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Abstract

In this thesis we analyze families of minimal Lagrangian submanifolds of complex
projective 3-space CP? whose fundamental cubic forms are invariant under a non-
trivial subgroup of SO(3) in its natural action on the the second fundamental form,
regarded as a cubic. There is a classification of stabilizer types of such fundamen-
tal cubics, which shows there are precisely five families of such cubic forms: Those
with stabilizers containing SO(2), Ay, S, Zo, and Z3. We use the method of moving
frames, along with exterior differential systems techniques to prove existence of mini-
mal Lagrangian submanifolds with each stabilizer type. We also attempt to integrate

the resulting structure equations to give explicit examples of each.
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1

Introduction

In this thesis, we study minimal Lagrangian submanifolds of complex projective
3-space whose second fundamental form satisfies a set of pointwise geometric con-
ditions. Let (M,w) be a symplectic manifold - a 2n-dimensional smooth manifold
equipped with a symplectic form w. A n-dimensional submanifold L™ < M is called
Lagrangian if w vanishes identically when pulled back to L. The study of Lagrangian
submanifolds has a rich history in geometry and topology, and they arise naturally
in the context of classical mechanics and mathematical physics. If M happens to
be a Kahler manifold—a symplectic manifold together with a compatible complex
structure J and Riemannian metric g—then the Lagrangian condition is equivalent
to J(T,L) = T+L, for each z € L, where T;-L = T,,M is the normal space to L at .
If L is both Lagrangian with respect to w and minimal with respect to g then L is
called minimal Lagrangian, and such submanifolds are the main objects of interest
in this work.

Minimal Lagrangians have been studied extensively, and a variety of explicit ex-
amples are known. Bryant [Bry87] studied minimal Lagrangians in a Kéhler-Einstein

manifold (M?", g) and showed that in the analytic category every sub-Lagrangian
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(n—1)-dimensional manifold N = M lies in an unique S'-family of minimal La-
grangian submanifolds and that every minimal Lagrangian that contains N is a
member of this family in some neighborhood of N. A wealth of new examples were
found after Harvey and Lawson’s seminal paper [HL82] in which they introduced the
notion of calibrated submanifolds—certain submanifolds of a Riemannian manifold
determined by a closed differential form called a calibration. The calibrated condi-
tion is only first-order, yet all calibrated submanifolds are automatically minimal,
which is a second-order condition.

One class of examples of calibrated geometries are the special Lagrangian sub-
manifolds, which are distinguished minimal Lagrangian submanifolds of Calabi-Yau
manifolds. In their original paper, Harvey and Lawson give examples of special La-
grangian submanifolds in C™ that are invariant under various symmetry groups, as
well as those arising as normal bundles of other submanifolds in R™. In [Law89]
Lawlor found examples foliated by quadric surfaces (ellipsoids), and these examples
were later extended by Harvey [Har90] and Joyce. Joyce’s work was part of a series
of papers describing new constructions using symmetry methods [Joy02], evolution
equations [Joy0Ola], and integrable systems techniques [JoyO1b].

Of particular interest to us is the work by Robert Bryant [Bry00] in which he
classifies the special Lagrangian 3-folds in C* whose second fundamental form has
nontrivial SO(3)-stabilizer. More explicitly, he shows that for a special Lagrangian in
C3, one can interpret the second fundamental form as a traceless, symmetric cubic
form called the fundamental cubic. He determines which subgroups of SO(3) can
appear as the pointwise stabilizer of such a cubic form and then uses Cartan-Kéhler
analysis to classify the special Lagrangian submanifolds whose fundamental cubic is
stabilized by each such subgroup. In her thesis, Ionel [lon03] extends this idea to
special Lagrangians in C* whose fundamental cubic has nontrivial SO(4)-stabilizer.

Since CP? is not Ricci-flat, it is not a Calabi-Yau manifold, and the notion of
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special Lagrangian submanifolds no longer makes sense. However, it is a Kéhler-
Einstein manifold, and many interesting examples of minimal Lagrangian submani-
folds of such are already known. Furthermore, it is easy to show that when L < CP?
is minimal Lagrangian, it gives rise to a symmetric, traceless cubic form just as in the
special Lagrangian case studied by Bryant. Thus, it is natural to perform the analo-
gous analysis and investigate those minimal Lagrangians in CP? that have nontrivial
SO(3)-stabilizer.

This dissertation is organized in the following manner: In Chapter 2, we give a
brief overview of the necessary techniques and concepts used in our analysis, includ-
ing Lie groups, homogeneous spaces, the method of the moving frame, and Cartan’s
theorem for augmented coframes. In Chapter 3, we discuss moving frames for min-
imal Lagrangian submanifolds of CP? and derive the structure equations for such
frames. Finally, we review the classification of the possible SO(3)-stabilizers of sym-
metric, traceless cubic forms and give normal forms for each. In Chapter 4, we carry
out the analysis for each of these stabilizer types. Finally, we conclude in Chapter 5

with a discussion of unresolved problems and possible future work.



2

Preliminaries

In this chapter, we set notation and give an overview of the necessary background
required for the rest of the thesis. We begin with a brief review of Lie groups
and Maurer-Cartan forms, followed by discussions on homogeneous spaces, moving
frames, and theorems on augmented coframings. We conclude with an overview of

Lagrangian geometry.

2.1 Lie Groups and the Maurer-Cartan Form

Let G be a Lie group and g = T.G its Lie algebra, where e is the identity element of
G. Each g € G, defines a diffeomorphism, L, : G — G by

called the left multiplication map. The following construction is of central importance

in the theory of moving frames.

Definition 2.1. Let GG be a Lie Group with Lie algebra g. The Maurer-Cartan form



of G is the g-valued 1-form w : T'G — g defined at a point g € G by
w(Xg) = (Lg-1):(X,) (2.1)
where X, € T,G.

The Maurer-Cartan form is left-invariant, meaning L’ (w) = w for all g € G. To

see this, let g, h € G, and X, € T,G. Then, Ly.(X,) € T),G so that
LEw)(X,) = w(Lne(X,)))
= Lng)-1 © Ln«(X,)
LX)

= w(Xy)

proving left-invariance. In fact, the Maurer-Cartan form can be equivalently defined
as the unique left-invariant g-valued 1-form on G that is the identity on T.G.

The Maurer-Cartan form satisfies the well-known Maurer-Cartan equation [Gri74]

dw = — 2w, w]. (2.2)

1
2

Both the Maurer-Cartan form and the Maurer-Cartan equation take simpler
forms when the Lie group G is actually a matrix group. Let g : G — M,(R) be
the inclusion map that realizes the abstract Lie group G as a subgroup of the n x n
matrices. We can think of g as essentially the identity map, and g(h) = [g(h)}] as

giving the matrix coordinates of the abstract group element h € G. In this case, the

Maurer-Cartan form is matrix-valued and can be expressed as
w=g 'dg. (2.3)
This notation is slightly confusing at first glance, but at a point h € G, we have

wn = g(h)d(g(h))
5



since g merely identifies abstract group elements with their matrix representations,
d(g(h)) acts also as the identity, sending abstract tangent vectors X € T}, G with their
representations as elements of d(g(h))(X) € Tgn Mn(R). So the product in (2.3) is
a matrix multiplication, and left multiplication by g(h)~" is precisely Lg(s)-14 in the
case of matrix groups, so the definitions (2.1) and (2.3) coincide.

Since d(A™') = —A"'dAA~! when A is matrix-valued, we see that
dw = d(g™"dg)
=d(g™") ~dg
= (—g 'dgg™') ~ dg
= —(g"'dg) g 'dg,

so that
dw = —w rw. (2.4)

2.1.1 Maps into Lie Groups

Many problems in differential geometry, particularly in the method of moving frames,
reduce to the problem of finding maps from a smooth manifold M to a Lie group G.
The following theorems of Cartan show how the Maurer-Cartan form classifies such
maps.

The first concerns the problem of determining when two such maps are congruent:

Theorem 2.2 (Cartan). Let fi, fo : M — G be two smooth maps of a connected
manifold M to a Lie group G, with Maurer-Cartan form w. Then f; and f, are

congruent in the sense that there exists a fixed a € G so that

leLaon

if and only if

flw = fiw.



The second theorem is more general and provides sufficient conditions for the

existence of such maps, unique up to left translation by a fixed element of G:

Theorem 2.3 (Cartan). Let M be a smooth connected and simply-connected man-
ifold, G' a matrix Lie group with Maurer-Cartan form w. Suppose ¢ is a g-valued
1-form on M satisfying the Maurer-Cartan equation dy = —pap. Then there exists
amap f : M — G such that f*w = ¢. Moreover, this map is unique up to left
translation in G by a fixed element a € GG - any two such maps fi,fo : M — G

satisfy f1 = L, o fy for some fixed a € G.

Note that if M is not connected and simply-connected we can still locally apply
Theorem 2.3 to connected and simply-connected neighborhoods in M or to ¢ pulled
back to the simply-connected cover of M. We shall see that a moving frame adapted
to the geometry of a given submanifold is a map from the submanifold to a Lie group,
so these theorems are essential to the theory. The proof of 2.3 is an elementary

application of the Frobenius Theorem [Gri74], and will be omitted here.
2.2  Homogeneous Spaces and Moving Frames

The main goal of this thesis is to study special submanifolds of CP?, a homogeneous
space diffeomorphic to the quotient SU(4)/U(3). Cartan’s method of moving frames
[Car35] gives a way to analyze and systematically determine differential invariants to
submanifolds of homogeneous spaces. Once a Riemannian homogeneous space, say
N, has been expressed as a coset space G/H, the group G of isometries of N may be
thought of as a bundle of linear frames of G/H, and the Maurer-Cartan equations
(2.2-2.4) for G give the structure equations such frames must satisfy. A moving frame
along a submanifold f : M — G/H is a lift of f to a map F': M — G, and the

canonical construction of such a map involves the process of frame adaptation.



2.2.1 Homogeneous Spaces

Definition 2.4. A homogeneous G-space is a smooth manifold M together with a
transitive smooth (left) action by a Lie group G. We will sometimes write the action

of ge G onx e M by gz, or simply gx.

