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Abstract

We first study BPS geometries dual to half-BPS states of field theories with 32 supercharges.
These field theories are N’ = 4 SYM on R x S, M2 brane theory and M5 brane theory. The
dynamics of the half-BPS states in N' = 4 SYM is reduced to a matrix quantum mechanics,
and they are characterized by droplets on the two dimensional phase space. The geometries
dual to these states are specified by boundary conditions on a two-plane, which are identified
as the phase space. The phase space gives unified description of half-BPS perturbative and
non-perturbative excitations above AdS5 x S°. The half-BPS geometries in the M theory case
are described by a Toda equation with similar but more complicated boundary conditions
on a two-plane.

We then study BPS geometries dual to the vacua of field theories with 16 supercharges.
The first class of theory has a bosonic U(1) x SO(4) x SO(4) symmetry, they include the
mass deformed M2 brane theory, D4 or M5 brane theory on S2, and intersecting NS5 brane
theory. Their vacua are characterized by droplets on a cylinder or torus. The second class
of theory has a SU(2|4) symmetry, they include the 0+1d plane-wave matrix model, 2+1d
super Yang-Mills theory on R x S%, A = 4 Super Yang-Mills on R x S3/Z;,, and NS5 brane
theory on R x S°. The vacua of these theories are described by electrostatic configurations
with many disks under external potential. The region between disks describe NS5 brane
geometries. Finally we study instanton solutions and superpotentials for the vacua of the
plane-wave matrix model and 241d super Yang-Mills theory and discuss the emergence of

the vacuum geometries.
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Chapter 1

Introduction

String theory is a very promising candidate for a theory unifying all the observed inter-
actions and matter in the universe. The theory has a vast number of realistic solutions
and their richness is able to subsume both four dimensional general relativity and standard
model of particle physics. There are currently various approaches in building low energy
phenomenological theories from string theory, and these might be tested in the near fu-
ture. Some aspects of the cutting-edge experiments in the Large Hadron Collider (LHC)
in CERN will presumably address some problems in the Tev Scale physics, for example
the electroweak symmetry breaking, superparticles, and large extra dimensions, which are
relevant to string theory.

String theory has a very constrained mathematical structure, so the theory is very
unique. The theory unifies quantum mechanics and general relativity very naturally. In the
1980s, it was found that there were only five unique superstring theories. A decade later,
they were found to be dual to each other via a web of dualities. They all ultimately come
from a unique M theory, whose low energy and classical description is the eleven dimensional
supergravity. The mathematical formulation of such theory is still not clear and is under
much study.

There has been a lot of progress in understanding the nature of string theory. Initially

it was thought of as a theory of strings. In the mid 1990s, D-branes were identified as



surfaces where open strings can end, and their low energy dynamics is described by gauge
theories. They played an important role in dualities and non-perturbative effects in string
theory. Afterwards in 1997, it was proposed [134] that string theory in ten dimensions with
fixed boundary conditions should be formulated by boundary quantum gauge theories. An
example is that when we put D3-branes in the flat space, they back-react to the geometry,
and in a decoupling limit of the D3-branes from the flat space, the D3-branes are equivalently
described by a geometry with fluxes, which is the near horizon AdSs x S° geometry. This
is called the AdS/CFT correspondence [134],[86],[181].

This thesis is devoted to some particular aspects of the AdS/CFT correspondence. It
studies the emergence of geometries in the bulk string theory from the supersymmetric
states (or BPS states) in the boundary gauge theory and the dictionary of their mappings.

In AdS/CFT correspondence, spacetimes in the bulk string theory are emergent from
the gauge theory on the boundary. We can formulate the string theory starting from lower
dimensional quantum gauge theories. With respect to the dimensionality of the boundary,
there are extra spatial dimensions which usually emerge from the eigenvalues of matrices in
the gauge theory. States in the bulk gravity are mapped to states in the boundary gauge
theory. Specifically, the supersymmetric states in the gauge theory that we will study are
described by supersymmetric geometries (or BPS geometries) in the bulk.

The emergence of the bulk geometries from the boundary is in accord with the holo-
graphic principle of quantum gravity. In order to quantize gravity, we need to find the
correct degrees of freedom of the gravitational system. These turn out to be located at
the boundary rather than the bulk. In principle, physics processes that happen in the bulk
can all be possibly observed or measured at the boundary. In this way, the numbers of the
gravitational degrees of freedom are largely reduced, circumventing the difficult divergence
problem in the old approach of quantizing gravity via path integrals of Einstein’s action.

The notion of geometry should be modified near the Planck scale in quantum gravity.
The classical geometry serves as an approximation to gravity much below the Planck scale.

It is analogous to the approximation of the molecules by a fluid. When the classical geometry



breaks down, we can replace it by a better description given by the boundary quantum gauge
theory. Conversely, the boundary theory can give rise to classical geometries under some
limit. For example, the BPS geometries we will study are described by quantum states in
the boundary gauge theory, which are characterized by fermion droplets on a quantum phase
space. When the droplets are approximated as an incompressible fluid, we get well-defined
smooth classical geometries. When the fluid approximation breaks down, the classical
geometry breaks down and is replaced by a full quantum gauge theory description.

In order to study these aspects in AdS/CFT correspondence, we will look at theories
that arise naturally in string or M theory in the supersymmetric regime and study their
supersymmetric states. Due to the supersymmetry in these theories, we can look at a sub-
sector of the whole states in these theories, which preserve half of the total supersymmetries
of the vacua (that is they are half-BPS states). These states are very special, their energies
do not receive quantum corrections due to supersymmetric cancellations. As a result their
dynamics is rather independent of the regime of the coupling constant in the theory. This is
good, since the AdS/CFT correspondence is a strong/weak-coupling duality, which means
that the gauge theory side is weakly coupled when the gravity side is strongly curved, and
vice versa. Since the states we will study are supersymmetric, their dual description falls
into the supergravity regime.

These half-BPS states are in a small subsector of the entire Hilbert space of the boundary
quantum gauge theories and can be described by reduced models. For example we will study
the /' = 4 Supersymmetric Yang-Mills theory (SYM) which is defined on R x S? in 3+1
dimensions. The dynamics of a sector of the half-BPS states is reduced on the S® to a 041
dimensional matrix quantum mechanics. It leads to a quantum free fermion system and is
exactly solvable. As a result states are characterized by a two dimensional phase space of the
free fermions. On the other hand, in the gravity side, each BPS state in the boundary field
theory is described by a BPS geometry in the bulk. These geometries have a large symmetry
and contain two S3s, and asymptote to the AdS x S geometry near the boundary. After

reduction on two spheres, the geometries contain a timelike direction, a radial direction



that is the product of the two radii of the spheres, and another two dimensions. When the
radial direction goes to zero, each of the two spheres shrinks at different domains on a two
dimensional plane. The geometries are characterized by the two-plane which is identified
as the phase space of the free fermions. There are many non-trivial mappings and relations
between the two sides of the system.

This system clearly gives an example of the emergent geometry or emergent gravity [32].
The system also gives a unified description of perturbative and non-perturbative excitations
above the AdS x S ground state geometry. Here excitations are not restricted to string or
D-brane fluctuations on the AdS x S background. Also it leads to a very clear picture
that the topology-changing processes in the gravity can also be described by the boundary
gauge theory. It demonstrates that near the Planck scale in quantum gravity, the classical
geometry is replaced by a quantum gauge theory description.

The overview of the thesis is as follows. We first study theories with maximal 32 su-
percharges in string and M theory in chapters 2 and 3 respectively. These theories include
the NV = 4 Super Yang-Mills theory on R x S3, 24-1d M2 brane theory, and 54+1d M5
brane theory. They are associated with or dual to the simplest solutions in type IIB string
theory and M theory. Their half-BPS states and half-BPS geometries are characterized by
droplets on a two dimensional plane. We then study theories with 16 supercharges in string
and M theory in chapters 4, 5 and 6. A class of these theories includes the mass deformed
M2 brane theory, D4 brane theory or M5 brane theory on S2, and intersecting NS5 brane
theory, which are studied in chapter 4. Another class of theories are the 0+1d plane-wave
matrix model, 24+1d super Yang-Mills theory, N' = 4 Super Yang-Mills on R x S3/Z, and
NS5 brane theory on R x S5. They are studied in chapter 5. These theories have even
a richer structure than the maximally supersymmetric ones, and have a large number of
vacua. Each vacuum of the theory is dual to a BPS geometry with the same symmetry. For
the theories in chapter 5, each vacuum in the gravity side is characterized by an electro-
static configuration with many disks under an external potential. We will also study string

fluctuations on these vacua. Some of these vacua describe NS5-branes. In chapter 6 we



study the superpotential associated to each vacuum and instantons interpolating between
different vacua for the class of theories in chapter 5. These helps us better understand the
vacua structure and emergence of the vacuum geometry from the boundary gauge theory.

Finally we make a few conclusions in chapter 7.



Chapter 2

Geometry of 1/2 BPS states in
N =4 SYM

2.1 Introduction

This chapter studies 1/2 BPS sector of the N/ = 4 Supersymmetric Yang-Mills theory
(SYM) and its dual gravity description. In the A" = 4 SYM, there is a class of local operators
which are protected by supersymmetry and annihilated by half of the supercharges. These
operators can be written as products of traces of a complex scalar. They are described
by a matrix quantum mechanics with only one matrix. This comes from the reduction of
N = 4 SYM and BPS considerations. These states can be characterized by free fermion
droplets in a two dimensional phase space. In gravity, we find all the 1/2 BPS geometries
that correspond to these 1/2 BPS states, with the same symmetry and supersymmetry. In
the gravity picture, there is also a two dimensional plane emerged in ten dimensions which
is identified as the phase space of the free fermions. In Ch 2.2 we study these supergravity
solutions, how they are found, the examples of the solutions, as well as their properties. In
Ch 2.3 we analyze these states from N’ = 4 SYM and derive the free fermion picture. We

make a few remarks about this duality in Ch 2.4.



2.2 Gravity description and fermion droplet

2.2.1 The solutions

In this section we find all the geometries dual to the 1/2 BPS chiral primary operators
in ' = 4 SYM. This class of geometries asymptote to AdSs x S® while preserving (at
least) 1/2 of the supersymmetries of AdSs x S°. The bosonic part of the symmetry is
SO(4)x SO(4) xU(1). The two SO(4)s come from the SO(4,2) and SO(6) respectively. We
also have the time translation generator A in AdS5 and an angular momentum generator J
on S°. The U(1) comes from the combination of these two generators A —.J, and commutes
with the preserved supercharges. This is a requirement from saturation of the 1/2 BPS
bound A — J = 0. These 1/2 BPS geometries are excitations above AdSs x S° with
excitation energy of order J.

We now try to find them from type IIB supergravity equations of motion. The bosonic
symmetry implies that the geometry will contain two three-spheres S® and S3, and a Killing
vector. For the flux, we expect only the five—form field strength F5 to be excited because

the geometries have only D3 brane charges. The geometries therefore have the form

dsly = gudaidz” + eTTCd03 4 =% a0} (2.1)
Fs = Fuda" Ada? AdQg + Fdat Adz” AdSs (2.2)
where u,v=0,---,3.

The self duality condition on the five-form field strength implies that F},, and F, uv are

dual to each other in the four dimensional base space
F=eY«F, F=dB, F=dB (2.3)

The solutions satisfy the Killing spinor equations

i 5
VMU + @FM1M2M3M4M5F]$/11)M2M3M4M5FM77 =0 (2.4)

This equation can be analyzed using techniques similar to the ones presented in [76, 74,

87, 78, 77]. We first writes the ten dimensional spinor 7 as a product of four dimensional



spinors € and spinors X4, Xp on the spheres [126]. Due to the spherical symmetry the
problem reduces to a four dimensional problem involving a four dimensional spinor €. One

then constructs a set of differential forms by using spinor bilinears

K, = —eye, L, = €75'y#6 , €= eTv
f1 =1éb1e, fo = i€bge, Yul/ = 5’7/“,5'16 (25)

Using the reduced Killing spinor equations in four dimensions from (2.4), one can show that

—-2(H+G)

Vi = —e_%(H_G)FWK”:%euy,\pF’\pK” (2.6)
Viufs = —e 2GR KV (2.7)
V.K, = —e~2(H+G) [Fuufz - ;e,ul/)\pF)\pfl:|

= —e 2 MHOE, f— e 2O R, f (28)
Vb, = 100 [ Lo m - BT, - B, (2.9

Another interesting set of spinor bilinears involves taking the the spinor and its transpose
wy = €eT?ye, do=0 (2.10)

which is a closed form. By Fierz rearrangement identities we can show!
K-L=0, L*=-K*=f}+f3 (2.11)

It can be shown that K* is a Killing vector and L, dz* is a locally exact form. We thereby
can choose a coordinate y so that dy = —L,dz". We also choose one of the coordinates
along the Killing vector to be the variable ¢t. The remaining are two coordinates which will
be denoted by z;, (i = 1,2). By reducing all the equations and constraints we listed above
gradually (for more details see [126]), one can relate the various functions appearing in

the metric and flux to a single function z(x;,y), which obeys a simple linear differential

We found a useful summary of these identities in [154].



equation. The y coordinate is very special since it is the product of the radii of the two

S3s. Finally the solutions are written as

ds? = —h72(dt + Vida')? + h2(dy? + da'dz®) + yeCd02 + ye CdQ2  (2.12)
h=2 = 2ycoshG, (2.13)
Yo, Vi = €j0jz,  y(9;Vj — 0;Vi) = €;j0y2 (2.14)
7z = %tanhG (2.15)

F = dB;A(dt+V)+ BV +dB ,

F o= dB A(dt+V)+ BdV +dB (2.16)
1 ~ 1

B, = —ZerQG, Bt:—Zer_QG (2.17)

A L3 2+3 5 L3 2—3

AB =~y d(= 50, aB =~y s d(= ) (2.18)

where ¢ = 1,2 and 3 is the flat space epsilon symbol in the three dimensions parameterized

by z; and y. The important function is z, which obeys the linear differential equation

8:0;z + yay(azz) ~0 (2.19)

Now we consider regularity of the solutions. Since the product of the radii of the two
3-spheres is y, at y = 0 either the sphere shrinks. We find that y has to combine with the
sphere to form R?* locally, when either the sphere shrinks. For example, if the 53 shrinks,
the solution is non-singular if z = % at y = 0. Then we see that z will have an expansion

% —e 26 = % —y?f(z)+---, where f(z) will be positive with our boundary conditions.

z ~
From this we find that e=® ~ yc(z). So we see that the metric in the y direction and the

second 3-sphere directions becomes

T dy? “Gd02 ~ dy? + 2d2 2.2
2y cosh ¢ + ye 3 ~ c(x)(dy” + y“dQ3) (2.20)

which forms locally form R*. In addition we see that h remains finite and the radius of
the first sphere also remains finite. One can also show that V remains finite by using the
explicit expression we write below. The situation for another sphere S2 to shrink is exactly

similar, and z = —% at y = 0. We will also show below that the solution is non-singular
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at the boundary of the two regions, because it approaches plane-wave geometry there. To

summarize, the regularity condition for the solutions is
1 &3 3 ooy
z= ii’ S or §° shrinks to zero at y =0 (2.21)

The solutions are specified by dividing the x1, x5 plane at y = 0 into two regions where
z = :I:%.

In fact the transformation z — —z and an exchange of the two three—spheres is a
symmetry of the equations. This corresponds to a particle hole transformation in the
fermion system. This will not be a symmetry of the solutions if the fermion configuration
itself is not particle-hole symmetric, or the asymptotic boundary conditions are not particle-
hole symmetric (as in the AdSs x S® case). These two signs corresponds to the fermions
and the holes, and the x1, x2 plane corresponds to the phase space.

After defining ® = z/9? the equation (2.19) becomes the Laplace equation in six dimen-
sions for ¢ with spherical symmetry in four of the dimensions, y is then the radial variable
in these four dimensions. The boundary values of z on the y = 0 plane are charge sources
for this equation in six dimensions. It is then straightforward to write the general solution

once we specify the boundary values. We find

(), 24, 0)dx) dab, 1 / )T
_ ¥ N 2.22
2(x1,T2,7) / [(x — x')2 1 422 27 Jop " (x — %) + 4/7] +o(2.22)
Viler,eay) = 2 2ot 29, 00 —ap)dmday ey [0 dvy (2.23)
(X1, xo, T o [(x — x)2 + y22 27 Jop (x — x')2 + 2 .

where in the second expressions for z,V; we have used that z(z,z},0) is locally constant
and we have integrated by parts to convert integrals over droplets D into the integrals over
the boundary of the droplets 9D. In these expressions n; is the unit normal vector to the
droplet pointing towards the z = % regions, o is a contribution from infinity which arises in
the case that z is constant outside a circle of very large radius (asymptotically AdSs x S°
geometries). o = :l:% when we have z = :l:% asymptotically. The contour integral in (2.23)
is oriented in such a way that the z = —% region is to the left. We see from the second

expression for V' in (2.23) that V is finite as y — 0 in the interior of a droplet. We also see
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from (2.23) that V is a globally well defined vector field.? This is important since we want

the time direction parameterized by ¢ to be well defined, so we don’t have NUT charge.

2.2.2 Examples

Before going to more details about the properties of the solutions, we first present some
explicit examples. These include the IIB plane-wave, AdSs x S°, and 1/2 BPS extremal
one-charge limit of AdSs black holes.

Let us now consider a simple solution which is associated to the half filled plane. We

have the boundary conditions
/ / ]‘ . /
z(x], 25,0) = 5sign 7 (2.24)

From this data we can compute the entire function z(x2,y) using (2.22), (2.23)

X9 1

Inserting this into the general ansatz (2.12) and performing the change of coordinates

z(x9,y) = Vi= Vo=0 (2.25)

N =
N =

1
y=riry, x= 5(7% —13) (2.26)

we obtain the usual form of the metric for the plane wave [39]
ds* = —2dtdz, — (r? + r3)dt® + dF? + dr (2.27)

We see that the final solution is smooth, despite the fact that on the y = 0 plane V diverges
at the boundary between two regions (z2 = 0 in this case). In fact, this computation
shows that, in general, the boundary between two regions is smooth,. because locally the
boundary region looks like the plane wave and therefore we will get a non-singular metric,
see figure 2.1.
Let us now recover the familiar AdSs x S° geometry. In this case it is convenient to
1

introduce a function Z = z — 5. The Laplace equation for z/ y® has sources on a disk of

2In the cases that we consider, where at most the x; coordinate is compact, there are no compact two
cycles in the x1,x2,y space. So we do not have any compact two cycles on which we could find a non-zero
integral of dV.
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Plane wave

AdS

Figure 2.1: Plane wave configurations correspond to filling the lower half plane. This can
be understood from the fact that the plane wave solution is a limit of the AdS x S solution.

radius rg. We choose polar coordinates r, ¢ in the x1, x2 plane. We obtain

- B y? r'dr'd¢
Z(T‘,y) - T -

T Jpisk [72 4+ 1'% — 211! cos ¢ + y?]?
2,2, .2
— 1
2(ryir0) = oty - (2.28)
20/ (2 +r5 +y2)% —4r2r3 2
1 rr’ cos ¢'d¢’
Vo = —rsingV; Vo=——
¢ rsmoVi+rcosgva 27r/apr2+r’2+y2—27“7“’cos¢’
1 2,2 ,.2
Vo(r,ysmo) = —5 4 ;ry e = —1 (2.29)
2 \V/(r2+ 12 +y?)? — 4r2r}
Inserting this into the general ansatz and performing the change of coordinates
y = rosinh psinf, r =rgcoshpcosf, ¢=¢ —t (2.30)
we see that we get the standard AdSs x S° metric
ds? = ro[— cosh? pdt* + dp? + sinh? pdQ3 + d6?* + cos? 0d¢* + sin? HdO2] (2.31)

So we see that ro = R,24dS = R%,E), and the area of the disk is proportional to N .
Now that we have constructed the solution for a circular droplet, we can construct in a
trivial way the solutions that are superpositions of circles, see figure 2.2(a). Among these

the ones corresponding to concentric circles have an extra Killing vector. These lead to
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¢ ®
(@ (b) (©
(d) C) (f)

Figure 2.2: We see various configurations whose solutions can be easily constructed as
superpositions of the AdSs x S° solution and the plane wave solution. In (a) we see an
example of the type of configurations that can be obtained by superimposing the circular
solution (2.28). In (b) we see generic configurations that lead to solutions which have
two Killing vectors and lead to static configurations in AdS. In (c) we see the solution
corresponding to a superposition of D3 branes wrapping the S3in S5 In (d) we see the
configuration resulting from many such branes, which can be thought of as a superposition
of branes on the S? of AdS5 uniformly distributed along the angular coordinate % of S®. In
(e) we see a configuration that can be viewed as an excitation of a plane wave with constant
energy density. In (f) we see a plane wave excitation with finite energy.

time independent configurations in AdS. All other solutions will depend on ¢ = t + ¢ where
t is the time in AdS and ¢ is an angle on the asymptotic S°, see (2.31). The solutions
corresponding to concentric circles are therefore superpositions of (2.28) and (2.29)

zZ= Z(—l)”lé(r,y; r(()i)), Vg = Z(—l)”l‘@(r,y;réﬂ) (2.32)

i i
Here r(()l) is the radius of the outermost circle, r((]2) the next one, etc (see figure 2.2(b)). Let
us discuss the solution corresponding to a single black ring 2.2(c). When the white hole in
the center is very small, this can be viewed as branes wrapping a maximal 53 in S°. When
the area of this hole, N, is smaller than the original area, N, of the droplet (N, < N),

the solution will locally look like an AdSs x S° solution near the hole. When we increase

the number of branes wrapped on S in S° the area of the holes becomes very large and in
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the limit we get a rather thin ring, which could be viewed as a superposition of D3 branes

wrapping an S in AdSs 3 | see figure 2.2(d).

Figure 2.3: We can construct a five-manifold by adding the sphere S® fibered over the
surface 3o. This is a smooth manifold since at the boundary of ¥, on the y = 0 plane the
sphere S? is shrinking to zero. The flux of Fj is proportional to the area of the black region
inside 39. Another five manifold can be constructed by taking s and adding the other
three-sphere S2. The flux is proportional to the area of the white region contained inside
3.

Figure 2.4: We see here an example of a two dimensional surface, Yo, that is surrounding a
ring. If we add the three-sphere S® fibered over X5 we get a five manifold with the topology
of % x St

None of the solutions described here has a horizon and they are all regular solutions.
A singular solution was considered in [151]. That solution was obtained as the extremal
limit of a charged black hole in gauged supergravity [25, 26]. Since it is a BPS solution it
obeys our equations. We find that the boundary conditions on the y = 0 plane are such
that we have a disk, similar to the one we have in AdS but the fermion density is not —1
but —1/(1 + ¢) where ¢ is the charge parameter of the singular solution. Of course, the

solution is singular because it violates our boundary condition, but it could be viewed as an

3Note that this seems to disagree with a proposal in [21] for realizing a larger radius AdS space inside a
smaller radius AdS space.
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approximation to the situation where we dilute the fermions, or we consider a uniform gas
of holes in the disk, which agrees with the picture in [151]. Due to the superposability of

the function z = z—%, since we know the boundary value for Z, the solution can be written

simply
Hryirg) = i ! (2.33)
L+g | 2y/(r2+ 72 +y2)2 —4r2r} 2
1
z2(0,y;m0) = Epn . or 0, when r <rgorr>nr (2.34)

This was also discussed in [84],[44].

There is also another related solution corresponding to the SO(4) invariant Coulomb
branch of the A/ = 4 SYM [122]. This solution arises when we have a dilute distribution
of droplets, and when we keep the areas of the droplets fixed and scale their separations to

infinity. Under this limit, the solution becomes multi-center D3 brane solution [126].

2.2.3 Charges and topology

In this section, we analyze the flux quantization associated to the area of the droplets, we
derive the charges A and J of the solutions, and discuss their topologies.

From the AdSs x S° solution in (2.31), we see that ro = R124ds = R%E,. In fact, under an
overall scaling of the coordinates (z;,y) — A(x;,y) the metric scales by a factor A. This is
what we expect since the total area of the droplets is equal to the number of branes, a fact
which we will demonstrate later. By comparing the value of the AdS radius we obtained
in (2.31) and the standard answer, leaxds = 4771?;]\7 , we can write the precise quantization

condition on the area of the droplets in the 12 plane as?

(Area) = 47r2lf;N , or h= 27rlf; (2.35)

where N is an integer, and we have defined an effective A in the z1,z9 plane, where we

think of the =1, x5 plane as phase space.

We define 1, = gi\/a’.
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Let us analyze the topology of the solutions. This analysis is somewhat similar to that
used in toric geometry. As long as y # 0 we have two S3s. Let us denote these two spheres
as S3 and S3. At the y = 0 plane the first sphere shrinks in a non-singular fashion if
z = —% while the second sphere, 53, shrinks if z = % Both spheres shrink at the boundary
of the two regions. In fact there is a shrinking S” at these points, since the geometry is
locally the same as that of a pp-wave. For example, in the AdSs x S® solution the second
sphere, 53, shrinks at y = 0 outside the circle, this is the three-sphere contained in S°.
On the other hand the three-sphere contained in AdS5 shrinks at y = 0 inside the circular
droplet. Consider a surface X5 on the (y,Z) space that ends at y = 0 on a closed, non-
intersecting curve lying in a region with z = % see figure 2.3 . We can construct a smooth
five dimensional manifold by fibering the second three sphere, 53 on 3y. This is a smooth
manifold which is topologically an S°.

We can now measure the flux of the five-form field strength F5 on this five-sphere.
Looking at the expressions for the field strength (2.2) in terms of the four dimensional gauge
field (2.18), (2.16) we find that the spatial components are given by F|spatial = d(BtV)+d§.

Since BV is a globally well defined vector field the flux is given by

. 1 - 1 s 1 (Area), 1
N=———[dB=—— Pxgd 2] = : 2.36
2121} / 82} /22 yors < Y2 ) 4m2l] (2.36)

where 3y is the two surface in the three dimensional space spanned by y,x1,x2. This

expression gives the total charge inside this region for the Laplace equation, which in turn

is equal to the total area with z = —% contained within the contour on which ¥y ends at
y = 0, see figure 2.3. Note that (2.36) leads to the quantization of area, (2.35). In the
AdS5 x S° case there is only one non-trivial five-sphere and this integral gives the total
flux. This flux is quantized in the quantum theory.

We can consider an alternative five-cycle by considering a surface that ends on the y =0

plane on a region with z = —% (see figure 2.3). The flux over this five-manifold is given by

1 A 1 241\ (Area) _:
N=—— | dB=——-— 34s3d 2| = 2 2.37
27r2l;‘;/ 82y /223/ *3 ( 32 ) 4m2l] ( )
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and it measures the total area of the other type, with z = %, contained in this region. If
these fluxes are non-zero, then these spheres are not contractible. So if we have a large
number of droplets, we have a complicated topology for the solution. In addition we can
construct other 5-manifolds which are not five—spheres by considering more complicated
surfaces. For example we get the five-manifold with topology S* x S from the surface
depicted in figure 2.4.

These geometries realize very clearly the geometric transitions [120, 175] that arise when
one adds branes to a system. Adding a droplet of fermions to an empty region corresponds
to adding branes that are wrapped on the sphere that originally did not shrink at y = 0.
Once we have a new droplet this sphere will now shrink in the interior of the droplet. In the
process we have also created a new non-contractible cycle of topology S° that consists of
the three-sphere that was shrinking before and the two dimensional manifolds (or “cups”)
depicted in figure 2.3.

An interesting property of the solutions is their energy or their angular momentum J.
These are equal to each other due to the BPS condition A = J. As explained in [31],
this energy is the energy of the fermions in a harmonic oscillator potential minus the zero-
point energy of the ground state of N fermions® . From the gravity solution it is easier to
read off the angular momentum. This involves computing the leading terms in the gy

components of the metric, and we get

1 1 2
A — _ Pala? + 22) — — / &2
167315 /D vl tay) — oo\ | 4w
2
_ / Pry(at+ad) 1 (/ d%) (2.38)
D 2rh h 2 D 21h
where D is the domain where z = —%, which is the domain where the fermions are. Using

the definition of & in (2.35) we see that this is the quantum energy of the fermions minus

the energy of the ground state.

5Equivalently we can express it as the angular momentum of the quantum Hall problem.
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2.3 Gauge theory description and matrix quantum mechan-
ics

In this section we consider the same set of 1/2 BPS states in the gauge theory side, that is
from the U(N) N =4 SYM on S? x R . The theory contains one gauge field 4,,, six scalars,
and four Weyl fermions in the adjoint, they are all N x N Hermitian matrices. The vacuum
preserves a PSU(2,2|4) superconformal symmetry, which is the same as that of the AdS5 x
S% geometry corresponding to a circular droplet in section 2.2.2. Other 1/2 BPS states
are excitations above the vacuum. These are chiral primary operators that are the highest
weight states in the PSU(2,2|4) representations. These local operators are built out of
1

products of traces of a single complex scalar Z = ﬁ<X4 +1iX5), where Xy and X5 are two

adjoint scalars. These operators take the multi-trace form

k
[tz (2.39)
a=1

where all the exponents n, are bounded by N, because trace of Z with higher exponent can
be written in terms of products of traces with exponents no larger than N by the Cayley-
Hamilton identities. The ordering of the traces in the operator does not matter, because
different traces commute. The conformal weight and R-charge are both equal to the total

number of exponents, therefore the states satisfy
A—J=0 (2.40)

which is the same for the gravity solutions discussed before.

Furthermore, these operators are built out of traces of the zero mode of the field Z on a
round S3, because other higher KK modes correspond to inserting derivatives on the S2 in
the operator and will not be 1/2 BPS. And of course Z can not appear in the traces, since
they contribute oppositely to the conformal weight and R-charge. We can thereby reduce

the problem to a 0+1d quantum mechanics involving only Z. See also [91],[53],[31]% . At

5See also an interesting proposal of the string theory dual of the large N harmonic oscillator of a single
matrix in [103].



19

this stage it is a holomorphic complex matrix model, and it can be equally described by
a one Hermitian matrix model [31], after integrating out non-dynamical components. The
lagrangian of the matrix quantum mechanics for Z can be written as

1% 1.2 1.2 1 1
S = 253 /dt tr <X4 + =X —-X2— X52> (2.41)
P 2 2 2 2

where the commutator term is not included since they contribute positively to the BPS
bound and are usually stringy non-BPS excitations. We set Ay = 0 and have a Gauss law
constraint on U(NV) gauge singlet physical states, 5 A |¥) = 0.

