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Abstract

This thesis incorporates 4 years of work: it gives a small introduction to the field
of scattering amplitudes and especially into the method of generalized unitarity
then discuss 4 different projects all in the field of scattering amplitudes.

First we will look at a duality between correlation functions in a special light-
like limit and Wilson loops in N/ = 4 Super-Yang-Mills. The duality, originally
suggested by Alday, Eden, Korchemsky, Maldacena and Sokatchev, was part of an
effort to put a firmer footing on the duality between scattering amplitudes and
Wilson loops.

The duality between correlation functions and Wilson loops does not have any
regularization issues (like the other duality) as both have infrared divergences in the
specific limits considered. We show how the duality works vertex-by-vertex using
just Feynman rules. The method is sufficiently general to allow for extensions of the
original duality including operators not taking part in the special light-like limit,
other types of operators as well as other theories than A/ = 4 Super-Yang-Mills.

After that we look at how to use generalized unitarity for correlation functions
with some examples from N = 4 Super-Yang-Mills. For computations one needs
quantities known as form factors which have both asymptotic states like scattering
amplitudes and local operators like correlation functions. We compute several form
factors using modern methods from scattering amplitudes.

Thirdly, we study how to use generalized unitarity for two-dimensional inte-
grable systems. Two-dimensional systems have their own unique set of challenges
but generalized unitarity can be adapted to them and we show how one can carry
out tests of integrability which would otherwise be difficult.

Finally, we look at the 3-dimensional theory known as ABJ(M). Its tree-level
amplitudes can be incorporated into a single formula very reminiscent of a result
in N’ = 4 Super-Yang-Mills. Since the result from N = 4 Super-Yang-Mills follow
directly from a twistor string theory it is natural to guess that something similar
could be true for ABJ(M). We construct a twistor string theory that after a certain
set of projections give us the ABJ(M) formula.
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Chapter 1
Introduction

Scattering amplitudes represent the connection between theory and experiment.
Textbooks methods suggest they can be computed from Lagrangians via Feynman
rules: as such they can appear tedious to calculate and giving unilluminating
results that typically exhibit little structure. In this thesis we will look at scattering
amplitudes from a different approach: the amplitudes (and other perturbative
quantities) we will compute will often be simpler than similar results obtained via
Feynman rules and the methods for computing them will be simple as well.

Part of the simplicity will arise from the theories we choose to look at: N = 4
Super-Yang-Mills, ABJ(M) and integrable two-dimensional theories. These the-
ories have very large Lagrangians when written out in terms of components but
the theories have a lot of symmetries, some apparing already at the level of the
Lagrangian while others emerging dynamically. An example of the former is su-
persymmetry, an example of the latter is dual conformal symmetry - conformal
symmetry in momentum space.

The simplicity described will however not just be a result of convenient choices
of theories. Some of the methods described in chapters 2 and 3 can be applied to
more realistic theories (see for instance [13, 39]). We will also see in chapter 4 that

the duality is quite robust and can be extended to a lot of other theories.



1.1 A Duality Between Correlation Functions and Wil-

son Loops

In chapter 4 we discuss a duality between correlation functions in a special light-like
limit and polygonic Wilson loops. This relation emerged from an attempt to gain
a better understanding of the duality between scattering amplitudes and Wilson
loops. The duality is related to dual conformal symmetry as the dual conformal
symmetry of scattering amplitudes corresponds to the normal conformal symmetry
of Wilson loops.

The duality between scattering amplitudes and Wilson loops can be compli-
cated to handle because they have divergences in two different regimes so reg-
ularization breaks the duality so it was proposed to be part of a triality where
correlation in the special light-like limit is dual to both scattering amplitudes and
polygonic Wilson loops; these two extra dualities do not have regularization is-
sues as Wilson loops and correlation functions in the specific light-like limits have
divergences in the same regime and the duality between correlation function and
scattering amplitudes is at the level of the integrand meaning that no regularization
is necessary.

We show how the duality works in a way that allows for generalizations to
other theories, other dimensions and other operators appearing in the correlation

functions.

1.2 Generalized Unitarity and Correlation Functions

Generalized unitarity is a method that has been very successful in computing scat-
tering amplitudes and so it is natural to try to extend its use to other perturbative
quantities.

In chapter 5 we will discuss how to use generalized unitarity to compute cor-
relation functions. Some of the points will be general but all of the examples are
computed in N' = 4 Super-Yang-Mills. Even though correlation functions natu-
rally exist in real space while generalized unitarity is in momentum space we will
see that the method can be quite effective in fact most of the calculations are quite

similar to using generalized unitarity to compute scattering amplitudes only we



need to calculate an integral in real space in the end.

1.3 Generalized Unitarity for Integrable Systems

In chapter 6 we look at integrable systems. All scattering in the integrable systems
can be described in terms of the 2 goes to 2 worldsheet S-matrix and the worldsheet
S-matrix can also be used to write down the Bethe equations! so the worldsheet
S-matrix is an important object in integrable systems even if it is strictly speaking
not an observable.

Generalized unitarity is in a way a natural fit for two-dimensional integrable
systems because these theories have large Lagrangians that continue to infinite
order in the coupling constant while the S-matrices have compact expressions. The
two-dimensional kinematics is a challenge in the context of generalized unitarity
but nonetheless we show how to get useful results out of generalized unitarity with

simple tests of integrability.

1.4 Twistor String Theory for ABJ(M)

In chapter 7 we explore the tree-level scattering amplitudes of ABJ(M) and show
how they can be computed as a projection from a twistor string theory. It is natural
to expect such a string theory to be present as the tree-level amplitudes of ABJ(M)
can be written in a way very reminiscent of a formula in A/ = 4 Super-Yang-Mills
which follow more or less directly from the twistor string theories constructed by
Witten and Berkovits [53, 14].

The construction allows for modifications and it leads to the question whether
any of these modifications can be given an interpretation in terms of a Lagrangian
description of a theory. Another open question is whether the theory of the en-

larged twistor space can be given a meaning.

Lwhich in turn can be used to find the spectrum of the dual theory



Chapter 2
Random Facts about Scattering Am-

plitudes

Scattering Amplitudes serve as connections between theories and experiments:
computed from Lagrangians via Feynman rules and predicting probabilities for
the experiments to measure. However scattering amplitudes are interesting in
their own right having beautiful patterns and they may be computed from a lot
simpler methods than standard Feynman rules.

The modern methods for computing scattering amplitudes are in a way a con-
tinuation of the old S-matrix program however whereas the S-matrix program tried
to disregard Feynman rules entirely a lot of the modern methods rely on the exis-
tence of a Feynman diagram representation even though they avoid using Feynman
rules directly.

In this chapter we will discuss some of the features of scattering amplitudes
that we are going to need in later chapters. A lot of the calculations will focus
on N = 4 Super-Yang-Mills however many of the techniques may be applicable in
other theories as well. We will also only deal with massless particles though with

sufficient care massive states can also be incorporated.

2.1 Spinors and Color-Ordered Amplitudes

It is possible to separate the gauge group from the kinematics of Yang-Mills theory
such that the full amplitude is a sum of products of traces times kinematical

functions:



A= Z Te(T%1 - T%)A(c(1) - - - o(n)) + double traces + triple traces.
0ESNn/Zn

(2.1)

Here the sum is over all permutations excluding cyclic ones. The term with
only a single trace is going to be the only contribution if one considers a special
limit where the size of the gauge group generators become infinite! this is called
the planar part. At tree-level only the planar part is there and A(o(1)---o(n)) is
referred to as the color-ordered amplitude.

The color-ordered amplitudes can be incredibly simple if written for specific
helicity configurations. In order to do that we need to introduce the following

spinors: start with the solutions to the Dirac equation:

pu(p) = u(p)p = 0. (2.2)

Divide these into negative helicity spinors:

p) = 5(1+75)u(p), (2.3)

(ol = a(p)3(1 +s), (2.4)
and positive helicity spinors:

Pl = 3(1 = y5)u(p), 2.5

ol = a(p)5(1 =) (2.6)

The following spinor products vanish:

S0 if the gauge group is SU(N): N — oo




The other products (ij) and [ij] are antisymmetric in ¢ and 7.

The spinors can be related to the momentum by:

(i[v*li] = 2pf, (2.8)

and using that:

(il yul g1 (kNI = 2(ik) (L], (2.9)

we can relate the spinor products to the Mandelstam variables:

[i](ji) = 2p; - p; = (pi + p;)*. (2.10)

One can also introduce the spinors by using the 4-dimensional Pauli matrices:

pu(0*)™ = XA, (2.11)

where:
(ij) = AP NS, (2.12)
[ij] = ey NP, (2.13)

Written in this way one can also see that the Schouten identity gives us:

0 = (2g) (k1) + (k) {L7) + (i) (GF) (2.14)

The spinors are not just used for fermions as one might guess from the way
I defined them based on (2.2) however for spin-1 particles? one needs to pick a

reference momentum which can be arbitrary except it needs to satisfy:

Zand spin-3/2 and spin-2



k=0, k-p#0. (2.15)

With this one can define polarization vectors for the spin-1 states by:

b pvulk) -_ _ (Pl Yl K] (2.16)

YV2(pk) i V2[pk]

3

With this notation the color-ordered amplitudes® with only two negative he-
licity gluons and the rest being positive helicity gluons is given by the famous
Parke-Taylor formula [50]:

_ _ ab)?
A(gfr"'ga Gy ng):m
i=1

Here a and b are the locations of the negative helicity gluons and in the de-

(2.17)

nominator n + 1 = 1.

What about the amplitudes with only one negative helicity gluon or the ones
with no negative helicity gluons at all? Well, they are zero and so the amplitudes
(2.17) are referred to as the Maximal-Helicity-Violating (MHV) amplitudes because
they are the amplitudes with the largest total helicities that still give non-trivial
results. The amplitudes with one more negative helicity gluon than the MHV
amplitudes are called Next-to-MHV (NMHV) amplitudes and the amplitude with
k more negative helicity gluons are called NMHV amplitudes.

In N = 4 Super-Yang-Mills the equivalent result is:

AMHV :58(2?:1 T]z)‘z)
Hn

v (it 1) (2.18)

where 1,4 are Grassmann variables and A runs from 1 to 4. Zero Grassmann

variables correspond to a positive helicity gluon and four correspond to a negative

3We are really not interested in the full amplitudes as they merely are sums of the same
thing with different orderings so we will use the term ’amplitude’ we really mean ’color-ordered
amplitude’



helicity gluon.
Of course negative helicity is not special compared to positive helicity so one
can also define the MHV amplitude:

(0 )
A = i=1 "7t 2.1
MV T i+ 1) (2.19)

The variables 77 are conjugate of 7;4. In the same way as before amplitude

with zero or only one positive helicity state vanish.

2.2 The BCFW On-Shell Recursion Relations

The formula (2.18) can actually be proven for any number of external legs. This
seems impossible to do with Feynman rules as there are going to be more and
more diagrams but there is another method for computing tree-level amplitudes
that makes the calculation a lot simpler which is called BCFW recursion [24, 25].

In BCFW one treats A and \ as separate even though strictly speaking they
should be conjugate of each other, this allows one to define a 3-point MHV ampli-
tude:

0% (3ot A (2.20)

Avnv =9y 193) (31)

which really only have 1 positive helicity state so we would expect it to be zero.
From a kinematical point of view there is a very serious with this amplitude as all

Mandelstam variables must be zero:

(p1+p2)° =p3 =0, (2.21)
(pa +p3)? =p? =0, (2.22)
(ps +p1)* =p5 = 0. (2.23)

This would normally mean that all of the spinor products would also be zero

however when A and A are no longer conjugate it is enough to pick:



[12] = 0, 23] = 0, 31] = 0. (2.24)

In the same way we can define a 3-point MHV amplitude:

R0y Y 5Y

VY =] 23][31] (2.25)

which comes with the conditions that:

(12) =0, (23) =0, (31) = 0. (2.26)

Having A and A not being conjugate means allowing for complex momenta
making the amplitudes complex functions and that is in fact what we are going to
exploit.

Imagine that you introduce some complex parameter, z, into the amplitude
and let z = 0 give the amplitude you are interested in. Then you could write down

the following integral:

7{ AE) g, (2.27)

z

It has a simple pole at z = 0 which is that amplitude you are interested in and
as long as there is no pole at z — oo this can then be expressed in terms of poles
of the amplitude itself.

To be more specific let us look at an example from pure Yang-Mills theory*. We
will consider an MHV amplitude of n particles where the negative helicity gluons

are placed on sites 2 and 3. We then shift two of the spinors:

1) = 11) + 22), (2.28)
2] = 2] — 2[1]. (2.29)

4Meaning a theory of only gluons



This shift clearly has the property that when z — 0 we are left with the

amplitude we are interested in. It also maintains momentum conservation:

Y Pi(z) =)o+ D) + 2[21712) (2.30)
=1 =3
= o+ 3[1#12) — 32[1(2) (2.31)
=1
—0, (2.32)

meaning that the function A(z) is still an amplitude for other values of z. Finally it
has the property that A(z) — 0 as z — oo so the integral (2.27) has no boundary
term at infinity; to see this notice that the polarization vectors (2.16) will con-
tribute with 2~2 while vertices could contribute with z for each vertex there are on
the way from particle 1 to particle 2 however all of those vertices will be connected

1 50 all in all propagators and vertices can

by a propagator contributing with 2~
at most contribute with z and hence there is no boundary term at infinity. This
means that A(0) can be written in terms of the other poles of A(z) and there is
only one other source of poles, the propagators.

For a propagator to give rise to a pole the internal momentum must be depen-
dent on z meaning that it must depend on either p; or p, but not both which in

turn means it can be written as:

P (z) =P"(0) + 5[17"]2). (2.33)

The inverse propagator of this momentum is given by:

P%(z) = P*(0) + z[1[7(0)|2). (2.34)

The propagator then gives rise to a pole when:

* _P2(0>
S = e (2.35)

10



n-1+

Figure 2.1. The only non-zero BCFW diagram

Notice that there was no z%-term in (2.34) so this is a simple pole so the residue

of the propagator and the 1/z from the integral becomes:

Res () = (2:30)

which is the propagator of the unshifted momenta.

What about the other parts of the amplitude? Since the momentum (2.33)
has become on-shell they split into two lower point amplitudes. In the example
at hand the residue is given by the amplitudes in figure 2.1. Of course there are
other poles but all of their residues involve vanishing amplitudes®, some of these
residues are shown in figure 2.2.

This means that all in all the amplitude is given by:

A(O) = — A(—P(Z*)*’ n+’ i+) P21<0)A(P(Z*)+, ?7, 3", 4+’ cem— 1+)’ (2.37>
_ [n1])* —1 (23)*
T [=P(z*)n][n1][1—-P(2*)] [n1]{1n) (P(2*))2)(23) - - - (n — 1P(z*)) (2.38)
- 2 (2.39)

(12)(23) - (n — 1n)’

Here we used the convention that p — —p means |[p) — —|p) and |p] — |p].
In the last step we used momentum conservation, the trick is to collect the P(z*)
spinors in such a way that one of the spinors they are multiplied by removes the

2* dependent part:

5Remember that we are dealing with color-ordered amplitudes so this diagrams should respect
the planar ordering of the external legs

11



4

n-2+

Figure 2.2. Some of the vanishing BCFW diagrams

[1P(z*)|(P(z*)b) =[1P(0)](P(0)b) + z*[11](2b). (2.40)

As mentioned the spinor products are antisymmetric so the second term van-
ishes.
So this way we have demonstrated how the MHV formula can be shown recur-

sively to hold for any number of external legs.

2.3 Twistors

Interest in scattering amplitudes rose when Witten wrote a paper about amplitudes
of N' = 4 Super-Yang-Mills being amplitudes of strings in twistor space [53]. We
will deal in more detail with twistor string theory in a later chapter but currently let
us just see how they relate to the spinors mentioned in this chapter. In 4 dimensions

one creates twistors by keeping one of the two spinors and exchanging the other

12



with a derivative, to be more specific one makes the following substitution:

0

— 2.41
— i (2.41)

A
Ma

9 .

BN 2.42

3 L (2.42)

then write the amplitudes in terms of the pairs:

7= @) (2.43)

These are the twistors® and it turns out that amplitudes become surprisingly

simple when written in twistor space.

6Had we substituted X instead it would have given us the conjugate twistors

13



Chapter 3
Generalized Unitarity

Generalized unitarity is a method that compute scattering amplitudes at loop order
by multiplying together tree-level amplitudes or amplitudes of lower loop order.
The name is perhaps a bit confusing as the method as such do not use unitarity.
The name has historical reasons as the method was developed from earlier methods
which used that the S-matrix is unitary. The modern method generalized unitarity

is however based purely on the existence of a Feynman diagram representation.

3.1 Using Unitarity to Compute the S-matrix

So how can you compute higher loop order by using that the S matrix is unitary?

In order to see this use the usual definition of the T matrix:

$=1+iT, (3.1)

For the S matrix to be unitary the T matrix must satisfy:

1=1+4T-T" +TTT, (3.2)

or written differently:

—iIm [T] = TTY. (3.3)

14



m =3 10

Figure 3.1. The sum is over internal states and the ordering of the external states

Figure 3.2. Feynman diagrams with two particular loop momenta present (all the
diagrams have a bend where we will set the loop momentum on-shell but for these
diagrams are just regular Feynman diagrams)

By paying attention to the number of coupling constants on both sides we will
for instance see that if we want to compute the imaginary part of the 1-loop T
matrix, it is given by two tree-level T matrices so this formula relates loop order
amplitudes to products of lower order amplitudes. Pictorially it can be written as
in figure 3.1 where the sum is over the internal states and the positioning of the

external states.

3.2 Generalized Unitarity

Generalized unitarity is different in that it does not use that the S-matrix is uni-
tarity. Instead it employs what we know about the structure of the amplitudes
based on their description in terms of Feynman diagrams so the method does not
use Feynman rules directly just like the type of unitarity methods described above
but use the existence of an underlying Feynman diagram representation.

In order to explain the method let us begin by considering a fairly generic
four-point 1-loop amplitude in a theory with three- and four-point vertices and
let us choose to consider all the Feynman diagrams in which two particular loop

momenta are present; the diagrams are shown in figure 3.2. A quick look at the

15



> LX) x (>< A X

Figure 3.3. The Feynman diagrams from figure 3.2 ordered as a product

diagrams will show that they can be ordered like in figure 3.3 which look sort of like
two tree-level amplitudes multiplied together except the internal lines are off-shell
propagators and not on-shell like the external lines.

Let us now replace the two internal propagators with external legs formally by

replacing the propagators with delta functions:

1

Then the product in figure 3.3 actually becomes a product of two tree-level
amplitudes save for some potential difference in normalization. Of course making
the replacement in (3.4) removes some information from the diagrams. First of all
we remove everything that is proportional to p? — m? which is not too surprising
since those terms would cancel one of the propagators and so can be combined
with the diagrams where the propagators are not present. Secondly we removed
the loop integral; this we will reinsert after we are done simplifying the product
of tree-level amplitudes. This way we can reconstruct the part of the amplitude
where these two particular propagators are present.

