a*,
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hy 0 O hy 0 O
(&3] 0 hiy O =hy — hy and (%) 0 ht O = hy — hs.
0 0 hs 0 0 hs

There is a third positive root a3 = a1 + ao. Let ¢ > 0 be large and set
C:=c(1,0,—1) € ap.
define
Fo={zr e F| (a1 +az)(H(x)—C), (a1 + 2a0)(H(z) — C) < 0}

for H(z) = (log |det(m1)], log |det(mz)|, log |det(ms)]).
Recall that the coroots {y, oy } form a basis of ag. Let 7p(z) be the characteristic

function of {z = csaf + oy € ag | ¢; > 0,Va; € Ap}. Thus

Tmin(z) = {x = csozlv + Cgag €ag | ce2 >0}
722,1(37) = {‘T = Csai/ + Czag €ap|cy> O}

f12(z) ={z = csaf +coay €ag | ¢ >0}

The truncation of an automorphic from ) is a sum over all parabolic subgroups

AY(x) =) (=) N dp (H(yz) - C) / Y(nyz) dn

P ~elNP\I TANAN

=St ST (H(ym) - ©) epi(a)
o

YELNP\T

7.2.2 Conjecture

Conjecture 26. In Re(w) > 1/2, for P,Q parabolic subgroups of SLs(R),
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(A=XNu= EO]‘?EE2 on SL3(Z)\SL3(R)/SO(3) for E, Eg are cuspidal data Eisen-
stein series has a unique solution in H=°° @ & of the form

GEP C Mo, FxES)-f 1
w = . — AGs, EP EQ .
! ;AsiAw+A1Aw+Z ey — A +4m'/p+m* (5 Ba x E5)

f cfm sf
Emin
I R
)\s B )\w 2,1
1 —_ P Q Es;F
+Tm Z A(S,Ea X Eﬁ) . ﬁds
F c¢fm on M (1/2) s w

7.3 GL(4) case

When considering the case of GL(4), in addition to addressing the issue of truncation,
new features with the spectral expansion appear since in the spectral expansion for
GL(4), Speh forms are present. However, recent work of Lapid and Mao [?] on Rankin-

Selberg integrals for Speh representations will provide insight on these computations.

7.4 FEjg case

Ultimately, Eg will provide its own obstacles. A Chevalley basis for Eg contains matrices
of size 248 x 248. This means finding an explicit solution will be computationally-
intensive. I will use spectral methods to demonstrate the existence of a solution. This
involves finding an appropriate truncation to compute spectral integrals. Examining the
cases of GL(3) and GL(4) will provide insight on the form of these truncations. Pioline’s
theta functions constructions for Spin(5,5) may also provide insight on our approach
[?]. Given the level of complexity of the exceptional groups, it will be important to
develop an efficient notation and description of what is needed to express the existence

of a solution in this case.



Chapter 8

Appendix

8.1 Parabolic subgroups of GL(r)

Parabolic subgroups play an important role in the definition of Eisenstein series. For
k an arbitrary field G = GL,(k) acts on k" by matrix multiplication. A flag in k" is a
proper nested sequence of one or more non-zero k-subspaces V4 C --- C V; C k". The
corresponding parabolic subgroup P is the stabilizer of the flag F'. The whole group G
stabilizes the improper flag k" so is itself a parabolic subgroup. The proper parabolics
are the stabilizers of flags V! C V, C k" with ¢ > 1.

PVCkT

The mazximal parabolic subgroups are the stabilizers of of flags consisting

of single proper subspaces V' C k". Every proper parabolic subgroup P for a flag
F= (V3 C---CVyCE") is the itersecection of the maximal proper parabolics PViF",
A minimal parabolic (stabilizing a maximal flag) is a Borel subgroup.

