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Neutrino-nucleus scattering vA — vA, in which the nucleus conserves its integrity, is considered. Our
consideration follows a microscopic description of the nucleus as a bound state of its constituent nucleons
described by a multiparticle wave function of a general form. We show that elastic interactions keeping the
nucleus in the same quantum state lead to a quadratic enhancement of the corresponding cross section in
terms of the number of nucleons. Meanwhile, the cross section of inelastic processes in which the quantum
state of the nucleus is changed, essentially has a linear dependence on the number of nucleons. These two
classes of processes are referred to as coherent and incoherent, respectively. Accounting for all possible
initial and final internal states of the nucleus leads to a general conclusion independent of the nuclear
model. The coherent and incoherent cross sections are driven by factors |F,,[* and (1 — |F,/,|*), where
|F » /,L|2 is a proton/neutron form factor of the nucleus, averaged over its initial states. Therefore, our
assessment suggests a smooth transition between regimes of coherent and incoherent neutrino-nucleus
scattering. In general, both regimes contribute to experimental observables. The coherent cross-section
formula used in the literature is revised and corrections depending on kinematics are estimated.
Consideration of only those matrix elements which correspond to the same initial and final spin states
of the nucleus and accounting for a nonzero momentum of the target nucleon are two main sources of the
corrections. As an illustration of the importance of the incoherent channel, we considered three
experimental setups with different nuclei. As an example, for '33Cs and neutrino energies of 30-
50 MeV, the incoherent cross section is about 10%—20% of the coherent contribution if the experimental
detection threshold is accounted for. Experiments attempting to measure coherent neutrino scattering by
solely detecting the recoiling nucleus, as is typical, might be including an incoherent background that is
indistinguishable from the signal if the excitation gamma eludes its detection. However, as is shown
here, the incoherent component can be measured directly by searching for photons released by the excited
nuclei inherent to the incoherent channel. For a beam experiment these gammas should be correlated in
time with the beam, and their higher energies make the corresponding signal easily detectable at a rate
governed by the ratio of incoherent to coherent cross sections. The detection of signals due to the nuclear
recoil and excitation ys provides a more sensitive instrument in studies of nuclear structure and possible
signs of new physics.

DOI: 10.1103/PhysRevD.98.053004

I. INTRODUCTION

The process of neutrino scattering, by means of Z’-boson
exchange, off a system of bonded particles provides a great
laboratory to test principles of quantum physics and search
for new phenomena. Under certain conditions the

*Corresponding author.
dmitryvnaumov @ gmail.com

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010/2018,/98(5)/053004(27)

053004-1

corresponding interaction probability acquires an extra
factor with respect to the case of scattering off free particles.
This extra factor, proportional to the number of scat-
terers, is a direct consequence of the principles of quantum
physics. The probability of an outcome is determined by
the absolute value squared of the sum of amplitudes
corresponding to indistinguishable paths to realize this
outcome. Neutrino-nucleus scattering in which the nucleus
conserves its integrity is an example of this kind, as was
observed by Freedman [1] more than four decades ago.
There are two distinct outcomes of such interactions:
(i) the nucleus remains in the same quantum state and
(ii) the state is changed. We refer to these cases as elastic
and inelastic scatterings, respectively, because in (i) the
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energy transfer to the recoil nucleus is vanishingly small,
while in (ii) it is apparently nonzero.

It was shown [2-5] that the cross section of elastic
neutrino scattering off a nucleus is amplified with respect to
a neutrino scattering off a single nucleon. The amplification
factor for a spinless even-even nucleus reads

2

. (1)

where Z and N are the numbers of protons and neutrons,
g";/ " are proton/neutron couplings of the nucleon vector
current, and F,, ,(¢) are proton/neutron form factors of the

nucleus. The form factors approach unity if

|JyNF,(q) + gy ZF ,(q)|> =~ N*(g,)*|F,(q)

lglR <1, 2)

where R, is the radius of the nucleus. The form factors
vanish at |g| — oo.

Neutrinos with energies below some tens of MeV
predominately conserve the integrity of nucleons in neu-
trino-quark interactions with Z°-boson exchange, allowing
one to consider this process using an effective neutrino-
nucleon interaction in which the nucleon current is a sum of
vector and axial currents.

The corresponding axial currents do not contribute
significantly when a neutrino elastic scatters off of a
spin-less nucleus due to the cancellation in the sum of
amplitudes. The vector coupling ¢}, = %— 2sin’@y, of the
proton is small (¢) ~0.023) and is neglected in the
approximate equality in Eq. (1). In our estimates, we used
a best-fit value of sin’@y, = 0.23865, determined using low
energy neutrino data and MS renormalization scheme [6].

Freedman coined the terminology “‘coherent neutrino-
nucleus scattering” to emphasize the fact that the depend-
ence of the corresponding cross section is quadratic in
terms of the number of nucleons. This dependence was
attributed to nearly identical amplitude phases correspond-
ing to a neutrino scattering off nucleons.

His first calculations [1] were revised in a number of
papers [2-5,7-10]. The impact of the nuclear structure
models was studied in [11-15]. The importance of the
coherent cross section was examined theoretically for a
number of observables in astrophysics, like stellar collapse
[16,17], supernovae [18-21], and in studies of physics
beyond the standard model (SM) [3,22-31], electromag-
netic properties of the neutrino [32], searches for sterile
neutrinos [33,34], and estimates of neutron density in the
nucleus [4,35]. Coherent scattering of atomic systems was
studied in [36,37], where the concept of neutrino optics was
suggested for neutrinos with energies <10 keV.

Dating back to the seminal paper by Freedman [1], a
number of experimental proposals [2,38-52] using reactor
and accelerator neutrinos were suggested to observe neu-
trino-nucleus coherent scattering. This process is an
unavoidable background in sensitive searches for dark

matter [53-59]. The difficulty in observing coherent
neutrino scattering lies in the detection of scattered nuclei
with low kinetic energy of the order of some keV or tens
of keV.

The first experimental evidence for coherent
neutrino-nucleus scattering was reported in 2017 by the
COHERENT Collaboration [60-62], using CsI[Na] scin-
tillator exposed to neutrinos with energies of tens of MeV
produced by the Spallation Neutron Source (SNS) at the
Oak Ridge National Laboratory [63—-65].

Our motivation for this work was triggered by the
following observation. At neutrino energies of some tens
of MeV, the three-momentum transfer ¢ is large enough to
break the condition in Eq. (2). For example, energy deposits
observed in [63] correspond to |g|R, sampling the interval
(1,2.7), and the elastic cross section should be suppressed.
At higher energies, but still in the regime where the nucleus
conserves its integrity, the elastic cross section vanishes and
the neutrino-nucleus interaction probability must be deter-
mined by inelastic interactions. In general, the correspond-
ing cross section should be given by a sum of elastic and
inelastic cross sections, similar to the theory of the
scattering of x rays [66] and electrons [67] off an atom,
and of slow neutrons off of matter constituents [68].

What should one expect about the “coherency” in
inelastic processes? If this terminology is understood
literally as the equality of phases of neutrino-nucleon
scattering amplitudes, then one would conclude that inelas-
tic processes should also be coherent, as in elastic processes,
because there is no reason why these phases should be
different. Should one then expect a quadratic dependence of
the inelastic cross section in terms of the number of
nucleons, similar to Eq. (1)? The corresponding literature,
to best of our knowledge, lacks an appropriate theory for
neutrino-nucleus interactions that could address these ques-
tions. This paper attempts to provide a theoretical framework
accounting for elastic and inelastic neutrino-nucleus scatter-
ing of the process

VA — VA%, (3)

based on calculations from first principles. In Eq. (3),
the possibility that the internal quantum state of a nucleus
can be modified after an interaction is labeled by the (x)
superscript.

We show in this work that the cross section of the
neutrino-nucleus elastic process is, indeed, quadratically
dependent on the number of nucleons, while that for
inelastic scattering exhibits a linear dependence. Elastic
and inelastic cross sections also possess a distinct depend-
ence on g: the former is driven by |F,, |2, while the latter is
governed by 1 —|F,,|* At the same time, the phases of
corresponding neutrino-proton and neutrino-neutron ampli-
tudes are all equal for protons and neutrons, respectively.
This is at odds with the assumption that the difference of
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phases of the scattering amplitudes is responsible for loss of
coherency [17,32,69]. Our arguments are discussed in what
follows.

The paper is split into two parts. The first part is focused
only on the main points of the derivation and discusses the
results obtained. The second part, containing the necessary
technical details, is organized in a set of Appendices.

In particular, a conceptual derivation of a general form of
the cross section of the process in Eq. (3) is discussed in
Sec. II. We review the paradigm of coherent scattering and
suggest our concept in a simplified way in Sec. Il A. The
kinematics of elastic and inelastic scattering, and the
corresponding amplitude and the cross section are dis-
cussed in Secs. IIB and IIE, respectively. We refer to
Appendices A—C for full details of this derivation.

In Appendix A, we define the theoretical framework,
reminding the reader of the decomposition of a quantum
state in x and p bases for n-particle states, introducing
notation and defining a general form of the wave function
of the nucleus. In Appendix B, we compute the scattering
amplitude and the cross section. In Appendix C, we
summarize some details of our calculations of the scalar
product of lepton and hadron currents, needed to calculate
the scattering amplitude and the cross section.

In Sec. III, we discuss in detail the derived cross section.
Coherent and incoherent regimes are discussed in Sec. III
A. Our revision of the coherent cross section is discussed in
Sec. IIIB. In Sec. IIIC, we discuss in some detail a
proposal to detect transition ys from excited nuclei inherent
to incoherent processes. These ys would provide both an
additional background suppression and an independent
observable sensitive to the form factor of the nucleus. In
Appendix D, we provide an analogy with a mechanical
system of two balls connected by a spring to illustrate the
kinematics of coherent and incoherent scattering. The
summary is drawn in Sec. IV.

The natural units 7# = ¢ =1 are used throughout the
paper. Three-vectors are denoted by bold face. A four-
vector a has the following components: a* = (a°,a),
enumerated by a greek index y. The Dirac spinors and
y-matrices are used in the Dirac basis and y5 = iyoy;7273-
The Feynman slash notation ¢ = y*a,, is used for a scalar
product of a four-vector a, and Dirac y#-matrices. Quantum

operators are denoted by the hat symbol, like X for the
position operator.

II. ELASTIC AND INELASTIC
NEUTRINO-NUCLEUS SCATTERING

A. Revising the paradigm

We begin this section by reminding the reader of
the paradigm of coherency in neutrino-nucleus scattering
[17]. Two waves are considered coherent if they have
the same frequencies, wave forms, and constant relative

FIG. 1. Left panel: Front of incoming neutrino plane-wave
(solid vertical line) scatters on nucleons at fixed positions, x; and
x;, respectively. Nonzero scattering angle 6 develops the phase
difference Agp = g(x; —x;) of two fronts of scattered neutrino
plane-waves (dashed lines) which leads to a loss of coherence.
Right panel: Neutrino scatters off a kth or jth nucleon described
by a wave function exemplified here as a Gaussian profile. The
outgoing neutrino wave, as for any nucleon target, is a super-
position of waves e« weighted by ¢, (x;...x4)|%

phase. Coherence can lead to constructive and destructive
interference.

A neutrino-nucleus interaction is a result of an individual
neutrino scattering off of nucleons. Each such scattering off
a kth nucleon can be described by an amplitude A*.

