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Abstract 

An off-shell BV description (with materialized superghosts ) of IO-dimensional 
Super-Yang-Mills is presented. This construr.tion involves 8 auxiliary scalar fields 
and 8 superghosts, taking values in a certain manifold , having non-trivial topology. 
Both the manifold and the BV action are manifestly symmetric w.r.t the SO(S) 
rotations. Integrating out one of these auxiliary fields, say Gs, one obtains the ac­
tion and supersymmetry transformations suggested in [3] with the remaining 80(7) 
group of symmetry. 

On the other hand, recently, a paper [2], claiming the possibility to obtain the 
on-shell BV action of 10-d SYM, coupled to superghosts, from the certain «Fun­
damental Theory», has appeared. We show that integrating out the remaining 7 
auxiliary fields, one obtains precisely this on-shell BV action. 

1 Introduction 

The main technical result of the present note is that the "off-shell BV" action of 
SYM can be built using the classical action 

sci= I d10x Tr( - ~F;v + i1/rtµDµ7/J + G~) (1) 

which is obtained from the 'standard' on-shell one by addition of 8 auxiliary fields GA 
(index A= 1..8). While the symmetry part of this BV action is constructed using 8 even 
spinor superghosts u;i, taking values in a manifold defined by 

(2) 

This manifold is symmetric w.r.t. the S0(8) rotations. The fact that these ghosts vari­
ables are not free parameters but lie on a manifold defined by (2) reflects the phenomenon 
which we call the materialization of the superghosts [l] . 

Remarkably, integrating out one of auxiliary fields, say Gs, one obtains precisely the 
BV action with the symmetry transformations, suggested in [3]. The ghosts variables are 
decomposed as 

(3) 

Here t:" is conventional ghost for supersymmetry, while the functions v;(t: ) (i = 1..7), 
used to define the transformations of auxiliary fields G;, are some non-linear expressions 
in t: 0

. This integration of the field Gs breaks SO(B) symmetry of the problem down to 
80(7) . The S0(7) symmetric action is believed to describe 9 supersymmetries, closed 
off-shell [3] . 
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The next observation is that integrating out the remaining 7 fields G; one can obtain 
the on-shell BV action of SYM, constructed in [2]. This on-shell BV action waH obtained 
from the 'superfiekl-like' BV action 

integrating out auxiliary firlds and applying the Z2 projection [2]. The auxiliary fields 
are the elements of the complement to the space of Q-cohomologies. 

We tried to find out an explicit parametrization of the manifold defined b.v (2). The 
results are presented in the appendix. 

2 BV description of MSG approach 

The classical action (1) is invariant under two symmetries: gauge symmetry and su­
persymmetry. In BV language this invariance is formulated in the form that the action 

5Msa= ld10xTr(-~F;,,+i1/ryµDµ1/; + G~ - (Dµc)A~+g{'l/;,c}'l/;•-g[GA,c]GA+ 

+yccc• + iVA(UA11'1/;)A; - ~VA(UA1µ"1/;*)Fµv + GATA8 (UB1/;*) -i(UA1"Dµ·t/J)TA8G~+ 

+ rl'"[('l/;*8µ1/;) + A~aµA" + c*aµC + GATA8 aµGB] + i11;(U1µU) + ic• Aµ(U1µu)) 

(5) 

satisfies classical BV equation. The last term reflects [2] the fact that the SUSY algebra 
is closed only up to the gauge transformation with the parameter (qµc)Aµ- This is 
a common feature of off-shell formulation in a certain supergauge. Quite similar term 
appears in the BV action of N = 1, d = 4 SYM in the Wess-Zumino gauge. This term 
disappears from the BV action if one restores all the auxiliary fields vanishing in the WZ 
gauge, i.e. write BV action using superfields [2]. 

In this action the ghosts for the supersymmetry are represented by eyen spinors U5i. 
These ghosts take value in the 80(8) invariant manifold defined by (2). The geometrical 
meaning of this equation is orthogonality of basis elements in the space of S0(8) spinors. 
It is straightforward to derive [1] the completeness property which can be written as 

U"U/3 - 1 (U µU) o/3 
A A - 16 I ftt (6) 

Equation (2) and (6) describe the ghost manifold in a manifestly S0(8) invariant way. 
To achieve this invariance at the level of BV action one should introduce the global 
compensator field VA, with the S0(8) invariant constraint 

and symmetric 2-tensor TAB = 5AB 
relations 

(7) 

VAV 8 . These objects satisfy the following 

Using these properties one can check that the action (5) indeed satisfies classical BV 
equation. Moreover, both this action and the ghost manifold are manifestly invariant 
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under S0(8) rotations. We would like to emphasize that this action is linear in antifields 
and has the structure of classical BV act.ion, hence describes off-shell BV invariant 
system. The fact t.hat the ghosts are not. frf!e parameters hut take value in the ghost 
manifold (2) reflect the phenomenon of mat.eria.lization. 

3 Berkovits patch 

In this section we demonstrate how it is possible to break the S0(8) invariance de­
scribed in thr previous section down to S0(7). This is done integrating out auxiliary field 
G8 on the lagrangian submanifold Gfi = 0. Integration of BV act.ion over a lagrangian 
subrnanifold results in BV action [4]. Remarkably, the classical action and supersymmetry 
transformations extracted from this effective BV action are exactly those suggested in [3]. 