Making the replacement in (3.4) is referred to as 'cutting’ the internal propaga-
tors and the resulting product of lower-order amplitudes is called a ’cut’. Several
cuts may be necessary to compute the entire amplitude. Notice that since gen-
eralized unitarity relies on the underlying representation in terms of Feynman
diagrams and not on the S matrix being unitary we do not need to cut exactly two
propagators but can cut as many as we consider convenient. Naturally the fewer
internal propagator we cut the more information we get out of the individual cut,
however this may also make the expression more complicated. What cuts to make

will depend on the theory and on the quantity studied.

16



Figure 3.4. The cut of the 1-loop 4-point amplitude in N/ = 4 Super-Yang-Mills

3.3 Example

Let us now look at a simple example, the four-point MHV amplitude in planar
N = 4 Super Yang-Mills. We will consider the cut shown in figure 3.4. Note that

in N’ = 4 SYM the sum over the internal states is particularly simple as one simply

integrates over the Grassmann variables, 7.

o 0% (AL F meAs — Mk — M
0= [ dmatn
OB (kA + AL+ N3As + MaAs)
(lk)(k3)(34)(41)
O (A1 + mada + M3 + mada) (kl)?
(12)(2k)(11)(k3)(34)(4l)
0% (mAL g + Az + maA) [12][34]
B (2k)[KU] (1) (AD)[IK] (k3)
O (A1 + M2 + m3As + maa) [12](23)[34](41)

(12)(23)(34)(41) (p1 — 1)*(pa + 1)*
O (mA1 + m22 + N3As + nada) 512514
(12)(23)(34)(41) (p1 — 1)*(ps +1)?

One then puts in the two propagators that were cut:

1 1

P(l—p1—p2)*

and reintroduce the integral:

17
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B (mA1 + meda + m3A3 + aNg) /d4l $12514 (3.6)
(1= p1)*( '

(12)(23)(34)(41) l—p1—p2)2(l+ pa)?

To get the other 2-particle cut one simply has to rotate this result. We notice
that they all contain the same information and in fact it would have sufficed to do

a 4-particle cut. The result of the calculation can be written as:

512514

AMHV _ AMHY / [ e (3.7)

The fastidious might complain that the integral in (3.7) is divergent and indeed

it is necessary to regularize this integral like changing the dimensions to 4 — 2¢;

however the spinor-helicity formalism that we are employing are particular to 4

dimensions so the regularization scheme we will use is one where the cut calcula-

tions are performed in 4 dimensions and the dimensions of the integrals are only
changed afterward.

What is interesting about this calculation is that the ratio of the 1-loop result

to the tree-level result matches the expression for a Wilson loop in a special set of

coordinates; this duality seems to hold also to high loop orders and in chapter 4

we will return to look at a related duality.

18



Chapter 4
A Duality between Correlation Func-

tions and Wilson Loops

As mentioned in a previous chapter the ratio of MHV loop amplitudes to the
corresponding tree amplitude is in planar N’ = 4 SYM related to Wilson loops up
to as high loop orders as have been computed. In order to see the relation one
must change from momentum space to what is known as dual space. Dual space
is defined such that for an n-point amplitude there are n points in the dual space

and their differences are given by the external momenta of the amplitude:

Pi = Ti — Tig1. (4.1)

Here x,, + 1 is defined to be ;. Notice how momentum conservation is auto-

matically ensured with this definition:

sz' :in_zxi- (4.2)
i=1 i=1 i=1

What complicates this duality is that scattering amplitudes and Wilson loops
have divergences in different regimes so the duality is somewhat broken by the
regularization, for instance if one uses dimensional regularization with d = 4 — 2¢
it will be necessary to change the sign of .

In order to make the duality more clear it was proposed in a series of papers

[31, 7] to make it part of a triality including correlation function in a special light-
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like limit. Correlation functions would then be directly related to Wilson loops
without any need for going to dual space and they both have the same type of
divergences so this duality is still valid after regularization have been introduced
while the duality between correlation functions and amplitudes are at the level of
the integrand so there is no need for a regulator.

In this chapter we will consider the duality between correlation functions and
Wilson loops and an expansion of the conjecture made in [6]. We will stick to
standard Feynman rules for these calculations as they will prove sufficient. The
chapter is based on the work done in [33]. The original conjecture was proven in

[2] and the expanded conjecture was also discussed in [1].

4.1 The Duality

Consider a set of n scalar operators of the type:

O =Tr(papodcp) — 1—12€ABCDTT(¢EF¢EF), (4.3)

where the latin letters denote the SU(4) R-symmetry index. We place the oper-
ators at distinct points in space, x;, and compute their correlation function and
make the distance between adjacent points become light-like (2,411 = xip1 — ).
If we just consider the tree-level of the correlation function then this will clearly

be divergent as the propagators will be proportional to ;. fH:

1
lim (O(z1)--- O(x2)) X =7——5— + less divergent (4.4)
z? ;10 Hi:l L3 iv1
As we shall see the loop orders will have a divergence of the same order so the
ratio of the correlation function to the tree-level will have a well-defined limit and
this limit will be dual to a polygonic Wilson loop with corners at the locations of

the operators:

i (O@) - Ofx2))
"Bzz,iJfl*)O <O($1) te O<x2>>tree

=(Wh)adj- (4.5)
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Figure 4.1. Two scalar operators connected via a scalar-gluon-scalar vertex

The duality can be shown to work by using standard Feynman rules and con-
sider each side of the polygon individually. The advantage of this approach is that
we do not need to specify the dimension we work in or the numbers of supercharges
of the theory (if any) so the results can easily be transferred to other theories than
N =4 SYM.

It will also become apparent that one do not necessarily need scalar operators
at the points, z;, and we will consider not only the case with a scalar frame! but

also a fermionic and a gluonic frame.

4.2 The Scalar Frame

Let us consider the case where a scalar at the point 1, a scalar at the point x5 and
a gluon connect to the same three-point vertex as shown in figure 4.1. The gluon is
of course going to be connected to the rest of the diagram but the specific details
of this are irrelevant for our purposes as we want to show that in the light-like
limit xfl 41 — 0 the vertex itself is going to look like a Wilson loop vertex.

Let us start by just considering a propagator so that we have something to

compare to:

d d eiP1~ﬂ?1+ip2~:£2 @
d'p1d*pe——5——0'"(p1 + p2),

pi+10
0
:—Z/ d)\/ddplei]n-(a:1—$2)+i)\p%—)\0’ (46)
0
0 e (21 ~9)?
— de—— —zT—O/)\.
/ (=i’

Now we can move on to the three-point vertex with two scalars and one gluon,

it is going to give us:

IThe polygon created by the light-like propagator will be referred to as the frame
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pi +10)(p3 + i0)

eipl (z1—x2)—ik-z2

d d ezpl T1+1p2-T2 J
d*p1d“pa(p1 — Pz)u< —————(p1 + p2 + k)
/ d'p1(2p1 + k),

(Pt +10)((p1 + k)* +i0)
:(—Z)2 (_22%_’_]6“)/0 dalda2/ddpleialpi-f—iaz(P1+k)2+i(oz1+a2)0 (47)

eipl (z1—w2)—ik-z2

=(—i)’ ik / " doydase— il
N ox ") o e (=i + ag))d/?

OZ1O(2]{32 (1‘1 — 112)2 ,Oégk’ : (1‘1 — 1’2)
ex —1 —1 — (a1 + a9)0].
p{ ar+ar 4o + ) ag + o (a1 +az)

We now switch variables to a; = At and as = A(1 — ) and get:

9 — —zk T2 252 (o —w9)? . . . \O_0/2
(—1) / dt/ d/\)\ N A(t—=t?)k? —i==g2= —i(1=t) k- (x1—22) —A0—0/A
Z €

(4.8)

The 70" has been rearranged to make the integral convergent. This is valid
because the rearrangement does not change the sign of the 70”. Notice that the
derivative will bring down a factor of A. That is important and distinguishes this

vertex from all the other scalar vertices.

—e —ik-xo (561 o %2)
/dt/ AT N (— ) “—(1—215)1@“)

IA(t—t2)k2— M —i(1=t)k-(z1—22)=A0—-0/A (4.9)

X e

The integrals here and the ones on the subsequent pages are of the type:

/ d)\/\mf2+eei)\ffif70)\70/)\7

(=i f)TE T (12) " Ky Ky (2\/_) (4.10)
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Here K,(z) is the modified Bessel function of the second kind. This function

has the following limiting behaviour:

lim K, (z) = M

z—0 yid

This is valid for v > 0 if v is negative one can use the identity K_,(z) = K, (2).
Taking the limit z — 0 of the result in (4.10) gives us:

lim d)\/\m—Q—‘,—eei)\f—if—o)\—0/>\7

z—0
B (=) T(1—m—e€)z"1 ifm <0 (412)
| (—)TE CF(m—{—e—l)fl_m_e itm>1" '

We can now go back to (4.9) and conclude that the second term in the paren-
thesis will drop out all together and the first term in the exponential will become
irrelevant in the light-like limit. What is then left is an integral similar to the
propagator (4.6) multiplied by a Wilson line vertex.

This pattern will be similar for all the latter calculations: each additional
propagator between the two operators will give an additional factor A which will
either lower the divergence or ruin it all together, the only way to prevent this is
if a derivative bring down a factor of A~! and the only term in the exponential
proportional to that is the (z; — x2)?.

Before turning to the general case let us study 2 one-gluon vertices. The mo-
menta going to the two endpoint are denoted p; and p, while the momenta going
out from the vertices are denoted by k; and ks and the momentum going between

the vertices is denoted by q.

dd dd ip1-x1+ips- rz/dd /dd pl Q> ( q— pQ) 5(d) k
/ pl/ P G+ 00+ 0@+ o) e

(4.13)
6D (ky — q + pa).

Again we use momentum conservation to get rid of all the integrals except for
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the p; integral:

/ddpleip1~(z1—a:2)—i(k:1+k:2)'z2 (2]91 + k1>u(2p1 + 2k + k2)z/ |
(p? +40)((p1 + k1)? +i0)((p1 + k1 + k2)? + 10)
(4.14)

Using derivatives we can reformulate the vectors such that we can pull them

outside of the integral. The denominators are replaced by integrals:

3 o0
(—i)? ( aau + klu) <—2z'% + 2k, + k:QV) (H / dai> / dpy ¢ —ikithe)
1 =170

% eipl (z1—m2)+ia1p?+ias(p1+k1 )2 +iaz(p1+ki1+k2)2—0(a1 +az+as)

0 9 Y .
=(—1)’ ( 8 Eis klu) <_2iW + 2k, + le/) (H/ dai) /aldpl@_z(kﬁkz)w2
1 =170

Z((a2 + ag)ky + asks) - (21 — $2))

X exp ( (0 + 05 + ) + i s k) B Lohl

X exp | —1 (1 — x2)2
4(0{1 -+ (6] —+ 043)

—0(oy + g + a3)> . (4.15)

In the last step p; was shifted to get an actual Gaussian integral which we
can perform. f is some function which after the change in variables will depend
linearly on A but otherwise we do not care about its specific form. We now replace
the «; integrals with one integral over A multiplied by three integrals that all have

intervals between 0 and 1. The Jacobian for this transformation is \%:

3 oo 0 3 1
H/ day; :/ AAN? <H/ dsi> 5(1 — 51 — s9 — s3). (4.16)
=170 0 =170

We are now going to shift the s integrals such that s; = t1, s = t5 — t1, and

S3 = tgi

3 1 1 14+t 1
(H/ d51> 5(1 — 81 — SS9 — 83) = / dtl/ dtQ/ dt35(1 — tQ — tg). (417)
i=1 70 0 i1 0
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Figure 4.2. n one-gluon vertices on a side of the frame

Performing the t3 integral replaces t3 with 1—%5 but only as long as this function
lies in the interval between 0 and 1. This is only satisfied when ¢, is less than 1 so

the upper limit on the ¢, integral is lowered.

(_i)?’ —Qii + ky —2@'i + 2k1, + ko /Oo ADN2ei(k1th2) -2 T
oxy a ox¥ v ") J (—in)2e
1 1 :
0

We can now drop all the terms in the parenthesis not proportional to x; — xs
and ignore the f function in the exponential. We are thus left with the integral
from the propagator (4.6) and two correctly ordered Wilson line vertices.

Finally, we consider the general case with n one-gluon vertices as shown in
figure 4.2. The momenta going to the two endpoint are denoted p; and p, while
the momenta going out from the vertices are denoted by k; and the momenta going

between the vertices are denoted by ¢;. The starting expression is thus:

/ddpl/ddp ezpl x1+ip2- xz/dd /ddqn—l

Qo (=01 — @) (=2 = Gn-1) o, (-1 — D2)0,
(p? +140)(¢? +10) - - - (¢%_; + i0)(p3 +40)

X 5(d)(k‘1 + ¢ +p1)(5 (k‘z —q1+q) - 5(d)(k‘n—1 — Qn—2 + Qn—1)5(d)(/€n — Qn-1 + D2)

(4.19)

By performing all the integrals except the p; integral, we get:
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i—1
/ddpleim-(m:m)i > kiwo HZ 1(2p1 +2 Z k‘ + ks )
(pl + ZO) Hz 1((171 + Z] L ) + ZO)

n+1
(n—l—l H ( aml + 2;]{? + kf) (E/O dO!7,> e—zZi ki-zo

=1 o4

% /ddpleipr(m—m)—i—iZ? L+ k)P0 (4.20)

We are now changing the integration variables such that «; = As;, where the
s; can lie between 0 and 1 as long as they sum up to one while A can go from zero

to infinity. The Jacobian for this transformation is A™.

The integral now takes the form (f and f are again some functions whose

specific forms are irrelevant):

n+1

H/ dsl) R / dM”/ddp1

n+1
X exp (i/\f(si, ) +ipy - (z1 — 22) +ids1p? + 2@)\2 <p1 k; Z s]) — 0)\>

=1 Jj=i+1

x 01— s) (4.21)

i

i=1

)+ ﬁ( 2za—xl+2;k +k> <

o

We now shift the integration variables such that s, = 1, s = to—t1, s3 = t3—1to,

and so on until s,, = t, —t,,_1. The integration intervals is shifted correspondingly:

n n 1+t 1 ‘
A | ( 223—% + 22 kj + ki > <H/t dti> /O A3 010(1 — ty, — Spyr)e ™ Zikiw2
j=1 i=1"7ti-1

=1 o

. n 2 2
. ' T — L1 — T
x/o A" exp (Z)\f(ti,ki)+Z>\(p1+;]€i(_ti+tn+3n+l)+( 1% 2)> Ll 14A 2)

=1

We may now perform the s,.; integral. Because of the delta function this
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Figure 4.3. A competing type of vertices

replaces all occurrences of s, with 1 — ¢, but only as long as this value lies

between 0 and 1. This makes 1 the upper limit for all the ¢; integrals and we get:

n

n 8 i—1 1 ‘
el <_2ia_ +2) kit ’f) (H / dtz) o T ki (zati—ri (1-1:))

N X1 - o

=1 ]:1 o; i—1

=1

/°° Do m2e M (ki) =i 2% a0/ (4.23)
0 (—iA)?=

The derivative in front will bring down exactly the terms we want together with
A~ so this is the only thing that survives in the light-like limit and we get the
same integral as for the scalar propagator (4.6) multiplied by n correctly ordered
Wilson line vertices.

So the scalar-gluon vertices give us the right result but we now need to show
that other vertices do not ruin the duality somehow. This is not too complicated
as it is mainly a matter of counting: propagators lower the divergence, derivatives
in the vertex could increase the divergence.

Since none of the other scalar vertices has a derivative, they will be removed
by the light-like limit.

One could imagine a contribution from terms as shown in figure 4.3. If we
denote the number of vertices n then there are n+ 1 propagators. This means that
one could possibly get a term that diverge correctly in the (z; — x3)* — 0 limit
if all vertices are proportional to (z; — z2)*. Notice however that there are only
n — 2 outgoing gluon lines so in Feynman gauge two of the vector indices from the
vertices have to be contracted, this will bring about an extra factor of (z; — z5)?
so this still goes away in the light-like limit. Going to other gauges than Feynman
gauge does not help even though one gets more possibilities for contracting the

different vectors as it also brings about an extra factor of ¢~2.
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4.3 The Fermionic Frame

Let us now turn the case of two fermion operators. The special thing about
fermions is that the gluon vertex does not contain a derivative. However the p
in the fermion propagator is going to take on the role of the derivative. We begin
by showing that without any vertices the propagator is more divergent than in the

case of the scalars.

eiP1-®1+ip2-T2

/ddplddpzmpgTﬁs(d) (p1 + p2),
1

:iﬂl/ddpleipl'(xl_xQ)—l

et (4.24)

Here 0f = 0/0z1,. This becomes:

Zﬁl/ d)\/ddpleipl.(xl_x2)+i>‘p%_)\0’
0

oo 2 9
:@51/0 d)\/ddpl exp [2/\ <p1 + 12)\ 2) — Z% _ )\0] :

00 d/2 _ 2
:z‘ﬁl/o dA(_ZW exp [—z'(xlél—;”z’) - O/)\} , (4.25)

o \2e 4 e rdr s
:_Zﬁl<m)2 ((xl —$2)2) /o ?6 O 7

=—(1—e)(xy —22)m* 2°%T(1 — ¢) (;)2) 2_6'

(.CCl — T2

We see that the propagator is more divergent than in the case of the scalars.

We now jump straight to the case of n gluon vertices:

On g1
J4 /dd ip1~zl+ip2-mz/dd .__/dd - . P2 .gn_l 1Y P{ .
[ [ e W T G )+ i0) - (g2 + 0) (B3 + )

X 0D (k1 + g1 +p1)0 D (ks — 1 + 2) -+ 0D (k1 — G2 + ¢u1)6D (ki — Guy + p2)
(4.26)

By doing similar steps as before in order to do the p; integral, we end up with:
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AN+ \nay [ oiti | )
(=) (=1)"y ( Zax;)UV 7 ( zaﬁﬁ;m)

n+1
(H/ dsz> —iEi ke / d)\)\"/ddplé 1—25

n+1
X exp (i)\f(si, i)+ ip1 - (21 — T2) + iAsip] + 22)\2 (pl ki Z 3]) - O)‘>

=1 Jj=t+1

:(_i)(nJrl)(_l)n,y ( ail) H,ydzfyuz <_iaauz + Zkﬂ‘l> (4.27)

=1

n 1+ti71 1 )
X (H /t | dti> /0 ASpy10(1 =ty — 84 )e i kie /0 dAN"
i=1 Y"1

n 2
X exp (Z/\f(tz, ]{ZZ) + A <p1 —+ Z k?z(—tl + tn + Sn+1) —+ %) — ZM
i=1

—sz‘ (1 — 22)( ti+tn+3n+1)_0)\>a

:(—i)(nﬂ)(_l)n’YV( aa )H’YU“Y’“ (‘iaauz Jm) (H/ dt)

2—
% eiziki-(zgtixl(lti))/ d)\)\nW—Eei)\f(ti,ki)fi%fo)ﬁo/)\_
0 (—ir)>e

Just as for the scalars, the derivatives will give the most divergent term and
thus the only term that survives the limit. Using gamma matrix algebra (basically
using that (27 —25)7 (21 —23) = 2(x1 —x2)° (21 —232) —7° (11 — 22)? and discarding
the second term), we get the same as for the propagator multiplied by:

jntl (H(xl _1,2 > (H/ dt) —i >, ki-(xati—z1(1—t;))

i=1
So just as for the scalar, the fermion frame acts like a Wilson line in the light-
like limit.
Again we must make sure that other vertices do not ruin the duality. Let us
begin with the vertex with two fermions and one scalar. This vertex is proportional

to 75 and since
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Figure 4.4. A competing type of vertices

(21 —25) 75 (21 —20) = — (21 — $2)275,

this vertex will not contribute.
The other vertices that one might worry about are as shown in figure 4.4.

