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Abstract

Longitudinal acoustic phonons in a one-dimensional elastic string are studied in the field of a weak
gravitational wave. Working in the analogue gravity framework, a lagrangian describing longitudinal
wave propagation along the string is derived in the background of a suitable acoustic metric, the latter
encoding both the spacetime corrections due to the gravitational wave and the elastic properties of the
string. After quantization, a phonon Hamiltonian is obtained, having the structure of the Luttinger
liquid Hamiltonian. Such Hamiltonian is subsequently employed to analyze some effects induced by a
gravitational wave, as time evolution of phonon vacuum state, gravitational vacuum squeezing and
time evolution of two-mode choerent phonon states, with particular concern to ionic density
fluctuations. These findings are in good agreement with similar results appeared in the literature,
although in quite different material media. This suggests that the above cited effects do represent a
quite general manifestation of the peculiar response to gravitational waves in macroscopic particle
ensembles whose internal structure admits some kind of wave propagation.

1. Introduction

Recent experimental detection at LIGO [1, 2] of gravitational wave (GW) signals from several binary black hole
mergers (the first of them was BBH GW150914) has strongly renewed the interest of researchers working in the
field of General Relativity and observational astrophysics, both from a theoretical and experimental point of view.

The starting of such new exciting GW astronomy era could hopefully allow to discriminate among Einstein’s
theory and other alternative theories of gravity. Such issue has been anticipated and discussed in detail in [3],
where it has been pointed out that an accurate analysis of gravitational wave signals from highly sensitive
detectors could give a definitive test for General Relativity.

Over the years, a lot of effort has been devoted to the analysis of the interaction between gravitational waves and
matter fields. Several papers have dealt with the interaction between gravitational waves and superfluids [4—7]. Coupling
between superconductors and gravitational waves has been studied in [8—10]. Also, influence of electromagnetic,
gravitational and gravitoelectromagnetic waves on superconductors has been investigated in [11-20]. In recent years
some Authors have considered the behaviour of Bose—Einstein condensates (BEC) in presence of weak gravitational
waves, discussing possible phonon excitation inside the condensate [21, 22] as an example of gravitationally induced
particle creation [23]. Also, density fluctuations induced by gravitational waves in a BEC have been studied in [24].

However, to the best of our knowledge, little attention has been devoted to a general analysis of the
interaction between gravitational waves and elastic media as e.g., crystal lattices. Such topic has been considered
in the past [25] mainly through a classical approach, essentially based upon the geodesic deviation. In the present
paper we will propose a quantum-mechanical approach, in which collettive lattice vibrations are described in
terms of phonons interacting with a gravitational wave. Such semi-classical approach seems indeed the most
adequate, as the expected gravitational effects are so small to be comparable to other quantum fluctuations.

Elastic media have usually a discrete structure. However, as far as long wavelength phonons are taken into
account, they can be considered a continuous media, obeying a linear dispersion relation (wy = ¢ k). We will

© 2018 The Author(s). Published by IOP Publishing Ltd
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work in such long wavelength limit, also confining our analysis to a long, thin metallic string, modelled as a one-
dimensional, continuous elastic line. In such a simplified model we will neglect transverse vibrational modes,
taking into account the longitudinal acoustic phonons only. We will show that several effects predicted in quite
different macroscopic particle ensembles (as BECs [21, 24]), such as phonon creation or parametric
amplification induced by gravitational waves, arise quite generally in our 1D-elastic model. In that respect, wave
propagation in material media does appear a relevant physical property allowing for an effective interaction
between matter fields and gravitational waves.

The paper is organized as follows. In section 2 we focus on a one-dimensional continuous elastic line, described
from a lagrangian point of view. In section 3 we generalize the theory to a weak gravitational wave background,
introducing a suitable acoustic metric in the analogue gravity framework [21, 26, 27] and deriving the phonon
Hamiltonian for the elastic line. In section 4 we quantize the Hamiltonian, analyzing the time evolution of the
phonon vacuum state and particle creation effect in presence of a gravitational wave. In section 5 we study the
interaction of a gravitational wave with a two-mode coherent phonon state. Finally, in section 6 we briefly consider
ionic density fluctuations induced by a gravitational wave. Section 7 is devoted to some concluding remarks.