Example 2.5 (Coset Spaces). Let G be a Lie group and H a Lie subgroup of G. A

left coset of H with respect to an element g € GG is the set
gH :={gh | he H}.

We denote the space of all left cosets of H by G/H and give it the quotient topology
induced by the natural projection 7 : G — G/H that sends g € G to gH. It is a
theorem of Cartan that if H happens to be a closed subgroup of GG, then it is a Lie
subgroup of G. In this case, the quotient manifold theorem [Warl3] tells us that
the coset space G/H is a smooth manifold and has a unique smooth structure for
which 7 : G — G/H is a smooth submersion. In fact, this projection describes G as

a principal (right) H-bundle over G/H:

H——(d

|7

G/H

There is a natural smooth action of G on G/H, given by ¢; - (9oH) = (9192)H,
and it is easy to see that this action is transitive, so G/H is indeed a homogeneous

space.

Example 2.5 is important because it turns out that every homogeneous space
can be realized as a coset space: Let N be a homogeneous G-space. For a choice of

‘origin’, some xg € N, the wsotropy subgroup of xy is defined to be the set

H,, :={9eG|g-zo= 0}
8



The isotropy subgroup H,, is a closed Lie subgroup of G, and G/H,,, is diffeomorphic
to N. If a different origin is chosen, say x; € GG, then their isotropy subgroups are
related by conjugation:

Hﬂ?l = g_lHrog
where g € G is any element for which gz; = xy. For additional details, see [JMN16].

2.2.2  Moving Frames

As noted above, a G-homogeneous space N comes equipped with a natural projection
m: G — N and unique smooth structure that makes 7 a surjective submersion. Let

f: M — N be an immersion of an m-dimensional manifold to N.

Definition 2.6. A mowving frame along f is a lift of the map f toamap F : M — G

such that the following diagram commutes

M%

G
>
N
ie. mo F = f. In other words, a moving frame is a section of the pullback bundle

f~YG) over M.

We shall now explain why such a lifting is called a ‘moving frame’. It turns out
that there is a natural identification of the symmetry group G with the bundle of
linear frames of N. Let N be an n-dimensional homogeneous G-space, o € N a choice
of origin and H < G the isotropy subgroup of o. Let hh < g is the Lie algebra of H,

and fix a complementary subspace n, so that
g=b@n

as vector spaces. Since 7 is a submersion, and § = kerdn, : T.G — T, N, the map

dme| :n — Ty N is an isomorphism.
e n o



Choose a reference basis (E1,..., E,) of n, which we think of as left-invariant

vector fields on GG, and so induce vector fields via pushforward,

~

Ei(g) := dmg(Ei(g)) € Trg)N

on N. At each g € G, the vectors (Ey(g), ..., E.(g)) give a frame of Ty N. For
hi, hy € H we have h;-0 = o, so that dhi‘o € GL(T,N). Moreover, d(h1h2)|o = dh1|oo

dhy

o+ S0 we have a representation H — GL(ToN) called the isotropy representation
of H. With a choice of reference basis of n, we can write dh|0 as a matrix, say A(h),
with respect to the induced basis ET (e), and so get the linear isotropy representation
A : H — GL(n,R). For the constructions below we need to assume that this
representation is almost faithful, i.e., has a 0-dimensional kernel, so we assume this
from now on. If N is actually a Riemannian homogeneous G-space, i.e., G is a
subgroup of the isometry group of N, and it turns out that the linear isotropy
representation for Riemannian homogeneous spaces is always faithful. In our case,
the linear isotropy representation for CP* =~ SU(4)/U(3) is only almost faithful: the
group of real isometries of CP? is actually SU(4)/Z where Z is a discrete group that
is isomorphic to Z, and is generated by the matrix i/, € SU(4). The method of the
moving frame is still valid in this case so we will not need to discuss this detail any
further.

Let m : Fy — N be the frame bundle of N - it is the principal right GL(n, R)-
bundle whose fiber over a point x € N consists of all linear frames of T,,N. Consider

the map p: G — Fn defined by

p(g) = (E1(9), -, En(g)).

It is not hard to check that this is a principal bundle map, where the group homo-
morphism ¢ : H — GL(n,R) is given by ¢(h) = A(h). That is, for g € G,h € H, we

10



have
i(gh) = i(g) - A(h).

In summary, choosing a reference basis to the complementary subspace n to the
Lie algebra h of the isotropy group of a point gives the identification of G with
Fn. Furthermore, the splitting g = h@n gives a decomposition of the g-valued
Maurer-Cartan form

W = Wy + Wy

where wy and w, take values in h and n, respectively. In terms of a reference basis

(E1, ..., E,) of n, we can further write
Wy = B (2.5)

where w? are real-valued, left-invariant 1-forms on G. Since w, annihilates b = ker dm
the 1-forms w? are all semi-basic for the projection 7 : G — N. In fact, if ' : M — G
is any moving frame along a submanifold f : M — N = G/H, then the pullbacks
F*(w") at any point z € M span the cotangent space T*(M).

At this stage, there are many possible choices of moving frames which can either
be thought of as a lift to F': M — G, or equivalently, a section of the pullback to M
of the H-bundle 7 : G — N = G/H. A key step in the method of the moving frame
is to eliminate this ambiguity through the frame adaptation procedure in which one
chooses frames that are specially adapted to the geometry of the submanifold in

question.
2.3 Exterior Differential Systems

During the frame adaptation process, we will be interested the existence of coframings
on subbundles of the pullback to M of 7 : G — N = G/H whose structure equations

take a prescribed form. The methods of exterior differential systems (EDS) developed
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by E. Cartan, specifically a theorem on augmented coframings, gives necessary and
sufficient conditions for the existence of such coframings. Additionally, it provides
information of ‘how many’ such augmented coframings exist. Exterior differential
systems techniques will also be useful in the problem of integrating the structure

equations to give explicit descriptions of the minimal Lagrangians in question.

Definition 2.7. An exterior differential system (EDS) is a pair (M,Z) were M is a
smooth manifold and Z < Q*(M) is a differentially closed, graded ideal in the ring
of differential forms on M. Being differentially closed means that d¢ € Z whenever
¢ € I. An integral manifold of an EDS (M,Z) is a submanifold f : N — M such
that f*¢ =0 for all ¢p € Z.

The simplest type of EDS is one for which the differential ideal Z is generated

algebraically by a set of 1-forms.

Definition 2.8. An exterior differential system (M"*" 7) is called Frobenius of rank
r if at each point in M, 7 is algebraically generated by exactly r linearly independent

1-forms 6y, ...6, € QY(M). This is equivalent to
dfd, =0 modby,...0,
for each 1 < a < r. A Frobenius ideal is sometimes referred to as integrable.

If 7 is a Frobenius ideal, the structure of its integral manifolds is well understood

and is given by the well-known

Theorem 2.9 (Frobenius Theorem). Let (M"*",Z) be a Frobenius EDS of rank r.
Then at each point p € M, there exists a coordinate system z!,... 2", y',...,y" on
a neighborhood U < M of p so that I‘U is generated by {dy',...,dy"}. Moreover,
the maximal integral manifolds of Z are n-dimensional and are given locally as slices

of the form



where the ¢* are constants. We say that the integral manifolds of (M, Z) depends on

7 constants.

The maximal integral manifolds of a Frobenius ideal foliate the ambient manifold
M—every point p € M lies in a unique maximal connected integral manifold of Z,
and the space of maximal integral manifolds is called the leaf space of .

Next, we discuss the augmented coframing problem. Cartan’s existence theo-
rem relies on the Cartan-Kahler theorem and so is only guaranteed to hold in the
real-analytic case, which we assume throughout this work. A surprising variety of
problems in differential geometry can be reduced to finding an augmented coframing
satisfying a prescribed set of structure equations. For more, see Bryant’s notes on
exterior differential systems [Bry14].

Index Convention: In this section only, we shall use the following index convention:

I1<ijk<n,1<a<s,and1<p,o<r.

Definition 2.10. An augmented coframing on an n-dimensional manifold M is a
triple (w,a,b) consisting of n linearly independent 1-forms w = (w?!,...,w") and
functions @ = (a®*) : M — R®* and b = (b?) : M — R". The functions a = (a®) are

known as primary invariants of the augmented coframing, and b = (b?) as derived

muoariants.

The augmented coframing problem concerns the following question: Does there

exist an augmented coframing (w,a,b) on M™ that satisfies the structure equations

i L :
dw' = ) (@)’ AwP (2.6)
da® = F(a,b)w’ (2.7)
where 7, = —Cj; : R® — R and F* : R*"" — R are given functions. In other words,

the form of the structure equations of the 1-forms (w') and primary invariants (a®)
are prescribed. Since the b” appear only in the derivatives of the primary invariants

13



aa

, and their derivatives are unconstrained, they are sometimes known as the free
derivatives of the augmented coframing.
Necessary conditions for the existence of such augmented coframings are given

by requiring that d? = 0 be an identity. Using (2.6), along with the independence of

the w’, the equations d*(w’) = d(C}y(a)w’ aw*) = 0 imply

aacﬂ:k aa ll aa Zk i m i m i m
=+ Fy 6u‘j + = = (Ch O + CLpC + CuCo) (2.8)

F
ous

J aua

while d?(a®) = d(F?(a,b)w’) = 0 gives

or® 1 OF“ OF™ ' '
_ ? p % - B Jj 3 i I o i j

Now, while we do not have expressions for the db”, we know we can expand them
in terms of the coframe as w' as db* = Gfw', for some unspecified functions G¥(a, b)

on R5*". Substituting into (2.9) shows that the G? cannot be arbitrary and must

satisfy
or¢ OF“ OF“ oF¢
B "5 _ pBYli Al opa i P J_ e
F; P F; 307 CZ]FZ F0r G] pa GY. (2.10)

If such functions G? exist, then setting d*(a®) = 0 is an identity.

While the conditions (2.8) and (2.10) are necessary, they are not quite sufficient
as it only ensures d? = 0 holds for the coframe w’ and primary invariants a?, and new
incompatibilities could arise at higher order. To derive conditions that guarantee this

is not the case, we need a bit of new terminology.