We then define the usual conjugate momemta Py, Ps for the two scalars. The Hamil-

tonian (H = A) and R-charges J are
1
H = gtr (P} + P+ X§+X3), J =tr (PiX5 — P;Xa) (2.42)

We can also discuss in terms of the complex scalar Z and its conjugate momentum II =

—i% = 7(P4 + iP5). They satisfy the standard commutation relations [Z", TIT"'"'] =
ihdpm Onrm, [Z,1I] = 0, so we can define two sets of creation/annihilation operators
ot = Lzttt = (gt 4 (2.43)
V2 V2

The Hamiltonian and R-charge operators are then written as
H=tr (a'a+0'b), J=tr (a'a—0bb) (2.44)

So it’s clear in order to get 1/2 BPS states with H = J, we should keep only the single
al oscillators but not the other b’ oscillators. We have then in the 1/2 BPS sector a one
dimensional harmonic oscillator Hilbert space. It’s phase space is two dimensional. The

singlet condition tells us we should look at states of products of traces

H tr (af)™ |0) (2.45)

Now we want to consider the D-brane description of these states. The wave functions
and Hamiltonian are invariant under unitary transformations for Z. We want to diagonalize

Z as much as possible, we can put it into the form

Z=U(z+T)U" (2.46)
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where U is an unitary matrix, z + 7' is a triangular matrix in which z is the diagonal part
and T is the off-diagonal part of the triangular matrix. After integrating out U, the wave

function takes the form
k
U N AR O zme)e 2 2emmim st (2.47)
a=1 7

up to a normalization factor, and
Al =[]z — 2) (2.48)
1<j
is a Van-de-monde determinant from integrating out U. The wave function has a totally
antisymmetric property under exchange of any z;, z;, and thereby it describes fermions. See
also similar discussions about the wave function in [173],[183],[32],[53],[31]. The factor from

=3I can further be integrated out to give an overall constant. So the wave function

e
is in the same form if we were starting from a one Hermitian matrix model [31]. There
is an interesting property. The wave function, besides the universal Gaussian factor, is a
holomorphic function in z;, due to the BPS condition.

The system of these 1/2 BPS states are described by wave functions of N free fermi-
ons under a harmonic oscillator potential. Because they are identical particles, in the two
dimensional phase space they occupy different shapes of droplets. The droplets are incom-
pressible, because the total number N is fixed, this is the same as the condition in 2.2.3
that the total flux quanta are fixed by N. See figure 2.5.

It is possible to use a hydrodynamic approach in the phase space [32]. The droplet is the
saddle point approximation of the square of the wave function. In the wave function, the
Gaussian factor produces a quadratic potential for eigenvalues, and the other factors give
repulsion forces between them. In the large N limit, we can approximate the distribution
of eigenvalues in phase space by a density function p(Z) for the hydrodynamic fluid in two
dimensions, so that Y, 2;z; = [ d*zp(x)#? and N = [ d*zp(x). For example, if we consider
the ground state droplet, due to the quadratic potential and the Van-de-monde determinant,

the density function satisfy the integral equation [32]

-+ c=2 [ Pyply) log(7 - 7 (2.49)
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€Y (b) (©)

Figure 2.5: Droplets representing chiral primary states. In the field theory description
these are droplets in phase space occupied by the fermions. In the gravity picture this is a
particular two-plane in ten dimensions which specifies the solution uniquely. In (a) we see
the droplet corresponding to the AdS x S ground state. In (b) we see ripples on the surface
corresponding to gravitons in AdS x S. The separated black region is a giant graviton brane
which wraps an S® in AdSs and the hole at the center is a giant graviton brane wrapping
an S3 in S°. In (c) we see a more general state.

where ¢ is a Lagrange multiplier ensuring the constraint on the total number of fermions.
Since in two dimensions log(|# — ¢]) is the Green’s function for the Laplace operator, the
solution for p(Z) is that it is constant within a circular disk, and is zero outside. The other
droplets corresponding to coherent states can be similarly described, in which cases the

external potential get modified and as a result their shapes are different.

2.4 Discussion

In above two sections, we have analyzed the 1/2 BPS chiral primary states from both the
gravity and gauge theory point of view. We find agreement between these two descriptions.
In this section we make a few remarks.

In the gauge theory side, these states can be written as products of traces built from
one complex scalar Z. The dynamics of these 1/2 BPS states is described by a holomorphic
complex matrix quantum mechanics reduced from the U(N) N = 4 SYM on S? keeping
only the zero mode of the Z. All these 1/2 BPS states can map to the states in this matrix
quantum mechanics. This matrix quantum mechanics contains two harmonic oscillators
and we only keep one of them due to the BPS condition, so this is finally equivalent to a

one Hermitian matrix quantum mechanics [31]. The model can be solved in either closed
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string basis where we look at states of the products of traces of creation operators and
they are labelled by Young tableaux, or it can be solved in the D-brane or eigenvalue basis,
where the wave functions describe free fermions in a harmonic potential. Thus states of the
reduced model are described by droplets in a two dimensional phase space. The vacuum of
the U(N) N' =4 SYM on S3 x R is a circular droplet with area N. Other excited states
correspond to ripples of the fermion surface, holes or fermions away from the fermions
surfaces, and also more dramatic changes of the droplet, etc.

In the gravity side, we solve all the geometries dual to these 1/2 BPS states by con-
sidering the same set of symmetry and supersymmetry for these states, and also regularity
conditions. The geometry contains two S from the worldvolume and R-symmetry of the
N = 4 SYM. Besides a direction ¢, which corresponds to U(1)a_y, there is a coordinate
y which is the product of the two three-spheres. The remaining are two dimensions x1, x2.
At y = 0, each regular solution requires the boundary condition z = :l:% on the x1, x2 plane
where either the two spheres shrinks, and the solutions are determined by specifying these
two regions. The AdS5x S° is a circular droplet. Excited states include supergravity modes,
strings, giant gravitons wrapping either spheres, or other completely new geometries.

This system reduces the rather complicated problem to a simple description of the phase
space or the x1,xo plane. In the gauge theory side, the quantization of the phase space,
corresponds to the quantization of fluxes in the gravity. The flux numbers are the area
of the droplets on the x1,x2 plane. The energy of the solution J is a second moment of
the distribution of the droplets, it matches exactly with the total energy of the fermions
corresponding to the same distribution in phase space. The phase space has a symplectic
structure and this is also found out in gravity side and leads to a way to quantize the
system [139, 80]. Moreover, the phase space description shows particle-hole duality when
we switch the two three-spheres and the regions they shrink. The complicated topology of
the ten dimensional geometries are also simplified due to this phase space. Finally, we can
also compactify this phase space, and this gives rise to other theories related to the original

N =4 SYM and will be discussed in chapter 4.
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The system gives an unified description of some of the perturbative and non-perturbative
excitations above AdSsx S°. The exited states are better described in different ways when we
increase the excitation energy J. See figure 2.5. For small excitation energies J < N, they
correspond to supergravity modes propagating in the bulk. = When energy increases to
J ~ +/N in the BMN limit, they have enough partons and become stringy modes. These
states are better described by trace formulas, due to the orthogonality. As we increase the
excitation energy to the order J ~ N, some of the states are better described by D3-branes
wrapping either the internal sphere [141] or the AdS sphere [91],[82], and corresponds to
adding new droplets in the x1, z2 plane. In the gauge theory side the trace formulas breaks
down due to non-orthogonality, and states are better described by Shur polynomials or
Young tableaux [53] (see also [45]). In the case of D3-branes wrapping the internal sphere,
it can be described by determinants or subdeterminants [17]. A single D3-brane wrapping
the internal sphere is a state with an additional single column in the Young tableaux, it
is a hole excitation. In the gravity side, it corresponds to adding a small bubble in the
disk and thereby boosts the total energy. Their energies are bounded by N, the bound is
satisfied when the bubble is located at origin, which is the maximal giant graviton. This
gives an explanation of the stringy exclusion principle by the finiteness of the fermion sea.
On the other hand, a single D3-brane wrapping the AdS sphere is a state with an additional
single row in the Young tableaux, and it is a separate fermion excitation. In the gravity
side, it corresponds to adding a small droplet away from the disk and their energies are
not bounded because it can be sent to infinitely away. We can also have solutions that
smoothly interpolate between branes wrapping the sphere and branes wrapping AdS. As
we further increase emergy to J ~ N2, we expect to have order N of these D3 branes
each with order N of energy and their backreaction to the AdSs x S® cannot be neglected.
The best description for them are completely new geometries. In the gauge theory side,
they corresponds to large distortions of the disk. It is also interesting to note that some
topologically non-trivial excitations with very low energy are better described by low energy

gravity modes. This can be seen when we put a small droplet very close to the disk, it is
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better described by ripples on the disk or edge states from the point of view of the fermion
system.

The system realizes the open-closed string duality. We already see this in the gauge
theory description when states can be interpreted in closed string picture and eigenvalue
picture. In gravity side, eigenvalues are described by individual small droplets or bubbles,
which are N free fermions corresponding to N D3 branes” . They can form a large droplet
by staying together. When there is a ripple on this large droplet, these fluctuations are
better described not by individual fermions, but by their collective excitations (see also
[138],[60],[61]). This collective excitation of N D3 branes is a closed string state.

The system exhibit very clearly the geometric transitions [120, 175] that arise when one
adds branes to a background. Adding a droplet of fermions to an empty region corresponds
to adding branes that are wrapped on the three-sphere that originally does not shrink at
the boundary plane. After geometric transition the branes are described by a new droplet
on which this three-sphere now shrinks. In the meantime we have also created a new
non-contractible cycle of topology S°. The three-sphere that the branes were wrapping
disappears while the additional fluxes through the non-contractible S® now turned on.

This system also gives rise to some interesting observations if we change the droplet
density in the phase space to be other than one. If we increase the droplet density to exceed
one, which violates Pauli exclusion principle, then in the gravity picture, there appear closed
time-like curves which violates the causality principle [44]. If we decrease the droplet density
to be less than one, like the case of the 1/2 BPS extremal one-charge limit of the black hole
in AdSs, then one can argue that there is an ensemble of smooth geometries with dilute
distribution of fermions. The singularity appears when we neglect the details of individual
distribution and make a coarse-graining of all the geometries. This is very similar to the
view that black hole entropy might arise as sum over different smooth geometries dual to

individual microstates [18, 19, 170, 169, 172], see also [30],[34],[140],[133],[132],]20],[5].

"The free fermion picture for the D3 branes and closed strings is also reminiscent of the description of
the unstable DO branes and closed strings in the ¢ = 1 matrix model [119],[142].
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The system also exhibit the emergence of geometry from the matrices and their eigen-
values in the boundary gauge theory [32]. We will discuss more in chapter 5 about this for
other similar theories. It demonstrates the holography very clearly and have to some extent
a sense of background independence (see also [95],[93]). All the geometries are on the same
footing, and only the asymptotic boundary of them is fixed. Moreover, the same plane of
phase space can give rise to different asymptotic geometries, if we distribute the droplets
in different ways. We will discuss other theories with different asymptotic geometries in
chapter 4.

This system is also intimately related to quantum Hall problem. If we redefine the
Hamiltonian as H' = H — J = A — J, then in terms of this new Hamiltonian, These 1/2
BPS states are the ground states of H' and correspond to the lowest Landau level, and .J
is given by the angular momentum on the Hall plane. It has been further discussed and
extended in [79],[55].

The system gives also an interesting description of the plane wave limit. In terms of the
droplets this amounts to zooming in on the edge of a droplet. So the plane wave can be
thought of as the ground state of the relativistic fermions, where we fill the lower half plane
(x2 < 0), which is an infinite Dirac sea. 1/2 BPS excitations above plane-wave correspond
to various particles and/or hole excitations. The lightcone energy of the states is the same

as the expression of the energy for a relativistic fermion.



Chapter 3

Geometry of 1/2 BPS states in M2

brane and M5 brane theory

3.1 Introduction

In this chapter we make a similar study of the 1/2 BPS sectors of the M2 brane theory (the
2+1d N = 8 superconformal theory) and the M5 brane theory (the 5+1d (0,2) supercon-
formal theory). The gravity duals of the 1/2 BPS chiral primary operators in these theories
are the 1/2 BPS geometries asymptote to AdS; x S7 and AdS7 x S* respectively. We solve
all the geometries with the required symmetry and supersymmetry and find that they are
described by a continuum Toda equation with the boundary conditions on a plane. This
plane is analog to the phase space plane in the IIB case in chapter 2, however the droplet
densities are not constant. We make further comment on this in Ch 3.3. While in Ch 3.2,
we make detailed study of how the solutions are solved, the examples of them, their charges
and topologies, and finally the reduction of the Toda equation to a Laplace equation when

there is an extra Killing vector.
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3.2 Gravity description, Toda equation and droplet picture

3.2.1 The solutions

In this section we analyze the M-theory solutions corresponding to 1/2 BPS geometries
asymptotic to AdSy7 x S™*. They are dual to 1/2 BPS chiral primary operators in the
M2 brane theory and the M5 brane theory. These states preserve 16 supercharges with
the supersymmetry group SU(2|4), which is the maximal compact subgroup of the sym-
metry algebras of the M2 brane or M5 brane theory. The bosonic part of the symmetry is
SO(3) x SO(6) x R. Again, R is the translation generator corresponding to A —J. The R
generator does not leave the spinor invariant, rather the spinor has non-zero energy under
this generator. This R generator should leave the geometries invariant.

We now look for supersymmetric solutions of 11D supergravity which have SO(6) x

SO(3) symmetry

dsty = e (43 + ¢*4d03 + ds}) (3.1)
Gy = Guipopspada™ Adat Adah® A dat* + 0y, Byydat Adz> Ad*Q (3.2)
where dQ% and dQ% are the metrics on unit radius spheres! and p; =0,--- ,3.

The equations for the four—form field strength are
dG 4y =0, d( 11G4y) = 0. (3.3)

To find supersymmetric configurations we will solve the equation for Killing spinor

1
Vi) + gz [ = 85T Gl = 0 (3.4)

Following [78] we first perform a reduction on S and on S? by decomposing the spinor

as

=10 © M4 (607) © es +x-(6%) @ ] (3.5)

!The factor of 4 in front of the five—sphere metric was inserted for later convenience, and it corresponds

to setting the parameter m in appendix F of [126] to m = %
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where (0?) is a spinor on S° and . (6%), x_(#®) are two component spinors on S2. The
Killing spinor equations are then reduced to a set of equations for the four dimensional
spinor €4, e_. In order to continue constraining the metric we decompose the Killing spinor
in terms of a four dimensional Killing spinor and spinors on S? and S°. So we have an
effective problem in four dimensions with a four dimensional one-form field B, and two
scalars A, \. A closely related problem was analyzed in [78], where general supersymmetric
M-theory solutions with SO(2,4) x U(1) symmetry were considered. Our solutions preserve
more supersymmetries, but after a suitable Wick rotation they are particular examples of
the general situation considered in [78] so we can use some of their methods.

Using the equations for the field strength, one can show that

A—2A

T3
Gripopsus = T1e €papapspia (3.6)

with constant ;. In the solutions related to chiral primaries on AdS x S or pp-waves the
S? or the S° can shrink, at least in the asymptotic regions. These spheres cannot shrink in
a non-singular manner if the flux I; were non-vanishing. The reason is that the flux density
would diverge at the points where the spheres shrink. So from now on we set I; = 0.
Then the spinor equations for €, e_ are simplified and can be written as two decoupled
systems, one for e_ 4+ y5¢4 and one for e — y5¢. We only need to look at one of them, for
example, € = €. We use similar method discussed in chapter 2 and construct bilinears out

of four dimensional spinor e:
fi=¢, fao=élse, K,=—2ey,e, L,=2meyIse, Y, =éyue (3.7)

There are also bilinears involving €’ instead of € we will consider them later. Taking

derivatives of the bilinears, we get

Vufi = 0, (3.8)

Vufo = Lu—30\f (3.9)
673A72A

VoKu = —2mYu +——5—Fuf> (3.10)

We will not need the expression for V,L, and V,Y, . From equation (3.9) we see that
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Ldat = e 3y (3.11)

Equation (3.10) implies that K* is a Killing vector, and we will choose the coordinate ¢
along the vector K*. The rest are two coordinates labelled by z;,i = 1, 2.

After reducing other equations gradually (for more details see [126]), one can relates
every function in the metric or flux to a single function D(x;,y), which obeys a non-linear

differential equation. The final result is:

ds?, = — 4¢P (14 y2e M) (dt + Vida')? + w:;\_ﬁ/\[df + eP(da? + da2))
+4e2M 02 + e A0S (3.12)
Gu = FAdQ (3.13)

D

e 0 = yu?yyayD) (3.14)
v, = %%@D or dV:%wﬂﬂ%DH%%DF@] (3.15)
F = dByA(dt+V)+ BdV +dB (3.16)
B, = —4yPe (3.17)

dB = 2x3 [(y@jD +y(0yD)? — 9, D)dy + y0;0,Ddx"]

_ 2>T<3[y28y(;8yeD)dy + yd2'9,0, D] (3.18)

where 4,7 = 1,2, and #3 is the epsilon symbol of the three dimensional metric dy? + e” d:v?,
and *3 is the flat space € symbol. The function D which determines the solution obeys the
equation

(0 + 03)D + 0je” = 0 (3.19)

This is the 3 dimensional continuous version of the Toda equation. Note that (3.19) implies
that the expression for dB in (3.18) is closed. Notice that the form of the ansatz is preserved
under y independent conformal transformations of the 12 plane if we shift D appropriately.
Namely

x1 +ixe — f(x1 + ixa) | D — D —log|of|? (3.20)
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Note that the coordinate y is given in terms of the radii of five—sphere and the two—sphere by
Yy = RgR% /4= e?*e* A This implies that the two—sphere or five-sphere shrinks to zero size
at y = 0. Let us first understand what happens when the two—sphere shrinks to zero and
the five—sphere remains with constant radius. From the condition that A remains constant
as y — 0 we find that e? is an « dependent constant at y = 0 and in addition we find that
0yD = 0 at y = 0. These conditions ensure that the y coordinate combines with the sphere
coordinates in a non-singular fashion. We now can consider the case where the five-sphere
shrinks. In this case Ry is a constant, so that e?* ~ y. This happens when D ~ logy as
y — 0. In this case we see that the geometry is non-singular. After redefining the coordinate
2

y = u”, we see that the u and 5-sphere components of the metric become locally the metric

of R®. In summary, we have the following two possible boundary conditions at y = 0

0yD = 0, D = finite, S? shrinks (3.21)

D ~ logy, S5 shrinks (3.22)

Note that the Toda equation (3.19) has also appeared in the related problem of finding
four dimensional hyper-Kahler manifolds with a so called “rotational” Killing vector [41]
(see also [15]). In fact the expression for the hyper-Kahler manifold in terms of the solution
of the Toda equation can arise as a limit of our expression for the four dimensional part of
the metric (3.12).

This equation also arises in the large N limit of the 2d Toda theory based on the
group SU(N) in the N — oo limit, the SU(N) Dynkin diagram becomes a continuous line

parameterized by y [14],[157].

3.2.2 Examples

Let us now discuss some examples. These are the M-theory plane-wave, AdSy 7x.S 74 the el-
liptic droplets asymptotic to AdSy7 x S7*, and 1/2 BPS extremal one-charge limits of the
AdS4 7 black holes.
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The simplest example is the pp-wave solution. In this case x; is an isometry direction.

The necessary change of variables is

y = ng)rg (3.23)
2 2
_ 5 _"n
T2 = 4 9 (3'24)
D 7”52>
= =2 3.25
e’ = (3.25)

where r5 and ro are the radial coordinates in the first six transverse dimensions and the
last three transverse dimensions respectively. In (3.25) we could in principle find D in
terms of xs,y, this involves solving a cubic equation. One can check that D defined in
this fashion obeys the Toda equation. It is also easy to see that this expression obeys the
appropriate boundary conditions for 2 > 0 and x2 < 0 which represent a half filled plane,
and corresponds to the Dirac sea.

Another example is given by the AdS; x S4 solution? :

D TZL—(S 2

=g w=( %)cos 6, 4y=L 32sing (3.26)

Where 6 is a usual angle on S* and r is the radial coordinate in AdS7 and L is the inverse
radius of S*. Notice that in this case the solution asymptotes to D ~ 0 at large distances.
So we expect that any solution with AdS; x S* asymptotics can be obtained by solving
Toda equation (3.19) with the boundary conditions (3.21), (3.22) and D ~ 0 at infinity.

We can similarly describe the solution for AdSy x S7:

2 2\ 1/4
P =4L6y/1+ % sinf, = (1 n 2) cos,  2y=L 3rsin0  (3.27)

Here L is the inverse radius of AdSs. Notice that in both AdS,7 x 574 cases we have
circular droplets of the M2 brane type or M5 brane type. Note that these two solutions
AdSy7x 8™ can be related by analytical continuation and conformal transform of the Toda
equation.

Unfortunately the Toda equation is not as easy to solve as the Laplace equation, so it

is harder to find new solutions. There are a few other known solutions. These include the

2In equations (3.26) and (3.27) we use the polar coordinates in 1,z plane: ds3 = da® + z?dy>.
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smooth 7d and 4d gauged supergravity solutions and two singular solutions of the 1/2 BPS
extremal one-charge limit of AdS7 4 black hole.
After some work, both the smooth solution of 7d gauged supergravity and the 1/2 BPS

extremal one-charge limit of AdS; black hole [129],[54] can be written in the following way

e = m?f/F?, (3.28)
zo+izy = (e cosd+ie’sing) Fcosf (3.29)
y = m’r’sing (3.30)
where
cosh2p = F’, f=1+ i, z = 4m*r? (3.31)
2V
O F(r) = W cosh 2p (3.32)

and every function above is determined by the single function F'(x), which satisfy the non-
linear differential equation
2z + F)F' =1~ (F')? (3.33)
where the prime is with respect to > 0. The boundary condition is F'|,—g = C' > 1, where
C is a parameter appears in the gravity solution. Every solution is uniquely determined by
specifying the value of C.
The regular 7d gauged supergravity solution corresponding to a droplet of elliptical

shape of the M5 brane type is given by a nontrivial solution of F' with
C>1 (3.34)

and F can be simplified to be F = Smhaps Where ¢ = sinh 2p(7)|r=0. C > 1 corresponds to
turning on the off-diagonal charged scalar p in the gauged supergravity which sources the
solution and make it regular.

On the other hand, the singular 1/2 BPS extremal one-charge limit of AdS7 black hole
is the solution given by C' = 1 and F' = x + Q. It’s singular because the scalar p is not

turned on, it can be viewed as a singular distribution of p at the singularity.
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Similarly, both the smooth solution of 4d gauged supergravity [50] and the 1/2 BPS

extremal one-charge limit of AdSy black hole (for example in [69]) can be written in the

way
e? = 4fsin?6/F? (3.35)
To4izy = (e Pcosp +ie¥ sing)F cosb (3.36)
y = zsin’ (3.37)
where
cosh2p = F', f=1+zF 8F—Lcoh2 (3.38)
Shzp =17, J = y Ozf = 201 1 2 F) shzp .

and every function above is determined by the single function F'(z), which satisfy another

non-linear differential equation
(V4 F)F' =1— (F')? (3.39)

where the prime is with respect to z > 0. The boundary condition is F'|,.—g = C >
1, where Cisa parameter appears in the gravity solution. Again, every solution is uniquely
determined by specifying the value of C.

The regular 4d gauged supergravity solution corresponding to an elliptical droplet of

the M2 brane type is given by a nontrivial solution of F' with

C>1 (3.40)

and F can be simplified to be F = where ¢ = sinh 2p(z)|,—0. Similarly, C >

1 corresponds to turning on the off-diagonal charged scalar ¢ which sources the solution
and make it regular.

On the other hand, the singular 1/2 BPS extremal one-charge limit of AdS7 black hole
is the given by solution C=1land F =2+ 2Q). It’s singular because the scalar ¢ is not
turned on, and it can be viewed as a singular distribution of ¢ at the singularity.

The examples of the two singular solutions obey our equations but not the regular

boundary conditions.
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3.2.3 Charges and topology

Let’s discuss the topology and charge quantization of these solutions.

We can also separate the 12 plane into droplets where we have one or the other boundary
condition above. We can now consider four cycles obtained by fibering the two—sphere over
a two-surface ¥y on the y, 21, 2 space which ends at y = 0 in a region where the S? shrinks,
see figure 2.3. This is a non-singular four-cycle® . Since B;V is a globally well defined vector
field, we find that the flux of the four form over this four cycle is given by computing the

integral
1

N5 ~ — / G(4) = —/ dB —/ dxldx22(y_1eD)\y:0 (3.41)
V0152 Sy PN D

where D is the region in the 1, 2o plane with the S° shrinking boundary condition, (3.22),

which lies inside the surface Ys. So the area of this region measures the number of 5-branes
in this region.

We can similarly measure the number of two branes by considering the flux of electric
field. Namely we consider now a seven cycle which is given by fibering the five—sphere over
a two surface ¥}, which ends on the y = 0 in a region where the five-sphere shrinks. Then

the electric flux is given by

1 _ _
NQ ~ / *11G(4) = / [<I>dV + go 163>\ 24 *3 dBt]
7 b

volgs 2

= / 2>T<3[y38§(y_leD)dy + y?0;0,Ddx"] = / dr1drs 2¢P|,—0 (3.42)
D D

where %3 is the flat space € symbol and D is the region in the 12 plane where the S? shrinks
which is inside the original X/ surface. This integral counts the number of two branes. If
the five-branes were fermions the two-branes are holes. The equation (3.19) implies that
the two form we are integrating in (3.42) is closed.

Notice that in both cases the fluxes are given by the area measured with a metric
constructed form D. So we first have to solve the Toda equation, (3.19), find D, and only
then can we know the number of M2 and M5 branes associated to the droplets. Note

also that any two droplets which differ by a conformal transformation seem to give us the

3This four cycle has the topology of a sphere S* if ¥y is topologically a disk ending at y = 0.
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same answer. In fact, if we consider circular droplets of different sizes, then a conformal
transformation would map them all into a circular droplet of a specific size. The point
is that the boundary conditions (3.21), (3.22) do not fix the solution uniquely. Given a
solution D(z;,y), the function D(z;,y\) —2log A is also a solution with the same boundary
conditions. We see from (3.41), (3.42) that this change rescales the charges. We expect
that this is the only freedom left in determining the solution, but we did not prove this. In
other words, we expect that the solution is completely determined by specifying the shapes
of the droplets. As opposed to the IIB case, we do not know the correspondence between
the precise shape of the droplets in phase space and the shape of the droplets in the y =0

plane? . But we expect that their topologies are the same.

3.2.4 Extra Killing vector and reduction to Laplace equation

In the case of solutions with an extra Killing vector we can reduce the problem to a Laplace
equation using [178]. Let us consider a translational Killing vector. In the case that the
solution is independent of x7 the equation (3.19) reduces to the two dimensional Toda
equation

9BD+ 02" =0 (3.43)

This equation can be transformed to a Laplace equation by the change of variables
D _ 2 _ _
e’ =p°, y = po,V , x9 = 0,V (3.44)

Then the equation (3.43) becomes the cylindrically symmetric Laplace equation in three
dimensions

;ap(papV) + 02V =0 (3.45)

The boundary conditions will be discussed in chapter 5.

The pp-wave solution (3.25) can be expressed as

Vi=p'n—2n (3.46)

*In particular, notice that the densities, given by (3.41) and (3.42), are not constant.
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Note that only the region n > 0 is explicitly seen in the gravity solution. In fact, at y = 0,
half of the x5 line is mapped to p = 0 and the other half to n = 0. As we consider other
solutions of the Laplace equation we expect to find more complicated boundaries, which will
be discussed in chapter 5. By solving this equation one can obtain solutions with pp-wave
asymptotics that represent particles with nonzero —p_, which are translationally invariant
along =~ (this can happen at the level of classical solutions).

One can then compactify £~ and reduce to type ITA. In this way we obtain non-singular
geometries that are the gravity duals of the plane-wave matrix model [33]. These solutions
were explored in [125] in the Polchinski-Strassler approximation. In chapter 5 we obtain
non-singular solutions corresponding to interesting vacua of the plane-wave matrix model.
The Young diagrams representing different vacua of the plane-wave matrix model are di-
rectly mapped to strips in y = 0 plane, just like in the case of M2 brane theory with mass
deformation (see figure 5.7). In particular, our solutions make it clear that we have con-
figurations that correspond to DO branes that grow into NS5 (or M5) branes, as discussed
in [137]. Such a solution would come from boundary conditions on the y = 0 plane for
the Toda equation as displayed in figure 4.2(a). The solution where the DO branes grow
into D2 branes on S? is then related to a boundary condition of the form shown in figure
4.2(b). Note that, despite appearances, the topology of these two solutions would be the
same. In the type IIA language both solutions would contain a non-contractible S% and a
non-contractible S%. These spheres are constructed from the arcs displayed in figure 4.2,
together with either S? or S°.

Here we considered plane wave excitations with p, = 0 and p_ # 0. Solutions that
correspond to a plane wave plus particles with p_ = 0 but p; # 0 were discussed in [99],
together with their matrix model interpretation.

It is also possible to use this trick, (3.44) when we consider solutions that are rotation-
ally symmetric in the z1, x5 plane. The reason is that the plane and the cylinder can be
mapped into each other by a conformal transformation, and conformal transformations are

a symmetry of the Toda equation (3.19). More explicitly, if we write two dimensional metric
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as dr? + r2d¢? and look for solutions which do not depend on ¢, then three dimensional

Toda equation reduces to (3.43) with following replacement: zo — logr, D — D + 2logr.

3.3 Discussion

We have studied geometries of 1/2 BPS states asymptotic to AdS; x S* or AdSy x S” with
SU(2]4) symmetry. These are dual to the 1/2 BPS chiral primaries of the M5 brane theory
and M2 brane theory. The chiral primaries of the M5 brane theory or (0, 2) SCFT can also
be described in terms of Young tableaux with at most N rows [3], as in four dimensional
N = 4 SYM. They are in symmetric traceless representations of the SO(8) R-symmetry.
Similarly the chiral primaries of the M2 brane theory or the 2+1d N = 8 superconformal
field theory are in the symmetric traceless representations of SO(5) R-symmetry with up
to N indices. So in terms of labelling of states these are similar to free fermions on a plane.

The situation is qualitatively similar to that of A/ = 4 SYM. We can consider these
conformal theories on R x S° or R x S2, and study the zero mode of a complex scalar out
of the 5 or 8 scalars in the M5 brane or M2 brane theory. We expect to have a sort of two
dimensional phase space for the underlying dynamics reduced on the spheres. However we
do not have the exact dynamics of these theories.