If these nucleons are assumed to have definite coordi-
nates x;, then, due to the translation invariance, Ak gets an
additional factor e™** and the total amplitude reads

A
A=) Akeien, (4)
k=1

These individual amplitudes are coherent if, for any k, the
phases gx; are nearly the same. This is fulfilled if the
condition in Eq. (2) is satisfied.

The left panel of Fig. 1 depicts a neutrino scattering off
of nucleons displaced from each other. The nonzero angle 6
of the scattered neutrino leads to a loss of coherence.

Does this consideration of coherency remain appro-
priate when the assumption of the nucleon’s definite
position is released? In this case, the positions of nucleons
are described by a multiparticle scalar wave function
Yp/m(Xy...%4), where the n/m subscripts stand for the
initial and final state of the nucleus. The amplitude in
Eq. (4) could be generalized as

Ann = z -Alr(mfﬁn (q)’ (5)

k=1

where
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ka(q) = (m|e|n)

:/<,ﬁdxi)d’fn(ﬁ---xA)@bn(xpuxA)eiqu (6)

is the transition matrix element of %+ with X « being the
quantum position operator of the kth nucleon.
In particular,

/(de)%

defining the form factor of the nucleon bound in the
nucleus, differs from the exponential factor e** in two
major respects: (i) f%,(g) does not depend on the coor-
dinate of the kth nucleon. All position variables are
integrated out in Eq. (6). (ii) f%,(q) does not depend on
the index k (ignoring for simplicity a possible difference in
form factors for protons and neutrons). This statement can be
proven for both fermions and bosons by a change of
integration variables, and accounting for symmetry proper-
ties of the wave function under interchange of its arguments.

Now, accounting for these properties of f%,(q ) we
conclude that phases of each individual amplitude in the
total amplitude in Eq. (5) are all equal and the amplitudes
are coherent for any ¢, at variance with Eq. (4).

This conclusion does not mean to say that the total
amplitude is not vanishing at large ¢, because in this limit
the form factor f,,(g) vanishes. What governs such
dependence of f,,(g)? Mathematically, the reason lies in
the fast oscillation of the e* factor in the integral in
Eq. (6), washing out the integrand function. The physical
reason is in the incoherent summation of waves belonging
to the wave function of a single nucleon extended over the
size of the nucleus. Other physics arguments are discussed
in Sec. II C and Appendix D.

One can argue that this conclusion seems to be in conflict
with a wave function corresponding to the nucleons at fixed
positions, assuming that

[Yu(¥1--ya

)P, (7)

)|2 & H53(.Yi_xi)’ (8)

where y; are variables and x; are parameters. Then, Eq. (7)
reduces to Eq. (4) in which every term has an individual
phase in contrast to our statement. This antinomy appeared
because of the assumption in Eq. (8) which breaks the
principle of the particles identity. The latter requires that
the multiparticle wave function should be either symmetric
(bosons) or anti-symmetric (fermions) under exchange
of its arguments. As a result it is not possible to state
that the ith particle has position x; even if it is known that
all particles occupy some fixed positions. Instead, the
ith particle can be at any point among the x;...x, fixed
positions. Therefore, considering Eq. (7) with an appro-
priately symmetrized o-like wave function, one would

identically obtain Eq. (4) for any index k in agreement
with our conclusion. Consideration of this antinomy is also
helpful in understanding that the very form of Eq. (4)
ignores the fundamental principle of quantum physics—the
indistinguishability of particles.

The right panel of Fig. 1 displays a scattering picture
accounting for a wave function of the nucleons exemplified
here as a Gaussian profile. The summation of waves
weighted by [, (x;...x,)|* yields the scattered neutrino
wave, as for any nucleon.

Therefore, according to our consideration, it is not
appropriate to identify the diagonal terms in

ZZAf;nA,m
= |fnn |2 <Z|Aﬁn|2 + ZAnn Wl> 9)
k#j

as due to incoherent interactions. Both diagonal and non-
diagonal terms contribute equally to |.4,,|?, and with the
same dependence on gq.

What, then, defines the incoherent interactions?
Essentially, they are defined by processes in which the
quantum state of the nucleus is changed (n # m). Let us
briefly highlight the main points of a derivation illustrating
this statement, ignoring for a while complications due to
spin, type of nucleon, possible dependence of A%, — A, on
the indices, etc. (full details can be found in Appendix B).

Assume the nucleus is initially in the nth quantum state.
If the experiment is not able to distinguish the final state of
the nucleus, one should sum over all possible final states to
get the observable proportional to

AP = DAl = 47 szmnf (10)
Using Eq. (6) one can rewrite Eq. (10) as
AP = |A0|2Z (nle=%; Zlm ) (m| X n)

= IAolzz (nle~i%s¢ie%: ), (11)
ki

‘Ann |f}’ll’l

where we used the unity operator composed of nuclear
states S, [m)(m| = 1.
One can define a two-particle real-valued correlation
function
Go(9) = Glq) = (nle™@Nie®|n). (12)
If k = j, then G(gq) = 1. For k # j, G(q) does not depend
on values of k, j as can be seen using the symmetry

properties of the nucleus wave function. Combining
Egs. (6), (11) and (12) one gets
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AP = A (4 + G(g)A(A - 1))
= [AP(A’G(q) + A1 - G(g)).  (13)

where A gives the number of nucleons. The terms of |A|?
in Eq. (13), quadratically and linearly depending on A,
are shaped by factors G and 1 — G, respectively. These
terms provide a smooth transition between coherent and
incoherent regimes. One can observe that if the nucleus’s
multiparticle wave function is constructed as a product of
single-particle wave functions, then G(q) can be repre-
sented as |F(q)|?, where F(q) is the single-nucleon form
factor of the nucleus.

The derivation of Eq. (13) does not indicate in a
transparent way what the source of the quadratic and
linearly dependent terms is. We conclude this section by
showing that coherent and incoherent terms are due to
processes in which the nucleus remains in the same
quantum state or is changed, respectively. For this purpose,
we rewrite Eq. (11) as

JAP = |42 (nle=4%i|n) (n|eiX|n)
k.j
+APD DD (nfem i m) (mleieXs|n).  (14)

k.j m#n

The first line gives immediately

[ Aol*A%|F (q)

2 (15)

which could be identified as a coherent term in Eq. (13).
The second line can be presented as

AP (A1 = [F@P) + S eov(e . e9%)). - (16)

=

where the covariance of quantum operators reads

COV(e_inj,eink) = <n|e_iqf(jeiqf(k|n>

= (nle=%|n) (n|ei®¥s[n).  (17)

The covariance terms are identically zero for a multiparticle
wave function constructed as a product of single-particle
wave functions and the second line of Eq. (14) reads

[AoA(1 = [F(q) ). (18)

Therefore, one can conclude that an elastic process [first
line in Eq. (14)] yields the coherent term in Eq. (15), while
inelastic processes all together [second line in Eq. (14)]
yield the incoherent term in Eq. (18).

One can find a certain analogy with the theory of
neutrino oscillations in which the integration over an
unobserved time of neutrino emission leads to an incoherent

L-independent term in the oscillation probability formula
(see, e.g., in [70,71]).

Attribution of elastic and inelastic processes as contrib-
uting to the coherent and incoherent interactions was also
done in [20,72-74] where the authors performed numerical
calculations of the corresponding cross sections within
appropriate nuclear models.

B. Kinematics of elastic and inelastic
neutrino-nucleus scattering

In general, one should consider the treatment of neutrino-
nucleus interactions using wave packets. The corresponding
formalism was developed (see, e.g., Ref. [70,75]) and some
potentially interesting effects for elastic neutrino-nucleus
scattering could be envisaged and examined. We simplify
our treatment by considering the initial and final states as
having definite momenta.

Let us denote by k = (E,, k) and k' = (E,,, k') the four-
momenta of incoming and outgoing neutrino, and by P,
and P), the four-momenta of initial and final state nuclei,
respectively.

The total energy P9 of a nucleus state |P,) reads as
Ep + ¢,, where g, is an internal energy of the nucleus state.
In the laboratory frame, energy E!, of the outgoing neutrino
depends on angle @ between k and k'

my (Eu - A'gmn) - EvAgmn + Ag%nn/z

E, =
v my + E,(1 —cos0) — Ae,,,

. (19)

where
A&y, = €y — &, (20)

is the difference of energies of the |m) and |n) states.
Absolute values of the four-momentum transfer vector,

q = (40.9). read

90 = E, - EL = Agmn + Ty,

lg| = (E2 + E> = 2E,E! cos 0)'/2 ~ (2m,T4)'?,  (21)
where T, is the kinetic energy of the scattered nucleus,

calculated below.
In the neutrino-nucleus center-of-mass frame, ¢ reads

0.,
q* = —4E;’nE;7msin2 ER (22)
where
2
SAn — My,
Ey, = -An " TAn 23
v.n 2\/3 ( )

is the energy of neutrino scattering off a nucleon state |n),
San=(k+P,)? and my, = my +€,.
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Minimum and maximum values of ¢ correspond to

sin2% =1 and O, respectively,
_4E2
quHin = _4E:,nEZ,m = 2E = TN
Va3
Grax = 0. (24)

For heavy nuclei with Ag,,, of the order of hundreds keV
and experimentally detectable signals produced by a release
of kinetic energy of the scattered nucleus, g*> can be
approximated as

q* ~—q* ~ -2m,T,. (25)

Assuming the initial nucleus is at rest, the kinetic energy of

its recoil reads
Ty =/m5+q* —my. (26)

Using Eq. (19) and assuming m, > E,, the kinetic energy
T, of the scattered nucleus becomes

E,(E, — Ag,,)(1 — cos0) + AeZ, /2
my '

TAN

(27)

Here we will examine the kinetic energy for a few cases of
interest. (i) Forward scattering of the neutrino corresponds
to cos @ = 1 and yields the minimal kinetic energy of the
nucleus

™ — lim T, ~ , 28
A cos—1 A my ( )

which is zero for m = n because no energy, nor three-
momentum, is transferred in this case. For m # n, the
energy qo = Ag,,, is transferred to the nucleus as well as
the three-momentum ¢, equal in magnitude to ¢, for
forward scattering, thus yielding T, = g*/2m,.

(i1) Backward scattering corresponds to cos @ = —1 and
yields the maximal kinetic energy of the nucleus

2E, — Ae, )?
lim TAzi_i;__ﬂﬂl

Tmax —
A=
cos ——1 2mA

, (29)

which can be understood as follows. For m = n, no energy
is transferred to the nuclear structure, while the transferred
three-momentum is equal to double the initial neutrino
energy (backward scattering). Thus, T, = (2E,)*/2m,.
For m # n, the energy Ag,,, transferred to the nucleus must
be subtracted from the total transfered three-momentum
2F,, thus leading to Eq. (29).

(iii) In general, the kinetic energy of the scattered
nucleus is smaller if the nucleus changes its quantum state

25‘; A (MeV), cos6 |
”o 0.0, +1.0
] — 0.0, +0.5
>15] — 0.0,-05
it 1 — 0.0, -1.0
= 10': i
5 1
0 {———
0 10 20 30 40
E,, [MeV]
25‘; A (MeV), cos6 |
”o 0.0, -1.0
] — 1.0, -1.0
% 15_: — 4.0, -1.0
bt ] 1
I:E 10':
5
0{——
0 10 20 30 40
E,, [MeV]

FIG.2. Expected kinetic energy of nucleus '33Cs scattered in an
elastic interaction with a neutrino as a function of its energy. The
upper plot corresponds to Ag,,, = 0 and four different values of
cos 0, where 6 is the neutrino scattering angle. The lower plot
illustrates the impact of nonzero Ag,, for a fixed value
cosf = —1.