Throughout the paper, unless otherwise specified, use has been made of natural units:c = 1,7 = 1,G = 1.
Greek indices take values from 0 to 3; latin ones take values from 1 to 3. The metric signature is —2, with
determinant g.

2. Elastic line in a GW background

According to the standard theory of ideal elastic media [28], all internal stresses are the result of strain. The most
familiar class of elastic media is the one obeying Hooke’s law: stress is proportional to strain. For a continuous
medium, the resulting potential energy is translationally and rotationally invariant. In the case of a discrete
medium (as a crystalline solid) these symmetries are broken at the lattice scales; they are—however—preserved
in the long wavelength limit, in which we are mainly interested, as we will see. Before we proceed, let us point out
some relevant assumptions:

+ we will assume a continuous, elastic medium; this assumptions is a good approximation as far as long
wavelength phonons are taken into account;

+ we will consider a 1D-model, namely an elastic line, hence neglecting the transverse dimensions; this allows us
to discard possible transverse vibrational modes, hence symplifying the further analysis;

+ inorder to clearly disentangle the gravitational effects from other non-gravitational contributions, here we
will not take into account dissipative effects, as higher order phonon-phonon or electron-phonon
interactions. Such contributions will be considered in a future work.

2.1. Flat background analysis
For a crystalline solid, considered as an elastic medium, the action Sy up to quadratic order can be written in
terms of the symmetric combination of the spatial derivatives of the displacement field i/,

So::%Lfdtd%ipﬁiuoz—-Zuuﬁ“”—'A(“M)q’ 2.1)

where pis the density of the solid, ;2 and A are the Lamé coefficients and
1
Ujj = 5(8iuj + 6jui) 2.2)

is the strain tensor. Assume the solid to have, e.g., a cylindrical shape—an elastic string - with section A and
length L > +/A. Let us introduce a reference frame having the x-axis along the elastic line. Limiting ourselves to
longitudinal strain, we may discard the transverse displacement, hence retaining only the u, component. In such
a case, we may integrate out the remaining spatial coordinates in (2.1), thus obtaining

%:fmﬂ@:%fﬂ@m@wyfn@wm, (2.3)

where Y = (211 + ))appears as the Young modulus'. Equation (2.3) can be regarded as the action for a one-
dimensional continuous elastic line. The corresponding 1 + 1lagrangian density L is [29]

Y(-o .
0-9) _ where 0 = — "= isthe

! Recall the general relationship between the Lamé coefficients and the Young modulus: 2 + A = Trod=2 ”

Poisson coefficient. In the present 1D case, 1, =0 = 0 =0=2u + A =Y.

2
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1 _
Ly= EA[CLZ(atux)z — (Oxux)’], (2.4)

Y [A
o= |—=|— (2.5)
" p Ap

is the speed of propagation of the longitudinal sound waves along the elastic line”. Actually, from the Euler—
Lagrange equations the following equation of motion is readily deduced

where u, = u,(t, x), A = AYand

¢ 20, — Ou, = 0, (2.6)

just describing wave propagation along an elastic medium with velocity ¢;. Recall that, in the assumed long
wavelength limit, the following linear dispersion relation holds

wi = crk. 2.7)

2.2. Weak gravitational wave background
The above results hold in a flat space-time. In a slightly curved background, g, = ,,, + hj., thelagrangian
(2.4) will acquire a contribution stemming from the interaction between the matter field and gravity. In this
paper we are interested in the interaction with a weak gravitational plane wave.