In the gravity side we see a similar z1,x2 plane, but the flux density is not constant
on this plane. The solutions are governed by a non-linear Toda equation with particular
boundary conditions on the x1, 2 plane. Nevertheless, the full solutions and their topologies
are determined by specifying the shapes of the boundaries between the two regions.

In the weak string coupling limit, their dynamics go over to the NS5 brane theory on
R x 8% or the D2 brane theory on R x S? and we can reduce the geometries to the ten
dimensional ITA string theory, and these theories and their dualities will be studied in detail

in chapter 5.



Chapter 4

Geometry of BPS vacua in field
theories with SO(4) x SO(4) x U(1)

symmetry

4.1 Introduction

In this chapter, we study a class of supersymmetric theories with 16 supercharges, and with
a bosonic U(1) x SO(4) x SO(4) symmetry. These theories arise when we consider the U
daulity of the type IIB solutions in Ch 2. Specifically, we start from the general solutions
in type IIB case in Ch 2, and select the configurations that are invariant under x1, that is,
we have an extra Killing vector. We then make a T duality along the x1, we get solutions in
ITA, and we can also uplift the solutions from ITA to M theory. The resulting theories come
in three types, corresponding to three different ways of distributing the droplets or more
precisely the strips, see figure 4.1. If we fill completely the lower half plane and consider
finite strips above it, these are dual to vacua of mass deformed M2 brane theory. If we only
have finite strips on the plane, then the vacua correspond to D4 brane theory. Finally, if we

distribute the droplets or strips periodically, after two T dualities on both x1, x5 and a S

38
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duality, we find that these solutions correspond to vacua of intersecting NS5 brane theory,
where two sets of NS5 branes intersect on R%!. In Ch 4.2, we discuss the mass deformed M2
brane theory. In Ch 4.3 we discuss the D4 brane theory. Then we discuss the intersecting
NS5 brane theory in Ch 4.4. Finally we study the unusual Poincare supersymmetry algebras

in 241 or 1+1d worldvolume theorie, such as the mass deformed M2 brane theory.

X1 compact X1, X, compact

X2
+ X1 H H . X, - = .
(3@ (b) (©) (d) (e)

Figure 4.1: In (a) we see a circular droplet in the uncompactified x;, xo plane which
corresponds to the vacuum of N' = 4 super Yang Mills. In (b,c,d) we show different vacua
in the case that we compactify the 1 coordinate. This “uplifts” N = 4 super Yang Mills to
a 441 dimensional gauge theory, or more precisely to the (0,2) six dimensional field theory
that lives on M5 branes. Figure (d) shows the limit to the M5 brane theory when the z;
dependence recovers. If we compactify also xo, as in (f,g,h) we get a little string theory
whose low energy limit is a Chern Simons theory. If the sizes of x1 and zo are finite, we
get the theory on R x T2 and figures (f,g,h) show different vacua. As we take both sizes
to zero, we obtain the theory on R*!. The configuration in (e) corresponds to a vacuum of
the theory of M2 branes with a mass deformation.

() (@ (h

4.2 DLCQ of IIB plane-wave string theory or mass deformed

M2 brane theory

In this section we consider geometries that are dual to the M2 brane theory with a mass
deformation [161, 29]. Starting with the usual theory on coincident M2 branes with 32
supercharges, it is possible to introduce a mass deformation that preserves 16 supercharges.
This deformation preserves an SO(4) x SO(4) subgroup of the SO(8) R-symmetry group
of the conformal M2 brane theory. One interesting aspect of this theory is that its features

are rather similar to those of N' = 4 SYM with a mass deformation. Namely, the mass



40

deformed M2 brane theory also has vacua that are given by dielectric branes [150]. In
this case these are M5 branes that are wrapping a 3-sphere in the first four of the eight
transverse coordinates or a 3-sphere in the last four of the eight transverse coordinates.

The M2 brane theory with M2 brane number N via IIB/M theory duality becomes
DLCQ of IIB string theory in the sector of N units of light-cone momenta [23],[167]. In
our case, the mass deformed M2 brane theory via the IIB/M duality is dual to DLCQ
of 1IB plane-wave string theory. In the latter, the polarized M5 branes wrapping either
S3 are mapped to polarized D3 branes wrapping the same sphere. In order to go from IIB
theory to M theory, we first periodically identify along the lightlike Killing direction, 1 =
x~ ~x~ +27R in (2.27). The sector with N units of momentum —p_ = N/R is given by
the mass deformed M2 brane theory on a torus! with N M2 branes, after we T-dualize the
x1 circle and uplift to 11 dimensions.

The vacua of the mass deformed M2 theory is there characterized by the have a cylinder
in the z1,z9 plane is shown in figure 4.1 (e). In this case we fill the lower half of the
cylinder. We get this theory in R*! after setting the radius of x; to zero and taking the
strong coupling limit (and doing the obvious U-duality transformations). If the size of z;
and the string coupling are finite, then we get the theory on R x T2.

We can obtain these solutions dual to the vacua of mass deformed M2 brane theory by
U-dualizing the IIB solutions describing excitations above plane-wave geometry in chapter

1. The explicit form of the solutions is

ds3, = e%(—dt2 + dw? + dw3)
tes [hQ(dyQ + da?) + ye®d02 + ye—Gdég] (4.1)
1
20 _
Fy = —d(e®®h72Vi) Adt A dwy A dws
1 ~
— Ze*m (€73 o d(y2e®Y) A dQ3 + €3C 5o d(y?e 29 A dQs]  (4.3)

where *9 is the flat epsilon symbol in the coordinates y, z2 and h, G are given by the expres-

!There has been another proposal for the DLCQ limit of this theory in [168], which involves a rather
different theory.
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sions we had above (2.13)—(2.15), (2.19). These functions are determined by considering
boundary conditions corresponding to strips that are translation invariant along xi, see
figure 2.2(e) and equations (2.25). Note that since we had translation symmetry along x;
in the original IIB solution, only the component V; is nonzero. The coordinate x; does
not appear in this M-theory solution because it was U-dualized. So z, Vi are given by
superpositions of solutions of the form (2.25). In other words

Awa,y) =) (1) P(x2 —ahy),  Vilwo,y) =) (1)TVP(a2 —ady)  (44)

i i

where 2P, VI are the functions in (2.25), and % is the position of the ith boundary starting
from the bottom of the Fermi sea? .

The authors of [29] managed to reduce the problem to finding a solution of a harmonic
equation, and their solutions and ours are related by change of variables. Our parametriza-
tion of the ansatz has the advantage that it is very simple to select out the non-singular

solutions.

Ny

(€) (b)

Figure 4.2: We see the configurations corresponding to two of the vacua of the mass de-
formed M2 brane theory. The vacuum in (a) can be viewed as dielectric M5 branes wrapping
the S? in the first four coordinates of the eight transverse coordinates. The configuration
in (b) corresponds to a vacuum with M5 branes wrapping the S3 in the second four co-
ordinates. The two geometries have the same topology. Consider arcs in the zs,y plane
that enclose the fermions or the holes and end at y = 0. We can construct four spheres by
taking one of these arcs and tensoring the S3 that shrinks to zero at the tip of the arcs.
The two different S® are denoted in the figure by indices 1 and 2. The flux of Fy over these
four spheres is equal to the number of particles or holes enclosed by the arcs. Note that
the horizontal line in this figure does not correspond to a coordinate in the final M-theory
geometry.

2For odd i the boundary changes from black to white while for even i the boundary changes from white
to black. See figure 2.2 (e).
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One of the simplest ways to count these vacua is to recall yet another description of this
DLCQ theory in terms of a limit of a gauge theory in [149]. According to the description in
[149] the vacua are given in terms of chiral primary operators of a particular large N limit of
an orbifold theory. It is a simple matter to count those and notice that they are equivalent
to partitions of N. This is of course related in a simple manner to the fermion fluid picture
for the pp wave. Once we compactify £~ we have fermions on a cylinder, where we fill half
the cylinder. The asymptotic conditions automatically imply that we are only interested in
states with zero U(1) charge. The U(1) charge is related to the position of the Fermi level.
We always choose it such that the total number of particles and holes is zero. The energy
of the fermions is the same as the number N of M2 branes. These are relativistic fermions
which can be bosonized and the number of states with energy £ = N is indeed given by the
partitions of N. States which contain highly energetic holes or particles, as shown in figure
4.2, correspond to M5 branes wrapping one or the other S3. Configurations in between are
better thought of as smooth geometries with fluxes.

An interesting fact is that the geometry corresponding to a highly energetic fermion,
as in figure 4.2(a), and the geometry corresponding to a highly energetic hole, as in figure
4.2 (b), are topologically the same. The reason is that the geometry contains two distinct
S4s through which we have a non-vanishing flux. Consider for example the configuration
in figure 4.2 (a), which can be interpreted as M5 branes wrapping one of the S3s. One S*
is the obvious one that is transverse to these branes. The other S* arises in an interesting
way. Consider the three—sphere that these branes are wrapping. At the center of the space,
where one normally imagines the M2 branes, this three—sphere is contractible. As we start
going radially outwards we encounter the M5 branes, the backreaction of the branes on the
geometry will make the S3 on their worldvolumes contractible. So the end result is that
the S contracts to zero on both end points of the interval that goes between the origin
and the branes. This produces another S*. Through this S we have a large flux, which we
might choose to view as part of the background flux, the flux that was there before we put

in the M2 branes, the flux which is responsible for the mass term on the M2 brane theory.
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A configuration with highly energetic holes corresponds to M5 branes wrapping the second
S3. This is topologically the same as the configuration with highly energetic fermions. In
other words, the two configurations in figure 4.2 have the same topology. They only differ
in the amount of four form flux over the two S%s.

There is a precise duality under the interchange of the two three—spheres, which maps
solutions into each other. Some special solutions will be invariant under the duality. This

is particle hole duality in the fermion picture.

/
~_

\/

Figure 4.3: Correspondence between the Young diagrams and the states of free fermions.
We start from the bottom left of the Young diagram, each time we move right by n boxes
we add n holes and each time we move up by n boxes we add n fermions. The energy of
the configuration is equal to the total number of boxes of the Young diagram.

These solutions can be related to Young diagrams in a simple way which is pictorially
represented in figure 5.7. We start at the bottom of the Young diagram and we move along
the boundary. Each time we move up we add as many fermions as boxes, each time we move
right we add holes. The Fermi level is set so that the total number of holes is equal to the
total number of fermions. Then the energy of the fermion system is equal to the number of
boxes, and in our case this is the number of M2 branes. Of course, small curvature solutions
are only those where the Young diagram has a small number of corners and a large number
of boxes. This is in contrast to the situation encountered in other cases [67, 155] where
smooth Young diagrams correspond to smooth macroscopic configurations. In our case, a
Young diagram which contains edges separated by few boxes leads to solutions with Planck

scale curvature.
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In the N' = 1* theory [177] considered in [159] we expect a similar situation, where
geometries will be non-singular but could have large curvatures when some of the fluxes

become small.

4.3 D4 brane theory or M5 brane theory on S°

We now consider D4 brane theory on RM! x S3or M5 brane theory on R*! x S3. These
theories preserve 16 supercharges. These theories can be obtained from the limit of the con-
figurations corresponding to the vacua of mass-deformed M2 brane theory, which describes
M5 branes. In the gravity side we can expand around a single strip or several strips, the
resulting asymptotic geometry corresponds to a set of M5 branes wrapped on S3 x R>1,

For example, we can consider a single isolated strip of fermions, as in figure 4.4. If we
compactify the x; coordinate then the fermion configuration is the same as the one we have
in two dimensional QCD on a cylinder. In fact, the dual field theory configuration for a
single isolated strip (or single collection of strips) is N M5 branes wrapped on S% x T? x R,
where N is given by the area of the strip. We can then reduce it to super Yang Mills theory
on S% x S x R. The reduction on S® leaves us with a gauge theory in two dimensions,
which has BPS vacua that are in correspondence with the states of 2d Yang-Mills theory
on a circle [144],[143],[65],[66],[147] . The role of this 2d Yang-Mills theory characterizing
the vacua of D4 brane theory, is very analogous to that of the matrix quantum mechanics
for the N = 4 SYM discussed in chapter 2. Of course we can decompactify the 72 or S!
part of the worldvolumes. When the M5 brane theory is on Rb! x ST x §3 or R%! x 83, the
size of x1 should be taken to zero dual to T duality and the solutions correspond to those
in figure 4.1(b,c).

Here we analyze the gravity solutions corresponding to a single strip or several strips as
in figure 4.4. In order to characterize the solution we need to give the numbers a;, b; which

obey a; < bj < ajy1---. These numbers are the values of 2 at the boundaries of the black

3Recently an interesting connection between 2d Yang-Mills theory and topological strings was proposed
in [176].
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strips, see figure 4.1(b,c). We have a black strip between a; and b;. Then the solution is

given by
T —a,; T —b,;
2z = —1+ J - . (4.5)
zj:\/(x_aj)2+y2 V(=) +97
Y Y
2V, = - 4.6
;\/(m—a-)z—ﬂﬂ V(@ —1b;)2 +y? (4.6)
2: iV = -1+ (wj—2) (4.7)
J
a4 b4
w] = r a‘7+2y Zj: r ‘7+1y (48)

We see that the complex numbers w; and z; lie on the unit circle in the upper half plane.

(x — bj)2 + y2

The ten dimensional solution is

. V1 —422 1422 1-22 ~
dS%IA = 62q>(—dt2 + di‘%) + T(d@ﬂ + dZL‘%) +y md@% +y @dgg

20 142 APVE (4.9)
2yv/1 — 422

e 2% | (1 —22)3/2 1422\ ~  (1+422)%? 1—2z
Fy, = — d (> A3 + ———— %o d 1 Q)
: 4 | (1+422)3/2 "2 (y 1—22) 3t (1 —22)3/2 "2 (y 1+2z> 3
4 2
By = YV A diy (4.10)

1422 —42V2
where 9 is a flat 2D epsilon symbol. Note that ggp is determined in terms of the dilaton.
This is related to the fact that the eleven dimensional lift of this solution is lorentz invariant
in 24+ 1 dimensions.

The M-theory form of the solutions is as in (4.1)-(4.3) with z and V' given by (4.5). Here
we just give the form of the solution in ITA notation. This solution is a simple U-dualization
of (4.1)—(4.3).

We briefly analyze the regularity property of these D4 brane solutions. We will now
show that e~2® remains finite and non-zero in the IR region. Of course, in the UV region
® — oo and we need to go to the eleven dimensional description. Note that away from
y = 0 the denominator in (4.9) is non-zero. The fact that the numerator is nonzero follows
from the representation (4.7) and the fact that w;, z; in (4.5) are ordered points on the unit

circle on the upper half plane, so the norm |2z + i2yV1| < 1. As we take the y — 0 limit
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@ (b)

Figure 4.4: We see fermion configurations corresponding to a single isolated strip, or set
of strips. These fermions are the same as the ones that appear in 2d QCD on a cylinder,
or SU(N) group quantum mechanics. In (a) we display the ground state and in (b) we
display an excited state. From the point of view of D4 brane on S3 x S x R these are all
supersymmetric ground states.

we see that both the numerator and denominator in (4.9) vanish. We can then expand in
powers of y and check that indeed we get a finite, non-zero result, both for a; < x2 < b;
and x2 = aj, b;.

In order to have a look at the asymptotics, we first study the solution given by a single

strip. We take a source in a form of a strip
Z(y=0)=—-0(x)0(1 — x) (4.11)

Using the general solution above, in the leading order in the large x, y region we find
3/2 z 2 _ /22 2\3/4
CT T 1 2 V= 2(a? )32 VR 12

Then introducing polar coordinates in the x,y plane, we find an asymptotic form of the

metric

1
V2r3/2

which asymptotes at large r = /22 + y2 to the metric of the D4 brane solution, or M5

dstpp = V2r3? [—dt® + dw? + dQ3] + [er + r2d6% + 12 sin? 02 (4.13)

brane solution when uplifted to 11 dimensions.
Now we look at the superposition of a number of isolated strips. We find it convenient to
study the metric of M5 brane solutions uplifted from the D4 brane solution corresponding

to several isolated strips. It is interesting that the first few terms in the large r expansion
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are described by 7d gauged supergravity 4 :

2 1/3 P P2
i () Al/gK’"*O*u?r) (—df? + dw?) + rdQ2

Py 2
dr? 9Py  39P¢
Py— (122 0
* 02r2( T 1007-2)}
P 2/3
+ (;) A2, dytay” (4.14)

Here we parameterized a deformed S* by a five dimensional unit vector Y7 (Y7Y; = 1) such
that Y5 = cos 6 and Y; = sin Ou;, where four dimensional unit vector p; parameterizes 53,
The matrix T7; has the form

Py P} —15P}+20P P,

Ty = diag(T, T, T, T, 7%, T=1-—>
1J la‘g( s Ly Ly Ly )7 107 + 1007”2P[:%
and
(3+5c0s20)Py  2cos?f (P? Py — 15P% 4+ 20P)Ps
A=YTrY; = 1 20
[R5 * 20r T (0 50P2
P} —15PF + 20 P, . ,
0 4.15
100722 o (4.15)

The solution is specified by the moments of the distribution:

P,=(n+1) /Dd$$" (4.16)

By making a shift in coordinate x, we can go to the frame where P; = 0. In the next order

in 1/r expansion a generic metric is not described by the ansatz of the gauged supergravity,

however if the charges of the solution satisfy the relation P3 = —P13_+;§Plpz, then even in
the next order in 1/r we excite only fields from the 7d gauged supergravity. So the leading
moments of the distribution of the strips are Py are P». Py is the total width of the strips
are thereby corresponds to the total number N of the M5 branes (or D4 branes), while
P is the second moment of the distribution corresponding to the energy of the solution.
If we start from the M5 brane theory and compactify one of the dimensions, this becomes,

at low energies, a 4+1 super Yang-Mills theory on an S® x RY!' where four of the five

4For completeness we also give the relation between coordinates x2,y in (4.1) and r, 0 which we use here:

Q p4 2 2
) P SR 3P, , Pjcos 3P¢—5P2+15Py Py —25 cos 20(P2— Py Ps)
x2 =71'cosl, y=r'sinf, r *7"'*'(710 + =55 + 100 P2 ,

o =@ — Pisino 6P P15 cos §(5P2—4PgPy) sin 0
- 2rPo 10r2PZ
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transverse scalars have a mass given by the inverse radius of the sphere and the fifth scalar,
call it Y, does not have a mass term but it has a coupling of the form Tr(Y Fy;) where
01 are the directions in R™!. The number of D4 branes is the total width of the strip (or
strips).

Another way to understand the D4 brane theory is that, this 4+1 SYM can also be
obtained by compactifying one of the scalars in 3+1 SYM. We consider one of the complex
transverse scalars of N = 4 super Yang Mills. When the Yang Mills theory is on R x S3 the
lagrangian contains a term of the form —3(|DZ|*+|Z|?). We can now write Z = e(Y +iX).

Then the lagrangian becomes
1 2 1 2
Tr[—E(DX) — §(DY) —2Y Dy X] (4.17)

We now see that the problem is translational invariant in X. Actually, the problem looks like
a particle in a magnetic field.> Note that the Hamiltonian associated to this Lagrangian is
equal to H' = H — J where H is the original Hamiltonian which is conjugate to translations
in the time direction and J is the generator of SO(6) that rotates the field Z. If one
compactifies the direction X, using the procedure in [174], we get the five dimensional
gauge theory living on D4 branes. This description of the theory is appropriate at weak
coupling or long distances on the D4 branes. These theories preserve 16 supercharges. The
process of compactifying the coordinate X broke the 32 supersymmetries to 16.

Let us consider the D4 theory on R x S' x S3. This theory has a large number of
supersymmetric vacua. The structure of these vacua is captured by the 1 4+ 1 dimensional
lagrangian

/Tr[—iF2 — 1(DY)2 ~YF] (4.18)

The space of vacua is the same as the Hilbert space of 2d Yang Mills on a cylinder [126]. All
these vacua have zero energy. At first sight we might expect the theory on RM! x S3 to have
a continuum family of vacua related to possible expectation values for Y. Note, however,

that the electric field is given by F; = E?T'L ~ Fp1 + 2Y. For zero energy configurations
1

5Note that the (x1,z2) coordinates appearing in the gravity solution correspond to the coordinates (X,Y)
in the field theory.
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Fyp1 = 0. So the quantization condition for the electric field will quantize the values of Y.
This is good, since, as we explain in the section 4.5 the supersymmetry algebra does not
allow massless particles. In fact, the spectrum of states around each of these vacua has a
mass gap. We have shown above that the dilaton ®, as well as the warp factor are bounded
in the IR region for any droplet configuration of this type. They never go to zero and the
solution is everywhere regular. This is related to the fact that the dual field theory has a
mass gap. These vacuum states are characterized by the value of Tr[E?] ~ Tr[Y?], which

in the fermion picture corresponds to the energy of non-relativistic fermions

1
Eng = / dr—x? (4.19)
Strips

In the gravity picture this quantity appears as the leading (angular dependent) deviation
from the metric we described above. It is a quantity similar to a dipole moment. This
quantity is well defined for the BPS solutions we are considering. It would be nice to know
if there is a quantity that is conserved, and it is defined in the full interacting theory, which

would reduce to (4.19) on the supersymmetric ground states.

4.4 241 Little string theory or intersecting M5 brane theory

Let us discuss the situation when the z1,z9 plane is compactified into a two torus, as in
figure 4.1(f,g,h). We have a 2 dimensional array of periodic droplets® . Let us start first
with a description of the gravity solution. An important first step is to find the asymptotic
behavior of the solution. The function z goes to a constant at large y. We can find the value
of the constant by integrating z over the two torus at fixed y. The result of this integral is
independent of y, and we can compute it easily at y = 0 where it is given by the difference

in areas between the two possible boundary conditions, z = :l:%. So we find

_IN-K
*TONTK

(4.20)

5Tn this case, in the large y region, the solution looks similar to the solution we would obtain if we take
the full x1,x2 plane and we consider a “grey” configuration filled with a fractional density. It shares some
similarity but is different from the situation considered in e.g. some of the references in [18, 19, 170, 169,
92, 172, 44, 84, 42, 146, 6] where “grey” regions are finite.
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asymptotically, where we used that the areas are quantized due to the flux quantization
condition [126], so that N, K are the areas of the fermions and the holes respectively. After
doing T-dualities on both circles of the 72 and an S duality we find that the solution is

asymptotic to

~ NK
ds3y = —dt* +dul + du3 + No'dO3 + Ko/dQ3 + g Ko/d,o2 (4.21)
e® = g,V NKVN + Ka/3/2e7r (4.22)
Hy = 2Nd/'d*Q+ 2K d*Q (4.23)

We can view this as a little string theory in 1+ 2 dimensions. These (asymptotic) solutions
are not regular as p — —oo since the dilaton increases. In that region we should do an
S duality and then T-dualities back to the original type IIB description. Then, once we
choose a droplet configuration, the solution is regular. This procedure works only if the
coordinates uy,ug in (4.21) are compact. Of course, we could also consider the situation
when these coordinates are non-compact. In that case we have Poincare symmetry in 2+1
dimensions. In fact, such a solution appears as the near horizon limit of two intersecting
fivebranes” [112],[75] and was recently studied in [101]. Note that the asymptotic geometry
(4.21)-(4.23) is symmetric under

K~ N (4.24)

which is associated with the symmetry z <+ —z. So we expect that this is a precise symmetry
of the field theory.

It is interesting to start from the D4 brane theory that we discussed above and then
compactify one of its transverse directions, the direction Y in (4.18). The lagrangian in
(4.18) is not invariant under infinitesimal translations of Y, but it is invariant under discrete
translations if the period of Y is chosen appropriately. Following the standard procedure,
[174], we obtain a theory in six dimensions which can be viewed as the theory arising on N

D5 branes that are wrapping an RV x 1 x §2 with K units of RR 3 form flux on S3. This

;%(Nlogn — Klogrs), and

then r1 and 72 become the transverse radial directions of the two sets of fivebranes (intersecting on R'!')
respectively in the near horizon geometry, where the number of supersymmetries is doubled.

“One can make a change of variables e?* = /N + Ka'1/2r17"2, Uy =




o1

RR flux induces a level K three dimensional Chern-Simons term. In fact by compactifying
Y from (4.18) we get a 2+1 action £ [ Tr[—1F?+w] on R x T? with Chern Simons term.
It turns out that the gauge coupling constant is also set by K. Perhaps a simple way to
understand this is that the mass of the gauge bosons, which is due to the Chern Simons term
is related by supersymmetry to the mass scale set by the radius of the threesphere, which
we can set to one. This implies that g2 K ~ 1. This derivation makes sense only when K /N
is large and we could be missing finite K /N effects. Notice that in this limit the S3 that is
interpreted as the worldvolume of N D5 branes is larger than the other 2 in (4.21)-(4.23).
The gauge theory description is valid in the IR but the proper UV definition of this theory
is in terms of the little string theory in (4.21). The theory has a mass gap for propagating
excitations but is governed by a U(N)x Chern Simons theory at low energies. The U(1)
factor is free and it should be associated to a “singleton” in the geometric description. On
the other hand, it seems necessary to find formulas that are precisely symmetric under
K < N. More precisely, in the limit N/K large we get a U(K )y Chern-Simons theory by
viewing the theory as coming from K D5 branes wrapping the other S3. Interestingly, these
two Chern Simons theories are dual to each other [152],[49]® , which suggests that this is
the precise low energy theory for finite N and K. Similar conclusions were reached in [101].
Of course, in our problem we do not have just this low energy theory, we have a full massive
theory, with a mass scale set by the string scale. We do not have an independent way to
describe it other than giving the asymptotic geometry (4.21)-(4.23), as is the case with little
string theories. On the other hand one can show that the symmetry algebra implies that
the theory has a mass gap.

We can compute the number of vacua from the gravity side. There we have Landau
levels on a torus where we have total flux N 4+ K and we have N fermions and K holes.

This gives a total number of vacua

(N + K)!

Dgrav(Na K) = K1 NI

(4.25)

8Level rank duality, as analyzed in [152, 49], holds up to pieces which comes from free field correlators.
This means that we have not checked whether the U(1) factor, as we introduced it here, leads to a completely
equivalent theory.
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and the filling fraction ﬁ Actually, to be more precise, we derive this Landau level
picture as follows. We start from the gravity solutions which are specified by giving the
shape of droplets on the torus. We should then quantize this family of gravity solutions.
This was done in [139],[80] (see also [138],[60],[61]), who found that the quantization is the
same as the quantization for the incompressible fluid we have in the lowest landau level for
N fermions in a magnetic field. We now simply compactify the plane considered in [139],[80].
This procedure is guaranteed to give us the correct answer for large NV and K. The number
of vacua computed from U(N)g agrees with (4.25) up to factors going like N, K or N + K
which we have not computed. These factors are related to the precise contribution of the
U(1)? . In order to compare the field theory answer to the gravity answer one would have
to understand properly the role of “singletons”, which could give contributions of order NN,
K, etc. We leave a precise comparison to the future but it should be noted that we have a
precise agreement for large N and K where the gravity answers are valid.

We have non-singular gravity solutions if we choose simple configurations for these
fermions where they form well defined droplets. The particle hole duality of the Landau
problem is the level rank duality in Chern-Simons theory, and is K < N duality of the full

configuration.

4.5 Worldvolume Poincare supersymmetry with nonabelian

non-central charges

An unusual property of all the theories we discussed above is that their supersymmetry
algebra in 2+1 (or 141) dimensions is rather peculiar. In ordinary Poincare supersymmetry
the generators appearing in the right hand side of the supersymmetry algebra commute
with all other generators. This is actually a theorem for d > 4 [179]. For this reason
they are called central charges. On the contrary, the Poincare supersymmetry on the

worldvolume theories in our cases contains charges on the right hand side that does not

9The number of vacua for SU(N)x Chern Simons is given by %
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commute with other generators. These charges are non-abelian, and in our case have an
internal SO(4) structure related to the R symmetry of the supercharges. In this section we
first present an algebra with 8 supercharges and then an algebra with 16 supercharges.

Let us define (v4)£ as

P =ic?, Al=ot 7 =o? (4.26)

where o are Pauli matrices. We also define
T = ("aers, A0 =0 §l= -0’ 7 =0 (4.27)

and we see that (3#),4 is symmetric in the indices «, 3.
We define supercharges Q,; with i an SO(4) index and « is the 2+1 Lorentz index
(spinor of SO(2,1)). We can impose the reality condition QLi = Qui-

We start by considering a superalgebra with 8 supercharges given by

{Qai, Qsi} = 27)5Du0i + 2meapeijrMp (4.28)
[pm Qai] = 0, [pmpv} =0, (4.29)
S Quil = 5 () Qi (1.30)
[Mj1, Qail = i(6ijQat — 6uQay) (4.31)
[Mij, M) = (0 My + 85 M, — S My — 03 M) (4.32)
Buvs oAl = i(apy — 1Muapy) (4.33)
EuwsZxp] = 1A + MppXon — MuiaZep — MupXpn) (4.34)
[Mji,p) = 0,  [My,%,,]=0 (4.35)

where m is a constant of dimension of mass, i,j are SO(4) indices and M;; are SO(4)
generators. Here we have set m = 1 for convenience. This choice is related to the choice of
mass scales (e.g. radius of S3) appearing in the various theories.

In order to check the closure of the superalgebra we need to check the Jacobi identity.
The identities involving one bosonic generator will be automatically obeyed since they are

just simply stating that objects transform covariantly under the appropriate symmetries. So
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the only non-trivial identity that we need to check is the one involving three odd generators.

The Jacobi identity is

[Qaiv {QB]’ Q’yl}] + [Qﬁ]a {Q’yla Qai}] + [Q’yla {Qaiv Qﬁ]}]
= 1€8v6j1ab(00iQaa — 0aiQab) + 1€va€tiab(06jQpa — 0ajQpp) + i€ap€ijab(061Q~a — 0a1Qyp)

= _iﬁijla[ﬁﬁ'yQaa + E'yon,Ga + fa,@Q’ya] - ieijlb[eﬁanb + G'yaQﬁb + ea,Bnyb] =0 (436)

This superalgebra actually appeared in the general classification in [153]. These gen-
erators do not commute with the supercharges. So this is a Poincare superalgebra with
non-central charges '° where M;; are SO(4) generators. M;; are non-central charges in the
superpoincare algebra in 2+1 dimensions. ¥, is the Lorentz generator in SO(2,1). Notice
that the first line is the only non-obvious commutator and is the one stating that we have
non-central charges.

The SO(4) that appears in (4.28) is the product of an SU(2) that acts on the first
S3 times another SU(2) which acts on the second S3, where the S3s we mention here are
the three spheres in the geometric description. There are other supercharges which which
transforms under another SO(4). The truncation of this algebra to 1+1 dimensions which
describes light-cone worldvolume string theories on a class of IIA pp-wave backgrounds is

written in (5.63) in chapter 5.

