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Abstract

The AdS/CFT correspondence conjectures the duality between type IIB supergravity on
AdSs x S° and N = 4 super Yang-Mills theory. Mass deformations of N = 4 super
Yang-Mills theory drive renormalization group (RG) flows. Holographic RG flows are
described by domain wall solutions interpolating between AdSs; geometries at critical
points of A/ = 8 gauged supergravity in five dimensions. In this thesis we study two
directions of generalizations of holographic RG flows.

First, motivated by the Janus solutions, we study holographic RG flows with dilaton
and axion fields. To be specific, we consider the SU (3)-invariant flow with dilaton and
axion fields, and discover the known supersymmetric Janus solution in five dimensions.
Then, by employing the lift ansatz, we uplift the supersymmetric Janus solution of the
SU (3)-invariant truncation with dilaton and axion fields to a solution of type IIB super-
gravity. We identify the uplifted solution to be one of the known supersymmetric Janus
solution in type IIB supergravity. Furthermore, we consider the SU(2)x U (1)-invariant
N =2 and N = 1 supersymmetric flows with dilaton and axion fields.

Second, motivated by the development in AdS/CMT, we study holographic RG flows
with gauge fields. We consider the SU(3)-invariant flow with electric potentials or

magnetic fields, and find first-order systems of flow equations for each case.

vi



Chapter 1

Introduction

1.1 The holographic principle

With the great success of 20th century physics, quantum field theory and general rel-
ativity, it is one of the final goals of physics: the unification of quantum field theory
and general relativity toward theory of quantum gravity. Around the huge success of
quantum field theory in the standard model of particle physics in 1970s, some crucial
elements for quantum gravity were discovered: supersymmetry, extra dimensions and
string theory. Based upon them, in 1980s, it turned out that there are five kinds of string
theories: type I, type IIA, type IIB, heterotic O and heterotic E string theories. How-
ever, in 1995, it was shown that the five string theories are merely low energy effective
theories of more fundamental, but so far unknown, theory named M-theory.

Another important element toward quantum gravity was found in the study of black
holes by Hawking and Bekenstein in 1980s: The entropy of a black hole is proportional
to its surface area. This suggests that the physics of (d+1)-dimensional bulk of a black
hole is governed by the physics of the d-dimensional boundary of the black hole. In
early 1990s, this idea was expanded to the holographic principle: Quantum field the-
ory in d-dimensions is related to quantum gravity in (d+1)-dimensions. This principle
was qualitative initially, however, in 1997, Juan Maldacena suggested the first concrete
example of the holographic principle: the AdS/CFT correspondence.

The AdS/CFT correspondence [1, 12, 3] conjectures the duality between specific

kinds of quantum field theory and quantum gravity. The quantum field theory in this



case is N = 4 super Yang-Mills theory: This is the unique quantum field theory with
maximal supersymmetry and conformal symmetry in four dimensions, hence it is a con-
formal quantum field theory (CFT). The gravity theory in this case is type IIB string
theory. The low energy effective theory of type IIB string theory is type IIB supergravity
which is the unique chiral maximally supersymmetric supergravity in ten dimensions.
Type IIB supergravity has vacua involving five-dimensional anti-de Sitter (AdS) space-
time. The AdS/CFT correspondence means, even though N = 4 super Yang-Mills the-
ory and type IIB supergravity are very different theories, there is duality between them,
therefore, when we calculate physical quantities in one theory, we would get identi-
cal answers from the calculations in the other theory. To be specific, via the AdS/CFT
correspondence, the strongly coupled regime of one theory corresponds to the weakly
coupled regime of the other theory. Hence, the AdS/CFT correspondence is a useful tool
to consider the strongly coupled regime of a theory which is usually hard to study. The
AdS/CFT correspondence originally involves theories with supersymmetry and confor-
mal symmetry, however, later, it was generalized to theories without them, hence, called

the gauge/gravity dualtiy.

1.2 Holographic renormalization group flows

The AdS/CFT correspondence [ 2 3] conjectures a duality between type IIB string
theory on AdSs x S® and N = 4 super Yang-Mills theory (SYM). In this section,
we consider the RG flows from A =4 SYM, and discuss how they can be studied by
solutions of type IIB supergravity via the AdAS/CFT correspondence.

First, we consider the RG flow from the field theory side [4, [5]. We can deform A
=4 SYM by introducing mass terms to some of the chiral adjoint superfields. The mass

deformation breaks the conformal invariance of ' =4 SYM and drives an RG flow. The



RG flow leads to a deformed theory where the conformal invariance is recovered. N =
4 SYM theory and the deformed theory correspond to the ultraviolet (UV) and infrared
(IR) fixed points, respectively, and are both conformal field theories. However, along
the RG flow, the conformal invariance is broken.

Via the AdS/CFT correspondence, RG flows in field theory correspond to certain
solutions in gravity theory, the gravity duals, which have identical physics of RG flows.
Regarding the RG flows from N =4 SYM, the UV and IR fixed points correspond
to AdSj; solutions of type IIB supergravity. There are many ways to check this cor-
respondence, and one of the simplest is to compare their symmetries: C'F'T,; has the
same symmetry as AdS;.1, SO(2,d). Hence, the gravity duals of RG flows i.e. the
holographic RG flows, [6, [/, 8] can be described by domain wall solutions interpolating
between two AdS; geometries.

It has not been proved, but with abundant evidence, it is believed that type IIB
supergravity compactified on S° gives N = 8 gauged supergravity in five dimensions
Hence, studying ' = 8 gauged supergravity in five dimensions should give the equiva-
lent physics from studying type IIB supergravity. The SO(6) gauged N = 8 supergrav-
ity [12,113,114] is a maximally supersymmetric gauged supergravity in five dimensions.
This theory has a scalar potential from 42 scalar fields living on the scalar manifold,
Eg6)/USp(8). There are vacua, i.e. AdSs solutions, at each critical point of the scalar
potential. The known critical points of N = 8 gauged supergravity that are invariant at
least under SU(2) x U(1) are listed in table 1.1 [16].

Via the AdS/CFT correspondence, holographic RG flows are described by domain

wall solutions interpolating between the critical points of N = 8 gauged supergravity in

! First, we can compare symmetries and spectrum of type IIB supergravity on S® with those of A/ =
8 gauged supergravity in five dimensions. Second, there are solutions of type IIB supergravity uplifted
from solutions of A = 8 gauged supergravity in five dimensions. For instance, the holographic RG flows
in [9,[10L[11]] are the examples. However, it should be noted that not all solutions of type IIB supergravity
have their origin in A/ = 8 gauged supergravity in five dimensions.



five dimensions [6, 7, 8]. In this picture, the UV fixed point is the maximally supersym-
metric SO(6)-invariant vacuum of N = 8 gauged supergravityin five dimensions, and
IR fixed points are vacua with less supersymmetry and global symmetry. Along the RG

flows, some supersymmetry and global symmetry are preserved.

Points Gauge symmetry | Cosmological constant | Supersymmetry | c;r/cyv
6) SO(6) —342 N =8 1
(ii) SO(5) & N=0 22
(iif) SU(3) — 242 N=0 16v2
(v) | SU@2)xU(1)xU(1) —3 () N=0 4
v) SU(2)xU(1) & N =2 z

Table 1.1 Known critical points of N = 8 gauged supergravity in five dimensions [16].

In the SO(6) representation, the 42 scalar fields branch as

1+1+ 10+ 10 + 20, (1.1)

where the two singlets are the dilaton and axion fields. Via the AdS/CFT correspon-
dence, the representations in (I.1I)) correspond to the gauge coupling, the f-angle, the
fermion bilinear operators, and the scalar bilinear operator of ' = 4 SYM, respectively

[6} [7]]. The latter have the form

"y ~i ~J 1
Tr(NX),  Tr(NX), Tr(X*X7) — 0T (XX, (1.2)
where i, j=1,...,6and a, b=1, ..., 4. Holographic RG flows are, hence, obtained
by turning on the scalar fields which are dual to the mass deformation operators in N =

4 SYM.



The RG flows to the nonsupersymmetric SU(3) and SO(5) critical points were the
first examples by Girardello, Petrini, Porrati and Zaffaroni [6] and by Distler and Zamora

[7]. We list some of the known RG flows by the number of massive fermion bilinears.

e One massive fermion bilinear: N =1 flow
It corresponds to the A/ = 1 supersymmetric RG flow to the N = 2 supersymmetric
SU(2) x U(1) critical point. It involves two scalar fields, x and «, dual to fermion

bilinear and scalar bilinear, respectively,

Tr (A* 2% TR X,
4 6

S Tr(X7X) - 2) Tr(X7 XY — a. (1.3)

j=1 J=5
The N =1 flow corresponds to the phase discovered by Leigh and Strassler [4]],
and, is known as the LS flow. The SU(2) x U(1) critical point in supergravity
was discovered by Khavaev, Pilch and Warner [16]. The holographic RG flow
was studied by Freedman, Gubser, Pilch and Warner, hence, is also known as the

FGPW flow from the supergravity aspect [8]]. Later, the flow was uplifted to type

IIB supergravity by Pilch and Warner [10].

We are not always lead to an IR critical point by RG flows. There are flows which
lead the scalar fields to divergences, flows to Hades. However, there are examples that
these five-dimensional singularities are overcome when the flow solutions are uplifted

to type IIB supergravity [9, 10]. Below are the examples.



e Two massive fermion bilinears: N = 2* flow
It involves two scalar fields, y and «, dual to a fermion bilinear and a scalar

bilinear, respectively,

Tr (AP A + A AT — X,
4 6
S OTr(X7XI) - 2) Tr(X7 XY — a. (1.4)
j=1 j=5

The N = 2* flow was studied and then uplifted to type IIB supergravity [9]. It
describes the Coulomb branch of N =4 SYM.

e Three massive fermion bilinears: A = 1* flow
Minimally, it involves two scalar fields, m and o, dual to a fermion bilinear and a

gaugino condensate, respectively,

3
Z Tr (A* \Y) — m,
a=1

Tr (A* )\ s 0. (1.5)

The vacua of A/ = 1* theories were extensively studied from the field theory
aspect e.g. references in [10]. The holographic A" = 1* flow was first studied by
Girardello, Petrini, Porrati and Zaffaroni, and known as GPPZ flow [17]. Later,
it was revisited by Pilch and Warner with more general scalar fields, and then
uplifted to type 1IB supergravity [10], however, the full uplift of this flow is not

known.



1.3 Example: The A/ = 1 supersymmetric RG flow

One of the main technical issues in the study of holographic RG flows is to manage
the complexity from the 42 noncompact scalar fields of N' = 8 gauged supergravity in
five dimensions. Each vacuum corresponds to a critical point of the scalar potential,
however, handling the scalar potential with all 42 scalar fields is not practical. So it
turned out to be convenient to truncate A/ = 8 gauged supergravity to its subsector with
global symmetry smaller than SO(6) [16]. In this manner, the RG flows with SU(3)
and SU(2) x U(1) invariance have been studied [6, 7, 8} (17,9, [10} [18].

As a specific example, let us consider the N' = 1 supersymmetric SU(2)xU(1)-
invariant flow [8] in (I.2). We set the gauge fields to vanish. The bosonic part of the
Lagrangian of the SU(2)x U (1)-invariant truncation is

1

—1
L= —
¢ A

1 1
R+ 30,00 + 5 0,x0"x + P — Ze‘mFM,,F‘“’ + Les. (1.6)

The superpotential is

1
W= 4—p2[cosh(2x) (05— 2) — (3p° + 2)] , (1.7)

and the scalar potential is obtained by

2
o LU (1.8)

where p = €%, and ; are properly normalized fields, ¢, = x, @2 = V6. The scalar
potential has three critical points: the maximally supersymmetric SO(6)-invariant point,
the N = 2 supersymmetric SU(2)x U (1)-invariant point, and the nonsupersymmetric
SU (3)-invariant point. In figure 1.1, points 2 and 3 are Z, equivalent SU(3)-invariant

points and points 4 and 5 are Z, equivalent N’ = 2 supersymmetric points.



=

Figure 1.1: The contour map of the scalar potential, P, (left) and the superpotential,
W, (right), with x on the vertical axis and o on the horizontal axis [8)].

Now we consider the domain wall solution which preserves the Poincaré invariance

in four dimensions [8]],
ds? = 2V N dat dx” — dr?, (1.9)

where 7, is a Minkowski metric and 7 is a radial direction corresponding to the energy
scale in dual field theory. By having the supersymmetry variations of fermionic fields,

1.e. the spin-3/2 and spin-1/2 fields, vanish, we obtain the RG flow equations,

dp; g oW

- 2 1.1
dU g
— = —ZW 1.11
dr 37 (1.11)

whose solution interpolates between the critical point with maximal supersymmetry and
the A = 2 supersymmetric critical point. A numerical solution of the steepest descent
equations is shown on the contour plot of W in figure 1.1. Along the flow A =1

supersymmetry is preserved.



N =8 gauged supergravity in five dimensions is believed to be a consistent trunca-
tion of type IIB supergravity on S°, i.e. solution of A = 8 gauged supergravity in five
dimensions can be uplifted to a solution of type IIB supergravity. There are proposed
consistent truncation ansétse for type IIB supergravity fields, ¢.e. metric, dilaton/axion
fields, three- and five-form fluxes. A consistent truncation ansatz for metric was pro-
posed in [[16]], for dilaton/axion fields in [9], and for three- and five-form fluxes in [[18].
Employing those ansiitse, the A" = 1 and N = 2 supersymmetric SU(2)x U (1)-invariant
flows were uplifted to type IIB supergravity in [[10] and [9], respectively.

Now we briefly present the uplift of the AN/ = 1 supersymmetric SU(2)xU(1)-
invariant flow [10]]. The IIB dilaton and axion fields are trivial for this flow. The I1IB
metric is

ds® = Q%dsi 4 + ds2, (1.12)

where dsi4 is an arbitrary solution of N' = 8 gauged supergravity in five dimensions.