With eq, es, ..., e, the standard basis for k" identify k¢ = ke, + ... key. Because
G is transitive on ordered bases of k", every orbit in the action of G on flags has a

unique representative among standard flags. In other words, for some ordered partition

di+g2+---+dy=r with 0 < d; € Z, the corresponding flag is

Fdude — (kdl c phitde — pditdatds — 0~ kd1+---+d£)

The stabilizer of F419 is the standard (proper) parabolic subgroup Pdde of G and

73



74

is the intersection of the maximal proper parabolics containing it, i.e.

plisde ﬂ pldittdi),(diy1+-+de)
1<i<t—1

Distinguishing types of Eisenstein series is, in part, done by the type of parabolic
subgroup with which they are associated. We say two standard parabolics P
and P9 are associate when ¢ = ¢ and di,...,dg and dj,...,dy differ only by
permutation. A parabolic P4 is self-associate if d; = d; for some 7 # j.

The standard maximal parabolic subgroups are block upper diagonal of the form

r' r—r! a b ! /
P = 0 4 : s € GL(r"),b € My y(ryry)y,d € GL(r —1") ¢ .

The next-to-maximal proper parabolics have the form

ma * *
pPrTaTs — 0 mo : my € GL(r1),m2 € GL(r2), mg € GL(r3)
0 0 ms3

for 1 + 79 + 73 = r. The standard proper parabolic P%~1-% consists of block-upper-
triangular matrices with diagonal blocks of sizes dy X dy,d2 X ds, ..., dg X dp. The standard
Borel subgroup (i.e. minimal parabolic) is the subgroup of upper triangular matrices.
The unipotent radical N*' of a parabolic subgroup P stabilizing a flag F' = (Vi C
-+ C Vp C k") is the subgroup tat fixes quotients Vy/V,_1 pointwise. The characteriza-
tion shows that N is a normal subgroup of P. For the standard maximal parabolic,

P =P the unipotent radical is

o 1, b
N:NP:N”"’":{[O , ] :b:r’x(r—r’)}.

Note that containment of the parabolics reverses the containment of the unipotent radi-

cals (i.e. P C @ implies N D N®). Explicitly the next-to-maximal standard parabolic
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P = P"™7"  the unipotent radical is

N = NP = Nrorars — 0 1, =x

The standard Levi component (or Levi-Malcev component) M = MP = pdis-de
of the standard parabolic P = P% 9 is the subgroup of P = P%»% with the blocks

above the diagonal 0, ie.

(my 00 0
0 mo 0
M=M"+Mude=3 0 g e | : my € GLd,
0
i 0 0 my |

The Levi component is mot normal in the parabolic. However, we do have the Levi-
Malcev decomposition
P=N".MF.

The standard Weyl group W can be identified with permutation matrices in G,
i.e. matrices with exactly one non-zero entry in each row and column where that nonzero
entry is 1. The Weyl group normalizes P™" and we have the following Bruhat decom-

positions:

Theorem 27. With P™" the standard minimal parabolic and N™" its unpotent radical,

we have a disjoint union

GLT(]{?): |_| Pminwpmin: |—| Pmianmm‘
weW weW

See Section 3.1 of |?] for proof.

Corollary 28. G = ey PwQ for any standard parabolics P and Q.
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8.2 Siegel Sets

Recall that any semisimple Lie group G can be written via the Iwasawa decomposition

as
G =KAN

where K, A and N are the Lie subgroups of G generated by €y (for Cartan decomposition
go = po @ &), ap (maximal abelian subalgebra), and ng (the nilpotent Lie algebra given

as the sum of root spaces of positive roots X1).

0
On SL(2), matrices a € A can be written as a = [\/gj ] and for C C N a
0 1/\y

standard Siegel set is a subset of G of the form
Sio={nayk | neCkeK,y>t}.

