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Abstract
Longitudinal acoustic phonons in a one-dimensional elastic string are studied in the field of aweak
gravitational wave.Working in the analogue gravity framework, a lagrangian describing longitudinal
wave propagation along the string is derived in the background of a suitable acousticmetric, the latter
encoding both the spacetime corrections due to the gravitational wave and the elastic properties of the
string. After quantization, a phononHamiltonian is obtained, having the structure of the Luttinger
liquidHamiltonian. SuchHamiltonian is subsequently employed to analyze some effects induced by a
gravitational wave, as time evolution of phonon vacuum state, gravitational vacuum squeezing and
time evolution of two-mode choerent phonon states, with particular concern to ionic density
fluctuations. Thesefindings are in good agreement with similar results appeared in the literature,
although in quite differentmaterialmedia. This suggests that the above cited effects do represent a
quite generalmanifestation of the peculiar response to gravitational waves inmacroscopic particle
ensembles whose internal structure admits some kind of wave propagation.

1. Introduction

Recent experimental detection at LIGO [1, 2]of gravitationalwave (GW) signals from several binary black hole
mergers (thefirst of themwasBBHGW150914)has strongly renewed the interest of researchersworking in the
field ofGeneral Relativity and observational astrophysics, both froma theoretical and experimental point of view.

The starting of such new excitingGWastronomy era could hopefully allow to discriminate among Einstein’s
theory and other alternative theories of gravity. Such issue has been anticipated and discussed in detail in [3],
where it has been pointed out that an accurate analysis of gravitational wave signals fromhighly sensitive
detectors could give a definitive test forGeneral Relativity.

Over the years, a lot of efforthasbeendevoted to the analysis of the interactionbetweengravitationalwaves and
matterfields. Several papershavedealtwith the interactionbetweengravitationalwaves and superfluids [4–7].Coupling
between superconductors andgravitationalwaveshasbeen studied in [8–10].Also, influenceof electromagnetic,
gravitational andgravitoelectromagneticwaveson superconductorshasbeen investigated in [11–20]. In recent years
someAuthorshave considered thebehaviourofBose–Einstein condensates (BEC) inpresenceofweakgravitational
waves, discussingpossiblephononexcitation inside the condensate [21, 22]as anexampleof gravitationally induced
particle creation [23].Also, densityfluctuations inducedbygravitationalwaves in aBEChavebeen studied in [24].

However, to the best of our knowledge, little attention has been devoted to a general analysis of the
interaction between gravitational waves and elastic media as e.g., crystal lattices. Such topic has been considered
in the past [25]mainly through a classical approach, essentially based upon the geodesic deviation. In the present
paperwewill propose a quantum-mechanical approach, inwhich collettive lattice vibrations are described in
terms of phonons interactingwith a gravitational wave. Such semi-classical approach seems indeed themost
adequate, as the expected gravitational effects are so small to be comparable to other quantumfluctuations.

Elasticmedia have usually a discrete structure. However, as far as longwavelength phonons are taken into
account, they can be considered a continuousmedia, obeying a linear dispersion relation w =( )c kk L .Wewill
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work in such longwavelength limit, also confining our analysis to a long, thinmetallic string,modelled as a one-
dimensional, continuous elastic line. In such a simplifiedmodel wewill neglect transverse vibrationalmodes,
taking into account the longitudinal acoustic phonons only.Wewill show that several effects predicted in quite
differentmacroscopic particle ensembles (as BECs [21, 24]), such as phonon creation or parametric
amplification induced by gravitational waves, arise quite generally in our 1D-elasticmodel. In that respect, wave
propagation inmaterialmedia does appear a relevant physical property allowing for an effective interaction
betweenmatter fields and gravitational waves.

Thepaper is organized as follows. In section2we focusonaone-dimensional continuous elastic line, described
froma lagrangianpoint of view. In section3we generalize the theory to aweakgravitationalwavebackground,
introducing a suitable acousticmetric in the analogue gravity framework [21, 26, 27] andderiving thephonon
Hamiltonian for the elastic line. In section4wequantize theHamiltonian, analyzing the time evolutionof the
phononvacuumstate andparticle creation effect in presence of a gravitationalwave. In section5we study the
interactionof a gravitationalwavewith a two-mode coherent phonon state. Finally, in section6webriefly consider
ionic densityfluctuations inducedby a gravitationalwave. Section 7 is devoted to some concluding remarks.

Throughout the paper, unless otherwise specified, use has beenmade of natural units: c=1, ÿ=1,G=1.
Greek indices take values from0 to 3; latin ones take values from1 to 3. Themetric signature is−2, with
determinant g.

2. Elastic line in aGWbackground

According to the standard theory of ideal elasticmedia [28], all internal stresses are the result of strain. Themost
familiar class of elasticmedia is the one obeyingHooke’s law: stress is proportional to strain. For a continuous
medium, the resulting potential energy is translationally and rotationally invariant. In the case of a discrete
medium (as a crystalline solid) these symmetries are broken at the lattice scales; they are—however—preserved
in the longwavelength limit, inwhichwe aremainly interested, as wewill see. Before we proceed, let us point out
some relevant assumptions:

• wewill assume a continuous, elasticmedium; this assumptions is a good approximation as far as long
wavelength phonons are taken into account;

• wewill consider a 1D-model, namely an elastic line, hence neglecting the transverse dimensions; this allows us
to discard possible transverse vibrationalmodes, hence symplifying the further analysis;

• in order to clearly disentangle the gravitational effects fromother non-gravitational contributions, herewe
will not take into account dissipative effects, as higher order phonon-phonon or electron-phonon
interactions. Such contributions will be considered in a future work.