The internal space metric is

2 h 2 ginh y tanh
ds? = © X (gl Q) da’) + S EEX TR 0 g dn?)? (113)
2 ¢ 2 &
where ()77 is a diagonal matrix with Q1; = ... = Q4 = e, Q55 = Qg6 = €1, Jy; is an

antisymmetric matrix with J;, = Jos = Jg5 = 1, and €2 = 2/ Q;; 2/ The warp factor is

0% = ¢ coshy. (1.14)

We define complex coordinates corresponding to J; s,

w' =2t 4t W =2 i, ud = a® —iaf, (1.15)



and then

= cosf g(ai, as, az) , u? = e ?sind, (1.16)

where g (a1,a,0r3) is an SU(2) invariant matrix in terms of Euler angles.

The three-form flux is given by [10]

Fg) = dAp), (1.17)

where the two-form gauge potential is

and C(9) and By are RR and NSNS two-form gauge potentials, respectively. We have

A(Q) = e*id’(alde — a9 03 — a3d¢) A (0'1 — iO’Q), (119)
where
2
a; = ? tanh x cos@ (1.20)
1 p% tanh y 9 .
= —-———= 0 0 1.21
ao e X cos” 6 sinf, ( )
2 tanh y 9 .
= — — 0 0 1.22
as 2 X cos”“ 6 sinf , ( )
with
X1 = cos?f + p° sin?@, (1.23)

and o;, 1 =1, 2, 3, are the SU(2)-invariant one-forms.

10



The five-form flux is given by [10]

Fi) = F + *F, (1.24)

where

F = wydr A da® A dat A de? A da® + wpdf A da® A dxt A da? A da?, (1.25)

and
h2
W, :geww ((cosh(Qx) — 3) cos? 6 + pb(2p° sinh® y sin? @ + cos(26) — 3)) ,
0
(1.26)
1 1
wy =5 e" = (2cosh® x + p° (cosh(2y) — 3) sin(20). (1.27)
P

1.4 Generalizations of holographic RG flows

In this introduction we briefly considered the RG flows from A/ = 4 SYM and their
holographic description from A = 8 gauged supergravity in five dimensions. In this
section, we consider some generalizations of holographic RG flows.

To understand the first generalization, we consider a class of solutions in type 1IB
supergravity called the Janus solutions. Via the AdS/CFT correspondence, the only two
scalar fields in type IIB supergravity, the dilaton and axion fields, ® and C|), are dual
to the gauge coupling and 6-angle in V' = 4 SYM, respectively. Unlike other solutions
of type 1IB supergravity, the Janus solutions have nontrivial profile of the dilaton field.
To be specific, the Janus solutions are characterized by two main features: (i) they are
AdS-domain wall solutions with an interface, (ii) the dilaton field takes constant values

on both sides of the interface, but it jumps across the interface. As the dilaton field

11



varies, the gauge coupling of the dual gauge theory varies across the interface, i.e. the
dual gauge theories are defect conformal field theories. The dual gauge theory is N = 4
SYM in 3+1 dimensions with a 2+1 dimensional interface.

The holographic RG flows discussed so far have only involved the scalar fields dual
to the fermion or scalar bilinear operators, but not the singlets in (I.1]) which are dual
to the five-dimensional dilaton and axion fields. Motivated by the Janus solutions we
study the holographic RG flows with dilaton and axion fields. Specifically we will
concentrate on the SU (3)-invariant flow [[11]], and will discover that this flow solution
involving the dilaton and axion fields indeed reproduces the known Janus solutions with
SU (3)-invariance in N = 2 gauged supergravity [23] and in type IIB supergravity [20].
Furthermore, we will consider the SU(2) x U (1)-invariant N’ = 1 and \/ = 2 supersym-
metric RG flows with dilaton and axion fields, however, unlike the SU (3)-invariant flow,
it appears that they cannot involve nontrivial dilaton and axion fields.

To consider the second kind of generalization, we briefly discuss the recent develop-
ment in applying the AdS/CFT correspondence to condensed matter physics: AAS/CMT.
One of the obstacles in condensed matter physics is that the interesting condensed mat-
ter systems are usually described by strongly coupled field theories. On the other hand,
the AdS/CFT correspondence provides an effective tool to study strongly coupled field
theories through weakly coupled gravity theories. This AAS/CMT was initiated by phe-
nomenological models in gravity theories which exhibit some properties of interesting
condensed matter systems, e.g. superconductors, Fermi liquids, and magnetism. One
of the popular phenomenological models is the Abelian Higgs model which involves a
metric, scalar fields with nontrivial scalar potential, and gauge fields [24, 25, [26]. Holo-
graphic superconductors were constructed as electrically charged black hole solutions
of this model that develop scalar hair below a critical temperature. On the other hand,

there are also top-down models of AdS/CMT from supergravity theories. Unlike the

12



phenomenological models, they provide the precise dual field theories. For instance,
holographic superconductors were constructed in type IIB supergravity [27, 28] and in
d = 11 supergravity [29, 30]. Also magnetically charged brane solutions were studied
in various supergravity theories [31} 132,133,134, 35, 36]. Due to the top-down models of
AdS/CMT, consistent truncation involving gauge fields has become an interesting topic.

The holographic RG flows discussed so far have involved only the scalar fields, and
not the gauge fields. Recently, however, motivated by AdS/CMT models with electric
potentials, the SU(2)x U (1)-invariant A = 1 supersymmetric RG flow [8] [10] in
was generalized to involve electric potentials, and a flow interpolating between two
global AdSs5 was discovered [37]. In the same spirit, we will study electrically charged
SU (3)-invariant flow. Furthermore, we will also study magnetically charged SU(3)-
invariant flows.

The plan for this thesis is as follows. In chapter 2 we study the generalization of
holographic RG flows to involve the dilaton and axion fields. From section 2.1 to sec-
tion 2.8 we concentrate on the SU(3)-invariant truncation with dilaton and axion fields
based on the paper [11]. In section 2.9 we, further, consider the SU(2) xU(1)-invariant
flows with dilaton and axion fields. In chapter 3 we study holographic RG flows involv-
ing electric potentials or magnetic fields in section 3.1 and section 3.2, respectively.

Conclusions are presented in chapter 4. Technical details are collected in appendices.

13



Chapter 2

Holographic RG flows with dilaton and

axion fields

2.1 Introduction

The Janus solutions provide a class of examples for the AdS/CFT correspondence [1].
The Janus solutions are characterized by two main features: (i) they are AdS-domain
wall solutions with an interface, (ii) the dilaton field takes constant values on both sides
of the interface, but it jumps across the interface. As the dilaton field is not constant,
the coupling constant of the dual gauge theory varies across the interface, i.e. the dual
gauge theories are defect conformal field theories. The first example of Janus solutions
was discovered in type IIB supergravity with no supersymmetries by Bak, Gutperle
and Hirano in [19]. The dual gauge theory is NV = 4 super Yang-Mills theory in 3+1
dimensions with a 2+1 dimensional interface. Even though this solution breaks all the
supersymmetries, the stability against a large class of perturbations was proved in [[19,
38].

After the discovery of the original Janus solution, the dual gauge theory was stud-
ied in [39]. It was observed that by reducing SO(6) R-symmetry of the dual gauge
theory down to at least SU(3), some supersymmetries were restored. Motivated by

this observation, Clark and Karch constructed a supersymmetric Janus solution with

14



SU(3) isometry, super Janus [23], based on the studies of curved domain wall solu-
tions [40, 41, 42], 43|, [44]) in N = 2 gauged supergravity with one hypermultiplet in five
dimensions [45),146].

Later, Janus gauge theories were constructed more systematically in [47]. It gives
the complete classification of all possible Janus solutions in type IIB supergravity.
According to the classification, there are four kinds of solutions with SO(6), SU(3),
SU(2)xU(1) and SO(3)xSO(3) isometries, and each of them has zero, four, eight,
and sixteen Poincaré supersymmetries, respectively. Among these, the Janus solution
with no supersymmetry is the original Janus solution [19]]. By D’Hoker, Estes and Gut-
perle, the Janus solutions with four and sixteen supersymmetries were constructed in
type 1IB supergravity in [20] and [21} 22], respectively. Later, the Janus field theories
in [47] were generalized to allow the theta-angle to vary which is holographicallly dual
to the axion field, and were also applied to construct three-dimensional Chern-Simons
theories with A/ = 4 supersymmetries in [48].

Despite of all these developments in Janus geometries, as the five- and ten-
dimensional solutions were constructed independently, the relation between those solu-
tions are far from obvious. However, as A/ = 2 gauged supergravity with one hyper-
multiplet is a truncation of N = 8 gauged supergravity in five dimensions [12, 13} [14],
it was conjectured by Clark and Karch in [39] that the super Janus in N/ = 2 gauged
supergravity could be embedded in N = 8 gauged supergravity in five dimensions. If
this embedding could be achieved, as partial results of lift for embedding N = 8 gauged
supergravity to type IIB supergravity on S® are readily known [[16} 9, [10], one should be
able to uplift the supersymmetric Janus solution in five dimensions to the one in type IIB
supergravity. This will provide us with the bridge between the known supersymmetric

Janus solutions in five and ten dimensions. In this section, we indeed show that the super
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Janus can be embedded in A/ = 8 gauged supergravity in five dimensions and its uplift
gives the supersymmetric Janus solution in type IIB supergravity [20]].

In order to address these questions, we will revisit the SU (3)-invariant truncation of
N = 8 gauged supergravity in five dimensions which was studied in [14] and [6} 7, [17].
Later it was uplifted to type IIB supergravity in [10]. However, in these studies, there
was only one real scalar field in the flat domain wall, and the dilaton/axion fields were
suppressed. In order to construct Janus solutions, we will generalize the previous studies
in two aspects: (i) we extend the field content to include the dilaton/axion fields, so we
will have two complex or four real scalar fields, (ii) we consider the AdS-domain wall
instead of the flat domain wall. However, as it was known in V= 2 gauged supergravity
in five dimensions in [40, 43]], we will find that the two directions of generalization
are in fact equivalent, i.e. one can turn on the dilaton/axion fields only in the curved
background, and vice versa. Finally we will show that the SU (3)-invariant truncation
with the dilaton/axion fields indeed has a solution identical to the super Janus in [23]].

Then we will uplift the solution of the SU (3)-invariant truncation to type IIB super-
gravity by employing the consistent truncation ansatz for metric and dilaton/axion fields
in [16,9,[10]. Though there are the lift formulae for three- and five-form fluxes proposed
in [18]], we find that they do not work for the curved domain walls. We propose modified
lift formulae similar to those of [18] for three- and five-form fluxes, and check that they
generate correct fluxes for the cases we are considering. Finally we will show that the lift
of the SU(3)-invariant truncation indeed falls into a special case of the supersymmetric
Janus solution in type IIB supergravity in [20].

Of independent interest from the Janus solutions, there has been notable develop-
ment in consistent truncation of type IIB supergravity on Sasaki-Einstein manifolds
recently [50, 51,52} 53]]. We will show that the lift of the SU(3)-invariant truncation to

type IIB supergravity provides a particular example of the truncation in [50, 51].
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Furthermore, we study the SU(2)xU(1)-invariant flows with dilaton and axion
fields. We will find that, unlike the SU (3)-invariant truncation, the dilaton and axion
fields are trivial in the N = 2 supersymmtric flow.

In section 2.2 we review the Janus solutions in supergravity. In section 2.3 we
begin by studying the SU(3)-invariant truncation of N = 8 gauged supergravity in five
dimensions with dilaton and axion fields. In section 2.4 we show that a solution of the
SU (3)-invariant truncation is identical to the super Janus in A/ = 2 supergravity in five
dimensions. In section 2.5 we lift the solution of the SU (3)-invariant truncation to type
IIB supergravity by employing consistent truncation ansatz for metric and dilaton/axion
fields. In section 2.6 we show that the lifted metric and dilaton/axion fields completely
fix the supersymmetric Janus solution with SU(3) isometry in type IIB supergravity.
In section 2.7 we continue the lift of the SU(3)-invariant truncation for three- and five-
form fluxes. In section 2.8 we consider the consistent truncation of type IIB supergravity
on Sasaki-Einstein manifolds in relation with the SU (3)-invariant truncation. In section
2.9 we study the SU(2) x U (1)-invariant flows with dilaton and axion fields. In appendix
A we briefly review N = 8 gauged supergravity in five dimensions. In appendix B the
SU(2,1) algebra is presented. In appendix C details of the supersymmetry variation for
spin-3/2 fields are presented for the SU(3)-invariant truncation. Appendix D summa-
rizes the different parametrizations of the scalar manifold in this paper. In appendix E

we present the field equations in five dimensions.
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2.2 The Janus solutions in supergravity

In this section we review the Janus solutions in supergravity.

2.2.1 The original Janus solution

The original Janus solution [19] in type IIB supergravity is an asymptotically AdSs
space with a spatially varying dilaton. The original Janus solution has a metric, a dilaton,
and a five-form flux with the other fields vanishing. The metric takes the form of AdS}-
sliced AdS5,

ds* = f(r)dsias, — dr* + dsgs. (2.1)

The dilaton field and the five-form flux are, respectively,
O = d(r), (2.2)

Fisy = 2f () dr A waas, + 2wgs, 2.3)

where w is the unit volume form for the respective space. When one solves the equations
of motion, one finds that the dilaton field takes constant values at the boundaries, but it
jumps across an interface on the coordinate 7. Due to this nontrivial profile of the dilaton
field, this solution is named as Janus solution. This solution breaks all supersymmetries,
but the stability against a large class of perturbations has been proved in [19, 38]].