Keeping the gauge of the gluon propagator general this diagram becomes

1 1 Q1490 ac a0 o, a
(") (%a + m—q> (1 — k)"0 + (k2 — @) 0" + (@2 — 1) ﬁ)

p? + 10 ¢ + 10 ¢ + 10
1 428920 1
X » - Yigo ) ——. 4.28
q% 140 (775 +€Q§ +i0 (7 ]”2)])% 40 ( )

The terms of order £° clearly drops out as they can have a maximum of 3 factors
of p; and they need 4 in order to compete with the divergence of the fermion
propagator. The terms of order ¢! seem to have the right order of divergence
since they can have a maximum of 5 factors of p; and that is exactly what they
need. However, these terms will have a factor of prpr which lowers the divergence.
The terms of order £2 have exactly the same problem, they seem to be even more
divergent than the propagator but have two factors of prpr which makes them drop
out as well.

So also for the fermionic frame the other vertices do not ruin the result.

4.4 The Gluonic Frame

Let us look at the propagator between two field strengths, F,, = 0,4, — 0,4, +
g[A,, A)]. Since the derivatives are going to make the expression more divergent
and we only are interested in the most divergent, we can already now throw away

the commutator. We thus get:
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. 8 4 . 8 Y i (9 . 8 /dd 6ip1.(x17:z:2)
—l— VK 11— % —1 o A —
f%ﬁm (%’1’77” K oxg O 5 "ok D1 2+ 0

0/A

— (it + i ) 1 (=i 4 i) [ an [ et
.0 .0 oY 0 0 j@1-e)?

- (gt e ) (S + o g"w)/o e
(4.29)

d\ wc .
21/0 ﬁm (71— 22)ww — (21 — 2)uus) M A

X (72 = 22 = (02 = 22)agar) e~ T

We see that this is proportional to (z; — x3) 73", It is now straightforward to
see that if the frame with vertices is going to compete with this divergence, every
single derivative must be proportional to 1 — x5 and because of the antisymmetry
of the field strengths these factors can only have the Lorentz indices of the outgoing
gluon legs.

In short the derivatives makes both the denominator and the numerator in
(4.5) more divergent canceling out in the ratio and the antisymmetry protects the
momenta from going the wrong way. Other than that the calculation more or less

follows the one done in the scalar section.

4.5 Expanding the Conjecture

The duality can be expanded in many different ways. In [6] it was suggested that
to add additional operators at generic points not light-like separated from the rest

would give the duality:

(O O@)Ofa) -+ Oan)

22,40 (O(z1) - O(p) ) tree =(W,0(a1) - O(an))ag.  (4.30)

As the computations in the previous sections were done at the level of the
individual sides of the frame not relying on what they were connected to it is

not hard to expand (4.5) to (4.30). The additional operators cannot in any way
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become part of the frame as they would ruin the divergence not being light-like
separated from any other operators and so they must just interact with the Wilson
loop coming from the limit.

In [33] we also expanded the duality to scalar operators with derivatives, this
is not difficult either as just like in the case of the gluonic frame the derivatives
give extra divergences both in the numerator and the denominator of (4.5) thus
canceling when taking the ratio.

Finally since our calculations did not depend on the number of dimensions or
supercharges of the theory the duality can also easily be expanded to other theories
than A = 4 Super-Yang-Mills like ABJ(M) or pure Yang-Mills®.

2Though including gravitons could very well ruin the duality
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Chapter 5
Correlation Functions computed through

Generalized Unitarity

In this chapter we will discuss how to use generalized unitarity to compute cor-
relation functions. Some of the points will be general but all of the examples are
computed in NV = 4 SYM. Even though correlation functions naturally exist in
real space while generalized unitarity is in momentum space we will see that the
method can be quite effective in fact most of the calculations are quite similar
to using generalized unitarity to compute scattering amplitudes only we need to
calculate an integral in real space in the end!. The work presented in this chapter
is based on [34].

5.1 Correlation Functions

A correlation function can be defined in the following way:

(O4(21) .. Op(an)) = / (D®] Oy(21) . .. O (0, )e=51¥) (5.1)

where the x; are points in space-time, ® are the fields of the theory, Sg is the
Euclidean action and O are some gauge-invariant combinations of fundamental
fields.

The correlation functions can be put into a generating funcion by introducing

local sources for all the relevant local operators:

n some cases this integral can be quite difficult
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Z[jh Ta, .. ] _ /[D(I)] e*SE[‘I’]*fddmzi Ji(x)Oi(z) (5.2)

The correlation functions are then found by differentiating with respect to the

sources and subsequently setting them to zero:

il Z27. 0 (53)

(O1(x1) ... Op(xy)) = O (x1) ... 0T () Ji—0

This is not very different from the definition of scattering amplitudes and of
course correlation functions can be computed with Feynman rules just like ampli-
tudes so we can use generalized unitarity as this method is based on the existence
of a Feynman diagram representation. However cutting will lead to the appearance
of asymptotic states so we will need other quantities known as form factors which

contains both gauge-invariant local operators as well as asymptotic states

(0@ -+ D,,) , (5.4)

Generalized unitarity have been used to compute form factors in [23, 22].

In general one will need not just form factors with a single local operator as in
(5.4) but form factors with several local operators in order to correctly capture the
terms where the propagator connecting the local operators are canceled by some
numerator factors. Form factors with multiple local operators can be avoided if
one assumes that all of the operators are at distinct points in space-time of if one
from a careful analysis know that the propagator connecting the operators is not

going to be canceled by numerator factors.

5.2 Using Generalized Unitarity

As mentioned earlier generalized unitarity is naturally defined in momentum space

so we are first going to compute the momentum space correlation functions:
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(O1(q1) .- Onlan)), (5.5)

and then subsequently transform back to real space. The quantities O;(q;) are

related to the local operators in real space by a Fourier transform:

O(q) = / % €7 O(z) (5.6)

Being written in momentum space could hide some of the useful features of
the correlation function such as conformal invariance. Another consequence of
the local operators not naturally being defined in momentum space is that the
momenta of the operators in (5.5) are completely arbitrary not satisfying any on-

shellness conditions as the asymptotic states do.

5.3 Form Factors

We are now going to compute some of the form factors we will need. The methods
we will use for computing them is BCFW recursion which in all cases can be
applied in one form or another.

The form factors are all MHV not in the sense that they have the same asymp-
totic states as the MHV amplitudes but in the sense that these are the form factors
with the largest differences in the helicities of the asymptotic states that give a
non-trivial result 7.e. they have the lowest number of the Grassmann variables, 7,
but that number may be different from 8 as it is for scattering amplitudes. As with
amplitudes adding a positive helicity gluon to an MHV form factor gives another
MHYV form factor. Some of the form factors had already been calculated before

[34] such as the chiral part of the stress tensor multiplet:

T ==Tr(¢p o™ + 2V2i0 Tr (vt h) + O(6?). (5.7)

Here 64 is the Grassmann part of the super-space. The fields and the 6’s have

their SU(4) indices contracted with harmonic variables the conventions of which
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be found in appendix A:

¢++ — lui‘-aea U,BbquB ¢$a _uAaw (58)

The reason for the harmonic variables is that the supersymmetry of these chiral
fields closes off-shell. This operator is BPS meaning that it commutes with a
number of supercharges implying that it has a definite scaling dimension also at
the quantum level. Commuting with supercharges translates into symmetries of the
form factor so we should expect the form factor for this operator to be particularly
simple.

The corresponding form factor was found in [22, 18]:

n

MHV _ _ e "o
‘FT - H <Z i+ 1 q Z Ai )‘ Y+ Z >\z77+;z)6 (Z Azn*;z)
Two of the delta functions can be combined to give:

n

FMHEV — II@Z+_ Q—E:AA }:nmAa 15,78%) . (5.10)
=1

We may also need the conjugate of this form factor:

n

FRUTMAV 51 (g Aidi) oW (~ Nilsoi 5.11

T Z Z T E G0+ 1] ( )
/H d4"‘ 677142771 Z A’LT’/L u+ A

We now move on to the operator Oa,p,..a,5, = Tr(¢a,B, - - Pa.p,). This

operator is not BPS so it will have to be mixed with other operators to create an
operator with a definite scaling dimension.

Still there are closed sectors where the mixing occurs between a fairly restricted
class of operators [10]. For this particular operator if one chooses only two different

types of scalars to appear in the trace and they are not conjugate to each other
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this type of operator only mixes with itself.
The form factor for this operator (regardless of the choice of SU(4) indices) is
given by:

J=1

<6A131---Ak3k (q)H s TL> = 1—5[ (?1_<Tnz:7lzlfll)> Z (H HaiAz‘biBz‘> Sp (H Zajbj) )

{a1,b1+,ap,br} \i=1

(5.12)

where n is the number of external fields, ¢ is the momentum associated with the
local operator and the sum runs over all of the sets aq, by, - - - a, by with a3 < by <
ag < by -+ bg, < ap < b and its cyclic permutations while Sp stands for the trace
over the spinor indices, i.e. the greek letters, of the ¥ matrices. We have defined

the quantities:

HoavB = 14aMBb — NBaNAb + dabBaAb, (5.13)
(Sars)®, = A2 A €6y - (5.14)

Let us now show how to find this formula. First consider the case where the
external states exactly match the fields in the trace in that case (5.12) yields just 1
times a momentum conserving delta function; this matches our expectations from
the Feynman diagram perspective. Let us now add a positive helicity gluon? the
scalar legs on either side of the gluon will be denoted ¢ and j. We then perform
the following shift:

This shift does not have a boundary term as the gluon will have to be attached

to either of the two scalar legs leading to a propagator dependent on z and the

20ne may notice that negative helicity gluons cannot appear in (5.12) for these one needs the
NMHYV form factor
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T; T}
Figure 5.1. BCFW diagrams with only one gluon

form factor will go to 0 as z — 003.
There are going to be two BCFW diagrams, shown in figure 5.1%, they give the

contributions:

SO Y O (0111 M ) M
’ [iPyi1] Sii1 [+ G+ 1)@+ 1) G+ 1)@+ 1)
P+ 1i+15] 1
p o et H RG] L (5.18)
[PiJrljj] Si+1j

The second diagram vanishes because |j) = |j) and the existence of the appro-
priate 3-pt. amplitude requires (j + 15) = 0 which is not satisfied for a generic
kinematical configuration. The result is then given by (5.17) which matches the
formula (5.12).

To see how this works more generically let us do the following: we call the

scalar line on the other side of 7 for ¢ and make the ansatz:

_ lai)ij)
[T, (kk + 1)

3 Actually this argument is based on the gluon-scalar vertex not giving a factor proportional
to z to get this one needs to set the reference momentum of the gluon to be p;; other choices will,
at least superficially, lead to factors proportional to z which then cancel between the different
diagrams

4In this and all other diagrams in this chapter a circle with a cross means a form factor and
a circle without a cross means an amplitude

(5.19)
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Figure 5.2. BCFW diagrams that all vanish

Here C' denotes whatever is on the other side of j and a notice that the scalar
lines effectively shields this part off from the piece we are interested in this is
because at tree-level there are only planar diagrams, at loop level it would not be
SO.

We assume that there are at least 2 gluons between the scalar legs ¢ and j and
also at least 2 between the scalar legs ¢ and a (the simpler configurations must
be dealt separately but the following calculation can be tweaked pretty easily to
accommodate them). The shift is going to the same as before and so are the
considerations about boundary contributions.

There are 3 types of diagrams that vanish identically these are shown in figure
5.2. The diagrams in 5.2(b) and 5.2(c) vanish because the amplitude with two
scalars and two or more positive helicity gluons is zero (remember that since we
are considering the MHV form factor all of the external gluons have positive helic-
ity). The diagram in 5.2(a) vanishes just like the contribution in (5.18) because it
requires external legs to have vanishing spinor products inconsistent with a generic
kinematical configuration. This leaves us with the only two non-zero diagrams in
figure 5.3:
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Figure 5.3. BCFW diagrams that contribute to the final result

s 5:3(a) _ [52 + 1][i + 1pii+1] 1 (a— ]52 (= An’+1§> C
1 [1Pi 1] Sii1 (i — 1=Pyp1) (= Payai + 2) [T (kk + D TS, (0 + 1)
Clij) (i — Li){ai+ 1)

=— , , 5.20
L (kk+1) (i—Lit1) (5:20)
Tﬁg. 5.3(b) :[-pi—lz'i - 1][ A] 1 <a_f)z‘—1i>< Az lz]> C
i [P, 1] Sic1i (i — 2= P_1i) (= Py + 1) T (kk + D) TIZ (U + 1)
o Cy) (ai — 1) (1 + 1) (5.21)
[Tica(kk +1) (i—1it+1) '
Adding these two contributions leads to

LD (kK £ 1)

which is consistent with (5.19)
Let us now move on to the twist-2 spin-S operators. These operators are linear

combinations of

O??{ECD (Dz ¢ABDS x(bCD) (523)
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for some fixed S where + denotes some light-like direction:

S
0357 =3 esa(NOSET", (5.24)
n=0

The coefficients are determined order by order by requiring a definite scaling

dimension. At 1-loop the coefficients are given by

Cm = (—1)n(5>2, (5.25)

while the 2-loop coefficients may be found in [12].
The MHV form factor for the operator (5.23) is given by:

1 c—1 a—1 k T ! S
IT:_ (mm + 1) Z HoasHecap (Z p;) ( Z p5_>

m=1 {ab,c,d} k=b l=d \r=I+1 s=k+1
(<b|o-_pk’0> + <b|pk+i0-_lc> _ <bC>) <d‘o-_}fl’a> + <d|pl+170-_’a> N <da> '
2py 2Dk 1 2p, 2p4
(5.26)

where again ¢ is the momentum associated with the local operator and H is given in
(5.13). The sum in the beginning runs over all sets {a, b, ¢,d} where a < b < ¢ <d
ord < a<b< cetc. The indices a and b are associated with the scalar $4? and
the external leg/legs that carries away its SU(4) indices while the indices ¢ and d
are associated with the scalar ¢“”
SU(4) indices see figure 5.4.

In order to show equation (5.26) we are going to use a BCFW shift (sort of).

and the external leg/legs that carries away its

For simplicity we start with the cases without any external fermions.

From this we can get the form factor with the two scalars and a single positive
helicity gluon. We want to do this using a BCFW shift but we need to be careful
to avoid a boundary term as z — oo, this can be accomplished by the following

shift that involves the momentum of a gluon and of the operator itself:

41



b \w
; P’ c/d

* o o
Figure 5.4. An example of the twist-2 form factor showing the conventions of the labels
I l
(SO (<)
a % ) b a ) Gr; b
(b)

(a)

Figure 5.5. BCFW diagrams for the twist-2 operator with only one gluon

i) = [d) + 2[@), (5.27)
¢" = ¢" + 3zlilo"|¢), (5.28)

where |¢) satisfy [i|o™|¢) = 0 which is always possible. With this shift there are

two contributions that needs to be calculated shown in figure 5.5:
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Ty :_[aﬁi[i;fj] AN
Z%(p; +p; )" (py
_{alo"|i]

2p; (ai)

(Pa +07)" ()"
Tzﬁg. 5.5(b) _[_pibi] [%b] 1 (po)* (FA)A)S—:C

_ {blo~]d]

_2pz— <2b> (p;>x(p; + pbi)57x

Here we used that

{ag) _ (ilo~i]{ag)
(i9) 2p; (i¢)

(alo™|i]
2p;

which follows from the Schouten identity and [i|o~|¢) = 0.

(5.29)

(5.30)

(5.31)

(5.32)

Adding the results from the two diagrams we see that this indeed is consistent

with the formula in (5.26). We now jump to a more general case shown in figure

5.6:
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Figure 5.6. BCFW diagrams for the twist-2 operator with many gluons

e 5:6() (5.33)

b—1 k x b S—=
(Pm+ > pl> ( ps>
k=i+1 r=i+1 s=k+1

A N S—x .
(<Pm\a—pk|b> J Pupisiolh) (Ea@) (B) (i p;) (Ra’?i+10_|b>]
s=i+1

2p;, 2pk+1 2pi+1

_[ai][i—Py] 1 1
la—P) PaTll i (mm+1) <sz +1)

1 o
i) Hj’;:l;11<mm+1> <2‘¢><<Z?>+1 :;H <Zp ) (Sélp : ) (%
+—<a|p2k;:1_’b> - <ab>) (0 +p;)* <s;+1pm>s ) <a|p2i]+)rl‘|b>] (5.34)
:H?;1a<;m+1> o +77) (2p> (<a1;¥i\b> . mm;;_i—!w . <ab>>
. o
+H2;a<;m+1><2|; CEaTs Z (Zp’"> (Zp )
(<a|02pz§klb> N <a|zzf2k;£j1|b> B <ab>>
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T2ﬁg. 5.6(b)

[ii + 1] 1 1 1
(= Piail[ii + 1)[i 4+ 1= Pyg] Pi T2 o(mm + 1) (aPyi1) (Pivi + 2)

[u (Mﬁz ) o)y (zpm>

s=i+42 1i+1 s=1+2
o k T b S—z
(<a|a Punlt) | (alpuso|t) _ ) s <pa Y p;> (Z p;)
2Pii+1 2pZ+2 k=i+2 r=i+2 s=k+1
(<a|ajfk’|b> + <a|pk+_10ﬁ|b> _ (ab}) (535)
2p; 2Dps1
_ 1 ¢| pﬁﬁm) o |b)  {¢i+1)
T2 e + 1) (Z%) 2(¢i)(p; + Piza) i (ai + 1) (i)

S (5] (e

k=i+2 s=k+1 2p; 2Pk

+ (pa + 07 +0i0)” <Z p;) (—<¢!(1{fi +ﬁpi+1)i7_’b> N <¢i+ 1). <a‘pi+20—|b>>]

2(¢i) (p; + pi+1> (ai + 1) (¢i) 2p; 1o

s=i+2
S—x
B 1 (= \ (alpio|b) 1 (i +1]o 1]
I G+ 1) 7 (Zp> T (mm 1) 20, @i+ 1) Z Zpr
b S—x
_ (alo~pelb) | (alppiro”|b) b)
(;10) < o own,

Adding the two contributions together we get exactly what is in equation (5.26).
Of course so far we have only been adding gluon on one side but the calculations
are very similar. The same can be said about the form factor with fermions.