2.1. Flat background analysis
For a crystalline solid, considered as an elasticmedium, the action S0 up to quadratic order can bewritten in
terms of the symmetric combination of the spatial derivatives of the displacement field


u ,

ò r m l= ¶ - -[ ( ) ( ) ] ( )S dt d x u u u u
1

2
2 , 2.1t i ij

ij
kk0

3 2 2

where ρ is the density of the solid,μ andλ are the Lamé coefficients and

= ¶ + ¶( ) ( )u u u
1

2
2.2ij i j j i

is the strain tensor. Assume the solid to have, e.g., a cylindrical shape—an elastic string - with sectionA and
length L A . Let us introduce a reference frame having the x-axis along the elastic line. Limiting ourselves to
longitudinal strain, wemay discard the transverse displacement, hence retaining only the ux component. In such
a case, wemay integrate out the remaining spatial coordinates in (2.1), thus obtaining

ò ò r= = ¶ - ¶[ ( ) ( ) ] ( )S dt dx
A

dt dx u Y u
2

, 2.3t x x x0 0
2 2

whereY=(2μ+λ) appears as the Youngmodulus1. Equation (2.3) can be regarded as the action for a one-
dimensional continuous elastic line. The corresponding 1+1 lagrangian density 0 is [29]

1
Recall the general relationship between the Lamé coefficients and the Youngmodulus: m l+ = s

s s
-

+ -
( )

( )( )
2 Y 1

1 1 2
, where s = - u

u
zz

xx
is the

Poisson coefficient. In the present 1D case, s m l=  =  + =u Y0 0 2zz .
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 = L ¶ - ¶-[ ( ) ( ) ] ( )c u u
1

2
, 2.4L t x x x0

2 2 2

where = ( )u u t x,x x ,Λ=AY and

r r
= =

L ( )c
Y

A
2.5L

is the speed of propagation of the longitudinal soundwaves along the elastic line2. Actually, from the Euler–
Lagrange equations the following equation ofmotion is readily deduced

¶ - ¶ =- ( )c u u 0, 2.6L t x x x
2 2 2

just describing wave propagation along an elasticmediumwith velocity cL. Recall that, in the assumed long
wavelength limit, the following linear dispersion relation holds

w = ( )c k. 2.7k L

2.2.Weak gravitational wave background
The above results hold in aflat space-time. In a slightly curved background, h= +mn mn mng h , the lagrangian
(2.4)will acquire a contribution stemming from the interaction between thematterfield and gravity. In this
paperwe are interested in the interactionwith aweak gravitational planewave.

Let us begin considering a gravitational (plane)wave propagating along an arbitrary direction
f q f q qW =


( )cos sin , sin sin , cos in the reference frame {x, y, z} of a static observeru, with θ andf being the

usual polar coordinates on the 2-sphere [30]. In the TT-gauge frame { }x y z, , of thewave, inwhich ẑ is

assumed as the direction of propagation W

, the line element is

= = - +mn
m n

mn
m n

( )ds g dx dx dt dx h dx dx , 2.82 2 2

where

= - -mn mn mn+
+

´
´( ) ( ) ( )h h z t e h z t e, , 2.9

and

= -

= +
mn m n m n

mn m n m n

+

´ ( )
e m m n n

e m n n m , 2.10

are the polarization tensors of thewave. In the TT framewe have

= - =m m( ) ( ) ( )m n0, 0, 1, 0 , 0, 1, 0, 0 . 2.11

Defining f q f qº -( ) ( ) ( )R R R, z y , where

q q q

q q

f
f f
f f

=

-

- =
-

⎛

⎝

⎜⎜⎜

⎞

⎠

⎟⎟⎟

⎛

⎝

⎜⎜⎜

⎞

⎠

⎟⎟⎟( ) ( ) ( )R R

1 0 0 0
0 cos 0 sin
0 0 1 0
0 sin 0 cos

,

1 0 0 0
0 cos sin 0

0 sin cos 0
0 0 0 1

, 2.12y z

we transform (2.8) from the TT frame to theu reference frame {x, y, z}.We get, inmatrix form º
[ ( )x t x, ]

h

h

= = +

= + = - +


( ) ( ) ( ) ( )( )
( ) ( )

ds Rdx g Rdx Rdx h Rdx

dx dx dx R hR dx dt dx dx hdx, 2.13

T T

T T T T

2

2 2

where

= = - -+
+

´
´( ) ( ) ( )h R hR h z t e h z t e, , , 2.14T

and the polarization tensors =+ +( )e R e RT and =´ ´( )e R e RT have still the form (2.10), but now

f f
f q f q q

= -
= -

m

m

( )
( ) ( )

m

n

0, sin , cos , 0 ,

0, cos cos , sin cos , sin . 2.15

3.Gravitational interaction in the analogue gravity formalism

In this sectionwewill describe the gravitational interaction following the so-called analogue gravity approach
[21, 26, 27, 31]. Let us start observing that (2.4) can bewritten (hereafter wewill suppress the subscript in the