For the following convenience we intrnduce the notations [3] 

us = €, (i = 1...7) 

Integrating out the field cs on the lagrangian submanifold G8 
frame V 8 = 1 and Vi = 0, one can obtain effective BV action 

0 and choosing the 

5so(7
)= J d10xTr(-~F;v+i1/ryµDµ'lf; + Gf - DµcA:+g{'lf;,c}'lj;* -g[G\c]G;+ 

+ gccc* + i(qµ·lf;)A:- ~(qµ"'lj;*)Fµv +G;v;'lj;* -ivnµDµ'lf;G;+ 

+rt[('lf;*aµ1/i)+A~aµA"+c'aµc+Gi8µG;) + i71:(qµc) + ic*Aµ(qµe:)) 

(8) 

The classical invariant action is given by the first three terms in the first line. The 
supersymmetry transformations can be extracted from the last fourth terms of the second 
line. They are exactly those suggested in [3]. 

Making decomposition (3) of equations (2) and (6), one can come to the expressions [3] 

V 1"(µ€ = 0 
Vi"(µVk - Jik(t:"fl'c) = 0 

I: vfvf = ~(qµe:)'Y~/3 - t:°'e:/3 
i 

(9) 

Here v; should be considered as functions depending on e:. These functions turn out to 
be non-linear. Let us see this even without direct solution of the system. 

In the paper [4] it was shown that the Q-cohomologies can be calculated using the 
tower of fundamental relations. In case of 10-dimensional quadrics these relations are 
given by 

fµ(t:) = €')'µ€ 
G~(e:) (qµ)a 

R°'/3 = c°'E:/J - ~(qµt:)('Yµ)a/J 

G~(e:) = (qµ)a 
fµ(t:) = €')'µ€ 

This means that the following relations take place: G~ f µ = 0, R"/3 G~ = 0, etc. 
These relations are valid without imposing pure spinor constraints fµ = 0. Appearance 
of 5 relations results into 6 well known representatives of cohomologies. 
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Be there a linear solution to the system (9), the first equation 

v'(E)/1'c: = 0 

states that there is another rnlation 011 G~, which is linear in E", helJ(:r clo<~s not coincide 
with R"fi . If that is true, the cohomologi<'s of SYi\1 would be different. Tims, there is no 
such li1war solution. 

The situatio11 is different ind= 4, G, whcIC we do have a linear dependence vi(c:) but 
the structure of cohomologies for SYl'vl is also difforent [5]. 

4 From the Fundamental Theory down to on-shell 

This section is a recapitulation of our results [2], were we claimed tlw possibility to 
obtain the on-shell supersymmetric action of SYM fiom the 'superfield-like' action (4). 

Starting with 16 even variables A'' and the equal number of odd variables 0" it is 
possible to construct the space of polynomials C[.),, OJ. Using 10 dimensional gamma­
matrices define the pure spinor constraints fl' = (,.\711 .>.). Let us call C[.>., B/fµ] the space 
of polynomials factorized with respect t.o ideal spanned by {/µ}. The superfield A is 
build out of matrix valued component fields with polarizations, being the basis elementr:; 
in C[.>., Olfl']. The superfield '.Pis an element of the dual superspace and < , > denotes 
the canonical pairing. In the action ( 4) the following notations are used 

"Qs - o. B ( µO) B 
€ " - € {)-0 - q {)-, a xJJ. 

The fields En and ri'' are global ghosts for the supersymmetry and translations respectively, 
whi le operators Q~ and P,~ generate Lhcsc t,rnnsforw aLiom;. 

The physical fie lds in this nctio11 arr cohornologir. of Q. All ot her fiC' lds are nuxilia.ry. 
T he 1mliu statem ut or [2] was hat if W(' inL grate~ ()UL all auxiliary Relrls from Lhls 
a Liou and apply a Z2 p rojecLion [2] on l,hr space of cobonw logics, cffe t.ive < ct,ion wil l 
be nothing buL on-shell s upersymmetric BV acti cm of 10-dirneusional SYM t.heory. T his 
action is given by 

son-shell= I d10x Tr (-~F;v +i1f;7µD1,1/J- DµcA: + g{1f;,c}1f;* + gccc*+ 

+ i(qµ'lf;)A: - ~(qµ"'lf;*)Fµv + TJµ[(1f;*8µ1f;) + A~BµA" + c*8µc]+ (10) 

+ iri~(qµE) + ic* Aµ(E'/'µE) - ~(qµE)(1/J*1'µ1/J*) + ~(€1/!*) 2) 

This action was obtained by summation of all possible Feynman diagrams arising in the 
expansion of ( 4). The last three terms in this action reflect the appearance of correc­
tions to the commutator of supersymmetry transformations proportional to the gauge 
shift with parameter (E'f'µE)Aµ and to the equations of motion for fermions (the last two 
terms). As it was explained in [2] this action satisfies BV equation and describes on­
shell supersymmetric Yang-Mills theory (with control of corrections to the commutator 
of SUSY transformations proportional to the equations of motion and to the gauge trans­
formation). 
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5 From Berkovits patch to on-shell 

Ill this S<'t'.Liou 11'<~ show that intcgrntiug 0111. thl' remaining 7 fields G' from tire action 
(8) orw 01Jt.;1i11s precisely tlw action (10) To sc~l' this one should intcf!;rat.c· ont the• ficlcl8 
Gi on the· lnµ;rnngian sulmrnnifold G''; = 0. This intcgratiou results iu ap]H'arnnce of the 
t.cn11 

l 
- - (u'1/1 ')~ 

.j 

in tlw laµ;rnngia1L This term can be easily trnusforrucd to the' last two terms of (10) using 
the• las! (rnu1plct.rrn•ss) identity of (9), This is another way to sec that the action (10), 
found i11 [2], irnl!'ed c!Pseribcs the 011-shcll supers.vrnrnctri c Yang-Mills th<'ory. 
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