The notion of a standard Siegel set becomes more complicated on GL(r). There
is no longer a notion of a single numerical height but rather a family. The standard
positive simple roots are characters on M = M?F for P = P™n = pL-l the standard

minimal parabolic by the action

for 1 <4 < r. Then the standard Siegel set aligned with P = P™" is a set of the form
&" =6/ = {nmk | n€C,me My, k€ Ky, and |a;(m)| >t for all 1 <i<r}

with idele norm | - |, for 0 < ¢t € R and compact C C N}

Theorem 29. For given k, there is a y > 0 and a compact group C' C Ng"" such that
Gy, - ch = Gp. That is Gi\Gy is covered by a single, sufficiently large Siegel set.
See Section 3.3 of |?] for proof.
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8.3 Eisenstein series on GL(r)

8.3.1 Minimal-parabolic Eisenstein series on GL(r)

Let P = N M be the minimal parabolic subgroup of Gx = SL,(A) with N the unipotent

radical and M the standard Levi-Malcev component. Let

mi
M1: :m17...,mr6J,|m1’:17---a’mr|:1

my

For a pseudo-Eisenstein series \I'f;(g) =2 epaG, Py g) for v € C(ZT Ny M\Gyp),
such ¢ admit decompositions in L?(ZTNyM\G,) by characters x of the compact
abelian group Mj\M*! acting on the left.

Let 0 map (0,00) to the archimedean factors of J so that |6(¢)| = ¢ and describe

Hecke characters X as
X(6(t) - t1) = t°x(t1)

fort > 0, t; € J and s € c. Given an r-tuple of Hecke characters X1, ..., X, with relation

s1+ -+ 8 = 0, the minimal-parabolic Eisenstein series on GL(r) is

ElMg) = > 9% (v-9)
YEP\G

m1
where @, (nmk) = X1(mq)-- -+ Xr(m,) for n € N m = and k € Kj.
my
Theorem 30. The minimal parabolic Eisenstein series Eggé"(g) on GL(r) converges
(absolutely and uniformly for g in compacts) for Z=*L > 1 for j=1,...,r — 1 where
s=(81,...,8) €c” and 0 = (Re(s1), ..., Re(sy)).
(For a proof of this result see Chapter 3 of |?].)

For Lie groups, it is most natural to be able to express Eisenstein series in terms

of root spaces. this is done in the following manner. For Hecke characters of the simplest
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form x;(0(t) - t1) = t%, we have

s (nmk) = ¢f 1 (nmk) = |ma [ [ma|*2 .. |my[*r.

In order words, in terms of the parameter s, E;”;” is a function-valued function of r — 1
complex variables, but the parameter space is the complex hyperplane s; +---+ s, =0

in ¢, rather than ¢"~!. In terms of simple roots a;(m) = mﬂ‘il’ so using the fact that

s14+ -+ s =0, we have

|51+S2 |51+"'+5'r71_1'

o x(nmk) = a1 (m)[*laz(m) e (m)

Let gl.(R) be the lie algebra of GL,(R), that is, all r x r real matrices. Let a be
the Lie algebra of diagonal matrices in GL,(R). The nonzero eigenvalues (roots) of a
on gl.(R) are functionals a — a; — a; in the dual space a*. For i # j, the corresponding
roots and (rootspaces) are those with i < j. Write 8 > 0 for a positive root 5 and 5 < 0
when —f5 > 0. The standard simple positive roots are a — a; — a;—1. The half-sum of
positive roots is

o) = 3 30— )

i<j

for a € a. Define a type of logarithm map My — a by

my log [m |
log =

my log |m, |
and for m € My and o € a* write

m® = e@(logm|)

This context allows interpretation of the parameter s as an element of the complexifica-
tion a* @ ¢ of the dual a* of a. Furthermore, using (x,y) = tr(xy) on a, we can identify
a with a* and tranport a* to the pairing (, ).

Thus Theorem 7?7 can be reframed as the following:

min

Corollary 31. The minimal parabolic Eisenstein series EJ%

(g9) on GL(r) converges
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(absolutely and uniformly for g in compacts) for {(a,o — 2p) > 0 for all positive simple
r00ts Q1.