2
Notice that, in the adopted natural units, cL appears here as an adimensional quantity. Furthermore, cL=1.
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displacementfield ux, simplywriting it u)

 h= ¶ ¶mn
m n˜ ( )u u

1

2
, 3.10

where the acoustic flatmetric h̃, according to an observer u at rest with respect to the elastic line, is (see [31] and
the almost exhaustive review [26] for details)

h h= L -
-

-

= L -
-

-

mn
mn-

-⎛

⎝

⎜⎜⎜

⎞

⎠

⎟⎟⎟

⎛

⎝

⎜⎜⎜

⎞

⎠

⎟⎟⎟˜ ˜ ( )
c c0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

,

0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

. 3.2

L L

1

2 2

The perturbed acousticmetric g̃ in the u frame reads

h= + Lmn mn mn
-˜ ˜ ( )g h , 3.31

h= - Lmn mn mn˜ ˜ ( )g h . 3.4

3.1. PhononHamiltonian
Inwhat followswewill suppose that the typical wavelength of the gravitational wave ismuch larger than the size
(L) of the elastic line. Expanding + (́ )h t z, around z=0we can consider + (́ )h z t,, as functions of time t only,
setting º+ ´ + ´ + ´( ) ( ) ( )h z t h t h t, 0,, , , all along the line.

In linearized gravity, it is customary towrite   = + ;g0 taking into account (3.4), the gauge-invariant
interaction lagrangian density g is

 d= - = - Lmn
mn

mn
mn-˜ ( )g T h T

1

2

1

2
, 3.5g 0

1
0

where mnT0 is the stress-energy tensor of thematter field in absence of gravitational perturbation, namely


h=

¶
¶ ¶

¶ -mn

m

n mn

( )
˜ ( )T

u
u . 3.60

0
0

From (3.5) and (3.6)we get




 h h=- L
¶

¶ ¶
¶ - +

=- L ¶

-
⎡
⎣⎢

⎤
⎦⎥( )

( )
˜ ˜

( )( ) ( )

h t
u

u

h t u

1

2

1

2
. 3.7

g xx
x

x xx yy

xx x

1 0
0 0

2

Introducing the amplitude polarizationsA+ andA×such that =+ +( ) ( )h t A h t and =´ ´ ( )h A h t , we have
from (2.14) = X W( ) ( )h h txx , where

f f q f f qX W = - - -+ ´( ) ( ) ( ) ( )A Asin cos cos 2 sin cos cos . 3.82 2 2

So, the total lagrangian in presence of a gravitational wave reads

   h= + = ¶ ¶ + LX W ¶mn
m n˜ ( ) ( )( ) ( )u u h t u

1

2

1

2
. 3.9g x0

2

The hamiltonian densitywith respect to the static observer dº =m m -( ˜ )u gu t tt
1 2 reads

 h= =m n
mn ˜ ( )u u T T , 3.10tt

tt

where


=

¶
¶ ¶

¶ - = L ¶ + ¶ - X W ¶- -

( )
˜ [ ( ) ( ) ( ) ( )( ) ] ( )T

u
u g c c u u h t u

1

2
. 3.11tt

t

t tt
L L t x x

2 2 2 2 2 2

From (3.10)we get

  = + ( ), 3.12g0

where0 is the flat hamiltonian density

 = L ¶ + ¶-[ ( ) ( ) ] ( )c u u
1

2
, 3.13L t x0

2 2 2
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and

 = - LX W ¶( ) ( )( ) ( )h t u
1

2
3.14g x

2

represents the contribution due to the interactionwith the gravitational wave.We notice thatg generally
depends both on the polarization states of the gravitational wave through the quantityΞ(Ω).

4.Quantization

Wenowmove to quantize the theory [32]. The displacement field u becomes an operator3, û

å= + -ˆ (ˆ ( ) ˆ ( ) ) ( )†u N c t e c t e , 4.1
k

k k
ikx

k
ikx

where the creation (annihilation) operators ˆ†ck (ĉk) satisfy the usual commutation relations

d=¢ ¢[ˆ ˆ ] ( )†c c, , 4.2k k k k,

and = =¢ ¢[ˆ ˆ ] [ˆ ˆ ]† †c c c c, , 0k k k k . TheHeisenberg evolution of canonical operators is

= =w w-ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ) ( )† †c t e c c t e c0 , 0 . 4.3k
i t

k k
i t

k
k k

Making use of (4.1) theHamiltonian Ĥ0 in absence of gravitational perturbation reads

ò ò å= = - L ¢ + ¢

´ - - +
¢

¢

¢
+ ¢

¢
- ¢

¢
- ¢

¢
+ ¢

ˆ ˆ (∣ ∣∣ ∣ )

(ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ) ( )( ) † ( ) † ( ) † † ( )