Finally let us consider the form factor with a single stress energy tensor. A
stress energy tensor basically measures the momentum and energy on some internal

line in the form factor. It is given by terms like:

T =Tr(D*¢*P D" ¢ op) + - -- (5.36)

One might think that it would simply follow from the expression in (5.10) as
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it is in the same multiplet however that is not the case. The stress energy tensor
has the properties that it is conserved and traceless and the expression one would

get from (5.10) is not. Instead the MHV form factor is given by:

uy 54<q - Z pz 1 u " - " ABCD u »
= ar ZZZ € 77‘1A<a’|q0 |b>77ancC<C’q0' |d>77dD
(5.37)

For some simple form factors with a low number of external legs this formula
has to be shown by Feynman rules but with a couple of fundamental form factors
in order, we can find the rest using BCFW shifts. It might seem at first hand
that all shifts will have a problem when z goes to infinity as some of the terms in
the operator have two derivatives 0" and 0", however because of the form of the
operator cancellations appear that give a good behaviour at infinity. The key is to
find shifts that would behave nicely as long as neither 0" nor 9" carries away the
shifted momentum. Let us make a shift that if it was not for the derivatives would

have a nice behaviour at infinity using arguments like in the example in chapter 2:

[3) = 1) + 23), (5.38
5] = 15) = 2lil, (5.39)

we can write down a general formula:
F = 2 {jlo"i)(jlo” i) fi + (jlo" i) £ + (jlo” i) fE + O(1/2). (5.40)

We can now use conservation to find the functions f; and f5":

0 =q,q.F"", (5.41)
=z(jlqli](Flqlil fr + 2(jlqlilq - fo + O(1/2).

From this we conclude that f; = 0 and ¢ - fo = 0. Now only contracted one of
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2 3
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Figure 5.7. The legs 1 and 3 are shifted

the Lorentz indices we get:

0 =g, F", (5.42)
=(jlqlil f5 + O(1/%),

and we can conclude that fy = 0. In conclusion, even though the number of
derivatives in this operator may be cause for the concern, the specific form of the
operator means that the form factor has to be well behaved for z — oo in order to
be conserved.

So let us now consider the case with two scalars (particle 1 and 2) and one
gluon (particle 3) and choose 7 = 1 and ¢ = 3. There are 2 diagrams as shown in
figure 5.7. Diagram (a) drops out because as with some of the diagrams in previous
calculations it is not consistent with a generic kinematical configuration. For the

second diagram the 3-point amplitude and the propagator gives:

b ) _ gL [P

T —F (1’P23)32;°’ % H?i R (5.43)
i po oy [Pas3(Pas) (1Pog)
=70 P B o4

233)2 (Pas1) (1 Pys)
[23]2 (12)(23)(31)°

We did not write this in full detail since the expression (5.37) is rather long

:JT_'IU/(L pgg) [

and it might seem more complicated than it is. The first factor with the spinor

products [Py33] is simply going to change the spinors |Pas) in the numerator of
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a b

Figure 5.8. The legs 1 and n are shifted

which there are two into spinors of the type |2) (see equation (2.40)). The second
factor is going to replace the numerator of the form factor with the correct one for

the 3-point form factor so we see that:

Tﬁg. 5.7(b) :JT_-;W(L 2’ 3)' (5.45)

In order to generalize this note that the BCFW shift can only generate dia-
grams with a 3-point MHV amplitude. This can be seen by counting the available
Grassmann variables: there are 4 n’s in the MHV form factor, 4 more from the
internal propagator, since the MHV form factor in the BCFW diagram also needs
4 n’s that leaves 4 for the amplitude which can only be accomplished this way. So
for more external legs there are still just two BCFW diagrams shown in figure 5.8.

Again the first diagram disappears while for the other diagram we get:

1 [n—1n)* (P un=2)(1P, 1)
Sn—tn [n—10] [A— P, 1] [~ Pro1nn—1] "~ (n—2n—1){n—1n)(n1)’ (5.46)

which makes the MHV denominator correct. Adding positive helicity gluons to
the other form factors work in a similar way:.

The calculations work the same way for the other external fields one needs to
compute the the lower-point form factors with Feynman rules recognize it is given
by (5.40) and then use BCEFW recursion to add positive helicity gluons.

The result (5.37) can in fact be written in terms of a delta function but it
requires a slightly weird way of picking it out. If we write down a generating

function:
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g — 54((] B Zz pl>58<’y - 2?21 nz)\z)

I 0) - 1) ’ (547)

where v has both an SU(4) index and a spinor index, then the form factor of the

energy momentum tensor can be picked out the following way:

FH =4 / e PPy 445" Y 5Y0q5 VDG (5.48)

Notice that (5.47) does incorporate (5.10) and that (5.48) manifestly respects

that the stress-energy tensor is conserved and traceless.

5.4 Correlation Functions

Let us now turn towards correlation functions and how to compute them using
generalized unitarity. We will start by reproducing a simple example that can be
found in the literature to high loop order[30, 29]: that of four scalar BPS opera-
tors which we choose to be O1 = Tr(¢s4014), Oz = Tr(pazpis), O3 = Tr(poaas)
and Oy = Tr(¢13¢12). This particular choice was made to avoid disconnected di-
agrams. At 1-loop the calculation is rather simple: as there are no derivatives in
the operators themselves there is no way to construct numerators that cancel any
propagators so the 4-particle cut will give us all we need to know and the 4-particle
cut is just 1.

This means that the correlation function is just given by the propagators:

1
2

2 2 2
T1,2002 303 4241

(010,0;04)M =

(5.49)

At 2-loop we use that the operators are BPS: this should ensure the correlation
function is UV-finite and should be possible to calculate from the 4 cuts shown in

figure 5.9. The cuts can be found to be:
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Figure 5.9. The 2-loop cuts for 4 BPS operators

c _ (Lilg) (lols) _ (@1 + qu)? % _ (Lilg) (lols) _ ai
SO T Y Ul (I +15)2 OO T L) (1 13)?
(5.50)
1 (l113)[lly]  (lal3)[laly] (I113)[14l5]
Cs.9(c) = + +2| Csoa) = )
59 T ol | {als)lale]  (Il1) [lala] D) T 1) (Lals) 1ol [Lals)
(5.51)
Using the integrals defined in figure 5.10 this can be written as follows:
(0,0,050,)@ (5.52)

4
=03 4| (a1 + )*DB(1,2]3,4) + (g1 + q1)*DB(4, 1]2,3)
=1

+ ¢ TriP(1)2,3,4) + 3 TriP(2]3,4, 1) + ¢3 TriP (3[4, 1, 2) + ¢; TriP(4[1, 2, 3)
— TriB(1]2]3,4) — TriB(2|1/3,4) — TriB(2|3[4, 1) — TriB(3|2/4, 1)
— TriB(3[4]1,2) — TriB(4|3|1,2) — TriB(4/1]2,3) — TriB(1[4[2,3)|.  (5.53)

Fourier-transforming back to real space this gives the expected result originally

found in [28]. The integrals are however not that easy to do and the transformation
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X4 X3 X4 X3
(a) (b)

X1 X2 X1 X2

X4 X3 X4 X3

() (d)

Figure 5.10. 2-loop integrals: BTie(4,1|2,3), DB(4,1|2,3), TriP(4,1]2,3) and
TriB(4]1]2,3)

will not be shown here in fact the integral DB is not known in general however the
way it appears in (5.53) does lead to a doable integral. We went over this example
fairly quickly as it merely reproduces a well-known result and the complicated
part about this correlation function is doing the Fourier-transform which is not
the focus of this chapter (nor of any of the other chapters of this thesis).

The second example is that of two BPS operators and a single twist-2 operator®:

O, =Tr(¢p" o™, Oa=Tr(¢p" o™, O3=Tr(D ¢papD] "¢ap). (5.54)

The harmonic variables depend on the position so we will use the notation

n[j]% to indicate u%n; 4 at the position z;. It is also convenient to define:

S(a,b,x) = (a™)5~%(b7)* + (b7)°(a™)", (5.55)

6

where — denotes a light-like direction®. To leading order the momentum space

Sor rather an operator that when summed with others of the same type give the twist-2
operator
6same as + in(5.54) the index has simply been raised
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[2

Figure 5.11. The only 1-loop cut for the correlation function with one twist-2 operator

result is determined entirely by the 3-particle cut shown in figure 5.11. All of the
cut diagrams with be drawn in the following way: the insertion point is the top
right corner is z; (related to incoming momentum ¢y ), the point in the lower right
corner is x5 (related to incoming momentum ¢2) while the left point is z3 (related

to incoming momentum ¢3). The 1-loop cut gives us:

Cs.11 :S(lb 12795) /d4771d4772d4773771A7713772A772354(77[1}1ll - 77[1]3753)

0*(n[2)aly + n[2]s-1s), (5.56)

=(12)e™1} 15,25 25,5, ls, ).

With this we can reconstruct the 1-loop correlation function:

(12)e™13, 15,e%2h 28,5 (11, Iy, ) : (5.57)

The 2-loop case is more complicated. We start by looking at the cut shown in
figure 5.12:
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Figure 5.12. Cut number 1

1 1 (I3l1)
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213172 41712]3:7(2]1
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If we add this to the “twin” diagram where which part is MHV and which is
MHYV has been switched, we get:

(12)6ablia1§b66d2j&c2§d
205 (I + 13)2(Ia + 12)2(11 + )
25 (I + 14)2 — Iy (Is + 53)2) + Sl + by, Is, @) (zz;(h +13)2 (1 + 1)+

2 (

205 (Iy — 14)*(ly + 13)* — 215 (I + 1) (Iy + 1) + 21, (I + 1) (Io + l3)2> (5.60)

3 (5(117 Iy + I3, 2) (I + l3)° <2l;(13 + 13)*+

11

X
R

Figure 5.13. Cut number 2

4

Let us now look at the same thing but with fermions as shown in figure 5.13

1 1 S(l17l2+l3,1')
(=Ll (la=l) [Fla=b][~l=bL][-Lb=lL] (k)

/d4ﬂ1d4772d4773d4774/d4772d4773d4774771A771B772A773354(77[1]1l1 —n[1]a=ly)

C5,13 = (561)

e emens et 5 (21 D + (25 1 + 7[2]} )

=(12)e®1%, 15,625 25, Sy, ly + I3, 2) (5.62)

1
(Iy +13)?

This cut of course also has a similar one where MHV and MHV have been
switched, which gives the same thing.

Adding cut 1 and cut 2 we get:
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2
qs 1 1
I1,1o +1 -
+ Sl + 1, 7) ((lQ +13)2(la + 14)?  (lo+14)? " (l2 + l3)2)>

[1 R
Q 5| J4
1> X

Figure 5.14. Cut number 3

4 1 1 qa )

Let us consider the cut in figure 5.14
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By adding the “twin” diagram we get:
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We are over-counting in this cut because l3 <> [4 gives exactly the same thing.

l4
l1

>
3

Figure 5.15. Cut number 4

Let us now look at the cut in figure 5.15:
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Finally, we consider the cut shown in figure 5.16:
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Figure 5.16. Cut number 5
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From the above cuts we can reconstruct the correlation function:
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All left to be done is Fourier-transform this expression.

We have seen in this chapter that generalized unitarity can be used effectively
to compute the momentum space correlation functions. Fourier-transforming the
expressions back to real space remains a hurdle. It should however be noted that
this is not a problem unique to generalized unitarity as with conventional methods
one will often get the correlation functions with derivatives of some integrals that
can be hard to solve in general as was the case with the four scalar operators at

2-loops.
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Chapter 6
Using Generalized Unitarity on 2D In-
tegrable Systems

In this chapter we will consider how to use generalized unitarity on integrable
worldsheet S-matrices. We will meet a specific set of challenges due to the 2-
dimensional kinematics. However, we will also see the advantages of generalized
unitarity over Feynman rules with features of integrability appearing in a manifest
way at loop level as well as some simple tests to see if the systems are quantum
integrable. The work in this chapter is based on [32] which came out around the

same time as [17] which has many similar results.

6.1 Worldsheet Scattering

In regular quantum field theory as a particle travels through space it creates a
1-dimensional object in space-time called a worldline. Similarly in string the-
ory a string traveling through space creates a 2-dimensional object in space-time
called the worldsheet. Normally when considering scattering processes in string
theory, one deals with worldsheets merging or breaking apart creating something
that looks like normal Feynman diagrams except worldlines have been replaced by
worldsheets. Worldsheet scattering however turns things on its head and instead of
the worldsheet being some object in space-time it is treated as the space in which
the scattering takes place. One begins with a particular solution then quantizes
the fluctuations around that solution, this means that the directions of space-time
is treated as the fields that scatter on the worldsheet.

Worldsheet scattering become interesting when the space is dual to an inte-
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grable field theory then all scattering processes can be written in terms of the
2 — 2 S-matrix which is a process that due to 2-dimensional kinematics can be
written as a function of two 1-dimensional monenta and the process itself can be
written in terms of the scattering of excited states in the spin-chain corresponding
to the dual quantum field theory.

Using Feynman rules the actual computations are not that easy and the La-
grangians consist of an infinite number of terms'. and for AdSs x S° which is dual
to N’ = 4 Super-Yang-Mills has been found with Feynman rules only fully at the
classical level [43] and in the Maldacena-Swanson limit [47] for 1- and 2-loop [42].

Most of the theories we will consider will have a factorized symmetry group

and the S-matrix will in turn be factorized:

§=8®8S, (6.1)

As an example of such a factorization consider AdSs x S° it has 8 bosonic fields,
4 related to the AdSs, z,, and 4 related to S°, y,,, using the Pauli matrices the

fields can be written in a two-index notation:

Y =(0,,) " y" a=1,2 7% =(0,)2" a=3,4 (6.2)

The fermions that appear will be T% and W%, The S-matrix then factorizes
into one S-matrix for the dotted indices and one S-matrix for the undotted indices.
From the spin-chain perspective the dotted and undotted indices will correspond to
excited states in two separate spin-chains. This factorization is a rather non-trivial
feature as it relates the scattering of completely different fields to each other.

The worldsheet S-matrix can be expanded in terms of the coupling constant g

defining a T-matrix:

1 1 1
$:1+TMW+7ﬂT®+O(§)Eﬂ+my (6.3)
g g g

LOf course only a finite number at each order in the coupling constant but the higher loop
order S-matrix one computes the more Lagrangian terms one has to deal with
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but the same thing can be done for the individual factors in (6.1):

1 1 1
szﬂ+7zT<0>+;iT<1>+O(73>EILHT, (6.4)
g g g

and it is actually those we will focus on because all of the interesting features of
the calculations using (6.3) is captured by just focusing on (6.4). We can write the

full T-matrix in a factorized way:

L+1
T =" (T ) @ ((TE) iTCY = 1. (6.5)
=0

Clearly the additional information in the full T-matrix are simply reiterations
of the lower loop results. The cuts do correctly capture these terms as I will briefly
touch upon at 1-loop; the calculation is fairly trivial as one might expect since
generalized unitarity writes loop level amplitudes as products of amplitudes of
lower loop orders and this part of the T-matrix is manifestly a product of lower
loop amplitudes.

Before proceeding with more specific details about the S-matrices let us briefly
touch upon two rather special properties not common to normal quantum field
theories. First of all energy and momentum conservation become rather simple in

2 dimensions when the masses are all the same:

52(1)1 + P2 —P3 — P4) ~ 5(]?1 - p3)5(P2 —P4) —0(p1 — p4)5(p2 - p3), (6-6)

The outgoing momenta are going to be equal to the incoming momenta so there
are only two independent momenta in the problem (which we will denote p and p’
with the assumption that p > p’). This identification of the outgoing momenta with
the incoming is quite essential and the S-matrices would not necessarily factorize
without it later on we will however see that this identification also causes a problem
when one tries to use generalized unitarity.

Equation (6.6) assumed that all masses were the same however we will also

consider cases where 2 particles of different masses scatter, in these cases one of
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the solutions in (6.6) is still valid, the one where the particles do not exchange
momentum 7.e. a state of momentum p and mass m scatter with a state of mo-
mentum p’ and mass m’ and out comes a state with momentum p and mass m and
another state with momentum p’ and mass m’. The other solution will become
more complicated with the outgoing momenta becoming functions dependent on
both momenta and both masses. The S-matrices we will consider with more than
one mass will be reflectionless meaning that this complicated solution to energy-
momentum conservation will correspond to a vanishing S-matrix element.

The rewriting of the delta function in (6.6) gives rise to a Jacobian which
together with a normalization factor for the external states gives a factor that will

appear so often in the computations we will define it to be:

J = (VI (% _ d_f') ; (6.7)

dp dp

With a dispersion relation € = y/m? + p? this becomes:

e'n — ep’ 2m2/_2_m/22_
(\/25\/2;5/)2% (o) = 2 pp, r) (6.8)

We may from time to time refer to this as the Jacobian though strictly that is
not quite accurate.
The second uncommon feature is that worldsheet scattering is not Lorentz

invariant so that the S-matrices are not invariant under crossing transformations?®:

geross _ C_lSStC geross C—lsstc ) (69)

Here C are charge conjugation matrices and st means the supertranspose of the

matrix:

(MSt)AB — (_)[A][B]""[B]MBA , (610)

20f course lack of Lorentz invariance may be a common feature in solid state physics but in
high energy physics it is not
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] is the grade of the argument meaning it is zero for bosonic indies and 1 for
fermionic indices. Going back to the AdSs x S® example around equation (6.2) the
greek indices are fermionic and the latin indices are bosonic making Y, Z bosons?
while T and ¥ are fermions. These crossing relations are responsible for some signs
in the cuts.

Let us finally go into a bit more details about the exact S-matrices found for
the spin-chains. The spin-chain S-matrices can be found using the symmetries of
the theory. As an example consider the SU(2|2) S-matrix constructed by Beisert
[11] this is the one relevant to AdSs x S°. The S-matrix acting on the spin-chain

is defined by:

SP1dady) = AP|¢,00y) + B |,04) + 3CPeane™ | 2700 05) |
S”|vaty) = DP [ bsy) + EP[0,108) + 3F ease| 27 ¢ n) |
S®|pat) = GP|Wsea) + HP|¢,s) |
S%|¢adh) = KP[h o) + LP|¢tba) -

where ¢ are spin-chain bosons, 1 are spin-chain fermions and Z denotes the cre-
ation or destruction of a site on the spin-chain. The worldsheet states correspond
to the products of two spin-chain states as implied by (6.1). The symmetry fixes

the coefficients of the S-matrix to be:

3Since Z has two fermionic indices it is overall a boson
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(6.15)

(6.16)

(6.17)

The momenta appearing here is the spin-chain momentum which is related to

the worldsheet momentum by

2w 1
Pchain = —7=Pws = ZDPws -
VA g

(6.18)

We would need to introduce some additional phases and redefine the functions
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a bit to get something we can plug into (6.1) let us wait with that for a bit and
focus on something else. Notice the factor Sgp, which have not yet been defined
appearing in all of the coefficients of the S-matrix, this is called the dressing phase
and it cannot be determined by symmetries alone. The dressing phase is quite
important and play a prominent role in our calculations later on. The reason for
this can be found by a closer inspection of (6.15); there are simply not may different
function that can appear in the expansion of the part determined by symmetries:
polynomials of p and e divided by other polynomials potentially with some square
roots in there but not much else can appear?. This means that special functions
such as logarithms must necessarily come from the dressing phase putting heavy
constraints on how special functions can appear in the S-matrix. This is quite
useful as it will turn out that special functions is something generalized unitarity
have an especially good grip on where as there are potential issues with the rational
terms.