Definition 2.11. Let (w, a,b) be an augmented coframing with prescribed structure
equations (2.6). Let uy,...,u, be a basis of R® and v!,...,v" be a basis of (R")*.
The tableau of free derivatives of (w,a,b) at a point (u,v) € R® x R" is the linear

subspace A(u,v) < Hom(R",R*) spanned by the r elements

OF ,
61;0 (u,v) Uy ®V°, I<ps<sr (2.11)

14



We can now finally give the theorem.

Theorem 2.12 (Cartan). Suppose that real analytic functions C%; = —Cj}; on R®
and F on R*™" are given satisfying (2.8) and that there exist real analytic func-
tions G? on R**" that satisfy (2.10). Finally, suppose that the tableaux A(u,v)
defined by (2.11) have dimension r and are involutive with Cartan characters s;
(1 <i < mn) for all (u,v) € R**". Then, for any (ug,vy) € R**" there exists an aug-
mented coframing (w, a,b) on an open neighborhood V' of 0 in R™ that satisfies (2.6)
and has (a(0),b(0)) = (ug, vg). Moreover, augmented coframings satisfying (2.6) de-
pend, modulo diffeomorphism, on s, functions of p variables (in the sense of exterior

differential systems), where s, is the last non-zero Cartan character of A(u,v).
Proof. See Theorem 3 in Bryant [Bryl4]. O

A special case of this theorem arises in the case that there are no free derivatives
appearing in the prescribed structure equations (2.6). That is, we're interested in the

existence of an augmented coframing (w, a) on an n-manifold satisfying the structure

equations
i L ik
dw' = —§Cjk(a)w AW (2.12)
da® = F(a)w’ (2.13)
where the functions €% = —C}; : R® — R and F;* : R® — R are given. The necessary
conditions

0 005k Faa fj+Faa ik

F; Ea ke A = (C;jcg; + Cjnkq’]’? +C %) (2.14)
and
oF« OF“
B B ) l [
F 61;3 — Fy =5 = Ci(a) i = 0, (2.15)

arising from the identity d? = 0, actually turn out to be sufficient in this case.

15



Corollary 2.13 (Cartan). Suppose that real analytic functions C’;k = —C,ij on R?
and F on R® are given satisfying (2.14)-(2.15). Then, for any uy € R® there exists
an augmented coframing (w, a) on an open neighborhood V' of 0 in R™ that satisfies
(2.12) and has a(0) = ug. Moreover, any two such augmented coframings satisfying
(2.12) and have a(0) = ug agree in a neighborhood of 0 € R™, up to a diffeomorphism

of R™ which fixes the origin.

It turns out that the assumption of real analyticity is not required for this corol-

lary to hold. See Theorem 2 in [Bry14] for more.
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3

Structure Equations and Problem Setup

In this chapter, we apply the method of the moving frame to minimal Lagrangian

submanifolds in CP?.
3.1 The Structure Equations

Index Convention: In this section, and for the remainder of this thesis, we shall
follow the index convention: 0 < a,b,c < 3, and 1 < 1,7,k < 3, together with the

Einstein summation convention for these index ranges.

3.1.1 CP? as a Homogeneous Space

Complex projective 3-space CP? is defined to be the set of one-dimensional linear
subspaces of C*. It can also be defined as the orbit space of the diagonal action of

C* (the nonzero complex numbers) on the nonzero vectors in C*:

CP® = (C* — {0})/C*.

17



Let (20, 21, 22, 23) be a nonzero vector in C*. We will write [z] to denote the pro-
jectivization of z and shall sometimes write [z] in homogeneous coordinates |z] =
t[zo D21t 2ot 23]

The matrix group SU(4) is defined to be the set of 4 x 4 complex matrices A
satisfying det A = 1 and "AA=A'A=1 , i.e. the columns of A constitute a special

unitary basis of C*. There is an obvious left action of SU(4) on CP? given by
Alx] = [Ax]

for A e SU(4),[x] € CP®. Tt is easily seen that this action is transitive as follows: Let
[x0] = T1:0:0:0], and let [x] € CP?® be arbitrary. We can assume, without loss of
generality, that the representative x € C* has been rescaled so that it has unit norm
with respect to the standard inner product on C*. Let A be any matrix in SU(4)
which has x as its first column, which always exists since any unit vector in C* can

be completed to a special unitary basis. Then,
Alxo] = [Axo] = [x]

which shows that every point in CP? lies in the orbit of [x], so CP? is an homoge-
neous SU(4)-space.

We compute now the isotropy subgroup of the point [xo] = t[1 :0:0:0] € CP?.
For A = [a’] € SU(4), we have

3 4

Alxo] = t[a% paf i :ai

so A stabilizes [xo] if and only if al # 0 and a3 = a} = a] = 0. Using the fact that
det A=1and '‘AA = A"A = I, we see that A must be of the form

(detB)™ 0 0 0

0 B ’
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where B is a 3 x 3 complex matrix satisfying ‘BB = B 'B = I, so that Hy, =~ U(3).
We have therefore shown

CP? =~ SU(4)/ U(3). (3.1)

Moreover, defining the projection map 7 : SU(4) — CP? by 7([eg, €1, €2, e3]) = [eo],

gives SU(4) the structure of a right principal U(3)-bundle over CP?.
3.1.2  Moving Frames for CP?

As described in Section 2.2.2, in order to interpret SU(4) as the frame bundle of
CP? =~ SU(4)/ U(3), we must first choose a complementary subspace to u(3) < su(4)

and then specify a reference basis.

The Lie algebra su(4) of SU(4) consists of all 4 x 4 traceless, skew-hermitian

matrices, so the Maurer-Cartan form of SU(4) takes the form

w=g 'dg = 2 2 2 2 (32)

where the wy are left-invariant complex-valued 1-forms on SU(4) and satisfy

3
Wi+ @8 =0, ngz().
a=0

Rearranging the above equation gives dg = gw, which gives the following equations:

[deo de; desy deg]:[eo e e 63] w2 T I (3.3)

or

de, = ey’ (3.4)

a
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Furthermore, the Maurer-Cartan equation for matrix groups, dw = —waw, give the

additional structure equations
dwy = —wd A wy. (3.5)

We saw above that the isotropy subgroup of the choice of origin x¢ = t[1 :0:0:0]€
CP*® was the copy of U(3) in SU(4) of the form

(detB)™ 0 0 0
0
0 B
0

Hy, = | BeU(3) (3.6)

so the associated subalgebra u(3) < su(3) is

—tra 0 0 O
0

0 a
0

u(3) = laeu(3) ;. (3.7)

Let n be the complementary subspace to u(3) given by

0 —-z1 —Z» —Zz3
n> 2 8 8 8 | Z e C3 (3.8)
zz 0 0 0
which gives the direct sum decomposition
su(4) =u(3)®n (3.9)
0 -2

along with the identification of n with C3 by [ ] — 7. Taking (E, By, E3)

Z 0
as a reference basis (appropriately identified as above), where F; is the ith standard

basis vector of C3, then at a point g = [e,] € SU(4) the map dnr,(E1, Fs, E3) gives
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a frame of T[eO]CIP’g. The Maurer-Cartan form w of su(4) splits into components

W = Wy(3) + Wy, and we see from (3.2) that
Wy = wé ® E;

so the wj are m-semibasic. In fact, the forms w},w?,ws give a unitary basis of the
pullbacks of the complex linear (1,0)-forms on CP?, and it is easy to check that the
Hermitian form h defined by

h = wiwi (3.10)

is invariant under the action of U(3), so it descends to a well-defined tensor on CP?.
In fact, if hpg is the Fubini-Study metric on CP?, with associated Kéhler form €,

then their pullbacks to SU(4) are
7™ (hps) = Wi (3.11)

and
7*(Q) = Twi A W), (3.12)
respectively.

If we set 6% = (w) — diw), then the structure equations (3.5) yield
dwy = =07 » W} (3.13)

d&;', = —9}; A 9;’? + wé A w{) + 5;@’3 A w’g (3.14)

which shows that the 93- give connection forms relative to the unitary coframe w}, and
the associated Kéhler metric (3.11) has constant holomorphic sectional curvature 4.

Decomposing the w;- into real and imaginary parts and using the above relations,

we can rewrite w as follows

—i(f11 + a2 + B33) —wi+im  —we 4 ine  —ws+ins

_ wy +1 1 a9 +1 aqs +1
w=gldg = 1 '771 /311' 12 P2 13 .513 (3.15)
Wy + 172 —aqg + 1S9 1322 Qo3 + 1023
w3 + 113 —ai3 + 1813 —aos + 1623 1333
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where w;, m;, o, Bi; are all real-valued 1-forms and o;; = —ay;, 8i; = Bji. In terms of

these components, we have the first structure equations:
dwl- = —Qy; AWj + (5” tl"ﬁ + B’L]) AT (316)

dn; = — (035 tr B + Bij) rwj — aij am; (3.17)

and the second structure equations
dag; = = n Qg + Bt~ Brj + Wi awj +1; A (3.18)

dﬁij = —QGk A ﬁkj — ﬁzk AQj — Wi AT + nj A Wj. (319)

In terms of these forms, the underlying Kéhler form is (omitting pullbacks)

3.2 Frame Adaptations and the Second Fundamental Form

Let (N, J,g,Q) be a Kédhler manifold of real dimension 2n, where (J, g,2) are the
compatible complex, Riemannian, and symplectic structures. An n-dimensional sub-
manifold f: L™ — N is called Lagrangian if f*(2) = 0.

Suppose f : L? — CP? is a Lagrangian submanifold of CP?®. Our goal is to
construct a moving frame along f, i.e., a lift F': L — SU(4), that incorporates the

geometry of the submanifold L and so takes values in a proper subbundle of SU(4).

Definition 3.1. A smooth map F = [eg,e1,eqs,e3] : U < L — SU(4) is called a

moving frame of order zero along f if
moF =le)] = feLcSU®4).

Again, a moving frame along f is nothing but a section of the U(3)-principal bundle

F1SU®4) — L.