Let us begin considering a gravitational (plane) wave propagating along an arbitrary direction
Q= (cos ¢ sin 6, sin ¢ sin 8, cos 6) in the reference frame {x, y, z} of a static observer u, with § and ¢ being the
usual polar coordinates on the 2-sphere [30]. In the TT-gauge frame {X, ¥, Z} of the wave, in which Z is
assumed as the direction of propagation Q, the line element is

ds? = g dxrds” = di* — di* + by, dx/dx?, (2.8)
where
hw = —h(z, De,, — hdz, De,, (2.9)
and
el =m,m, — i,

1

=X

eﬂy = n_'zﬂ n, + ﬁ/;, my, (210)

are the polarization tensors of the wave. In the TT frame we have

i, = (0, 0, —1, 0), i, = (0, 1, 0, 0). 2.11)
Defining R(¢, 0) = R,(—¢)R,(0), where

1 0 0 0 1 0 0 0

_ 10 cos@ 0 siné |0 cos¢p —sing 0
RO =[g G0 T RCo =] 20 ) 2.12)

0 —sinf 0 cosf 0 0 0 1

we transform (2.8) from the TT frame to the u reference frame {x, y, z}. We get, in matrix form [x = (¢, X)]
ds> = (Rdx)"Tg (Rdx) = (Rdx)T ( + h)(Rdx)
= dx"ndx + dx” (R"ThR)dx = dt* — dx? + dxThdx, (2.13)
where
h = RThR = —h(z, t)et — h(z, t)e, (2.14)
and the polarization tensors e = (R'¢"R) and e* = (R'@*R) have still the form (2.10), but now
m, = (0, sin ¢, —cos ¢, 0),
1, = (0, cos ¢ cos 0, sin ¢ cos #, —sin ). (2.15)

3. Gravitational interaction in the analogue gravity formalism

In this section we will describe the gravitational interaction following the so-called analogue gravity approach
[21,26,27,31]. Let us start observing that (2.4) can be written (hereafter we will suppress the subscript in the

2 . . . . . .
Notice that, in the adopted natural units, c; appears here as an adimensional quantity. Furthermore, ¢; < 1.
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displacement field u,, simply writing it u)
Lo= %ﬁ””aﬁu&,u, (3.1)

where the acoustic flat metric 7, according to an observer u at rest with respect to the elastic line, is (see [31] and
the almost exhaustive review [26] for details)

2 0 0 0 g? 0 0 0
po=ANf0 =1 0 0] mw=pl 0 -1 0 0| (3.2)
v 0 0 —1 0 ! 0 0 -1 0

0 0 0 —1 0 0 0 -1

The perturbed acoustic metric § in the u frame reads
gmx = ﬁuy + A_lh;w) (3.3)

g =i — Ah. (3.4)

3.1. Phonon Hamiltonian
In what follows we will suppose that the typical wavelength of the gravitational wave is much larger than the size
(L) of the elastic line. Expanding h. «(¢, z) around z = 0 we can consider h .(z, t) as functions of time t only,
setting h (2, t) =~ hy (0, t) = hy .(t)allalong theline.

In linearized gravity, it is customary to write £ = L, + L,;takinginto account (3.4), the gauge-invariant
interaction lagrangian density £, is

L, = féégw T — —%A*lhw ™, (3.5)
where T}" is the stress-energy tensor of the matter field in absence of gravitational perturbation, namely
T = a(an;Ou)aVu — L. (3.6)
From (3.5) and (3.6) we get
Lo=- %A-lhxxm[ 8?51 0= Lo + ﬁwco]
= A ()Ouu (3.7)

Introducing the amplitude polarizations A, and A, suchthat b, (t) = A h(t) and h, = Ah(t), we have
from (2.14) hy, = h(t)Z(QQ), where

H(Q) = —A,(sin? ¢ — cos® ¢ cos?H) — 2A,(sin ¢ cos ¢ cos 0). (3.8)
So, the total lagrangian in presence of a gravitational wave reads
L=Lo+ Ly= %ﬁuvaﬂua,,u + %AE(Q)h(t)(@xu)z. (3.9)
The hamiltonian density H with respect to the static observer u = u# = §/'(g,)~/? reads
H = uw'u"T, = 7,T" (3.10)
where
1t oL t Gt 1 2.—2r.—2 2 2 = 2
= ——0 — "L = =Nc; [ “(Oem)* + (Oxu)* — Z()h(t) (Oxu)?]. (3.11)
0(0u) 2
From (3.10) we get
H = Ho + H,, (3.12)
where H, is the flat hamiltonian density
Ha = ZALG @) + O], (3.13)
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and
1, -
H, = —EA:(Q)h(t)(axu)2 (3.149)
represents the contribution due to the interaction with the gravitational wave. We notice that H, generally

depends both on the polarization states of the gravitational wave through the quantity Z(£2).