(m # n) with respect to the case when m = n. Effectively,
this can be described by a decrease of neutrino energy by
Ag,,,, which could be significant when E, and Ag,, are
comparable.

For heavy nuclei, like '3Cs or '?/I, used by the
COHERENT experiment [63], the first excitation energies
are of the order of ~100 keV, which are small corrections
compared to the tens-of-MeV neutrino energies produced
by the Spallation Neutron Source. Therefore, the kinetic
energy of the recoil nucleus is of the same order of
magnitude for both elastic and inelastic scatterings.

In Fig. 2, we show the expected kinetic energy of the
recoil nucleus '**Cs as a function of its kinetic energy,
illustrating the impact of Ag,, and cosd. A strong
dependence on neutrino scattering angle 6 is evident from
the upper panel of Fig. 2. The effect of nonzero values of
Aeg,,,, displayed in the bottom panel of Fig. 2, is also
present, but it is significantly smaller than the angular
dependence. The reason for the weaker dependence due to
nonzero values of Ag,,, is in the partial compensation due
to the Ae2,/2 term in the numerator of Eq. (27) at
E, ~ Ag,,,, and irrelevance of Ag,, when E, > Ag,,,.
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C. Kinematic paradox

As we show in what follows, the coherent enhancement
of the interaction probability corresponds to neutrino-
nucleus scattering in which the nucleus remains in the
same quantum state. This intuitively evident statement
might seem to result in the following kinematic paradox.
Both the nucleon and the nucleus acquire the same three-
momentum ¢. Assuming both of them are initially at rest,
one arrives at the kinetic energy Ty = q°/2my of the
nucleon right after an interaction, which is a factor m, /my
larger than the kinetic energy 7, = g>/2m, of the nucleus.
Since the nucleus remains in the same quantum state with
the same internal energy, Ty and T, must be equal to each
other, and to the difference E, — E,,.

This paradox appears because some of the assumptions
are incorrect. In particular, while the assumption that the
nucleon is at rest seems to be quite reasonable given that the
average nucleon momentum, p, is much smaller than its
mass, my, this assumption leads to the paradox.

Let us require that 7 and 7', are equal to each other.
This requirement cannot be satisfied for any nucleon
momentum p. One can find a compatible p using energy
conservation

w+q?® p &

= . 30
2my 2my  2my (30)

Searching for a solution where p is proportional to ¢,
p = aq, one finds the nucleon momentum to be

p:—%(l—Z—Z). (31)

Therefore, energy-momentum conservation and the
requirement that the nucleus does not change its state after
an interaction provides a qualitative picture of the coherent
neutrino-nucleus scattering process, displayed symboli-
cally in Fig. 3. Here we discuss a few features of this
interesting observation. (i) Not every nucleon in the nucleus
can interact with a neutrino in such a way that after the
interaction the nucleus remains in the same state. Only
those nucleons which happen to have a momentum
compatible with Eq. (31) are appropriate targets.

(i) The wave function of the nucleons provides us a
distribution of the nucleon’s momenta. Large nucleon
momenta are, in general, less probable than smaller
momenta. This explains qualitatively why at large g the
enhancement factor in Eq. (1) vanishes, contrary to the case
of small g for which the chance to find a nucleon with an
appropriate momentum is relatively large. Mathematically,
this suppression is given by |F(q)|%.

This consideration could be extended to the case of
incoherent neutrino-nucleus scattering, when the nucleus
changes its intrinsic quantum state |n) — |m) and n # m.
Equation (30) must be generalized to account for nonzero
differences of energy levels Aeg,,,

p+gq
.p_{yqr

$~

FIG. 3. A qualitative picture of a coherent neutrino-nucleus
interaction. A neutrino interacts with a nucleon initially having a
particular momentum p = aq aligned along g and given by
Eq. (31). Since the nucleus initially is at rest, all the nucleons
except the target one have a momentum —p shown by line dashed.
The final momentum p + ¢ = (1 + a)q of the target nucleon is
also aligned along ¢. In the figure, an angle between the p and
p + q vectors differs from z for visual clarity. After the inter-
action the increased energy of the target nucleon and acquired
three-momentum g are transferred to the entire nucleus, leaving
the internal quantum state of the latter unchanged. A Z-boson
having a wavelength comparable to the size of the nucleus
produces a coherent enhancement of scattering amplitudes.

2
/2 2 7 _
Ep+2pq+q —Ep—m—Aé‘,

where E, = /m3 + p*. Equation (32) does not use a

nonrelativistic approximation because for small values of ¢,

its solution p can be comparable to the nucleon mass.
Splitting p into a sum of components: longitudinal p;

and transverse pr to ¢, one can find an exact solution of
Eq. (32)

(32)

4m?
pL=- M 1-/p 1+2i’ (33)
B)
where
Ejn ’
P="g Em=gt em, mhp=mph. (34

In Fig. 4, we display the solution in Eq. (33) as a function of
lg|. For Ag,,, = 0, the solution in Fig. 4 reproduces that in
Eq. (31). In this case, f from Eq. (34) is vanishingly small

q Ty
=——=—"x1 35
s dmi  2my (35)
and
|QL| N.T
~— 1 - 36
PL 3 iy ( )

coinciding with Eq. (31) for p; = 0. One can observe that
the longitudinal momentum of the nucleon in coherent
neutrino-nucleus scattering is always aligned opposite to
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Aemn (MeV)

40 1 0.0

| — 0.3

20 - — 0'?

-%- — 0.

2 5l — 0.9
s :
—20-_
—40 -

0 20 40 60 80

q, [MeV]

FIG. 4. Longitudinal component p; of the nucleon momentum
corresponding to the energy-momentum conservation in neu-
trino-nucleus scattering.

the transfered three-momentum ¢. For Ag,, # 0, the
solution of Eq. (32) is drastically different for small q.
Here we analyze different regions of three-momentum
transfer: (i) At ¢ =0, Eq. (32) has no solution, which
simply means that at zero energy-momentum transfer an
excitation of the nucleus is impossible.

(i) At smallest |g| approaching its minimum possible

value |gumin| = A&y, + 5 '"", the solution of Eq. (33)

diverges, p; — oo, whence a nonrelativistic approximation
in Eq. (32) is not appropriate at small g. The chance to find
a nucleon in the nucleus with such a momentum is
vanishingly small. Therefore, for small |g| the incoherent
scattering is significantly suppressed, in opposition to the
coherent interaction.

(iii) With increasing |gq| there is a good chance to find a
transition |n) — |m) with Ag,,, yielding p ~ 0 for which
the suppression is minimal. Again, this dependence is
exactly opposite to the coherent scattering.

(iv) These kinematic considerations give a qualitative
understanding, yet do not provide a complete picture
of the dependence of the neutrino-nucleus scattering upon
q. In |n) — |m) (n # m) transitions, the matrix element

(m|e'X|n), where X is the position operator, determines the
actual functional dependence. A quantitative mathematical
framework is developed in Appendix B 1.

As a useful and simple illustration of transitions for
which the internal state is changed or unchanged, in
Appendix D we consider a mechanical analogy of a system
of two balls with equal masses m connected by a massless
spring having nonzero rigidity.

D. Scattering amplitude

Our calculation follows a microscopic description of
neutrino-nucleus scattering as a result of the neutrino-
nucleon interaction.

We consider a Fock state |P,) of a nucleus with four-
momentum P, being in the n-th quantum state as a
superposition of free nucleons states weighted with their
bound state wave function. The latter is explicitly factorized
into a product of the wave functions describing the internal
structure of the nucleus and motion of their center-of-mass.
The internal wave function depends on A — 1 three-
momenta because one three-momentum variable is used
to describe the motion of the nucleus.

It is convenient to refer to the Fock state |n), describing

the nucleus in the n-th quantum state at rest. At zero
nucleus momentum, both |P,) and |n) states describe the
same quantum state but still differ by their normalizations
given in Eqs. (A22) and (A23). The details of this
consideration are summarized in Appendix A.
n), and final,
|m), internal states of the nucleus. Therefore, all possible
transitions must be considered. The matrix element iM,,,,,
corresponding to the process in Eq. (3) keeping only the
leading order terms of Fermi constant G, reads

G
ian*l—FmC}/rfmZZ £ (s, ) (LRK),  (37)

where my and m, are masses of the nucleon and nucleus,
respectively, and C,,, ; is a function of the order of unity
defined in Eq. (B19). Details of the derivation can be found
in Appendix B 1. R

Functions f%,,(q) = (m|eX«|n), where X stands for the
position operator of the kth nucleon, are transition form
factors for m # n and n-state form factors for m = n,
defined in Eq. (B14).

(1, hk,) is the scalar product of the lepton (/) and kth
nucleon’s (h¥,) neutral weak currents. For their definition,
refer to Eqgs. (B4) and (B25), respectively.

A™ (s, r) is a spin transition amplitude between the |n)
and |m) states of the nucleus. It depends on initial, r, and
final, s, doubled spin projection on the given axis of the
scattered nucleon. For a definition, refer to Egs. (B11),
(B12), and (B17). The amplitude in Eq. (37) is a sum of
neutrino-nucleon amplitudes, each proportional to the
scalar product of the lepton and nucleon currents, weighted
by two factors, each not exceeding unity.

Given the definition of fX, in Eq. (B14) and the
symmetry properties of the nucleus wave function, one
can conclude that f%,, does not depend on the number k, but
only on the type of nucleon k points to.

Therefore, all amplitudes in Eq. (37) have the same
phase and thus are “coherent” in the literal sense of this
terminology. R

One can see that f%,(q) = (m|e'®|n) is a generaliza-
tion of the e quantum-mechanical factor used by
Freedman in [1]. Section II A can be referred for a
discussion of an important difference between these two
factors.
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k » is most important in understanding the mechanisms

of the quadratic and linear dependence of the observable
cross section on the number of nucleons.
Let us examine the form factor f%,
inelastic scatterings.
(1) In the case of elastic scattering,

for elastic and

1in(1)<n|eiqffk|n> -1, (38)
q—)

and one expects a quadratic dependence of the cross
section on the number of nucleons. For ¢ — oo, the
matrix element vanishes

lim (n|e/®X|n) — 0 (39)

q— 0

and the elastic cross section must also vanish.
Therefore, the elastic scattering has the properties
of a “coherent” process in the terminology of
Freedman.

(i1) In the case of inelastic scattering,

1im0<m|eiq’?k|n> -0, (40)
q—)

according to the normalization (m|n) = 0 for n # m
[see Eq. (A23)]. For a nonzero ¢, the matrix element
(m|e@X|n) #0 in general and, as we show in
Sec. IIE, the cross section is a linear function of
the number of nucleons once all possible initial and
final states are accounted for. Since this result could
be obtained by summing up the absolute values of
the amplitudes squared one can refer to this case as
incoherent scattering.

E. Cross section

The corresponding differential cross section reads

; 2
dUmn _ |1an|
- 2,
dTA 25ﬂE%mA e

(41)

where C,,,, is a function of the order of unity given in
Eq. (B23). As we show in App. C [see Eq. (C33)] the
matrix-element squared, |iM,,,|?, is independent of the
azimuthal angle ¢, therefore we integrated over this
variable in Eq. (41).