Since L is Lagrangian, we have 0 = f*(Q) = (7o F)*(Q) = F*(7*(12)), where Q
is the Kéhler form on CP?. In terms of the real and imaginary components of the
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Maurer-Cartan form (3.20), this is equivalent to

A e %/ Y
0=F (§WOAWO)=F ((.U)/\F (7’]) (321)

Our first frame adaptation comes from considering only those frames for which 7° = 0.

Such a frame will be called L-adapted.

Proposition 3.2. Given a Lagrangian submanifold f : L? — CP?3, there exists a

moving frame F : L3 — SU(4) for which F*(n*) = 0.

Proof. Consider the Maurer-Cartan form w on SU(4). Fix some a point g, € SU(4).
We have wn|go = (W, wd,wd) : T,,SU(4) — C3. Since L is Lagrangian, the image
of w, is a Lagrangian 3-plane in C3. Moreover, the U(3)-action on SU(4) induces

an action of U(3) on the image of wn‘go. Since the action of U(3) is transitive on

the space of Lagrangian 3-planes in C3, there is some a € U(3) for which w“|goa =

(wg,wd, ws) = R?, which is equivalent to n* = 0. O

Proposition 3.3. Let F,F : U ¢ L — SU(4) be two L-adapted frames. Then
F = Fh where h is a smooth map from U to SO(3). In particular, the bundle of

L-adapted frames is a principal SO(3)-bundle.

Proof. Any two frames F, F over L are related by F = Fh for some smooth map
h:U — U(3)

h— l(detoa)_l 2] Laeu(@).

Their respective Maurer-Cartan forms, w, @ are related by
© = (Fh)"'d(Fh) = h"'F~'dFh + h™'dh = h™'wh + h™'dh.

Relative to the splitting of the Lie algebra su(4) = u(3) @ n given in (3.9), we see

that since h~'dh is u(3)-valued, the n-valued components of the Maurer-Cartan forms
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transform as

On = htwyh.

. . . t .
In particular, if we write wy = (W}, w, wp), then the transformation rule becomes
Qo = det(a) ta " wp.

Suppose now that F' is L-adapted so that Wy = wy is real. Then, the condition
that F also be L-adapted, &y = @y becomes det(a)~'a '@, = det(a)'a"'wy, which
reduces to

det(‘aa) ‘aa = I.

We see then that, in particular, if a takes values in SO(3) < U(3) then L-adaptation

will be preserved. O

We can therefore reduce the U(3) bundle f~! SU(4) — L to the SO(3) bundle of
L-adapted frames, which we shall denote 7 : B, — L < CP?. Since, by definition,

n; = 0 holds for such frames, the structure equations (3.17) imply

0= d’f]z = —((51] tI‘B + BZ]) AWj, (322)

and, since the w; remain linearly independent on L, Cartan’s Lemma implies the

existence of functions h;;r, = hix; = hjir on By, so that
(045 tr B+ Bij) = hijrw. (3.23)
The second fundamental form of L can then be written
I = hyjpwiw;. (3.24)

If we take the trace of the second fundamental form with respect to the induced first

fundamental form [ = w; o w; we see that that L is minimal if and only if

higr, = 0
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for each 1 <7 < 3.
We can repackage the information contained in the second fundamental form in

the symmetric, traceless, cubic form
C = hijk wiijk (325)

which is well-defined on L. We shall call C' the fundamental cubic of the minimal
Lagrangian submanifold L. When L is minimal, it can be easily checked that the

equations (3.23) reduce to

Bij = hijewy
where hiji, = hik; = hjir and hig, = 0 for each 1 <@ < 3.
3.2.1  Summary

Here, we collect the relevant constructions and structure equations for L-adapted
frames. Let L? = CP? be a minimal Lagrangian submanifold. The L-adapted frame

bundle 7 : B, < SU(4) — L is an SO(3)-bundle with su(4)-valued Maurer-Cartan

form
0 —Ww1 —W2 —Wws
~1 w1 1811 aip +if12 g3 +ifi3
w = dg = . . . 3.26
g% wy —ong + P12 1322 Qg3 + 193 ( )
w3 —aiz +ifi3 —ao3 + 163 1333
where o;; = —aj;, Bij = Bji, 2, B = 0, and moreover, there exists functions h;j, =
hikj = hjik7 hzkk =0 on BL, so that
Bij = hijkwk. (327)
The Maurer-Cartan equation dw = —waw, plus the symmetries of the h;j, give the
first structure equations
dwi = —O4; AWj (328)

25



and the second structure equations
dogy = =g n g + B » Brj + wi A wj (3.29)
dBij = =k » Brj — Bik » Qs (3.30)

3.2.2 A Bonnet-type Result

Let (L, g,C) be a Riemannian 3-manifold with metric g and symmetric cubic form C
that is traceless with respect to g. A natural question is to ask whether it is possible
to isometrically embed L into CP? as a minimal Lagrangian submanifold. It turns out
that the structure equations (3.29)-(3.30) give necessary and sufficient conditions for
such an embedding to exist, unique up to rigid motions. This is similar to Bonnet’s
theorem, which gives necessary and sufficient conditions for the existence of isometric
embeddings of surfaces in R? with prescribed first and second fundamental forms.

Let wy,wsy, w3 be a g-orthonormal coframing on some local neighborhood U < L.
By the fundamental theorem of Riemannian geometry there exist unique 1-forms
a;j = —ay; for which

dwi = —04; AWj. (331)

Relative to this this coframing, we can write C' = h;;pw;wjwy, for functions h;j;, on L

satisfying hijk = hikj = hjika hzkk = O, and define 61']' = Bji = hijkwk.

Theorem 3.4. Suppose the forms w;, o;;, 8;; satisfy (3.29)-(3.30), then there locally
exists an isometric immersion of L into CP® as a minimal Lagrangian submanifold

with C as its fundamental cubic. This immersion is unique up to rigid motion by an

element of SU(4).

Proof. Let w;, aj, Bij = hijrwy be defined as above, and suppose (3.28)-(3.30) are
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satisfied. Construct the su(4)-valued 1-form

0 ‘—wl —w? —w?
0=l cantine i meim| G
ws —aiz +if13 —aos + 1053 1033
[
The equations (3.28)-(3.30) imply the Maurer-Cartan equation dip = —ipat)

holds, so by Theorem 2.3 there locally exists a map F' : U — SU(4), unique up
to rigid motion, so that ¢y = F*(w), where w is the Maurer-Cartan form of SU(4).
Then, the composition f : 7o F : U — CP?, where 7 : SU(4) — CP? is the projec-
tion, gives an isometric embedding of U < L as a minimal Lagrangian submanifold

of CP3.
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4

Second-Order Families

4.1 Classification of SO(3)-Stabilizer Types

In the previous chapter, we showed that, given a Lagrangian submanifold f : L —
CP?, we can construct the SO(3)-bundle of L-adapted frames 7 : By, < f~!SU(4) —
L on which n; = 0 and 3;; = hjjrwy for traceless, symmetric functions h;j;, defined on
By,. Further, the second fundamental form of L gives rise to the traceless, symmetric
fundamental cubic C' = h;jpw;w;wy. Note that the forms w; and coefficients h;;, both
depend on the particular frame g € By, on which SO(3) acts transitively on the
fibers. Since the coefficients are symmetric and traceless, we can view C' as taking
values in H3(R?), the space of degree 3 homogeneous, harmonic polynomials in 3
variables.

The space H3(R3) is an irreducible SO(3)-module, where the action is given by

(A-Nx) = f(xA)

where A € SO(3), f € H3(R?), and x = (z,y,2) € R>. We wish to study those
minimal Lagrangians whose fundamental cubics have nontrivial SO(3)-stabilizers.
Bryant [Bry00] gives the following classification of such cubics:
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Proposition 4.1. The SO(3)-stabilizer of h € H3(R?) is nontrivial if and only if &

lies in the SO(3)-orbit of exactly one of the following polynomials
1. 0 € H3(R?), whose stabilizer is SO(3).
2. rz(22% — 3y? — 322%) for some r > 0, whose stabilizer is SO(2).
3. 6szyz, for some s > 0, whose stabilizer is Ay < SO(3).
4. s(y* — 3yz?) for some s > 0, whose stabilizer is S3 = SO(3).

5. rx(2x® — 3y* — 32%) + 6szyz, for some r, s > 0 such that r # s, whose stabilizer

6. ro(22% — 3y? — 32%) + s(y® — 3yz?), for some r, s > 0 satisfying s # 7v/2, whose
stabilizer is Zz < SO(3).

We now apply the method of moving frames along with exterior differential systems
techniques, to analyze the local existence and generality of minimal Lagrangians in
CP? whose fundamental cubic at each point has one of the non-trivial symmetries
listed above. Once local existence is established, we analyze the structure equations
further in an attempt to gain more insight into the nature of these examples. In our
analysis of the structure equations, most computations were done using the computer

algebra software MAPLE in a manner analogous to the techniques used in [Bry00].
4.2 SO(2)-stabilizer

Theorem 4.2. Minimal Lagrangian submanifolds L < CP?® whose cubic form has

an SO(2) symmetry at each point exist locally, and depend on two constants.

Proof. Let L ¢ CP? be a minimal Lagrangian submanifold whose fundamental cubic

has an SO(2)-symmetry at every point. By Proposition 4.1, there is a positive real-
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analytic funciton r : L — R* such that the equation
C = rw (2w — 3ws — 3w3) (4.1)

defines a SO(2)-subbundle B; = By, of the L-adapted frame bundle B, < SU(4) — L.