4. Quantization

We now move to quantize the theory [32]. The displacement field u becomes an operator”, 7
0=y Ne(&(ne® + &f (e *), (4.1)
k

where the creation (annihilation) operators fk' (Cx) satisfy the usual commutation relations

(&6 &1 = bk (4.2)
and [&, &) = [E,;r , 6;,] = 0. The Heisenberg evolution of canonical operators is
(1) = e 2 (0), & (1) = e™ef(0). (4.3)

Making use of (4.1) the Hamiltonian H in absence of gravitational perturbation reads

N N 1
H, = dxHy, = ——A d NN (|k|1K'| + kK’
ofoo 2j;x%kk<|||| )

X (GxCpel®Hk0x — g gl eik=KDx _ gl eilk=kx 4 gl afeitktkhxy (4.4)

Integrating all over the elastic line and making the replacement ), — i f dk’ we get

Hy=2ALY" N,ka(e,j &+ %) (4.5)
k
Defining
Ny = N_x = QLApwp) /2, (4.6)
we obtain the well-known expected result
N et n 1
H, = Z wk(ck Cr + E) 4.7)
k
Following the same steps, we get the gravitational correction Hg to the Hamiltonian
A A 1, - A
A, = fL ety = —AZQh() fL dx(0,0)%, (4.8)
thus obtaining
5 1_ USRS AU VUV |
H, = ——:(Q)h(t)z Wil Gk + —CCx + =Gl + — | (4.9)
2 p 2 2 2
The full Hamiltonian finally reads
. 1_ w1 1_ R
H= Z wk[(l — Ez(Q)h(t))(ck' Gk + E) . Z:(Q)h(t)(ckc,k + ,jc_k)]. (4.10)
k
The above form recalls that of the Luttinger liquid hamiltonian [33-36].
4.1. Time evolution
Using (4.10) in the Heisenberg equation
Ol = i[H, &, (4.11)
we obtain
0y = 4(1 - %E(Q)h(t))wpﬁp + %E(Q)h(t)wpﬁip. (4.12)

A similar a similar relation is obviously found for E; . Limiting ourselves to the lowest approximation order,

we substitute ¢, and Ejp in the r.h.s. of (4.12) with their freely evolving counterparts (4.3), thus writing

3 . .
Throughout the paper, a caret will be used to characterize an operator.
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012y + iwyly = %E(Q)h(t)wp(epm)e*w + &t (0)ein), (4.13)
whose solution is a Bogolubov transformation
& () = a, (D5, (0) + Bp(1)ET,(0), (4.14)
where we have defined (for t > 1)
_ i t
a,(t) = e—w[l + —w,E(Y) f dt’h(t’)] (4.15)
2 fo
I t _
B,y(1) = e—lwpf[—wa(Q) f dt’h(t’)ez’“Pt]. (4.16)
2 fo

Notice that o, (1) = a_,(¢t)and §,(t) = B_,(t). Lookingat (4.15) and (4.16) we see that, on lack of
gravitational perturbation (i.e., h(t) = 0), o, (t) = eyt B,(t) = 0and the free evolution of the canonical
operator ¢, (4.3) is recovered.

Armed with the above machinery, we will now move to explore the time evolution of two relevant phonon
states, namely the vacuum state |0) and—in the next section—a two-mode coherent state (TMCS).