It is interesting to study the particle spectrum for theories based on this superalgebra
(4.28). This theory cannot have massless propagating particles. This can be seen as follows.
We assume that the massless particle has p— = 0, p+ # 0 and py = 0. In this case the
supersymmetry algebra implies that Q% and M;; annihilate all states in the supermultiplet.
On the other hand the Q’_'F generators arrange themselves into creation and annihilation
operators and change the SO(4) quantum numbers in the multiplet. Thus we reached a
contradiction. This argument allows Chern Simons interactions since that is a topological
theory. So all propagating particles are massive. Let us go to the rest frame of the massive

particle, with p; = po = 0. Then the “little group” (i.e. the truncation of (4.28) to the

0This situation, is of course, common in anti-de-Sitter superalgebras. It has also been observed before in
some deformations of Euclidean Poincare superalgebras [37].
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generators that leave this choice of momenta invariant) is the SU(2|2) supergroup. The
tilde represents the fact that we take the corresponding U(1) to be non-compact. The
representation theory of this algebra was studied in [10],[11],[12],[24],[108],[109]. As usual,
there are short representations when the BPS bound is obeyed when the mass of the particle
is M = 2m(j1 + j2), where m is the mass parameter in (4.28).

The superalgebra (4.28)-(4.35) can be reduced to 141 dimensions in a trivial fashion,
we just set po = 0 and remove two of the Lorentz generators. This is the symmetry algebra
(5.63) of the sigma model considered in (5.66). The reason this superalgebra arises is the
following. Suppose we start with a theory with supergroup 3’\5(2|4) and we pick a 1/2 BPS
state with charge J under generator J in SO(2) C SO(6). The supercharges that annihilate
this state form the supergroup §[j(2|2) The lightcone string lagrangian (5.66) describes
small fluctuations around these BPS states so that the supergroup 35(2]2) should act on
them linearly. Since the worldsheet action is boost invariant along the worldsheet, we find
that this supergroup should be extended to (4.28).

Let us give some further examples of theories with this superalgebra. We can construct a
141 dimensional SYM with this superalgebra from the plane wave matrix model via matrix
theory compactification techniques [174] (also [22]). In fact this 1+1 SYM was constructed
in this way by e.g. [56]. Here we will reproduce this result and we will use SO(9,1) gamma

1 We will then compactify a scalar of

matrices and the fermions are SO(9,1) spinors
the 1+1 SYM and get a 241 super Yang Mills Chern Simons theory satisfying the above
superalgebra.

One starts from the plane wave matrix model whose mass terms for the SO(6) scalars
takes the form —3 (X,)?, where a = 1,2,...,6. We have set the mass for the SO(6) scalar
to 1. We should write the action so that it is translation invariant in one of the transverse

scalars. We can make a field-redefinition for two SO(6) scalars X7 +iXs = e®(Y +i¢) and

" Our convention is different from that of [22] or [33], which use SO(9) gamma matrices.
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for fermions W = e3712t9. Then the action of plane wave matrix model is

S = /d:coTr (-1(1)0)(1)2 ~ Lpevy2 = L(poe)? - Laropes — Lar, (x., 61
920 2 2 2 2 2
“Lor () 9]—19r [Y9]+3[¢ X}2+1[¢ Y]2+1[YX]2+1[X X;)? —E(X )2
2 1 ) 9 2 ’ 2 s ] 2 ) 2 s ] 4 Iy AJ 2 a
1 _ g 1 -
—522 (X;)% + gz T 7800 + 2i€"* X; X; X, — 510016 — 2YD0¢> (4.37)

We have 3+4+2 scalars, where the first seven scalars with indices I = 3,4,...,9 are split
into a = 3,4,5,6 and 7 = 7, 8,9 and the rest two scalars are Y and ¢.

Then the action becomes translation invariant in the ¢ direction. We now compactify
¢ by replacing ¢ with gauge covariant derivative ¢ — ia%l + Ay, —i[p, 0] — 0,0 — i[A1, O]
[174] (also [22]). Plugging this into the original action (4.37) one get the 141 dimensional

super Yang Mills on R with a mass deformation

1 1 1 1 i 1-
= drodrTr ( —=F2, — ~(D,X1)? — =(D,Y)* — 0T*D,0 — —0T'1 [X1,0
S = o [drodn T (<{F, ~ S(D,X0R ~ (DY) = G0D,0 ~ 30T (X0
“Lop [Y9]+1[YX]2+1[X X;)? —E(X )2—}22(X')2+§i§I‘ 6
2 AR ol 1 4 I, AJ 2 a 2 % 9 789
. 1 -
+2ie* X; X X, — 51 0To120 — Ye’“’FW> (4.38)

We have 3+4+1 scalars, with the seven scalars whose indices are I = 3,4, ...,9, where a =
3,4,5,6 and i = 7,8,9 and another scalar Y, and p = 0,1. The theory has super-poincare
algebra on RbM! with SU(2) x SU(2) R symmetry. The first SU(2) rotates the first three
scalars i = 7,8, 9 and the second SU(2) is one of the SU(2) factors in the SO(4) rotating the
four scalars a = 3,4,5,6. In addition, the theory has an SU(2) global symmetry, which is
the second SU(2) factor in the SO(4) we have just mentioned. Compactifying along z; and
taking the compactification size to zero we get back to the plane wave matrix model which
has a larger symmetry group. The parameters in the two theories are related by 932, ML=
27 Ry, 9% 110, Where Ry, is the radius of the z; circle. The 1+1 SYM constructed from the
plane wave matrix model coincides with the DLCQ of the ITA plane wave [171],[97],[98],
which was first obtained by [171],]97],[98] from reduction of the supermembrane action under
kappa-symmetry fixing condition on 11d maximal plane wave. The action we reproduce here

(4.38) is written manifestly Lorentz invariant in 141 dimensions.
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We pointed out that this theory can be uplifted again making Y periodic. We make
the replacement ¥ — ia%g — Ag,—i[Y,0] — 020 + i[A2,0] [174]. The coupling Y Fyy,
becomes a Chern-Simons term in 241 dimensions. The quantization of the level of the
Chern Simons action implies that the compactification radius of Y is quantized. This
quantization condition also follows from the fact that the coupling Y Fy; is not invariant
under arbitrary shifts of Y, and e is periodic only if we shift Y by the right amount.
Finally we get the 241 dimensional super Yang Mills Chern Simons theory

1 2 ;o
5 = 4k{/Tr{—QFA*F+A/\dA+3A/\A/\A—IZQQZJFW)\@ZJd:E“/\dx”/\dx’\}
T

+/d3xTr{—;(DMX1)2 - %@F#Du@z) — %JJPI (X1, 9] + %[XI, X;)?

1 1 ey o
-3 (Xq)? — 522 (X:)? + 2i€9% X; X; X, + ielﬂkwrijkw}} (4.39)

where we have 3 + 4 scalars with indices I = 3,4, ...,9 split into a = 3,4,5,6 and i, j,k =

7,8,9, and the worldvolume indices are u,v, A = 0,1,2. The coupling constants is related

to the 1+1 SYM by ¢, = 27 Re, 0% 011 ﬁ = 921 and k € Z. So we see that k is the
Y M2
only coupling constant in the theory. When k is large the theory is weakly coupled.
Finally, let us turn our attention to the superalgebra for theories with 16 supercharges.

Now we have two SO(4) groups and a second set of supercharges @am. We add the anti-

commutators

{@ama @Bn} = 2’?Z/gpu5mn + 2m/5a66mnrsMrs (4-40)

where Mrs is generator of the second SO(4). The anticommutator of Q,; with Qvam is zero.
The rest of the algebra is rather obvious and is just given by the covariance properties of
the indices as in (4.28). In principle we can have m’ # m in (4.28). In the theories studied
here we have m’ = m. If we want to have BPS states under both Q and Q then we need
that m/m’ to be a rational number. Note that the little group for a massive particle is
SU(2|2) x SU(2[2).

Let us be a little more precise about these two SO(4) groups. The ansatz in [126]
above has two three spheres on which two SO(4) group act. Let us call them SO(4); with
i = 1,2. Each of these two groups are SO(4); = SU(2)r; x SU(2)g;. The supercharges
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Qi in (4.28) transform under SU(2)r1 X SU(2)r2. The supercharges Qai transform under
SU(2)r1 x SU(2)pe. If we quotient any of these theories by a Z in SU(2)g;, we get a
theory that only has 8 generators as in (4.28).

This algebra with 16 generators is the one that appeared on the worldvolume of theories
related to the IIB constructions in this chapter. In the case of the M2 brane theory the
two SO(4)s are global R-symmetries of the theory. In the case that we consider an M5 on
R?! x 83 one of the SO(4) groups is a symmetry acting on the worldvolume. When the
size of S% becomes infinity, the SO(4) that acts on the worldvolume is contracted to ISO(3)
and only the translation generators remain in the right hand side of the supersymmetry
algebra. Thus, we do not get into trouble with the Haag-Lopuszanski-Sohnius theorem [90]
in total spacetime dimension d > 4.

The dimensional reduction of this algebra to 141 dimensions gives the linearly realized
symmetries on the lightcone worldsheet of a string moving in the maximally supersymmetric

IIB plane wave [39].



Chapter 5

Geometry of BPS vacua in field
theories with SU(2|4) symmetry

5.1 Introduction

In this chapter, we study another class of supersymmetric theories with 16 supercharges
and a SU(2|4) group. These theories arise naturally when we consider the 11 dimensional
solutions in chapter 3, and compactify them to ITA string theory. Again, the configurations
we consider have an additional Killing vector in the =1, x5 plane, say along the x; direction.
Then the type of theories come in different ways of distributing droplets, or more precisely
strips. Because the M2 droplet and M5 droplet are different, unlike the IIB case in chapter
4, here we have four different theories, rather than three. If we fill the half plane and
consider finite strips above it, they are the vacua of the plane-wave matrix model. If we
consider finite number of M2 strips, or in ten dimensional point of view, D2 strips, we
get the vacua of 24+1d SYM on R x S?. On the other hand, if we have finite number of
M5 strips, or NS5 strips in ten dimensions, then we have the vacua of 54+1d NS5 brane
theory on R x S®. Lastly, if we distribute the strips periodically, after T duality along x;
direction in the asymptotic region, they asymptote to the geometry dual to N = 4 super

Yang Mills on R x S3/Z;.. These periodic distributions corresponds to the vacua of N = 4

99
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super Yang Mills on R x S3/Z;,. Except for the NS5 brane theory, all other three theories can
be obtained from reduction and truncation of A" = 4 super Yang Mills on R x S3, see figure
5.1. In Ch 5.2, we study the general supergravity solutions, their regularity conditions,
and general properties. We find that the boundary conditions are in terms of electrostatic
configurations of disks under the external potential. This is from the point of view of the
Laplace equation. In Ch 5.3 we discuss in the field theory side how to count the number of
vacua as well as the excited BPS states by an index for theories with SU(2|4) symmetry.
In Ch 5.4, we study the gravity dual of plane-wave matrix model. Especially we focus on
the vacua of plane-wave matrix model corresponding to single or mutli-NS5 branes. We
find that the stringy excitations around the single NS5 brane vacua consists only 4 bosonic
and 4 fermionic oscillators, while compared to multi-NS5 branes these numbers should be
doubled. The reason for this is that the dual geometry correspond to single NS5 brane
has a throat region that is too massive and low energy strings cannot oscillate on these
four directions. In Ch 5.5, 5.6, 5.7, we study the other three theories, that is, the 2+1d

SYM on R x S2, NS5 brane theory on R x S°, and N’ = 4 super Yang Mills on R x S3/Z,

E k—>inﬁmw>
(a) z k
(b)

respectively.

o /

SU2)

DO + mass=
PWMM

(©

Figure 5.1: Starting from four dimensional N' = 4 super Yang Mills and truncating by
various subgroups of SU(2);, we get various theories with SU(2|4) symmetry. We have
indicated the diagrams in the z;,z3 space that determine their gravity solutions. The
x1,x2 space is a cylinder, with the vertical lines identified for (b) and (c) and it is a torus
for (a).
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5.2 Electrostatic description of the vacua

In this section we first analyze the detailed regularity conditions for the gravity duals, we
then characterize each vacuum of the gauge theories by a configuration in the gravity, we
also study a particular pp-wave limit of the geometries and near BPS spectrum.

All the theories that we have discussed above have the same supersymmetry group
SU(2]4). All gravity solutions with this symmetry were classified in [126]. See also chapter
3. The bosonic symmetries, R x SO(3) x SO(6), act geometrically. The first generator
implies the existence of a Killing vector associated to shifts of a coordinate ¢. In addition
we have an S? and an S° where the rest of the bosonic generators act. Thus the solution
depends only on three variables x1, x2,y. The full geometry can be obtained from a solution

of the 3 dimensional Toda equation
(02, + 02,)D + 07e” =0 (5.1)

It turns out that y = RszRgg, > 0 where Rgi are the radii of the two spheres. In order
to have a non-singular solution we need special boundary conditions for the function D at
y = 0. In fact, the z1, 2 plane could be divided into regions where the function D obeys

two different boundary conditions

P~y for y— 0, 520, M5 region (5.2)

OyD =0 at y=0, S° -0, M2 region (5.3)

see [126] for further details. The labels M2 and M5 indicate that in these two regions either
a two sphere or a five sphere shrinks to zero in a smooth fashion. There are, however, no
explicit branes in the geometry. We have a smooth solution with fluxes. However, we can
think of these regions as arising from a set of M2 or M5 branes that wrap the contractible
sphere. A bounded region of each type in the z1,x2 plane implies that we have a cycle in
the geometry with a flux related to the corresponding type of brane (see [126] for further

details).
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The different theories discussed above are related to different choices for the topology
of the x1,x2 plane. In addition, for each topology the asymptotic distribution of M2 and
M5 regions can be different. See figure 5.1. Let us consider some examples. If we choose
the z1, 9 plane to be a two torus, then we get a solution that is dual to the vacua of the
N = 4 super Yang Mills on R x S3/Z, see figure 5.1(a). If the topology is a cylinder, with
x1 compact and the M2 region is localized in the x5 direction, we have a solution dual to a
vacuum of the 241 Yang Mills theory on R x S?, see figure 5.1(b). If we choose a cylinder
and we let the M2 region extend all the way to xo — —oo, and the M) region extend to
r9 — +00, and also there are localized M2, M5 strips in between, then we get a solution
which is dual to a vacuum of the plane wave matrix model, see figure 5.1(c). Finally, if we
consider a cylinder and we have M5 regions that are localized (see figure 5.2(c)) then we
get a solution that is dual to an NS5 brane theory on R x S°, we will came back to this

case later.

@ (b) ©

Figure 5.2: Translational invariant configurations in the x1,x2 plane which give rise to
various gravity solutions. The shaded regions indicate M2 regions and the unshaded ones
indicate M5 regions. The two vertical lines are identified. In (a) we see the configuration
corresponding to the vacuum of the 241 Yang Mills on R x S? with unbroken gauge sym-
metry. In (b) we consider a configuration corresponding to a vacuum of the plane wave
matrix model. In (c) we see a vacuum of the NS5 brane theory on R x S5. Finally, in (d)
we have a droplet on a two torus in the x1, x9 plane. This corresponds to a vacuum of the
N = 4 super Yang Mills on a R x S3/Z,.

In principle, we could consider configurations that are not translation invariant, as long

as we consider configurations defined on a cylinder or torus as is appropriate. Here we
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will concentrate on configurations that are translation invariant along z;. These will be
most appropriate in the regime of parameter space where the 11th direction is small and
we can go to a ITA description. So we focus on the region in parameter space where the
string coupling is small and the effective 't Hooft coupling is large. If the configuration is
translation invariant in the z; direction we can transform the non-linear equation (5.1) to

a linear equation through the following change of variables [178]

y=pdpV , Ty =0pV | e’ =p? (5.4)

/1)8p(p8pV) +0V =0 (5.5)

So we get the Laplace equation in three dimensions for an axially symmetric system! . The
fact that one can obtain solutions in this fashion was observed in [126] and some singular
solutions were explored in [13]. Below we will find the precise boundary conditions for V'
which ensure that we have a smooth solution.

Let us now translate the boundary conditions (5.2) at y = 0 into certain boundary

conditions for the function V. In the region where e”

~ gy at y ~ 0, all that we require is
that V is regular at p = 0, in the three dimensional sense. On the other hand if y = 0 but
p # 0, then we need to impose that d,D = 0. This is proportional to
_ o _ 0V

T @07+ @)

0= %ayp (5.6)

We conclude that 8%1/ = 0. Equation (5.5) then implies that 8§V = 0. Therefore the curve
y=0, p#0,or d,V =0, is at constant values of 7, since the slope of the curve defined by

e _ RV
0,V =01is 5 = BV =

0.

If we interpret V' as the potential of an electrostatics problem, then —8,V is the electric
field along the p direction. The condition that it vanishes corresponds to the presence of
a charged conducting surface. So the problem is reduced to an axially symmetric electro-
static configuration in three dimensions where we have conducting disks that are sitting at

positions n; and have radii p;. See figure 5.3. These disks are in an external electric field

!The angular direction of the three dimensional space is not part of the 10 or 11 dimensional spacetime
coordinates.
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which grows at infinity. If we considered such conducting disks in a general configuration we
would find that the electric field would diverge as we approach the boundary of the disks.
In our case this cannot happen, otherwise the coordinate o would be ill defined at the rim
of the disks. So we need to impose the additional constraint that the electric field is finite
at the rim of the disks. This implies that the charge density vanishes at the tip of the disks.
This condition relates the charge on the disks @; to the radii of the disks p;. So for each
disk we can only specify two independent parameters, its position 7; and its total charge
Q;. The precise form of the background electric field depends on the theory we consider
(but not on the particular vacuum) and it is fixed by demanding that the change of variable
(5.4) is well defined. The relation between the translation invariant droplet configurations

in the x1,z9 plane and the disks can be seen in figure 5.3.

p

X2

@ (b)

© @

Figure 5.3: Electrostatic problems corresponding to different droplet configurations. The
shaded regions (M2 regions) correspond to disks and the unshaded regions map to p = 0.
Note that the z; direction in (a), (c) does not correspond to any variable in (b), (c). The
rest of the p,n plane corresponds to y > 0 in the x9,y variables. In (a),(b) we see the
configurations corresponding to a vacuum of 2+1 super Yang Mills on R x S2. In (c),(d) we
see a configuration corresponding to a vacuum of A = 4 super Yang Mills on R x S3/Z.
In (d) we have a periodic configuration of disks. The fact that it is periodic corresponds to
the fact that we have also compactified the xo direction.

Since we are focusing on solutions which are translation invariant along x; it is natural
to compactify this direction and write the solution in ITA variables. This procedure will

make sense as long as we are in a region of the solution where the ITA coupling is small.
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The M-theory form of the solutions can be found in [126]. We obtain the string frame

solution
. N 1/2 . )
V -2V %4 —2v" 1748%
2 2 2 2 2 2
W7 93
QA v ' V) (5.7)
—V’/V2A2
V'V
Ch = —= —dt (5.8)
V-2V
V2V”
Fy = dCs, Cy = —4 dt A d?Q, (5.9)
A
A = (V=2V)V"—(V')? (5.11)

where the dots indicate derivatives with respect to log p and the primes indicate derivatives
with respect to n. V(p,n) is a solution of the Laplace equation (5.5). For regular solutions,
we need to supplement it by boundary condition specified by a general configuration of lines
in (p,n) plane, like in figure 5.4.

Before we get into the details of particular solutions we would like to discuss some general
properties. First note that if we take a random solution of (5.5) we will get singularities.
In order to prevent them, we need to be a bit careful. As we explained above we need
a solution of an electrostatic problem involving horizontal conducting disks. In addition
we need to ensure the positive-definiteness of various metric components, i.e. A < 0 and
V" <0,V —2V >0,V > 0. This is obeyed everywhere if we choose appropriate boundary
conditions for the potential at large p,n. These boundary conditions imply that there is a
background electric field that grows as we go to large p,n. For example, if we consider a
configuration such as the one in figure 5.3(b), the disk is in the presence of a background
potential of the form Vj, ~ p? — 2n?. This background electric field is the same for all vacua,
e.g. it is the same in figures 5.3(b) and 5.4(a). For the plane wave matrix model we have an
infinite conducting surface at 7 = 0 and only the region 1 > 0 is physically significant. In
this case the background potential is V3, ~ p?n — %773. In addition we have finite size disks as

seen, for example, in figure 5.4(d) or 5.4(e). In appendix A of [127] we showed that for the
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configurations we talk about here (5.7)-(5.11) gives a regular solution. We also show that
the dilaton is non-singular and that g never becomes zero for the solutions we consider.
This ensures that the solutions we have have a mass gap. This follows from the fact that
the warp factor never becomes zero so that we cannot decrease the energy of a state by
moving it into the region where the warp factor becomes zero. In principle, this argument
does not rule out the presence of a small number of massless or tachyonic modes. The latter
are, of course, forbidden by supersymmetry. A massless mode would not change the energy
of the solution, so it would preserve supersymmetry. On the other hand, once we quantize
the charges on the disks we do not have any continuous parameters in our solutions. So we
cannot have any massless modes. Of course, this agrees with the field theory expectations
since all theories we consider have a mass gap around any of the vacua.

Note that a rescaling of V' leaves the ten dimensional metric and B field invariant but
rescales the dilaton and the RR fields. This just corresponds to the usual symmetry of
the ITA supergravity theory under rescaling of the dilaton and RR fields. There is second
symmetry corresponding to rescaling p,n and V which corresponds to the usual scaling
symmetry of gravity which scales up the metric and the forms according to their scaling
dimensions. This allows us to put in two parameters in (5.7)-(5.11) such as an overall charge
and the value of the dilaton at its maximum.

More interestingly, we can vary the number of disks, their charges and the distances
between each other. See figure 5.4. These parameters are related to different choices of
vacua for the different configurations.

All the solutions we are discussing, contain an S? and an S° and these can shrink to
zero at various locations. Using these it is possible to construct three cycles and six cycles
respectively by tensoring the S? and S® with lines in the p,n plane. These translate into
three cycles and six cycles in the IIA geometry. See figure 5.5. We can then measure the
flux of Hs over the three cycle and call it N5 and we can measure the flux of «F, on the six
cycle and call it Ny. Using (5.7)-(5.11) or the formulas in [126] we can write them as

1 8Q;
2

2 Pi
— D — 2 _ —
NQ = ﬂ_Tlg (& d.rQ/d.rl = 71_2/0 P 8p <877V‘,,7:r 87]‘/‘7];) dp =

(5.12)
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Figure 5.4: In (a) we see a configuration which corresponds to a vacuum of 2+1 super Yang
Mills on R x S2. In (b) we see the simplest vacuum of the theory corresponding to the NS5
brane on R x S°. In this case we have two infinite conducting disks and only the space
between them is physically meaningful. In (c) we have another vacuum of the same theory.
If the added disk is very small and close to the the top or bottom disks the solution looks
like that of (b) with a few DO branes added. In (d) we see a configuration corresponding to
a vacuum of the plane wave matrix model. In this case the disk at 7 = 0 is infinite and the
solution contains only the region with 7 > 0. In (e) we have another vacuum of the plane
wave matrix model with more disks.

and

1 1 [ ) 2d;
Ny = —1ePq /d _/ L2V, _gdn = =2 5.13
5 27_(_212 /y € Hi) 1 T itds apV n ’P—O n - ( )

In deriving (5.13) we used that near p — 0 we can expand V = fo(n) + p>fi(n) + ---
and we used the equation for V' (5.5) to relate fi(n) to V. We set o =1 and [, = 1
for convenience. The quantization conditions (5.12),(5.13) show that N5 is proportional to
the distance between neighboring disks d; and that Ny is proportional to the total charge
of each disk @);. When we solve the electrostatic problem we need to ensure that these
parameters are quantized. Strictly speaking the flux given by N» is quantized only after we
quantize the four form field strength.

The topology of the solutions is related to the topology of the disk configurations. In
other words, the number of six cycles and three cycles is related to the number of disks and
the number of line segments in between, but is independent of the size of the disks or the
distance between the disks.

As we discussed above we will be interested in BPS excitations with angular momentum
on S°. For large, but not too large, angular momentum these are well described by lightlike
particles moving in the background (5.7)-(5.11) with angular momentum J along the S°.

In order to minimize their energy, these lightlike geodesics want to sit at a point in the p, n
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Figure 5.5: We see a configuration associated to a pair of disks. d; indicates the distance
between the two nearby disks. The dashed line in the p,n plane, together with the S? form
a three cycle X3 with the topology of an S3. The dotted line, together with the S° form a
six cycle X with the topology of an S°.

space where

loul _ Vo (5.14)

gss V-2V

is minimized, where ,/gs5 is the radius of the five sphere. It turns out that this is minimized
at the tip of the disks, where the inequality in (5.14) is saturated? . This corresponds to
saturating the BPS condition F > |J|. In fact, in order to minimize (5.14) we would like
to set V = 0. This occurs at p = 0 and on the surface of the disks. However, in these
cases, also V = 0. Expanding the solutions near these regions we find that (5.14) actually
diverges at p = 0, this is because S° shrinks at p = 0. On the disks, (5.14) is bigger than
one, except at the tip where it is one. See appendix A for a more detailed discussion.

In order to find the behavior of the solution near these geodesics we expand the solution
of the electrostatic problem near the tip of the disks. Near the tip of the disks we have
a simple Laplace equation in two dimensions. Namely, we approximate the disk by an
infinite half plane. We can then solve the problem by doing conformal transformations.
Actually, we can do this whenever we are expanding around a solution at large pg and we
are interested in features arising at distances which are much smaller than pg, but could be

larger than the distances between disks, see figure 5.6. So let us first analyze this problem

2In the eleven dimensional description the point where (5.14) is minimized lies on the y = 0 plane at a
local maximum of 6D|y:o in the x1,x2 plane.
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©
(d

Figure 5.6: In this figure we see the expansion around the region near the tip of the disks.
In a generic situation the tip we focus on is isolated, see (b). In other cases, there are other
disks nearby that sit close to the tip we are focusing on. In this case we can take a limit
where we include the nearby tips. We see such situations in (a),(c) and (d). (d) corresponds
to the periodic case. We can focus on a distance that is large compared to the period in 5
but small compared to the size of the disks.

in general. We can define the complex coordinate
z=E6+in=p—po+in (5.15)

so that we are expanding around the point (p,n) = (po,0). It is actually convenient for our
problem to define a complex variable
w(z) =28,V = (L — i) (5.16)
Po
where we also used an approximate form of (5.4). Equation (5.5) implies that w is a
holomorphic function of z. We see that w is defined on the right half plane: Re(w) > 0.
Equation (5.5) is simply the statement that the change of variables is holomorphic. Solutions
are simply given by finding a conformal transformation that maps the w half-plane into a
configuration in z-plane containing various cuts of lines specified by a general configuration,
like those in figure 5.6.
For example we could take z = w?. This maps the w half-plane into the z plane with a
cut running on the negative real axis. More explicitly, this leads to V ~ Re(z3/ ). This is

the solution near the tip of a disk, see figure 5.6(b).
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Once we have found this map we can go back to the general ansatz (5.7)-(5.11) and write
the resulting answer. When we do this we note that V ~ 0¢V/po and that Vo~ 8§V/ P2.
Since pg is very large in our limit we keep only the leading order terms in pg. After doing

this we find the approximate solution 3

. _
ds3y ~ 4p0{—(1+pf_1|8wz|2)dt2+dﬂg+g dwdw+(w+w)2dﬂg]} (5.17)
0 0
where f = %.

Let us first consider the specific case where z = w?

. This describes the configuration
near the tip of the disks. In this case we find that f = 1 and the metric in the four
dimensional space parametrized by w, w, 3 is flat. In addition, we see that (5.14) is indeed
saturated at w = 0.

Now let us go back to (5.17) and take a general pp-wave limit. We will take py — oo

and scale out the overall factor py away from the solution. In other words, we parameterize

S° as
-2
1
d02 = dp? cos 0 + d6? + sin® 0d03 ~ dp>(1 — ~—) + —di” (5.18)
dpo”  4po

where we expanded around ﬁ =0 ~ 0 and kept 7 finite in the limit. In addition, we set

1
dt = da" | do = dxt — —dx~ (5.19)
4po
e = E—J =L (5.20)
p+ = ) pb- = 4p0 .
dpg = R%s (5.21)

where the second line tells us how the generators transform and finally the last line is stating

that the parameter pg is physically the size of the S® (we have set o/ = 1).

3The rest of the fields, i.e. the dilaton and fluxes are the the same as in (5.22)-(5.26), with t = ™.
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After this pp-wave limit is taken for (5.7)-(5.11), the solution takes the form

ds2y = 2dutdr — (Af N 9zl? +7#?)(da ) + d 7?4+ Af (dwdw + (LT 0)2d03)
e® = Af (5.22)
By = i W(@wz—ﬁwz) —(z—2)| d*Q (5.23)
O = iw+ @gg:j — § d* (5.24)
C3 = —(w+)?>fdet Ad?Q (5.25)
[= W (5.26)

where z is a holomorphic function of w. This is an exact solution of ITA supergravity. When
a string is quantized in lightcone gauge on this pp wave it leads to a (4,4) supersymmetric
lightcone lagrangian, which will be discussed in section 5.4.2. One can also introduce two
parameters by rescaling z and w. Similar classes of IIB pp-wave solutions and their sigma
models were analyzed and classified in e.g. [135], [163], [16].

For the single tip solution

z = w? (5.27)

we get

dsy = —2dztde™ — (F2 4+ 4@ %) (da ") +d 7% + dii ? (5.28)

where 7 and 4 each parameterize R*. This is a ITA plane wave with SO(4) x SO(3) isometry
and it was considered before in [171],[98],[97].

In conclusion, the expansion of the metric around the trajectories of BPS particles locally
looks like a ITA plane wave (5.28) if the tip of the disk is far from other disks. When it
is close to other disks we need to use the more general expression (5.22)-(5.26). We will
analyze in detail specific cases in the later several sections. In the limit that we boost away
the g component of the metric, the solution (5.22)-(5.26) becomes R>! times a transverse
four dimensional part of the solution which is a superposition of NS5 branes. Notice that f
is a solution of the Laplace equation in the four dimensions parametrized by w, w, Q9. This

is related to the fact that we should interpret the space between two closely spaced disks
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as being produced by NS5 branes. This will become more clear after we analyze specific
solutions in later sections.