On the subbundle By, we have

511 512 513 2rw;  —rwy —Tws
Ba1 Paz Pas| = |—rw2 —rwr 0 |. (4.2)
531 532 533 —Trws 0 —Trwi

Since By is a SO(2)-bundle, the connection forms ays and as; are semibasic, so they

can be written

12 = t31w1 + T32w2 + T33W3

(4.3)
a1 = to1wy + loows + tazws
for functions ¢;; on B;. Moreover, there exists functions r; on B; so that
dr = riwy + rowy + T3W3. (4.4)
Substituting (4.2), (4.3), and (4.4) into the structure equations
dBij = —u » Brj — Bik » Qi (4.5)
and using the identities dw; = —a;; w; leads to polynomial equations in these vari-
ables, which can be solved, yielding
Q31 = tw;g
19 = —tCUQ (46)
dr = —4rtw,.
The relations dOéij = —QpAQ; + ﬁik/\ﬂkj + Wi Ay 1mply
dt = (3r* — % — 1w, (4.7)
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In summary, given a minimal Lagrangian L < CP? with fundamental cubic (4.1), the
subbundle By — L is an SO(2) bundle with augmented coframing wy, ws, w3, g =

—a39 with primary invariants r, ¢ satisfying the structure equations

dw; =0 (4.8)
dws = —Qia3 A W3 + Wy A Wy (4.9)
dws = —i30 A We — tws A Wy (4.10)
dags = (r? + 1% 4+ 1wy A w3 (4.11)
dr = —4rtw; (4.12)
dt = (3r® — % — 1)w;. (4.13)

Since d?> = 0 holds identically for all of these quantities, and there are no free
derivatives, the existence of such coframings is guaranteed by Corollary 2.13. Thus,
for any two constants 7, ¢, there exists an open neighborhood U of 0 € R* on which
there exists four linearly independent one forms w1, ws, w3, g and functions r, ¢ that

satisfy the structure equations (4.8) - (4.13) as well as

r0) =7,  t0) =1

These functions and forms are real-analytic and unique in a neighborhood of 0 up to

real-analytic diffeomorphisms fixing the origin. We see that such minimal Lagrangian

germs depend on two constants in the sense of exterior differential systems.
Conversely, given such (w;,7,t) on a 3-manifold L, one can define a;; = —ay; by

the first two equations in (4.6), 5;; = B; by (4.2), and construct the su(4)-valued

1-form
0 —Ww1 —W2 —Wws
w 1 o 1 a 1
% = 1 1 12.+ B2 13 T+ '513 _ (4.14)
we —og + 1619 1322 Qo3 + 123
wg —ag +if13 —aos + 1623 1333
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The Maurer-Cartan equation diy = —1 1) holds, and so by Theorem 2.3, there exists
(at least locally) an immersion, unique up to an element of SU(4), of L into CP? as

a minimal Lagrangian with fundamental cubic (4.1). O
4.2.1 Integrating the Structure Equations

We should note that this case has been analyzed by other authors in [DLO05] where
they study minimal Lagrangians in complex n-dimensional space forms, whose cubic
form has an SO(n—1) symmetry. Their existence results agree with ours, and they
show that these examples are, in fact, complete.

We were not able to fully integrate this case, but can make the following obser-
vations about the solutions.

We begin by observing that the equations (4.12)-(4.13) imply that if (r,t) =

(\/ig, 0) at any point then the structure equations reduce to

dwl =0
da}2 = —@(23 A W3
d(JJ3 = —@(32 A Wa
(4.15)
dOéQg = %UJQ A W3
dr =0
dt = 0.

So (r,t) = (\%,O) on the entire solution, and since the coefficients appearing
in (4.15) are all constants these examples are homogeneous. If we assume (r,t) #

(\%, 0), then the structure equations imply that

_ dr _ dt
et 32 —t2—1

wy (4.16)
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so that (3r? — ¢? — 1)dr + 4rtdt = 0, which can be integrated to obtain

PP+ 1

7 K

for some positive constant K. If we let » = s2, the equation above becomes
s'+t*+1=Ks. (4.17)

Thus, the image of the map (s, t) : B3 — R? on any solution for which (r,t) # (\%, 0)
is an algebraic curve.

Furthermore, the equation dw; = 0 implies that the EDS given by Z = {w;} is
integrable, so gives rise to a foliation of L whose leaves are 2-dimensional. On the

leaves of this foliation, the structure equations for (wq,ws, aie3) become

dws = —ip3 Aw3 mod wy (4.18)
dws = —39 Awy mod wy (4.19)
dogs = (r* + 12 + 1wy ~ws  mod wy. (4.20)

Setting & = +/sw; for i = 2,3, and using the fact that 72 + ¢ + 1 = K, these can

be rewritten as

dés = —a3 A &3 (4.21)
d€3 = —(32 A 52 (422)
da23 = KSQ A 53 (423)

which are the structure equations for a surface of constant Gauss curvature K with
metric g = £ + &2 and connection form amg. Thus, the metric g = w? + w3 + w3 on

L can be written as a warped product on R x S?

g=wi+ (& + &) (4.24)
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4.3 Ay-stabilizer

Theorem 4.3. Up to rigid motion, there is exactly one Minimal Lagrangian sub-

manifolds L ¢ CP? whose fundamental cubic has an A, symmetry.

Note that in the corresponding case for special Lagrangian 3-folds in C* whose

cubics have A4 symmetry, Bryant [Bry00] shows that no such examples can exist.

Proof. Let L ¢ CP? be a minimal Lagrangian submanifold whose fundamental cubic
has an Aj-symmetry at every point. We assume, without loss of generality, that
C' is nowhere vanishing on L. By Proposition 4.1, there is a positive real-analytic

function r : L — R* such that the equation
C = 6rwiwows (4.25)

defines an Ay-subbundle By < By, of the L-adapted frame bundle B, < SU(4) — L.
On the subbundle By, we have

Bin Pz Pz 0 71wy 1wy
Bor Baa Baz| = |rws 0 71w, (4.26)
P31 P32 Ps3 rwy rw; 0

Since By is an Ay-bundle, the relations oy = a3; = a3 = 0 mod {ws,ws,ws} hold,

so can be written

Q12 = lg1wy + t3ows + tazws
a1 = ta1wy + logws + tasws (4.27)
Qo3 = t11wy + liows + t13ws
for some functions ¢;; on By. Furthermore, there exists functions r; on By so that
dr = riwy + rows + r3ws (4.28)
Substituting (4.26), (4.27), and (4.28) into the structure equations

dBij = =ik » Brj — Bir » kg (4.29)
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and using the identities dw; = —o;;aw; leads to polynomial equations in the t;;,7;,

which since we are assuming r > 0, can be solved to get
Qi = 0 dr = 0, (430)

in particular,  must be constant. Substituting (4.26) and (4.30) into the structure
equations

daij = — Q4 A Ol + 62]4: A Bkj + W; A Wi (431)
leads to the equation
r?—1=0. (4.32)
Since r > 0 by assumption, we get exactly one solution for which r = 1.
4.3.1 Integrating the Structure Equations

Let’s summarize what the analysis above showed. For a minimal Lagrangian f : L —
CP? whose fundamental cubic C has an As-stabilizer, we were able to construct a

3-dimensional subbundle B; < By, on which
C = 6&)1&)2&)3 (433)

holds with a coframing (wy,ws,ws) satisfying dw; = 0. Note that the structure

equations dw; = 0 imply there locally exists functions 6; on B, so that

Our goal is to try to integrate these structure equations to explicitly describe the lift

F:L — By c By, of the map f : L — CP? so that the following diagram commutes.

BQCSU

/l

A RN g)
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Given such a lift, we can write su(4)-valued Maurer-Cartan form on B, in terms of

the functions 6; in (4.34) as

0 —db, —dfy —dbs

_1 . d91 0 1d03 1d92

FdE =10, e, 0 ide, (4.35)
oy idfy id6, 0

We note that the Maurer-Cartan form takes values in the 3-dimensional abelian Lie

subalgebra g, < su(4) with basis
0 -1
Ay

- 9 AQ

0
0
0
i

o O =
o O O
O = OO

so that

o= O O
- O O O

o O O

_— o O O

o = OO

S O = O

o O O

(4.36)

W = A1d01 + A2d92 + A3d03.

Our strategy is to write F' as a product F' = F|FyF3 where F; is a function of 6;
satisfying F, 'dF; = A;df;, so that

FYF = F['dFy, + FyNdE, + Fy YdF; = w.

Exponentiating the A;, we find

cos(#y) —sin(6,) 0 0
| sin(61)  cos(61) 0 0
b= 0 0 cos(f;) isin(6,) (4.37)
| 0 0 isin(6,) cos(61) |
[ cos(6) 0 — sin(fy) 0
B 0 cos(6) 0 isin(6y)
b= sin(6s) 0 cos(6,) 0 (4.38)
| 0 isin(fs) 0 cos(6) |
[ cos(03) 0 0 — sin(6s) |
B 0 cos(f3) isin(fs) 0
Fs = 0 isin(f3) cos(f3) 0 (4.39)
| sin(03) 0 0 cos(6s)
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Their product, F(0y,605,05) = F1(01)F5(02)F5(65), takes values in a 3-dimensional
abelian subgroup of SU(4), and so is a maximal torus. The full expression for F' is
cumbersome, and not too enlightening, so we omit it here. The minimal Lagrangian
submanifold of CP? it induces is given by the composition f = 7o F, which recall
is the projectivization of the first column of F. In homogeneous coordinates, we

compute
ei(01+92+93) 4 ei(91792793) + 61(791+92793) 4 61(791792+93)
_1(61(914-924-93) 4 61(91—92—93) _ ei(—91+02—93) _ ei(—91—92+93))

f(01,04,05) = . . . . . (4.40)
_i<€1(91+92+93) _ 61(91—92—03) + 61(—91+92—93) _ el(—91—02+93))

_1(61(91+92+93) _ 61(91*92*93) _ ei(*91+92*93) + ei(*91*92+93))

4.4 Ss-Stabilizer

Theorem 4.4. Minimal Lagrangian submanifolds L. © CP? whose fundamental cubic

form has an S5 symmetry exist locally and depend on 4 functions of 1 variable.

Proof. Suppose L « CP? is a minimal Lagrangian submanifold whose fundamental
cubic has a S3-stabilizer at every point. We assume, without loss of generality, that
C' is nowhere vanishing on L. By Proposition 4.1, there is a positive real-analytic

function s : L — R™ such that the equation
C = s(wd — 3wyw?) (4.41)

defines a S3-subbundle B3 < By, of the L-adapted frame bundle B, < SU(4) — L.