4.2. Vacuum evolution
Let us consider the phonon vacuum state evolution under the influence of a gravitational wave. The phonon
vacuum state |0) is defined as &|0) = 0, V k. Consider the particle number operator N

N=> ¢ (4.17)
k

Suppose we have initially no phonons in the elastic line at t = 0. Using (4.14) we evaluate the expectation
value of the phonon number after the interaction with the gravitational wave (t — +00)

(Ny = lim (0> &/ (H&®0) = Lm > |B@®). (4.18)
t——+00 k t—+oo ¢

We see that the gravitational interaction caused the excitation of a small number of phonon out of the
vacuum state. Looking at (4.16), we recognize this is a second order (O (h?)) effect in the small gravitational wave
strain h.

4.3. Gravitational squeezing of vacuum state
To gain further insight in the evolution of the phonon vacuum under the influence of a gravitational wave, let us
consider the evolution operator U (¢), which, in the present O(h) approximation, reads [37]

O@) ~ ¥ eXP(—éTI(t)I‘AIo) exp Y (GGai — GOy, (4.19)
k
where
1'— t ' !
nn = —_E@) j; dt'h(t'), (4.20)
and
i ! / / iwyt!

G = 5@ fo dt'h(t') e, “.21)

Inspection of (4.19) reveals that the effect of the gravitational interaction is encoded in the action of two-
mode quadrature squeezing operators [38, 39] §5k, & = exp (¢ ;(k(t) Gl — (1) E,j' ef 1) followed by a phase
rotation. The squeezing parameter (;(#) is indeed very small, due to the intrinsic weakness of the
gravitational wave.

5. Two-Mode Coherent State evolution

Our main goal is the anaysis of the behaviour of a coherent phonon state interacting with a weak
gravitational wave.
A coherent state |z,) is generated out from the vacuum under the action of the displacement operator

~ 1 R R .
D(z,) = Eexp (zpc; — Z;kcp), zp = |zp|e™. (5.1)
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Indeed, using the Baker-Campbell-Hausdorff formula e AgB — gA+B+IAB1/2 \hich holds true for any two
operators A and B whose commutatoris a c- number, we have

|zp) = D(z,)|0) = e 2l5lezr|0) = em2lal Z % |0 (5.2)

representing a coherent state with amplitude |z,| and phase ¢,,. Notice that N |zp> = |z,[*, so that |z,|* can be
considered as the mean phonon number in the choerent state |z,,).

To gain more insight in the physical meaning of the state |z,), let us introduce the ionic density operator
il = —nyOyil

A= ——ZNk(cke’kx & ek, (5.3)

with m being the ionic mass and n the ionic number density (p = ny m). The expectation value of 71 for the
coherent state |z, is

(1) = (zplfilzp) = *lﬁ[Npr p e — hcl
m
) 172 -
(22 ) iy + . »

(5.4) has the form of a travelling density wave (i.e., an acoustic wave, corresponding to the coherent phonon
state).
Let us now move to the two-mode coherent state (TMCS)

A A 1 A A
|zp> z—p) = D(2,)D(2-p)|0) = exp(—5(|zp|2 + Iz,P|2))exp(zpc;)exp(z,pcjp)|0>. (5.5)
Using the particle number operator (4.17) we get
<|Zp) Z—p|N|Zp> Z—p> = |Zp|2 + |Z—p|2- (5.6)

Hence the state (5.5) represents a choerent state made of |zp|2 phonons having (quasi-) momentum p and
z_,|? counterpropagating phonons with (quasi-) momentum —p.
p propagating p q p
Using again (5.3) let us evaluate

. i (ot (ot
(I2p> z—plflzpy z_p) = fﬁNpp[|zp|e’(P"*”F”®p) — |z_ple”Pxtert=0p) — hcl]. (5.7)
m

Suppose that the phonon amplitudes of the TMCS are equals (the same phonon number for each mode),
|zp| = |z—p|. Then the initial total phonon number is (N(0)) = 2|z,[*,and (5.7) reads

4pN, bp — ¢ b, + &
(1) = (2p» 2—pliilzp, 2—p) pmpp |zp| sin (px + %) cos (wpt + %p). (5.8)

Clearly we are now facing a standing wave, due to the superposition of two coherent phonon states having
opposite momenta.