To see the constraints this makes on the results we can potentially get let us

write the dressing phase as an expansion:

o0

15 1 -,
b = < Z 7%) : (6.19)
94

The dressing phase has to be at least of order ¢! otherwise it would give some
normalization to the process where no scattering occurs i.e. the 1 in (6.3) and (6.4)
would be 1 times some function. So (6.19) is a generic expansion of the dressing
phase. We now define the symmetry-determined part of the S-matrix with the

tree-level dressing phase incorporated into it:

i 4(0)y A
S = es(P2-302)g (6.20)

This is done because the tree-level dressing phase is merely going to be some
rational terms (at least in all the examples we will be considering here). If we now

expand the S-matrix we get:

4These types of terms will be refer to as rational terms
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1 1 A 1. 1 N 7 A 1 4 1

_ Lo, to 1) | *pm o 2) | “aM)mo) | A2 -

S=1-+ ng + gQZ (T + 2612 ]1> + 7 (T + 2912T + 2012 IL) + 0O (g4> .
(6.21)

From this we get that at 1-loop special functions can appear only in the diagonal
terms and they must all be exactly the same. At 2-loop the special functions that
appeared at 1-loop will show up again this time multiplied by the tree-level ampli-
tude potentially with some additional special functions appearing in the diagonal
terms.

The computations from generalized unitarity can be used in several different

ways depending on what is known:

e If the tree-level S-matrix has been computed and an exact S-matrix is known
one can use generalized unitarity to get higher loop orders and compare with

the exact S-matrix and fix the dressing phase

o [f the tree-level S-matrix has been computed but no exact S-matrix is known
one can use generalized unitarity to calculate higher loop orders and deter-

mine whether the structure is such that an exact S-matrix might be possible

e If only an exact S-matrix is known one can expand it and use generalized
unitarity to check if the loop-level amplitudes is consistent with the tree-level

amplitudes®

In [32] generalized unitarity was used in all 3 ways.

6.2 Using Generalized Unitarity

At 1-loop there are 3 different integrals that can appear, shown in figure 6.1, and
3 different cuts to consider, shown in figure 6.2.
The s- and the u-channel are fairly easy to deal with as the cuts are just going

to be functions of the external momenta because the cuts set the momenta of the

50Of course such a procedure will not determine whether the exact S-matrix is meaningful
in of itself but only whether the expansion can be the result of the scattering in a worldsheet
perturbation theory
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Figure 6.1. The 3 different integrals

Figure 6.2. The 3 different cuts

cut lines equal to the external momenta. This way the cuts simply become the
coefficients of scalar integrals. The t-channel is otherwise problematic as both the
tree-level amplitudes in the cut sets the momentum of one of the internal lines
equal to the momentum of the other giving rise to the square of a delta function.

In [17] the authors figured a procedure for getting this cut® while in [32] it was
shown how to get something meaningful out while ignoring the t-channel; here we
will follow the approach of [32].

The key to getting something useful out of only the s- and the u-cut is to notice

that of the 3 scalar integrals shown in appendix B only the s- and the u-channel

SThough it is not clear if the procedure is something that will work in general or requires
certain properties like integrability to be satisfied for the procedure to work
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(a) (b) ()

Figure 6.3. Integrals with fields being truncated away

integrals contain a logarithm and as discussed previously logarithms must come
from the dressing phase putting heavy constraints on how they can appear. In
other words we are lucky that the thing we control very well is also the thing
whose appearance is strongly constrained by the form of the exact S-matrices.

Since we are only interested in the special functions this also allows us to look at
theories where some of the states with different masses than the others have been
truncated away. This can be justified at 1- and 2-loop simply by assuming that the
scattering with these states is reflectionless’. States that scatter reflectionlessly will
only contribute to cuts with no special functions at 1- and 2-loop as demonstrated
in figure 6.3 here the dotted line represents fields to be truncated away and we see
that in diagram (a) and (b) the assumption of no reflections ensures that there
can be no momentum transfer across the cuts meaning that the cuts correspond
to integrals producing only rational terms.

Diagram (c) is different here there are no clear cuts that ensure that the integral
will not produce logarithms. These arguments ensure that under the assumption
of no reflections at 1- and 2-loop we can safely truncate states with different masses

away.

7If scattering between states of different masses is not reflectionless the outgoing momenta will
be some complicated functions of the incoming momenta and it is hard to see how the S-matrix
would be integrable in that case
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6.3 The Cuts

Let us delve more deeply into the actual cuts. We will try to keep discussion at
the generic level also incorporating theories with several different masses.

At 1-loop we can write the generic amplitude as:

1 - 1. - 1_ .
iTW = 5(JS I, + §(Ju I, + §Ct I, + rational . (6.22)

The integrals I are shown in appendix B. The factors of % are included to
counter some symmetry factors from the integrals. We introduce the following
notation that the lower indices represent incoming states and the upper indices

represent outgoing states such that:

T|® 150 = (=)D |00 VTSR + (-) P D@0 ) TG

AB
(6.23)
This way the cuts can be written as
(CG = (0)°T ) (GTO)ZR (TO)EE
E,F'
(Cu)ipr = (i)* Y (=) PHIAPHED GTONEE (T O) R (6.24)
E,F'

Here the sign function appearing in the u-cut are of a fermionic nature and the
exact expression can be found by relating the u-cut to and s-cut via the crossing
transformations mentioned earlier (6.9). The J’s appear in order to counter the
normalization of the internal lines and the appearance of Jacobian factors related
to the rewriting of the delta functions (6.6) on both sides of the cuts. Using the
explicit forms of the 1-loop integrals we see that the factor in front of the logarithm

is going to be®:

8We should of course note that even when we do not write the indices explicitly as we did in
(6.24) the C’s remain tensors
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Figure 6.4. The integrals with non-singular maximal cuts

Cs Gy
== 2
7 (6.25)

I, has a rational part while I,, does not so we can write the 1-loop amplitude

as:

105, - 1., = =
T = o= (JI + 1) + SO £y +4T, (6.26)

with T being defined as the rational part of the 1-loop amplitude.

At 2-loop we will need both cut diagrams with 2 cut propagators and with 4
cut propagators (also referred to as the maximal cut). In constructing the ansatz
we are going to need the integrals shown in figure 6.4 which are all those that have
non-singular maximal cuts, in addition to these we need to include some integrals

that do not have non-singular maximal cuts but do contribute to the 2-particle
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Figure 6.5. The maximal cuts

cuts. At 2-loop we are just considering the case when all masses are the same:

1 . - 1 _ -~ 1 _ - 1 _ -~ 1_ -~ 1_ =
T(2) :—Oa]a, —Cyl _Oc]c ~Cql _Oe]e 50
i 1 +2bb+2 +4dd+2 +2ff
1 ~ 1 ~
- I+ = I
+ ZCs,extra s + QCu,extra u
-+ rational , (6.27)

Again factors have been included to cancel symmetry factors of the integrals.

We can now compute the maximal cuts in figure 6.5 they are given by:
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oD’ (0)\CD' GH’
(Ca)ap = JE ZT )GH/ ) A

G,H’

(C)5h = (0)*T Y (TO)ER(Cu)Gh
G,H’

(C)%9p = (°T > _(Co)am(TGH (6.28)
G,H'

(Ca)Gp = (02T Y (=) PHENPHED (T O)NEE (C,) G
G,H'

(C)Sp = (0)*T Y (=) IBHHEDIPHED GTONEE ¢, G
G,H'

(CHSE = (1) D (=) PIHHEDAPHED () S (T ) S,
G,H'

To compute the remaining two coefficients we need to compare the 2-particle

cut of the amplitude with that of the ansatz. The former is given by:

TG =2 Y (TR TG + (TVERTOSE ) (6.29)
s—cu GH/

TSE|  —ia ()EmE (TONG TG (630
G,H'

TG (z’T<0>>§§i) ,

while the latter is given by:

¢T<2>|§:‘i-t27 372 (JI,+1)—1)+ = (?; + ?2) JI, (6.31)
+5 (% + 07) I + Cs’}"“‘”‘,

IT)[ 827 _ (jj JI, + ; (?2 + %) (JI,+ 1) —1) (6.32)
+ ; (g + %) I + C“;"“a.
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One can use (6.28) to show that the double logarithmic terms in these ex-
pressions are the same as indeed they should be for generalized unitarity to be
consistent. Comparing (6.31) and (6.32) with (6.29) and (6.30) we get the follow-

ing expressions for the remaining coefficients:

1 / ! !
~(Coanara) § =02 Y ((TOERGTOGE + (TG GTO)5E ) (6:33)
G,H'
LGSR 1S (CSRY
J? 2 J J
l(C . gg: JZ )(BI+HD) [D+[H])<( T(o))gg/’(iq”j(l))ggj
J uexra
G,H'

5 , , 1 3 C’D,’ CD/’
+ (iT(l))gg, (Z'T(O))fg,) + 5 ((O )AB + (Of)AB ) (6.34)

J? J?
1((C)5p | (CSE
— = I,.

2 ( 7T !

Here the tildes mean the rational parts of those coefficients as defined back in
(6.26). Using the explicit formulas for the 2-loop integrals shown in appendix B
we get that the coefficient of the double logarithm is going to be:

CIZ

N :W(—2Ca+cb+cc—2od+ce+cf), (6.35)

while for the single logarithm it is going to be:

1 1
Cut =5~ | 575(2Ca = Gy = C0)
1 7
- j(Os,extra - Ou,extra) - %(Cb + Cc - Ce - Cf)] . (636)

Having done the calculations for some generic theories let us now look at some

explicit examples.
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6.4 AdS5 X 55

We have already looked a bit at this example. The S-matrix is given by two copies
of (6.15) (written slightly differently which we will get back to). The T-matrix is

parametrized as follows:

TS = Aoy + Bosy, T}, = Ceae”’,

T}, =D&20% + Ed6267, T = F e,pe”, (6.37)
o = G 0;05, T3, = L 63d;,

T1G = Hl), T =K 625¢.

Here A, D, G and L are the diagonal elements while the rest are off-diagonal.

In [43] the complete tree-level S-matrix was found to be:

AO(p,p) = i {(1 —2a) (e'p —ep’) + M} ,

e'p —ep
/
BO(p /) = —EO(p o) = PP
(p,7) (p,p) p—
1 TO(EF)(Ep—ep +p —
C(O)(p,p/):F(O)(p7p’):§\/(€ ) ( 8/)(65/ DAY= o
p—ep

1
0 _
DO(p,p) =~ [(1 —20) (Ep—ep) - 5 —

2 2
GOp,p') = —LO®W,p) = ! (1—2a) (e'p —ep) — bl i :
4 e'p—ep

1 pp (e+1)(E+1) —ppf
0 _ 0 _
HO(.p) =K. p) = 5 27— VE+D)E+T)

Here e = /1 + p? and a is a gauge parameter. To relate this to (6.15) one first
introduce some phases which has to do with the creation/destruction of lattice

sites not having an equivalent in the worldsheet theory:

9By which we mean one of the two factors of the full T-matrix
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AB — ABgi(1=2a)(p—p") B? = BB(1-20)(p—p")

CB — OBil(3+b-2a)p—(3-b-2a)p) DB — DBeil(z—2a0)p—(3-2a)")

BB — EBi((3—2ap—(3—2a)p)) FB = FBei(i-b-20p-(G+0-200) (6 30)
GB — @Bi(—3r+(1-20)(p—p") HE — JBei((§+b—20)p—(§+b-2a)p")

KB — KBeil(§—b—2a)p—(5-b-2a)p') 1B — 1,Beilsr +(1-2a)(p—p))

These new functions are then related to the coefficients of the T-matrix by:

A — 1 (AB BB)7 _ 1A (AB+BB>, C = i CB7
2v/ AB 2/ AB 2v/ AB
— 1 _]jB EB — 1 _DB o EB F = % FB
2\/AB< +E7), 2 AB( ) 2v/AB
_ 1 AB _ 1 ¥rB
— ABG , = _ABH , (6.40)
L=-L15 K=-LK?&.

Let us now compute the cuts for some specific values of the tensor indices'’:

1
j(cs)gg = (A2 1 BO2 1 9cOFO)5esd 4 2(AOBO — cORO)sdse (6.41)
1
j(cu)gg = A©25e5d 1 2(AOBO) 1 BO2 _ HOKO)s5ds¢. (6.42)
As mentioned it is only the difference between these two expressions that give
us the factor in front of the logarithm. We notice that for the B-function this
difference is zero as it should be since that is an off-diagonal element while for the
A-function it is non-zero. Doing the cuts for the other S-matrix elements we get

the simple formula:

C, C, p*p'?(ee’ — pp')
— - — =+ 1 6.43
J J (ep’ — €'p)? ’ ( )

ORemember the C’s are in fact tensors even though we out of laziness do not always display
the tensor indices
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This matches the form of (6.21):

1 1 2,12 / ! / 1 .
T =4 (= (222 (5" = p') n|2=]) 1 + rational | =4 —9%) 1 + rational | ,
2 m  (ep) —e'p)? j 2

(6.44)

and we have identified the logarithmic part of the 1-loop dressing phase.
Let us now move on to the 2-loop calculation. Again just focusing on some

specific values of the external indices the cuts are given by:

1
73(Ca)if =(Aeu A + B BO + 200 F )55
(Agl)cut + Bg )cutA QCS cutF(O))éd(Sg
=(AQAL 4+ BOBY 4 2cOF! Cut)ac(s,, (6.45)

+ (A(O)B + B A(l) 20 s cut)édéb’

1
—(Co)ed =AY AQses!

2 u—cut
' + (AW B+ BY A + 2B BO —2m() | K©)6d5
=AOAW  sesd (6.46)

+(AOBY  +BOAY | +2BOB  —2HOKY )65,

3O =(AD A + B, BO 1 20, FO)ics (6.47)
+ (AW BO +BY AQ — 20 FO)sds,

%(o yed =AD  A©)gesd (6.48)
+ (AL BO +BY, A + 2B§1_LutB<°> —2HY,, K©)sds,

(o =(AOAD + BOBY, 4 20O cutw (6.49)
+(AOBY  +BOAY | —200FD )82,

%(0) =AOAN  5esd (6.50)

+ (A(O)lefcut + B(O)A(lf) + 2B( )Bg )cut 2H(0 s cut)éd(sg?

s—cut
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where for convenience we use the notation:

7;‘At(sl—)cut

1 . ¢ Loy
00 = 5(Co) i = 5(CG (651

Using the tree-level amplitude (6.38) we get that:

—20a+C’b+Cc—2(Jd+C’e+Cf =0, (6.52)

so there are no double logarithms at 2-loop. This result is sensible, though not
required by integrability, as double logarithms would have to come form the 2-loop
dressing phase and the expected expression for the dressing phase [8] do not have

such a term. The last two coefficients to be determined are:

cA - . - -
=2 =2i(1)? (AD (AW + BOGBW) + COGFW) + FOGCW))  (6.53)

J
LG g ey,
Jg2 2\ g g )"

Cﬁxex ra ND - <A 1 CeA CA 1 C? CA
,Jt =2()) %A (AM) + 5 ( = + J_f; 5\ 7 - 7f I, . (6.54)

Here we use the superscript A to indicate that these are the coefficients multi-
plying 6562 Tt is important that it is only the difference that matters to us because
when subtracting one from the other, the term with the factor A drops out and
this factor we could not determine fully from the exact S-matrix as it also depends
on the dressing phase making it hard to say anything specific at this loop level.

In order to compute the terms with a single logarithm we do need the relations:

B — §(A© 1+ DO)BO 4 Lo RO
8
e — %( A® +DOYCO 4 ib(p + p)C® (6.55)

By %( A® 4 DOYRO) _ jip(p + 5/ )FO),

which we determined from the exact S-matrix. Note however that these relations
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are independent of the dressing phase. With them the second line in equation
(6.36) vanishes and we get that the factor in front of the single logarithm is given
by:

4miCh, = L (202 — CF — M) = —2(A©) ¢l 6.56
—mlnlfﬁ( o — Gy —CF) = =2(iA") 7T (6.56)
For the other choices of external indices we also get:
Cs,extra Cu,extra Z o
7 g + o (Cpy+C.—C.—Cy) =0, (6.57)

and the remaining parts can be rewritten to something similar to (6.56) and we

end up with the result:

1 1 2,2 I / / 1.
iT® = = (_2PP (e’ = prf) In 2= ) T 4 rational = ——6YTO 4 rational,
2 m (e'p —ep')? jo 2

(6.58)

which is consistent with (6.21).

6.5 AdS, x CP3

Let us now turn toward a worldsheet theory which is fairly similar to AdSs x S° so
similar in fact that we will not need to do any new computations but can simply
recycle what we did in the previous section. This theory is type Ila string theory
on AdS,; x C'P? it is dual to ABJ(M) and it appears to be quantum integrable.
The spectrum consists of 8 bosons and 8 fermions with 4 of each being light
(m? = 1/4) and 4 being heavy (m? = 1). It has been argued that the heavy
excitations are unstable decaying into two light excitations [54] and from the spin-
chain perspective they are considered composite states so that the S-matrix only
scatters the 8 light excitations. The light excitations are divided into two separate
representations denoted A and B particles or multiplets. The bosonic worldsheet S-

matrix was found in [41] while in [36] a proposal was made for the Bethe equations
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with the dressing phase being similar to AdSs x S® with only a factor of 1/2
difference as the AdSs x S® dressing phase gets 2 identical contributions.

Based on the Bethe equations an exact S-matrix was proposed in [4]. This
S-matrix has four different sector corresponding to the four different ways one can
choose the multiplets of the incoming particles, it is also reflectionless meaning
that particles of different multiplets do not exchange momentum even though they

have the same mass:

SEE(p, ') = 54 (p,p) = So(p,p')S(p, P, (6.59)
S4B (p,p) = SPA(p,p) = So(p,p')S(p, p). (6.60)

Here the factors Sy and §0 are two potentially different dressing phases and
S is the same SU(2|2) invariant S-matrix that we used for AdSs x S°, (6.40).
Being reflectionless the S-matrix do not mix the different sectors in the s- and the
u-channel cuts so we may consider the cuts for each sector individually and our
computations from the previous section clearly show that through two loops each
of the sectors will have a dressing phase that is half that of the AdS5 x S® dressing
phase consistent with the proposal in [36].

An interesting alternative S-matrix was proposed in [5] where the authors ul-
timately rejected it based on a failure to match perturbative calculations done in
[48]. The alternative S-matrix is based on the same SU(2|2) invariant S-matrix
but it is not reflectionless. We will show that this alternative S-matrix can also be
rejected based on calculations done with generalized unitarity. For this purpose let
us consider the scattering of two incoming scalars from the A-multiplet going to
two fermions from the A-multiplet. This is an off-diagonal element and so should
not have any logarithmic terms at 1-loop meaning that the s- and the u-channel
cuts must cancel out. For a reflectionless S-matrix this is accomplished by the two
cuts being equal however allowing for reflections means increasing the number of
particles in the u-cut while the s-cut stays the same, the discrepancy in the number
of particles ruins the cancellation leading to forbidden logarithmic terms. So we
see that the alternative S-matrix with reflections is not consistent as a worldsheet

perturbation theory at least not if truncated to the light fields.