On this subbundle, we have

B Bz Pz 0 O 0
Bor P Pas | = |0 swas —sws|. (4.42)
P31 P32 Ps3 0 —sws —swsy
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Since Bj is an S3-bundle, the relations a2 = a3; = a3 = 0 mod {w;,ws,ws} hold,
so can be written

g = l31w1 + T32we + T33W3
31 = t210.)1 + t22¢d2 + t23(JJ3 (443)

Qo3 = T11w1 + T1owe + T13ws
for some functions t;; on Bs. Further, there exists functions sy, s9, s3 on Bz so that
ds = s;w;. (4.44)

Substituting (4.42), (4.43), and (4.44) into the structure equations

dﬁij = —Q4k A ﬁkj — Bik A A4 (4-45)

and using the identities dw; = —a;; w; leads to polynomial equations in the 5, s;,

which can be solved, leading to relations

Q9 = 3tiwy — 3uws (4.46)
az; = —3ujwy — 3tws (4.47)
Qg3 = UwW] — taws + tows (4.48)
ds = 3s(tiwy + taws + t3ws) (4.49)

where we have renamed the functions ¢;; for simplicity of notation. The relations

dag; = —Qug n Qg + Bits & Brj + Wi nw; (4.50)

give polynomial relations on the exterior derivatives of the quantities u., t1, t9, t3, and

lead to expressions of the form

duy = 6tjuiwy + rewy + T3ws (4.51)
dt; = (% + 3t3 — 3u?) Wy + 3wy — TaWws (4.52)
dty = (3titz + 2tzur + r3)wr + (v — p2) ws + (—3tur + p3)ws (4.53)
dtz = (3tits — 2tour — ro)wi + (31w + p3lwz + (v + p2) wy (4.54)
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where

v=—5+ 3]+ 15+ 165+ Luf + (4.55)

1
2
and po, p3, 12,73 are functions on Bjz. In the language of Section 2.3, B3 — L is
an S3 bundle on which wy, ws, w3 constitute an augmented coframing satisfying the

structure equations

dwi = —Ujwa A W3 (4.56)
dwy = —311W1 A Wy — 2U1Ws A W + LWy A Ws (4.57)
dws = —2Uiwy A Wy + 3t1ws A Wy — taws A W3 (4-58)

with primary invariants (s, uq, t1, te, t3) satisfying the structure equations (4.49) and
(4.51)-(4.54) where (pa, p3,72,73) are the free derivatives. It is easy to check that
the relations on the covariant derivatives of the free derivatives arising from ensuring
d*> = 0 is an identity are solvable (so that (2.10) is satisfied). We only need to check
the tableau of free derivatives for involutivity.

At a point (u,v) € R® x R?, the tableau of free derivatives for (s, uy, t1, to, t3) with

respect to (pg, p3, 72, 73) is the vector subspace A(u,v) = Hom(R?, R®) given by

0 0 0
0 T3 Ta

A(u,v) 0 x4 —x3| |2, 20,23,04€R . (4.59)
Ty —T1 T2

The tableau is 4-dimensional and does not depend depend on the point (u,v) €
R® x R*. Moreover, it is involutive with Cartan characters (sg, 51, 89, 53) = (5,4, 0,0).
Thus the hypotheses of Theorem 2.12 are satisfied, which shows such augmented
coframings exist and depend on 4 functions of 1 variable in the sense of exterior

differential systems.
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4.4.1 Integrating the Structure Equations

We begin by noting that the equations (4.57) and (4.58) imply that the differential
system {wy; = 0,ws = 0} is integrable, and so locally there is a submersion B3 — X,
where X is the leaf space of the distribution {ws = 0,ws = 0} and whose fibers are
the 1-dimensional leaves. The complex-valued 1-form ¢ = ws + iws is well-defined on

X, up to a multiple. In fact, the structure equations

d(WQ) _ —3twy 2uiwy + tzws — 2tows . Wo (4 60)
d(Wg) —2u1w1 — 2t3£d2 + 2t2603 —3t1w1 w3 ’ '

show that ¢ satisfies the equation
do = [=3tiwr — i(2uiwy — tswy + taws)] A @. (4.61)

Hence, ¢ gives a well-defined conformal structure on the leaf space X.
Consider now the function z = 3(uj —it;) on Bs. Note that the structure equations

(4.51) - (4.52) imply z satisfies the equation
dz = —i(1 — 2H)w; — 3(ry — irs) (wo + iws) (4.62)
so that in particular
dz = —i(1 — 2H)w; mod (wy + iws). (4.63)

Equation (4.63) tells us that that if z = +1 at any point on a leaf of {wy = 0,w3 = 0},
then it must equal that value on the entire leaf. While we have not been able
to integrate the structure equations generally for this case, we are able to show
that in the special case z = +1 the associated minimal Lagrangians correspond to
superminimal surfaces in the 1-dimensional quaternionic projective space HP' ~ S*
as analyzed by Bryant in [Bry82]. We consider only the case z = +1 below, as the

analysis of the z = —1 case is analogous.
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Special Case: z = +1

Index Convention: In this section, we use the following index ranges: 0 < a, b, ¢ <

47 1<Z7jak<37 1 <aaﬁ>7<2-

Theorem 4.5. Minimal Lagrangians I ¢ CP? whose fundamental cubic has an Sy
symmetry and satisfy z = +1 exist locally and depend on 2 functions of 1 variable.

These examples give rise to superminimal surfaces in HP' ~ S%.
Proof. Setting u; = i%, t, = 0, we see that the structure equations
0 = duy = 6tjuiwy + raws + r3ws
0=dt; = (% + Stf — 3u%) w1 + T3Wy — Taws
imply ro = r3 = 0. Hence, in this case we are reduced to an augmented coframing

w1, ws, w3 with primary invariants (s, ta, t3) and free derivatives (p, p3) satisfying the

structure equations

dwl = $%W2 A W3
dwy = F2 +t
2 = +3U1W3 AW 3W2 A W3
dws = F2 —t
3 = +3UIW1 A W2 2W2 A W3
ds = 3s(taws + tsws)

dty = +2t3w1 + (v — p2) w2 + Psws
dts = F3towr + psws + (0 + pa) ws
where
v=—s+ 15+ 25 + 5. (4.64)
The associated tableau of free derivatives can easily be shown to be involutive with

Cartan characters (s, s1, $2,83) = (3,2,0,0). O

The examples in this case all give rise to superminimal surfaces in S*, which
is isometric to HP', projective quaternionic 1-space. In [Bry82], Bryant shows a
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correspondence between superminimal surfaces in HP' and holomorphic curves in
CP? which are horizontal with respect to the twistor map T : CP?* — HP', which
agrees with the function count proved above. To show that our examples do in fact
give rise to superminimal surfaces, we begin by reviewing the necessary moving frame
constructions for surfaces in HP' as developed in [Bry82].

Let H denote the non-commutative algebra of quaternions, whose elements have

a unique representation in the form ¢ = z; + jzo where z1, 20 € C and j € H satisfies
2=-1, zj=jz (4.65)

for all z € C. There is a natural inclusion of C into H, and we regard H as a complex
vector space, where C acts on the right. Moreover, we have the natural identification

H with C? given by 2 + jzo < (21, 22). Conjugation in H, is given by
q_ = 21 —jZQ. (466)

Let H? be the space of pairs t(ql,q2), go € H. It has the structure of a right

H-vector space, where the action is given by

t<q17 q2) P = t(lea Q2p) (467)

Since C < H, we can view H? =~ C* as complex vector spaces, where the identification
is given by

(ZO +jzl7z2 +J23) > <20721722723)- (468)

Just as in the complex case, we define the one dimensional quaternionic projective
space HP' as the set of one dimensional subspaces of H?. We denote the natural
projection which takes a nonzero vector v € H? to the quaternionic line spanned by
v by

v — [v]g € HP'.
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The compler line spanned by v also makes sense and, by the identification given
in (4.68), can be thought of as an element of CP*. The associated projection will
be denoted [v]c = CP?, and it is easy to see we have [v]c = [v]m. Thus the map
T : CP* — HP' defined by T([v]c) = [v]m is well defined, and the fiber 77! ([v]g)
consists of all complex lines in [v]g ~ C2, so is a copy of CP'. This describes the

twistor fibration of Penrose,

cp! —— Cp?

|r

HP*!

and T is called the twistor map.

The standard H-valued inner product on H?, {,) : H? x H? — H is defined by

(a1, a2), (p1,p2)) = @1p1 + Gop2 (4.69)

and satisfies the identities

(v, wqy = (v, w)q, m = (w,v), {(vq,w) = qgv,w). (4.70)

The real part Re (,) : H? x H?> — R gives the standard inner product on R® >~ H?
and so gives H? the structure of real 8-dimensional euclidean space 2.

The symplectic group Sp(2) is defined to be the isometry group of (H?,{,)):
Sp(2) = {A e GL(2,H) | "AA = I}. (4.71)

It is easy to see that H! is a homogeneous Sp(2)-space: Choosing the point [*(1,0)]g €
HP' as an ‘origin’, the isotropy subgroup H of this point is the group Sp(1) x Sp(1) ~
S3 x S3 (we can identify S® with the set of unit quaternions). Explicitly, H < Sp(2)

q1

0 ;] where ¢, € H satisfy ¢,q, = 1 for a = 1, 2.
2

consists of matrices of the form [
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This gives a description of Sp(2) as an S® x S% bundle over HP' =~ Sp(2)/(S® x S3):

S3 x 83 —— Sp(2)
lﬂH (4.72)
HP*!

This fibration also implies HP' is connected and simply connected.

Elements of Sp(2) can be though of as matrices A = [f},f;] whose H?-valued
columns f,, satisfy

(fa, f3) = dap,

where (,) is the quaternion Hermitian inner product on H? defined above. The
projection map 7y : Sp(2) — HP' is then given by 7y (f) = mx([fi, f2]) = [fi]u, the
quaternionic line spanned by the first column of A = [f}, f5] € Sp(2). We also have a
canonical map 7¢ : Sp(2) — CP? defined by m¢([fi, f2]) = [fi]c € CP?.