H dx dx N N k k kk

c c e c c e c c e c c e

1

2

. 4.4

L L k k
k k

k k
i k k x

k k
i k k x

k k
i k k x

k k
i k k x

0 0
,

Integrating all over the elastic line andmaking the replacement òå  ¢
p¢ dkk
L

2
we get

å= L +⎜ ⎟⎛
⎝

⎞
⎠ˆ ˆ ˆ ( )†H L N k c c2

1

2
. 4.5

k
k k k0
2 2

Defining

rw= =-
-( ) ( )N N LA2 , 4.6k k k

1 2

we obtain thewell-known expected result

å w= +⎜ ⎟⎛
⎝

⎞
⎠ˆ ˆ ˆ ( )†H c c

1

2
. 4.7

k
k k k0

Following the same steps, we get the gravitational correction Ĥg to theHamiltonian

ò ò= = - LX W ¶ˆ ˆ ( ) ( ) ( ˆ) ( )H dx h t dx u
1

2
, 4.8g

L
g

L
x

2

thus obtaining

å w= - X W + + +- -
⎜ ⎟⎛
⎝

⎞
⎠ˆ ( ) ( ) ˆ ˆ ˆ ˆ ˆ ˆ ( )† † †H h t c c c c c c

1

2

1

2

1

2

1

2
. 4.9g

k
k k k k k k k

The full Hamiltonian finally reads

å w= - X W + - X W +- -
⎜ ⎟⎜ ⎟

⎡
⎣⎢
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎤
⎦⎥ˆ ( ) ( ) ˆ ˆ ( ) ( )(ˆ ˆ ˆ ˆ ) ( )† † †H h t c c h t c c c c1

1

2

1

2

1

4
. 4.10

k
k k k k k k k

The above form recalls that of the Luttinger liquid hamiltonian [33–36].

4.1. Time evolution
Using (4.10) in theHeisenberg equation

¶ =ˆ [ ˆ ˆ ] ( )c i H c, , 4.11t k k

we obtain

w w¶ = - - X W + X W -⎜ ⎟⎛
⎝

⎞
⎠ˆ ( ) ( ) ˆ ( ) ( ) ˆ ( )†c i h t c

i
h t c1

1

2 2
. 4.12t p p p p p

A similar a similar relation is obviously found for ˆ†cp . Limiting ourselves to the lowest approximation order,

we substitute ĉp and -ˆ †c p in the r.h.s. of (4.12)with their freely evolving counterparts (4.3), thuswriting

3
Throughout the paper, a caret will be used to characterize an operator.
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w w¶ + = X W +w w-
-ˆ ˆ ( ) ( ) (ˆ ( ) ˆ ( ) ) ( )†c i c

i
h t c e c e

2
0 0 , 4.13t p p p p p

i t
p

i tp p

whose solution is a Bogolubov transformation

a b= + -ˆ ( ) ( ) ˆ ( ) ( ) ˆ ( ) ( )†c t t c t c0 0 , 4.14p p p p p

wherewe have defined (for t�t0)

òa w= + X W ¢ ¢w-
⎡
⎣⎢

⎤
⎦⎥( ) ( ) ( ) ( )t e

i
dt h t1

2
4.15p

i t
p

t

t
p

0

òb w= X W ¢ ¢w w-
⎡
⎣⎢

⎤
⎦⎥( ) ( ) ( ) ( )t e

i
dt h t e

2
. 4.16p

i t
p

t

t
i t2p p

0

Notice that a a= -( ) ( )t tp p and b b= -( ) ( )t tp p . Looking at (4.15) and (4.16)we see that, on lack of
gravitational perturbation (i.e., h(t)=0), a = w-( )t ep

i tp , b =( )t 0p and the free evolution of the canonical
operator ĉp (4.3) is recovered.

Armedwith the abovemachinery, wewill nowmove to explore the time evolution of two relevant phonon
states, namely the vacuum state ñ∣0 and—in the next section—a two-mode coherent state (TMCS).

4.2. Vacuumevolution
Let us consider the phonon vacuum state evolution under the influence of a gravitational wave. The phonon
vacuum state ñ∣0 is defined as ñ = "ˆ ∣c k0 0,k . Consider the particle number operator N̂

å=ˆ ˆ ˆ ( )†N c c . 4.17
k

k k

Supposewe have initially no phonons in the elastic line at t=0.Using (4.14)we evaluate the expectation
value of the phonon number after the interactionwith the gravitational wave (  +¥t )

å å bá ñ = á ñ =
+¥ +¥

ˆ ∣ ˆ ( ) ˆ ( )∣ ∣ ( )∣ ( )†N c t c t tlim 0 0 lim . 4.18
t k

k k
t k

k
2

We see that the gravitational interaction caused the excitation of a small number of phonon out of the
vacuum state. Looking at (4.16), we recognize this is a second order ( (O h2)) effect in the small gravitational wave
strain h.