The dual gauge theory is a 3+1 dimensional gauge theory with a 2+1 dimensional
planar interface. The gauge theory on each side of the planar interface is N = 4 super
Yang-Mills theory, and the gauge coupling varies discontinuously across the interface.
Via the AdS/CFT correspondence, e® = gf{%, where @ is the dilaton field of type IIB
supergravity and gy is the coupling constant of A/ = 4 super Yang-Mills theory. Hence,

as the dilaton field varies, the gauge coupling in dual field theory varies.
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2.2.2 The super Janus

We briefly review N = 2 gauged supergravity with one hypermultiplet in five dimensions
(45, 46]]. The bosonic sector of the theory has a graviton ¢, ¢, a vector field A, and
four scalar fields ¢*. The scalar fields parametrize the coset manifold % The

bosonic part of the Lagrangian is

1 1 1
e L = —§R — 5 oxy D,q* D"q* — P(q) — ZFW FH (2.4)
where
DMqX = MqX +9gA, KX(q), (2.5)

and K~ are the four Killing vectors of the gauged isometries on the scalar manifold.

Parametrizing the scalar fields by ¢ = {V, o, R, a}, the scalar potential is given by

3R? 3R!
P = 92 (—6 - 7 + W) ) (26)
and the superpotential is
RQ
W =1+ N 2.7)
The metric gxy of the scalar manifold is
ds® Lo L 2R2dd +2dR2+2R2(1+R2)d2 (2.8)
57 = — —do” — —doda + — —_— —)da”. (2.
212 212 V2 V V V

This N = 2 gauged supergravity with one hypermultiplet in five dimensions can be
obtained from the SU(3)-invariant truncation of N' = 8 gauged supergravity in five

dimensions. They have identical field content and the scalar manifold.

! The scalar field, R, was denoted by r in [23]]. It should not be confused with the Ricci scalar in @]}
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Now we briefly review the super Janus in ' = 2 gauged supergravity in five dimen-

sions [23]]. The metric is the AdS-domain wall,
ds® = V" ds? g, — dr’. (2.9)
There are also four scalar fields,
V=V, c=0), R=RI), a=ar), (2.10)

which depend on the r-coordinate only. We set the gauge field, A, to vanish. Then by
having the supersymmetry variations of fermionic fields, ¢.e. the spin-3/2 and spin-1/2

fields, to vanish, one obtains the supersymmetry equations,

U =FgWr, 2.1D)

V=69 (FR + RVVVI—2) (2.12)
R2

R =3 TRy + —=+V1—9%], 2.13

g( Y NG 7) (2.13)

where

)\2 672U
v =1 = A (2.14)

and the scalar fields o and « are consistently set to be constant. Then, numerically
plotting V' = V(r), we find that it exhibits the nontrivial profile of the dilaton field in

Janus solutions.
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2.2.3 The Janus solutions in type IIB supergravity

Later in [47] the Janus gauge theories were constructed more systematically. It also

gives the complete classification of all possible Janus solutions in type 1IB supergravity.

Isometry SO(6) SU(3) SU((2)xU(1) | SO(3)xSO(3)

Supersymmetries || zero four eight sixteen

Table 2.1 Classification of all possible Janus solutions in type IIB supergravity

In table 1 it shows the isometry of internal space and the number of real supersymmetry
out of total 32 real supersymmetries of type IIB supergravity. The number of supersym-
metry counts real supercharges with both Poincaré and conformal supercharges. The
Janus solution with no supersymmetry is the original Janus solution. From these obser-
vations, Janus solutions with four and sixteen supersymmetries were constructed in [20]]
and [21} 22]] respectively. Here we take a look at the one with four supersymmetries as
this one has SU(3) isometry.

We briefly review the supersymmetric Janus solution with the internal space isome-

try SU(3) in type IIB supergravity [20]. The metric is given by

ds* = fidshas, — dr® + [T (A6 + A) + f3dsgp,, (2.15)
where
1
dstp, = do” + 1 sin”a (o7 + 03 + cos’aoy) (2.16)
and
1 .
Al = 5 Sin 00’3, (217)
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and o;, 7 =1, 2, 3, are the SU(2)-invariant one-forms,

o1 = —sinay cos aszday + sin ag das
0y = + sinay sinag day + cos ag das ,

03 = —cosagday — dag, (2.18)
The five-form flux is given by
Fs = fs ( —eOnetnel A Aet +€5/\€6/\€7/\€8/\69) , (2.19)
where e, n = 0, ..., 9 are the frames of the metric,

el = fré', et = dr, e’ = f16° = fi (ds + Ay), et = fyé®, (2.20)

28 1 59 1

é5 = da, e = 1 sin(2a) o3, &€ =3 sina oy, &€ =3 sina oy .
(2.21)
The two-form gauge potential is given by
Bp¢ = Co) — iBg) = i fsQy — ig3Qa, (2.22)

where Bg;:G is the two-form gauge potential defined in [20], C() and By are RR
and NSNS two-form gauge potentials respectively, €2, is the holomorphic (2,0)-form
on CPs, f3 and g5 are complex functions, and the bar denotes complex conjugation. The

dilaton/axion fields are denoted by B with its associated function f. Overall, the most
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general solution with the SU(3) isometry of internal space is specified by the seven
functions, f1, fo, f3, 93, f4, f5, and B, and they depend only on the r-coordinate.

In section 9 of [20], a special case is presented when

3
aDEG:—Ff(fg—Bg?,):O, (2.23)
2

where aPFC is a function defined for convenience in [20]. Furthermore, in this case,

3 1 fi
= = — - - = 2.24
fl f2 P f5 9 fl 9 f22 ) ( )
where p is a constant. Some functions are integrated to hyper-elliptic integral as
ow\’ 2\
2 2,6 2
— ] =14+ =V - U 2.25
a ( ar ) ( T o ) ’ (2:2)
where ¥ = ¢PES = _2_and (), is a constant. Here 1/°EC is a quantity defined in [20].

fafa
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2.3 Truncation of A/ = 8 gauged supergravity in five

dimensions

2.3.1 The SU(3)-invariant truncation

We study the SU(3)-invariant truncation of A/ = 8 gauged supergravity in five dimen-
sions. There are a graviton e, ¢, a vector field A,,, and four real scalars x; for the bosonic
field content in the SU (3)-invariant sector. As mentioned in the introduction, there have
been studies on the SU (3)-invariant truncation in [14} 16} 7, [17] and [10], but consistently
they did not included the dilaton and axion fields in these studies. Here we extend the
field content to all four scalar fields including dilaton and axion fields.

Let us count the number of bosonic fields in the SU(3)-invariant truncation. In the
full theory, under the gauge group, SU(4) ~ SO(6), 1 graviton e, ® transforms as 1, 15
vector fields A,y as 15, 12 two-form tensor fields 5, Ia 35 6 + 6, and 42 scalar fields

™ as 20" + 10 + 10 + 1 + 1. By breaking SU(4) down to SU(3) they branch as [7]

e.” 1 — 1, (2.26)
Aury 15 — 8+3+3+1, (2.27)
Bl 6+6 — (3+3)+(3+3), (2.28)
20’ — 8 +6+6,
Pl 10 + 10 — (1+3+6)+(1+3+6), (2.29)
1+1 — 1+1,

so we have a graviton e, , a vector field A, and four scalars z; in the SU (3)-invariant

sector.
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The 42 scalar fields of N' = 8 gauged supergravity in five dimensions live on the
coset manifold Fg)/USp(8). The basic structure of the coset manifold is explained
in [14], and is summarized in appendix A. Fundamental representation of Fj ) is real
and 27-dimensional. The infinitesimal Fj transformation in the SL(6,R)xSL(2,R)

basis, (277, 2'%), is [14]

621 = — AN p2eg — NS jze + XIIKB ZKP ; (2.30)

621 = N g 25 4+ A 5215 + S50 2pp (2.31)

where A’ ; and A® 5 are real and traceless generators of SL(6,R) and SL(2,R) respec-
tively, and the coset elements X ;x,, are real and antisymmetric in [ .J K.

Among the Fs) generators, the SU(3) generators of the gauge group SO(6) are the
ones that commute with the complex structure, J;;, which is an antisymmetric tensor
with nonzero components, J1o = J3y = Js¢ = 1. Then we obtain the SU(3)-invariant
generators by finding ones that commute with the SU(3) generators. There are eight

SU (3)-invariant generators, and they close onto an SU (2, 1) algebra,

S ke =+ (O30T — 02105 ) 4 (51388 — 62457 4 (61428 — 62387 — (SLAST — 62338,
(2.32)
S e =+ (—OR328 — G3I0TY 4 (130T 4+ 62428) 4 (61421 + 03358
— (—6178s — 03R0), (2.33)
S ke =+ (O1325 — G207 4 (51387 — 52428) 4 (01407 — 62388) — (1288 — 2307,
(2.34)
S e = (32T 4 52488 4 (—01388 — 62457 4 (—o1228 — 62357

— (077 + 07305, (2.35)

25



AT, = Ty, (2.36)

A®e g = (5)) %, (2.37)
AP g = (8y) g, (2.38)
A® 5 = (S5) %, (2.39)
where
0 -1 10 0 1
Sl == ) 52 == ) SS - ) (240)
-1 0 0 —1 -1 0

are three SL(2, R) generators. We refer to appendix B for the SU (2, 1) algebra of these
generators. The generators A(®), A7) are symmetric, and with the self-duality defined
by

1
YIiKa = + G €EIJKLMNP €8 SMNPE (2.41)

Y1, ¥ are self-dual. By computing the Cartan-Killing form [[14] these symmetric

and self-dual generators turn out to be the noncompact generators of the scalar manifold

(46l
SU(2,1)
M= ——F—. 242
SU@)xU(1) (242)
We exponentiate the transformations by four noncompact generators,
1 1
1= /5 2= /5

1 1

T= —= (A0 + A9), T = —(AD —A®), @243

2,2 2,2

with parameters, x1, z2, x3, T4, respectively. Schematically the exponentiation of the

generators is

o — plesTstaaTy) (a1 Ti+a2T) (2.44)
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From the exponentiation we can extract the coset representatives in the
SL(6,R)xSL(2,R) basis, Ul p, UMEx U, EL and U, 7P, by (AI) and
(A2). The coset representatives in the USp(8) basis, V7%, V), %, are obtained by
and (A.4).

Now with the coset representatives in the U Sp(8) basis, we can reduce the bosonic
part of the Lagrangian of the SU(3)-invariant truncation. We introduce an angular

parametrization of the scalar fields,

ry = 2xcosy, x9 = 2 siny,

r3 = 2¢ cosa, x4 = 2¢sina. (2.45)
The bosonic part of the Lagrangian is

1 3
e 'L = Bt Lo + P = L EW P (2.46)

where the kinetic term for the scalar fields is

1 1
Liin = 58,»( o'x + 3 sinh?(2 ) (Ou + sinh® ¢ 9,a + gA#)2

1 1
+ cosh? y <§ 0,0 "o + 3 sinh? (2 ¢) d,.a (9“a> , (2.47)
and the scalar potential is

_ i 2 2 _ _
P==y <cosh (2x) — 4 cosh(2y) 5). (2.48)

Note that the scalar potential is manifestly invariant under SL(2,R), i.e. it is indepen-

dent of ¢ and a. We note that ¢ and a are dilaton and axion fields in five dimensions.

27



The scalar potential has two critical points which are the AdS; vacua in the SU(3)-
invariant truncation [16, SJE] One of the critical points is the N' = 8 supersymmetric
SO(6) point where x = 0 and P = — 2 g% This point lifts to AdSs x S® vacuum in
type IIB supergravity. Another one is the nonsupersymmtric SU(3) point where y =
% log(2 —v/3)and P = — % ¢2. This point lifts to a solution found by Romans in type
IIB supergravity in [49]. The holographic renormalization flows studied in [6, [7, 17, 9]
and the domain wall solution for holographic superconductor in [27, 28] flow to this

critical point.

2.3.2 The supersymmetry equations

In this section we will explicitly derive the supersymmetry equations for the SU(3)-
invariant truncation with the dilaton and axion fields, and then solve them numerically.
We set the gauge field, A, to vanish. Some equivalent equations in N = 2 gauged
supergravity were obtained in [40, 43]], however, this subsection is to have equations in
the parametrization of A" = 8 gauged supergravity in five dimensions with more scalar
fields.

We will consider the AdS-domain wall,
ds® = 2V ds? g, — dr?, (2.49)

where

1
dsias, = = (dt* — d2® — dy* — dz?). (2.50)

2 The scalar field x was denoted by ¢, = x in [8].
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We begin by considering the superpotential and the spinors in five dimensions. The

superpotential, 1V, is obtained as one of the eigenvalues of W, tensor [8]],
Was il = Wiy, (2.51)

where £k = 1, 2. There are two eigenvalues with degeneracy of two and six, and they

are, respectively,

W, = — (1 + cosh(2 x)), (2.52)

Wy = —

=W

(5 + cosh(2 x)) , (2.53)

but only W = W), gives the scalar potential by

ow
i

2
e

3

g

8

(2.54)

| 2

where p; = x, ¢, ¥, a. The eigenvectors, 77?1), 77?2), for the superpotential, 1/, are

T]?l) - (07 17 07 ]-7 _]-) 07 ]-7 0)7 (255)

N = (=1,0,1,0,0,-1,0, -1), (2.56)
and they are related to each other by

Qs = =1y, Qaily =+, (2.57)
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where (), is the U Sp(8) symplectic form given in e.g. [8]. We employed the gamma

matrix conventions in [8]. Then the SU (3)-invariant five-dimensional spinors are given

by

e = Que’ = —nyé + 1y ér, (2.59)

where €, and €, are spinors with four complex components.