30



6.6 AdS; x S3x S x St

The next theory to consider is the Green-Schwarz string in AdS3 x S® x S3 x S*.
Unlike the theories considered so far it has asymptotic states of different masses.

The theory has a free parameter o which is the ratio of the square of radii:

R?\ds RAQAdS
o= =1- . (6.61)
Ri,i), Rgg,

For o going to 1 or 0 the space becomes AdSs; x S® x T*, which we will deal
with later, however this limit is non-trivial and one cannot simply take the limit
of the S-matrix described here and get the S-matrix for the Green-Schwarz string
in AdSs x S x T*. The spectrum for AdSs x S3 x S? x S consists of:

- two bosons and two fermions of m =1
- two bosons and two fermions of m = 0
- two bosons and two fermions of m = «
- two bosons and two fermions of m =1 — «.

The a-dependent states can be dividede into left (L), |¢) and |¢), and right (R),
|¢) and |¢)), excitations''. The representations are not decoupled and the S-matrix
will have non-trivial LL, LR, RL and RR scattering. Two S-matrices was proposed
for this theory [20, 3] (which we will refer to by the abbreviations BOSS and AB
respectively) and we will consider both. Tree-level calculations favors the BOSS
S-matrix[51]; the 1-loop dressing phase was found in [9]. Both exact S-matrices
are shown in appendix C

The S-matrices only deals with the a-dependent states; there are 16 different
sectors corresponding to the representations and masses of the incoming states
and scattering between states of different masses is reflectionless, in order to use
generalized unitarity we assume that the scattering with the remaining states is
also reflectionless. The scattering of states in different representations but with

the same masses is in fact also reflectionless.

' The terms are misleading as one cannot directly relate these to left- and right-movers however
we choose to retain the notation of [19, 20]
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In order to make the notation as close to AdSs x S® as possible we define:

T30 = Arr, Ty =Dur, T)) = Gue,

Tfij =Hyr, Tﬁ =Kz, Tmﬁ = Lprr,

Tjﬁ = Arg, T;f;f = Crr, Tm =Dyg, (6.62)
Ty = Cun Tys = Fun, T35 = Hep,

T = Kpg, T9S = Lig.

The lower indices on the T-matrix denote incoming states and the upper indices
denote outgoing states. If needed we could have introduced subscripts to indicate
the masses of the states however this is not necessary and so to keep the expressions
as clean as possible they have been left out. The RR and RL sectors have also
been left out as they will be completely equivalent to the other sectors.

All of the components have an expansion in the coupling constant similar to
(6.21):

1

1
App = EAfg + ?A(ng T (6.63)

We do not need the explicit expressions for the diagonal elements we only need

to know that they satisfy the relation:

A L DO _ GO _ 1O = (6.64)

which they do in both proposals for all sectors of the S-matrix. The off-diagonal

elements of [20] are given by:
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pp (e+m)(E+m) —pp
ep—r'e \/le+m)(e +m)
V(E+m)(e +m')('p—ep/ + p'm — pm)
e'p—pe

H(o)ggss _ K(O)ESSS’

COPRS = FOPRSS = . (6.65)

o N)Ir—\ [\.’)Ir—k

H(O)E}C%SS _ K(O)Egss

where m is the mass of the state with momentum p and m’ is the mass of the state
with momentum p’ both can be either a or 1 — o', For the S-matrix from [3] the

off-diagonal elements are given by:

HOAB _ [OAB _ 1 pp (e+m)(e+m')—pp
LR = 5 cp — ple (e+m) ’

COPR=FOIR =0, (6.66)
KOAB _ [c(0)AB _ 1 pp (e+m)(E+m')—ppy
LL LR 9 g/p o plg (8 + m/) :

Note that although Hy; and K; are different for the two S-matrices their
product remains the same which will mean that some the 1-loop results will be the

same for the two proposals.
Writing out the cuts for the LL sectors we get for both S-matrices:

%(CS,LL)% = A(LOF (1](Cu LL)¢¢ - AfL - HLLK(LOz
(Conn)i = DY S (Curn) = DI K
SO = GEP A HEKE (Gl = G (6.67)
S(Conn)lh = GRS+ HOLY S (Curn)? = DI + HEAY
H(Cunn)l = LOKE 4 KOG S (Cura)ll = ALK + KDL
HCaE =L HOKY, (Gl =LY

2Though there is the assumption that p/m > p’/m’
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Because of (6.64) the terms with diagonal elements drop out when subtracting
the u- from the s-channel cuts. Thus the difference only depend on the product of
HLL and KLL:

CoPr® _ o _ Cior _ Calr _ () (p-p + mm’)]1 (6.68)
J J J J 2(e'p — ple)? ’ '
Again we see that only the diagonal elements get logarithmic contributions at
1-loop:
1 1 2(0n\2 . ! / l
iT(lezi 5 __p(p)(p Pt ') n |22 —m |2 1 + rational | .
™ 2(e'p—ple)? p- m

(6.69)

Incidentally this may be recognized as the LL dressing phase computed for
AdS; x S* x T* in [9] or rather a suitable generalization to the case of different
masses. There is an extra factor of 1/2 in front reminiscent of the relationship
between AdSs; x S° and AdS, x CP2. The calculation for the RR sectors are
completely equivalent.

While the result is completely consistent with the BOSS S-matrix[20] it is not
quite in line with the expectations of [3] as that S-matrix does not have a dressing
phase for the scattering of states with different masses.

For the AB S-matrix the LR and RL sectors are similar to the LL and RR
sectors so they are going to lead to the same result (6.69). For the BOSS S-matrix

these sectors are however different and the cuts will be given by:
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L (cBOSS\06 _ A (02 . ~(0) p(0) L cBOss 66 _ (02
j(CELR )¢¢7 = Arr +CLrF LR j(CELR )d)q; = ALR
1 ) 0) (0 0) (0 1 b 0) (0 0)71 (0
F(CI0R)5S = ALRCER + CLRDER  (CUER)5E = GUrClr + CLaLin
1 5 1 5

PP _ 1)(0)2 (0) 2(0) — n2
7(CSSES)W =Drr +CLrFLR j(CECL)%S)% =Dir (6.70)
1 5 0) (0 0) (0 1 5 0) (0 0) ~(0
F(CERR)G = DinFie + FipAln  S(CR0R)05 = LiaFin + FirGin
1 g2 1 o0 _ 02 _ o0 po)
3(05938)% =G 7(03(2}28)# =Grr — CrrFrr
1 b 0)2 1 b 0)2 0) 1(0
S(COPR)G = Lin F(CU2R)55 = Lik — CLaF i

The difference between the two cuts then becomes:

BOSS BOSS 200 1\2(1r . 1 /
J J 2(e'p — ple)?

which lead to the following 1-loop T-matrix:

/

p_

p—

m/

m

;T(D.BOSS _

iR = —1In

. (1 (_1102(19’)2(13 - p' —mm') (m

2\ 7w 2(e'p — ple)?

)) 1+ rational) .

(6.72)

Similarly to the LL sectors this can be identified with the LR dressing phase
of [9] generalized to the case of different masses with an additional factor of 1/2

in front.

6.7 AdS; x S® x T*

We now turn towards the Green-Schwarz string for AdSs x S® x T* and we begin by
considering the generic case with a mixture of RR and NSNS fluxes, the S-matrix
was found for this scenario in [37]. We will find the 1-loop result with a mixed flux
but for 2-loop with pure RR flux.

The massive spectrum of AdS; x S? x T* consists of 4 bosons and 4 fermions

divided into two representations as in AdSs x S3 x S3 x S this time however the
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S-matrix is factorized as in (6.1).
There are also massless excitations in the spectrum but as previously we will
just assume that they scatter in a reflectionless way with the massive excitations

and ignore them. The massive spectrum is factorized as follows:

)@ ) ¢ =
by ® ) I¢-)

) ®
b)) ®

), (6.73)
).

)@ ¥) Ix+)
)@ [%) Ix-)

) ®10) [24) =
by @) |2-) =

|y+>
ly-)

[2 ¢ [2 ) @ [¢

[2 ¢ [2 V) ® |9
The notation have been chosen to make the similarities with AdSs x S x 53 x St

as clear as possible. The T-matrix i.e. one of the two factors of the full T-matrix

is also parametrized as before:

T = Ap, TYY =Dyr, TS = Gy,
T4 = Hyr, Ty = Ku, Ty = Lir,
T9 = Arg, TYY = Cpp, T)" = Dpg, (6.74)
T% = Gip, Tf;,% = Frg, Tzz Lir,

From [37] we get the tree-level expressions:

ALL = %(ll + C), GLL = %(lg + C), HLL = _l57 (675)
Drr = %(_ll +¢), Lip = %( I3 +¢), Kip = s, (6.76)
Arr = 5(l2+0), Crr = l4, Grr = 5(ls + o), (6.77)
Dir= %(—lg—i—c), Frr =4, Lrr = %(_13"'_0)- (678)

It is clear that for both sectors the coefficients satisfy:
A® 4+ DO GO 1O =, (6.79)

irrespectively of what [, ls, [3 and ¢ are so we will not need these functions. All

we will need are the following expressions:
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/

142—% (\/(5++p+Q)(€’_ +p’—q)—\/(€+—p—q)(€’_—p’+Q)),

200+ v
(6.80)
ls = —ﬁ (\/(€+ +tp+a)(ey +0 +q) + \/(E+ —p—q)es - —q)) :
(6.81)
er=vV(pEtq?+1—¢>. (6.82)

Here ¢ is the ratio of the NSNS flux over the RR flux, ¢ — 0 gives pure RR
flux. The other two sectors can be found by changing ¢, and £_ as well as the
signs on ¢q. Note that taking the ¢ — 0 limit of this S-matrix gives the @ — 1 limit
of the BOSS S-matrix for both sectors [21].

The presence of the NSNS flux changes the dispersion relations and in turn
the propagator which we will need to take into account. The integrals can be

interpreted as regular equal-mass integrals with shifted momenta:

(0.0 =1(p+q,0" +q), (6.83)
(p,0)er=1(p+q,p — q).

~Nn N~

The Jacobians are also modified:

Jor=4(p+9e, — (0 +9er), Jir=4p+qe — @ —qer). (6.84)

We are now ready to compute the cuts for the LL sector:
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1 0)2 1 0 0
——(Carr)iy = ALY T (Curn)f = ALY — H K,

Js,LL Ju,LL o
1 0)2 1 0
J—LL(CS L) = DY), J—LL(CU’LL)w = DY)’ -~ HYKY),
1 0)2 0) 10 1 0)2
J—LL(CS L) =GP + HOKY, T (Curr)s = GEP, (6.85)
1 0 0 1 0)¢7(0 0) 4 (0
J—LL(CS o)y = GEHY + HY)LY, J—LL(Cu,LL)fZﬁ = DY) HY) + HY)AY),
1 0 1 0
T (Conn)if = LEKE) + KEIGE, 5 (Cun)f = ALK + KDY,
1 1
C, v _ 1,002 + H(O)K(O), c, Yo L(O)Q’
Js7LL ( ,LL)W LL LLMLL Ju,LL ( ,LL)W LL
and the LR sector:
L(C ) A(0)2 4 C 1 (C )¢>¢} — A2
JS’LR s,LR oo LR7 Ju’LR u,LR ) LR >
1 0) ~(0 1 0
J. LR (<, LR)¢¢ A(L})%C(L})% + CLR LR? Ju IR (Ou,LR)Z:; G(LI)%C(LR + CLRL(L})%>
1 7 0)2 0) (0 1 7 0)2
J—LR(Cs,LR)% = DY + CIAF 7 LR(Cu,LR):% = Dy, (6.86)
1 0 1 0
L (Coun = DI FAG, (o) = LOF + PGS
1 7 1
¢ (0)2 ¢ (0) 0)
E(Cs,LR)(ﬁg =Glr, m(cu,LR)qﬁ GLR - CLR LR»
1 5 0)2 1 (0
T LR(C’S,LR)% = LYY, T LR(C%LR)$$ L% — COAF R

The difference between the u- and the s-channel cuts then becomes:

CS Cu “(p')? / /
jLL B jLL = 2(];(19;,)2 (exei +(p+ )P + @)+ (1 —¢*)) 1, (6.87)

for the LL sector and

38



Corr  Curr _ _P*(P)’
200+ 7

']s,LR Ju,LR

)2 (e4el

+p+a)0 -9 —-(1—-¢))1,

(6.88)

for the LR sector. Using the integrals in (6.83) this gives us the 1-loop T-matrix

corrections:

T _ Z(}( S G U N Dl e 0 ) O e U
LL 2 s 2(p—p')? Er —P—4q
T Z(}( PP (el ) —a) = (1= ¢%) | | -1 g
AN 2(p+p)? &+ —p—4¢

> 1 ~|—rat.>,

(6.89)

>1+rat.>.

(6.90)

The results are in line with the expectation that only diagonal elements get

logarithmic contributions and the ¢ — 0 limit also matches the dressing phase

found in [9].

For the 2-loop calculation we just consider the case of ¢ = 0. The maximal

cuts are given by:

%cﬁjm =AY A
%Oﬁ‘“ = AL weewALL — %
%Cﬁ“ =AY AL
O =AY A -
%Cé\u = AD) weerALL,
ORE =AY A

It is trivial to show that:

Cﬁ;éL x _QCCJL\LL + CbALL + CCALL

1

1 0 0 1
H(LI), u—cutKgl)l - §H£I)1K£L) u—cut’
1 0
(L[)/ s—cutK(L[)ﬂ

0 1
(L[)/K(L[)/ s—cut’

— 2041 4+ A 4 O =0,
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so there are no double-logarithm for this coefficient this is also true for the other
components of the S-matrix.
Let us now find the remaining two coefficients that allows us to find the terms

with only a single logarithm. The 2-particle cuts give us:

Clr @ Chr 1 [(Chi CAu -
< :_ZAggT_g et 5 JI, +2AY A0

C’ﬁéftra _ A Cﬁu N l'H(O) CSKLL N E'K(O) CELL _1 C’f“ . CJ/;\LL o
A A A D e A T A J2 ¢

0) x (1 0) (1 0) (1
+2AT) A — HpKj) — KiJH), (6.93)

Subtracting these two expressions from each other gives us:

CAJt - CAJt :% (C; L sz - Cf; - C; ) J1, (6.94)
~ SHIERE — (7KL )
- SKOC - PR )
Again we need to use some relations for the 1-loop rational terms:
RO =)= L (AD + D) B+ L0 -, (699
R =KY =2 (AD+ D) KS - L0+ - K. (6.96)

With these relations we find the 2-loop single logarithmic term to be propor-

tional to:

OSALL C’{?LL
J J

1
—AmiChe = — (20 — g - oher) = —2(iAY) (

> ) (6.97)

The calculations for the other components are fairly similar and we get:
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AL 1 . ' C’?LR C{L%LR
—AmiCubt = 5 (20 — G — CeR) = —2(iA%)) ( Y ) .

(6.98)

So also for this sector we get something consistent with the structure from
equation (6.21):

1
T = —§T<0>9<L1};z + rational. (6.99)

This concludes the chapter about using generalized unitarity for integrable
worldsheet S-matrices. As we have seen generalized unitarity can be quite effective
in terms of finding the logarithmic part of the dressing phase but also in testing

whether an exact S-matrix could be consistent as a worldsheet perturbation theory.
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Chapter 7
A Twistor String Theory for ABJ(M)

ABJ(M) is a 3-dimensional theory with a gauge field governed by a Chern-Simons
Lagrangian plus some matter fields. It is interesting because it has several nice
features similar to N/ = 4 SYM such as integrability and Yangian invariance of
amplitudes.

In this chapter we will look at another similarity, the formulation of the tree-
level amplitudes as simple integrands localized on holomorphic curves in twistor
space. For N' = 4 SYM this formulation of the scattering amplitudes follow directly
from string theory in twistor space we will show that the same thing holds for
ABJ(M).

I will attempt to make it not too technical focusing more on the motivation
behind the venture and less on some of the details. The full details can be found

in the paper on which this chapter is based [35].

7.1 ABJ(M) Theory

Because of the Chern-Simons Lagrangian there are no external gluons. There are
two gauge groups and the gluons are adjoint in either of them while the matter
fields are fundamental under one of the gauge groups and anti-fundamental under
the other. The external fields consist of 4 bosons, 4 fermions and their conjugates

and they can be grouped super-fields as follows:

92



Figure 7.1. The dashed line and the full line represent the two different gauge groups

d(N, 1) = o) + Lr (N + drs N + brie(NnTyn™ (7.1)
TR (N n) = "E ) + 0" 6" () + 0" () + 0" n () | (7.2)

where the ¢’s are scalars and the ¢’s are fermions and the capital latin letters are
SU(4) indices. For a Lagrangian expression see the appendix D though there the
notation is slightly different.

This first of all means that scattering amplitudes has to have an even number
of external fields otherwise they would transform under the gauge groups. Another
consequence is that for planar amplitudes every second external field has to be of
the type (7.1) and the rest of the type (7.2) as illustrated in figure 7.1 which is
a double-line diagram similar to the ones introduced by 't Hooft [52] the dashed
and the full line represent the two different gauge groups and the arrows show
how the fundamental and anti-fundamental indices are matched up. This way the

amplitudes become color-ordered in a way similar to other gauge theories:

A<q)a1’ (I)bQ P (I)bn Z A o1 027 05 e Aan)(sagl a03 6(1(,3 o aal, (73)

boy,

where the sum runs over the permutations of the odd and the even sites separately

modulo cyclic permutations of all states.
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7.2 Two Beautiful Amplitudes

All of the tree-level amplitudes of N' = 4 Super-Yang-Mills can be put into one

beautiful formula:

>0 [Ty 6M(Crnilo]Wh)
An k(W) = / VWI[GL2)]  (12)(23)--- (n1) (7-4)

where n is the number of external states, k denotes that it is the N*"2MHV am-
plitude, the o is a n cross 2 matrix with the entries denoted a; and b; and W is
the conjugate twistor variables i.e. the conjugate of A\, A and 7. The C-matrices

are given by:

Crilo] =a;™"b" ™, (7.5)

and the products in the denominator are:

(1) = aib; — a;b;. (7.6)

The integral has a GL(2) symmetry making it divergent so in order to make it
sensible one has to divide by the volume of GL(2) this corresponds to fixing four
of the integration variables and multiply by a corresponding Jacobian.

The expression may look rather complicated what with 2n — 4 integrals to be
done however if we for a moment leave the Grassmann variables aside and focus

on the bosonic variables, we can go back to the regular twistor variables using:

k
/ d"We™ 22V TT §(Cllo]WW)

m=1
n k
i=1 m=1
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What is that good for? Well X is part of the conjugate twistor variables while
A is part of the normal twistor variables so to get an expression of the regular
spinors we need to transform half of the twistor variables this way we end up with
2n + 2k — 4 integration variables and 2n + 2k delta functions so the integral is not
really an integral but simply an expression with variables projected onto a specific
point; the remaining four delta functions simply give us momentum conservation.