Consider now the action of the gravitational wave. After the gravitational interaction, the expectation value
of the particle number operator N is

(N)=lim (|zp, z_pIN|zp, z_p)
t——+00

= tliT (lzp» Z—p'Z(lak(t”z o+ 1Bk Pe T,

+ a1 B0 Aik + () BEO &) |zpy 2-p)- (5.9)
Looking at (5.9) we see that the first two terms in round brackets yield
(lapyOP + 18, (O U2pP + |z + DoIBOF = Izl + |zl + O(B?). (5.10)
k

The remaining terms in the last row of (5.9) give the following first-order O(h) contribution

lim 2Re(z,, z ,Plz ax(t) Br(t) & Kzps z—p) + O(hH?). (5.11)

t——+00

Recalling that (N (0)) = 2|z|*, we put(5.10) and (5.11) together, using also the explicit forms (4.15) and
(4.16). Weget,with ¢ = ¢, + ¢,
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. . - o o
(N) = (N(O))[l + %e(iwa(Q)e’¢f dt’h(t’)ez’wpt)] + O(h?). (5.12)
0
We see that the gravitational interaction gives rise to a first-order (O(h)) change in the phonon number
- +oo ., R
6N = %e[iwpe’oE(Q) f dt’h(t’)ezwﬂ’]<N(0)), (5.13)
0

proportional to the initial phonon number (N (0)).

5.1. Response to a continuous sinusoidal wave
As an example, consider the response of the elastic line to a sinusoidal gravitational wave, having frequency w,,
produced by a steady source. In the TT reference frame we have

h(t) = sin(w,t + Pe)s (5.14)
hi(t) = A4h(t), h(t) = A h(2). (5.15)

Assume that the measurement has started at t = 0 in the u frame. Then, from (5.13)

<(;1;](g))> = i)ﬁ{e[iwpeiaE(Q) j: dt'sin (wyt’ + ¢g)62iwpt’i|' (5.16)

The most interesting condition is w, = 2w),. In this case, after an integration time t = T we get

SN@ 1 o1 1 _ o
Ny 4wg~(§2)l2wg sin Qg t + ¢, + @) 2o, (¢, + &) — T cos(g, qﬁ)]. (5.17)

IfT > wgfl, the last term in square brackets becomes dominant with respect to the remaining terms Hence

ON(t) 1 7 1
NO) ~ 4wg_(Q)Tcos(¢g ), T>w,. (5.18)

The above result is a nice example of parametric amplification of a two-mode coherent phonon state
induced by a gravitational wave. We point out that we are facing a first-order effect in the gravitational strain h(r)
[observe that =(2) ~ O(h)].

Asarough numerical estimate, take a steel string with ¢g >~ 5 x 10°> ms~!. Consider a steady gravitational
source havinga frequency w, = 10° s~'and amplitude A, =~ 10! If the gravitational wave propagates along
the z-direction of the observer’s frame, Z(§2) = A,. Parametric resonance condition (w, = 2w,) requires a
string with minimum length L = "W—C: ~ 31.4 m. Assume a power source P = 1mW @ w, = 500 s, so that the

PL

mean phonon number in the standing wave along the stringis (N) = ~ 1.3 x 10%. Beinga coherent
cr/uwy

state, the corresponding fluctuation is AN = /(N . From (5.18) we have (assuming optimal phase conditions)

% ‘ = lAerg«/(N) T~28x 107°T. (5.19)

SNR:‘
4

After an integration time T = 1 month, we would get SNR =~ 7. Obviously, this is an highly idealized
scenario. We have discarded all the dissipative processes which unavoidably would cause a relevant attenuation
in the SNR. Nevertheless, the result seems of some interest from a theoretical point of view, deserving—in our
opinion—further careful investigation. In particular, we point out that the signal-to-noise ratio could be
improved (even in a shorter integration time) provided the initial coherent state were prepared in a suitable
phonon number-squeezed state. This latter issue is currently a field of intensive research (see [37, 40] and refs.
cited therein).