The supersymmetry equations are obtained by setting the supersymmetry variations
of fermionic fields, i.e. the spin-3/2 and spin-1/2 fields, to zero. For the supersymmetry
analysis we will suppress the gauge field, A,, below. The purely bosonic parts of the

variations are [[14]]

1
67vb,ua = D,u €a — 6 g Wb Y €b s (2.60)
1
0 Xabe = V2 Y Puabed el — §gAdabc el (2.61)

First we solve the spin-3/2 field variation. For the ¢-, z-, y- directions,

1

where the prime denotes the derivative with respect to the r-coordinate. We plug the

spinors, (2.58)), in (2.62) and rearrange to obtain

U'~v® 4 e7U4G) s9W €
TgW U'rW 4 e V4B é

0. (2.63)
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From the integrability of the variation, i.e. the determinant of the matrix in (2.63)) van-

ishes, we obtain [40, 43]]

1
U = qungy, (2.64)
where
9e—2U

From here the upper and lower signs in equations are related. Note that for the flat
domain wall, [ — oo, we have v = 1. By plugging (2.64) back into (2.63)), we obtain

a projection condition for the spinors,

b6 =+ (F 7Y + V1 -2 4,

&= —(F1" +v1-127Y)e. (2.66)

For the flat domain wall limit, [ — o0, it reduces to the projection condition in [8]. By

multiplying v on both sides of (2.66)) and rearranging them,

a6\ 0 —i | 0 1 &

¥ =i |+9 + /1 =2 (=i y®)
& i 0 1 0 &
(2.67)

This is the first projection condition on the spinors, €1, €.

Motivated by the studies on the curved domain wall solutions in A/ = 2 gauged
supergravity in five dimensions [40, 43], we impose another projection condition on the
spinors. We define an operator, ' = — i () () Noting that '> = 1, we assume that it
acts on the spinors as

€1 —cosf sinf €1

r = . (2.68)

€9 sinf cosd €9
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where we have introduced a new field, 8 = 6(r). By solving the supersymmetry equa-
tions and the field equations, we will show that it is consistent to impose the projection

condition, (2.68), and the new field, 6(r), is fully determined. Using (2.68)) we rewrite
(2.67) as

YW e =i |[£7(0%)y + /1 =92 (cosf(c');; + sinf (ag)ij)} €, (2.69)
where 0, a = 1, 2, 3, are the Pauli matrices. For brevity, we will write it as
7(4) & = Sy &, (2.70)

where the components of the matrix, S,;, can be read off from (2.69). Similar projection
condition was obtained in N = 2 gauged supergravity in five dimensions in [40, 43].
Now, with the projection condition, (2.69), we solve the spin-1/2 field variation,
(2.61]),
0 Xave = V2 |7" Puapea € — % 9 Adabe Ed] =0. (2.71)

When we plug the spinors, (2.58), in (2.71]), we obtain

(Paabed 7]?1)) 7(4) €1 + (Piabed 77?2)) 7(4) € — g (Adabe 7}?1)) € — g (Adabe 7]?2)) €& = 0.
(2.72)

For any specific choice of abc indices we define

Py = Pigpea 77&) ) Py = Piaped 77212) ) A = Adabe 77211) ) Ay = Adabe 77212) .
(2.73)
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It turns out that A; and As can have two distinct values,

or

3 . .
Adses 77211) = - 16 i cos® sinh y,

3 . .
Ausosilyy = + 754 sin sinhx,

3 .. .

Awrnfyy = — 75 sing sinhx,
d 3 . .

Agas7 Moy = — EZ cos ) sinh y .

Similarly, for P; and P, we have

or

1
Py 3634 77?1) = + T [i sinty X' — @ sinhy cos ) — cosh% sina

+ (cosh% sinh ¢ cosa + i sinhy cos ) sinh? %) a’} ,
P d 1 . /  sinh . / hX /
43684 T(1) = — 6 1 cosypx’ — 4 sinhy siny Y’ — cos 5 cosay

+ (cosh% sinh ¢ sina — i sinh y sin ) sinh? %) a'} ,

1

Pyys74 ﬁfll) =+ 6 [z costx' — i sinhy siny ) — coshg cosa
X . . .. . . 2@5 /

+ coshE sinh ¢ sina — ¢ sinh x sin sinh 5) e

P d o 1 [ / .. h / hX . /

4457d (1) = T 6 1 sinyx’ — i sinhy cosy Y’ — cos 5 sina y

+ (COSh% sinh ¢ cosa + i sinh y cos 1 sinh? %) a'} .

(2.74)

(2.75)

(2.76)

(2.77)
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Other choice for abc indices gives the same supersymmetry equations in the end. For a

particular choice of P, P5, Ay, A, (2.72) reduces to
2
3 [a AW gAi e] — 0. (2.78)

i=1

Then plugging the projection condition, (2.70), in (2.78)) gives
2
ij=1

Since we want to have the maximal supersymmetry, we assume that the spinors, €1, €,
are independent which implies that (2.79) can be solved by having
2
3 [B Sy — g Aidy] =0, (2.80)
i=1
where j = 1, 2. After some calculations, the two complex equations in (2.80) yield four

real flow equations,

3

¢ =+ 59 1 —~2cos(a — 1 + 0) sinhy, (2.81)
3 . g oW

f_ 3 h(2y) = £+ 2.82

X' =F ;97 sinh(2x) 2o (2.82)

a =—3gy1—~%sin(a — ¢ + 6)csch(2¢) sinh x, (2.83)

Y =+ gg 1 —~2sin(a — ¥ + 0) tanh ¢ sinh . (2.84)

In appendix C, we show that, with the other choice of P, P,, A;, As, we lead to
the same set of flow equations, so that the spin-1/2 field variation is solved without
introducing additional projection condition. We also obtained the field equations and

presented them in appendix F. Unlike the flow equations, (2.64) and (2.8 1))-(2.84), which
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are first order differential equations, the field equations are second order. A lengthy
calculation shows that the flow equations are indeed consistent with the field equations,
provided that the field, 6(r), introduced in (2.68) satisfies

0 = —;g\/l — 42 sin(a — 1 + ) tanh ¢ sinh y . (2.85)

This first order constraint on the field, §(r), is a result of the fact that the supersymmetry
equations and the field equations cannot be reduced to a first order system.

Also note that the supersymmetry equations imply that in the limit, [ — oo, which
describes a flat domain wall, we must set ¢, a, 1 to be constants, i.e. the dilaton/axion
fields decouple, and vice versa. One can turn on the dilaton/axion fields only in the
curved domain wall [40, 43]).

We have also checked the integrability of the spin-3/2 field variations for the r- and
z-directions, but they do not generate any new constraint on the supersymmetry. The
variations for these directions are presented in appendix D. By solving the spin-3/2 field

variation for the r-direction,

1
e — (+Qré + Quéy) + ggww é =0, (2.86)
) . ) 1 .
s = (- Qo = Qi) = o gW yWe =0, (2.87)

SHere the role of 6(r) is effectively to reduce one remaining second order equation to a first order
equation.
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where

Q1 = — i sinh [cos(a — )¢ — % sin(a — 1) sinh(2 ¢) a’] : (2.88)

Qs =—1 [sinhx <sin(a — )¢ — % sinhxw')

1 :
+ 3 <Cos(a — 1) sinh(2 ¢) sinh y — % (=3 + cosh(2)) sinh2qb) a’] :
(2.89)
we obtain the r-dependence of the spinors,
o 0 ) %A ~(0)
é1(r) _ cos 3 sing e O, é | (2.90)
éa (1) —sin$ cos? 0 e zh égo)

where cos A = ~. Here €EO), t =1, 2, depend on the AdS, part of the coordinates in
(2.49), but are independent of the r-coordinate, and satisfy the projection conditions for

the flat domain wall,

2(0) ~(0)
€1 0 1 €1
~® o | = + o | (2.91)
and
2(0) ~(0)
(= ir® ) ‘1 _ [t “ : (2.92)
2(0) ~(0)
€9 0 1 €9

This explains the fact that all the integrability conditions have been satisifed, i.e. an

explicit solution to a system of equations must satisfy all integrabilities automatically.
Before we close this section, let us count the number of supersymmetries the solution

has. Each five-dimensional spinor, ¢;, ¢ = 1, 2, has four complex components, so we

have sixteen real supercharges in total to begin with. The Majorana-Weyl condition
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on €, ¢ = 1, 2, halves the number of real supercharges to eight. Then, as we have
two projection conditions, and (2.68)), each halves the number of supersymmetry.
Hence, there are two real supersymmetries finally. This is the half of the supersymmetry
of the SU (3)-invariant flow on the flat domain wall, as the interface of the Janus solution

breaks half of the supersymmetry.

2.3.3 The numerical solutions

Now we numerically solve the supersymmetry equations, (2.64) and (2.81)-(2.84). We

choose the upper sign for r > 0 and the lower sign for » < 0 [23]].

From the condition, 0 < v < 1, we have

9 €—2U

0<1—l292—vv2<

1, (2.93)

where the right hand side is trivially satisfied. From the left hand side, we have

1 1
—§ZQW<€_U<+§ZQW. (2.94)
As the superpotential, W = — 32 (1 + cosh(2x)), satisfies W > — 2, from the left
hand side of (2.94)), we obtain
1
1lo < e V. (2.95)

From the supersymmetry equations, we have

3
U’ = Z—Ze_QU — ggQ sinh?(2y) . (2.96)
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From (2.94), we also have

3e U 3e Y
_ 2 w2 (2.97)
lg lg
Hence, imposing (2.97) with sinh?(2y) = — g W + % W? in (2.96), we get a condi-
tion,
5 3 5 3
- (— S+ Tge—U> <U" < (— S+ Tge—U> . (2.98)

In order to obtain a Janus solution, as it was observed in the previously known Janus

solutions, we require the turning point of U to be a minimum, U” > 0. Then, from the

right hand side of (2.98)), we obtain
U 3
e < gl qg. (2.99)

From (2.95) and (2.99), there is a narrow range of initial conditions which gives

smooth and nonsingular solutions [23]],

3
U < glg. (2.100)

1l g < e

4
Outside of this range the solution becomes singular at the domain wall i.e. at the origin.
A numerical solution in the critical range is plotted in figure 2.1, with the choice of
initial conditions, U(0) = 0, x(0) = 0.01, ¥(0) = 0.1, ¢(0) = 1, a(0) = 0.1,
0(0) = 0.1,1 = 1,and g = 2. Note that the five-dimensional dilaton and axion fields,
¢ and a, exhibit the dilaton profile of Janus solutions, i.e. it takes constant values on
both sides of the interface, but jumps across the interface. Indeed we will explicitly
identify the solution to be the supersymmetric Janus solution in five dimensions in the

next section.
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Figure 2.1: A numerical solution of the supersymmetry equations

2.4 Super Janus in N = 2 gauged supergravity in five
dimensions [23]

In section 2.2.2, we reviewed a supersymmetric Janus solution, the super Janus, discov-
ered by Clark and Karch in N/ = 2 gauged supergravity in five dimensions [23]]. In this
section we will show that the solution in the SU(3)-invariant truncation in the previous
section is indeed identical to the super Janus.

Now we prove the equivalence of the super Janus and the solution in the SU(3)-
invariant truncation. There are four scalar fields living on the scalar manifold,
%: {V, o, R, a} in the super Janus and {x, v, ¢, a} in the SU(3)-invariant
truncation. We can reparametrize {V, o, R, o} in terms of {x, ¥, ¢, a} by using the
inhomogeneous coordinates, (;, ¢ = 1, 2, on the scalar manifold as an intermediate
parametrization. We present the details of the reparametrization in appendix E. By

employing the reparametrization to the action of the SU(3)-invariant truncation, (2.46)),

we find that it precisely reduces to the action of the super Janus, (2.4). Then, as the
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supersymmetry equations, (2.12)) and (2.13)), are for the special case of constant o and

«, they turn out to be the supersymmetry equations of the SU(3)-invariant truncation,
(2.81)-(2.84)), with the constant phases, i.e. 1) and a are constant, or more specifically,
a — 1 + 60 = 0. This proves that the solution of the SU(3)-invariant truncation con-

sidered in section 2.3 is indeed equivalent to the super Janus.

2.5 Lift of the SU(3)-invariant truncation to type IIB
supergravity

We uplift the SU (3)-invariant truncation in section 2.2 to type IIB supergravity by the
consistent truncation ansatz. The consistent truncation ansidtze for metric and dila-
ton/axion fields were presented in [16, 9} [10]. By employing the ansatz, lift of the
SU (3)-invariant truncation was performed in [[10], however, the five-dimensional dila-
ton/axion fields were suppressed. In this section we will lift the five-dimensional dila-
ton/axion fields, and as a consequence, we will have nontrivial IIB dilaton/axion fields.

We postpone the lift of fluxes to section 2.7.

2.5.1 The metric

The ten-dimensional metric is given by

ds* = Q%dsi, + ds3, (2.101)
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where dsi4 is an arbitrary solution of N = 8 gauged supergravity in five dimensions.
In order to have Janus solution we employ the AdS-domain wall metric, (2.49). The
consistent truncation ansatz for the inverse metric of internal space is given by [16}19,/10]

1

a?

A5 g = — KPP KKEOY 0 Vierea Q7€ O, (2.102)

where 171Jab are the inverse coset representatives of the scalar manifold explained in
appendix A, K!’P are Killing vectors on round S%, Q% is a USp(8) symplectic form,
A = det'’*(g,,,g"), and {7 is the inverse of the round S® metric. The A is obtained
by taking the determinant on both sides of the ansatz, and Q? = A~3 is the warp factor.

To apply the consistent truncation ansatz, we first prepare the proper coordinates in
which the SU(3) isometry of internal space is manifest [10]. In Cartesian coordinates,
y', I=1,...,6,0on RS we think of S® defined by the surface ¥; (y/)> = 1. Let us

introduce complex coordinates corresponding to the complex structure, .J;,
ut =yt iyt wt =0 iy W=y iyt (2.103)

We then introduce the complex coordinates where 2%, 7 = 1, 2, are the complex projec-

tive coordinates on CPy, and ¢ is the U(1) Hopf fiber angle [10]],

= , W= (14 217 + 227, Y2eiv, (2.104)

Convenient real coordinates for the complex coordinates are [[10]

= —tanf g (a1, as, az) , (2.105)

41



where g (a1,a,ar3) is an SU(2) invariant matrix in terms of Euler angles, e.g.