4.3. Gravitational squeezing of vacuum state
To gain further insight in the evolution of the phonon vacuumunder the influence of a gravitational wave, let us
consider the evolution operator ˆ ( )U t , which, in the presentO(h) approximation, reads [37]

*


 åh z z- --
- - ⎜ ⎟⎛

⎝
⎞
⎠ˆ ( ) ( ) ˆ ( ( ) ˆ ˆ ( ) ˆ ˆ ) ( )† †ˆ

U t e
i

t H t c c t c cexp exp , 4.19i

k
k k k k k k0

H t0

where

òh = - X W ¢ ¢( ) ( ) ( ) ( )t dt h t
1

2
, 4.20

t

0

and

òz = X W ¢ ¢ w ¢( ) ( ) ( ) ( )t
i

dt h t e
4

. 4.21k

t
i t

0

2 k

Inspection of (4.19) reveals that the effect of the gravitational interaction is encoded in the action of two-
mode quadrature squeezing operators [38, 39] *z z= -- -¢

ˆ ( ( ) ˆ ˆ ( ) ˆ ˆ )ˆ ˆ
† †S t c c t c cexpc c k k k k k k,k k

, followed by a phase
rotation. The squeezing parameter ζk(t) is indeed very small, due to the intrinsic weakness of the
gravitational wave.

5. Two-ModeCoherent State evolution

Ourmain goal is the anaysis of the behaviour of a coherent phonon state interactingwith aweak
gravitational wave.

A coherent state ñ∣zp is generated out from the vacuumunder the action of the displacement operator

*= - = fˆ ( ) ( ˆ ˆ ) ∣ ∣ ( )†D z z c z c z z e
1

2
exp , . 5.1p p p p p p p

i p
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Indeed, using the Baker-Campbell-Hausdorff formula = + +ˆ ˆ ˆ ˆ [ ˆ ˆ]e e eA B A B A B, 2, which holds true for any two
operators Â and B̂ whose commutator is a c-number, we have

åñ º ñ = ñ = ñ- -∣ ˆ ( )∣ ∣
!

∣ ( )∣ ∣ ˆ ∣ ∣†
z D z e e e

z

n
0 0 0 , 5.2p p

z z c z

n

k
n

p p p p
1
2

2 1
2

2

representing a coherent statewith amplitude ∣ ∣zp and phasefp. Notice that ñ =ˆ ∣ ∣ ∣N z zp p
2, so that ∣ ∣zp

2 can be
considered as themean phonon number in the choerent state ñ∣zp .

To gainmore insight in the physicalmeaning of the state ñ∣zp , let us introduce the ionic density operator
= - ¶ˆ ˆn n ux0

år
= - - -ˆ (ˆ ˆ ) ( )†n

i

m
N c e c e , 5.3

k
k k

ikx
k

ikx

withm being the ionicmass and n0 the ionic number density (r = n m0 ). The expectation value of n̂ for the
coherent state ñ∣zp is

r

r
w f

á ñ = á ñ = - -

= - +

w-

⎛
⎝⎜

⎞
⎠⎟

ˆ ∣ ˆ∣ [ ]

∣ ∣ ∣ ∣ ( ) ( )

( )n z n z
i

m
N z p e

p

m ALc
z px t

h.c.

2
sin . 5.4

p p p p
i px t

l
p p p2

1 2

p

(5.4)has the formof a travelling density wave (i.e., an acousticwave, corresponding to the coherent phonon
state).

Let us nowmove to the two-mode coherent state (TMCS)

ñ º ñ = - + ñ- - - - -⎜ ⎟⎛
⎝

⎞
⎠∣ ˆ ( ) ˆ ( )∣ (∣ ∣ ∣ ∣ ) ( ˆ ) ( ˆ )∣ ( )† †z z D z D z z z z c z c, 0 exp

1

2
exp exp 0 . 5.5p p p p p p p p p p

2 2

Using the particle number operator (4.17)we get

á ñ = +- - -∣ ∣ ˆ ∣ ∣ ∣ ∣ ∣ ( )z z N z z z z, , . 5.6p p p p p p
2 2

Hence the state (5.5) represents a choerent statemade of ∣ ∣zp
2 phonons having (quasi-)momentum p and

-∣ ∣z p
2 counterpropagating phononswith (quasi-)momentum-p.
Using again (5.3) let us evaluate

r
á ñ = - - -w f w f

- -
- +

-
- + - -∣ ∣ ˆ∣ [∣ ∣ ∣ ∣ ] ( )( ) ( )z z n z z

i

m
N p z e z e, , h.c. . 5.7p p p p p p

i px t
p

i px tp p p p

Suppose that the phonon amplitudes of the TMCS are equals (the same phonon number for eachmode),
= -∣ ∣ ∣ ∣z zp p . Then the initial total phononnumber is á ñ =ˆ ( ) ∣ ∣N z0 2 p

2, and (5.7) reads

r f f
w

f f
á ñ = á ñ = +

-
+

+
- -

- -⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟ˆ ∣ ˆ∣ ∣ ∣ ( )n z z n z z

N p

m
z px t, ,

4
sin

2
cos

2
. 5.8p p p p

p
p

p p
p

p p

Clearly we are now facing a standingwave, due to the superposition of two coherent phonon states having
oppositemomenta.