An observable cross section can be obtained by averag-
ing over all possible initial states |n) and summing up over
all possible final states |m)

do do
—_—= m 42
dT, Zn T, (42)

where o, is a statistical weight to find an initial nucleus
in a quantum state |n) at given ambient temperature.

In what follows, we do not need an explicit form of w,
normalized as

> w, =1. (43)

n

The matrix-element squared, |iM,,,|*, has inside it a
summation ) _, . over two indexes enumerating the scat-
tered nucleons.

In Appendix B2, it is shown that terms in Eq. (42),
corresponding to elastic neutrino-nucleus scattering
(O _,—m), keep both indexes, k and j, giving rise to a
quadratic dependence of the cross section as a function of
the number of nucleons. In contrast, terms in Eq. (42),
corresponding to inelastic neutrino-nucleus scattering
(D _1m) are to a good accuracy proportional to J;, which
automatically yields a linear dependence on the cross
section as a function of the number of nucleons.

Therefore, the observable cross section can be written as

do 4G my
A (5 S S HP( -
A f=n,p k=1 s.r
cal Y S wn ). (a2
f=n.p k= r
where |2/"|? and g, /o are determined factorizing, respec-

tively |17"|> given by Eq. (B18) and ¢”" defined by
Eq. (B27) out of the double sum ), in Eq. (42). g;/,
are kinematic functions of the order of unity. |F,,|* are
proton and neutron form factors of the nucleus defined
by Eq. (B14).

The first and second lines of Eq. (44) correspond to
inelastic and elastic neutrino-nucleus scattering, respec-
tively. Their dependencies on the number of nucleons are
linear and quadratic, respectively. Using the terminology of
Freedman, one would refer to these terms as incoherent and
coherent, correspondingly.

This is the most general result of this work if terms with
covariances defined in Egs. (B31) and (B35) are neglected.

The summation of amplitudes due to the scattering off of
various targets is evident in the second line of Eq. (44).
Each type of nucleon is weighted according to the
appropriate averaged form factor F,,(q). Note, that the
nucleus does not change its spin eigenstate in the coherent

term. This is encoded in the summatlon SO (L B,
The incoherent term depends on |12/"|2. The latter is a
probability for a nucleon to change spin index r to s in
transitions |n) — |m), averaged over n and summed up
over m.
While one needs a model for the nucleus wave functions
to calculate Mfr/ "|?, we approximate these coefficients by

unity |/1§’/ "> - 1, which implies that for any r, any value of

053004-9



VADIM A. BEDNYAKOV and DMITRY V. NAUMOV

PHYS. REV. D 98, 053004 (2018)

s is possible with the same probability. Therefore, we can
complete our calculations of the cross section.

The scalar products (1, h?/") are calculated in Appendix C
using helicity and o3 bases. The latter corresponds to the
basis with spin projection on a fixed axis chosen to be along
the incoming neutrino momentum. While the results do not
depend on the basis chosen, as demonstrated in Eq. (C39), it
is more straightforward to use the helicity basis with
Eq. (C12) and o5 basis with Eq. (C33) to calculate the
incoherent and coherent cross sections, respectively.

As follows from Eq. (44), the observable neutrino-
nucleus cross section can be presented as a sum of
incoherent and coherent cross sections

ﬁ _ dGincoh dacoh ( 45)
dT 4 dT 4 dT,
The incoherent cross section reads
dGincoh 2G%7mA
= : 1—|F,|?
dTA . 9i Z ( | f| )
Sf=n.p
2
ym
x [Af (gi,f + k(1 =90 =290 r9r s -~ :1' ) )

+ AAf([gL,f - QR,f(l - )

e

p/n

where ¢{/" and g} /" are left- and right-chirality couplings

of the nucleons expressed via corresponding vector and
axial couplings in Eq. (B9). The Bjorken y is defined in
Eq. (C13). The total energy squared s = (p + k)? of the
neutrino and target nucleon is calculated assuming an
effective momentum of the nucleon given by Eq. (33).
Let us note that y and s are determined within neutrino-
nucleon kinematics.

InEq.(46),A,=Z,A,=NandAA,=AZ =7 -Z_,
AA, =AN =N, —-N_, where Z,, N, stand for the
numbers of protons and neutrons with spin projection on
the incident neutrino momentum axis equal to £1/2. A
correction function g/ /" of the order of unity is discussed
earlier and is defined in Eq. (B27).

If the target nuclei are unpolarized, then terms propor-
tional to AA’ in Eq. (46) vanish after averaging. Therefore,
for an unpolarized target the incoherent cross section reads

doincoh 2GFmA 2
—=——yq; 1-|F
ar, fz,,,:p( [F¢l*)

2
ymy
s—m3)"
N

(47)

x A <gi,f + 9r s (1=9)* =29, r9r s

The coherent cross section reads

dacoh G%mA T
Zeoh _ ZFTA G (1-=2-) |Gy + Gu2. (48
dT, . T Gy + Gal? (48)
where
Z y
GV— g{,Ff( |: —?:|+AA)¢2>
Z : y yT
where

T:M_ (50)

Vs +my

It is straightforward to perform the spin averaging in
Eq. (48), removing the terms linear in AA;. The final
formula of the spin-averaged cross section reads

do .o, G%m A .

-y Ve \?
x [g/;gf; <AfAf/ (1 —3> +AAFAAp <§) >
. p ¥\ 2 y7\ 2

+24},9} <AfAf/<1—7> 5 HAAAA, 2(1—5)].
(51)

Finally, Eq. (51) could be simplified if the following
approximations are adopted. (i) Terms proportional to y ~
3%E,/(30 MeV) are omitted. (ii) Terms proportional to
AA;AA are neglected. This can be done either for a spin-
less nucleus, or approximately for heavy nuclei with
AA < A. (iii) Terms proportional to ¢!, are abandoned
because g¢i, < 1. (iv) The kinematic correction func-

tion g. — 1.
Therefore,
dG h G%mA TA
ALY 1- F,|? INZ, 52
i i ) [FA PPN (52

which is a well known result [1-5,7-10,20,32,42].
Corrections to this formula are discussed in Sec. III B.

I11. DISCUSSION

In what follows, we discuss in detail the calculated cross
section. It is convenient to refer to the cross section
integrated over the kinetic energy of the recoil nucleus
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Tmax d
o(E,) = /T édu. (53)

This integral depends on the energy threshold 77", unique
for each detector. As an illustration we consider three
experimental setups.

We refer to the state-of-the-art energy thresholds of
considered experimental setups, briefly described in what
follows.

(1) A germanium detector exposed to 7, flux from a
nuclear reactor. Among all natural isotopes we select
only one stable nucleus, "“Ge, for our illustration.
The expected energy threshold for electrons of
germanium bolometers is 200 eV [76], which,
accounting for the quenching in germanium detec-
tors [77], roughly corresponds to 1 keV of the “Ge
recoil kinetic energy. We refer to the vGEN experi-
ment at the Kalinin Nuclear Power Plant [50] as an
example. For illustration, we calculate the differential
cross sections for two 7, energies, 5 and 7 MeV, and
total cross section for E, € (1,20) MeV. As an
estimate for an excitation energy of the 7“Ge nucleus
we take Ae = 900 keV.

(i1) A CslI scintillator exposed to the neutrinos from the
Spallation Neutron Source [63]. The differential and
total cross sections are calculated for £, = 30 and
50 MeV and for E, € (1, 150) MeV, respectively.
We assumed Ae = 100 keV for the '*3Cs nucleus.
The energy threshold was set to 5 keV of the '*3Cs
recoil kinetic energy.

(iii) A liquid argon detector with an unprecedented
low-energy threshold of 0.6 keV for the *°Ar nucleus
achieved by the DarkSide Collaboration [78].
The differential and total cross sections are calcu-
lated for E, = 15 MeV and for E, € (1,50) MeV,
respectively.

To make a prediction for an experiment we use (i) two
form factors F,,,(¢q) for protons and neutrons, respectively,
and (ii) data regarding the energy levels of the nucleus
under consideration.

We considered two models of the form factors: sym-
metrized Fermi-distribution [79] and Helm form factor
[80]. Both models of the form factors give very similar
results numerically if the parameters of the models are
selected to reproduce the same proton and neutron RMS
radii. In what follows, we present the results obtained
assuming the same RMS radii for protons and neutrons, and
using the Helm form factors for definiteness.

In Fig. 5, predictions of these models as functions of |g|
are depicted. At T ~ (12-15) keV, where the maximum
of the signal observed by the COHERENT experiment
occurred, |g|~ (50-60) MeV and |F(q)|*> ~ (0.6-0.5),
indicating that pure coherent scattering has a suppression
and a contribution from the incoherent transitions should be
expected.

Tcs, [keV]
0.0 5.0 15.0 40.0 160.0
1.0 '\ 133CS
0.8 - \ —— 0Ar
— 74Ge
S 0.6
RS
Y 04
0.2 A
0.0 A
0 50 100 150 200
q, [MeV]
FIG. 5. The Helm form factor FH¢™ [80] as a function of the

absolute value of three-momentum transfer |¢| (bottom horizontal
axis). The upper horizontal axis corresponds to the kinetic energy
of 133Cs nucleus.

A. Coherent and incoherent

The most general feature of Eq. (45) consists of smooth
transitions between coherent and incoherent regimes. Both
terms of the cross section are governed by the same F, ,,(q)
form factors defined in Eq. (B28).

In the limitg — 0, F,,(g) — 1, and the contribution of
the incoherent cross section vanishes, while the coherent
term totally dominates.

In the opposite limit of large ¢, when F,/,(q) — 0, the
coherent cross section vanishes and the incoherent term
dominates. In general, both coherent and incoherent scat-
terings contribute.

In Fig. 6, the differential coherent and incoherent cross
sections are displayed for three experimental setups dis-
cussed above.

(i) AtT, — 0, the coherent cross section totally domi-

nates since the incoherent contribution vanishes. For
a given nucleus, the coherent differential cross
section in this limit does not depend on neutrino
energy up to small corrections, in agreement
with Eq. (48).

(i) At T, — T}, the coherent cross section vanishes
because of the factor 1 —7,/TH*, while the in-
coherent cross section rises. One might observe that
the maximum kinetic energy of the nucleus expe-
rienced in an incoherent scattering is systematically
smaller than that for the coherent interaction. This is
because some of the neutrino energy is used for the
excitation of the nucleus, as given by Eq. (29).

(iii) For small neutrino energies, the coherent cross
section dominates over the incoherent contribution
for any T'4. For larger E,, there is a value of T4 above
which the incoherent cross section dominates
over the coherent, as can be seen in the middle
panel of Fig. 6 for E, = 50 MeV. In particular, for
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1044
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—43 rd
10 T T T T T
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(o2

FIG. 6. Differential cross sections ddTA for coherent (solid lines)
and incoherent (dashed lines) neutrino-nucleus scattering for 7*Ge
(top), '33Cs (middle) and “°Ar (bottom) nuclei and different
values of neutrino energies. Vertical lines correspond to exper-
imental energy thresholds.

E, =50 MeV with a '3Cs nucleus this occurs
at T4 = 33 keV.

In Fig. 7, the corresponding integral cross sections are

displayed.