6_%(a1 +a3) cog (%) e—%(m—as) sin (%) | (2.106)
_eti(an—as) gip (%) ets(a1+a3) g (%)

9(0417 g, 053) -

With the choice of above coordinates, the lifted metric of internal space reduces to

1 1 .
dsi = mdsép2 + cosh x (dp + 5 sin®0 o3)?, (2.107)

where

1
dsgp, = db” + 1 sin?@ (0? + o5 + cos*fo3), (2.108)

and o; are the left-invariant one-forms of SU (2), (2.18]), which satisfy do; = % €ijk O N
ox. The warp factor in (2.101) is Q2 = cosh'/? X- As mentioned before, lift of
the SU(3)-invariant truncation was performed in section 2.9 of [10] without the five-
dimensional dilaton/axion fields. Compared to the parametrization of internal space in
[10], here we have o; — —«;,0 — —0,¢p — —p. Besides the parametrization, the
lifted metric, (2.107)), is identical to the one in [10], i.e. it is independent of the five-

dimensional dilaton/axion fields, ¢ and a.

2.5.2 The dilaton/axion fields

The IIB dilaton/axion fields (@, C’(O)) form a complex scalar, 7, and are related to B by

|
s

T=Co +iec® =1 (2.109)

and f is defined by
f = — (2.110)
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The consistent truncation ansatz for the dilaton/axion fields is given by [9]
A3 (SST)C“B = const x €7 % Viy Y s Ayl y? Que Qpa - (2.111)

From the ansatz the dilaton/axion field matrix, .S, in the SL(2, R) basis reduces to

1 2+ (B+ B*) i(B—- B
S = —— , (2.112)
21—|BP \ {(B-B*) 2—(B+ DB

where

B = ie%tanh¢. (2.113)

By changing the basis to SU(1, 1), we obtain the dilaton/axion field matrix, V', [9],

1 B 1 1
V=U'SU =f , U = , (2.114)
B* 1 T —1

where

f = cosho. (2.115)

Then from (2.109)) the IIB dilaton and axion fields are

® = In (cosh(2 ¢) — sin(a) sinh(2 ¢)> , (2.116)

1
Co = sec(a) coth(2¢) — tan(a)’ .17

and we note that they manifestly depend on the five-dimensional dilaton/axion fields, ¢
and a. In fugure 2.2 the IIB dilaton and axion fields are plotted with the identical initial

condition as figure 2.1. Note that the dilaton and axion fields exhibit the dilaton profile
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of Janus solutions. Indeed we will explicitly identify our lifted solution as a special case

of the supersymmetric Janus solution in type IIB supergravity in the next section.

® Co
12401

12351 1.0616
12301

1925 1.0614

L L L L r
-4 -2 / 2 4 . - r

Figure 2.2: A numerical solution for the dilaton and axion fields

2.6 Supersymmetric Janus solution in type IIB super-
gravity [20]

As remarked in the introduction, the supersymmetric Janus solutions in type IIB super-
gravity were constructed by D’Hoker, Estes and Gutperle in [20, 21} 22]] with variety of
supersymmetries and isometries. In this section we will show that by choosing metric
and dilaton/axion fields to be the lifted ones in section 2.5, the supersymmetric Janus
solution with SU(3) isometry in [20] is completely determined, i.e. this choice fixes all
the IIB fields uniquely including three- and five-form fluxes.

Now we compare the lifted metric, (2.107), and the dilaton/axion fields, and
(2.115)), in section 2.5 with the supersymmetric Janus solution in type IIB supergravity
presented in section 2.2.3. By comparing the metric and the dilaton/axion fields, we find
that the metric and dilaton/axion field functions in the supersymmetric Janus solution in

type IIB supergravity in section 2.2.3 are given by

fi = cosh'/?y, (2.118)
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fo = cosh /2y, (2.119)
f1 = €V cosh? x| (2.120)
B = ie'® tanh ¢, f = cosho. (2.121)

We find that by plugging the above set of functions into the field equations, (6.6), (6.13)-
(6.16), and the supersymmetry equations, (7.24)-(7.29), in [20], the remaining functions

in the solution are completely determined, and we obtain

cosh(2x) —5
= —— (2.122)
Js 4 cosh'/? X
fs = ¢ @=%) ginh ¢ tanh y, (2.123)
g3 = —ie ¥ cosh ¢ tanh y . (2.124)

These functions uniquely fix three- and five-form fluxes in (2.19) and (2.22). Further-
more, we note that this choice of the functions falls into the special case, a?F¢ = 0,

explained in section 2.2.3, and we obtain the hyper-elliptic integral,

U\’ 2 12 )\ _
72 <E) = eV ¢ 50226 Ut 1 (§C§> e 10U 1, (2.125)
where ¥ = eV and p = 1. This proves that the lifted metric and the dilaton/axion

fields from the SU (3)-invariant truncation in section 2.5 indeed give a special case of

the supersymmetric Janus solution in type 1IB supergravity in [20].
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2.7 Lift of the SU(3)-invariant truncation to type IIB
supergravity (continued)

In this section we continue the lift of the SU(3)-invariant truncation to type IIB super-
gravity, and uplift the three- and five-form fluxes which were not considered in section
2.5. The lift formulae for three- and five-form fluxes were proposed in [18]], however, we
will find that those formulae do not reproduce the correct fluxes for the curved domain
walls. We will propose modified lift formulae for three- and five-form fluxes valid for
both the flat and the curved domain walls, and check them for some nontrivial cases

including the SU (3)-invariant truncation.

2.7.1 The three-form flux

The three-form flux is defined by, e.g. [50,51],

G(g) = dC(g) — TdB(Q)
= dC(g) — (C(o) + Z'e_(p) dB(g)
= (AC2) — Co)dBy)) — ie™" dByy

= Fg —ie " Hg, (2.126)

where C2) and B,y are RR and NSNS two-form gauge potentials respectively, and we
also define

Fzy = dCp) — Clo)dBy, (2.127)

Hyy = dB . (2.128)
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By examining flow solutions in the flat domain walls, a lift formula for the two-form

gauge potential was proposed in [18],

oy' ay’
B g = k L* M*P (yK Vka ab) <V1Jab v ) )
where 4! are the Cartesian coordinates for an RS embedding of S®, £P are the intrinsic
coordinates on the S5, M = S ST, and S is given in (2.112). However, if we apply
the formula to the SU(3)-invariant truncation with dilaton and axion fields, it does not

produce the correct two-form gauge potential found in (2.22) with (2.123)) and (2.124).

What we obtain from (2.129) is a complicted expression and even cannot be expressed in
a simple manner by combination of ), and (2,, as the correct two-form gauge potential
is, hence, we do not present the result here. By empirical observation we propose a

modified lift formula for two-form gauge potential,

T 4
B — " A3

apq _\/§ A~

(2.130)

oy’ oy’
(?JK Vika ab) (Vuab J 2y ) )

oEr déa
where A is the warp factor, and B, = B(y), B, = C(2). We have verified that this lift
formula indeed produces the correct two-form gauge potential in section 2.5. There is

also another combination of two-form gauge potentials,

e™ tanhy —
Ap) = Cgy — 7B = . Q 2.131
) @~ TP cosh¢ + ie@sinhg ( )
where
| P 4 : L. :
0y = ¢ Ysinf (2idl A (01 + i02) + 3 sin(20) (o1 + i02) A o3 |,
(2.132)

is the holomorphic (2,0)-form of the internal space [[10]].
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2.7.2 The five-form flux

The lift formula for five-form flux was also proposed in [18], however, we will find that
it does not reproduce the correct five-form flux for the SU(3)-invariant truncation with
dilaton/axion fields in section 2.5. In this subsection we propose a modified lift formula
for five-form flux from empirical observations.

‘We consider the metric,
dsi, = VW ds] + dp?, (2.133)

where ds? , is any solution of A/ = 8 gauged supergravity in five-dimensions, and vols
denotes the unit volume form of ds%A, and voly of ds?. We define the geometric -

tensors,

War = — €y 47 Q" Vigae Vigoa (2.134)

—~

Waed = + €’y y” Viaas Vigea, (2.135)
and the geometric scalar potential,
P=-i (2Wap W — Wapea W) . (2.136)

The geometric superpotential, W, is one of the eigenvalues of Wab.
Before presenting the modified lift formula, let us review the lift formula proposed
in [18]],
F = F + *F, (2.137)

where

F = d(Wuoly). (2.138)
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Applying this formula to the SU(3)-invariant truncation with dilaton and axion

fields, with W = W, p; = x andvol, = e*V €.po 10 this case, we obtain

F = d(Wwoly)
= %Zj aafj dr A voly + 4W%—[r]dr A voly
_ (gg %ff + 4W%—f) vols
- (8832/ <g ?ZV) + 4W <—§W7)> vols
=4 (g‘gg 2 — gWQ) yvols
= 4P ~ywols . (2.139)

where P is the scalar potential and -y is from the supersymmetry equations invoked when
taking the derivative of the geometric superpotential. However, it is not the correct five-
form flux, (2.19) with (2.122]), as the correct one does not have the factor of 7

Now we propose the modified lift formula for five-form flux,

32 ~ oW
F = ?/PUOZLE, + 8—@615” A U0l47 (2140)

where £P are the intrinsic coordinates of internal space.

* In fact the five-form flux in (2:19) with (2:122)), is also the correct five-form flux in [10], which is the
lift of the SU (3)-invariant truncation in the flat domain wall i.e. without dilaton and axion fields. Hence,
for the flat domain wall, v = 1, and the formula produces the correct five-form flux in [10].

49



By employing the lift formula to the SU(3)-invariant truncation with dilaton and
axion fields, we obtain that P = P, W = W, so % = 0. Hence, the five-form flux

is

cosh(2x) — 5

F5y = cosh? h(2 ) — 5) vols —
) cos X(cos (2x) )1105 2 cosh® x

Jy N Jo A+ A), (2.141)

where J; is the Kdhler form, and 7 is the one-form dual to the Reeb Killing vector to
be explained more in section 2.8. This is indeed the five-form flux found in section 2.6.
We believe that the modified lift formula, (2.140)), generates the correct five-form fluxes
for all the flat domain wall cases that the lift formula in [[18]] was tested. So far we have
verified that it does produce the correct five-form flux for the SU(2)x U (1)-invariant
truncation in section 2.3 of [[10] which is more nontrivial case with P #+ P, w #+ W
and % # 0.

However, the lift formula only gives the terms of five-form flux which do not involve

the gauge field, A,, in five dimensions. For the complete five-form flux, we will just

present the flux obtained by using the results in [S0, 51]],

|
Fis) = cosh® x(cosh(2x) — 5) vols — 5 xK A (0 + A) = #(dA) A Jy

cosh(2x) — 5 1
————— b AL AN+ A) - —KAN N J
2 cosh? y ? 2 A (1 ) 4 cosh* x ? ?
—dA N Iy, N (n+ A), (2.142)
where
K = —sinh®(2x) (8,¢ +sinh®¢d,a + g A,) da*. (2.143)

In this section we proposed the lift formulae for three- and five-form fluxes, (2.130)
and (2.140). However, we should stress that we have not derived them from a consis-

tent truncation of type IIB supergravity, but have constructed them based on empirical
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observations. It is possible that some modification would be needed in the general case,

as they are modifications of the formulae in [18].

2.8 Type IIB supergravity on Sasaki-Einstein manifolds
[50, 51]]

Recently there has been notable development in consistent truncation of type IIB super-
gravity on Sasaki-Einstein manifolds [S50, 51,152, 53]]. In this section, we will show that
the SU(3)-invariant truncation of A/ = 8 gauged supergravity in five dimensions and its
lift to type 1IB supergravity in section 2.3, 2.5 and 2.7 provide a particular example of
consistent truncation in [50, 51]].

Locally the Sasaki-Einstein metric can be written as [50} 51]]
ds*(SEs) = ds*(KE,) + 1 ® n, (2.144)

where ds® (K E,) is a local Kihler-Einstein metric with positive curvature and 7 is a
globally defined one-form dual to the Reeb Killing vector. There are also a globally

defined Kéhler two-form .J; and a (2, 0)-form complex structure {25, and they satisfy

dn =2J,, (2.145)

dy =3in A Q. (2.146)
The type IIB metric is then given by [S0, 51]

ds® = 3 WU+Y) dsip + €V ds® (KEy) + ¢ (n + A) ® (n + A),  (2.147)
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where ds%E) is an arbitrary metric on an external five-dimensional spacetime, U and
V are scalar functions Pl and A is a one-form defined on the external five-dimensional
spacetime.

In [S0, 51] it was shown that the consistent truncation of type IIB supergravity on
Sasaki-Einstein manifolds leads to N = 4 gauged supergravity coupled to two vector
mulptiplets in five dimensions. In section 5.3 and 5.4 of [S0] and section 3.4.8 of [S1],
a particular truncation is presented, and for instance, the five-dimensional action for the

particular truncation is E]

1 1 1
Liin = — 5@0 oMo — 3 sinh?(20) (0,0 — EGCD 9,Cio) — 34,)°
1
— g cosh? o (8,;1) oHd + 62¢)8MC(0) 8“0(0)), (2.148)
P =+ 3%92 (cosh®(20) — 4 cosh(20) — 5) , (2.149)

where o and 6 are five-dimensional scalar fields, |Z| and ® and C(g) are dilaton and axion
fields of type IIB supergravity respectively. It seems that the axion field is charged under
the gauge field in the kinetic term, however, it is only an artifact of this parametrization.
The kinetic term in terms of the projective coordinates on the coset manifold, (E.g)),
shows that the SL(2,R) invariant complex scalar field is not charged under the gauge
field. This truncation without the dilaton/axion fields was used to construct a holo-

graphic superconductor in [27, 28]].

3 Here U and V have nothing to do with the warp factor, U, in (2.49) and the scalar field, V, in 2.10).
% In the truncation in section 3.4.8 of [51]], the dilaton/axion fields were not considered.