In other words, the Eisenstein series E;”;"(g) converges absolutely for o € a in

the translate by 2p of the positive Weyl chamber:
positive Weyl chamber = {z € a* | (z,«a) > 0 for all positive roots a} C a*

Theorem 32. For P the minimal parabolic subgroup of GL(r), in the region of con-
vergence, for suitable holomorphic functions s — ¢y s with c1,s = 1 the constant term
18

P o PtS ptw-s
cPEp+s(m) =m + Z Cuw,sT

1A£weW
for W the Weyl group.
, _ &sa) .
Corollary 33. For reflections 7, crs = ——————~ and the cocycle relation cyy y.s -
§(1 4 (s,a))

Cw,s = Cyu',s holds for w,w’ € W and s € a* g c¢. We have

Cus = H 1§<$76>

B>0 ; w-B<0
(For proofs of the Theorem and Corollary, see [?] Chapter 3.)

8.3.2 Maximal-parabolic Eisenstein series on GL(r)

The general case of a cuspidal-data Eisenstein series is a combination of the features of
the minimal-parabolic and maximal-parabolic so we will only discuss these two cases in
detail.

Let fi, foa be cuspforms on GL,, (A) and GL,,(A) respectively, right-invariant
by the standard maximal compacts, with trivial central characters. We will require
that f; and fyo are cuspforms in the strong sense meaning that they are eigenfunctions
for all spherical Hecke algebras (including at the archimedean places) in addition to
satisfying the Gelfand condition on vanishing constant terms. Note that they will also
be eigenfunctions for the invariant Laplacians.

Cuspforms in this strong sense are of rapid decay (see [?] Chapter 7.3). The
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cuspidal data f; ® f» is a function on GL,, (A) x GL.,(A) = MF. In the case where
rp = 1 or ro = 1 , the situation degenerates somewhat: there is no corresponding

cuspform f; (i.e. it is identically 1).

Let
det mq)m2|®
) = gy enmk) = [ (S ) - a(ma)
mi 0 P .
where m = 0 € My z€ Z*,ne€ Ny, and k € K. The exponents on the idele
ma

norms of determinants make ¢ invariant under Z5. The corresponding cuspidal-data

Fisenstein series is

Eop(g)= Y. wss(1-9).

YEPL\G

(det mq)"2 |?
(et )t | 7 thesum Es(9) = 2nemngy #5(7-9)

dominates that for E ;. This E is a degenerate Eisenstein series when ry + 7o > 2. it

When ¢; 5 is replaced by ¢s(nmk) =

is missing the cuspidal data and does not play a role in the spectral theory despite its
relevance to physics.

For proofs of the following Theorems, see Chapter 3.11 of [?].

Theorem 34. The cuspidal-data Fisenstein series Es t(g) converges (absolutely and
uniformly for g in compacts) for Re(s) > 1.

Many constant terms for cuspidal-data Eisenstein series vanish for general reasons.

Theorem 35. Let P = P™"2 and f = fi® fo cuspforms on M = M. Let Q be another
parabolic of GL,(A). Then cQng =0 unless Q = P or Q = P™" (the associate of
P).

In the P and @) associate cases, we will need an addition assumption. Strong
multiplicity one is that the only other cuspforms on M* = GL,, x GL,, with the same

spherical Hecke eigenvalues at all finite primes are scalar multiples of f = f; ® fa. Let

fU=0f1® f2)" = f2® fi1.

Theorem 36. In the non-vanishing cases, with maximal proper P, and Q = P or its
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associate, with the strong multiplicity one assumption above,

CPEi)f = 905f for r1 # ro (not self-associate)
CPE;Tf = Sof,f + Cf,fcpf_s,fw for r1 = ro (self-associate), meromorphic Cf,f
Bl = Cgf‘a!??fs,fw for ri # re,Q = P™"™, meromorphic cgf

The meromorphic functions ci f have Euler products expansions attached to f

and fo. This was investigated by Langlands in [?] and completed by Shahidi [?, ?].