(i) At low E,, the coherent integral cross section is
larger than the incoherent by orders of magnitude
because the factors 1 — |F,,/,(q)|* suppress the latter
at small g. With increasing neutrino energy their
interrelation changes to the exact opposite, the

10738 4
10-39 1
10-40 1
10-41 }
10-42 _!
10-43 1
10-44 1 ,

_ TN (kev)
107% 4/ mm 00
10746 . 1.0

10747 4 T . . .
0 5 10 15 20

Ey, [MeV]

o(TF"), [cm?]

10-37 ]
10-38 ,
10-39 1
1040 !

1041 4 .
1/ 133Cs, TN (keV)
I | |
1 —— coh mm 0.0
1
]
]

o(T3in), [cm?]

10—42 _;

1074 5 --- incoh EEE 5.0

10-4 14 i i i
0 50 100 150

Ey, [MeV]

10—38
10—39 _!
1040 _;
10-41 1
10742 |
1043 _!
1074 ’.{ TN (keV) |

I

1

]

1

40Ar

o(Tn), [cm?]

1045 — coh mm 0.0
107 4 --- incoh mmm 0.6
10-47 1L . : ; : ;
0 10 20 30 40 50

E,, [MeV]

FIG. 7. Integral cross sections ¢ for coherent (solid lines) and
incoherent (dashed lines) neutrino-nucleus scattering for 7“Ge
(top), '3Cs (middle), and *°Ar (bottom) nuclei and different
values of neutrino energies. The integrals are calculated for
idealistic threshold-less (T‘A}rlin = 0, blue lines) experimental set-
ups and accounting for state-of-the-art thresholds 77" (red lines)
achieved by three considered experimental setups.

incoherent cross section dominating above a certain
E,. As an example, for the '33Cs nucleus this occurs
at E, 2 140(120) MeV for T%i" = 0(5) keV.

(i) The experimental detection threshold reduces the
integrated coherent cross section and, to a lesser
extent the incoherent, because the threshold removes
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FIG. 8. Ratio 6iycon/6con for neutrino scattering off of a '33Cs

nucleus as a function of E,. The two curves correspond to a
Tmin = ((5) keV detection threshold.

the part of the differential cross section which is the
largest for the former and vanishing for the latter, as
can be seen in Fig. 6. To quantify this statement the
ratio of integrals given by Eq. (53), Gincon/Gcons 18
displayed in Fig. 8 for the '33Cs nucleus. At
E, ~30(50) MeV, this ratio is about 5(10)% for
an idealistic thresholdless experiment, and reaches
about 10 (20)% for TT“ =5 keV. The increasing
importance of the incoherent interaction is evident
for increasing neutrino energy.

B. Revising the coherent cross section

It is instructive to compare the coherent cross section in
Eq. (48) and (51) to that used in the literature [65]

‘i,g—%h = %ZA [(Gv +Ga)? 4+ (Gy = Ga)* (1 —y)
- (G- 6y "]
() o )
e (S AR (54

where Gy =F ,Zg},+F,Ng}, and G, =F ,AZg} +F,ANg}.

The second approximate equality of Eq. (54) appeared as
a result of a quite accurate approximation y = T, /E, — 0.
The last line is a result of further approximations:
(i) g4 — 0 and (ii) spin-less nucleus.

Let us briefly review Eq. (54). After a number of
approximations, the third line of Eq. (54) is identical to
an approximation of the coherent cross section in Eq. (52),
calculated in this work. However, conceptually, a derivation
of Eq. (54) is at odds with the coherency. Indeed, as one can

1.2 1
1.1 /
s 1.0'_ Z 133CS, Ev (MeV) -
—— 30.0
0o ] —— 50.0
] —— 100.0
0.8 Ll+———1—— —
0 50 100 150
Ta, [keV]

FIG. 9. Ratio R of differential coherent cross section do/dT ,
calculated in this work in Eq. (48) to that used by the
COHERENT Collaboration and reproduced in Eq. (54). Both
cross sections are averaged over the nucleus spin, assuming
neutrino scattering off of a '*3Cs nucleus. The ratio is shown as a
function of kinetic energy T, of the nucleus.

observe, the first line of Eq. (54) corresponds to a
calculation of incoherent cross section [compare to
Eq. (47)], where the nucleus changes its spin eigenstate.
As we advocate here, the coherent scattering corresponds to
interactions of neutrino with the nucleon in which the latter
remains in the same quantum state.

How then are Egs. (54) and (46) consistent with a good
accuracy? The reason is in the nonrelativistic approxima-
tion. Two terms of the matrix element containing (I, 4" _)
and (1, h" ) with a spin-flip should not contribute to the
coherent cross section [on the opposite, they do exist in
Eq. (54)]. In the nonrelativistic approximation, (I, 4" _)
vanishes, while (/, A" ) is proportional to g, and vanishes
for a spin-less nucleus, as can be seen in Eq. (C35). The last
statement is accurate if the nucleons in the nucleus are
at rest.

To illustrate the effects of a moving target nucleon and
constant spin of the nucleus in elastic neutrino-nucleus
scattering, a ratio of differential coherent cross section
do/dT 4 in Eq. (48) to that in Eq. (54) is displayed in Fig. 9
for a 133Cs nucleus, assuming three fixed values of neutrino
energy. The cross sections coincide at 7y = 0 and show a
difference at some percent with increasing 7',. The maxi-
mal difference occurring at the end of the nucleus kinetic
energy spectra, rises with neutrino energy from about 5% at
E, =30 MeV to about 20% at E, = 100 MeV.

There are two groups of corrections to the cross section
of elastic neutrino-nucleus scattering.

(1) The most significant correction is due to g. nor-
malization factor defined in Eq. (B27). The latter is a
product of three functions, C;, C, and Cj, deter-
mined by Egs. (B19), (B23) and (B26). C; and C,
functions are very close to unity, while C; rises
linearly with the kinetic energy of the recoil nucleus.
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At E, =30, 50 and 100 MeV Cj reaches about 6%,
10%, and 20% respectively.

(i) Corrections to the vector and axial form factors
defined in Eq. (49) are due to nonzero momentum of
the target nucleon. The correction to Gy is small, of
the order 10~* — 1073, because AA  is multiplied by
y-Bjorken which is small for elastic scattering. The
correction to G, is of the order 1072 — 10~! because
a small factor yz/2 is multiplied by a large factor A,
making their product A,yr/2 at few percent
of AAs(1-7%).

C. Proposal to observe higher energy excitation
ys due to incoherent scattering

After an interaction the nucleus may remain in the same
quantum state, or the internal state of the nucleus could be
changed. We refer to these cases as elastic and inelastic
interactions. Experimentally, the scattered nucleus, being in
the same or an excited state, are practically indistinguish-
able if one measures only the kinetic energy of the nucleus.

Inelastic interactions must be accompanied by the
emission of gammas corresponding to the difference of
energy levels of the nucleus. The time scale of these
emissions is in the range of picoseconds to nanoseconds
for the '33Cs nucleus, taken as an example. The energies of
the ys are of the order of some hundred keV for the same
nucleus. These ys should produce a very detectable signal
in the scintillator correlated in time with the beam pulses for
an accelerator based experiment. The rate of these ys is
determined by the ratio Nj,./N..n, Where

dTy™ do_inc /coh

Nincoh/coh:/dEuq)(Ey) AT"““ dT » T,
A

e(Ty),

(55)

in which &(T,) is the detection efficiency. Fig. 8 suggests
that the number of y events due to incoherent interactions
should be detectable.

It is remarkable, that a similar proposal was made back to
1975 in [74].

IV. SUMMARY

A theoretical framework for neutrino-nucleus scattering
VA — VA, in which the nucleus conserves its integrity, is
developed. The main result of this work consists in the
demonstration that coherent and incoherent regimes appear
due to elastic and inelastic processes, when all possible
initial and final states are taken into account. This con-
clusion is in agreement with corresponding theories of
scattering of x rays and electrons of an atom, and of slow
neutrons off matter constituents.

The coherent and incoherent cross sections were
shown to be driven by |F,/,[* and (1 —|F,,|*) factors,
thus providing a smooth transition between these regimes.

We also revised a formula for the coherent cross section.
The obtained formula has some percent level corrections
when compared to that known in the literature (see, e.g., in
[65]). They differ at most at the end of kinetic energy
spectrum of the target nucleus, reaching ~5% at E, =
30 MeV (x20% at E, = 100 MeV). There are two main
sources for this difference. (i) Our consideration treats only
those matrix elements which correspond to the same initial
and final spin states of the nucleus in contrast to the
conventional derivation which considers also the spin-
flipped matrix elements. (ii) The target nucleon is not
assumed to be at rest which develops corrections to the
vector and axial form factors of the nucleus.

Three experimental setups considered in this work
illustrate our results. In particular, for '*3Cs and neutrino
energies of 30-50 MeV the incoherent cross section is
about 10%-20% of the coherent contribution if experi-
mental detection threshold is accounted for. The incoherent
processes being a relatively small “background” to the
coherent interactions provide an important clue if ys
released by excited nucleus are detected. Detection of both
signals due to nuclear recoil and excitations ys provides a
more sensitive instrument in studies of nuclear structure
and possible signs of new physics.

An interested reader could checkout and run a Jupyter
Notebook where equations from this manuscript are doc-
umented in terms of a python code [81].
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APPENDIX A: DECOMPOSITION OF
n-PARTICLE STATES IN x AND p BASES

In this section, we shortly summarize some mathematical
aspects of the representations of abstract quantum states for
both single fermion and n-fermions.

1. Single-particle states

We begin by reminding the reader about the single-
particle basis. A fermionic state with mass m, definite three-

momentum p, energy E, = 1/ p* -+ m? and spin projection
s is defined according to

p. ) = \/2E,a5.4/0). (A1)
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with Lorentz-invariant normalization

(k,slp,r) = (27;)32Ep53(p —k)b,,. (A2)
A fermionic state with definite x can be defined as
(x| = (0[¢(x). (A3)

where {p(x) is the free field operator in the Schroedinger
representation. The state in Eq. (A3) is a Dirac spinor.
These states are normalized as follows

{ylx) = 6> (x = y)Laa (A4)

where 1,4 is the 4 X 4 unity matrix in the spinor space.
The single-particle unity operators read

s [ dp lp.s)(p.s|
Ipl - 3 s
' (27) 2E,

o= [ @kt

The scalar product of states given by Egs. (A1) and (A3)

(xlp.s) = u(p, s)e™*

allows for the representation of |p,s) and |x) states via
linear superpositions of each other

(AS)

(A6)

@Mz/wﬂmW”WL

dp u(p,s)e?*
o= [,

(A7)

The second line of Eq. (A7) allows us to see that (x|,
given by Eq. (A3), differs from a nonrelativistic spin
independent state

- dp etxp
(x| = /()J_m|

where (p| is defined similarly to Eq. (A1) but for a spin-less
particle.

A one-particle state |t)) can be represented through |p, s)
and |x) states

Msnmma/ﬂﬁw f~

(A8)

|@z%M—/wmww (A9)

where ¢(p. s) = (p. s|v)//2E, and (x) = (x[1)).

Imposing (1[tp) = 1 the wave functions (p,
are normalized according to

I
(2z)?
These wave functions are related to each other through the
Fourier transform

s) and 1)(x)

wwz/awa=L<mm

W) = /[ﬁ@ﬂJ@MWa
Hp.s) = L3 {/mwu -, (Al1)

Note that (p, s) is a scalar, while 1(x) is a Dirac spinor.

2. n-particle states

The unity operators defined in Eq. (AS5), generalized for
n-particle states, reads

T = / (H (2;)%15 ) Hp}?fy{p}"

/(Hm){ﬂ{ﬂ

The symbols {p} and {x} are n-tuples, {p} = (pi...p,)
and {x} = (x...x,) are used for compaction here and in
what follows.