Consider now the action of the gravitational wave. After the gravitational interaction, the expectation value
of the particle number operator N̂ is

* *

å a b

a b a b

á ñ = á ñ

= á +

+ + ñ

+¥
- -

+¥
- - -

- - -

ˆ ∣ ∣ ˆ ∣

∣ ∣ (∣ ( )∣ ˆ ˆ ∣ ( )∣ ˆ ˆ

( ) ( ) ˆ ˆ ( ) ( ) ˆ ˆ )∣ ( )

† †

† †

N z z N z z

z z t c c t c c

t t c c t t c c z z

lim , ,

lim ,

, . 5.9

t
p p p p

t
p p

k
k k k k k k

k k k k k k k k p p

2 2

Looking at (5.9)we see that the first two terms in round brackets yield

åa b b+ + + = + +- -(∣ ( )∣ ∣ ( )∣ )(∣ ∣ ∣ ∣ ) ∣ ( )∣ ∣ ∣ ∣ ∣ ( ) ( )t t z z t z z O h . 5.10p p p p
k

k p p
2 2 2 2 2 2 2 2

The remaining terms in the last row of (5.9) give the followingfirst-orderO(h) contribution

*å a bá ñ +
+¥

- - -∣ ( ) ( ) ˆ ˆ ∣ ( ) ( )Re z z t t c c z z O hlim 2 , , . 5.11
t

p p
k

k k k k p p
2

Recalling that á ñ =ˆ ( ) ∣ ∣N z0 2 2, we put (5.10) and (5.11) together, using also the explicit forms (4.15) and
(4.16).We get, with f f f= + -p p
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òwá ñ = á ñ + X W ¢ ¢ +f w
+¥

¢⎜ ⎟
⎡
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⎛
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⎞
⎠

⎤
⎦⎥ˆ ˆ ( ) ( ) ( ) ( ) ( )RN N e i e dt h t e O h0 1 . 5.12p

i i t

0

2 2p

We see that the gravitational interaction gives rise to a first-order (O(h)) change in the phonon number

òd w= X W ¢ ¢ á ñf w
+¥

¢⎡
⎣⎢

⎤
⎦⎥( ) ( ) ˆ ( ) ( )RN e i e dt h t e N 0 , 5.13p

i i t

0

2 p

proportional to the initial phonon number á ñˆ ( )N 0 .

5.1. Response to a continuous sinusoidal wave
As an example, consider the response of the elastic line to a sinusoidal gravitational wave, having frequencyωg,
produced by a steady source. In theTT reference framewe have

w f= +( ) ( ) ( )h t tsin , 5.14g g

= =+ + ´ +( ) ( ) ( ) ( ) ( )h t A h t h t A h t, . 5.15

Assume that themeasurement has started at t=0 in theu frame. Then, from (5.13)

ò
d

w w f
á ñ

= X W ¢ ¢ +f w ¢⎡
⎣⎢

⎤
⎦⎥

( )
( )

( ) ( ) ( )R
N t

N
e i e dt t e

0
sin . 5.16p

i
t

g g
i t

0

2 p

Themost interesting condition isωg=2ωp. In this case, after an integration time t=Twe get

d
w

w
w f f

w
f f f f

á ñ
= X W + + - + - -

⎡
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⎤
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( )
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N
t T

0

1

4

1

2
sin 2

1

2
cos . 5.17g

g
g g

g
g g

If w-T g
1, the last term in square brackets becomes dominant with respect to the remaining termsHence

d
w f f w

á ñ
- X W - - ( )

( )
( ) ( ) ( )N t

N
T T

0

1

4
cos , . 5.18g g g

1

The above result is a nice example of parametric amplification of a two-mode coherent phonon state
induced by a gravitational wave.We point out thatwe are facing a first-order effect in the gravitational strain h(t)
[observe that X W ~( ) ( )O h ].

As a rough numerical estimate, take a steel stringwith ´ -c 5 10 msL
3 1. Consider a steady gravitational

source having a frequency w = -10 sg
3 1 and amplitude +

-A 10 21. If the gravitational wave propagates along
the z-direction of the observer’s frame, X W = +( ) A . Parametric resonance condition (ωg=2ωp) requires a
stringwithminimum length = p

w
L 31.4 mcL

p
. Assume a power source =P mW1 @ w = -500 sp

1, so that the

mean phonon number in the standingwave along the string is


á ñ = ´
w
N 1.3 10PL

c
26

L p
. Being a coherent

state, the corresponding fluctuation isD = á ñN N . From (5.18)wehave (assuming optimal phase conditions)

d
w=

D
= á ñ ´+

-( ) ( )SNR
N T

N
A N T T

1

4
2.8 10 . 5.19g

6

After an integration timeT=1month, wewould get SNR;7.Obviously, this is an highly idealized
scenario.We have discarded all the dissipative processes which unavoidably would cause a relevant attenuation
in the SNR. Nevertheless, the result seems of some interest from a theoretical point of view, deserving—in our
opinion—further careful investigation. In particular, we point out that the signal-to-noise ratio could be
improved (even in a shorter integration time) provided the initial coherent state were prepared in a suitable
phononnumber-squeezed state. This latter issue is currently afield of intensive research (see [37, 40] and refs.
cited therein).