6. Density fluctuations: gravitational wave-induced phase shift

We complete the present analysis studying the behaviour of the ionic density (7i) due the the interaction of a

TMCS with a gravitational wave. We use again (5.3), where the operators ¢, and E,j evolve in time according to
(4.15)and (4.16). Hence
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() = <Zp’ z_p|fi|zp, pr>

= (2, z,p|—i% S Nek[(aw(®) & + Be(DE e — hcllzy z,)
k
= prNpple[ozp(t)(e’(f’”%) — e 100y + By (1) (P9 — e Pt d)) — hecl]. (6.1)

To be definite, suppose that the phases satisfy the following condition
Qip = _¢p' (62)
Then (6.1) reads

() = 42N, pleylsin (px + 6,) Ry (1) + By (1)
= 4ﬁNpp|zp| sin (px + ¢p)[coswpt + WPE(Q)%e(ft dar’h(th (1 + ezwt/))sinwpt]. 6.3)
m 0

From (6.3) we see that the effect of the gravitational interaction is the appearance of a O(h) standing wave,
superimposed to the pre-existing phonon wave. The amplitude of such O(h) wave varies in time according to the
small O(h) quantity in round brackets. We may also rewrite the above result as follows

(A) = 4%Npp|zp| sin (px + ¢,) cos (wpt — (1)), (6.4)
where

(1) = wa(Q)ERe( J; "1+ eszpf’)). (6.5)

Hence, the effect of the gravitational wave interaction appears through a time-varying phase in the original
phonon standing wave. It may be that future technological improvements allow for the detection of such small
phase variations, e.g., exploiting acousto-optical properties of selected materials.

7. Concluding remarks

In this paper we have analyzed the influence of a weak gravitational wave on a one-dimensional elastic string (an
elastic line). Working in the long wavelength limit we have considered the string as a continuous medium.

Following a lagrangian approach, we have described the longitudinal wave propagation due to the elastic
string properties. We have then generalized the theory to the case of a slightly curved background, in presence of
aweak gravitational wave. In the analogue gravity framework, we have represented the matter-gravity
interaction by means of a suitable acoustic metric, hence obtaining the corresponding wave Hamiltonian for the
elasticline.

After quantization, we have employed the resulting phonon Hamiltonian (having the structure of the
Luttinger liquid Hamiltonian) to explore time evolution of phonon vacuum state in presence of a gravitational
wave. We have thus proven that gravitational waves can be effective in phonon excitation out from the vacuum
state. Although derived in a quite different physical context, such result basically agrees with those obtained
elsewhere in the literature [21]. Also, we have shown that the gravitational interaction gives rise to a weak
squeezing in the phonon vacuum. We have further considered the behaviour of a two-mode coherent phonon
state, proving the occurrence of parametric amplification effects when suitable resonance conditions are met.
Finally, we have investigated ionic fluctuations in a coherent phonon standing wave, in which gravitational
waves induce a time-dependent phase shift.

Our results suggest that phonon creation and parametric amplification as well as other related effects
induced by gravitational waves do represent a quite general manifestation of the peculiar response of
macroscopic particle ensembles whose internal structure admits some kind of wave propagation. Actually, the
above discussed effects are likely to be described not only in elastic media but also in other physical systems
allowing for wavelike propagation of small perturbations, as (super-)fluids and BECs, although in the latter case
several experimental challenges have to be overcome as, e.g., the typical very short condensate lifetime.

Experimental observation of the above described effects in a thin, elastic string is presumably still out of
reach with the present technology. Also when ultra-low temperature are reached (in order to reduce thermal
noise), the main challenge still remains handling the quantum noise. In that respect, phonon squeezing in
coherent states [39, 40] could be a promising route, although recent claims about the experimental production
of such squeezed phonon states [41] have not been confirmed yet.

Apart from present-day experimental observation, the proposed analysis seems however theoretically
interesting, as it further contributes to shed light on the interaction between gravity and matter fields described
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in a semi-classical framework. It could also suggest possible valuable GW-based tests for General Relativity [3] in
the not-too-distant future.

A more exhaustive investigation, involving also dissipative effects in three-dimensional elastic media—both
in the discrete and in the continuous regime—could represent the natural further step in a future work.
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