The bra-vector ({x}| is given as

<{x}| = <0|wm1 (xl)' : ‘wm,, (xn)’

with x; = (x;, m;), where m; enumerates the spinor’s rows
of the fields ¥(x;).

Similarly to Eq. (A9) the wave functions in both
momentum and coordinate spaces for the n-particle state

1)) can be obtained using [1) =1, ,[¢) =1, )

/(Hd )w({p} b,

(A12)

(A13)

/(Hd > x}). (A14)
where
~ {pH)
o({p}) = NCAN
v({x}) = 7—<{x}|¢> (Al15)
and
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dp;

. [ —
P = 2n)\/2E,

The wave functions ¢({p}) and 1)({x}) are Fourier trans-
forms of each other

wlah = | (Hdp, i (015 ()

Wb = [ (de f’_) P )il (A6

Imposing (¢|)) = 1 the wave functions ¥ ({p}) and
({x}) are normalized as

/ (H )it

Both ¢({p}) and +({x}) are anti-symmetric under an odd
number of particle interchanges.

/(de)w (fehP =1.

(A17)

3. The wave function of a nucleus

The Fock state |P,) of a nucleus, with four-momentum
P, being in the n-th quantum state, can be written as a
superposition of free nucleon states using their bound state
wave function in the momentum representation A

/<Hd >wn {p})H W, (AI8)

The wave function /,({p}) describes both the internal
structure of the nucleus and its movement as a whole with
three-momentum p = >4 | p; and spin projection s. Since
the quantum state of A interacting nucleons cannot depend
on the motion of their center-of-mass, the wave function
,({p}) can be factorized into a product of the wave
function ¢, ({p*}), describing the internal structure of the
nucleus in its center-of-mass (the corresponding momenta
are labeled by the upper index x), and the wave function
®(p), describing the motion of the nucleus with momen-
tum p and spin projection s, both encoded in the argument
p of ®

({p}) = bu{p ) Pu(p)-

The factorization in Eq. (A19) makes sense for A > 1.

The three-momentum of the ith nucleon in the center-of-
mass frame is given by p7. The ith nucleon’s momentum p;
in the laboratory system is given by

(A19)

pi =p; +p/A. (A20)

The state in Eq. (A18) can now be rewritten as

/ (Hf)% P o, (pliph).  (A21)

We take the wave function ®(p) of the form

@,(p) = (27)°\/2P,8 (p — P).

which corresponds to a nucleus with a definite momentum
P and energy P = E, + €,, including excitation energy &,.
Then, the state in Eq. (A21) is normalized similarly to
Eq. (A2)

<le|Pn> = (271’)32P253(P _P,>5nm (A22)

if the following normalization of the internal nucleus state
|n) is adopted

(m|n) = &

-/ (H )it it (r)
x (27)38 (g;;;).

The delta-function &°(>"%, p¥) reduces the number of
independent momenta in Eq. (A23) by one.

The states |n) and |P,,) describe the same realm at P = 0
yet still differ by normalization. We define the former as

-/ (ﬁ#;)W[(znw (?;)}”ﬂ{m

(A24)

(A23)

which agrees with the normalization in Eq. (A23).

APPENDIX B: DERIVATION OF THE
vA — vA CROSS SECTION

1. Scattering amplitude

An effective SM Lagrangian in the four-fermion
approximation

GF
\/_M

should be accurate enough for the scattering of a low
energy neutrino off of a nucleus. In Eq. (B1),

Ly(x) = 0, (x)r, (1 = 7)1, (x):

L(x) =

(o) H(x) (B1)

and
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(B2)

Z¢f X)r (g,

f=n.p

9/};}’5 lfff

are weak currents of neutrino and nucleons, respectively,
written in the normal ordering represented by colons. The
quantum fields 1, (x) and 1), ,(x) correspond to the
neutrino and nucleons, respectively.

The S-matrix amplitude (P,,,k'|S|P,, k), to the first
order of G, reads

(P K|S|P,. k) = (27)*6%(q + P,y = P,)iMyp,

iMyy, = flﬂH%n, (B3)
where
Lk K) = a(K',=1)y,(1 —ys)u(k,=1)  (B4)
and
Hin (P, Pry) = (P [H(0)[P,y). (BS)

Using (A2), (B2) and the antisymmetric nature of the wave
function, the hadronic current in (B5) can be found

Hiyn (P, P') =24/ PP R (B6)
with
Hon —Z/ ﬁ dp/ i(py + ¢, 51) O Py, 1)
P 2E, 2E, 4
A
(2n)6° <Zp) ONDEpY. BT
=1
where
O = v"(9v — dhrs)
=7 (gL (1 = 75) + gr(1 +75)) (B8)
and the couplings gV 4 are equal to gy /™ when the

index k points to a proton/neutron. Left- and nght—chirality

couplings are expressed via vector ¢7/" and axial g”/ "
couplings as
1
" E(g’v’/"+g§/"),
1
" = (" "), (89)

In the SM, these couplings read

g = % — 2sin%fy, gh = %,
9= %(1 — 2sin®0y,) gh = —sin’fy,,
n 1 n 1
Gy = 2 ga = 5
g =1, =0 (B10)

The arguments of 97, ({ p(*k>}) and ¢, ({p,}) are n-tuples
defined as {p,} = (p}...p;), where its ith element,

pr = (p}.r;) and {pik)}, is identical to {p,} except for
its kth element, which reads as (p; +¢.s;). The three
momentum py, used in the argument of the Dirac spinor u,
is the kth nucleon momentum in the laboratory frame given
by (A20).

The hadronic current, corresponding to neutrino-nucleus
scattering, is a sum of currents #(p; + ¢, s;) OLu(py. )
corresponding to the scattering of a neutrino off of the kth
nucleon with momentum in the laboratory p; and spin
projection r,. The probability amplitude to find a nucleon
in the |P,,) state of the nucleus with these quantum numbers
is just the wave function t,({p,}) in the momentum
representation, which depends on momenta in the nucleus
center-of-mass frame.

The outgoing nucleon has a three-momentum in the
laboratory of p, + ¢, and, in general, an arbitrary spin
projection s;. The corresponding probability amplitude to
find a nucleon with exactly these quantum numbers is given
similarly by the wave function 1%, ({ pik)}).

The denominator /2E, 2E, ., depends on the energies
of the initial and final nucleons in the laboratory frame, and
automatically accounts for the normalization of Dirac
spinors u’ (p, s)u(p, s) = 2E,.

The equal momenta of the initial and final state spectator
nucleons are integrated out with the weight given by a
product of initial and final state wave functions.

To proceed further, let us make the following simplifi-
cations. The current #(p; + ¢, s;)Ou(py.r;) could be
factorized out from the integral at an effective momentum
pr which we approximate to be given by a solution of
Eq. (32). Also, we assume that the spin and momenta

structures of ¢, could be factorized into a product ¥, and y,,

= '(Zn({p*}))(n({r})’

ba({p.}) (B11)

which are functions of two n-tuples {p,} = (p}...p}) and
{r} = (ry...ry), respectively. The spin-functions can be

normalized as follows
In({rDxa({r}) = 8um. (B12)

Thus, Eq. (B7) can be rewritten as
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v mi(p+q.s)0up.ry)
Wi = ; \/2}527151{ O ({r Nz, ({r})
e (3n)

</ (ngj )

Jj=1

x (P, ({p. 1), (B13)

where {r()} is an n-tuple identical to {r}, except its kth
element, which is equal to s;.
A further insight could be gained by observing that one

can rewrite the multidimensional integral in (B13) as the
matrix element

/ (H éli’) ><2”>“53 (I:le;)m{p&“})zzn({p*})

J=1

= (m|e®|n) = f1.,(q). (B14)
where X is the three-coordinate operator of the kth nucleon.
Equation (B14) provides a clue in understanding the
appearance of coherent and incoherent regimes in neutrino-
nucleus elastic and inelastic scattering.
A derivation of Eq. (B14) is facilitated if the following
equality is observed

\/\QE:@HI

Equation (B15) can be proven with help of Eq. (A8). Using
Egs. (A24) and (B15), the matrix element (m|eX¢|n) can
be calculated.

Therefore, combining Eqgs. (B3), (BS), (B7), and (B14),
one gets the matrix element of elastic neutrino-nucleus
scattering

(plerX = (B15)

GF Pg P/O >1/2 A
l./\/lmnl—(— (k,k") E (m] e |n)
V2\E E P

P —ptq
X am({rO D ({r))a(p +q.5¢) Ofu(p.ry).

We introduce the following notation for economy of space:

o ({r N ({r})

In general, the scattered nucleus may have a final spin state
different with respect to the initial. We assume in what
follows that initial and final states of the nucleus are
eigenstates of the spin operator with quantum numbers
(J,J3). One might observe that if m = n, then the ampli-
tude A" (s, r) = &,, for appropriate normalization of the
spin wave function [see the normalization used in
Eq. (B12)]. We denote for m # n the corresponding
amplitude as A})". Therefore, for any m, n

(B16)

= A" (s, r). (B17)

Amn(s, r) = 5mn§sr + (1 - 5mn)/1g;n (BIS)
The multiplier in Eq. (B16) can be rewritten, factoring out
the leading order term m,/my and the factor C,,, ; of the
order of unity defined as

o2 _ (P P )"y (B19)
Lo EpEp+q ma’

Using Egs. (B14), (B17) and (B19), one can represent
Eq. (B16) as in Eq. (37).

2. Cross sections

The cross section corresponding to the matrix element in
Eq. (B3) reads

&6,
dEdcos6

_E1/1|ian|2
rE,(my + €,)

5(Ev - E/v - TA - Agmn)
my + TA + Em

El

(B20)

where all kinematic variables are given in the laboratory
frame in which the initial nucleus is assumed to be at rest,
E, is given by Eq. (19) and Ag,,, = ¢,, — ¢,. The kinetic
energy T4 of the scattered nucleus is given by Egs. (26) and
(27). Integration over E;, can be done with help of a Dirac
o-function, providing energy conservation, thus yielding

_|i-/\/lmn|2 E/v(mA + TA)
a(my + &,) E,(my + Ty + €,)
1
X
my + E,(1 —cos0)

ddmn _
dcosf

, B21
- A‘%nn ( )

One can obtain do,,,/dT, using a very accurate approxi-
mation given in Eq. (27)

do,, do,, dcos®  do,, my
dT, dcos® dT,  dcos@E,(E, - Ae,,)
|iM|?

_2577.'E’;nmA 2,mn> (Bzz)
where

o B (i

mn E, - Ae,, (1 + TATtE’")
E, (1 —cosf) — A -1
§ (1 | Bl —cos0) ) 523,
my

is of the order of unity.
Combining Egs. (37), (B14), and (B22), one gets an
observable differential cross section defined in Eq. (42)
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do  Gimy,
dTA_26ﬂm12\,E2

X Z Zw Cl mnCZ mn <
+men

m#n

r N

Zi lh’s‘,(z:/l m,,)T)
(B24)

expressed through the scalar products (1, ht! ") of 4-vectors
with components #(k, k') given by Eq. (B4) and

(hE/"™), = a(p + . )0 "u(p, 1) (B25)
where p is a solution of Eq. (32). In Eq. (B25), a superscript
p or n appears when the index k in A%, from Eq. (B24)
points to a proton or to a neutron, respectively.