We now briefly review the theory of moving frames for surfaces in HP'. The Lie
algebra sp(2) consists of the 2 x 2 quaternion matrices X satisfying X+X=0 I

¢ is the sp(2)-valued Maurer-Cartan form of Sp(2) then it can be decomposed into

ol @)
¢= Lzs% cb%]

where the ¢§ are H-valued left-invariant 1-forms on Sp(2) and satisfy

components

5 + 02 = 0. (4.73)

Following the usual procedure for the method of moving frames, we have the structure

equations

df, = f5¢” (4.74)

and
dgg = —¢5 gbg. (4.75)
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The symmetries (4.73) imply we can decompose the ¢ as

1 Q%] _ [ipl +J¢1 —h —i—an]
[¢% o3| | m A+ ips+ o (4.76)

where pq, pg are real-valued 1-forms and wy,ws, ¢, and ¢9 are complex valued.

As a complementary subspace to the lie algebra of the stabilizer H ~ 53 x 5% in

i s

The splitting of ¢ = ¢y, + @, implies then that the ¢? = n; + jn, are semibasic and

sp(2), we take

the forms 1y, 71, n2, 2 are Ty semibasic, and pull back to a basis of T*HP! under any

moving frame. The structure equations (4.75) for these components take the form

Ui i(p1 — p2) 0 2 —1 7
m 0 i(p2 — p1) —¢1 P2 m
d = . A 4.77
12 —¢2 b1 i(p1 + p2) 0 12 (4.77)
N2 1 ) 0 —i(p1 + p2) 72
T
— g, | ™
2
P

and furthermore

U
<w+wAw222 NIRRT (4.78)

2
Since the symmetric tensor ds* = 4¢? o qb_% = 4(m o + mg o 72) is invariant
under change of frame, it descends to a well-defined metric on HP' which the above
computations show has constant curvature +1. Since HP! is connected and simply

connected, it is isometric to the unit 4-sphere S%.

Let X : M? — HP' ~ S* be an immersion of an oriented surface. Let Fy¥ < Sp(2)
be the pullback of the S x S% bundle 75 : Sp(2) — HP' along X. Local sections
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o:Uc M — FY% will be called zeroth order frames along X. The metric ds* on
HP' pulls back to give a metric X*(ds?) = X*(4(n0m +n207,)) on M, as well as a
compatible complex structure. We can reduce the bundle F% to the S* x S! bundle
F% = Sp(2) = M of first-order adapted frames which are defined by the conditions
that for any section F: U ¢ M — F% we have that F*(ny) = 0 and F*(n;) pulls
back to be a form of type (1,0) on M.

Since 1, = 0 holds on F%, the structure equation

dny = —@a Ay + @1 AT +i(p1 + p2) A 12 (4.79)
implies
0= —@aan + 1A

By Cartan’s Lemma, there exist functions A, By, By on F so that

(i;) - (1;342 —EA) (Zﬁ) (4.80)

As Bryant explains in [Bry82], it is easy to check that the immersion X : M — HP!

is minimal if and only A vanishes identically. In this case we have

¢1 = By, ¢2 = Bany,

and a minimal immersion is called superminimal with positive spin if ¢; = 0 and
superminimal with negative spin if ¢o = 0.

L t, = 0, recall that the structure equations

Returning now to the special case of u; = 3,

0= dU1 = 6t1U1W1 + Towsg + T3Wws (481)

0 =dty = (3 + 3t] — 3ul) wi + r3ws — rows (4.82)

imply 7o = r3 = 0. In this case, the su(4)-valued Maurer-Cartan form on Bj looks
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like

0 —wp —Ws —Wws
w 0 —w w
w=|"" s ) 2 . (4.83)
Wy  Ws 15wy Fwi — t3wg + (t2 —is)ws
w3 —Wo —%wl + t3wy — (tz + iS)Cdg —iswy

Now, consider the 2-plane Ey = eyre; — esnes. The structure equations de, = ebwg

show
d(Ez) = (GQWQ + 630.)3) A€l + €pn (620.)3 — echQ) (484)
— (—eowg —ejws + iSGQU)Q) A €3 — €9 A (—eowg + ejwy — iSGgWg)

~ 0. (4.85)

So the plane E, is fixed. It is easy to check that the Lie subalgebra of su(4) that

fixes the plane Fj5 is the 10-dimensional subalgebra

ia T —fz fg
—fl ia —fg i)

gE2 = - - 0 _z | a,bER,I1,$2,ZE3,ZE4EC
f3 —fg Ty —ib

For any such matrix, we can construct 2 x 2 quaternion matrix

[ia —jr1 —Ts + jmg]
A= : ) .
To+jrs  ib+ juy

which clearly satisfies ‘A + A = 0, and so is an element of sp(2).

Thus in the special case that u; = %, t; = 0, the Maurer-Cartan form w is actually
sp(2) < su(4)-valued and so any moving frame F' = [eg,e;,eq,e3] : U < L — Bs
takes values in an Sp(2) < SU(4). On Bj, we have the map ey : By — C* ~ HZ,

along with the two projections [ey]c € CP* and [eg]u = T o [eg]c € HP' ~ S*,
Bg - Sp
e
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The image of [eg]y : Sp(2) — HP' is a surface, and we claim that it is actually
superminimal. The sp(2)-valued Maurer-Cartan form (4.83) has the following form

when written as a 2 x 2 quaternion matrix:

o= | T et (4.86)
wo + Jws 1Swg + )T
where 7 = —%wl + tzws — (to + is)ws. Comparing this expression for that of the

Maurer-Cartan form for surfaces in HP' given in (4.76), we see that the first-order
adaptation condition, namely 7, = 0 is equivalent to ¢ = gb_% being purely complex.

We claim that we can achieve this by conjugation by an element of S® x S3. Consider

the 93 x S3-valued matrix Q = lg cO]] where ¢ = % — 1\;29'. Since ¢ satisfies qig = —]

and ¢jqg = i, and since the w; are real, we have

Q l —jw1 —Wy + JLU3:| @ _ |: —iw1 —wi + iCL)3 :|

Wwo + jws  iswe + T Wy + iws 1(—%w1 + taws — taws) — js(we + iws)
(4.87)

This is the Maurer-Cartan form of a first-order adapted frame for a surface in HP' ~
S%. Moreover, a component-wise comparison of this matrix and that found in (4.76)
gives

p1 = —w

P2 = (—%wl + t3wy — tows)

$p1=0

o = —S(wy + iws)

m = wo + iwg

ne = 0.

()= (% o) () 459
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so that in the notation of (4.80), we have A = B; = 0 and By = —s. In particular,
we have shown that the resulting surface By — Sp(2) — HP' is superminimal of
positive spin.

We expect to be able to show that the reverse construction is possible, i.e., given
a superminimal surface M < HP', we can recover a minimal Lagrangian L < HP"'.

This is part of our future work.
4.5 Zo-stabilizer

Theorem 4.6. Minimal Lagrangian submanifolds L — CP? whose fundamental cu-
bic has an Z, symmetry at every point exist locally, and depend on six constants.
These examples are foliated in codimension 1 by RIP?-sections, and these sections are

quadric surfaces in RP?.

Proof. Assume L ¢ CP? is a minimal Lagrangian submanifold whose fundamental
cubic has a Zs-stabilizer at every point. We assume, without loss of generality, that
C' is nowhere vanishing on L. By Proposition 4.1, there are positive real-analytic

functions r, s : L — R* with r # s such that the equation
C = rwi (2w} — 3w3 — 3w32) + 65w wWaws (4.89)

defines a Zs-subbundle B, < By, of the L-adapted frame bundle By, < SU(4) — L.

On this subbundle, we have

511 512 513 2rw; SWz — Wy SWa — TwWs3
Ba1 Paa oz | = | sws — rws —Twi Swq . (4.90)
531 532 533 SWy — T'wWs Swi —Twq

Furthermore, as By is an Zo-bundle, the relations a2 = agp = ag3 =0 mod {wy, ws, w3}
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hold on By, so the «;; can be written
Qg = t31w1 + t3aws + f33ws3
Q31 = t21(.d1 + tQQWQ + t23w3 (491)
Qa3 = t1w1 + traws + t13ws

for some functions ¢;; on By. Additionally, for ¢ = 1,2, 3 there exist functions r; and

s; on By so that

dr = rw;, ds = s;w;. (4.92)

Substituting (4.90), (4.91), and (4.92) into the structure equations

dBij = — ik » Brj — Bik ~ Quj (4.93)
together with the identities dw; = —ajaw; give the following relations
Qg = —Slzwy + 1liwy — Stiws
Qg1 = —Stowy + Stiwg — 1tiws

Qg3 = %(StQ — Ttg)WQ + %(Stg — Ttg)(,dg
dwl = 8153&)1 A Wo + StQW3 A W1
(4.94)
dwg = —rtlwl AWy — st1w3 AW+ %(T’tg - Stg)(x)g A W3
dwg = stlwl A Wo + Ttlwg AW+ %(TtQ — Stg)(x)g A W3

dr = 2t1(2r* + s%)w; + s(2rts + sty)wy — s(2rty + st3)ws

ds = s(6rtyw; + (rty + 2st3)we — (13 + 25ts)ws)

where, to avoid denominators and simplify notation, we have introduced the new

variables
ty = —ta3/r (4.95)
ty = —ta1/s (4.96)
ty = —t31/s. (4.97)
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There exist functions u;; on By so that

dty = upwy + Upwo + U3ws
dty = U w1 + Ugowsy + Uzws (498)

dts = uzjwy + Uzows + UzzwWs.
Substituting (4.94) and (4.98) into the identities
0 = d*(w;) = d*(r) = d*(s)

gives polynomial relations among the wu;;,r, s, and ¢;. These can be solved to give

the identities
dt; = (suy — 3r — 3rt?)w,
dtg = —3t1 (th — Stg)wl + (Uz — %T’t%) Wy + (U'g, + %Stg) Wws (499)

dtg = —3t1(7“t3 — st2)w1 — (U3 + gSt%) Wy — (UQ - %7‘12)2,) w3

where we have introduced new functions wuq,us,u3z to simplify the form of these

expressions. Upon substituting (4.94) and (4.99) into the identities
dOéij = —Qup A Qj + ﬁzk A Bkj + Wj A vy

we find

Uy = % (—27’15% + rt% — 3stats + Ttg) —Suy —r

(4.100)
Uz = % (28t% — st3 + 3rigts — st%) +ru; +s— %
Expanding the relations d?t; = 0 for i = 1,2, 3 gives the following expression for the

exterior derivative of u; in terms of known quantities

duy = — =2t [s*(—t] + 23+ 25— 1) + 2 + 37"3u1]w1
S

— (uy(rty + st3) — 3(t1 + 1) (st + 1t3)ws (4.101)
1

+ (ug(sty + rt3) — 3(t3 + 1)(rty + st3)ws.
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It is also easy to check that d(d(u;)) = 0 is an identity.