7 Here o and 6 have nothing to do with the scalar field, o, in (2.10) and the phase, § in (2.69).
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We found that the following reparametrization of the particular truncation precisely
reproduces the five-dimensional action, (2.46)), and the lifted IIB fields of the SU(3)-

invariant truncation in section 2.5 and 2.7, [}

o =X,
_ 4 (costp — sin(a — ) tanh ¢
6 = Tan (sinw — cos(a — ) tanhqﬁ) ’
® =1In (cosh(Q ¢) — sin(a) sinh(2 gzﬁ)) ,
1

Co = sec(a) coth(2¢) — tan(a) 2.150)

This proves that the SU (3)-invariant truncation of A" = 8 gauged supergravity and its
lift indeed provides a particular example of type 1IB supergravity on Sasaki-Einstein

manifolds in [50, [51]].

2.9 The SU(2)xU(1)-invariant flows with dilaton and
axion fields

In this chapter, we studied the SU(3)-invariant truncation with dilaton and axion fields,
and showed that this truncation and its uplift have the SU(3)-invariant supersymmetric
Janus solution as their solutions.

On the other hand, as mentioned in section 2.2.2, according to the classification of
Janus solutions in type IIB supergravity [47]], there are four kinds of solutions with
SO(6), SU(3), SU(2)xU(1) and SO(3)xSO(3) isometries, and each of them has
zero, four, eight, and sixteen real supersymmetries, respectively. The one with SU(3)-

isometry is what we have constructed in this chapter. However, the supersymmetric

8 We refer to appendix E for this reparametrization
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Janus solution with isometry of SU(2)xU (1) has not been constructed explicitly so far.
Interestingly, there are the SU(2) x U (1)-invariant flows with A" = 1 [10] and N =2 [9]
supersymmetry in (I.3) and (1.4)), respectively. Hence, it is natural to try to include dila-
ton and axion fields to the SU(2)x U (1)-invariant flow to construct the Janus solution.
Now we consider the N = 2 supersymmetic flow [9]] with dilaton and axion fields.
As we have reviewed in section 1.2, this flow in [9] involves two scalar fields, y and «,
dual to a fermion bilinear and a scalar bilinear, respectively, (1.4). This flow flows to
Hades, however, when uplifted to type IIB supergravity, the singularity is resolved. It

describes the Coulomb branch of /' =4 SYM. We have the coset generators, X7k,

1

Y = EEUKQ de! A dx? A de® A dy©. (2.151)
With the complex coordinates, 2, = z* + 22, 20 = 2% — ia?, 23 = 2° — i 2%, and
24 = y' + iy?, we have
4
2= o (T + 1), (2.152)
i=1
where
le—dzl/\dZQ/\d2’3/\dZ4, ng—dzl/\dzg/\d&g/\d,&l,

Ts = —dz; A dzg A dzZs A dZ4, T, = —dzy N dzy AN dzs N dzy. (2.153)

We also consider two SL(6, R) generators,

A7 = diagla + B,a+ B,a — B,a — B, —2a, —2a), (2.154)
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with two noncompact SL(2, R) generators which are dilaton and axion fields, (2.37)) and
(2.38), as before. We take a subtruncation with two scalar fields, o and y with dilaton

and axion fields, ¢ and a,

a# 0, X =¢1 =¢s #0, f =0, Y2 = @3 =0. (2.155)

The scalar fields, « and , are dual to the field theory operators in (I.4)). In this sector the
W has two eigenvalues, each with degeneracy of four. One of these two eigenvalues is

the superpotential,

11
W = i 5;)4 cosh(2y) , (2.156)

where p = e®. This gives the scalar potential by (2.54). The four eigenvectors for the

superpotential, IV, are

77?1) = (Oa 07 _17 07 07 07 Oa 1)7 77?2) = (07 07 Oa 17 07 07 17 0)7

iz = (1,0,0,0,0,1,0,0), niy = (0, -1,0,0,1,0,0,0), (2.157)
and they are related to each other by
Qunpy = — 0y Qany =+, (2.158)

Qanlsy = =1y, Qi = + 1y (2.159)

where ), is the U Sp(8) symplectic form given in e.g. [8]]. As we have two symplectic
pairs of spinors, there are two times more supersymmetry than the flow in section 2.3.

Hence, it is an N = 2 supersymmetric RG flow.
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2.9.1 The supersymmetry variations (I)

Now we consider the supersymmetry variations. In order to involve the dilaton and
axion fields, ¢ and a, as in the previous sections, we employ the AdS-domain wall of
(2.49). For simplicity we explicitly assume trivial phase of the dilaton field, i.e. the
axion field is trivial, a’ = 0. Let us consider the integrability conditions of the spin-1/2

field supersymmetry variation,
) Xabe = P;wbcd ’7“ Ed - g Adabc €d s (2160)

where ¢? are the spinors in (2.58). We choose two different components of the spin-1/2
field,
dxas7 = 0, 0 xze8 = 0. (2.161)

By iterating these two equations, they reduce to
gi — My ’}/4 éj = 07 (2162)
where

my = —ie **csch(2y) ¢,
miy = 2e **csch(2x) X',
my = —2e **csch(2x) X',

My = ie **csch(2y) ¢ . (2.163)
If we take other two components of the spin-1/2 field,
dxas7r = 0, Oxass = 0, (2.164)
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we obtain

& — myyte =0, (2.165)

where

My = —ie **csch(2y) ¢/

+ %ieloo‘ csch?(2y) [2 (1 — €® cosh(2x)) X" + 3¢ sinh(ZX)o/} :
M1y = 2e **csch(2y) Y — ge_wa csch®(2x) (1 + €* cosh(2x)) ¢',
Mg = —2e **csch(2x) X',

Mgy = ie **csch(2y) ¢ (2.166)

However, regardless of taking any components, there should be a unique supersymmetry

variation. Hence, by comparing m15 and 12, we conclude that
¢ =0, (2.167)

i.e. the dilaton field should be trivial for the A = 2 supersymmetric flow. With ¢/ = 0
it reduces back to the flow on the flat domain wall in (2.49). Note that we have assumed

the axion field, a, to be trivial in this section.

2.9.2 The supersymmetry variations (II)

In the previous subsection, we showed that the SU(2) x U (1)-invariant N = 2 supersym-
metric flow cannot involve nontrivial dilaton field, provided the axion field, a, is trivial.
Now, without assuming trivial axion field, we solve the supersymmetry variations, as

we have proceeded in section 2.3.2.
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First we consider the spin-3/2 field variation. For the ¢-, z-, y- directions, we obtain

1
Ur@We, — eV 7(3) €y — ggWab e =0. (2.168)

In the same manner as in section 2.3.2, we obtain the same projection condition,

YW E =i |£y(0Dy + V1-2 (cos@ (c')i; + Sine(ag)ij)} € = Sij ¢,
(2.169)
where 0/, i = 1, 2, 3, are the Pauli matrices.

Now we solve the spin-1/2 field variation in the same manner as in section 2.3.2,

1
8 Xabe = V2 [7“ Prasea € = 5 9 Aause ed] ~0, (2.170)
and obtain
2
i,j=1

where S;; is defined in (2.169) and for a specific choice of abc indices,

Py = Pyaped 77&) ) Py = Piapea 77212) ) A1 = Adabe 77211) ) Ay = Adabe 77212) .
(2.172)

Then we try to solve

2

> RSy - % Aidy) = 0, (2.173)

=1

where j = 1, 2. However, unlike the SU(3)-invariant truncation in section 2.3.2, it
gives equations involving ¢', da/, x/, o/, and they contradict with each other. Hence,
they cannot be solved for ¢', a’, x’, @/. On the other hand, if we set ¢’ = 0, a" = 0,
the equations reduce to the flow equations on the flat domain wall in [9]. Therefore,

by employing the projection conditions on the spinors, (2.169), it seems that the N =2
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supersymmetric SU (2) x U (1)-invariant flow does not allow nontrivial dilaton and axion
fields. However, there can be additional conditions on the spinors, €;, which we have
not found yet. It remains as a future work to study if there are any additional projection
conditions to solve the supersymmetry variations.

We have also considered the A = 1 supersymmetric SU(2)x U (1)-invariant flow
[10] in (T.4) in the same manner. Like the N = 2 supersymmetic flow here, by employ-
ing the projection conditions, (2.169), N = 1 supersymmetric flow seems not allow

nontrivial dilaton and axion fields.
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Chapter 3

Holographic RG flows with gauge fields

3.1 The SU(3)-invariant flow with electric potentials

3.1.1 The supersymmetry variations

Due to the top-down models of AdS/CMT, consistent truncation involving gauge fields
has become an interesting topic. Motivated by this, the N’ = 1 supersymmetric
SU(2)x U (1)-invariant flow [8] [10] in (1.2]) was generalized to involve electric poten-
tials, and a flow interpolating between two global AdSs was discovered [37]. In this
section, in the same spirit of [37], we study the electrically charged SU (3)-invariant
flow with and without dilaton and axion fields. [1
We consider the global AdS background,
d? dr?

ds? = V) f(r)y?dt* — = (o} + o3 + og) — W,

1 3.1

'As we have seen in section 2.3.2, there are two superpotentials, (2.52)) and (2.33), in the SU(3)-
invariant truncation. If we set all scalar fields but one to vanish for the superpotential of the N = 1
supersymmetric SU (2) x U (1)-invariant flow in [37]], we recover one of the superpotentials of the SU (3)-
invariant truncation, (2.53). However, only (2.52)) gives the correct scalar potential and flow equations.
Hence, the electrically charged flow studied in [37]] does not guarantee the existence of the electrically
charged SU (3)-invariant flow, which we are going to consider in this section.
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where d is a constant parameter, and o are the SU(2) left-invariant one-forms,

01 = cosazday + sinag sinag das ,
0y = sinagda; — sinaq cos asdas ,

03 = das + cosay das (3.2)

which satisfy do; = % €ijk O N O.

The supersymmetry equations are obtained by setting the supersymmetry variations

of fermionic fields, i.e. the spin-3/2 and spin-1/2 fields, to zero. The bosonic parts of the

variations are [[14]]

1 1
5?%(1 = Du €a — 6 g Wab Y Eb - 6 Hl/pab (f)/l/p i + 2")/,/ 6Z) eb ) (33)
1 3
0 Xabe = \/5 7“ Pyabcd ed - 5 g Adabc Ed - 4_1 7/“/ H,Lw[ab €| | > (34)
where
1 .
D,uea = a,uea +Zwuzj7” € + Q,uabeb- (35)
We define
Hp,l/ ab _ F,uz/ ab + Buy ab) (36)
where
F,uzl ab __ F/,LZ/IJ VIJab ’ B/,LI/ ab __ B;w Ia VI& ab ) (37)

For the SU(3)-invariant truncation, we have

FquJ - au141/IJ - 8VA,UJJ7 B,uzlla = 07 (38)
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and we only consider the solutions with electric charges,
Airg = O(r) Jr, (3.9)
where J;; is the complex structure, hence, the only non-zero component is
Hypap = 0, Ay V7 = & Jp, Y17t (3.10)
The eigenvectors, N1y 1(a)» are related to each other by
Qavnly = — oy Qaley = +71 (3.11)

where €, is the U Sp(8) symplectic form. Then, as in section 2.3.2, the SU (3)-invariant

five-dimensional spinors are defined by

€ =iy é + Ny e, (3.12)

o = Qe = — Mgy €1 + My €2, (3.13)

where €; and €, are spinors with four complex components. It is convenient to define

the quantities, H, ();, and the superpotential, W,

Wab 77?1) = W 7/]?1) s Wab 77?2) = W 77?2) y (314)
Hyanniyy = —Hnly,  Heanlitay = +Hnfhy, (3.15)
Qra’nlyy = —Qenly,  Qua’May = +Qunfyy (3.16)
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hence, we have

W€ = W e, (3.17)
Hyan € = Hyyap (77?1) & + 77?2) &) = —Hnyér + Hnlyyés = Heg, (3.18)

Qra’ € = Qtab(— 77?2) € + 77?1) €2) = —(Qy 77?1) € — @y 77?2) & = — Qe (3.19)
Then, we further define the quantities,

A(n) = eV (2H + g), A=2f1eV(Q - 5). (3.20)

The time-dependence of the five-dimensional spinors on the global AdS is given by

c

c
06y = — —é9, 06y = + - €1, 3.21
€1 7 t€2 7! ( )

where c is a constant parameter.
Now we consider the spin-3/2 field variation, (3.3). For u = ¢, p, r, where p =

x, vy, z, respectively, the spin-3/2 field variation gives

1 1~ 1 1
5+ fUN ' ea — SAE - EQWVOEb — 51\(0)746@ =0, (322
1 /7 0 _4 1 0 a 1 4
EfUVVGa—EQWVE +6A(3)7 €& = 0, (3.23)
1 1
f@TeajLmeeb—i—EgW'y4eb+§A(O)’yOea:O. (3.24)

Now we consider the spin-1/2 field variation, (3.4)). It reduces to

) L . g ) .
V' Pravea (1) &1 + 0y €2) 7" Pravea (1) €1 + 0y €2) + 5 Adabe (nfy &1 + nfy é2)
3 (&

— S Hotan (= iy &1 41y &) = 0, (3.25)
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With a specific choice of abc indices we define

Pt abcdnzil) - Pt17 -Ptabcdné) - Pt?; Prabcdn(dl) - P’rh Prabcdn(dQ) - P’I‘27
(3.26)

Adabcngl) = Ala Adabcné) = A27 Hrtabnt(:l) = Hla Hrtabn(cz) = H2-
(3.27)

Then, we have

. . i . . . 3 ., . .
’}/t(]jﬂél + PtQEQ) —|- ’Y (Prlel + PT»ZEQ) + g(Alel —|— AQEQ) — 5’}/ t(_H2€1 + H162) = O,
(3.28)

and it reduces to

€_Uf_1’YO(Pt1€1 + Pioéy) + f’Y4(Pr1€1 + Pooés) + g(Alél + Ay és)

3 . R
— 56_(]7470(—]-]261 + Hié&) =0. (3.29)

3.1.2 The flow equations without dilaton and axion fields

Note that, in the SU (3)-invariant truncation, there are four scalar fields, y, ¥, ¢, a. The
scalar field ) is the phase of , and a is the phase of ¢. Also ¢ and a are the dilaton and
axion fields, respectively. In this section we first solve the supersymmetry variations
only with x. From the spin-1/2 field variation, (3.29), we obtain
ow >
FXra -2 XA =0,
2 Ox
ow =
XA e+ 2% - X% =0, (3.30)
2 Oy
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Now we collect all the supersymmetry variations,

1

1
6gW706b — gA(O)74ea =0,

1 1~
—(f + fU)Y e — s A —
2 2
1 /0 _4 1 0 a ]‘ 4
SFU Y e = cgWaTe® + 2AB)7 & = 0,

1 1
farea + Qrabeb + agw,y4€b + gA(O)’}/OEQ = 0,

ow ~
fX//}/LEa - g_Ga + X’yOGa = 07
2 Ox
where
An) = eV <3<I>’ + g) , A= —fleV (BgCD cosh? y + =

X = ng eV f71 ® sinh(2y).