It is in fact quite easy to see that momentum conservation is incorporated into
(7.4) once one have Fourier transformed half of the variables' and it is a exercise
that will be useful later on. After Fourier transforming half the variables we get

delta function that enforce the following equations:

k
0=X = 28 Coni, (7.8)
m=1
0= Cnil. (7.9)
=1

We then write down the following:

n

k
0=zl > Couhl. (7.10)
=1

m=1

This is definitely true since every single term in the sum is 0. However this can

also be reformulated to give us:

n k

0= XS e G = 3 RN (7.11)
=1

=1 m=1

So we see that momentum conservation is in fact incorporated into (7.4).

The tree-level amplitudes of ABJM can be put into a similar formula [45, 38]:

!Though not that easy to pull the momentum conserving delta function outside
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Agi(A) :/ A Hﬁl:l 52'3(Cmi[U]Ai). (7.12)

vol[GL(2)] (12)(23)--- (nl)

There are certain differences though: the A’s are the regular twistor i.e. a two
component spinor A and 3 Grassmann variables, 2 not the conjugate twistors
and one should note that k£ now has to be half of the number of external states
meaning that only the 4-pt. amplitude is MHV. Finally, there are these additional

functions:

2k—1
A=]]s (Z afk—l—jb{f—1> : (7.13)
j=1

i

B Num

J = 7.14
Den’ ( )
Num :detlgi,jg%,l(a?k_l_jbg_l) = H (Z, j), (715)
1<i<j<2k—1
Den =deti<;j<r(as, bl ) = [ (201,25 —1). (7.16)
1<i<j<k

Still the similarities between (7.12) and (7.4) are quite clear. Notice however
that momentum conservation is not so easy to see as before and it depends on the
factor A. It may be useful to note that even though Num only depend on n — 1 of
the external legs the particular leg is arbitrary due to the delta function (7.13).

7.3 Twistor String Theory

The formula (7.4) was shown to follow from a topological string theory in twistor
space by Witten [53] and later it was formulated as an open string theory [14, 15].
It is the open string theory that our construction will mimic. Essential to the
construction is the appearance of worldsheet instantons, the scattering with k£ — 1
instantons will correspond to the N¥"2MHV amplitudes.

For N' = 4 Super-Yang-Mills the relevant twistor space is C'P?* where the
worldsheet fields are given by:

2Strictly speaking it is what is called mini-twistor space
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Zh = (A, ut, ), Y7 = (fia, My ¥a). (7.17)

Both comes in a right-moving and left-moving set which will be denoted by a

subscript (L or R). The action is giving by:

S = / do(YLiVrZi + YV Z3%) + S (7.18)

The theory has a GL(1) symmetry:

Y — 7Y, 7 —tZ. (7.19)

This symmetry has been gauged and the V’s are covariant derivative that
include the GL(1) worldsheet gauge field; it is this gauge field that give rise to
the instantons. Sg is the action of the current algebra; there are different ways to
create a current algebra but for the purposes of [14] it is not necessary to specify
a particular one what matters is that the correlation function of the currents is

given by:

T[T o2 . T
cye(l,...,n)

(o (p1) - I (pa)) = )

+ double traces, (7.20)

m—1
cye(pi, - pm) = (pm — o) [ ] (0i = pisa),

1=l

where the sum runs over permutations up til cyclicity. The denominator in this
expression is ultimately what will lead to the denominator in (7.4).
The string theory is an open string theory so the following boundary conditions

are imposed:

Y, =Yg, 7. = Zp, (7.21)
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so the vertices are only going to be functions of one set of variables. The vertices
will also need to be invariant under the GL(1) transformation such vertices are the

ones below:

- / dpJ*(p) / %m — EA())exp (i (p) 81 — €0 (p)).  (7.22)

Here the A, A and 1 not dependent on any variables are the regular spinors
and Grassmann variables that the amplitude depend on while the others are the
worldsheet fields. The £ is merely introduced to make the formula appear nicer it
is not a necessary variable but it makes the GL(1) invariance easy to see as any
rescaling of the worldsheet fields can be canceled by a rescaling of ¢&. With a simple
Fourier transform one can also see that (7.22) has the full SU(4]4) symmetry.

The worldsheet coordinates become functions of the collective coordinates, z (),

of the instanton:

k k k
X(p) =Y almp™ =D T M 0) = Y ™ (723)
m=1

m=1 m=1

These are in fact all of the elements one need to find (7.4); one simply compute

the correlation function of the vertices in (7.22):

(V(p1)V(p2) - V(pn)), (7.24)

After integrating over the collective coordinates, one Fourier transform the

variables into the conjugate twistor variables® and make the identification:

a; =& b; = &pi, (7-25)

and we end up with the desired result.

There are however other vertices that are invariant under the GL(1) transfor-

3Note that inverting (7.7) is going to remove the z’s which are the collective coordinates
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mation one could imagine vertices like:

Vi = 1(Z(p)Y1(p) Vo = 91(Z(p))0Z" (p). (7.26)

These vertices where investigated in [16] where they were shown to represent
corformal supergravity. Conformal supergravity is in fact already present even
without these vertices, it is those fields that are responsible for the multiple trace

structure that will arrive from (7.20).

7.4 Making it Work for ABJ(M)

Since (7.12) and (7.4) are so similar and the N = 4 Super-Yang-Mills result follow
from a twistor string it seems natural to try to come up with a twistor string
theory for ABJ(M). First one may notice that simply reducing the space from
CP31* to CP?* is not going to work no matter what x is because the bosonic part
does satisfy momentum conservation; we need some kind of scheme to provide
momentum conservation for us and in turn give these additional functions (7.15)
and (7.16). So even though in the twistor A has fewer entries than W and Z we
are actually going to start with a bigger space C'P*° which incidentally is also
a Calabi-Yau space like CP3%; that is we are going to introduce 3 extra bosonic
directions that we need and 2 extra fermionic, extra directions we are subsequently
going to project away.

It is not difficult to see how we can now get momentum conservation: fix the
fifth bosonic variable to some value, write some twistor string theory like for N' = 4

Super-Yang-Mills which will necessarily satisfy the relation?:

0=> u'p (7.27)

Then one simply imposes

4Tt may be slightly confusing but the regular twistors appear in the ABJ(M) in the way that
the conjugate twistors appear in N’ = 4 Super-Yang-Mills so we actually mean conservation of
the conjugate variables
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i = j fy = flo . (7.28)

This clearly leads to

0=> pp, (7.29)

but unfortunately it is clearly also a divergent procedure as two different conditions
in (7.27) leads to two identical conditions in (7.29):

0=> p'pn’ (7.30)

giving us 0(0) so the procedure will have to be done with care.
The second projection we are going to need is also going to lead to a §(0)
albeit it will be a Grassmann delta function. We are going to apply the following

projector:

Pe(o) = [ dntdiPs(un’ + ns)() (7.31)
Just like the bosonic condition correspond to the vanishing of the momentum in
a specific direction this imposes the vanishing of the super-momentum in a specific

direction. It may appear that the projector breaks the symmetry between p; and

15 however this is restored by the integration over the Grassmann variables.

7.5 The Enlarged Twistor String Theory

The worldsheet fields in our theory will be:

Z'(p) = (*(p), A(p), % (p))  Yilp) = (Malp) palp), valp)) ,  (7.32)
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The fields transform in the fundamental representation of SU(3,2[4,1) (o =
1,2,3,a=1,2,A=1---5). The action is very similar to (7.18)°:

S = / d*o (Y VrZE + YriVLZE) + Sq . (7.33)

Again V is a covariant derivative that includes a GL(1) gauge field. Unlike
in [14] we have to more specific in picking a current action because we want the
special feature of ABJ(M) that every second field is part of a different superfield.
The action we need consists of N fermionic fields, ¥; and M other fermionic fields
Uy

N M
SG = /d2p Z(\Iﬂi,LaR\Ijl,iL + \T/Zi’R@L\IIMR + Z \I/%,LﬁR\IJQ,jL + \I/%’RaL\IJQJR) .

=1 Jj=1

(7.34)

Quantum mechanically there are restrictions on what M and N can be and
unwise choices can make lead to anomalies at the loop level but classically (and we
are so far only interested in the tree-level amplitudes) they can be whatever they

want. We want to define the current:

1= 1 -
JF =( (N\Ijlqjl - M\pg\IfQ) . (735)

This current have no anomalous term in the OPE with the stress tensor because
the stress tensor basically counts the number of fields, with appropriate fermionic

signs, and gives:

0— <%(—N) _ %(4\4)) | (7.36)

Having vanishing mixed anomaly means that non-vanishing correlation func-

5Notice again that regular variables and conjugate variables are mixed up compared to N = 4
Super-Yang-Mills
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tions must have zero charge under this current.

As for N = 4 Super-Yang-Mills the string theory is an open string theory so
the vertices will only depend on one set of variables. However unlike in that case
we do not want the full symmetry of the twistor space one way that will break the
symmetry is of course the projection mentioned earlier but already before then we
want to break the symmetry from SU(3,2) to SU(2,2).

The breaking of the symmetry comes from treating the third component of

differently from the other two components. So we write down the vertex family®:

Un(fia, o 77; p) = %@mp))”cﬁ?(n—£n<p>>e%é”<p>5°5<ﬁ/*—@/‘/*(p)). (7.37)

These vertices will then be dressed with currents:

JE =0T, (7.38)

to create the full vertices:

Vij = J&U,. (7.39)

The fourth and the fifth fermionic directions are also extra dimensions to be
treated differently from the others so it seems sensible to construct a current out

of these extra directions:

Je(p) = asi’*Xs(p) + qr Z bAalp). (7.40)
A=4

It has no mixed anomaly if

dgB = 2qF. (741)

6One could also imagine a vertex where u3 is localized by a delta function but it is more or
less equivalent to U_1 as the delta functions, also for the N' = 4 Super-Yang-Mills twistor string
theory, should be interpreted as simple poles with the integration encircling the singularity
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After having used the fermionic projector (7.31) the vertices have the following

charges under Jg (we denote the charge, ¢g):

qe(PrU,) = ngp + qr (7.42)
= (2n + 1)qp.

If we now make the following choice for the charge appearing in (7.35):

NM

= - 4
4=~y (7.43)
then the currents from the current algebra will have the charges:
q(Ju) =0, q(J12) = +qr, (7.44)
Q(JQI) = —qr q<J22) =0. (745)
So if we now define a new current:
J=Jg+ Jp, (7.46)

and enforce that all vertex operators have zero charge with respect to it we are left

with only two vertices:

V_i12(fia, tta, 75 p) =J12 PrU_1(fia, tta, 7; p) (7.47)
%,ZI(ﬂaa,udaﬁ;p) :J21 PFUU(ﬂowludaﬁ;p)' (748)

This is what we want as we shall see when we compute the scattering ampli-
tudes; already now one may notice that due to the absence of both J;; and Js
every second external field will indeed be different as it should.

Whether this scheme is in fact sensible at the quantum level with no loop order

anomalies is not quite clear but at the tree-level it is fully consistent to truncate
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to the two vertex operators (7.47) and (7.48).

7.6 Computing the Amplitudes

After having defined the vertex operators we want, we may now compute the
scattering amplitudes. Similarly to N' = 4 Super-Yang-Mills the worldsheet coor-

dinates become functions of collective coordinates (or zero modes):

k k k
1% (pi) = Z i N (p) = Z 2Pl 0 (i) Z Zompit " (7.49)
m=1 m=1

m=1

The amplitude with n external particles and k& — 1 instantons then becomes’:

= dpl :
An e = vlo_ll GlL H PPzl 1T U-alo) 11 Uolps) (iz(pr) - - Joa(p2n)),
ze{v_l} Jje{Vo}

(7.50)

where {V_1} = {1,3,5,...} and {Vp} = {2,4,6,...} while current correlator is
given by something similar to (7.20) with the difference that only permutations
within the two sets of currents are allowed. As mentioned the vol[GL(2)] is there to
remove a divergence as the integrand has a GL(2) so we would be integrating over
an infinite number of physically equivalent states, the SL(2) is the usual divergence
appearing in string amplitudes that can be removed by fixing 3 p’s [44], the GL(1)
symmetry is the one from (7.19).

Note that after the projecting:

Pro® (it — & (p)) = 6B (7" — €04 (p)) (€0 (p)i + EP°(p)ps),  (7.51)

there will be exactly n of the z*/z%-variables in the integrand meaning there also

has to be that many integration variables setting:

7Or rather the only part that survives after the projections
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n
k=—. 7.52
& (752
We want to deal with the projections and additional variables one at a time so
we define:
n k n
H'—l dp’L d&z 2 _ -
wi = | =T ST 2B LT Ius T 89 (2 — & (s
PpPrAnk Vl[GL(2)] & nl_:[l Z(m) 13dexplas E (1 — &b (i)
(Ji2(p1) - - - Jo1(pn))- (7.53)

Here I3 is the j3-part, I, 5 contains the integral over the fourth and fifth
fermionic directions and I, contains the integral over the A zero modes being
subjected to the constraints (7.28) (as indicated by the projector Pg).

I3 is rather simple because the relationship (7.52) makes it the determinant of

k x k matrix:

Iy = /Hdz 1T & /ﬁdz?m. (7.54)

ie{V_1} pi) detle{‘/ 1} &p, m=1 ~(m)
As mentioned both here and for N’ = 4 Super-Yang-Mills the integration con-

tours are always chosen to enclose the singularity:

1
detieqry (&p" )

(7.55)

I..p is slightly more complicated, before employing the projection (7.28) we

have:

k n
Iexp - PB/ H dQZ?m) H 52<ﬂ7, — fiﬂ<pi))€imd&>\a(pi). (756)
m=1 =1

After applying the projection the integrand becomes invariant under the fol-
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lowing shift:

M(p) = N(p) + aii (p) N (p) = N(p) + afi®(p), (7.57)

or put differently:

Zmy = Zim) T V2> Zomy = Zm) T O2(m)- (7.58)

This shift means that when integrating over the z-coordinates one integrates
over an infinite number of equivalent configurations. To pull the part we want away
from the problematic part we exchange the integral over one of the z’s (which is

set to zero) for a collective coordinate a:

eXp /(H H) dz(m H ( gz ( z)) Wmfl (i) /(Z(ll)da)@iazyl ﬁ?uiaég_

m=1a=1 i=1

(7.59)

Here \ = )\| 1)=0 and the primed measure does not include an integral over

2(1) In the first part of (7.59) the projection causes no problems:

[19%( — &l )eect o) (7.60)
=1

m-41—2

— H52<ﬂi —&ipi))e €2 3 1=1 ()1 2y H2(m)2 20 )P

Again the " signifies that the variables z(il) has been removed. Looking at the

exponent in the second line we see that there is a more useful set of variables:

k k
=) ) 0 zma Omti—tw (7.61)
m=1 [=1
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Changing to these variables gives the Jacobian:

Ed

day,

det —
8z(l)

= det

m=1

Z(m)a5m+l—1,w = deth(l7a)<z(w—l+l)a>- (762)

Here 2(y—i41)q is considered a 2k — 1 x 2k — 1 matrix with w = 1-

-+ 2k — 1 while
l=1---k and a = 1,2 with the pair (,a) = (1,1) being excluded. The «,,’s only

appear linearly in the exponentials of (7.60) and so merely create delta functions

1 2k—1 n n
Iexp = “ d e ) [i¢ 11404 8% (11 — &i(ps)).-
S N H (Zf ) (;u u )H (i — &pi))
(7.63)
We now turn to the final piece of the amplitude, I, 5:
lexplas = Texp / Hdz dz(z <&w (pi) i + & (pi)iz) (7.64)

The bosonic projection (7.28) is important for the following considerations so
that is why I, is included in the expression.

Just like ., the expression turn out to have a shift symmetry
Yt = Ot i, Y = 7+ i, (7.65)

where 7 is a Grassmann variable. Put differently:

zzlm) — zfm) + nz(lm), z?m) — z(5m) + nz(lm), (7.66)

and so as before we exchange an integral over one of the z’s for an integral over
— A /]
=2/ %0
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O (st ok ozl P s SO P )im2m [ d .
— ') /Tn5(n2umia5

Iexp]4,5 = [exp det
(m)|A:475

The integral over the n-variable creates a regularized zero while the remaining

z-integrations create a determinant:

Iexpj4,5 - Iexp det(éilu’iipzmil’m:Z...,k;é-i:uiipzmi”m:l, Lk T Z ,um(;a 7 67)

( =1

Notice that ¢ only take n — 1 values as one delta function was used by the 7-
projection®. Now that we have safely isolated the potential problem coming from
the shift we can impose the projection and use the delta functions of /.., to rewrite

this as:

[exp]45 _IeXp det£ meJrl 2 1 ’m 2,.. ,ké meJrl 2 2 |m 1,....k 2(11 Z/’l’zum

(7.68)

Using the expression for I.,, from (7.63) we see that not only does the factor
2 drop out but the z-dependence of the two determinants also cancel each other

out and we end up with:

2k—1

Iepr45 =det w><z 52 . 1 H o (Z 52 P 1) H(SQ(IL_% - €Zﬂ<pl)) (769>
=1
x <Z aﬁuidag'l)é(z fif piads)
=1 =1

For the determinant ¢ =2---nand w = 1---2k—1. Putting all of these results
back into (7.53) we get:

8Which one does not matter just like it did not matter which external leg was picked out of
Num in (7.15)
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2k—1

Hz 1d/)z déz 213 det wxi(& 07 ") 2
Anie = volGL(2 Hd B2 m-T) H g 25

det (ie{V_1})xm §z

><H<52|0 (i)™ (i = & (p2)) (Jra(pr) - - Joa (pn)) (7.70)
X (Z ﬂ?ﬂi&ég)d(z [ 11:60%).

The factors in the third are a divergence times a zero completely isolated from
the rest of the integral so we drop them. Only focusing on the single trace part we
make the change of variables & = éf’l and Fourier transform to regular twistor

variables giving us (up to a numerical factor which we throw away):

d>"o i
5]@% / m]A <J12(O'1) e J21(O'n)> Tg 52'3(077%[0-]/\1)7 (771)

where we use:

Crilo] = ai‘c_mbzm_lv oi = (a;, b;) = 52(1 pi);
2%k—1
(4,7) = aibj — a;b;, A= H Z P,
_ 0 Num
\IJ ) \Ij . — pq —
< p(Uz) q(J])> (Z,j)’ J Dena
Den = H (20 — 1,25 — 1), Num = H (1,7),
1<i<j<k 1<i<j<2k—1

The expression (7.71) is the same as the tree-level amplitudes of ABJ(M) (7.12)
so we have succeeded in constructing a twistor string theory that reproduces the
scattering amplitudes of ABJ(M).
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7.7 Conformal Supergravity

Let us briefly comment on conformal supergravity; one may notice that the vertices
(7.26) do not satisfy the condition of having no charge under the current (7.46).
This is as expected since 3-dimensional conformal supergravity do not have any
asymptotic states [46]. This does not mean that it is not present instead it gives
rise to the amplitudes with multiple traces.