We therefore have arrived at the following: If L < CP? is a minimal Lagrangian
whose cubic form C has a Zs-stabilizer, we can construct a Zs-subbundle of SU(4)
over L on which we have a coframe w1, w9, w3 together with six functions r, s, ¢, to, t3, uy
satisfying the above structure equations. Since d? = 0 is an identity on all of these
quantities, Corollary 2.13 tells us that for any six constants 7, 5,1, ts, t3, 4 there
is an an open neighborhood of 0 € R3, endowed with three real-analytic linearly

independent 1-forms w; and real-analytic functions r, s, tq, s, t3, uy satisfying (4.94),

(4.99), (4.100), (4.101) as well as

and that these are unique up to real-analytic diffeomorphisms that fix 0.

Now, note that the equation
dwy = Stawi A wa + Stows A Wy (4102)

implies that the differential system {w; = 0} is integrable, so it gives rise to a foliation

of two-dimensional leaves that we shall call I'y. Modulo w;, the Maurer-Cartan form

reads
w =
0 0 —W9 —W3
0 ‘ 0 (t1 — 1) (rwg — sws)  (t1 —1)(rws — swo) mod w;
wy —(t1 +1)(rws — sws) 0 v
wy —(t; +1)(rws — swo) —y 0
(4.103)
where v = %(Stg —rt3)wg + %(st;; — rty)ws. The structure equations (4.94) imply

dtl =0 mod w1 , (4104)
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so t; is constant on the leaves of I';. Next, recall we have the C*-valued functions

e, : By — C* that satisfy the structure equations

b
de, = epw,

where wj are the components of the Maurer-Cartan form of SU(4) pulled back to
B,. Consider the 4-plane E’4 By — A]‘é{((j4 in the Grassmannian of real 4-planes in
C* given by
E,=eyresnezn(t; —i)e.
Examining the structure equations arising from the reduced Maurer-Cartan form
(4.103), along with (4.104), we see that
d(E,) =d(egreynegn(ty —i)er)

= (eqwy + €3w3) n€y ne3a (t; —i)eg

+ eg r (—eqwy + (t1 —1)er(rwy — sws) —e3y) nega (t —1i)e;

+ €p e (—eows + (t1 —1)(rws — swa)er + exy) A (t —1)ey

+egnregnesn(—(t2+ 1) (rwy — sws)es — (12 + 1)(rws — swsy)es)

=0 mod w;.

Thus, the 4-plane F, is constant along each leaf of I';. Furthermore, since Fy 1
iFy, we see that this 4-plane is actually a totally real’ 4-plane in C*. Thus, its
projectivization, which we shall denote [E4], is an RP3, thus these examples are
foliated in codimension 1 by RP?s.

Motivated by this, we see we can modify the vectors e, adapted to this 4-plane.

Let f, : By — C* be defined by

tp—1
fi = ———e 4.105
fo = €, f2 = €9, f3 = €3. (4106)

L A real k-plane F in C* is called totally real if does not contain any complex subspaces. That is,
if ve E then iv ¢ E.
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then, modulo wy, the f, satisfy the relations

d[fy £ £ £

0 —Ws —Wws
= [f fi £, f ] 0 0 \/ﬁ(m@ — sw3) \/ﬁ(ﬂﬂg — 5Wy)
v wy —A/B2 + 1(rwy — sws) 0 ~
w3 —A/t2 + 1(rws — swy) —y 0.

(4.107)
where, as before, v = %(StQ — rt3)ws + %(Stg — rta)ws. Note that the projection
into L given by [fy] = [eo] € CP? still makes sense and the reduced Maurer-Cartan
matrix in the right hand side in (4.107) is real and takes values in s0(4). The 4-plane
B, = fyafiafyAf5 is also real and differs from E4 only by a real scalar multiple.

We claim that, on each leaf of 'y, fy actually lies in a quadric hypersurface in
the 4-plane FE,. To see this, we look at the map f2 : Bs — Sym?(F,), which is
10-dimensional and has basis f,f, = f,f,. Using the structure equations (4.107) on

the components of the successive derivatives of £2, modulo wy, we find that these
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derivatives span a 9-dimensional subspace generated by the elements

X1 = fg
X9 = f0f2
X3 = f0f3

X4 = f22 + ’I"foflqlt% +1
= fgfg - Sf()fl/\/t% +1
Xg = f?? + Tfoflq/t% +1

X7 = Stgf()fl + f1f2

X

ot

Xg = —Stgfofl + f1f3

rt? — suy +r
X9:f2+( 1 1 )
1 2
211

The derivatives of each of the x, for p = 1...9 lie in the span of the x,. This
tells us that f2 lies in a hyperplane in Sym*(Ej), and so it must be annihilated by
some quadratic form Q € Sym?(E}). We see then that the image of fy = e; in the
real 4-plane E; = fyrfiAfo.f; is a quadric hypersurface and so the projectivization
[eo] € L lies in the RP? given by [E,] = [forfirfo+f3] and intersects [Ey4] in a quadric

surface. ]

These are the projective analogues of the examples of the Lawlor-Harvey exam-
ples of special Lagrangians in C3. In these examples, one starts with a compact
2-dimensional ellipsoid, or more generally, quadratic hypersurface in a Lagrangian
(but not special Lagrangian) 3-plane of C®. The special Lagrangian thickening of this
ellipsoid has the property that it is foliated in codimension 1 by 3-plane sections, and
these sections are ellipsoids. In [Bry00], Bryant showed that any special Lagrangian

3-fold L = C? whose cubic has an S5 symmetry are exactly the Lawlor-Harvey-Joyce
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examples.
4.6 Zs-stabilizer

Theorem 4.7. Minimal Lagrangian submanifolds . © CP? whose fundamental cubic
form has a Z3 symmetry at every point exist locally, and depend on 2 functions of 1

variable.

Proof. Assume L ¢ CP? is a minimal Lagrangian submanifold whose fundamental
cubic has a Zgs-stabilizer at every point. We assume, without loss of generality, that
C' is nowhere vanishing on L. By Proposition 4.1, there exist positive real-analytic

functions r, s : L — R* with 7 # s with s # rv/2, such that the equation
C = rwi(2w] — 3w3 — 3w3) + s(wh — 3wyw?) (4.108)

defines a Zs-subbundle Bs; < By, of the L-adapted frame bundle B, < SU(4) — L.

On this subbundle, we have

511 512 513 2rwy —TWw2 —Tws
Bor Paz Doz | = | —rw2 —Twi + swy —Sws . (4.109)
Bs1 P32 P33 —Tws —SW3 —TW1 — SWay

Since Bs is an Zg-bundle, the relations oy = a3; = ags = 0 mod {wy,ws, w3} hold

on Bs, so the a;; can be written

g = t31wy + 3wz + t33ws
31 = tglwl + tgg&)g + t23W3 (4110)

Qg = t11w1 + t1ows + Ti3ws

for some functions t;; on Bs., and there also exist, for 7 = 1,2, 3, functions r; and s;
on Bj so that
dr = r;w;, ds = s;w;. (4.111)
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Substituting (4.109), (4.110), and (4.111) into the structure equations

dBij = — ik » Brj — Bik ~ Quj
together with the identities dw; = —ay;~w; give
Q12 = —tiws
Q31 = tiws
Qg3 = —lawy — T3w3

so that the following relations hold

dw; =0

dwy = tiwy A Wy + tows A W3

dws = —tiws A wy + t3ws A W3
dr = —4rtyw;

ds = —5(t1w1 + 3t3&)2 - 3t2W3).

(4.112)

(4.113)

As usual, we have introduced the following new variables to simplify notation:

t1 = —t32
to = —t12
t3 = —t13.

There exist functions u;; on Bs so that

dtl = U11W1 + U12W2 + U13Ws
dtQ = U21W1 + U29W2 + U9o3W3
dt3 = U31W1 + UzoWs + Us3wWs.

Substituting (4.113) and (4.117) into the identities

0 = d*(w;) = d*(r) = d*(s)
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(4.114)
(4.115)

(4.116)

(4.117)



and solving the resulting polynomial equations in u,j, 7, s, and ¢; yields

dtl = (37’2 — t% — 1)(4.11
dtz = —tltz(.dl + Uowo + (Ug - ’U)w:), (4118)

dtg = —t1tswy + (U3 + U)(.UQ — UaW3.
where we have renamed the remaining w;; as us, us, and v is the quantity
v=s" -1+ +8+65+1). (4.119)

At this stage we have the following: A Zs bundle B5 — L endowed with a coframe
w1, ws, ws and functions s, r, t1, ta, t3, Uz, ug for which the structure equations (4.113)
and (4.118) hold. The functions s, 7,1, %, t3 are the primary invariants and ws, us
are the free derivatives of this augmented coframing. We do not show it here, but
it is easy to check that the equations on the covariant derivatives of the u; arising
from ensuring that d?t; = 0 be an identity are solvable. Further, the tableau of free

derivatives A(u,v) : R® x R? — Hom(R?, R?) is the subspace

00 O
00 0
A(u,v) = 00 O] |abeRy. (4.120)
0 a b
0 b —a

This tableau is 2-dimensional and is involutive, with Cartan characters (sg, s1, 2, 53) =

(5,2,0,0). Thus, solutions depend locally on 2 functions of 1 variable. O
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5

Conclusion

We have proven existence of families of minimal Lagrangian submanifolds of CP?
whose fundamental cubic is stabilized by any one of the following five possible sub-
groups of SO(3): SO(2), Ay, S3,Zs, Zs3. In certain cases, we were able to integrate the
resulting structure equations and produce explicit examples. Future work includes
fully integrating the remaining examples and also carrying out a similar analysis for

the negatively curved complex hyperbolic 3-space.
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