Subtracting (3.32)) from (3.31)) gives

1 1~ 1
§f'70746a - 5/\6“ — 5/\(1)’}/46& = 0.

We consider the dielectric projection condition on the spinors,

€1 coséAY —sinéqt €1
+ — 0,
€9 sinéy*  coséA? €

2)7

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)
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where £ = £(r). With this projection condition we recast the equations, (3.32)), (3.34),

(3.36). as
A ¥ (C 2X X,
CSTAM T T3U T T gow . faol
, A 1gW 21 O W
siné = ——— = — = — = — = :
A(l) 3 fU go W 12 fof

From the third equality of (3.38) and the second equality of (3.39),

LAB) — A1) 1 ({2X A
3 ju gl Tw)

and from this, we obtain one of the flow equations,

From the second equality of (3.39), we obtain

13U

2c
P + - ==_—(g® cosh® =
+d gW(g cos X+d),

and using this in the second equality of (3.38)),

2 2
ffl=—-—=e%o g@cosh2x+—c .
3c d

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)
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One can show that (3.43)) and (3.44)) are consistent with

1
o = —§eU\/f2 — 2, (3.45)
and
d 3U 2 2 2 2U
%[e v f _C]:;ie ) (3.46)

Hence, we find the flow equations for the scalar fields, warp factor, and the electric

potential similar to the ones in [37].

3.1.3 The flow equations with dilaton and axion fields

In this section, we consider the supersymmetry variations with all four scalar fields, Y,

Y, ¢, a. The spin-3/2 field variations, (3.31), (3.32), (3.33)), do not get modified by

including more scalar fields. For the spin-1/2 field variation, (3.29), with all four scalar

fields, we obtain for the real part,

. 1 . ow S 0.
XA = (L= S f +sinh?ga) vt ) Toe + X% | cosy
2 3 ax
1 ow >
e+ (L - S rw +sin’ea)yt) TE — X404 | sing = 0,
2 3 ax
(3.47)
where
X = ge*U FH(®@1 + By + ®3) sinh(2y). (3.48)
For the imaginary part, we obtain
/ . o 1 . Pl .
aé; + sinaéy — sin a' (—sinaé aé) =0, :
¢’ (cos + s ) + 5 h(2¢)d’ (—s + cosaéy) =0 (3.49)
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which gives

¢ =0, (3.50)

and

=0 or a =0. (3.51)

Hence, we again conclude that the dilaton field, ¢, should be trivial.

3.2 The SU(3)-invariant flow with magnetic fields

3.2.1 The magnetic brane solutions

Recently, from the AAS/CMT perspective, there were interests in magnetic brane solu-
tions in supergravity [31} 32, 33 134} 135, 36]. In this section, we review the magnetic
brane solutions in [32].

We consider the truncation of type IIB supergravity to a five-dimensional Einstein-

Maxwell theory [32]. The truncated Lagrangian is

1 1 .
Ls = R — 1 2-31 D, Ty Ty D" Ty — gﬂng’lle;{,F,fl” -V, (3.52)

where the scalar potential is

2
V=L (2TuT — (Tu)?) . (3.53)

and

Dyt = du' + gAY i . (3.54)
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Here T;; is a symmetric 6 x 6 unimodular tensor to represent the 20 scalar fields in the
20’ representation of SO(6). The A% are the one-form potentials to represent the 15
gauge fields.

The first ansatz interpolating between AdSs and AdS; x T?is

2

ds? = —U(r)dt* + + 0 ((d2')? + (da?)?) + SV ay?, (3.55)

U(r)
with
v 0 0 0 0 O
0O 7 0 0 0 O
0 0 7 0 0 O
Ty = , (3.56)
0 0 0 17y 0 O
0O 0 0 0 T35 0
0O 0 0 0 0 13
0 =X\ 0 0 0 0
A O 0 0 0 O
y 0 0 0 =X 0 O
F(g) = F2), (3.57)
0 0 A2 0O 0 0
0 0 0 0 0 =X
0 0 0 0 Az O
and
Foy = Bdz' A da?. (3.58)
By solving the equations of motion, we obtain
T‘2 L2
ds? = 7 (—dt? + (dz')? + (dz®)? + dy*) + — &, (3.59)
T
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which is the expected ultraviolet solution at r — oo where B = 0. At infrared where

B # 0, we obtain

where

111
L‘ng—(—+—+—),

3 \Th T, 15
1[N A2 N

This is the product of a BTZ black hole and a torus. At zero temperature limit, we obtain
AdS3 x T2

The second ansatz interpolating between AdSs and AdS; x T3 is

2

U(r)

dsi = —U(r)dt* + + eV ((da')? + (d2)” + (d2®)*),  (3.62)

with T; identical to the previous one and

0 M Tl 0 0 0 0
M Fl 0 0 0 0 0
. 0 0 0 X F2 0 0
Fs) = Y o G6Y)
0 N T2 0 0 0
0 0 0 0 0 X
0 0 0 0 N F 0
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with

Floy = Bida? A da®
.7:(22) = Byda® A dx',

Fioy = Bsda A da® . (3.64)

By solving the equations of motion, we obtain

dr?

ds; = g°r® (—dt* + (dz')® + (do®)? + (dz°)*) + 5=, (3.65)
g*r
which is the expected ultraviolet solution at 1 — oo where B = (. At infrared where

B # 0, we obtain

dr? B
d2:_82 2—2dt2 d12 d22 d32
sz g (r* —r7) +8g2(r2—ri)+g\/§((x)+(x)+(x))’
(3.66)
where T} = T, = T3 = land L™! = g. At zero temperature limit, we obtain

AdSQ X TS.

3.2.2 Configurations of magnetic fields

Motivated by the magnetic brane solutions in the previous section, we study the holo-
graphic RG flows in the presence of magnetic fields. To be specific we study the SU(3)-
invariant truncation with magnetic fields. Instead of the global AdS, we consider the

Poincaré AdS background,

(3.67)
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In the SU (3)-invariant truncation there is only one gauge field, and we have two choices,

or

Aa: = A1(9€,y, 2), Ay = Ag(x,y,z), Az = A3($7ya Z)

(3.68)

(3.69)

We will consider the first and second cases in section 3.2.3 and section 3.2.4, respec-

tively.

3.2.3 The SU(3)-invariant flow with magnetic fields (case I)

We consider the background in (3.67). We define
H,uu ab _ F/,Ll/ ab + BW ab7

where

b IJab b I b
F,ul/a = F,ul/IJV a’ B/ﬂ/a = BH,V O[]}Ioca .

For the SU (3)-invariant truncation, we have

FMZ/IJ = (ap,Al/ - aVA,u) JIJ) B/u/la = Ov

(3.70)

(3.71)

(3.72)

where J;; is the complex structure. We consider the magnetic components of the gauge

field,

(3.73)
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Hence, the non-zero components are

Hracab - 87’1433 J]J VIJab ) Hryab = arAy J]J VIJab ) Hrzab = arAz JIJ Vljab .

(3.74)

Now we solve the supersymmetry variations. From ¢ ¢, = 0, from v¢,, = 0,

0y = 0,01, = 0, and from dx.c = 0, we obtain, respectively,

1 1
— ZgWAter - 2
cI" T Ty 3

2
ow
— X7t + gwea + (X1 + Xoy? + X39%) e, = 0,
where
%74
Hi:§A§, Qi = gW A;, Xi:ga_Ze_UAi-
2 2 Ox

Now we consider a projection condition on the spinors,
€, — sinéxter + (0171 + ey + 0373) €, = 0,

where

sin?é +cf +c+a =1,

or

2 2 2 2

1 1 1
S fU A e + GIWe + §e‘U(le + Qa7 + Q37%) e, = 0,

1
(f'+fUNe+seV fF(Hi Y + Hyy* + H3) e, = 0, (3.75)

(3.76)

(3.77)

(3.78)

(3.79)

(3.80)

(3.81)
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We recast the equations, (3.73), (3.76), (3.77), as

. v s9W X
TgW P U
2¢7YQ; sV fH, X
(=2 Q@ _se S X (3.83)
W [T
or after plugging (3.78)),
: R s9W X
= /
U I U
We do not present the procedure, but just the first order system they reduce to,
, 1
U :—ggWh, (3.86)
,  gow
= — 3.87
I ! 14 ! — fh (3.88)
1
Al = —2A,U e (3.89)
where the new function, h = h(r), can be determined from the condition, (3.80) or
(3.81), as
4e V(A3 + A3 + AY) =1 — f2h2. (3.90)
From (3.85)), we have A; = Ay = Aj, hence, (3.90) gives
1
A = —=eV /1 — f2h2 391
23 f (3.91)
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By differentiating (3.91) and using the flow equations and the conditions known so far,

we obtain

AN L
v (12,

and it should be identical to (3.89), hence, we obtain

£ Oh p

hof — frh?’

By integrating (3.93)), we obtain

where we have set h = 1 when f = 1. Hence, we obtain the flow equations,

1 2
U= —=gW,/3 - =

3g f2’
,  gow 2
= ——— 3—_
X7 9%y f2

1 1 7
I T -1B- =)

f\3— % /

They satisfy the projection condition as they reduce to

siné = /32 — 2, ¢ =2e VA =/1- f2,

and

sin?é +cf+c+a=0BfFf-2)+3(1—f)=1.

(3.92)

(3.93)

(3.94)

(3.95)

(3.96)

(3.97)

(3.98)

(3.99)

(3.100)

When f = 1, it reduces back to the flat domain wall solution with no magnetic fields.
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However, we have also solved the field equations for this truncation, and the flow
equations we obtained here were not consistent with the field equations. It remains as
a future work to find out why the supersymmetry equations were not sufficient to solve

the field equations for this truncation with magnetic fields.

3.2.4 The SU(3)-invariant flow with magnetic fields (case II)

We consider the background in with the magnetic field,
A:c = Aa:(xayvz)ﬂ Ay = Ay(l',y,2’>, Az = AZ(ajvy?Z) (3101)
Hence, the non-zero components of H ., are

Hoyar = (0:A, — 0,A,) Ty VI
Hyzab - (ayAz - 62Ay) JIJ VIJabv

H.pap = (azAx - azAz) JIJ VIJab . (3102)
Now we solve the spin-3/2 field supersymmetry variation. From 0 ¢;, = 0, we have

1 1 1
5 (7 + fU VY ew — —gW e — 56‘2U(H3v1v2 + iy 4+ Hyv* ) e, = 0,

6
(3.103)
and from 0 ¢z = 0,0y, = 0,0%., = 0, we have
1 ! 4 1 U 1 2 3\ a 1 a
§fU’Y €a = 3¢ (Quy + Q27" + Q377 € —EQWE
1
+ e (Hyy' " + 'y + Hay'yf)ea = 0, (3.104)
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where

Hy = 0,A, — 0, A, Hy = 0,A, — 0, A, H; =0,A, — 0, A,,
(3.105)
and

Q= gWA,, Q2 = gWA,, Qs = gWA,. (3.106)

Hence, we have two independent equations from the spin-3/2 field variation, (3.103)) and
(3.104), and they do not reduce to a unique projection condition. This implies that we
have two projection conditions in this case. Solving for the supersymmetry equations

remains as a future work.
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Chapter 4

Conclusions

We have considered the generalizations of holographic renormalization group flows.

First, we studied the SU (3)-invariant truncation of A/ = 8 gauged supergravity in five
dimensions with dilaton and axion fields and its lift to type IIB supergravity [11]. We
showed that the known Janus solutions in five and in ten dimensions, i.e. the super Janus
in five dimensions [23] and the supersymmetric Janus solution with SU(3) isometry in
type IIB supergravity [20]], are constructed in a unified way in the framework of N =8
gauged supergravity and its lift. Furthermore, we studied the SU(2)x U (1)-invariant A/
=1 and V' = 2 supersymmetric RG flows with dilaton and axion fields.

Second, we studied the SU(3)-invariant RG flow with gauge fields. We found
the systems of first-order flow equations for the SU(3)-invariant flows with electric
potentials or magnetic fields. As a future work, it would be interesting to find some
charged black hole solutions of these systems. Furthermore, it is natural to revisit the
SU(2)xU(1)-invariant ' = 1 supersymmetric RG flow in [37] with magnetic fields,
instead of electric potentials, and find some magnetically charged black hole solutions

of this truncation.
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Appendix A: N = 8 gauged
supergravity in five dimensions

In this appendix we review N = 8 gauged supergravity in five dimensions with emphasis
on the structure of its scalar manifold, Fg) /U Sp(8), by following [[14]. We will employ
the conventions of [14] throughout the paper.

The SO(6) gauged N = 8 supergravity in five dimensions [12} 13} [14] has local
USp(8) symmetry, but global Eg) symmetry of the ungauged theory is broken. The
field content consists of 1 graviton e, ¢, 8 gravitini 1, ¢, 15 vector fields 4,7, 12 two-
form tensor fields B, Ta 48 spinor fields Xabc, and 42 scalar fields qbade where a,
b, ... are USp(8) indices, I, J, ... are SL(6,R), and «, f, ... are SL(2,R). Here
SL(6,R)xSL(2,R) is one of the maximal subgroups of F .