When an index k or j in Eq. (B24) points to a proton/

neutron, the form factors f%  should be read as fZ.",

correspondingly.

Each of the |(1, h?/")|?> terms given by Eq. (C12) and
(C33) yields the common factor 64(s — m3,)?, where s =
(p + k)? is the total energy squared in the neutrino-nucleon
center-of-mass frame, and m is the mass of the nucleon. In
the leading nonrelativistic approximation, this factor can be
approximated as 28m% E2. We denote a correction to this
formula by a factor Cj;,,,, accounting for the fact that the
nucleon in the initial state has a nonzero three-momentum

(S - mN) - 4'n/lNE C3 mn* (B26)
In what follows, we denote by ¢”" the product of correction
factors
g = Cl.mnCZ,nmC3,mn (B27)
which is of the order of unity.

Following our discussion of Eq. (37), we identify the
second and third lines of Eq. (B24) as contributing to the
coherent and incoherent cross sections. The factor ¢"" is, in
general, different for coherent and incoherent terms. We
take out these factors from the double summation at their
effective values denoted by g. and g, for coherent and
incoherent terms, respectively.

The summation over n in the second line of Eq. (B24)
leads to the form factors averaged over all initial states

\Fo(@)?.  (k.j)— pp or nn,
> onfiflin = Fo@Fila). (k)= pn

(B28)

(L)Y (Lh)!

Therefore, the second line of Eq. (B24) can be rewritten as

N 2
(LAENF, + Y (Lh)F
k=1 r

Let us work out the incoherent scattering encoded in the
third line of Eq. (B24). A summation over m, n cannot be
done without a model for A7}". If 7" would not depend on
m, n the corresponding summation could be performed as
follows.

Consider the case when k and j point to the same type of
the nucleon, e.g., to a proton.

(B29)

If k = j, then
Zw Zfﬁmfmn an |:Zf]t§mflifr;kn - ffmfﬁﬁ]
m#n n m

=;w&wm;wmwwﬂ

—Fy(q)P
=1-|F,(q). (B30)
accounting for the equality S, |m)(m| =1, using

Eq. (B28) and normalizations in Eq. (A23) and >, w, = 1.
If k#j, then following a consideration similar to
Eq. (B30) one may find that

Zw" menfmn = COV( ’qX/’ eink»p

m#n

(B31)

where the right-hand-side of Eq. (B31) is a covariance of

—qu

quantum operators e~X; and ¢X: on |n), whose state

reads

cov,, (e‘inf, ei"Xk)

= {nle ¢854 |n) — {n]e#%4|n) (n] %) |n).  (B32)
The subscript p in Eq. (B31) refers to a proton.

The averaging (...) in Eq. (B31) is given by
(cov(e™a% eiaXi)) =N "@,cov,, (e ¢i4%s). (B33)
At both, ¢ - 0 and ¢ —»

lim(cov(e~i4X;, eiqik»p =0,

q-0

lim (cov(e™4%), ¢i#%t)) | = 0. (B34)
q—)OO

In the case of weak correlations of nucleons in a nucleus,
the covariances, like in Eq. (B31) vanish. For example,
in models like the nuclear shell model, where a multi-
particle wave function is constructed in terms of a product
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of one-particle wave functions, the covariance in Eq. (B31)
is identically zero.

The smallness of the covariance in Eq. (B31) is the
reason why the inelastic cross section is, to good accuracy,
linearly dependent on the number of nucleons. In what
follows, the covariance terms are neglected.

The same considerations apply to the scattering on a
neutron. It is straightforward to show that in the case of
mixing neutron and proton amplitudes one gets (let k point
to a proton and j point to a neutron, and now automatically

k # )
N 0,3 fhufin = (cov(eit¥e, oK),

n m#n

(B35)

which can also be neglected.
As mentioned above the exact summation should con-
sider the spin amplitude A7}". We approximate the summa-

tion by replacing 43" by its average value Ll
and neutrons, respectlvely
Therefore, the third line of Eq. (B24) reads

ZZM PN RGP (L= |F, )
+ZZI/1 PP RGP = |Fuf?).

Combining Egs. (B24), (B29), and (B36), one gets the
differential cross section in Eq. (44).

" for protons

(B36)

APPENDIX C: CALCULATION OF THE
SCALAR PRODUCT (Lh)

The third line of Eq. (44) prompts us to calculate the
scalar product of two currents #(k")O*u(k) - i(p") Oj,u(p),
where O, O;, are Dirac matrices. The use of a standard
powerful technique, which consists of the calculation of
traces of Dirac y-matrices, is not helpful for this problem.
This is because all four momenta k, k', p and p’ are
different and one cannot use the well-known formula for
Dirac spinors

ulp. ilp.r) = 5 (§+ m)(1 -+ 759)).
where s, is four-vector of the fermion spin.

To simplify intermediate formulas, we calculate the
scalar product of the neutrino and nucleon currents in their
center-of-mass frame, where energies of incoming and
outgoing fermions are equal. In what follows, in this
section all quantities depending on kinematic variables
are given in the neutrino-nucleon center-of-mass frame.

Energies E, and E, of the neutrino and nucleon,
respectively, read

5 — m> s + m?

A = E = A = >
2\/s N s

where s = (p + k)? and m gives the mass of the nucleon.
In the Dirac basis, the spinor of a nucleon with three-
momentum p and index r = 41 reads

i

e (C2)

o) = (7 )uto)
where A, = +/Ey +m and @, =n, - 6, in which n, is a
unit vector along p, and 6 = (o1, 05, 03) is a three-vector of
Pauli matrices. The index r enumerates two linearly
independent two-spinors y,(p).

The vector and axial currents of the nucleon read

ap'. r)rtulp.r) =V, @p'.p).
ap'. 7 )r'rulp.r) = A}, (p'.p). (C3)
where
V0, 0'.p) = 2} (ny )42 + Zayayly, (),
Voo p'.p) = 1 (ny)2 A [6a, + ayoly,(ny),
AY,('.p) = X} (y)A A lay + aply, (),
A ') = 20 (ny) 20+ Rayoaly,(n,).  (C4)

The neutrino spinor, vector, and axial currents read analo-
gously to Eq. (C2)-(C4) with the replacement 1, — \/E,,.

Unit vectors along three-momenta of the incoming and
outgoing neutrino and nucleon are defined as

n,=(0,0,1), n,=-ny,

14

ny = (cosgsind,singsing,cosd), ny=-np. (C5)
It is convenient to specify a basis of two-component spinors
x, to perform the calculations in Eq. (C3). Summation over
r, ¥ in the incoherent term of Eq. (44) are simpler in the
helicity basis in which r, ¥/ are helicity eigenvalues.
The coherent term of Eq. (44) requires consideration of
the nucleon current with conservation of spin projection
on the given axis. For this purpose, a basis of y, two-
spinors, which are eigenstates of the 63 = (ny - 6) matrix,
is more appropriate. It is apparent that the physical
observable does not depend on the basis chosen.

1. Helicity basis

In the helicity basis, the two-spinor y,.(p) is an eigen-
vector of the helicity operator n,, - ¢

ny - o, (my) = rz,(n,) (C6)

with an eigenvalue r = =1, known as the helicity or

doubled spin projection on a particle’s three-momentum.
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Two-component normalized to wunity spinors ¥
corresponding to the incoming and outgoing neutrino
and nucleon with definite helicities in their center-of-mass
frame, can be read

co >

9 sin ¢

rm) = () :
() e ()
o) )

Let us display explicitly the vector and axial currents in the
helicity basis from Egs. (C3) and (C4) for the nucleon,
denoting the basis by the y superscript

(.
.
!

(C7)

VA =2(cope™Ey. (=5g/2.159/2. —Coppe™ " )E,),
VZ_ =2(copne™Ey. (=g, —isg/2. —Coppe™?)E,),
VA _ = 2m(sg)»,0,0,0),
VL, =2m(=s9.,0,0,0),
AL =2(cope ' E,. (=sg)2. iSgy2. —Cope” "’ )Ey),

_ =2(—cgpeE,. (59/2.iSgs2. Coppe?)Ey),

A}-(i-— == 2m(0, —Cg/ze_i(p, —ng/ze_i€0, Sg/z),

AY L =2m(0, —copnet, iconet, sy)0) (C8)
and neutrino
Vi_ = 2Eu(69/21 Se/zeﬂ(’), —ise/zeﬂlp’ Ca/z),
AL_ =2E,(—=cop. —Sgpet?. isgpet?. —cop).  (C9)
where for the sake of compactness
Cojr = €08, o = sini. (C10)
For a neutrino, assuming its vanishing mass,
V. _=V_, . =A,_=A_, =0, (C11)

manifesting neutrino helicity conservation in weak inter-
actions. In Eq. (C9), only the left-handed neutrino currents
required to calculate the elastic neutrino-nucleus cross
section are shown.

Now it is straightforward to calculate the scalar product
(I, h.,) equal to

a(k, =1y (1 =y u(k,

using Egs. (C8) and (C9)

—1)-a(p'. ¥y, (gv — gar”)u(p.r)

(L1y) =8(s —m?

. 0
Je#cos” 2 g,
. 0 m?
(LhE_) = 8(s —m?)etie <gL - gRsinzi’"—)
S

. 0
sin—cos = gr,

(1LH_) = 8(s —m?) =

/s %
0 0
(LK) = —8(s—m2)%sin§cos§g,¢, (C12)

where g; g are left- and right-handed chirality weak
couplings of the nucleon defined in Eq. (B9).

Using Eq. (C12) and the relationship between
Bjorken y and sinzg in the neutrino-nucleon center-of-
mass frame

(p.4) .0 ys
= , sin? =~ = C13
Y (p, k) T (C13)

one can verify that a well known result determining the
cross section of the neutrino-nucleon scattering with Z°-
boson exchange is reproduced

>l w,
r,r

2
ym
=25 =P (4 + =3P =209 2 ).

(C14)

2. o5 basis

We quantize the nucleon’s spin along the incoming
neutrino direction n; in the neutrino-nucleon center-of-
mass frame. This implies that the corresponding two-
spinor, which we denote now by 7#,, is an eigenvector of
the ny - 6 = 03 matrix

o3, = I'l]. (C]S)

These two-spinors read

() ()

Using these two-spinors instead of y in Eq. (C3) and (C4),
the nucleon’s vector and axial currents, denoting the basis
in (C16) by the superscript 5, read

(C16)
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V1+ = (Ey +m + cosO(Ey —m),—sinfe™E,, —isinfe ’E,, —(1 + cos O)E,),
= (Ey + m+cosO(Ey —m),—sinfe?E,,isin@e™E,, —(1 + cos9)E,),

V'Zr_ = (=sinfe ™ (Ey —m), (1 —cos)E,, —i(1 — cos O)E,, sinfe *E,),
V1, = (+sin@e™(Ey —m),—(1 —cosO)E,, —i(1 — cosO)E,, —sinfe"E,),
A'YH = (=(1 +cosO)E,,sinfe™(Ey —m),isin@e™(Ey —m), Ey +m + cos O(Ey —m)),

= ((1 +cosO)E,, —sin@e ™ (Ey —m),isin@e?(Ey —m), —(Ey + m + cos O(Ey — m))),
A'i_ = (—sinfe E,,Ey +m —cosO(Ey —m),—i(Ey + m — cos )(Ey — m)), sinf@e™*(Ey —m)),

= (=sin@e™E, Ey + m —cosO(Ey —m),i(Ey +m —cos@(Ey —m)),sinfe™?(Ey —m)). (C17)

The vector and axial currents calculated in Eq. (C8) and in lim (A", +A"_)=0. (C21)

Eq. (C17) differ because the mathematical and physical
sense of r, ' eigenvalues are different. In Eq. (C8), r, 7’ are
projections of the nucleon spin onto incoming and outgoing
momenta of the nucleon, while in Eq. (C17) these are
projections onto a fixed axis (chosen to be along the
incoming neutrino three-momentum). One possible illus-
tration is an example of the nucleon scattered backward
(cos@® = —1). In this case, (++) in the helicity basis
represents the nucleon’s spin-flip, while in the basis with
fixed quantization axis [as defined in Eq. (C16)], the
nucleon’s spin does not change its orientation.