To justify the claim that it is conformal supergravity that creates the ampli-
tudes with multiple traces without having to do too many calculations we are going
to identify double-trace amplitudes that give the same result as some single-trace
amplitudes compare with a Lagrangian for conformal supergravity [27, 26, 49] (for
convenience we have reproduced the Lagrangian from [49] in appendix D).

Let us consider two simple double-trace amplitudes (traces being of field 1/2

and 3/4) and pick out the following Grassmann variables from the super-amplitude:

(i &mDO (i, Gipimd) O (i, EmP)6 (i, Gipin?)
(Pl'—’P2)2(P3‘—’P4)2

5
/ dny dnydn;dn;

a5
(p1 — p2)(ps — pa)

(7.72)

we get the same as by picking these other Grassmann variables from a single-trace

amplitude:

(Z?:l 5@'771‘1)5(22'1:1 Sipmil)CS(Zf:l 5@'771'2)5(2;:1 &pmf)
(p1 — p2)(p2 — p3)(ps — pa)(pa — p1)

5
/ dn? dnydngdn;

§1£28384

(p1 — p2)(ps — pa)’ (7.73)

So if we look at the Lagrangian from [49] we should see that the gravity interac-
tions correspond to the ABJM interaction for these amplitudes. It turns out that
they do; underneath is a table with the different combinations of Grassmann vari-
ables than remain, what amplitudes they correspond to and what the interactions

are:
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[ n3ni

Tr (¢1(1)1(2)) Tr (1(3)¢(4)) Tr (¢2(1)¥1(2)9%(3)¢' (4))

Contact term
[ mni

Tr (1(1)¢%(2)) Tr (42(3)¢' (4)) Tr ($2(1)9%(2)¢1(3)9" (4))
Exchange of spin-1 Chern-Simons field with ¢ = p; + po

[ nin}

Tr (¥7(1)¢1(2)) Tr (2(3)¢' (4)) Tr (' (1)1 (2)¢1(3)0' (4))
Contact term and exchange of spin-1 Chern-Simons field with ¢ = p; + po

[ nins

Tr (4°(1)91(2)) Tr (9 (3)2(4)) Tr (9'(1)11(2)9%(3)1(4))
Exchange of spin-1 Chern-Simons field with ¢ = p; + po

So at least in these cases the double-trace amplitudes correspond to the inter-
actions found in the Lagrangian in [49].

We now turn towards higher-point amplitudes to see if there is a similar system.
With a larger number of external legs and thus a larger number of k there is a
possibility that switching 2 n’s will change more than what it did before because
there is k external legs to be picked out for each SU(3) index. The solution is to
make all the other legs for the two n’s be the same. As an example let us choose ¢
and j to be the particles that are adjacent in one of the two traces but not in the
amplitude and let both of them have an n' but not an n? and let both ¢ — 1 and
j + 1 have an 7% but not an n*. The other particles have to then either have both
n' and n? or none of them; the double-trace amplitude should then be similar to
the single-trace amplitude with the n' of j and the n? of i — 1 switched. In terms
of fields this means that 7 is either W2 or ¢4, j is either W, or ¢?, i — 1 is either
U,y or ¢! and j + 1 is either W' or ¢, while all the other fields are either one of

Wy /Wy /$3 /U3 /U4 )3/ da(also see figure 7.2).
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Uy /¢%(j) U ga(j+1)

U2/d1(3)  Uo/t(i—1)

Figure 7.2. The double-trace amplitude

The SU(4) indices on either side clearly do not match up so the field that
connects the two traces must necessarily carry some SU(4) indices, this excludes
several fields including the graviton. Notice furthermore the gravitino (as well
as some auxilliary fields) interact through vertices that are antisymmetric in two
SU(4) which is not possible here. All that is left are the spin-1 Chern-Simons
field Bﬁ‘] as well as some contact terms. If we now consider the situation for the
corresponding single-trace amplitude shown in figure 7.3 we see that now the SU(4)
indices do match on each side so the interaction should not transfer any SU(4)
indices, this can be accomplished by the spin-1 Chern Simons field A, as well as
by contact terms. So we see that the double-trace amplitudes and single-trace

amplitudes that are similar also interact in same way as one would expect.
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Uo/pl(j) Wl /ga(j+1)

U2/d1(i)  Up/¢(i—1)

Figure 7.3. The single-trace amplitude
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Chapter A
Harmonic Variables

We split the SU(4) group by introducing the harmonic variables v}, and u, that
together form a 4 x 4 matrix. This matrix is unitary meaning that the harmonic

variables have the following properties:

—Aa, + __ ga —Ad, — _ ga’ —Ad 4+ _ —Aa, — __
iy, = 0y, U Uy, = Oy, Ul uyy, = ul"uy, =0, (A.1)

which in turn leads to the relation:

+ —Ba — —-Bad' _ ¢B
Up UL+ Uy U2 =0y (A.2)

Being unitary also sets the following condition on the determinant of the matrix:

1 ABCD,+ ab + — cdd —
€ Uy € U U € “Upy =1, (A.3)

where we use the convention:

19/
612 = 61 ¥ = 1= —€12 = —€1/9r = 612. (A4)

(A.3) leads to the relation:
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GABC'D + _ab, + —C

_ 4 —Dd'
Up € Upy = —U-  €pgUuZ" . (A.5)

1
2

When we are dealing with several insertion points it is convenient to denote

u’, at insertion point k by k7, and introduce the notation:

(12) = LeABOPEE o gt 15 €T . (A.6)

1
1
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Chapter B
One- and two-loop integrals

In this appendix we go through the integrals needed in chapter 6 as well as their

cuts.

First of all we are going to need the following integral at 1-loop, it can be found

using the techniques described in [40]:

N d2q 1
I(p,p)—/(%)z (@ +1+ie)((g+p+p)?+1+ie) .

/

i e Pl p-p. (p_ +p’_)
p-1 Am*(p_ +pL)lp- —p| \Ip-|  [P_|

= om? pr —p 2

In

or written differently

In %)—m for0<p_<p_ orp <p_ <0

N Dp-p_ '
I(p’p)_27rm2p2_—p’_2 In —/p—) forp. <0<p_orp. <0<p_
In i—:)—i—m forp_ <p_ <0or0<p_ <p_
(B.2)
where
1 1
px = 5(e£p) pp- =7 - (B.3)

In the computations done in chapter we will always assume that pi,p/, > 0!

'If it was the other way around we would have mixed up incoming with outgoing
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and p_ < p’ ? the 1- and 2-loop integrals are going to be[42]:

1 7
]S:_(_ilnp———1>
Js T p_
1 7
Iu——<+—ln]£—|—0)
Jy T  p_
7
[__
YT ar
1 i, pl ?
I,=—(—-—Inh—-1
<Js( T b ))
e (A (i 4 0)) (B.4)
— B — 1n — .
d Ju T p_
1 4 ,pl Sir 2 . .
Ib:1671'2 (J_glnjj_+(__3+b7—u)ln—+ratlonal
1 4 L pl gimr 2 j2 .
I, = = (J_3 In o + (_J_ﬁ + J_u) lnz + rational
1 (4. .0 2 p .
I€:167r2 (J_gln ZI_J—uhnp—_—i—rafmonal
1 (4 .0 2 p .
If_16712 (J_gln])—_—J—ulnI?—_+rat10nal

Some 1-loop calculation involve two different masses the integrals are then

giving by (assuming that 2 > %):

/

~ —1 P m/ ,
[, =————([In|—/—| -1 ‘— — B.
A7 (pe’ — ple) (n p_ n m zw) (B.5)
f—— |22 21 ’m/ (B.6)
“Tampe —pe) \ el '

where

e ETm (B.7)

When computing the single logarithm contribution to the 2-loop results we

need to find the 2-particle cut of the integrals that appear in the 2-loop ansatz.

2Which counter-intuitively correspond to p > p’
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The different cuts are given by:

2
s‘sfcut = 4(p€/ _ plg)
u‘sfcut =0
2x2
a!sfcut - 4(]78/ _ plg) [s
1
b!sfcut = 4(p8/ — p,g) (Iu + It)
1
C!s—cut = 4(p8/ p,g) (Iu + It)
d‘s—cut o 0
e‘s—cut =0
f‘s—cut o O
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S|ufcut =0
1| = 2
Uly—cut 4(]78/ plg)
a|ufcut =0
Ib|ufcut =0 (B8>
Ic|u—cut =0
2 X2
- I,
d|u—cut 4(])8/ _ p’E)
1
e - Is 1
|u—cut 2(])5/ _ p’E)( + t>
1
1 = I, +1
f|u—cut 2(])8/ p’E)( + t>



Chapter C
AdSs x S3 x §3 x Sl

In AdSs x S? x S x S' there are two different mass scales, which we denote m;
and my!, as well as a left-moving representation, |¢) and [}, and a right-moving
representation, ¢ and 1. There are also massless states which we will ignore for
the present calculation. We will touch upon why this can be justified.

Consider some generic scattering process:

|X(m)X(/m)> SN |X(OUt)X(OUt)>’ (Cl)

Pin Pin Pout pi)ut

where it is implied by the ordering of the fields that 2= > f;;#, Pout Pour 2,
in in out Mout

For the considered S-matrices the individual masses are conserved. When all the

masses are the same momentum and energy conservation leads to the solution p;, =
Dout, Piyy = Pl Plus another solution that does not satisfy the above condition.

In the cases where the masses are not the same one can still have a similar

solution to the conservation equations, pin = Dout, Dy = Dhuts Min = Mout F My =

/

mout

but there is also another solution where the outgoing momenta are not just
equal to the incoming momenta. The proposed S-matrices we will consider do
however not have any such scattering processes, they are reflectionless.

In scattering of states in different representations, the S-matrices are also reflec-

tionless, ¢.e. when scattering a left-mover and right-mover they will not interchange

'The notation m and m’ will be used to denote the mass associated with the momentum p
and p’ respectively

ZNote that this is slightly different from [19] however this is the condition that makes sense
in terms of the Jacobian in string theory computation because it determines that ¢'p — p'c is
positive
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momentum even if they have the same mass.

The reflectionless nature of the S-matrices and the conservation of the individ-
ual masses means that for the s- and the u-channel cuts there is no mixing of the
different sectors of the S-matrices. In ignoring massless states we are basically as-
suming that this property remains valid for scattering processes involving massless
excitations.

The S-matrix proposed by Borsato, Ohlson Sax and Sfondrini behaves differ-
ently depending on whether the scattered states are a left-mover and a right-mover
or are two of the same kind. There are also differences depending on the masses of
the two states but for the most part this is contained within the Zhukovsky vari-
ables and we can write down the S-matrix in terms of general coefficients without

having to specify what the masses. For the LL sectors we have:

SPOSS g’y = AZPS|¢'g),  SPOSS|g) = G55 |y ) + HEPSS|¢/y), (C.2)
SPOSS|yy'y = DPPSS|yly), SPOSS|ye) = KPP W' o) + L7 |¢'y),  (C.3)

with the RR sectors behaving in a completely equivalent way. For the LR sectors

the S-matrix acts like:

SPOSS|pg'y = APZ |4 d) + CEF¥ W Z™), SPOSS|gy'y = GPR5 |0 ¢),
(C.4)

SPOSE ') = DER™ W'e) + FIR™¢'0Z"), 8PO%|wd) = LIg™|¢'y), (C.5)

and again the RL sectors are similar to this.

For the Ly L, sector the coefficients are given by:
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+ _
:E VA ZL’
BOSS __ P P BOSS __
ALlLl _SLlLl — T DL1L1 - _SL1L17 (06)
T, —T
P P
+ + + -
xr, — T Z, T,
BOSS _ p P BOSS __ P P Tlp
GLlLl SLlLl — 4+ HL1L1 - SLlLl - ot — (07)
Ly = Tp Ly = Tp Thp!
+ _ —_ p—
:L’ LU / .T ;T l’
BOSS __ p p Tlp BOSS __ p p
KL1L1 SLlLl - + N LL1L1 SLlLl — + ° (08)
T, — T Mp T, — T,
The RyR; sector is exactly the same with Sp,;, = Sgr,r, and so are the

LsLs/RyRy sectors except there the mass appearing in Zhukovsky variables are

different and the phase factor could be different as well.

The coefficients of the L L, sectors are given by:

- +
:B ;T :E
BOSS __ BOSS __ p p
ALng - SL1L27 DL1L2 - _SL1L2 T — (Cg)
-/L‘p/ - a'/'p
+ + o
GBOss _ g, v T Tp HBOSS _ g, T T Ty T (C.10)
LiLy, — MLiLa” 1 — LiLy — MLiLa™ 1 — 3 .
:Cp/ - :Cp :Cp/ - .ij np/
+ — — —
.CE - ZE / Qf 7 .T
BOSS __ P p Tlp BOSS __ p P
KL1L2 - SLle T — ) LLle - SL1L2 T - (C'll)
.pr/ - :Cp np «I.p/ - :Cp

Again the Ry Rs sector is the same with Sy 7, = Sg,r, and the LoL;/RoRy

sectors only differ by change of masses and scalar factors.

In the LR, sector the coeflicients are:

1 —

BOSS __
ALlRl - SLlRl 1 -
1

BOSS __
DLlRl - _SLIRI 1

BOSS __

GLlRl - SL1R17

1

+
Tp T,

P
1 )

x
p

BOSS
L1Ry

C

Tp

[y

T

~H

P
FBOSS _

x
1 > LRy

T, X,
L

BOSS __
LL1R1 -

/ 1
= Sy g, —  (C12)
Lp Ty L — o,
S L)
a1l — ==
p TpT
e
SL1R11 . (C.14)
Tp T,

The LyRy /Ly Ry/ Lo Ry sectors behave in exactly the same way with the possi-

121



bility of different scalar factors.

The coefficients of the Ry L; sector are given by:

j——
BOSS __ o Ty BOSS _ ey’ 1
AR1L1 - SRlLl 1 - 1 ) CR1L1 - _SRlLl =17 1 o 1 ) (015)
z;;B;, pp z;x;,
1— 1
BOSS _ Tp Ty BOSS oy’ 1
DR1L1 - _SRlLl 1 ) FR1L1 _S 1L1 + 1 ) (016)
1- R A
z;x;, pTp Tt
1— 1
BOSS _ Tr Ty BOSS _
GR1L1 - SRlLl 1 — 1 ) LR1L1 - SRlLl' (Cl?)
xgw;

The RyLyi/RyiLy/RyLsy sectors are the same with the possibility of different
phase factors.

There are further relations between the different scalar factors which we will
not go into.

The S-matrix proposed in [3] is somewhat simpler in that it does not depend
as much on what representations the scattered states are in.

The L{L; sector of the S-matrix can be written as

$4Plo¢') = ALL10'9). $4loy’) = GiL[v'e) + Hif o), (C.18)
S’y =Dif '), SYPud) = KiE[W'6) + Lif]o'v), (C.19)

with the coefficients given by:

I
— T
AB __ AB P P
ALlLl - SL1L17 DL1L1 - _SLlLl T ) (Cz())
LU ;T (L’
P p
+ o+ +_ -
GAB —g T HAB —g, T Y (C.21)
1Ly — PLily CL‘+ _ 1Ly — PLily ZE+ ] .
P’ P P’ p P
+ —_ —_ —
X — L, W, xr., — T
AB . D D D AB . p p
KL1L1 - SLlLl CL’+ - w LL1L1 - SLlLl :L‘+ _ (C22>
o p P P P

where w, and w,, are chosen to be 1. The LoLy/ Ry R1/ Ry Ry sectors behave exactly
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the same as this with the appropiate changes of masses, the L1 R1/LyRy /Ry Lo/ RoLy
also behave similarly but with a different scalar factor while the Ly Ly /LoLy /Ry R/ Re Ry
and the LiRy/LoRy /Ry Lo/ RoLy sectors also behave in this way except the scalar

factor is set to be 1.
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Chapter D
ABJ(M) and CSG Lagrangian

In this appendix we write the Lagrangian of ABJ(M) coupled to N' = 6 conformal
Supergravity from [49]:

Laponr = = eDudy D¢ — 5e(My" Dytpai = Dyb™) = ZelY P
— e (f A 0,4+ B A/zAVkA ")
— % M, <¢§f4¢f — %559510(25]@) o [ — %eeABCDfijkﬂzAkaz(bic(bJp
+ e DXy (B ad? — 5imet™ X, (1) apDod
+ 55 XY I (2 s + f5exi VXL Dt o (E1) 47 + C-C}
~ Le(R— b Dy ) Bt + JgieD" Fpo (577

— X0 67 O [ (B ap(R)P + 670505 (D.1)
. EeXMPYpXVwAZ( ,uzlp_‘_guu,y )wB (EIZJ) Z_11eEﬂIJEvIJéfq¢%A

+ ﬁeféiXiTZAi’Y“'WwBi(zliJ)AB + |:1_12€5\IJKwAi<EIJK)AB¢ZB
+ ZG)\Q/JAZ(EI> ¢ 261/)142’7 X” ¢BE]J<EIJ2K)AB+CC:|
Bt (0o Gyl 10 ) (51,7

24f)\IJK MXMCbZ gb (EIJKL>AB_ﬁiie)\]7 Xu ng (ZIJ)AB

— erxu,}/ XV B¢ [EK[(ZKJ)AB _ i(SIJEKL(EKL)AB] )
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The first 3 lines incorporates the normal ABJ(M) Lagrangian while the rest is
purely couplings to conformal Supergravity. The fields ¢, ¢ and A,, are the ABJM
fields note that the notation used in the amplitudes are a bit different as we want
the SU(3) symmetry of the amplitudes. The f’s are structure constants of the
3-algebra:

TTY T — TT T = fo° 77, (D.2)

Indices can be raised and lowered with the metric.

Te(T°T") =h. (D.3)

The covariant derivatives necessary for our considerations are given by

Dy = (0, + 3iB,) ¢ — 1B 0P (2) Ap— o1 AL (D.4)
Dytpai = (0 + 2™ + 3iBy) ai + 1BL () \ b — o A, 5 (D5)

The supergravity fields are e}, Xﬁ, Bﬁ‘], B, MIE N BT and D7 where T

runs from 1 to 6. The ¥’s are 4 by 4 antisymmetric matrices satisfying:

IR (D.6)
PR T (D.7)
SHE —ylis /s K] (D.8)
SHEL s In K5t (D.9)

The Lagrangian of the conformal supergravity itself is given by:
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vp( ~ a ~ b 2~ a b 0~ MV
Losa =3€" p(% pOWW, o T 50, W, W, a> + €D XYY" DpXo

—cn(BLOBY 4 3B BINBEY) - 2008,0,8,

+ LeMTENITE _9e))\ — 8D ETY +

(D.10)

3\/5,,766]JKLMNEIJEKLEMN

+ %neEIJKLMNj\IJK,yMXLEMN + QGS\IIYMXZEIJ

4 eX,ﬂW J (EIKEJK 1(51JEKLEKL>'

Here djuab is spin-connection including torsion from the fermions:

A Q

@,% =w, " (€) + 5 (XEuXs + XjaXh — X mX0)- (D.11)
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