The infinitesimal Eg () transformation in the SL(6,R)x SL(2,R) basis, (27, 2'*),
interms of A7 7, A® 5, and 31 s, was already given in (2.30) and (2.3T). Exponentiating

the transformation in (2.30) and (2.31),

1 1
2y = §UMN 17 Z2MN + \/;UP,BIJ 2P (A.1)

1
P = Upg KPP 4 \/;U”Ka 217 s (A.2)

we obtain the coset representatives in the SL(6,R)xSL(2,R) basis, U7 ¢y, UI/E

and Uy, 7. We also have the coset representatives in the U Sp(8) basis,

1

VIJab — g [(FKL)ab UIJ KL + Q(FKﬁ>ab UIJK6:| 7 (A3)
1 /1

VIa ab - 1 5 [(FKL)ab U]a KL + Q(FKﬁ)ab Ula K6j| . (A4)
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The inverse coset representatives are

1

Visa = 3 (Tkr)ab Uy 5+ 2 (Tka)ab Urs Ko
~ 1 /1 ~ -
Vla ab — 4_1 \/; [(FKL)ab UIaKL + 2 (FK,B)ab Ula Kﬁ] .

(A.S)

(A.6)

Now we consider the action of the theory [[14]. The bosonic part of the Lagrangian

is

1 1 1
6_1 L = _Z R+£kin+73 _g H/wab Huuab+ . gMvpoT €0 B;w Ia DpBO'T Ip +£CS,

8ge

where the covariant derivative is defined by
D;LXaI - auXaI + Q,u,abXbI - gAuIJ XaJ7
with the U Sp(8) connection,

1 r~ ~
Quab - _ g VbcIJ auVIJac + Vbcla 6MVIaac

+ g AMIL 77JL (2 ‘/ae K i}be JK — VJaae gbela)

The kinetic term for scalar fields is defined by

1

—P
24

abed
'Ckin = pabed Pt )
where

PM abed — i\}ab 17 D“VIJCd + 9ab1a D#V[a cd ]

(A.7)

(A.8)

(A.9)

(A.10)

(A.11)
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The scalar potential is defined by

1

P =— = (2Wap W — WopeaW %) | (A.12)

where
Wabea = Eaﬁ 77” Viaab VJ,Bcd ) (A.13)
W = W€ . (A.14)

We also define

H," =F,"+B,", (A.15)

where
FMV ab _ FMVIJ VIJab 7 (A16)
B,uzz = B,uz/ Lo Vla ab ) (A17)

for the last three terms of Lagrangian.

We adopt the gamma matrix convention of [[14], with

{7} =207, (A.18)

where = diag (+, —, —, —, —), and 7°, v, 7, 43 are pure imaginary as in four-
dimensions and v* = " is pure real. The matrices 7 and ~° are antisymmetric and
7Y, 42, 43 are symmetric. Only in section 2, in order to prevent the confusion with the

function, v, we denote the gamma matrices by 7% instead of ~*.
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Appendix B: SU(2,1) algebra

The SU(2, 1) algebra is given by

[Li, L] = i fije L, (B.1)
with the structure constants
1 V3
fiaz =1, f147:f165:f246:f257:f345:f376:57 f458:f678:_7-
(B.2)

The standard 3-dimensional SU (2, 1) generators are obtained by modifying SU(3) Gell-

Mann matrices where the Gell-Mann matrices are

010 0 —i 0 10 0
M= 100 ]|, X=li0 0|,Xx=]0-10/,
000 00 0 00 0

100 i 00 010
000 1 0
1
M=100 —i |,=—F42]010 B.3
7 i 5= 75 (B.3)
0 i 0 00 —2

)\1 )\2 )\3 .)\4
1 9 ) 2 9 ) 3 9 ) 4 ? 9 )
A5 A6 A7 Ag
5 ¢ 9 ; 6 ? 9 ) 7 7 9 ) 8 9 ) ( )
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SU(2,1)

where L, Lo, Ls are SU(2) generators, Ly, Ls, Lg, Ly are EHOEHO]

coset generators,
and Lg is a U (1) generator.
The generators in the 27-dimensional representation in section 2.2 corresponding to

the 3-dimensional generators are given by

L1—>%(E(3) — x), L2—>é(2(3)+2(4)), Ly—~(A® —A®) [, 50
Lo — ——(ADHA®) [, L (AD_A®)), L8—>4L(A<5>+3A<8>).

i
Ls— ——%®,
NG o2 22
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Appendix C: The supersymmetry

variations for spin-1/2 fields

In this appendix we reconsider the spin-1/2 field variation, and show that it is solved
without introducing additional projection condition. As in (2.73), for a choice of abc
indices we define P;, P, A1, As. In the same manner, for another choice of abc indices

we define }N?l, }Njg, Zl, ZQ. From the spin-1/2 field variation, as in (2?), they satisfy

PiyWe + PpyWey — gf‘h € — gA2€2 =0, (C.1

151 7(4) € + ]52 7(4) &y — gj{l & — gfb €y =0. (C.2)
By multiplying by A;, sz and subtracting, we obtain

(PLAy — PLA) AW e + (Py Ay — Py A))yWe, — g(m Ay — Ay Ay)é =0,
(C.3)

(Plgl — §1A1)7(4)€1 + (ngl — ﬁ2A1)7(4)€2 — g(Aggl — 12[2141)62 =0.

(C4)
By rearranging, we obtain
¢ — 2 P1132 - 51142 MO 2 Pzzilg - IizAQ NOP— (C.5)
g A Ay — AL Ay g A Ay — AL Ay
o 2hAZRA g, 2BAZBA W, (C.6)

A — A T A - A A
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Hence, the spin-1/2 field variation, (2.61)), reduces to

éz‘ — Mgy ’}/(4) éj = 0, (C7)
where
m; + Mg — m my — m
- 1 2 3 4 5 , C.8)
my + ms —mi + Mg — M3
and
2 . . / ]- . /
my = — 3—zcschx (sm(a — )¢ + 5 sinh(2 ¢) cos(a — w)a),
9
2 : 2 /
my = — — sinh“¢a’,
39
2
mg = — 3g¢ )

my = + %z‘csohx (cos(a — )¢ + % sinh(2 ¢) sin(a — v) al) ;

4
ms = + 34 csch(2x) x'. (C.9)

When we plug the supersymmetry equations, (2.81), (2.82), (2.83), (2.84), in (C.7), it
reduces to the projection condition, (2.69). Hence, the spin-1/2 field variation, (C.7),

does not provide any additional projection condition. In total, we have two projection

conditions, and (2.68), on the spinors.
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Appendix D: The supersymmetry

variations for spin-3/2 fields

In this appendix we present the SU (3)-invariant truncation of supersymmetry variations
for spin-3/2 fields. The variation for ¢-, x-, y- directions is given in (2.62)). For z-

direction the variation is given by

1
—2e VA 20,6 U yPe +§QW€2 =0, (D.D)

1
+26_U7(3)232€2 +U/7(4) €2 +§9W€1 =0. (D.2)

For the variation in the r-direction we need to know the action of @), b tensor on the

spinors,
Qra "Ny = + Q1110 + Q2M2)a » (D.3)
Qra "2y = — QaM1ya — Q112)a s (D.4)
where
()1 = — i sinhy [cos(a — )¢ — % sin(a — ) sinh(2 ¢) a'] : (D.5)

Qs =—1 [sinhx <sin(a — )¢ — % sinhxw')
+ (cos(a — 1) sinh(2 ¢) sinh y — % (—3 + cosh(2y)) sinh? gb) a'] .

(D.6)

N —
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Then the variation in the r-direction is given by
A A ~ 1 (4) -
3r€1—(+Q1€1+Q2€2)+69W7 €& =0, (D.7)

R — . . 1 .
arez—(—Qzel—Qm)—ggW%‘*)el:o, (D.8)

where W is the superpotential in (2.52)).

87



Appendix E: The parametrizations of

the scalar manifold

In this paper we have employed several different parametrizations for the four real scalar

SU(2,1)

fields living on the scalar manifold, EUORUOE

In this appendix we summarize the

origins of and the relations between different parametrizations.

SU(2,1)

The coset manifold, ST@ =01

, is topologically an open ball in C? with the Bergman

metric [54],

gs? — d¢q dZ1 + d(, dZ2 X (Z1 dGe + 62 d¢2) (G dZ2 + G dZZ) ’ (E.1)

1—G¢G — G (1 —G¢ — &6)?

which is a Kéhler metric with Kéhler potential,

K = —% In(l — GG — GE). (E.2)

The first two parametrizations of the scalar manifold we employed in this paper
were the rectangular and angular parametrizations, {zi, z2, z3, 4} in (2.44) and
{x, ¥, ¢, a}, respectively, for the the SU(3)-invariant truncation in section 2.2. The
relation between them is given in (2.43)). In terms of the rectangular parametrization,

the inhomogeneous coordinates on the scalar manifold are given by

(1 + iz2) tanh (% Vi + :1:%) I
G = \/m sech 3 \Jxs +xy |, (E.3)
1 2

(x3 + ix4) tanh (% V3 + xi)

2 2
T3 + Ty

G2 = (E.4)
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We can reverse the relation to get

:Cl—jLZl :Cl_& :C2 +Gy " :C2—Zz

E5
27, ' T 95z 0 "B 27, 2i 7, ' &

4

where

, VaG/1+ a6 L e o

2 tanh™' VG G 7 L 2 tanh ' VG & '

Before proceeding to the third parametrization, we consider the SU(3)-invariant

truncation in terms of the complex coordinates, (;, ¢ = 1, 2. When we exponentiate the
coset generators in (2.44), if we employ the complex coordinates by (E.5)), we can have

the action of the SU(3)-invariant truncation in terms of the complex coordinates,

1 3

e‘lL':—ZR+£kin+P—ZFMVF“”+£CS. (E.7)
The kinetic term is
1 —
Liin = 2 95 DG D" (5, (E.8)

where the metric is the Bergman metric, (E.1)), and the covariant derivative with respect

to the gauge field is

D,G =0, +3gA,C, D,G = 0,¢. (E.9)

The scalar potential is

b —§g2 (1 = [eP) 2 = 3G)* - 2|C2|2)' (E.10)

8 (1 = [G]* = 1¢*)?

Thirdly, in N/ = 2 gauged supergravity in five dimensions, there is another

parametrization by the scalar fields, {V, o, R, o}, which was employed for the super

&9



Janus in section 2.3. In terms of these scalar fields the inhomogeneous coordinates are

given by [46, 23]

—2iRe'®
_ E.11
ST RV 4o (E11)
1—-R?—-V —io
Co (E.12)

"1+ R YV +i0

By plugging (E.11), (E.12) into (E.7), we precisely reproduce the action of the super

Janus, (2.4). The rest of the truncation, e.g. the supersymmetry equations, can also be
reparametrized, and they are explained in section 2.3. This reparametrization was used
to establish the equivalence of the SU(3)-invariant truncation and the super Janus in
section 2.3.

Lastly, there is a parametrization by {o, 0, ®, C )}, employed for a particular trun-
cation of type IIB supergravity on Sasaki-Einstein manifolds in section 2.7. The ¢
and (g are the IIB dilaton and axion fields respectively, and o and ¢ are some five-
dimensional scalar fields. We briefly mention that by comparing Killing vectors for

(2.47) and (2.148)), we have found the relation between {o, 0, ®, C(q} and {x, 1, ¢, a}
in (2.150). Note that the IIB dilaton and axion fields are indeed identical to the ones from

the lift in (2.116)) and (2.117).

90



Appendix F: The field equations of the

SU (3)-invariant truncation

In this appendix, we present the field equations of the SU (3)-invariant truncation. Let

us consider the action for complex scalar fields and gravity,

1 1 - -
L = \/E <—ZR + ngj haga,uqba al/% - P(¢a7¢a)) : (Fl)

The scalar equations reduce to

1 _
ﬁau(\/ggw 0,0") + %4 g" 0,0° 0,¢° — WP = 0, (E.2)
1 —a - —b  —¢ =

ﬁau(\/ag“” 0,0") + T g" 0,6 0,8 — h™ 9P = 0, (F3)

where

% = h% d.hy, (F4)
. = h™0ch. (F.5)
The Einstein equations are
1
Ruy - ERg;w = 2T,uua (F6)

where the energy-momentum tensor is

— 1 _ _
T}w = haz au¢a 8V¢E - Guv <§gpahabap¢aaa¢5 - P(¢7 ¢>) . (F7)
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For the metric in (2.49), the Einstein equations reduce to

1

3 —
3U" +2U'U") + e = —2(5 hg ¢l & — P). E8)

l—2€

3 1 _
BUV" + e = (5 hg & &5 + P). (F.9)

Then, for the SU(3)-invariant truncation in (E.7), in terms of the inhomogeneous

coordinates, {(1, (2}, the field equations reduce to

2@1(2_1(1"’?_2%) +3921_3§1C1—252€2
I = GG — G 4 1-GG0 — (G
2 (GG + G G)

1 -6 — GG

0=3{U"+20'U) + 3 2v

l_2 (&
9 (1 ?1€1 + ?2_@ n 1(Z1Ci + 22_@)(?19 +56)
21 __C1C1 - C2C2_ 2 B (1 - C1C1 - C2C2)2
_392 (1 - C2(2>(2 - 3§1_<1 - 2C2C2))
8 (1= C1G = (62)? ’

3
0=30'U + l—26_2U

_(1?@+?§ L LGG + GGG+ C6)
21 -GG — GG 2 (1-GG— GGe)?
_392 (1- Zz@)@ — 321@ _ 2?2@))

8 (1= (16— (o62)? .

0=4U'¢l + ¢ +

. (E10)

0=4U'¢ + ¢ + (F.11)

(F.12)

(F.13)
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