Let us briefly review the results obtained in Eq. (C17) to
gain further insight. For this purpose, we consider three
cases most relevant for this paper: (i) the nucleon forward
scattering (cos @ = 1), (ii) the nucleon backward scattering
(cos @ = —1) and (iii) the nonrelativistic regime (/s — m).

(i) The vector currents

lim V+Jr = lim V7_
cosf—1 cosf—1

= 2(Ey,0,0,—|Py])

(C18)

(i)

reduce to the 4-momentum of the nucleon moving
towards the incoming neutrino. The spin-flip in the
vector currents are impossible

lim V!, =0.

cosf—1

lim V7 _
cos0—1

(C19)

On the contrary, the axial current makes the spin-flip
possible even for the forward scattering generating
nonzero components of the axial current in the
transverse plane

lim 1A1_ =2m(0,1,-i,0),
co{lglA"+ =2m(0,1,i,0). (C20)

In this limit, there is an exact cancellation of the sum
of axial currents with opposite spins

053004-22

cos0—1

This cancellation can be understood by recalling that
the axial current of the fermion with the same initial
and final momenta p and same spin projection r is
proportional to the 4-spin vector s#

a(p, r)yyu(p,r) = 2mrst. (C22)

Therefore,
i(p,+D)y"u(p,+1)+a(p,— 1)y u(p,—1) =0,
(C23)

which exactly corresponds to Eq. (C21) for the
forward scattering of the nucleon.

The vector currents conserving spin projection
reduce to

lém 1V++ = lém 1V’l_ =2m(1,0,0,0). (C24)
The spin-flip is also possible
lim V1_ =2|Py|(0,1,-i,0),
cosf——1
lém 1V + =2|Py|(0,-1,-i,0) (C25)

generating nonzero components of the vector current
in the transverse plane. The axial currents conserv-
ing spin projection reduce to

lim A", =2m(0,0,0,1),

cos——1

lim A"_
cos 0——1

=2m(0,0,0,—1).  (C26)
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The spin-flip is also possible

lém 1A =2Ex(0,1,-i,0),
hem 1A =2Ey(0,1,4,0). (C27)
costU—

(iii) The vector current conserves the spin projection

lim V', = lim V7_ =2m(1,0,0,0),

\/_—>m \/_—>m
\/lslglmVi_ =V, =0. (C28)

The axial current is nonzero for both cases: spin
projection conserved

lim A7, = 2m(0,0,0,1),

Vs—m
lim A7_ =2m(0,0,0,-1) (C29)
Vs—m
and when the spin-flip occurred
lim A" _ =2m(0,1,—i,0),
Vs—=m
}m A", =2m(0,1,i,0). (C30)

One might observe, that in this limit, similar to
Eq. (C21),

lim (A" + A"

0
\/_—>m )

(C31)

which implies that in the coherent term of Eq. (44)
there is a cancellation of the axial currents for spin-
less nuclei. A more accurate statement can be drawn
considering the exact formula in Eq. (C17)

= —=2isinO(Ey
2

k
~ —i-2sin 9(0, sin @, cos ¢, 0)
m

Al + AT —m)(0,sin ¢, cos ¢, 0)

(C32)

In general, this four-vector is nonzero unless the
neutrino energy k in the laboratory frame is not zero
and the scattering angle 8 # 0 or .

Once the vector and axial currents of the nucleon are
calculated, it is straightforward to calculate the scalar
product (/,h,,) in analogy to the results obtained in the
helicity basis Eq. (C12) using Egs. (C9) and (C17)

() =8(s =) oos) (a1 = gnsin’y 7 (1-77) ).
(l,h’l_):S(s—m2)cosg (l—sm §<1_%>>9R,

0 ,0
(LA _)=—8(s—m?)e~ s1n200s 5 (1 —7> JRs

, 0
8(s —m?)e' sinE

(oo wd-2)

The scalar products (I, /4}!.) in Eq. (C33) differ from

those in Eq. (C12).

(1) The ¢-dependence magically disappeared in the first
two lines of Eq. (C33) which determine the coherent
cross section. In (/,h".), it happened because the
exponent ¢ of the neutrino current in Eq. (C9)
cancels the exponent e~ of nucleon currents V.
and A, in Eq. (C17). In (I, 4"), it happened
because the corresponding terms, depending now on
e cancel each other due to the difference in their
relative signs.

The scalars (Z, 1, _) and (1, h" ) have a ¢-depend-
ence. However this dependence can not be observed
because these terms do not contribute to the coherent
cross section where they could be interfering.

(ii) For the forward scattering @ — 0, the sum of the first
two lines in Eq. (C33) does not depend on g4

lim((1 ) + (1.H) = 8(s = m)gy.

Two other currents with spin-flip vanish in this limit.

(iii) Both scalar products (I, h!,) vanish if the neutrino
scatters backward (6 = ) in their center-of-mass
frame because it corresponds to a change of the total
spin of the neutrino-nucleon system by one unit. This
result explains why the coherent cross section van-
ishes when the recoil nucleus has the maximum
kinetic energy.

(iv) In the nonrelativistic limit,

(Lhly) =

(C34)

\/_—>m8(s _ ) = COSEQL:
W 0
iy =g
h’?
lim <l’ -) =0,
s—=m 8( —m )
I, " 0
[ ST

where we kept the 8(s — m?) factor in the denom-
inators because it is precisely canceled in the
calculation of the corresponding cross section.
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It is interesting to observe two distinct limits of the last
two lines in Eq. (C35) for similar spin-flipped configura-
tions. In the nonrelativistic limit, the vector currents with
spin-flip vanish as can be seen in Eq. (C28) and only the
transverse components of the axial currents in Eq. (C30)
survive. However, the axial current A'i_ in Eq. (C30) turned
out to be orthogonal to the neutrino current at /s — m. At
the same time, the scalar product of the latter and of A” "
from Eq. (C30) is nonzero and proportional to the axial

coupling gy, .

3. Relation between helicity and o5 bases

The eigenvectors y .. and 7. in the helicity and o5 bases,
defined in Egs. (C7) and (C16), respectively, are related to
each other via a linear transformation

()= )
(Lan ) e

Eq. (C36) allows one to relate the nucleon currents and
scalar products (7, h) calculated in the two bases

0 0 .
(LK) = sini (LKH._)+ cosie"‘”(l, W),

0 . 0
(LA") = —cosie"/’(l, W)+ sini (I,h_) (C37)
and
n : 0 0 —ip
(Lh_)=- sin > (LW.,) - cos 5 e (LKH,),
0 . 0
(LA ) = cosie"”(l, W) — sini (I,H). (C38)

(1) The nucleon currents, e.g., in the left-hand-side of
the first line in Eq. (C37) correspond to the scatter-
ings when the spin projection on the fixed axis
(incoming neutrino direction) does not change (4" )
and is flipped (A" ). These currents can be uniquely
described by linear combinations of the current with
negative helicity in both initial and final states h* _
and of the current in which the initially negative
helicity is flipped A% _, as illustrated in Fig. 10.

(i) The following equalities hold true

(LA P 1L = (L) P4 (LB

(L) P+ (LR P = (L )P+ (LR )P
(C39)

- 0 i"OX -

— 1an? = o0~
fffff i = +sinz X + cosze
- v 7

FIG. 10. The left pictogram corresponds to a fermion current
h., with positive projections of its spin (shown by double
arrowed line) on the given axis (shown by dashed line) in both
initial and final states. This current is decomposed into a sum of
the current with negative helicity in both the initial and final states
h%_ and of the current in which the initially negative helicity is
flipped /_ weighted with sin? and cos§e~, respectively, as
illustrated by the right pictogram.

(iii) Eqgs. (C37) and (C38) can also be used to cross-
check the results of tedious calculations leading
to Eq. (C17).

APPENDIX D: AN ANALOGY IN A
MECHANICAL SYSTEM FOR ELASCTIC
AND INELASTIC SCATTERING

Kinematic issues discussed in Sec. II C are valid not only
for a quantum system but also for a mechanical system. As
a useful illustration of elastic and inelastic scattering let us
consider a system of two balls with equal masses m
connected by a massless spring with nonzero rigidity.

(i) Consider this system when both balls are at rest and
one ball gains a momentum ¢, and thus the kinetic
energy q°>/2m. After the acquired momentum is
redistributed among the balls, their center-of-mass
moves with momentum ¢ but with a kinetic energy
two time smaller, g>/4m, because of its mass 2m.

Half of the initial kinetic energy went into the
potential energy of the spring. In this analogy, the
initial ground state is transformed into an excited
state. This example, shown in Fig. 11, illustrates an
inelastic scattering.

(i) Consider now the same balls in an initially excited
state, i.e., moving towards and away from each other
while their center-of-mass is at rest. The momenta of
these balls at any time are equal to each other in
magnitude, and have opposite directions. Let the

Pcm = 4q

p=0 Pem =0 p=0

je7e
SRS

FIG. 11. Both balls are initially at rest when the right ball is hit
with a momentum ¢q (left). After some time their center-of-mass
moves with momentum ¢ and half of the transferred energy is
accumulated in the potential energy of the spring, shown by its
tension and extension (right).

053004-24



COHERENCY AND INCOHERENCY IN NEUTRINO-NUCLEUS ...

PHYS. REV. D 98, 053004 (2018)

+q/4  pem=0 —q/4 +q/4  pem=q —q/4

(@)=

FIG. 12. Balls move towards and away each other with
maximal momenta +¢/4 while their center-of-mass is at rest,
when the right ball having momentum —q/4 is hit and acquired
the momentum ¢ (left). After a while, their center-of-mass moves
with momentum ¢, while the spring still has the same potential
energy, remaining in the same state. The balls have the same
maximal momenta +¢/4.

maximum momentum of a ball, reached when
the spring has zero potential energy, be equal to
+¢/4 as shown in Fig. 12. One of these momenta is
chosen in agreement with Eq. (31) to be —¢/4. The

total energy of both balls equals (q/4)%/2m+
(q/4)?/2m=q?/16m. Let the ball with a momen-
tum —¢q/4 acquire an additional momentum gq.

Right after this interaction, the untouched and
hit balls have momenta (+q/4,+3/4q) and energies
(q*/32m,9¢*/32m), respectively. The total accumulated
energy is equal to 5¢*/16m.

Since the kinetic energy of their center-of-mass equals
g*/4m, one finds that the potential energy accumulated in
the spring is unchanged ¢>/16m.

In this example, the system of two balls connected by a
spring remains in the state with the same internal potential
energy. The change of kinetic energy of the struck ball is
exactly the kinetic energy of their center-of-mass. This is an
example of elastic scattering.
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