Theorem 37. With the mazimal proper P and QQ = P or its associate, with the strong
multiplicity one assumption, ESPf has meromorphic continuations in s with functional
equation

Effsvf = (CSPifw>7lE§f’w and C?—S,f . Cifw - 1

For proof see [?| Chapter 11.

8.3.3 Truncation

The computation of the spectral expansion for the solution of the differential equation
involving Eisenstein series requires truncation in order to compute the spectral integrals.
However, for higher rank groups we must make precise this notion of truncation relative
to the choice of parabolic subgroup. For self-associate maximal parabolic P™" in GL(2r),
the computation of the Maafs-Selberg relation is the same as in GL(2).

The simplest non-trivial example of Maaf-Selberg relations are corollaries con-
cerns spherical Eisenstein series on GL(n) associated to cuspidal data on the Levi com-
ponent of maximal parabolics P = P,

Consider right Kj-invariant Eisenstein series E§ fof, Where f1 and fo are cusp-
forms in the strong sense (are spherical Hecke eigenfunctions) with trivial central char-
acters. When P is not self-associate (11 # r2), let Q = P™"! be its associate parabolic.

Let 6° be the modular function of Py

my 0 | (detmq)™
([ o)) -l
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and extend this to a height function aligned with P by making it right Ka-invariant
hP (nmk) = 6¥'(nm) = 6 (m) for n € NP, m € ML and k € K,. For fixed large real

T, the T-tail of the P-constant term of an automorphic form F' is

cpF(g) for h¥(g)>T

T —
crFlg) = { 0 for P (g) < T

We can define the T-tail for the @-constant term mutatis mutandis. When truncating an
automorphic from it is important to maintain the automorphic nature of the truncation.
Thus it will be important to “wind-up" these constant terms. Write ¥F () = \I/f; for
the pseudo-Eisenstein series attached to the data w. Then the truncation at height T

of the Eisenstein series is

ng - \IIP(Cgng) for n; = ny (P self-associate)

ANTEFP, =
5/ { Ef;f - \I/P(cgEif) - \PQ(cgEff) for n1 # ny (P not self-associate)

Theorem 38. The truncated Fisenstein series /\TEff 1s of rapid decay in Siegel sets.

8.4 Automorphic Spectral Expansions

The general pattern for the spectral expansion of automorphic forms is there is that an
orthonormal basis of cuspforms. The orthogonal compliment of cuspforms is spanned
by pseudo-Eisenstein series. These pseudo-Eisenstein series are integrals of Eisenstein
series, the latter eigenfunctions for the invariant differential operators. The functional
equation for Eisenstein series attached to associate parabolics shows that they will pro-
duce the same functions on the group. Thus part of the indexing of the L? expansion
is by associate-class of parabolics. The expression of the pseudo-FEisenstein series also
involves residues of cuspidal-data Eisenstein series These residues are square-integrable
and inherit eigenfunction properties from the associated Eisenstein series. For GL(2),
these are essentially constants.

For GL(3), the maximal parabolics P(2,1) and P2 have no relevant residues (see

Section 3.14 of [?]) and the only residues are those from the minimal parabolic P!
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which are constants. Thus for ® € L?(Z,GL3(Q)\GL3(A)/K}), we have

1 2,1 2,1
o= > (& F)-F+ Y 5 (B, Ey) - By ds
GL(3) cfm F GL(2) cfm f (1/2)

3 2w i)

where the first sum is over an orthonormal basis of spherical cuspforms for GL3(Z) with

1 min min <(I)7 1> -1
/ <(I>7Ep+s> 'Ep—&—s ds +
wq*

trivial central character and the second sum is over an orthonormal basis of spherical
cuspforms for GL9(Z) with trivial central character. The right hand side converges in
an L? sense and the integrals involving Eisenstein series are isometric extensions of the
corresponding literal integrals.