The rescaling of J in (5.20) has some physical significance since it will appear when
we express the energy of near BPS states in terms of J. In other words, the light cone
hamiltonian for a string on the IIA plane wave describes massive particles propagating on
the worldsheet. Four of the bosons have mass 1 and the other four have mass 2. The

lightcone energy for each particle of momentum n and mass m is

2 2
(E—J)n:(—p+)n:1/m2+z%=\/m2+ Rgs%, o =1 (5.29)

where the masses of the worldsheet fields are m = 1,2 depending on the type of scalar
or fermion that we consider on the worldsheet. The subindex n reminds us that this is
the contribution from a particle with a given momentum along the string. Since the total
momentum along the string should vanish, we need to have more than one particle carrying
momentum, each giving rise to a contribution similar to (5.29). Note that the form of the
spectrum is completely universal for all solutions, as long as the tip is far enough from
other disks. On the the other hand the value of py at the tip depends on the details of the
solution. It depends not only on the theory we consider but also on the particular vacuum
that we are expanding around. In the following sections we will compute the dependence
of pp on the particular parameters of each theory for some specific vacua.

When we can isolate a single disk we can always take pp-wave limit of the solution to
the ITA plane wave (5.27), (5.28) near the tip of this single disk. There are many other
situations when nearby disks are very close, and we need to include also the region between
disks, i.e. the region produced by NS5 branes. In these cases, the geometry parametrized
by the second four coordinates w, w, {29 is more complicated. We will discuss it in following
sections.

As is usual in the gravity/field theory correspondence one has to be careful about the
regime of validity of the gravity solutions, and in our case, we should also worry about the
following. In the field theory we have many vacua. So we can have tunnelling between

the vacua. On the gravity side we have the same issue, we can tunnel between different
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solutions of the system. In order to understand this tunnelling problem it is instructive to
consider vacua whose solutions are very close to the original solution. Small deformations
of a given solution that still preserve all the supersymmetries can be obtained, in the 11d
language by considering small “ripples” in the regions connecting M2 and M5 regions. In
the ITA description these become DO branes. For very small excitations these DO branes sit
at p = 0 at the position of the disks. At these positions it costs zero energy to add the DO
branes. In the electrostatic description we are adding a small disk close to the large disk,
as in figure 5.4(c). In order to estimate the tunnelling amplitude we need to understand
how we go from a configuration with no D0 branes to a configuration with DO branes. In a
region where we have a finite size three cycle X3 (see figure 5.5) with flux N5 we can create
N5 DO branes via a D2 instanton that wraps the X3 (see [136]). We see that such processes
will be suppressed if the string coupling in this region is small and the X3 is sufficiently

large. These will be discussed in detail in chapter 6.

5.3 Index counting the vacua and BPS states

In this section we turn to the discussion of various field theories with %(2|4) symmetry
group and the index counting their vacua and excited BPS states.

It is convenient to start with A/ = 4 super Yang Mills on R x S3. This theory is dual to
AdSs x 8% and its symmetry group is the superconformal group SU(2,2[4). The bosonic
subgroup of the superconformal group is SO(2,4) x SO(6). It is convenient to focus on
an SU(2)r, € SO(4) € SO(2,4). This SU(2)r, is embedded in the SO(4) symmetry group
that rotates the S® on which the field theory is defined. If we take the full superconformal
algebra and we truncate it to the subset that is invariant under SU(2); we clearly get a
new algebra. This algebra forms the supergroup 3\5(2\4), where the tilde here denotes that
we take its universal cover. In other words, the bosonic subgroup is R x SU(2) x SU(4) % .

This is the symmetry group of the theories we are going to consider below.’

4If we replace R by U(1) we get the compact from of SU(2|4).
This symmetry group also appears when we consider 1/2 BPS states in AdSs 7 x S7% M-theory solutions
[126]. A closely related supergroup, SU(2,2|2), is the NV = 2 superconformal group in 4 dimensions.
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We will get the theories of interest by quotienting N' = 4 super Yang Mills by various
subgroups of SU(2)r. For example, if we quotient by the whole SU(2);, group we are left
with the plane wave matrix model [115],[121]. We get a reduction to 041 dimensions because
all Kaluza Klein modes on S3 carry SU(2);, quantum numbers except for the lowest ones.
The other theories are obtained by quotienting by Z; and U(1)r, subgroups of SU(2)r. We
will discuss these theories in detail below.%

Since all theories have a common symmetry group they share some properties. One
property that we will discuss in some detail are 1/2 BPS states carrying SO(6) angular
momenta. These are states carrying energy E equal to the angular momentum under an
SO(2) € SO(6) generated by J. The condition E = J is the BPS bound. The fact that
these 1/2 BPS states are fully protected follows from the discussion in [58, 114]. Moreover,
the arguments in [58, 114] allow us to count precisely these BPS states. Actually, to study

BPS states it is convenient to define the index (c.f. [118])

I(ﬁz) =Tr [(_1)F€—M(E—25—J1—Jz—Jg)e—ﬁl(E—Jl)e—ﬁQ(E—JQ)e—ﬁg(E—J3) (530)

where S = S5 is one of the generators of SU(2), J1 = Mjs, Jo = M3y and J3 = Msg
are SO(6) Cartan generators. Let us explain why (5.30) is an index. Let us consider the
supercharge Qf = QT_ 444, where the indices indicate the charges under (S, J1, Jo, J3). This
supercharge has F = 1/2. This supercharge and its adjoint obey the anticommutation
relation

{Q.QY=U=E 25— (i + o+ J3) (5.31)

In addition the combinations E — J; commute with the supercharges in (5.31). Using the
standard arguments (see [180]) any state with nonzero values of U does not contribute
to (5.32). By evaluating (5.30) we will be able to find which BPS representations should
remain as we change the coupling. The index (5.30) contains the same information as the

indices defined in [58], see [118]. In order to count 1/2 BPS states we can use a simplified

SNotice that this truncation procedure is a convenient way to construct the lagrangian, but we cannot
get the full quantum spectrum of the plane wave matrix model by restricting to SU(2)r invariant states of
the full N = 4 super Yang Mills theory.



75

version of (5.30) obtained by taking the limit when 5 — oo. In this limit the index depends

only on g = e A1

In(g)=> D(N,J)q’ = (B1, B2, B3) q=e P (5.32)
J=0

[33131—&}00 g
where J = J3. This partition function counts the number of 1/2 BPS states D(N,J) in
the system. Below we will compute (5.32) for various theories. We will not compute (5.30)
here, but it could be computed using the techniques in [4],[160].

In the limit that 1 <« J <« N we will identify these states as massless geodesics in the
geometric description. Notice that, even though we use some of the techniques in [126] to
describe the vacua of these theories, we do not include backreaction when we consider 1/2
BPS states.” We are also going to study the near BPS limit, with J large and £ = E — J
finite. For excitations along the S° the one loop perturbative correction is the same as in
the N/ = 4 parent Yang Mills theory. On the gravity side, we will find that, at strong 't
Hooft coupling, the result that differs from the naive extrapolation of the weak coupling
results. This implies that there exist some interpolating functions in the spectrums. We
could similarly study other solutions with large quantum numbers under SO(6), such as
the configurations considered in e.g. [73, 148] which have several large quantum numbers.
In this theory we could also have BPS and near BPS configurations with large SO(3) spin,
which we will not study in this section.

In these theories we have many vacua and, in principle, we can tunnel among the different
vacua. In most of the discussion we will assume that we are in a regime in parameter space
where we can neglect the effects of tunneling. This tunneling is suppressed in the 't Hooft
regime where strings are weakly coupled. Note that despite tunneling the vacua remain

degenerate since they all contribute positively to the index (5.32).

"The 1/2 BPS states of the theories considered here preserve less supersymmetry than the 1/2 BPS
states that were considered in [126]. In other words, the 1/2 BPS states of [126] preserve the same amount
of supersymmetry as the vacua (which have J = 0) of the theories considered in this section. Here we start
with theories with 16 supercharges, while [126] started with theories with 32 supercharges.
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As an aside, note that the degeneracy of states in N/ = 4 super Yang Mills can be written

in various equivalent forms [53, 40]

o oo 1
SN DN = T[(+pe"2) (5.33)
N,J=0 n=1
> 1
D(N,J)q¢) = ———— (5.34)
JZ=;J Hﬁle(l_qn)
> 1
In—4(p,q) = pN¢'D(N,J) = m—r 5.35
(p.9) N;:O NI = =) (5.35)

In the first form we express it as a system of fermions in a harmonic oscillator potential. In

the third form it looks like a system of bosons in a harmonic oscillator potential.

5.4 Plane wave matrix model

5.4.1 General vacua and near-BPS excitations

In this section we discuss the plane wave matrix model [33, 137, 57, 117, 58, 114, 115,
121, 72|, both its vacua in the field theory side and their dual gravity descriptions.

This theory arises by truncating the N’ = 4 theory to 0+1 dimensions by keeping all
free field theory states that are invariant under SU(2);, and keeping the same interactions
for these states that we had in /' = 4 super Yang Mills [115]. We keep the zero modes
for SO(6) scalars and truncate the gauge field to Ay —4 = Xjw; + Xows + X3ws, where w;
are three left invariant one-forms on S3. Thus the X; are the scalars that transform under
SO(3).

This theory has many vacua. These vacua are obtained by setting the scalars X; equal
to SU(2) Lie algebra generators. In fact the vacua are in one to one correspondence with
SU (2) representations of dimension N. Suppose that we have N (n) copies of the irreducible

representation of dimension n such that

N = ZN(n)n (5.36)

Each choice of partition of N gives us a different vacuum. So the number of vacua is equal

to the partitions of N, P(N).
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N = 4 super Yang Mills has a unique vacuum. On the other hand, any solution of the
plane wave matrix model can be uplifted to a zero energy solution of N' = 4 super Yang
Mills. What do the various plane wave matrix model vacua correspond to in N = 4 super
Yang Mills? It turns out that these are simply large gauge transformations of the ordinary
vacuum. The solutions uplift to Ay—y = (w1J1 +woJo + w3J3) = —i (dg) g~1, were g is an
SU(2) group element in the same representation as the J;. This SU(2) group is parame-
terizing the S3. So they are pure gauge transformations from Ay—4 = 0. In summary, in
N = 4 super Yang Mills these different configurations are related by a gauge transformation.
The gauge transformation is not SU(2);, invariant, even though the actual configurations
are SU(2)r, invariant. In the plane wave matrix model they are gauge inequivalent.

As in [137], it is possible to get the 2+1 theory in section 5.5 from a limit in which we
take N copies of the representation of dimension n and we take n — oo. For finite n we get
a U(N) theory on a fuzzy sphere and in the n — oo limit the fuzziness goes away [137].

One can also count the total number of 1/2 BPS states with SO(6) charge J. These are

given by the partition function

fe'e) o 1
Ipwam(p, q) = Dpwum (N, J)pNq” = In=1(p™,q) =
N,;:o Hm:l [l [0 (1 = p™g™)
(5.37)
Setting ¢ = 0 we get that the number of vacua are given by the partitions of N. It is

interesting to estimate the large J and N behavior of this index. We obtain
Dpwaiar (N, J) ~ 1990 NN (5.38)

where we assumed J2/N > 1, N2/J > 1. The fact that this is symmetric under N < J

follows from the fact that (5.37) is symmetric under p < ¢ up to the n = 0 factor.

Now we turn to some aspects of the gravity solutions corresponding to the plane wave
matrix model. In this case we should think of the electrostatic configuration as having an
infinite disk at n = 0 and the some finite number of disks of finite size at n; > 0, see figure
5.4(b). The background electric potential is

9
Vi ~ p*n — =0

; (5.39)
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We now consider the boundary conditions that correspond to the solutions dual to the
plane wave matrix model and we consider a vacuum corresponding to a single large disk at
distance d ~ N3 from the n = 0 plane. These are the vacua corresponding to N5 fivebranes.

We write the leading solution of the potential in asymptotic region

2 -
V = a(p*n - §773) +A (5.40)

Plugging this form to our gravity solution, we find in order to asymptote to DO brane near

horizon geometry A has to take the form

Pn

R TEVERE

(5.41)

in the large p, n region. Using the coordinate r = 41/p% + 12 and t = x¢ we find that the
leading order solution at large r in (5.7)-(5.11) is the standard DO brane solution [102] at

large r, with warp factor
_ 2%15P

r’a

A , o=

8
— 5.42
0 (5.42)

We now need to compute P. We compute the charge and the distance. Since we have
images we have P = 2dQ). The distance if given in terms of N5 by (5.13). In order to
compute the charge we note that if we have a large disk with a size pg > N5 then the
configuration at large distances looks like a single conducting disk at n = 0 with some extra
sources localized near (p,n) = (po,0). We can thus approximate the induced charge on the
disk to be the induced charge we would have on the conducting plane at 7 = 0 if we had not
introduced the disk. This induced charge is given simply by the external potential which is

the first term in (5.40). We can thus approximate

1 oapg us
= — = — — *N ~4
Q A /an‘/ext ] ) d 2 5 (5 3)
Now we can go back to the expression for Z and write it as
2515 pgV;
7 2 29TPolVs (5.44)

r7

where we are in the regime where the disk is very close to the n = 0 plane.
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We can now compare with the result in [102]

g 2790 (7/2) g3 o No _ 21575410 No

7 7 (5.45)
Comparing the two we find
1 R2; 7g2 o IN: 1/4
4 _ 1 4 2 S5 _ _ Y M0-Y2
Po= 3T 9y modV2, o = dpo =4 <2m3> (5.46)
in the strong coupling regime.
So the leading asymptotic form of the solution is
_ n
V=VW+P (5.47)

where we have included the external potential plus the leading dipole moment produced
by the disks. The leading contribution is a dipole moment because the conducting disk at
n = 0 gives an image with the opposite charge, so that there is no monopole component
of the field at large p,n. The total number of DO branes Ny is proportional to the dipole

moment P. This dipole moment is given by

PZQZTh‘QiNNo:Z ZNg N; (5.48)

i\ j<i
where the index i runs over the various disks. Notice that the difference between neighboring
disks d; = m;+1—mn; is proportional to the fivebrane charge. So the distances d; are quantized.
This formula, (5.48), should be compared to (5.36) by identifying n ~ d; and N(n) = Ni.
The exact proportionality can be found in above discussions.

In [125] this problem was analyzed using technique developed by Polchinski and Strassler
in [159], which consists in starting with configurations of DO branes smeared on two spheres.
In our language, this is a limit when we replace the disks by point charges sitting at p = 0.
This approximation is correct as long as the distance between the disks is much bigger than

the sizes of the disks and we look at the solution far away from the disks® .In this appendix,

8We can make this relation more precise as follows. Suppose that the potential in the asymptotic region
behaves as V = p°n — 21 + A, where will treat A as a perturbation. Then from the ITA ansatz (5.7)-(5.11)
we can write the solution as in [125] and find the warp factor Z in [125]. This gives Z = (%8PA +02A)

1
2p2n
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we discuss the charge Ny and N5 and asymptotic matching of the solutions dual to vacua of
the plane wave matrix model. We then discuss the interpolating function f in the leading
gravity approximation..

From the field theory point of view it looks like the simplest vacuum is the one with
all X = 0. This case corresponds to having Ny copies of the trivial (dimension one) repre-
sentation of SU(2). In the gravity description this corresponds to having a single disk at a
distance of one unit from the conducting surface at n = 0, see figure 5.6(a). Unfortunately,
since this vacuum corresponds to a single fivebrane, the gravity approximation will not be
good near the fivebrane. We will focus on this situation in the next section. However, we
can consider vacua corresponding to many copies of dimension N3 representations of SU(2).
These involve N5 fivebranes and we will be able to give interesting solutions, at least in the
region relevant for the description of near BPS states. It should be possible to extrapolate
these solutions to smaller values of N5 using conformal field theory. Let us now study the
case that we have only a single disk at a small distance from the infinite disk at n = 0. So
we consider a situation with N5 < Np. Based on the discussion in [137] we expect that the
Ny DO branes blow up into N5 NS5 branes. Of course, our solution will be smooth, but we
will see that there is a sense in which we have N5 fivebranes. The appearance of fivebranes
is probably connected with the picture in [32] for 1/2 BPS states in terms of eigenvalues
that lie on a five sphere. We will discuss more about this in chapter 6.

The explicit solutions for the plane-wave matrix model is very difficult to solve due to
that the solutions are generally given by integral equation or coupled integral equations if
there are more than one pair of the disks. Nevertheless, we can take a large disk limit and
then it is sovable in terms of conformal transform. We will discuss the solutions in the large

disk limit, which corresponds to the pp-wave limit.

and By = %8,) (%@A + 2n0, A — QA) d’Q. We get A = by comparing the leading order

Pn
approximation Z = Ij—; and the fluxes Hs = a'r_7(T3 - %Vg), Gg = gs_lar_7(% *xg Th — % *g V3), which
are dual to the mass terms (see [125]), where r = (p® + 7*)*/2, and p and 7 are radial variables in SO(6)
and SO(3) directions. If we replace Z by the expression corresponding to multi-center DO branes uniformly
[(n—nG")2+p211/2  [(ntng”)2+p211/2 |
limit when the disks above the n = 0 plane are treated as point charges.

smeared on several S2s, then we get A = >Qi [ this is precisely the
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If we have n disks above the infinite disk, then the general solution is

(w—ia1)(w —iag) - (w — iay)

Owz (—iant1) (5.49)

(w—icy)(w —icg) - (w—icy)

with a1 < <ax<co < <cpo1 <ap <cp <apgl

where w = ia; are the location of n tips and w = ic; are the locations of n sets of fivebranes.
Now we study the simplest vacua of a pair of disks. We can get the solution from above

formula for one disk, and do a rescaling. The solution is

Bz = =1 (5.50)
w
In this case, the function f in (5.22)-(5.26) becomes
a
= —— 5.51
f= e (5.51)
and the contribution to g4y is
-1 2 _ 8 12
Af 7 Owz|* = —|w — iqa] (5.52)
a

So we see that we get the near horizon region of fivebranes. The contribution (5.52) to the
g++ metric component gives rise to a potential on the lightcone gauge string worldsheet.

This potential localizes the string at some particular position along the throat. Writing

w = iae®T? the 10 dimensional solution is
ds?y = —2dztde™ + di? — P2dat? — AN5(e*® + 1 — 2e? cos 0)dx ™
+N5(d¢? + df* + sin? 0dQ3) (5.53)
e? = g ? (5.54)
c, = —912 Ns(e* — e? cosf)dz™ (5.55)
s
Cs = ;Ng”/ 22¢% sin® fda ™ A d2Q (5.56)
s
Hs = 2Njsin?6dd A d*Q (5.57)

where g; is the value of the dilaton at the tip. By performing a boost z* — \*lz* with

A — 0 we set to zero all non-trivial terms involving dax™ and we recover the usual fivebrane

9We set o’ = 1 here.
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near horizon geometry [47], [48]. By taking a limit of small ¢ and 6 we find the IIA plane-
wave in (5.28).

An important parameter is the size of the S in string theory units at the tip of the

disks. This can be approximated as '°
R2 2 Np\ M N
55 9y moV2 0
-4 No = — =1 5.58
o ™ ( om3 > ; 2 N5 ) m ( )

where m is the mass of the SO(6) scalars and is set to 1. Ny is the number of D0 branes or
the rank of the gauge group in the plane wave matrix model. Our gravity approximation
is good when we are in the regime of interest, N5 < Ny, and the size of S° in string unit
is large. From this result we can compute the spectrum of near BPS excitations with large
angular momentum J. For fluctuations in the directions parametrized by 7 in (5.53) the
spectrum is

2 1/2 o 1/2 n2
_ 9y moNo nt_ 2 29YM0N0

Under general principles, in the t” Hooft limit, with N5 fixed, we expect the spectrum
to be of the form

2 N 2
9y po+Vo n
E—J)py=1+f (202 Ny ) — + - _
( J) f( m3Ns 5> J? (5.60)

in the large J limit.
The N5 = 1 case has been analyzed perturbatively up to four loops in [72]. In our
conventions'! their result reads

2
Frort 95 aroNo N:=1) = 21%93 1o No 1— v gimoNo | 71 (g aroNo
per m3 m?3 8 m? 32 m3

2 N, 3
7767 ( Iy Mo 0) +o (5.61)

1024 m3

Of course we expect that the function f interpolates smoothly between the weak coupling

result (5.61) and the strong coupling result (5.59).

190ur normalization of the action is S = 2 fTr{ (DoY;)? — $m?Y? + 1[5, Y;] + - -+ } where Y; are
the SO(6) scalars. The dimensionless parameter is g% y0/m°.

2
IThe relations between their variables and ours are 4A = (2)°> N = M, 8m2A, = f.
M m
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Our gravity solutions are not valid for N5 = 1, especially in the region relevant for this
computation. On the other hand, we see that the quantity that determines f is the radius
of the fivesphere. We can think of this solution as follows. Let us first use an approximation
similar to that used by Polchinski and Strassler [159], [125]. In this case we approximate
the solution by smearing DO branes on a fivesphere, which we interpret as a fivebrane which
carries DO brane change. We then determine the size of the fivebrane by coupling it to
the external fields that are responsible for inducing the mass on the DO worldvolume. This
gives the radius of the fivebrane. In fact, this was computed in [137] where the formula
similar to (5.58) was found (the precise numerical factors were not computed in [137]). So
it is natural to believe that (5.59) will still be the correct answer for N5 = 1. In other
words, the coupling constant “renormalization” that was found in [72] is interpreted here
as a physical quantity giving us the size of the fivebrane in the gravity description at strong
coupling. This is the situation for the first four coordinates. The fact that a single fivebrane
has no near horizon region also suggests that something drastic happens to the second four
directions that are transverse to the single fivebrane. We observed this feature for N5 = 1
also from gauge theory side and will explain it in the next section.

Finally, let us discuss the issue of tunneling between different vacua. In general we
can tunnel between the different vacua of the matrix model. But the tunneling can be
suppressed in some regimes. For example, let us consider the case we discussed above
where we consider the vacuum corresponding to a single large disk at a distance N5 from
the n = 0 plane, see figure 5.6(a). From the gravity point of view we can take one unit of
charge from the large disk and put some other disks. Charge is not conserved in the process,
but Ng should be conserved. Reducing the charge of the large disk by one unit we are left
with N5 DO branes to distribute in the geometry. So, for example, we can put another disk
at a distance of one unit from the n = 0 plane with N5 units of charge. In the geometry this
transition is mediated by a D-brane instanton. The geometry between the original disk and
the n = 0 plane can be approximated by the solution in section 5.6. That solution contains

a non-contractible X3, see figure 5.5. If we wrap an Euclidean D2 brane on this X3 we find
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that, since there is flux N5 through it, we need N5 DO branes ending on it [136]. Thus, this
instanton describes the creation of N5 DO branes. Its action is proportional to the action of
the Euclidean D2 brane. This process describes the tunneling between the vacua in figures
5.4(d) and 5.4(e). If the volume of the Y3 is sufficiently large and the string coupling is
sufficiently small this process will be suppressed. In order for this to be the case we need
to arrange the field theory parameters appropriately. Notice that there is no instanton that
produces a smaller number of DO branes. This also agrees with the field theory. If we
start with the vacuum with many copies of the N5 dimensional representation of SU(2),
then we can take one of these representations and partition those N5 DO branes into lower
dimensional representations. This is basically the process described by the above instanton.
In other words, the fact that the D-brane instanton produces N5 D0 branes matches with
what we get in the field theory. More details on the instantons will be discussed in the

chapter 6.

5.4.2 Single and multi-NS5 brane vacua and excitations

In previous sections we have mainly analyzed the near BPS states associated to string
oscillations in the the first four dimensions, which are described by free massive fields on
the worldsheet. In this section we mainly focus on the second four dimensions which are
associated to fivebrane geometries. Since the spectrum depends on the vacuum we expand
around, we will focus on the large J near BPS excitations around some particular vacua
of the plane wave matrix model. We will consider first the N5 = 1 vacuum and then the
N5 > 1 vacua, both from the gauge theory and gravity points of view. We also make some
remarks about the simplest vacuum of the 241 super Yang Mills on R x S2.

Let us start by discussing the trivial vacuum of the matrix model, where we expand
around the classical solution where all X = 0. This is the vacuum we denote by N5 = 1 and
which should correspond to a single fivebrane. When we expand around this vacuum we
have 9 bosonic and 8 fermionic excitations which form a single representation of SU(2|4),

corresponding to the Young supertableau in figure 5.7(a). Our notation for %(2\4) repre-
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sentations follows the one in [10],[11],[12],[24],[58]. We are interested in forming single trace
excitations which should correspond to single string states in the geometry. For example, we
can consider the state created by the field Z of the form Tr[Z7] 12 | where Z = Y5 4iY .13

This state is BPS and it belongs to the doubly atypical (or very short) representation whose
Young supertableau is shown in figure 5.7(b). As in [33] we can consider near BPS states by
writing states of roughly the form ), Tr[YiZleZJ_l]ei%lTn where i,7 = 1,---4. We can
view each insertion of the field Y as an “impurity” that propagates along the chain formed
by the Z oscillators. These impurities are characterized by the momentum p = n/J and a
dispersion relation €(p), where € is the contribution of this impurity to E = FE — J. Here
we are thinking about a situation where we have an infinitely long chain where boundary
effects can be neglected. These fields have ¢(p = 0) = 1, we can think of this as the “mass”
of the particles. This is an exact result and can be understood as a consequence of the Gold-
stone theorem. Namely, when we pick the field Z and we construct the ground state of the
string with powers of Z we are breaking SO(6) to SO(4). The excitations Y? i =1,--- 4
correspond to the action of the broken generators. This is a fact that does not even require
supersymmetry. In other words, we are simply rotating the state tr[Z J ]. It is also useful to
consider the supersymmetry that is preserved by this chain. Out of the supergroup @/(2]4)
our choice of Z leaves an SU(2)g X gﬁ(2\2) subgroup!® that acts on the excitations that
propagate along the string. The group SU(2)g together with one of the SU(2) subgroups
in SU(2|2) forms the SO(4) in SO(6) that rotates the first four dimensions. The second
SU(2) subgroup of 3\5(2]2) is the SU(2) factor in %(2|4) and rotates the three scalars
X% We can use 3?(2\2) to classify these excitations. The non-compact U(1) in :S’VU(2|2)
corresponds to the generator E=F—Jand gives us the mass of the particle. The fields
Y? belong to the fundamental representation of 5’\5(2\2) whose Young supertableau is in
figure 5.7(c). In addition they transform in the spin one half representation of SU(2)s.

We can think of these excitations as “quasiparticles” that propagate along the string. The

12We denote the field Z and its creation operator by the same letter.

131n this section Y%, i = 1,--- ,6 are the scalars that transform under SO(6) and X% are the ones trans-
forming under SO(3) .

The ¢ subindex indicates that it is global symmetry that commutes with supersymmetry.
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properties of these quasiparticles were studied in great detail in [72] where the dispersion
relation and particular components of the S-matrix were computed to four loops. These

quasiparticles contain four bosons and four fermions.
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Figure 5.7: Young supertableaux corresponding to various representations of SU(2|4) or
SU (2]2) discussed in the text. In (e) and (f), 2(1—2) = a5, p = as for SU(4|2) Dynkin labels.
Figure (g) shows the correspondence between supertableau and Dynkin labels for a general
physically allowed representation (a1, as, aslas|as) of SU(4]2), see also [10],[11],[12],[24],[58].

So far we have been discussing mainly the fields Y and the fermions which have F—J =
1. What about the other fields in the theory? There are four other elementary fields which
have A —J = 2. These are the three scalars X of SO(3) and the field Z plus four fermions.
Naively, we might think that these would lead to mass two impurities that propagate along
the string. This is not the case. Actually, what happens is that they mix with the fields
that we have already described and do not lead to new quasiparticles [27]. For example
an insertion of the field Z, such as tr[ZZ71] mixes with the states tr[Y?Z!Y?Z/~!]. The
result of this mixing is such that the resulting spectrum can be fully understood in terms of
two quasiparticles of mass one that propagate along the string. Something similar happens
with the insertion of the SO(3) scalar X, which mixes with the insertion of two fermions of
individual mass one. In fact, the one loop Hamiltonian in this sector is a truncation of the

one loop Hamiltonian of ' =4 SYM in [28]. So the results we are mentioning here follow
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in a direct way from the explicit diagonalization undertaken in [27]. The final conclusion
of this discussion, is that in perturbation theory we have a chain which contains impurities
with mass one, that transform in the fundamental of §ﬁ(2|2) and fundamental of SU(2)¢.
We have four bosons and four fermions, which can be viewed as the Goldstone modes of
the symmetries broken by the BPS operator tr[Z J ]. This spectrum is compatible with the
index (5.30) evaluated on single trace states.

Let us now discuss what happens at large 't Hooft coupling. The radius of the fivebrane
is given by (5.58) (with N5 = 1). In addition, we have seen that the near BPS states are
described by the pp-wave geometry (5.53)-(5.57) which corresponds to the near horizon
region of Ny fivebranes. The first four transverse dimensions correspond to the motion
of the string in the direction of the fivebranes and the spectrum contains particles that
transform in the fundamental of /.5—’\5(2|2) and the fundamental of SU(2)q as we had in the
weak coupling analysis. The dispersion relation is given by the usual relativistic formula
(5.59).