6.Densityfluctuations: gravitational wave-induced phase shift

Wecomplete the present analysis studying the behaviour of the ionic density á ñn̂ due the the interaction of a
TMCSwith a gravitational wave.We use again (5.3), where the operators ĉk and ˆ†ck evolve in time according to
(4.15) and (4.16). Hence
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To be definite, suppose that the phases satisfy the following condition

f f= -- ( ). 6.2p p

Then (6.1) reads
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From (6.3)we see that the effect of the gravitational interaction is the appearance of aO(h) standingwave,
superimposed to the pre-existing phononwave. The amplitude of suchO(h)wave varies in time according to the
smallO(h) quantity in round brackets.Wemay also rewrite the above result as follows

r
f wá ñ = + - Fˆ ∣ ∣ ( ) ( ( )) ( )n

m
N p z px t t4 sin cos , 6.4p p p p

where

òwF = X W ¢ ¢ + w ¢⎜ ⎟⎛
⎝

⎞
⎠( ) ( ) ( )( ) ( )Rt e dt h t e1 . 6.5p

t
i t

0

2 p

Hence, the effect of the gravitational wave interaction appears through a time-varying phase in the original
phonon standingwave. Itmay be that future technological improvements allow for the detection of such small
phase variations, e.g., exploiting acousto-optical properties of selectedmaterials.

7. Concluding remarks

In this paper we have analyzed the influence of aweak gravitational wave on a one-dimensional elastic string (an
elastic line).Working in the longwavelength limit we have considered the string as a continuousmedium.

Following a lagrangian approach, we have described the longitudinal wave propagation due to the elastic
string properties.We have then generalized the theory to the case of a slightly curved background, in presence of
aweak gravitational wave. In the analogue gravity framework, we have represented thematter-gravity
interaction bymeans of a suitable acousticmetric, hence obtaining the correspondingwaveHamiltonian for the
elastic line.

After quantization, we have employed the resulting phononHamiltonian (having the structure of the
Luttinger liquidHamiltonian) to explore time evolution of phonon vacuum state in presence of a gravitational
wave.We have thus proven that gravitational waves can be effective in phonon excitation out from the vacuum
state. Although derived in a quite different physical context, such result basically agrees with those obtained
elsewhere in the literature [21]. Also, we have shown that the gravitational interaction gives rise to aweak
squeezing in the phonon vacuum.Wehave further considered the behaviour of a two-mode coherent phonon
state, proving the occurrence of parametric amplification effects when suitable resonance conditions aremet.
Finally, we have investigated ionic fluctuations in a coherent phonon standingwave, inwhich gravitational
waves induce a time-dependent phase shift.

Our results suggest that phonon creation and parametric amplification as well as other related effects
induced by gravitational waves do represent a quite generalmanifestation of the peculiar response of
macroscopic particle ensembles whose internal structure admits some kind ofwave propagation. Actually, the
above discussed effects are likely to be described not only in elasticmedia but also in other physical systems
allowing forwavelike propagation of small perturbations, as (super-)fluids andBECs, although in the latter case
several experimental challenges have to be overcome as, e.g., the typical very short condensate lifetime.

Experimental observation of the above described effects in a thin, elastic string is presumably still out of
reachwith the present technology. Alsowhen ultra-low temperature are reached (in order to reduce thermal
noise), themain challenge still remains handling the quantumnoise. In that respect, phonon squeezing in
coherent states [39, 40] could be a promising route, although recent claims about the experimental production
of such squeezed phonon states [41] have not been confirmed yet.

Apart frompresent-day experimental observation, the proposed analysis seems however theoretically
interesting, as it further contributes to shed light on the interaction between gravity andmatterfields described
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in a semi-classical framework. It could also suggest possible valuableGW-based tests forGeneral Relativity [3] in
the not-too-distant future.

Amore exhaustive investigation, involving also dissipative effects in three-dimensional elasticmedia—both
in the discrete and in the continuous regime—could represent the natural further step in a future work.

Acknowledgments

Wewould like to thank the referees for their helpful comments.