The expansion for GL(4) is the smallest group for which Eisenstein series (Ei’]%
with real-values f) produce non-constant residues. The computation of the constant
terms for Eg; shows that it is a ratio of Rankin-Selberg L-functions attached to f x
f which has a poles in Re(s) > 1/2 yielding a square-integrable residue. For & &

L2(ZAGL4(Q)\GL4 (A)/KA), we have

1

P = O F)-F — o, B>y . g3l
Z (@, F) T Z i (1/2)< ’ s,f> s,f ds
GL(4) cfm F GL(3) cfm f
2,2 2,2
* Z /1 2 <<I>’E57f1®f2> ' E87f1®f2 ds
GL(2) cms fu,f2; firTs” /2
1 2.2 2.2
+ 47q (1/2)<<I>’ E37f®?> ES,f@? ds
GL(2) cfm f
1 21,1 21,1
+ @ Fp)-Fr+ >, = /(1/2)<‘1>aE5,f ) By ds

GL(2) cfm f GL(2) cfm f

1 . . (®,1) -1
(b Emln . Emln d U
RVTRE /Z-q*< VEpts) Bplads +

where F; are Speh forms. Again right hand side converges in an L? sense and the
integrals involving Eisenstein series are isometric extensions of the corresponding literal

integrals.
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8.5 Spectral relation

The following can be found many places including P. Garrett’s [?] and A. DeCelles’ [?].
Theorem 39. For f S C’(?O(F\.ﬁ), then <Af, >L2(1—\\gJ = )\ <f, >L2(1"\f)).

Proof. Let f € C*(I'\$). Note that the symmetry of A and compact support of

elements of D allows integration by parts. Then we have the following spectral relation

dx dy dx dy
Af, Ey = Af(z) Ei1_s(z = z) - AF1_s(z
(Af, Es) 2 (r\s) o f(z) - E1s(2) 2 F\f)f() 1-5(2) "
dxdy

= f(2) - AsEr—s(2)

As(f, Es) r2(r
e (1)

For 0 < k € Z, the k*"-Sobolev norm on C°(I'\$) is given by

flE = (1= D) F, Framv

and H*(I'\$) is the completion of C°(I'\$) with respect to | - |g.

Theorem 40. There is a continuous injection H*(T'\$)) — HF(T\$) with dense

1mage.

Proof. Let f € C*(I'\$) then (—=Af, f) > 0. We would like to show that for a poly-
nomial p with non-negative real coefficients (p(—A)f, f) > 0. It suffices to show that

(=A)"f,f) =0

For n = 2m even,

(FR)"f, f) = ((=2)*" f, f) = (=A)" f. (=)™ f) =2 0

For n =2m + 1 odd,

(D) f ) = (=D)L ) = () (=A)f), (=A)"f) > 0

This gives

flier = (L= D)) = (L4 (AL ) + (L + (“A))F(=A) . f)
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> ((L+ (=AY +0 =]}

Thus the identity map C2°(T'\$)) extends to a continuous injection H*+! — HF since
C°(I'\$) is dense in both. Furthermore, the image is dense.
O

Theorem 41. The differential operator A : C°(I'\$) — C°(I'\$) is continuous when
the source is given the H**2 topology and the target is given the H* topology for 0 >
kelZ.

Proof. Using the latter negativity property of the previous proof, we have
[AFIE = (1= AF(AF), (AF)) = (A1 + (=A)*f, f)

<AL+ (CANL ) +{2(=2) + D f) = (A + (AL ) = | Fliga
O

Corollary 42. A extends by continuity from test functions to a continuous linear map
A HF2(D\$) — HF(T\$H) for each 0 < k € Z.