On the other hand, when we consider the fate of the last four transverse dimensions we
run into trouble with the geometric description. We see that the solution (5.53)-(5.57) does
not make sense for N5 = 1 since a single fivebrane is not supposed to have a near horizon
region [47]. The reason is that the near horizon region involves a bosonic WZW model with
level K = N5 — 2 and this theory is unitary only if N5 — 2 > 0. In our context, we also
have RR fields that try to push the string into the near horizon region. Since for N5 = 1
we do not have such a region, the simplest assumption is that the second four dimensions
are somehow not present in out pp-wave limit. This would agree with what we saw in the
weak coupling analysis above, where we did not have any quasiparticles propagating along
the string corresponding to the second four dimensions. Of course, a string quantized in
lightcone gauge is not Lorentz invariant in six dimensions. But perhaps this is not a problem
in this case, since the presence of RR fields breaks Lorentz invariance. Nevertheless, one
would like to understand the background in a more precise way in the covariant formalism,

so that one can ensure that we have a good string theory solution.
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In order to find a better defined string theory we need to consider N5 > 1. So, let us
consider what happens when we expand around the vacuum of the plane wave matrix model
corresponding to N5 > 1. This is the vacuum where the matrices X; are the generators of
the dimension N5 representation of SU(2). We would like to understand the similarities
and differences between these vacua and the N5 = 1 vacuum. When we expand around
these vacua we find that we have N5 §(7(2|4) supermultiplets, the ones whose Young su-
pertableaux are given in figure 5.7(e) with [ = 1,--- , N5 [58]. We can view them as the
Kaluza Klein modes on a fuzzy S2. The subsector of this theory where we consider only
excitations of the first Kaluza Klein mode is the same as the one we had in the N = 1
sector. In fact, the one loop Hamiltonian for these excitations is exactly the same as the
one we had for the N5 = 1 case. This can be seen as follows. Since these modes are propor-
tional to the identity matrix in the N5 x N5 space that gives rise to the fuzzy sphere we see
that their interactions are the same as the ones we had around the N5 = 1 vacuum. The
only difference could arise when we consider diagrams that come from one loop propagator
corrections. But the value of these propagator corrections is determined by the condition
that the energy of the state tr[Z”7] is not shifted, since it is a BPS state. One difference,
relative to the expansion around the N5 = 1 vacuum is that the one loop Hamiltonian is
proportional to g% ,,;0N2/Ns as opposed to g% ,,,No (where Ny = NoNs). More precisely,

we find that the function f in (5.60) has the form

2 A 2

9y moiVo 2 9y a0 No

MO~ Ng) =222~ .. .62
iy m3N5 ' 5) =21 m3 N2 (5.62)

for small 't Hooft coupling. We obtain this result as follows. First we notice that E=1
excitations are given by diagonal matrices in the N5 x N5 blocks that produce the fuzzy
sphere. These matrices are Ny X No matrices. In other words, the relevant fields can be
expressed as Y = 1N N @Y where Y are Ny x Ny matrices, with No = Ny/N5. Then the
action truncated to the Y fields looks like the N5 = 1 action except that we get an extra
factor of N5 from the trace over the diagonal matrix 1y,xn,. This effectively changes the
coupling constant g% ,,0 — 3% 10 = 9% ar0/Ns- Since the Y fields are Ny x Ny matrices we

see that corrections in this subsector will be proportional to g ,,,N2. Notice that (5.62) it
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involves a different combination of Ny and N5 than the one that appears at strong coupling
(5.59). So the interpolating function in (5.60) should have a non-trivial N5 dependence.
In summary, at one loop, the excitations built out of impurities in the first Kaluza Klein
harmonic on the fuzzy S? give rise to four bosonic and fermionic quasiparticles of mass
FE =1 as we had in the N5 =1 case.

Let us now focus on the second Kaluza Klein mode, given by the supermultiplet of
3?(2|4) in figure 5.7(d). This multiplet contains four bosonic and four fermionic states of
mass £/ = E — .J = 2. These eight states transform in the 55(2]2) representation of figure
5.7(a). Let us describe how the bosonic states arise. We expand Z = Z+JZ;+- - - in fuzzy
sphere Kaluza Klein harmonics using the N5 x N5 matrices J¢ which give a representation
of SU(2) (see [59]). Three of the states correspond to the impurities Z; and they are in the
(1,0) representations of SU(2) x SU(2) C SU(2|2) and they are singlets of SU(2)g. The
fourth state, denoted by ®, arises when we expand X* = J%(1 + ®) + ---. This has £ = 2
and spin zero under all SU(2)s. It gives rise to an excitation with E=FE—J=2and spin
zero. In addition to these four bosonic states we have their fermionic partners. When we
consider BPS states with £ —2S — 3" J; = 0, the only bosonic state that contributes is Z,
which has S = 1. Thus the state tr[Z+ZJ] is BPS. In order to ensure that its energy is not
corrected we need to check that it cannot combine with other BPS states. The analysis in
[58] tells us which representations this could combine with. By looking explicitly at the ones
arising when we construct single trace states we can see that these other representations
are not present. This is a result that is exact in the planar limit. In appendix G of [127]
we use the index defined in (5.30) to prove the above statement.

What we learned is that for N5 > 1, as opposed to the case with N5 = 1, we have a
new quasiparticle of mass two propagating along the string. In fact, the same argument
would go through for the case of 241 SYM on R x S? in section 5.5, expanded around
the trivial vacuum, and the new supermultiplet correspond to the three derivatives D,
1 = 0,1,2 and the seventh scalar ®, and their fermionic partners. They have mass 2 and

correspond to the second four coordinates of the ITA plane wave. In all these cases we have
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extra quasiparticles propagating along the string. This agrees with the fact that in string
theory we have eight transverse directions for the string. The first four dimensions behave
as we discussed above and its presence is ensured by the SO(6) symmetry. The details of
the second four dimensions depend on the vacuum we expand around. So let us concentrate
more on these second four dimensions.

We will now discuss the two dimensional field theory that describes the second set of
four transverse dimensions for a string in light cone gauge moving in the pp-wave geometry
(5.53)-(5.57). The target space for this two dimensional theory is R x S? with an Hj flux
on the S3 equal to N5 and a linear dilaton in the R direction. These are the dimensions
parametrized by ¢, 8, Q9 in (5.53). In addition we have a potential which localizes the string
at some point along the throat and at a point in S3. This potential arises from the g,
component of the metric in (5.53). Ignoring the potential for a moment we see that we have
a the conformal field theory describing the throat of N5 fivebranes [47]. The potential breaks
the SO(4) rotation symmetry of the throat region to SO(3). The resulting sigma model has
(4,4) supersymmetry on the worldsheet. When the potential is non-zero the supersymmetry
in the 1+1 dimensional worldsheet theory is of a peculiar kind [153]. In ordinary global
(4,4) supersymmetry the supercharges transform under an SU(2) x SU(2) R-symmetry but
those symmetries do not appear in the right hand side of the supersymmetry algebra!® . Let
us denote the supercharges by Q',, where i = 1,--- ,4 are SO(4) = SU(2) x SU(2) indices,
and + indicates two dimensional chirality. The anti-commutators of these supercharges

have the form
QL@ =6"(E+P), {Q..Q =01 E-P), {Q..Q }=me™MJ" (563)

where J*¥ are the SO(4) generators and m is a dimensionful parameter which we can set
to one. This parameter is related to the scale entering in the potential and determines the
mass of BPS particles which carry SO(4) quantum numbers. When the potential is set to

zero we set m = 0 and we get the ordinary commutation relations we expect for the usual

5Notice that here we are talking about the global (4,4) supersymmetry. These are the modes G§ of the
superconformal algebra generated by G7,. Some of the S U(2) currents do appear in the anticommutators of
some of the G;,, n # 0.
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(4,4) supersymmetry algebra. Let us denote the algebra (5.63) by (4, 4),,. Notice that this
is a Poincare superalgebra which contains non-abelian charges in the right hand side. This
is possible in total spacetime dimension d < 3 [153] but not in d > 3 [179]. This algebra is a
dimensional reduction of a Poincare superalgebra in 241 dimensions that we have discussed
in detail in 4.5.

Note that the potential implies that the light cone energy is minimized (and it is zero)
when the string sits at ¢ = 6 = 0. There is just a finite energy gap of the order of Nj|p_|
preventing it from going into the region ¢ — —oo where the pp-wave approximations leading

o (5.53)-(5.57) break down'® . Potentials in models preserving (4,4) supersymmetry were
studied in [105],[104],[7] for models based on hyperkahler manifolds. Here we are interested
in models with non-zero H flux. In fact, for the general solution (5.22)-(5.26) we can write

down the string theory in lightcone gauge

S = S+ (5.64)
2ma’|p—| . , o
S = / / dod®6 [DLRD_Ri + R'R] (5.65)
2o |p| _ _ _ _
Sy = / / dod?0 {1f(W, W)(DyWD_W + Dy WD_W) + (W) + 2(W)+
FOV, W)W + W Y25(6) + Biy(©,W,W)|D,6'D_ 6} (5.66)

where S describes the first four coordinates and consists of four free massive superfields. So
is the action describing the second four coordinates. We have written the action in NV =1
superspace, by picking one special supercharge. Note that this particular supercharge, say
QL, obeys the usual super Poincare algebra, therefore we can use the usual superspace
formalism. The B field and the function f are simply the ones in (5.22)-(5.26). The theory
has (4,4),, supersymmetry. We have not shown this explicitly from the lagrangian (5.66)
but we know this from the supergravity analysis. Compared to the usual WZW action for
a system of fivebranes, the only new term is the potential term. Note that RR fields in
(5.22)-(5.26) are such that four of the fermions are free, which are the ones included in Si,

and the remaining four are interacting and appear in Sy in (5.66).

1%1Tn the region ¢ — —oco we need to use the fivebrane solution in section 5.6.
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Let us first study the theory (5.66) for large N5. In that case, we can expand the fields
around the minimum of the potential. If we keep only quadratic fluctuations we have four
free bosons and fermions. In order to characterize these particles we go to their rest frame.
Setting P = 0 we find that (5.63) reduces to the 3\6(2\2) algebra. These particles transform
in the representation with two boxes as in figure 5.7(a) (but now viewed as a representation
of §(7(2|2)) In terms of SU(2) x SU(2) quantum numbers we have (1,0)+(1/2,1/2)+(0,0)
where particles with half integer spin are fermions. This is a short representation, with
energy E = 2. In fact, if we consider a closed string and a superposition of two such
particles with zero momentum we can form states that transform in the representations
given in figure 5.7(e), which are also protected. As we make N5 smaller these protected
representations have to continue having the same energy. Of course, this argument only
works perturbatively in 1/Nj5 since Nj is not a continuous parameter and we can have jumps
in the number of protected states as we change Ns. In order to figure out more precisely

which representations are protected it is convenient to introduce an index defined by
I(7) = Tr[(—1)F2S5e ME=S3=53) =] (5.67)

where S3 and Ss are generators in each of the two SU (2) groups. We use the letter Z to
distinguish (5.67) from (5.30). One can argue that only short representations contribute
and that the final answer is independent of [i, see appendix G of [127]. We can compute

this for large N5 using the free worldsheet theory and we obtain
o0
Z(Y)|Nymoo = Y _ €2 (5.68)
n=1

Since N5 is not a continuous parameter we see that as we make N5 smaller (5.68) could
change but only by terms that are non-perturbative in the 1/N5 expansion. Thus for
N5 fixed and large we expect that the corrections would affect only terms of the form
¢~ (const) N5y

Now, let us compare this with the expectations from the gauge theory side. In order
to find protected representations on the gauge theory side it is convenient to use the index

(5.30). Since we are focusing on single trace states we can compute (5.30) just for single
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trace states. For the case that we expand around the vacuum corresponding to No SU(2)

representations of dimension N5 we get

e—2N5(B1+B2+Ps) e~ 2(B1+PB2+Ps)
Is.t. N5 = Is,t N5=1 + (1 — €—2N5(ﬁ1+ﬁ2+53)) - (1 _ 6_2(61+ﬁ2+63)) (569)
e—P2—h e—Bs—h e—B3—B2

Is.t N5=1 (570)

1 — e P05 + 1 —eB3—0H + 1 — e B30

Details of this computation are in appendix G of [127]. Let us summarize here some
of the results. In appendix appendix G of [127] we show that for the N5 = 1 case we
simply get the contributions expected from summing over the representations in figure
5.7(b). These contributions have the form expected from the BPS states on the string
theory side coming from the first four transverse dimensions, the dimensions along the
fivebrane. So we expect that the extra contribution in (5.69) should correspond to the
contribution of the second set of four dimensions. In other words, it should be related
to the BPS states in the two dimensional field theory ((5.66) with (5.50)) describing the
second four transverse dimensions. In order to extract that contribution it is necessary
to match the extra contribution we observe in (5.69) to the contributions we expect from
protected representations. In other words, we can compute the index I for various protected
representations and we can then match them (5.69). In appendix G of [127] we computed
this index for atypical (short) representations and we show that (5.69) can be reproduced by
summing over representations of the form shown in figure 5.7(f). In terms of the notation
introduced in [58] (see figure 5.7(g)), which uses the Dynkin labels, we expect representations
with (a1,a2,as|aslas) = (0,p,0las + 1las) with p > 0 and a5 = 2(n — 1), n = 1,--- but
n # 0 mod(Ns). All values of p and n that are allowed appear once. Representations with
various values of p contribute with states that can be viewed as arising from the product
of representations of the form in figure 5.7(b) and 5.7(e). The ones in figure 5.7(b) were
identified with the first four transverse dimensions. So we interpret the sum over p as
producing strings of various lengths given by the total powers of Z, plus the BPS states
which are associated to the first four (free) dimensions on the string. So we conclude that the

BPS states that should be identified with the second four dimensions should be associated
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to the sum over n. Thus we expect from gauge theory side that the field theory on the

string associated to the second four dimensions should have an index given by

0 00
z—ezz:pected = 2672n7_2672nN5'y (571)

n=1 n=1
Iezpected|N5:oo =1 ’Y)‘N5:oo (5.72)

We included the details of derivation in appendix G of [127]. So we see that this differs
from (5.68) by a non-perturbative terms in 1/Nj of the form e=2V57, We view (5.71) as
the gauge theory prediction for BPS states on the string theory side. Here we have checked
that this matches the string theory in a 1/N5 expansion, but it would be nice to obtain the
second term in (5.71) (which could be viewed as a non-perturbative correction to (5.68))
from an analysis of the two dimensional field theory based on the WZW model plus linear
dilaton theory with a potential. These theories have a large group of symmetries and the

theories with no potential are solvable. It would be nice if there is integrability in (5.66).

5.5 241 SYM on R x S?

We then come to the 24+1d SYM on R x S2. This field theory can be constructed as follows.
We start with A" = 4 super Yang Mills on R x S3 and we truncate the free field theory
spectrum to states that are invariant under U(1);, C SU(2)r, where SU(2), is one of the
SU(2) factors in the SO(4) rotation group of the S3. This results in a theory that lives in
one less dimension. It is a theory living on R x S?. This theory was already considered
in [137] by considering the fuzzy sphere vacuum of the plane wave matrix model and then

taking a large N limit that removed the fuzzyness and produced the theory on the ordinary
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sphere. Here we reproduce it as a U(1)y, truncation from N = 4 super Yang Mills'”

1 d*Q 1 1 1 j -
S = - /dt2 tr <—Fm"an — (DX — Z(Dp®)? + ~UT™D,, U
92 0r ,u, 4 2 2 2
1= arya 1 P 1 2 1 a2 :u2 2
+§\Ijr [X ,\I’} + 5‘1’1—‘ [(P, ‘I’] + Z[Xa,Xb] + §[¢,X ] - §X(z
2 .
—%(I)Q - ?%“\i/romqf — u®dt A F) (5.73)
where m = 0,1,2, a = 4,---,9 and (I'"™,T®,T'%) are ten dimensional gamma matrices. We

see that out of the seven transverse scalars of the maximally supersymmetric Yang Mills
theory we select one of them, ®, which we treat differently than the others. This breaks the
SO(7) symmetry to SO(6) while still preserving sixteen supercharges. The radius of S? has

L and we have used the two dimensional metric with this radius to raise and lower

size p~
the indices in (5.73). For our purposes it is convenient to set p = 2, since this is the value
we obtain by doing the U(1), truncation of A/ = 4 super Yang-Mills on an S% of radius
one.

The vacua are obtained by considering zero energy states. We write the field strength
along the directions of the sphere as F' = fd?€). We then see that ® and f combine into a
perfect square in the lagrangian

5+ )’ (5.74)

For zero energy vacua this should be set to zero. Since the values of f are quantized, so

are the values of the ® field at these vacua. We can first diagonalize ® and then we can

see that its entries are integer valued. So a vacuum is characterized by giving the value

of N integers ni,---ny. The number of vacua is infinite, so we will not write an index.
Nevertheless we will see that the gravity solutions reflect the existence of these vacua.

The dimensionless parameters characterizing this theory are N and the value of the ’t

2
Hooft coupling at the scale of the two sphere ngfN = W, where p~! is the size of

the sphere. The size of the sphere is a dimensionful parameter which just sets the overall

1"We write the metric of R x S% as ds® = —dt? + i[d@2 +sin? 0d¢? + (dip + cos 0d¢)?], where 0 € [0, 7], 6 €
[0,27],% € [0,47]. We neglect the 1) dependence of all fields and we write the gauge field in calN=4 SYM
as An=4 = A+ ®(dyp + cos0dep), where A is the 2 4+ 1 dimensional gauge field.
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energy scale. We set u = 2, so that the energy of BPS states with angular momentum J in
SO(6) is equal to E = J.
Notice that the large k limit of the theory in section 5.7 gives us the theory analyzed

here. The values of N are the same and
) 2
GepfN = ——— = gymsNk (5.75)

where gy a3 is the Yang Mills coupling in the original A/ = 4 theory in section 5.7. So we
see that the limit involves taking £ — oo, 912/ m3 — 0 while keeping g% o fixed.

If one takes the strong coupling limit of this theory, by taking gy o — 00, we expect
to get the theory living on M2 branes on R x S2?. This theory has 32 supersymmetries
and is the familiar theory associated with AdSy x S7. In this limit we find that the theory
has full SO(8) symmetry. When we perform this limit we find that the energy E of the
theory in this section goes over to A — J, where A is the ordinary Hamiltonian for the M2
brane theory on R x S2 and J is the SO(2) generator in SO(8) which commutes with the
SO(6) that is explicitly preserved by (5.73). For a single brane, the N = 1 case, this can be
seen explicitly by dualizing the gauge field strength into an eighth scalar. Then the vacua
described around (5.74) are related to the 1/2 BPS states of the M2 brane theory. These
should not be confused with the 1/2 BPS sates of the 2+1 dimensional theory (5.73) which

would be related to 1/4 BPS states from the M2 point of view.

Now we turn to the gravity side. This solution corresponds to a single disk, as in figure
5.3(b). This disk is in the presence of a background field V;, ~ p? — 2n%. The solution is a
bit harder to obtain. We have obtained it by combining our ansatz with the results in [50].

The solution corresponding to single strip of M2 or D2 branes is

eP = 8C(1+1%)sin?0

xe = [1 4 rarctanr] cos 6, (5.76)

M‘H
—Q

[r 4+ (14 %) arctan 7| sin? @

Y= Jae

and C' is a simple rescaling parameter that is associated to the charge of the solution.
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The resulting 10 dimensional solution is

8rf dr?
2 3\1/3|_g(1 42 2 1 161 sin? dO2 2
dsio A 8(1+r*) fdt® 4+ 16f~ " sin” Od 5+7’+(1+7“2)arctanr <1+r2+d0>
2 1+ 72)arct
L [r+ (1+7%)arctanr] fdQ% -
14 rarctanr
B, — _)\1/32\@ [r+ (=1 +r?) arctanr]| cos@dQQ (5.78)
1+ rarctanr
€ = goN/28r(1+ rarctanr) 3 + (1+1) arctans] 43 (579
2
C, = _90—1)\_§ [r-i— (1+r );rctanr] cos@dt (5.50)

Oy = gttt r)arctans 220 (5.81)
0 V2(1 4 rarctanr)

f = \/i [+ (cos? 0 + r2) arctan ] (5.82)

where A and gy are some constants.

This solution is dual to the vacuum of the 2+1 SYM in section 5.5, with & = 0 and
unbroken U(N) gauge symmetry. The topology of this solution is R x B? x S% where
the boundary of Bs is the S? on which the field theory is defined. Solutions with other
configurations of disks have different topology. The solution is also everywhere regular.

Expanding for large r we find that (5.77)-(5.82) approaches the D2 brane solution'® [102]

on R x S?
d 2 1 d 2
0= (mgiapN)P (1P (—de? + d 03) + o e (AP 4 sin® 003
e® = Gran(6mgianN) o (5.83)
1
Cs = _91_/%42T5(67T9%/M2N)72/31dt A d*Q

Comparing with (5.77)-(5.82) we can compute the value of A and go in terms of Yang Mills
quantities. We can then compute the value of the radius of S® at » = 0, # = 7/2. This is
the point where the BPS geodesics moving along S° sits. We find

R2. 61362 . N\ /3
S5 _ (2T 9y mo : =2 (5.84)
of 7

¥Here we have D2 brane on R x 52, where the radius of the S? is i, and we set p = 2.
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The metric expanded around a geodesic with momentum along S° is simply the plane wave
(5.28). We can now insert (5.84) in the general expression (5.29) to derive the spectrum of
near BPS excitations with large J.

Note that the leading correction to E = E—J for fluctuations in the transverse directions

in the S°, which are parametrized by 7 in (5.28), has the form

1/6 3.2 N 2/3 2
(E—J)n_1+2<7rg’/lm> %Jr (5.85)

This is the large coupling result from gravity approximation.
Under general principles we expect that the leading order correction in the large J limit

in all regimes of the coupling constant should go like

2 2
(E—J)n:1+f<gY]ZQN>T}2+-~ (5.86)

At weak coupling we get basically the same answer we had for N/ = 4, which at one loop

order is f (gg”‘lf?N) = ﬂg%’lﬁ”N. So we see that in this case the function f has to be non-
trivial. This is to be contrasted with the behavior in four dimensional N = 4 theory where
the function f has the same form at weak and strong coupling [164], see also [83]. Of course
it would be very nice to compute this interpolating function from the gauge theory side. We
see a similar phenomenon for the plane wave matrix model. This phenomenon is a generic
feature of the strong/weak coupling problem, among many others observed in the literature,
e.g. the 3/4 problem in the thermal Yang-Mills entropy [85], and the 3-loop disagreement
of the near plane wave string spectrum [46],[166], which are results obtained in different
regimes of couplings, and are probably explained by the presence of such interpolating
functions.

We can have other more general solutions corresponding to multiple disks, as in figure
5.4(a). The different configurations in the disk picture match the different Higgs vacua for
scalar ¢ as we discussed in section 5.5. One can also consider strings propagating near the
tip in a multi-disk solution. In that case, the actual value of the interpolating function f

in the strong coupling regime, which is related to the position of the tip of the disk, is not

universal, in the sense that it depends on the vacuum we expand around. What is universal,
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however, is the fact that the expansion around any of the tips gives us the ITA plane wave
(5.28) as long as there are no other nearby disks. The situation when we consider many
disks together will be discussed in the next section.

The explicit solutions for multi-disks are very difficult to solve due to integral equation
or coupled integral equations. Nevertheless, we can take a large disk limit and then it is
solvable in terms of conformal transform.

If we have n nearby disks, then the general solution is

0,2 (w—ia1)(w —iag) - - (w — iay)

(w—icr)(w —icg) -+ (W —icp—1) (5.87)

with a1 < <aa<c < ---<cho1<ap

where w = ia; are the location of n tips and w = i¢; are the locations of n — 1 sets of
fivebranes. The resulting solution (5.22)-(5.26) describes a multi-center configuration of
fivebranes on a plane wave. Boosting away the + components of all fields we find that
we end up with a multi centered configuration of fivebranes where the SO(4) symmetry is
broken to SO(3), in fact all fivebranes are sitting along a line.

If there are two nearby disks, then we can expand the solution near the tips of these
disks and also include the fivebrane region between them. This is the n = 2 case in above
formula. Consider for example a configuration with two nearby disks such as shown in figure

5.6(c). The holomorphic function z(w) in (5.22)-(5.26) is given by

B, — (w —ia)(w + ib) (5.88)

w

with a,b real and positive. We see that for w ~ ia, —ib and for w — oo we recover the
results we expect for single disks (5.27). This transformation maps the w right half plane
(with Re(w) > 0) to the z plane with two cuts. The points w = ia, —ib map to the two tips
and w = 0 maps to Re(z) — —oo between the two disks, which is expected to look like a

fivebrane. In fact, we can check that the function f in (5.22)-(5.26) is given by

ab

— 14
f=14 e

(5.89)
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which means that we have a single center fivebrane solution. The 5-branes are located at
w = 0 as expected. One can also check that the fivebrane charge is proportional to the
distance between two disks as in (5.13)
ia
Im(Az) =Im » Owzdw = mwab (5.90)
In addition we find a contribution to g4 of the form

lw — ial?|w + ib|?
|w|? 4 ab

4f 7 H0pz> = 4 (5.91)

When we consider a string moving on this geometry in light cone gauge we find that
(5.91) appears as a potential for the worldsheet fields. Notice that the minima of the
potential are precisely at the two tips of the two disks corresponding to w = ia and w = —ib
where we can take pp-wave limit.

When a = b we have a symmetric situation where the two disks have precisely the
same length (same value of p;). In this case we see that the two minima are on the two
sides of the fivebrane at equal distance between them. Notice that the throat region of the
fivebrane corresponds to the region between the disks. This throat region is singular in
our approximation since the dilaton blows up as w — 0. This is not physically significant
since this lies outside the range of our approximation, since —Re(z) diverges. In fact, in the
region between the disks we should actually match onto the fivebrane solution (5.93)-(5.96).

If a # b, say a > b for example, then we have an asymmetric configuration where one
disk is larger than the other. The larger disk is the one whose tip is at w = a. If a > b then
we find that the tip corresponding to the smaller disk is in the throat region of the fivebrane

while the tip corresponding to the larger disk is in the region far from the fivebrane throat.

5.6 Little string theory on S°

Now we turn to the field theory that is coming from expanding around the NS brane vacua
on of the plane-wave matrix model. This solution is the simplest from the gravity point

of view. In this case we consider two infinite disks separated by some distance d ~ N,
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see figure 5.4(b). We find that the solution corresponds to N ITA NS5 branes wrapping a
R x S®. The solution for V is

V= iIo(r) sin 0 2 0= 21

P , "= N = No/ (5.92)

where Iy(r) is a modified Bessel function of the first kind. This leads to the ten dimensional

solution!?
I Iy, 2
ds2, = or [ 02 4 9y dQ2 Ll (dr® + do?) + (| 22— 402
*10 [ VL TN TN L L TN L o+ 22
—I7es
B, = N|—1"_ 19| d?Q 5.93
2 [101252+11?c2+ ] (5.9)
3 1
T 4 I 2 1
e@ = goN3/22_1 2 0 (10]282+I1202) 2 (594)
I I
1 Ic
C; = ~1 Loat 5.95
1 —9 N I ( )
4,123
Cy = —go'—%1% gt A d2Q (5.96)

Jo IoIps? + I3c2
where I,,(r) are a series of modified Bessel functions of the first kind.

This solution is also a limit of the a solution analyzed in [126] using 7d gauged su-
pergravity, except that here we solved completely the equations. The gauged supergravity
solution in [126] describes an elliptic M5 brane droplet on the x1,z9 plane and we can take
a limit that the long axis of the ellipse goes to infinity while keeping the short axis finite,
this becomes a single M5 strip. This then corresponds to two infinite charged disks in the
electrostatic configuration, see figures 5.4(b). See related discussion in chapter 3.

The solution is dual to little string theory (see e.g. [35],[165],[2]) on R x S°. As we go

to the large r region the solution (5.93)-(5.96) asymptotes to

dsiy = Nd [2r (—dt* +dQZ) + dr® + (d6* + sin® 0dQ3)|

e? = g (5.97)
Hy = 2Na'sin®0df A d*Q
s = sinf,c = cosf. We set o/ = 1. We used the convention in [158] that 5 fz Hs = 27N, to

normalize Hs.
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So we see that the solution asymptotes to IIA NS5 branes on R x S°. In addition we have
RR fields which are growing exponentially when we go to large r. These fields break the
SO(4) transverse rotation symmetry of the fivebranes to SO(3). Since the coupling is also
varying exponentially, it turns out that, in the end, the influence of the RR fields on the
metric is suppressed only by powers of 1/r relative to the terms that we have kept in (5.97)
(relative to the H field terms for example).

The solution is everywhere regular. When either S° or S? shrinks, it combines with r or
6 to form locally RS or R*. Note that at r = 0 the solution has a characteristic curvature
scale given by R ~ ﬁ and a string coupling of a characteristic size gs ~ goN®/2. The
string coupling decreases as we approach the boundary. Thus, if we take g; small and N
large we can trust the solution everywhere. On the other hand if we take g; large, then we
can trust the solution for large r but for small r we need to go to an eleven dimensional
description, include 1 dependence and solve equation (5.1). It is clear from the form of the
problem that for very large g, we will recover AdS7 x S* in the extreme IR if we choose a
suitable droplet configuration. More precisely, as increase g5 we will need to go to the eleven
dimensional description and include dependence on x1. Then we can consider a periodic
array of circular droplets. As gs — 0o each circle becomes the isolated circle that gives rise
to AdS7 x S* [126]. There is also a similar gravity picture for the relation between the 241
SYM on R x S? in section 5.5 and the 3d superconformal M2 brane theory.

In addition we could consider other solutions in the disk picture that correspond to
adding more small disks between the infinite disks, as in figure 5.4(c). These correspond to

different vacua of this theory.

57 N =4SYM on R x S3/Z,

In this section we consider U(N) N = 4 super Yang-Mills theory on R x S3/Z, with

Z C SU(2)r, and SU(2)L, as defined above (see also [94] for a more general discussion).
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We can also obtain this theory by starting with the free field content of N' = 4, projecting
out all fields which are not invariant under Z; and then considering the same interactions
for the remaining fields as the ones we had for N' = 4. Notice that we first project the
elementary fields and we then quantize, which is not the same as retaining the invariant
states of the original full quantum N = 4 theory. This is the standard procedure. The
symmetry group of this theory is §ﬁ(2|4)

This theory is parametrized by N, k, and the original Yang Mills coupling 912/M3'
Whereas N/ = 4 SYM on S3 has a unique vacuum, the theory on $®/Z; has many su-
persymmetric vacua. Let us analyze the vacua at weak coupling. Since all excitations are
massive we can neglect all fields except for a Wilson line of the gauge field. More precisely,
the vacua are given by the space of flat connections on S3/Z,. This space is parametrized by
giving the holonomy of the gauge field U along the non-trivial generator of m(S®/Z;) = Zy,
up to gauge transformations. We can therefore diagonalize U, with U* = 1. So the diagonal
elements are kth roots of unity. Inequivalent elements are given by specifying how many
roots of each kind we have. So the vacuum is specified by giving the k numbers ny, no, - - - ng,
with N = Zle n;. Where n; specifies how many times ei27 % appears in the diagonal of U.
We can also view these different vacua as arising from orbifolding the theory of D-branes
on S3 x R and applying the rules in [68] with different choices for the embedding of the Z
into the gauge group. The regular representation corresponds to n; = N/k for all [, and we
need to take N to be a multiple of k.

The total number of vacua is then

(N +k—1)!

DN, k) = (k— 1)IN!

(5.98)

It is also interesting to count the total number of 1/2 BPS states with charge J under
one of the SO(6) generators. These numbers are encoded conveniently in the partition

function

o o 1
Iss)z,(pa) = Y pVIN(Q) = Y Dssz, (N, J)pV ¢’ = [In=a(p, @)} = T (1= pg)F
N=0 N,J=0 n=0

(5.99)



104

where In—4(p,q) is the index for N' = 4 super Yang-Mills. In writing (5.99) we used the
last representation in (5.35).