ORCID iDs

Francesco Sorge https://orcid.org/0000-0001-9203-4977

References

[1] Abbott B P et al 2016 LIGO scientific collaboration and virgo collaboration Phys. Rev. Lett. 116 061102
[2] Abbott B P et al 2016 LIGO scientific collaboration and virgo collaboration Phys. Rev. Lett. 116 241103
[3] CordaC2009 Int. J.Mod. Phys.D 18 2275
[4] Anandan J 1981Phys. Rev. Lett. 47 463
[5] Anandan J andChiao RY 1982Gen. Rel. Grav. 14 463
[6] Anandan J 1984Phys. Rev. Lett. 52 401
[7] Chiao RY 1982Phys. Rev.B 25 1655
[8] Anandan J 1985Phys. Lett.A 110 446
[9] PengH andTorrDG1990Gen. Rel. Grav. 22 53
[10] Sorge F 2010Class. QuantumGrav. 27 225001
[11] Speliotopulos AD1995Phys. Rev.D 51 1701
[12] TajmarMand deMatos C J 2001 J. Theoretics 3 1
[13] TajmarMand deMatos C J 2003PhysicaC 385 551
[14] Chiao RY 2002 Preprint gr-qc/0208024
[15] Cooperstock F I 1968Ann. Phys. 47 173
[16] Zeldovich YB 1973Zh. Eksp. Teor. Fiz. 65 1311
[17] Grishchuk L P and Polnarev AG1980Gen. Relativ. Gravit. 2 edAHeld (NewYork: Plenum) p 393
[18] Montanari E andCaluraM2000Ann. Phys. 282 449
[19] CruiseM1983Mon.Not. Roy. Astron. Soc. 204 485
[20] Sorge F andZilio S 2005Gen. Relativ. Gravit. 37 2105
[21] SabinC, BruschiDE, AhmadiM andFuentes I 2014New J. Phys. 16 085003
[22] AhmadiM, Bruschi DE and Fuentes I 2014Phys. Rev.D 89 065028
[23] Sorge F 2000Class. QuantumGrav. 17 4655
[24] SchützholdR 2018 Preprint quant-ph/1807.07046v
[25] Vinet J-Y 1979Ann. I.H.P. 30A 251
[26] Barcelo C, Liberati S andVisserM2005 Living Rev. Rel. 8 12
[27] Keser CA andGalitski V 2018 arXiv:1612.08980
[28] Landau LD and Lifshitz EM1970Theory of Elasticity (Oxford: Pergamon)
[29] Kittel C 1963QuantumTheory of Solids (NewYork:Wiley )
[30] Allen B 1997Relativistic gravitation and gravitational radiation in Proceedings of LesHouches School of Physics: Astrophysical Sources of

Gravitational Radiation ed J AMarck and J P Lasota (Cambridge Contemporary Astrophysics) p 373
[31] VisserM1998Class. QuantumGrav. 15 1767
[32] Birrell ND andDavies PCW1982QuantumFields in Curved Space (Cambridge: CambridgeUniversity Press)
[33] Luttinger JM1963 J.Math. Phys. 4 1154
[34] Mattis DC and Lieb EH1965 J.Math. Phys. 6 304
[35] Giamarchi T 2004QuantumPhysics inOneDimension (Oxford:OxfordUniversity Press)
[36] DóraHaqueMandZarándG 2011Phys. Rev. Lett. 106 156406
[37] HuXandNori F 1999PhysicaB 263 16
[38] LoudonR andKnight P L 1987 J.Mod.Opt. 34 709
[39] MaXandRhodesW1990Phys. Rev.A 41 4625
[40] Benatti F, EspositoM, Fausti D, Floreanini R, TitimboK andZimmermannK2017New J. Phys. 19 023032
[41] Garrett G et al 1997 Science 275 1638

10

J. Phys. Commun. 2 (2018) 125012 F Sorge

https://orcid.org/0000-0001-9203-4977
https://orcid.org/0000-0001-9203-4977
https://orcid.org/0000-0001-9203-4977
https://orcid.org/0000-0001-9203-4977
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1142/S0218271809015904
https://doi.org/10.1103/PhysRevLett.47.463
https://doi.org/10.1007/BF00756213
https://doi.org/10.1103/PhysRevLett.52.401
https://doi.org/10.1103/PhysRevB.25.1655
https://doi.org/10.1016/0375-9601(85)90551-1
https://doi.org/10.1007/BF00769245
https://doi.org/10.1088/0264-9381/27/22/225001
https://doi.org/10.1103/PhysRevD.51.1701
https://doi.org/10.1016/S0921-4534(02)02305-5
http://arxiv.org/abs/gr-qc/0208024
https://doi.org/10.1016/0003-4916(68)90233-9
https://doi.org/10.1006/aphy.2000.6045
https://doi.org/10.1093/mnras/204.2.485
https://doi.org/10.1007/s10714-005-0198-5
https://doi.org/10.1088/1367-2630/16/8/085003
https://doi.org/10.1103/PhysRevD.89.065028
https://doi.org/10.1088/0264-9381/17/22/306
http://arxiv.org/abs/quant-ph/1807.07046v
https://doi.org/10.12942/lrr-2005-12
http://arxiv.org/abs/1612.08980
https://doi.org/10.1088/0264-9381/15/6/024
https://doi.org/10.1063/1.1704046
https://doi.org/10.1063/1.1704281
https://doi.org/10.1103/PhysRevLett.106.156406
https://doi.org/10.1016/S0921-4526(98)01483-5
https://doi.org/10.1080/09500348714550721
https://doi.org/10.1103/PhysRevA.41.4625
https://doi.org/10.1088/1367-2630/aa50bc
https://doi.org/10.1126/science.275.5306.1638

	1. Introduction
	2. Elastic line in a GW background
	2.1. Flat background analysis
	2.2. Weak gravitational wave background

	3. Gravitational interaction in the analogue gravity formalism
	3.1. Phonon Hamiltonian

	4. Quantization
	4.1. Time evolution
	4.2. Vacuum evolution
	4.3. Gravitational squeezing of vacuum state

	5. Two-Mode Coherent State evolution
	5.1. Response to a continuous sinusoidal wave

	6. Density fluctuations: gravitational wave-induced phase shift
	7. Concluding remarks
	Acknowledgments
	References