Proof. For test functions {f,} forming a Cauchy sequence in the H**! topology, the
continuity on the respective topologies on test functions means that the extension-by-
continuity definition

A(H’”Q—ligln fn) = H’f—hgl Afy

is well-defined and given a continuous map in those topologies. O

Corollary 43. For f S Hk(l“\.ﬁ), then <Af, ES>L2(F\J’)) = )\3 : (f, ES>L2(F\5’))'

Proof. Because (-, Es)r2(r\g) L*(T\$) — L?(1/2+1[0,00)) is an isometric isomorphism
obtained by extension by continuity on test functions, the literal spectral integrals in

Theorem ?? extend by continuity to give the result. O

The same argument can be given for each function in
= = {orthonormal basis of cuspforms} U {1} U1/2 + [0, c0)

where the half-line parametrizes the Eisenstein series Fy /5.
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8.6 Vector-valued integrals

There is at least one technical point to address. We will need a bit of machinery intro-
duced by Gelfand (1936) [?]| and Pettis (1938) [?]. Their construction produces integrals
of continuous vector-valued functions with compact support. These integrals are not
constructed using limits, in contrast to Bochner integrals, but instead are characterized
by the desired property that they commute with linear functionals.

Let V be a complex topological vector space. Let f be a measurable V-valued

function on a measure space X. A Gelfand-Pettis integral of f is a vector Iy € V so that

a(If):/Xaof

for all @ € V*. Assuming that it exists and is unique, the vector Iy is denoted Iy = fX f.
Uniqueness and linearity of the integral follow from the fact that V* separates points

by Hahn-Banach. Establishing the existence of Gelfand-Pettis integrals is more delicate.

Theorem 44. Let X be a compact Hausdorff topological space with a finite positive
reqular Borel measure. Let V' be a quasi-complete, locally convex topological vectorspace.
Then continuous compactly-supported V -values functions f on X have Gelfand-Pettis
integrals.

The importance of the characterization of the Gelfand-Pettis integral is exhibited in

the following corollary.

Corollary 45. Let T : V. — W be a continuous linear map of locally conver quasi-

complete topological vector spaces and fa continuous V -valued function on X. Then

()~ ro

Proof. Since W* separates points, it suffices to show that

u(T(/Xf>>=u</XTof).
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Since poT € V*, the characterization of Gelfand-Pettis integrals gives

()= (1)~ pren ([ 1)

8.7 Holomorphic vector-valued functions

We will recall some basic facts about vector-values functions, most of which we will not
prove here. However, for proofs and further explanation see Grothendieck’s [?| for the
original or Rudin’s [?].

Let f be a function of an open set {2 C C taking values in a quasi-complete,
locally convex space V. We say f is weakly holomorphic when C-valued functions Ao f
are holomorphic for all A € V*.

Let Hol(£2, N) be the topological vector space of holomorphic N-valued functions

on a fixed open €.

Theorem 46. For V a locally convex quasi-complete topological vector space, weakly
holomorphic V -valued functions f are strongly holomorphic in the following senses.

First the usual Cauchy-theory integral formulas apply:

1) =5 [ £ e

with v a closed path around z having winding number 1. Second, the function f(z)
is infinitely differentiable, in fact strongly analytic, that is, expressible as a convergent

power Series ch(z — 2o)" with coefficients ¢, € V' given by Gelfand Pettis integrals
n>0

(n)
echoing Cauchy’s formulas: ¢, = f(z) _ 1 /f(C) d¢
5 (€

nl 2w — z)ntl
In [?], the proof also uses the fact that weak boundedness implies boundedness to

first show that f is continuous. Then recapulation in the vector-valued context is viable.
Now fix a non-empty open Q C C. Let V be quasi-complete, locally convex,

with topology given by seminorms {r}. The space Hol(€2, N) of holomorphic v-values
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functions on £ has a natural topology given by seminorms p, x(f) = sup.cx v(f(2))

for compacts K C ) seminorms v on V.

Corollary 47. Hol(Q, N) is locally convex, quasi-complete.
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