We see that even though we counted the vacua (5.98) at weak coupling, the result is
still valid at strong coupling since they all contribute to the Witten index. In fact, setting
g =0 in (5.99) we recover (5.98).

Now we consider some aspects of the gravity solutions describing N' = 4 super Yang
Mills on R x S3/Z,. This theory is particularly interesting since it is a very simple orbifold
of N = 4 SYM, so that one could perhaps analyze in more detail the corresponding spin
chains.

Let us start with the simplest solution, which is AdSs/Z), x S°. If the orbifold is an
ordinary string orbifold, then there is a Zj; quantum symmetry. On the field theory side, this
orbifold corresponds to considering a vacuum where the holonomy matrix U has n; = N/k
(see the notation around (5.98)) and we need to start with an N which is a multiple of
k. This is the configuration which corresponds to the regular representation of the orbifold
group action in the gauge group, see [94]. This is the simplest orbifold to consider from
the string theory point of view. Other choices for the holonomy matrix U, such as U =1,
lead to an orbifold which is not the standard string theory orbifold. Such an orbifold can
be obtained from the string theory one by turning on twisted string modes living at the
singularity.

AdSs/Zy, x S° in type IIB can be dualized to an M-theory or ITA configuration which
preserves the same supersymmetries as our ansatz. Let us first understand the M-theory
description. Let us first single out the circle where Zj is acting. Then we lift IIB on this
circle to M-theory on T2. This T2 is parametrized by the coordinates x1, zo of the general
M-theory ansatz in [126]. The solution obtained in this fashion is independent of xi,xa.

The general solution of (5.1) with translation symmetry along z1, xo is?°

e = cqy+e (5.100)
k mgsN
a = g‘; , = gi (5.101)

20We set o = 1.
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Equivalently we can view the configuration as an electrostatic configuration where

TN

1
5 g+, Vi = —(p* = 21%) (5.102)

V =
gsk

which means that we have a line of charge at the p = 0 axis in the presence of the external
potential V.

These solutions are singular at y = 0 since we are not obeying (5.2). At y = 0 we find
that 4pg = R%«g, = \/ZW . In the IIB variables this singularity is simply the Zj, orbifold
fixed point. We also find that the radius of the two torus is R;, = gs and R,, = 1/gs. This
is as we expect when we go from IIB to M theory.

The map between the IIB and ITA solutions is simply a T-duality along the circle where
Z acts by a shift ¢ ~ ¢ + 4%. If k is sufficiently large it is reasonable to perform this T
duality, at least for some region close to the singularity. Once we are in the ITA variables,
we can allow the solution to depend on 7. In fact, this dependence on 7 allows us to resolve
the singularity and get smooth solutions. The electrostatic problem is now periodic in the
n direction. We have a periodic configurations of disks, see figure 5.3(d), in the presence
of an external potential of the form Vj, in (5.102). Note that the external potential is not
periodic in 7. This is not a problem since the piece that determines the charge distribution
on the disks is indeed periodic in 7. Furthermore, the derivatives of V' that appear in
(5.7)-(5.11) are all periodic in 7 2! . In the ITA picture the region between the disks can
be viewed as originating from NS fivebranes. These NS fivebranes arise form the Aj_4
singularity of the IIB solution after doing T-duality [156] (see also [81]). In fact, the period
of n is proportional to k, so that we have k fivebranes N5 = k. From this point of view
the simplest situation is when all fivebranes are coincident. This corresponds to taking
the matrix U proportional to the identity. On the other hand, the standard string theory
orbifold corresponds to the case that we have k equally spaced disks separated by a unit
distance. In other words, the fivebranes will all be equally spaced. In this case, since we

have single fivebranes, we do not expect the geometric description to be accurate. Note

21The n dependent piece in (5.102) ensures that as we go over the period of 1 we go over the period of x2
which is T-dual to the circle on which the Z; acted.
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that even though we are talking about these fivebranes, the full solution is non-singular.
These fivebranes are a good approximation to the solution when we have large disks that
are closely spaced, as we will see in detail below. But as we go to p — 0 the solution
between the disks approaches the NS5 solution (5.93)-(5.96), which is non-singular. The
different vacua (5.98) correspond to the different ways of assigning charges n; (see notation
around (5.98)) to the disks that sit at positions labelled by n ~ [. There are k such special
positions on the circle. Only in cases where we have coincident fivebranes can we trust the
gravity description. This happens when some of the n; are zero.

If we take the £ — oo limit, keeping N finite, then the direction 1 becomes non-compact
and we go back to the configurations considered in the previous section which are associated
to the D2 brane theory (24+1 SYM) of section 5.5. This is also what we expected from the
field theory description.

We were not able to solve the equations explicitly in this case. On the other hand, there
are special limits that are explicitly solvable. These correspond to looking at the large N
limit so that the disks are very large and then looking at the solution near the tip of the
disks. Let us consider the case where we have a single disk per period of . We can find

the solution by using (5.49) and we get

- (w —ian) Tw
Owz =ik = ktanh — 5.103
=ik 1 (w—ian+ 1) o a (5.103)

n=-—00
where k is the number of coincident fivebranes. When we insert this into (5.22)-(5.26) we

find that the the solution corresponds to a periodic array of k NS fivebranes along spatial

direction Y.

;o= ksinhr B i k (5.104)
~ 2r(coshr 4 cosy) = r? 4 (X +m+ 2mn)? '
2
rixy = Sw, xe~xd42m (5.105)
a
gr+ = Sksin T(coshr — cos ) (5.106)

The rim of the disks corresponds to w = ia or r = x = 0 in (5.104). The g4 term in

the metric (5.22)-(5.26) implies that the lightcone energy is minimized by sitting at these
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points. These points lie between the fivebranes, which sit at » = 0, x = 7. In flat space
the T-dual of an Ap_; singularity corresponds to the near horizon region of a system of &
fivebranes on a circle. Here we are getting a similar result in the presence of RR fields. As
w — oo the solution (5.22)-(5.26) approaches the one that is the T-dual of the orbifold of

a pp-wave with R* x R*/Z,, transverse dimensions
u? k2
dsy = —2datde™ — (P2 4+ @) (dzet)? +d 72 + du® + ZdQ% + ﬁdf (5.107)

At large u we can T-dual this back to the Zp quotient of the IIB plane wave.

Let us understand first the theory at the standard string theory orbifold point. This
corresponds to the vacuum with ny = N/k, foralll = 1,--- k. As we mentioned above, it is
useful to view the Yang Mills theory on R x S3/Z, as the orbifold of the theory on the brane
according to the rules in [68]. According to those rules we need to pick a representation of
Zy, and embed it into U(N). The regular representation then gives rise to the vacuum where
all n; are equal. For this particular choice we can use the inheritance theorem in [38] that,
to leading order in the 1/N expansion, the spectrum of Zj invariant states in the orbifold
theory is exactly the same as the spectrum of invariant states in N' = 4. This ensures that
the matching between the string states on the orbifold and those of the Yang Mills theory
is the same as the corresponding matching in N' = 4. In the ITA description this regular
orbifold goes over to a picture where we have k fivebranes uniformly spaced on the circle.
In this case we cannot apply our gravity solutions near the fivebranes because we have
single fivebranes. Furthermore, we expect that the orbifold picture should be the correct
and valid description for string states even close to the orbifold point, as long as the string
coupling is small. The spectrum of string states involving the second four dimensions (the
orbifolded ones) can be thought of as arising from E — J = 1 excitations which get a phase
of e=27/k under the generator of Zj, but we choose a combination of these excitations that
is Z) invariant. This discussion is rather similar to the one in [149], where the AdS5 x S°/Z,
orbifold (see e.g. [110],[123]) was studied.

We can now consider other vacua. These are associated to different representations for

the Wilson line. For example, we can choose ny = N and n; = 0 for ¢ # k. In this case the
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ITA gravity description can be trusted when we approach the origin as long as the 't Hooft
coupling is large and k is large enough. Let us describe the physics in the pp-wave limit
in more detail for this case. The pp-wave limit that we are considering consists in taking
k fixed and somewhat large, so that the gravity description of the k coincident fivebranes
is accurate, and then taking J and N to infinity with J?/N fixed, exactly as in N' = 4
super Yang-Mills [33]. In fact, we find that the worldsheet theory in the first four directions
is exactly the same as for N' = 4 super Yang Mills. In particular, the dispersion relation
for lightcone gauge worldsheet excitations is precisely as in N/ = 4 super Yang Mills [33],
with the same numerical coefficient. The theory in the remaining four directions is more
interesting. At large distance from the origin the worldsheet field theory is just the orbifold
of the standard IIB plane wave [39]. This is what we had for the regular representation
vacuum that we discussed above. A string state whose worldsheet if far from the origin, so
that its IIB description is good, is a very excited string state. It is reasonable to expect
that the spectrum of such states is not very sensitive to the vacuum we choose. This is
what we are finding here, since the spectrum in this region is that of the vacuum of the
regular representation we discussed above. On the other hand, as we consider string states
where the string is closer to the minimum of its worldsheet potential we should use the
ITA description in terms of k coincident fivebranes, using the solution in (5.104). In this
case the spectrum of excitations on the string worldsheet is rather different than what we
had at the standard orbifold point. In this case we have excitations of worldsheet mass
E — J = 2 which are Zj, invariant. This spectrum matches with what we naively expect
from considering impurities propagating on the string for the vacuum we are considering.
This vacuum contains only single particle gauge theory excitations with £ — J > 2 for
all fields that could be interpreted as excitations that are associated for the second four
dimensions. Let us be a bit more explicit. We can identify some of these £ — J = 2
excitations as the Kaluza Klein modes of Z given by 655/(9&58&/ 4. This gives a singlet
under SU(2)1, so that the Z, C SU(2)r, acts trivially. So this Kaluza-Klein mode survives

the Zj quotient. The «,’ indices give rise to a spin one mode under SU(2)z C SU(2/4).
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The spin zero mode under both SU(2)1, g vanishes due to the equation of motion. There is
a spin zero excitation with £ — J = 2 which comes from the mode of the four dimensional
gauge field along the 1 circle, the circle we are orbifolding. These elementary fields have
E — J = 2 and are associated to the £ — J = 2 excitations of the last four dimensions of
the ITA plane wave. An analysis similar to the one we discussed for the plane wave matrix
model and 2+1 SYM shows that these excitations are exactly BPS and survive in the strong
't Hooft coupling limit.

Other gravity solutions which are asymptotic to AdS5/Z), were constructed in [51, 52, 8].
Those solutions have a form similar to that of the Eguchi-Hanson instanton [71] in the four
spatial directions. In those solutions fermions are anti-periodic along the ¢ direction. In
our case, fermions are periodic in the 1) circle. So, the solutions in [51, 52, 8] arise when
we consider a slightly different field theory. Namely, when one considers Yang Mills on
R x S3/Z;, but where the fermions are antiperiodic along the circle on which Z acts.
(One should also restrict to k even). This theory breaks supersymmetry. The solutions in
[51, 52, 8] describe states (probably the lowest energy states) of these other theories. In such
cases the orbifold is another state in the same theory, the theory with antiperiodic fermion
boundary conditions along . One then expects that localized tachyon condensation, of the

form explored in [1], makes the orbifold decay into the solutions described in [51, 52, §].



Chapter 6

Geometry of BPS vacua and

instantons

6.1 Introduction

In this chapter, we study the property of the vacua and their dual BPS geometries for
some of the theories studied in chapter 5. We study in detail the vacua and instanton
solutions in plane-wave matrix model and 2+1d SYM on R x S2. We associate each BPS
vacuum geometry with a value of a superpotential. The superpotential can be calculated
independently from gauge theory and gravity side. The allowed tunnelings between vacua
are described by instanton solutions, and the tunneling amplitude is given by the difference
of the superpotentials between the two vacua. In Ch 6.2, we get the superpotential from the
instanton action in the weak coupling gauge theory side. In Ch 6.3.1, we find embeddings
of Euclidean D-branes wrapping some cycles in the gravity dual and compute their action.
This gives the instanton action for the case in which the initial and final vacua are very close
to each. In Ch 6.3.2 we find that the superpotential for the vacua in gravity side are given
by the energy of the electric charge system. The electric charges are from eigenvalues of
matrices in gauge theory. We found agreement between the approaches from gauge theory

and gravity side, except that the gravity answer is the strong coupling result which subsumes
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the answer from classical gauge theory action which is the weak coupling limit. The gravity
answer shows quantum repulsion of eigenvalues, which was absent in the weak coupling
limit, a feature similar to the Dijkgraaf-Vafa matrix model [62]. In Ch 6.4, we then study
the emergence of all the extra spatial dimensions, relative to the boundary gauge theories,
in the gravity picture. We also try to explain the emergence of the electrostatic system
and its force in the gravity side from gauge theory. Our method is to embed the sector of
vacuum geometries into a larger sector of 1/8 BPS geometries associated to three harmonic

oscillators.

6.2 Instanton in gauge theory

The U(N) plane wave matrix model has a gauge field A, three SO(3) scalars X;, i =1,2,3
and six SO(6) scalars X,, a =4,5,...,9 and their fermionic partners. They are all N x N
Hermitian matrices. The action can be found in many places [33],[58],[117],[114],[57]. Here
we use the action such that it depends only on a dimensionless coupling constant ggmo /m3,
where m is originally the mass of SO(6) scalars. We have rescaled all fields so that the
masses of SO(6) scalars, SO(3) scalars and fermions are 1, 2 and 3/2 respectively. The
action takes the form

1

1 1 1
S=—5—— [ dttr| Do XDy X, — - XX,
g;mo/m?’/ I‘(2 0Aal/0Na 2 a a+4

[Xa,Xb]Q...> (6.1)

Due to the Myers term and mass term, the classical vacua are fuzzy spheres parametrized by
Ji, the N dimensional representation of SU(2) ([J;, J;] = i€;jxJi) , Xi = 2J;, X4 = 0. There
is also a “trivial” vacuum X; = 0, X, = 0, which were conjectured to be a single NS5 brane
wrapping S° from gauge theory analysis [137], and the gravity dual of this vacuum were
studied in [127] (see also [128],[70] ), which are dual to IIA little string theory on S° x R,
providing further evidence for the identification. From M theory point of view, these are 1/2
BPS M2 and M5 branes preserving half of the supersymmetries of the asympotic plane-wave

geometry. This theory and the gravity duals of its vacua were studied in chapter 5.



112

There could be in principle tunneling between different fuzzy sphere vacua, exchanging
some amount of DO branes. From the 11 dimensional point of view, this process is the trans-
ferring of the longitudinal momenta of two fuzzy membranes. In a more concrete analysis by
Yee and Yi [182], they found a class of analytical instanton solutions interpolating between a
fuzzy sphere vacuum X; = 2J; and a trivial vacuum X; = 0. There could be two approaches
to the instanton action in the weak coupling gauge theory side. One is to study a bound in
the Euclideanized action corresponding to the action of the instatnon (which was done in
[182]), and the other is to use superfield formalism and caculate the superpotential for each
vacuum. The instanton equation can be read from the superpotential or by supersymmtry
transformation conditions.

We do not have an exact way of writing the action of the plane-wave matrix model
in superfields at present, but we notice that in the weak coupling theory, the tunneling
process merely involves the three SO(3) scalars X; and their superpartners, but not the
SO(6) sector. We can thereby write a “superpotential” for each of the fuzzy sphere vacuum:

1
W =tr (XzXz + igfiijinXk) (6.2)

It’s easy to check that the lagrangian for X; is correctly produced, and the action is bounded

by the superpotential difference between initial and final vacua:

1 [Fe 1 5 1 9
Sinst = ) dr tr 7(DTX7;) + 7(aXiW) (63)
90 J -0 2 2
1 oo 1 2 T=+00
-zl dr tr o (D- X+ Ox,W)? = W[ZEZ (6.4)

where we denote g7, o/m* = gg.

The instanton equation is the same as setting the square term to zero,
D X; +0x,W =D X; +2X; + ieiijij =0 (6.5)

and a class of analytical solutions were found [182]:

1

XNp 1+ e2(t—70) (66)

Xll;lock(T) = ?X;L'prnp (T) = ?2‘];@
P P
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Here X}, .. is a >_pMp X >, nyp block matrix in X% and we used Ag = 0 gauge. This
solution corresponds to the transition where p fuzzy spheres each with size n, at 7 =

—oo gradually shrinks to zero and turns to a trivial vacuum Xg . = 0at 7 = +oo.

loc

So the instanton action is the difference of the superpotential AW between two vacua

X(£00) = 2J;| 00,

1 1 4
90 90 i=1,2,3
1 ny(n2—1
= > —271”( 5 ) (6.8)
np 90
where we used the identity that the second Casimir invariant ), mexn = ("24_ 1)Ian~

One can define the W for the trivial vacuum X; = 0 as some constant Wy as a reference
point and then the superpotential for an arbitrary fuzzy sphere vacua can be defined as Wy
plus the difference term in (6.7). Wy will be set to zero for convenience, because we only

need to know the differences of W for different vacua.

) )

Suppose we label each vacuum by NQ(i copies of Ns(i dimensional irreducible represen-
tation. These satisfy ), Nz(i) Néi) = N . In the large N5(i) limit, the instanton action will
be simplified to
S =~ 3 NN )
i

In the supersymmetric quantum mechanics, the tunneling amplitude of allowed transi-

tion between two vacua a and b is given by the difference of two superpotentials

P, — Pye-Smsi/h — po Ve (6.10)
where P, is a normalization factor. We set h = 1 in the second expression and also later
discussions. The tunneling amplitude is largely suppressed if gg is small and the change
> %Néi)Néi)?’]‘fg is large. Such factors will also appear in the instanton corrections to the
vevs of some operators [182].

The method for solving general instanton solutions in plane-wave matrix model and its

moduli space has been discussed in detail by [182],[9]. Both the instanton equation and
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their moduli space reveal similarity with that of domain wall solutions in N' = 1* SYM
[159],[9].

The 2+1 dimensional SYM on S? x R we discuss here is the theory when we reduce
the N'=4 SYM on S% x R on the Hopf fiber of the bundle S® — S? with fiber ST [127].
The gauge fields in the N' = 4 SYM reduce to the gauge fields in the 24+1 d SYM plus
an additional scalar ®. The SO(6) scalars X,, a = 4,5,...,9 reduce to their components
invariant on the S'. There are totally seven scalars. This theory as well as the gravity duals
of its vacua were studied in chapter 5. The consistent truncation from A =4 SYM to this
theory was further studied by [100].

The theory can also be obtained from expanding plane-wave matrix model around its
fuzzy sphere vacuum, so under the continuum limit (e.g. [106]) of the matrix regularization
of the large fuzzy sphere, it becomes a theory on S? x R. Suppose we start from the vacuum
with Ny fuzzy spheres, each of size N5 > 1, we have NoN5 = N, where N is the number
of original DO branes. We expand around this vacuum. Fluctuations of X; about 2J;
(N5 x N5) are decomposed into gauge fields on the fuzzy sphere and a scalar ® [137]. The
scalar ® describes the fluctuations of the sizes of the fuzzy spheres around N.

Due to its relation with the plane-wave matrix model, the vacua and their superpo-
tentials analyzed above carry over to the U(Nz2) 2+1 d SYM. For the U(2) theory, the
vacua are quite simple, which is characterized by one integer n, this is the eigenvalue of
® ~diag(n,—n). The tunneling issue was briefly discussed in [137]. It was further studied
in detail by [124], who presented the instanton equation and solved a class of analytical
solutions for the U(2) theory. We will analyze the general U(N2) case, for we already know
the superpontial for each vacua from the relation to plane-wave matrix model. One can
map the instanton solution in plane-wave matrix model to that of the 241 SYM theory.

The action of the theory can be written in two ways. One is in terms of ® and gauge
field A. Another is in terms of three scalars Y; which is a combination of the ¢ and gauge
fields A

Vi=eld Rl Ay, A = éTFYjek, @ =e'Y? (6.11)
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where e; is a unit vector in R?, e;e; = 1. The formalism in terms ® and A is more direct
from a gauge theory point of view. The Y; originates in the plane-wave matrix model, from
the fluctuations of the SO(3) scalars around the fuzzy sphere Y; = X; — 2J;. The formalism
in terms of Y; is more convenient for seeing its origin from the plane-wave matrix model.

We will write the action as in [127], further, we write it in such a way that it depends
only on a dimensionless coupling constant g§m2 /m, where m was originally the mass of
SO(6) scalars. We rescale all fields so that the masses of SO(6) scalars, ® and fermions are
1, 2 and 3/2 respectively. The action takes the form

§= 1 / dtEa20 (1D0XaD0Xa ~lxox+ 1[Xa,Xb]2...> (6.12)
Gymalm 4 2 2 4
This is the same in effect as we set the radius of S%, 1/u = 1/2 in [127].

Because the vacua satisfy an equation f + 2® = 0, where f is the S? component of the
gauge field strength and is quantized into integers times a half, the vacuum is characterized
by the eigenvalue of ®

o = i diag(nél),n?), ...,néNQ)) (6.13)

after an unitary transformation [127]. Notice that néi) = Néi) — N5 ( n5 < Nj) are the
fluctuations of the sizes of No fuzzy spheres.
We want to use the superpotential in the plane-wave matrix model to define the one in

this theory. Some of the mappings of fields between the two theories are
Y; = Xz - 2Ji, trﬁ5><ﬁ5 - N5/d29, [J] ] — Lj’ Lj = —iﬁijkekai (614)

where e; is a unit vector in R3, eje; = 1. The superpotential is derived from the one in

plane-wave matrix model (6.2) as
e 1 ,
W = N5 / d*Q tra, v, (YiYi + ’LgQ’jkY{Yij + ZeijkY;Lij) + Wy, (6.15)

where the second term is a large constant term

4
Wy = E gtrNxNJf (6.16)
i=1,2,3
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which corresponds to the superpotential for the vacuum with exact No numbers of fuzzy
spheres of size N5. The first term is the difference of the superpoential with respect to the

vacuum ® = diag(0,0, ...,0). The instanton equation is
DY, + ayZW =D.;Y; +2Y; + Z'eij]ﬁ/jyk + 2Z'€ijkY;Lij =0 (6.17)

The solutions to these equations in principle can be lifted from those solutions in the plane-
wave matrix model for X;.

We want to find also the expression in the variables of ® and gauge field A. As discussed
in appendix of [127], that the 24+1d SYM on R x S? can be lifted to a 3+1d SYM on R? x 52,
which can also be obtained from reduction of a 4+1d SYM on R? x S3 on the Hopf fiber on
S3. Interestingly, [124] noticed that the instanton solution in the Euclideanized 2+1 SYM
on R x S? is the same as the self-dual Yang-Mills equation on R? x S? [124]. If we lift the
FEuclideanized 2+1 SYM on an x3 direction, we can define the four dimensional gauge field

strength F on R? x S?
F = fd*Q + (=2®)drdx3, *F = (—2®)d*Q + fdrdzs (6.18)

Note that the self-dual equation F= % F is equivalent to the equation of motion f + 2& =
0. The part of the action that does not involve the SO(6) scalars and is inherent from the
SO(3) sector in plane-wave matrix model can be written as % J FAxF term. So the action

is bounded by

Sg = ;/J-“/\*Jf:jl/(f—*j-“)/\(*f—f)+;/fA]—“ (6.19)

1
> 2/?Af~/d2(2tr P2 (6.20)

The bound is satisfied only when F = «F. Thus after matching parameters, we get that

the instanton action should be

1 1 — 1 .
Sinet = _g—2AW - —9—216N2N5(tr D2| oo — tr B _op) = —g—2N2N5 Sond?rE (6.21)
0 0 0 p

This expression is of course consistent with the U(2) case studied by [137],[124].
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From the 2+1d SYM point of view, N5 is absorbed into the definition of the coupling

constant via the relation —— = @ [137]. So we have the instanton action for the 2+1
ym?2 ymO0
SYM
1 1 ;
Sinst = = ANaftr D200 — t1 B _o0) = 2 S n{te (6.22)
2 2 i

where g5 = gzmz /m, purely in terms of parameters in the 24+1d SYM.

6.3 Gravity description

6.3.1 Euclidean branes

In this section we turn to the gravity analysis of the superpotential for each vacuum of both
theories. In some regimes, the instanton solutions we studied in the previous section can be
approximated as Euclidean branes wrapping non-trivial cycles in the dual background [127].
The backgrounds dual to the vacua of these theories have an SO(3) and SO(6) symmetry
and thereby contain an S? and S°, and the remaining three coordinates are time, p and 7,
where p is a radial coordinate. These backgrounds are regular because the dual theories have
mass gaps. The gravity equations of motion reduce to a three dimensional Laplace equation
for V, it is in the space of p, 7 if we combine p with an S? [126]. The regularity condition
requires that the location where the S? shrinks are disks (or lines if without the S!) at
constant 7; in the p, 1 space, while the location where the S® shrinks are the segment of the
p = 0 line between nearby two disks [127]. V is regarded as a electric potential and on the
disks there are charges. Due to flux quantization, the charge and 7 distance are quantized.
The charges are distributed in such a way that the disks are equipotential surfaces. The
cycle we will embed the Euclidean brane is the 3-cycle at p = 0 between two disks, where
the p = 0 line combine the S? to form a 3-cycle.

Since we use an Fuclidean brane in a geometric background, such analysis is only an
approximation when the transition is very slight or perturbative in nature. The geometries
dual to two different vacua are different, so a non-perturbative analysis is needed, and it will

be discussed in next section. The geometries before and after transition are approximated
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23

@ (b)

Figure 6.1: The configurations before and after the transition. In (a) there is a large disk
with No units of charge above the infinite disk. In (b) the large disk has Ny — 1 units of
charge and there is another small disk near origin with Ny units of charge. There is a X3
cycle that is along p = 0 and between the disks, formed together with the S2. Below the
infinite disk, there are image disks.

as the same background in this section. The wrapping of the brane should satisfy DBI-WZ
action plus global conditions.

We first look at some regimes which obviously can be compared from both sides. We first
look at the plane-wave matrix model. We look at in the gauge theory side tunneling from
a vacuum with No copies of fuzzy spheres with size N5, to the vacuum with Ny — 1 copies
of fuzzy spheres with size N5 plus N5 copies of size 1 (or a single NS5 brane with N5 DO
branes). We keep N5 moderately large and Ny large. In the dual gravity description, each
fuzzy sphere is a disk with charge proportional to Nz, and located at a distance ng = 5 N5
above the n = 0 plane (for more details, see section 2.2 of [127]). In the gravity picture, it
corresponds to tunneling from a large disk with charge @ = %?Ng above the n = 0 plane,
to a large disk with charge Q' = 7T§Q(N 1) plus a very small disk near the origin (see
figure 6.1). We consider the small disk and its image as a small dipole with dipole moment
2(Q — Q") = %ﬁ]\% near the origin, and that they do not backreact to the geometry. The
total dipole moment, which corresponds to N DO branes, is conserved.

There is a nontrivial 3-cycle at p = 0, between the large disk and the = 0 plane. The

cycle has topology of an S3, with the S? shrinks only at 7 = 0 and 7 = 79. The Euclidean
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D2 brane wraps the S? and its Euclidean time 7 is embedded along 7 direction extending
from n = 0 to n = ny. We should find 7n(7) as a function of 7 from the DBI-WZ action.
Such Euclidean branes preserve half of the total 16 supercharges, since they extend along 7
and have an additional projection condition for the Killing spinors. We utilize the general
background solution in eqn (2.20-2.24) of [127]. It is parametrized by an electric potential
V' as a function of p,n.

The DBI part of the action is

SDB[/TQ = —/de2Qeq),/detG”\/detGJ_+det(27ro/F—B) (6.23)

2V V/
= —/d7'47re_q)\/(—gtt) + gnn(OTn)Q\/g§2 + (T N5/ — 2n — A )%(6.24)

where 79 is the Euclidean D2 brane tension, g, gy, g22 are various metric components on
the ¢, , and S? directions in the background [127]. G|, G are the time component and
the spherical components of the pull-back metric, and det G| = g3,sin?0, 2ra'F — B =
(mNsa/ — 2n — %V/) sin #dfd¢ according to flux quantization. We have chosen the gauge
that 2ra/F — B is zero where 7 is at the top disk. Dot and prime are the derivatives w.r.t.

log p and 1. The WZ part of the action is

Swz/TQ = — /[Cg + (27TO/F — B) A Cl] (6.25)
— / iV VLN’ ) (6.26)
V-2V 2

Due to the background Hjs flux, the Euclidean D2 brane worldvolume gauge field has
a source of N5 units of magnetic charges, and these are precisely cancelled by the N5 DO
branes ending on it, which is consistent for wrapping the brane on this cycle. This is similar
to the situation of Euclidean D2 branes wrapping on the SU(2) group manifold discussed
in [136].

The expression of the action can be simplified if we expand the electric potential near

p~0, as
o . (@) I
i g K - K K
— _1\zt1 220 i 2 4 — g
V= OE (—1)2 e’ Ko+ p* = ppt+ s K =K} (6.27)
1=0,even
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where K is only a function of 5. K has some properties such as K > 0, }?—f/{ > 0, in order

to satisfy the regularity condition for the geometry. The action is then

1
Sp —8K\ 2 \/ T 1 T \/ —8K
ZE o K+ K'(=Ns — )2 — =KK"(=Ns — n)2 )2
p— ‘/dT<K”> (K + K'(5Ns = )] = 5 (5 N5 =)\ 7 + (9rm)
—8K T
+ [ dr—Z [+ K (5 N5 = )] (6.28)

We have set o/ = 1. Since the action does not explicitly depend on 7, we can have a
conserved quantity H = P0.n — L = const. = E, where P = 0y, , L. It is obvious that the
constant solution n = 5 N5 is a special case of a class of solutions to the equations, and

from this solution we get £ = 0. Setting ' = 0, we get the equation of motion

2K(5N5 —n)

o-n=— 6.29
T="K+K'(ZN;—n) (6.29)
The solution for the Euclidean D2 brane is
K
—27
e = 6.30
(&N ) (6.30)

There could be an overall constant on the RHS, but it can be absorbed by shifting .
We plug in the solution back into the action and integrate out to get the final answer

of the Euclidean brane action

N5 T
Sg = —471'72/0 2K(§N5—77)d17 (6.31)
= Vi)~ V(0) ~ V" (0)] (632

where we used integration by parts several times to arrive at the last expression, and we
used T = ﬁ, o =1, no = §Ns. V(n) in the expression is understood as the potential
V(p,n) along the p = 0 line. The expression (6.32) has the right property of the invariance
under the shift of V' by a linear term in 7, since the gravity solution should be invariant
under this shift.

To get more intuition, let’s look at the example of two infinite disks, which is the NS5
brane soultion in [127]. We wrap a Euclidean D2 brane on the throat region of the NS5

brane solution. For that solution [127],

%,

= = 6.33
2 o= (6.3

1
V = —1Iy(r)sing, r
90
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where gp is a constant, so K = —V"|,—g = %%‘ Lsin@. The solution for the Euclidean
5
brane is then
sin(m — 6)

AT =t 6.34
e e p— ( )

where 79 is a constant. When 6 = 7, 7(7) = 79, when § = 0, 7(0) = 400, so this transition

corresponds to transferring a small charge (corresponding to one unit of Ns) from top disk

2
go~

to the bottom disk. The Euclidean brane action for this solution is Sg =

Of course, the solution in the form (6.32) works for general disk configurations in the
plane-wave matrix model, when there are nearby two disks. The Euclidean D2 branes
wrapping on that cycle mediate transferring of charges between two disks while keeping the
total dipole moment fixed. It also works for the 2+1d SYM. In that case, the Euclidean
D2 brane mediates similar transferring of charges between two nearby disks, while the total
dipole moment of system is kept to zero, because the theory is expanded from the plane-wave
matrix model and the disks are already in the center of charge frame.

There are issues of the range of validity that need to be addressed. One is that the
calculation of the embedding of the Euclidean D-brane needs the gravity backgrounds which
are weakly curved, this requires that the two disks where the cycle is in between are quite
large, and their separation is also quite large. This needs the parameters (gzmo /m3)Na, Nj
to be relatively large. On the other hand, N5 had better not be too large, this is because from
the Euclidean D2 brane point of view, there are N5 DO branes ending on its worldvolume,
if N5 is too large we would consider these N5 DO branes as a single NS5 brane, and the
brane configuration should be changed. From the disk point of view the small disk near the
origin should be much smaller then the top disk, so N5 < Ns.

A second issue of the range of validity is that the Euclidean brane calculations only
describe the transition between very close vacua or very close backgrounds. The geometric
backgrounds before and after the transition are approximated as the same geometry. So

in principle we need non-perturbative description which could interpolate between very

different backgrounds. This will be discussed more in section 6.3.2.
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6.3.2 Electric charge system and superpotential

Now we analyze what the quantity W is in the electrostatic picture. In gauge theory, the
instanton action is proportional to the difference in the superpotential of the two vacua as
defined by Sinst = —%AW in (6.7). In the case of the two vacua that is very similar to
each other, we used the approximation of an Euclidean brane action to match the instanton
action. Of course, the Euclidean brane action will be the strong-coupling result. For the
configuration of two vacua studied in section 6.3.1, involving the exchange of a unit of charge

(corresponding to a unit of Ny) between two disks, we arrived at the expression

S =~ 2V ) ~ V(0) 10V (0) (6.3)
This quantity is proportional to the change of the total energy U in the electrostatic system
(including image charges). Note that the relation between D2 brane number and electric
charge is Q = %QNQ [127], so the charges are in units of %2, the charge transfer in this
process is AQ = %2. The energy that the unit charge released (including the image charge)
is
—AUcharge = 2AQ[V (o) — V(0)] (6.36)
On the other hand, the total dipole of the charge system is conserved, the dipole had been
lost by the amount 2AQny by transferring the unit charge from the top disk. After the
transferring process, we have the small disk (and also its image disk) near the origin, as
in figure 6.1(b). We make an approximation when a pair of small disks near the origin is
approximated as a point. We thereby have a small dipole with dipole moment 2AQn, at the
origin. The electric field at the origin is —V”’(0), which is pointing upward, so the coupling
between the dipole and the electric field there gives an negative energy, this is the energy
the dipole released:
—AUdipole = (2AQn0) [~V (0)] (6.37)

So the total energy difference of the system between final and initial configuration is

AUsotal = —2AQ[V (m0) — V(0) — noV'(0)] (6.38)
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which is just proportional to the Euclidean brane action, in appropriate unit. Of course this
definition of the change of the total energy is invariant under the shift of the potential V' by
a linear term bn. The energy difference will not be changed due to this shift of V. This
is because the charge AQ), will release an additional energy 2AQbrng, on the other hand,
due to that there is an additional electric field downward with magnitude b, the dipole’s
energy is increased by 2AQmngb, which exactly cancels the additional energy released from
the charge. So this expression is consistent with the definition of the change of total energy.

We therefore can identify (in the strong coupling regime) S, = Sp = %AU, and
thereby the superpotential for each vacuum can be defined by the energy of the electric
configuration corresponding to that vacuum

3

U=_"_
892

W (6.39)

up to an overall constant shift which is not important when comparing difference. The
minus sign is due to our conventions. So the superpotential of the system is proportional

to the total energy of charges (including image charges)

w100 > Qi (6.40)
3 -

and Wy which corresponds to the single NS5 brane vacuum is set to zero for convenience.
1 represents different groups of charges at n = n; with potential V;. Now we see that the
tunneling amplitude is given by the energy difference between the two configurations of the
electric charge system or the eigenvalue system. The amplitude is largely suppressed if the
energy difference is large. Note that there are still other parameters like the o’ and h, which
have been set to 1 for convenience. These charges are associated with eigenvalues from the
SO(6) scalars and we will discuss this in section 6.4.

It might be useful to notice that the expressions (6.40) can be reduced to integrals of
forms in p,n space. We define one forms locally dV = 0,Vdn + 0,Vdp, dq = 2mp o dV =
2m(—0,V pdp + 0,V pdn), where %, is flat space epsilon symbol in p,n space. The Laplace

equation for V' is just d(dq) = 0.
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We choose one-cycle 11I; enclosing each disk, and one-cycle I'; between each disk and a

reference disk (whose potential is set as zero). We see that

Q= [ do Vi [ av (6.41)
Hi Fi

Since II; cycle and the S° forms a 6-cycle, and I'; cycle and S? forms a 3-cycle in 9 spatial
dimensions, the II; and I'; cycles do not intersect, II; N I'; = 0. We can thereby form a

two-cycle by the cup product of the two cycles, so (6.40) can be written as

16g2 1692
% dg N dV = -0 YV 227 pdp A diy (6.42)
i IL;ul; ™ I, uT;

W =
where VV is the gradient of V in p,n space. So we have defined the superpotential of a
boundary gauge theory by purely forms appeared in the bulk of gravity duals. This view is

very similar in spirit to the definition of the non-perturbative superpotential in 3+1d N = 1

gauge theories via a flux background after geometric transition [43].

Let’s compare the superpotential in the weak coupling case. The charges in the electric
system originate from the eigenvalues of the matrices in the SO(6) sector in the gauge theory.
We will discuss this more in section 6.4. Classically, these eigenvalues do not interact with
each other. They distribute under the external electric potential, which are quadratic (~ p?)
in the gravity dual of either theories [127]. So they are sitting on top of each other at fixed
position 7; at p = 0. Quantum mechanically, the eigenvalues repel each other and they
are not coincident. They thus form extended disks. The classical and quantum pictures,
correspond to strong coupling and weak coupling effect for the superpotential. In the weak
coupling analysis, the superpotential does not involve any dependence on the SO(6) sector,
so this must get corrections when coupling becomes large.

For the plane-wave matrix model, the background potential is V}, = g%(p% — %n3), where

gs = 4772937710 [102] and g, is the string coupling that appears at the asymptotic DO brane

|gtt]

near horizon geometry [125]. Since in the gravity side, m is the unit of energy for e

[127], which is 1 in our case, so we have m = 1. In the weak-coupling regime of the gauge

theory, since the charges sit at p = 0 and n = n;, they feel potential V; = —ﬁng’, so the
0
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superpotential from (6.40) is

L (0) Ar(3)3
3W5ZQ” ZgNé)Né) (6.43)

where we used Nz(i) = 87?217 N(Z) _ 2171

[127] from flux quantization condition. This is the
same as the field theory calculation in weak-coupling regime, c.f. (6.9). The tunneling
amplitude is largely suppressed if gs is small and the change of the energy of the system is

large.

@ (b)

Figure 6.2: Comparison of strong coupling and weak coupling superpotentials. In (a)
the charges or eigenvalues are extended into disks due to eigenvalue interactions in strong
coupling regime. In (b) they are on top of each other at p = 0 line and not extended in the
SO(6) directions in the weak coupling limit. The superpotential is given by the energy of
the system.

The vacua of the 24+1d SYM are inherited from that of plane-wave matrix model. In the
disk configuration of the plane-wave matrix model, if we look at the geometry locally near a
group of disks that is isolated from all other disks, including their images, then the geometry
locally approaches to the solution dual to 2+1d SYM theory. The vacuum of the 2+1 SYM
thereby is also characterized by the total energy of the electrostatic system. A special case
is that when we start from plane-wave matrix model and look at the configuration where
all the disks are very high above n = 0 plane and they are relatively near each other. Their
average position is ng = gﬁg,. We define new coordinate relative to the average position
n=mn—mnm = 5ns, (1 < mno) and nsg = N5 — N5, (n5 < Ns). The total number of
the D2 brane charges is No = >, .. N2(i). So in the new coordinate frame, this is the
configuration dual to the U(N3) 241d SYM. nj is proportional to the location of each disk

in the new frame. The case with all n5 = 0 corresponds to a single disk at = 0, and is the
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simplest vacuum with unbroken U(Ns). The number N3 is used in the matrix regularization

for the S2. The electric potential near this group of disks is

V=—=(p*n—n®) = 500" —20%) — =78 + ... 6.44

oy (o™ =37 p (™ —217) preplll + (6.44)

They basically feel the same external potential 7357;2 (p? — 217%) as in the gravity dual of the
0

2+1 SYM theory discussed in [127], with a large constant shift due to our expansion. The

dot terms are the linear term in 77 and higher order terms in 77, which are not important.
In the weak coupling regime, the charges are not extended in the p direction. The total

energy of the system (excluding the large constant term) gives the superpotential from the

relation (6.40)

2
2 = i
W= D Qi gy (-2i) = NoNs 3o nl” (6.45)
0 7

The large constant term from the 178 term in the electric potential, corresponds to W, =
Ei% tr v« NJi2 term for the fuzzy sphere we are expanding around in plane-wave matrix
model, c.f. (6.16).

We thereby find that the weak-coupling superpotential analyzed in 6.2, which does
not involve SO(6) scalars, is the situation in the gravity side when the eigenvalue is not
extended in the p direction, or the SO(6) directions. This is when the eigenvalues do not
have interactions. To bring out the interactions, we need quantum effect, and this is shown
in the strong coupling regime in the disk picture. These are illustrated in figure 6.2.

Now we briefly discuss some technical aspects of solving the value of the superpotential
in the strong-coupling regime, from the disk configurations. We first discuss the situation
with a single disk above n = 0 plane (6.32), and then the situation with some arbitrary
number of disks (6.40).

We first discuss the situation of a pair of positive and negative charged disks under the
background potential V;, = g%(pzn — %773). The size of the disks is pg and their separation is
2n9. Apart from the background, the charges have mutual repulsions from other charges on
the disk and attractions from the image disk. Suppose the charge density and the potential

on the disk is o(p) and Vj. We can scale out everything and the problem then is only
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determined by the ratio Kk = ”0 . We make the rescaling y = n/po, © = p/po, o(p) =
8 8
rog(x), V= Fpjo.

The integral equation in these variables is (which involves dimensionless functions)

2 Yo'dx'do g(2")2'dx'dg
:c I{—*K, ]}Vme[o,l] = const.
\/x2 - Qxx cos ¢ + x'? \/xQ — 2z’ cos ¢ + x'? + 4K?
(6.46)

with the supplementary condition that g(1) = 0 due to vanishing of the charge at the edge
of the disk. When g¢(z) is solved, it is also a function of .

The integral equation is very difficult to solve due to its complicated kernel. Provided
we know the function g(z), since we already know the total charge of the disk, what we
need to compute is the potential V' on the disk. Since the disk is an equipotential, we can
know it from the potential at p = 0, this consists of a contribution from the background
and a contribution from the charges. The value of the superpotential (6.40) is

W/(ENQNE?) =1- g/<f?’27r /1 dx g(x) [1 . — (6.47)

3 3 0 (22 + 4K2)1/2

It contains two terms. The first term “1” on the RHS gives a contribution to the super-
potential that is the same as the weak coupling gauge theory result W = %NQN 3 it’s the
result if the charges were all sitting at p = 0. The second contribution is from the integral
term, resulted from the effect of mutual interaction between charges. We do not assume
that x has to be small, so in principle, if we were looking for perturbative corrections to the
weak coupling answer, the integral term gives the corrections relative to the first piece, in
the large k regime. The x depends on Ny in a very non-linear way. In the small s limit, it
is estimated in [127] that pé = %w4ggm0N2, no = 5 N5, 50 k = gN5(%7r4g§m0N2)_1/4.
The problem of solving the integral equation has been simplified by Abel transforming

the kernel in (6.46) as done in [128]. The new integral equation is

R (6.48
x) — —_— =1-2ax :
_ mAR? + (z —t)?
where f(t) is the Abel transform of g(z), f(t) = 2& ftl Tf r)jr =y + %HS, and with
t

the additional condition f(1) =0, f/(1) is bounded [128], and « is a constant determined
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by these boundary conditions. The new kernel is the one appears in the Love’s integral
equation [130],[107],[96]. The solution in this form seems very promising. The kernel can
even be simplified a little bit more in the small x limit [107].

Now let’s discuss the calculation of the superpotential for the electrostatic configuration
with an arbitrary number of disks. Once we specify the charges Q; of the disks and their
heights n;, what we need to know is the electric potential of each disk V;, in order to compute
the superpotential (6.40). We can thereby use the conformal transform techniques in [127].

In [127], the complex variables were introduced: w = 20,V = 0,V —i0,V and z =

p — po + in. In the large disk limit, the general solution for the plane-wave matrix model is
- —ia;

(—i 6.49

121 e i) (6.49)

where there are n finite disks located at iaj;, and n fivebrane throats located at ic;, and

finally the infinite disk at ¢a,11. We can integrate to get the potential of each disk

iany1 M _
Vi= Re/wdz = —Re/ H za] (—tapt1)wdw (6.50)

- ZCJ

and then plug this in (6.40). The rest is to figure out the relation between a;,c; and
N NS 127,

6.4 Emergence of gravity picture and eigenvalue system

In the previous sections, we find that the vacuum tunneling problem is associated to the
superpotential of each vacuum, which is in turn related to the emergence of the geometry.
The geometries are emergent from matrices in these theories. There are different types of
emergence. The emergence of odd dimensional spheres and the even dimensional spheres
seem to be different in some cases.

For the plane-wave matrix model, we have to explain the emergence of 9 directions,
S2 85 n and p. We first discuss the emergence of S? in the plane-wave matrix model.
This is by the SU(2) commutation relations of .J;. Usually for even dimensional fuzzy

spheres, we can use Nambu brackets to define the sphere.
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These fuzzy spheres have radial motions, which are characterized by the scalar ®, most
conveniently seen in the 2+1 d SYM. Comparing sections 6.2 and 6.3, we find that the
eigenvalues of ® are proportional to ng),n?), - néNQ), which maps to 71,12, ..., nn,, Which
are the heights of each disk in 7 direction. So the n direction is emerged from the eigenvalues
of P.

Next we come to the emergence of odd dimensional sphere S® and the direction p. From
intuition, due to the reduction from N' = 4 SYM, the SO(6) sector in these theories are
quite similar. So the emergence of S® should be similar to that of A" =4 SYM [32].

In order to address this problem, we embed these vacuum geometries into the larger
sector of 1/8 BPS geometries. These 1/8 BPS geometries are dual to 1/8 BPS states in the
gauge theories we analyzed. We look at states satisfying E — (J4 + Jg + Jo) = 0, where E
is the energy and Jy4, Jp, Jo are the three U(1) R-charges associated to the excitations by
three complex scalars from the SO(6) scalars. These 1/8 BPS states are in turn embedded
in an even larger Hilbert space. Finally our BPS vacuum geometries are the ground states
in the 1/8 BPS sector.

Though quite similar, a difference in the theories we analyzed, relative to N' = 4 SYM
on S3 x R, is that we have many ground state geometries characterized by a broken gauge
symmetry U(N) — [JU(N (D). The most convenient theory is the 2+1d SYM where a
particular vacuum is ;peciﬁed by looking at the eigenvalues of the scalar ®. If there are
NG coincident eigenvalues, then there is a U (N (i)) symmetry. These eigenvalues form an
extended disks in the electric picture, but this could have alternative descriptions if we
promote the geometries into large sectors. If the disks are far away from each other, the
repulsion of charges on each disk is quite similar to the case of a single disk. In this limit,
we study only the case of a single disk, that is, we look at the block of SO(6) scalars
corresponding to N and only excite U(N®) invariant 1/8 BPS states. Then finally we
can excite all the blocks and build J[TU (N (@)) invariant 1/8 BPS states.

For our purposes, we can consicller first a single disk vacuum in the 24+1d SYM with

unbroken U(N) symmetry, and then other cases will be similar. These 1/8 BPS states are
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described by the harmonic oscillators of the SO(6) scalars and only s-wave modes of the
S? are relevant for this class of BPS excitations. We use the methods similar to that of
[32],[53],[64]. The action that is relevant for the excitation of SO(6) scalars is the matrix

quantum mechanics
T 1. - 1 1
= dttr | =X, Xo — = XoXa + = [Xa, Xp]? 51
° gimz/m/ r<2 2 +4[ b]) (6.51)

where a,b = 4,5,...,9 and we have set u = 2 in the lagrangian. We set Ay = 0 and have
a Gauss law constraint on U(N) gauge singlet physical states, J(S,TLO |¥) = 0. Furthermore,
the commutator terms will not be included in the BPS excitation because they contribute
positively to the energy but not the R-charges, they are generically stringy and non-BPS
excitations. Then we define the conjugate momenta for X,, which are P,. The energy and

R-charges are

1
E = itr (Papa + XaXa), Jq = tr (P4X5 — P5X4), (652)

JB = tr (P6X7 - P7X6), JC =tr (Png - Png) (653)

We can form the usual three complex scalars Zj, and their conjugate momenta II; =
—i%, (L = A, B,C). They satisfy the standard commutation relations [ZF",HTLm/”,] =
L

1A pm On/m, [Z1,I1L] = 0, so we can define creation/annihilation operators

1 1
V2 V2

and their conjugates. The energy and R-charge operators are then written as

ab = —=(z} —t), b (2} + 1)) (6.54)

E =tr Z(QTL@L + bTLbL), Jr, = tr (aEaL - bTLbL) (6.55)
L

So it’s clear in order to get 1/8 BPS states, we should keep only the three a} oscillators but
not the three bTL oscillators. We have then in the 1/8 BPS subspace of the Hilbert space
a three dimensional harmonic oscillator Hilbert space. Its phase space is six dimensional.

The singlet condition tells us we should look at states of products of traces

k
) = [Tt (@l)" (ah)™ (ad)™ 10) (6.56)
i=1
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with [;, m;, n; < N. Because the commutator terms vanish, by a unitary transformation we
can simultaneously put Z4, Zp, Z¢ into the form of a diagonal matrix plus an off-diagonal
triangular matrix. We integrate out the unitary matrix and the off-diagonal triangular
matrix. Let the diagonal matrix elements be z4;, 2p;, 20i;- The wave function corresponding

to (6.56) is of the form

k

W Ao ) [] (5024 ) (3 et Beoaare oo zoe

7j=1 i i %

(6.57)
up to a normalization factor. A(za4, 2Bi, 2¢;) is a Van-de-monde determinant from inte-
grating out unitary matrices. See similar wave functions in [32], and its 1/2 BPS limit
[53],[31],[173],[183]. There is an interesting property. The wave function, besides the uni-
versal Gaussian factor, is a holomorphic function in z4;, zp;, 2¢i, due to the BPS condition.
This holomorphicity provides some simplifications. Wave functions that depends also on
Z Aiy 2Bi, 2ci are non-BPS. The complex structure is related to the symplectic structure in
the phase space C3. Each zr; coordinates in the phase space are paired by a physical real
coordinate and its conjugate momentum, zr; = xr; + ipr; [32].

In the large N limit, the wave function has a thermodynamic interpretation, the wave
function squared describes the probability of a particular eigenvalue distribution [32]. The
saddle point approximation of the wave function gives a droplet configuration in the phase
space. The polynomial part of the wave function provides a repulsion force between eigen-
values. The Gaussian factor gives a spherically symmetric quadratic potential. The ground
state should be a spherically symmetric droplet with SO(6) symmetry in C3, which is
bounded by an S°. Because of the spherical symmetry of the ground state droplet, the S°
emerges in the gravity description. We see that the eigenvalues are extended in the radial
direction of RS, the p coordinate in the gravity description is really mapped from the radial
direction of the phase space RS. In the electric picture, charges are extended along p, if we
tensor the p with the S°, the charges are really distributing in a six dimensional subspace.
This would be more clear if we had all the regular 1/8 BPS geometries of these theories.

The S° then will be a particular enhanced symmetry for only the ground state geometries.
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The thermodynamic interpretation of the wave function tells us that the probability for a
particular configuration of eigenvalues is proportional to its Boltzmann factor e PV, Here U
is the total energy of the eigenvalue system, which should be identified with the total energy
of the electrostatic system in section 6.3.2, and [ is the inverse temperature or inverse
coupling constant. The amplitude for tunneling from one configuration a with energy U, to
another configuration b with energy U, is proportional to the ratio of their Boltzmann

factors, up to a normalization factor, so
P, = Pye AUp=Ua) (6.58)

where Py is a constant. If we compare (6.58) with (6.10), we find similarity. This gives
another support of the identification of the energy of the eigenvalue system with the super-
potential, in appropriate units.

What are the droplet description if we start from 1/4 BPS sector or 1/2 BPS sector?
They are described by two or one dimensional harmonic oscillators similar to the discussion
above. They will have a C? or C'! phase space. The ground state droplet will have SO(3)
symmetry in R* bounded by an S% or U(1) symmetry in R? bounded by an S!. In the
electrostatic picture, there is an S' isometry from the S°, that could combine with p into
a real two dimensional disk. If we had all the 1/2 BPS geometries for these theories, they
should have a S3 isometry out of S°. The ground states have an enhanced symmetry of
S which combines p to form a disk. Small ripples on the edge of the disk then describe
BPS particles travelling along the S! equator of the S°. We have a further evidence from
the 3+1d U(N) N =4 SYM on R x S3/Z;, with k/N small. In the electrostatic picture,
the vacuum are periodic disks. If we look at the vacuum with one disk in a single period,
because k/N is small, they look like charges in a cylinder, and the Laplace equation will
be two dimensional in the space of p and an S!. On the disk, the charges feel logarithm
repulsions plus an spherical symmetric quadratic potential. The integral equation is exactly
the same as the one in eqn (2.16) of [32] for the 1/2 BPS ground state droplet of N' = 4
SYM on R x S3. We see their descriptions are consistent and should be exactly the same

for k =1.
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These ideas should be compared to the gravity results. A class of 1/4 BPS and 1/8
BPS geometries in N' = 4 SYM, relevant to the matrix model discussed above, have been
studied by [63],[131] and by [113]. They have U(1) x SO(4) x SO(2)g [63],[131] and U(1) x
SO(4) symmetries [113] (after analytical continuation of AdS3) respectively. A Kahler
structure were observed in both cases. In the 1/4 BPS case, it was reduced to a five
dimensional complex Monge-Ampere equation which is highly non-linear. The boundary
condition is roughly to divide regions where the S or S! shrinks smoothly. Thereby there
could be a droplet configuration in a four dimensional space. However, the regularity
condition and the topology of these solutions are very complicated. To understand the
differential equation in terms of the emergent forces between eigenvalues is a very challenging
problem. Our case of the emergence of the electric picture of eigenvalues from gauge theories
may bear some similarity to these more complicated cases.

The emergence of the odd dimensional sphere from phase space discussed above can be
generalized to other cases, for example S7. We consider the emergence of AdS; x S7 from
M2 brane theory on R x S2. Apart from the time and S? that are already present, we need
to explain the radial coordinate 7 in AdS; and the S7. We look at the 1/16 BPS states of
the M2 brane theory, by looking at a BPS bound with 4 U(1) R-charges out of SO(8). They
corresponds to excitation of 4 oscillators associated with the 4 complex scalars. The 1/16
BPS sector has an eight dimensional phase space. The ground state droplet should have an
enhanced symmetry of S7 in the phase space. Similar picture for the 1/2 BPS sector of M2
brane theory has been studied in [126], the emergence of the S* (part of S7) for the ground
state in a two-plane has been observed.

Other way of emergence of odd dimensional spheres, similar to the even dimensional
ones, have been studied by [162] or [168] using Nambu odd brackets and references therein.

Their emergence is similar to the S? in our cases.
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Conclusions

In this thesis, we first studied the 1/2 BPS sector of the AdS5/N = 4 SYM duality. We
found the regular gravity solutions asymptotic to AdSs x S® and preserve half of the su-
persymmetries of AdSs x S°. The gravity solutions are parametrized by incompressible
fluid droplets on a two dimensional plane (z1,x2 plane). It is the same as the phase space
of the quantum mechanics of N free fermions. This quantum mechanics arises from the
dual N = 4 Super Yang Mills (SYM), when one reduces A" = 4 SYM on S2 to a matrix
quantum mechanics. The N eigenvalues of the matrix model are fermions. The above
description solved explicitly the AdS5/N = 4 SYM correspondence in a reduced half-BPS
sector. It demonstrates open-closed string duality, geometric transitions, and holography.
It is also related to the coarse-graining of geometries and chronology protection mechanism
in AdS/CFT.

We also studied 1/2 BPS excitations above IIB plane-wave, and these are described
by relativistic fermions. These gravity solutions via dualities become different vacua of
the mass deformed M2 brane theory, which describes M2 branes polarized to M5 branes
wrapping two possible 3-spheres.

We found out the explicit superpoincare algebra in 241 dimensions for the mass de-
formed M2 brane theory. This algebra has the feature where on the right hand side of the

supercharge anti-commutators, there are non-central charges. These are non-abelian gener-

134
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alizations of the usual abelian central charges. This happens only for spacetime dimension
less than 4. In our example the non-central charges are SO(4) generators and the BPS
conditions become that the particle mass is bounded by its total spins in two SU(2)s. One
can reduce this superalgebra to 141 dimensions describing the DLCQ of TIB plane-wave
string theory. The little group of these Poincare superalgebras gives SU(2|2) supergroup.
We have more generators than SU(2|2) since we have poincare generators on the worldvol-
ume. We also found theories of 1+1d SYM, 2+1d Super Yang Mills Chern Simons theory,
linear dialton theory, and 2d (4,4) supersymmetric sigma model with non-zero Hs-flux, that
satisfy these algebras.

We also studied similar phenomenon for the 1/2 BPS sector of AdS7 x S* or AdSy x S7
in M theory and found the gravity descriptions of these 1/2 BPS states. We hope this will
provide some information for the 6d and 3d superconformal theories on M5 and M2 branes.
In gravity side we also see a two dimensional phase space but the fermion density is not
constant.

We also find the relations of various truncations and reductions of N'= 4 SYM which
lead to A” = 4 SYM on R x S3/Z; (lens space), 2+1d SYM on R x S? and 0+1d plane
wave (BMN) matrix model. Various vacua of the resulting theories are related by gauge
transformations when uplifted to AV = 4 SYM. These theories all have NS5 brane vacua.
We found unified gravity dual descriptions of the vacua of these theories by specifying a
plane with many cuts. Many dual gravity solutions have regions of NS5 brane near horizon
geometries.

These above theories all have the supergroup SU(2|4). We applied a Witten index in
counting the number of 1/2 BPS states of these theories. The index is closely related to
the characters of the supergroups and thereby this method is quite general. It can also be
generalized to the index counting 1/4, 1/8 BPS states.

We take a general pp-wave limit of the gravity duals of the above theories, near some
geodesics, and the worldsheet theories on these backgrounds lead to a class of 2 dimensional

(4,4) supersymetric sigma models with non-zero Hsz-flux. The non-zero H-flux is associated
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with the NS5 branes in the background. The (4,4) supersymmetric sigma models with non-
zero Hs-flux are rare, and of course the one with zero Hs-flux are given by hyperKahler
geometries.

When we studied near BPS spectra of these backgrounds, we found two new phenom-
enon. We found that the near BPS spectrum of strings in the background dual to these
theories generally involves a nontrivial interpolating function. The interpolating functions
have different functional dependences in weak and strong couplings. This also gives a new
possibility for understanding the phenomenon of the mismatch in the three-loop level be-
tween the near-plane-wave string spectrum and that of the dual dilatation operators.

The second phenomenon we found is the gauge theory interpretation of the single NS5
brane geometry. We found that the string excitations above the single NS5 brane vacua
(N5 = 1) of the plane wave matrix model only have four transverse oscillator modes, which
means that the four dimensions transverse to the single NS5 brane (the S® and the linear
dilaton direction) is infinitely massive and the string does not oscillate in these directions.
On the other hand for the multi NS5 bane vacua (/N5 > 2) we found there are eight transverse
oscillators, and the extra four comes from the 2nd Klein-Kluza modes on the fuzzy sphere
(N5 x N5 matrices), and forms a new supermultiplet. In the dual gravity side, we see a similar
picture. The gravity solution is the near horizon geometry of N5 NS5 branes with additional
RR fluxes, since the NS5 branes are constructed from DO branes. It is a deformation of the
original NS5 brane near horizon geometry. Under certain rescaling, the RR fluxes can be
rescaled away. The worldsheet theory is the deformation of supersymmetric SU(2)y, WZW
model, and under level shift it becomes bosonic SU(2)n,—2 WZW model with fermions and
potentials. The geometry has a throat region for N5 > 2 and doesn’t have a throat region
for N5 = 1, due to the level, and this is also what we see from the dual plane wave matrix
model side.

Similarly we also found relations between mass deformed M2 brane theory, D4 brane
theory or M5 brane theory on S2, and intersecting NS5 brane theory or the dual linear

dilaton theory, in terms of a two-plane (z1,z2 plane). We compactified this plane into
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a cylinder or a torus in the gravity side and then we see the relation of these theories by
compactifying scalars. The vacuum structure of these theories are characterized by solutions
of 2d Yang-Mills or 3d Chern-Simons theory. The configuration that corresponds to fermions
on the torus x1, xo gives rise to the near horizon geometry of two sets of intersecting NS5
branes intersecting on R,

We finally studied how different vacua of the theories with SU(2|4) symmetry described
above are interpolated between each other. We defined a superpotential for these vacua
and studied the instanton action in gauge theory side. We also found Euclidean D-branes
in gravity side describing some of the instantons. We found that the superpotential of each
vacuum is given by the energy of the electric charge system in the gravity side and studied

the emergence of the vacuum geometries.
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